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STOCHASTIC EQUATIONS WITH SINGULAR DRIFT DRIVEN
BY FRACTIONAL BROWNIAN MOTION

OLEG BUTKOVSKY, KHOA LE AND LEONID MYTNIK

We consider the stochastic differential equation
dX, =b(X;)dt +dWH,

where the drift b is either a measure or an integrable function, and W# is a d-dimensional fractional
Brownian motion with Hurst parameter H € (0, 1), d € N. For the case where b € L, (R9), p €[1, ], we
show weak existence of solutions to this equation under the condition

d 1

—<—=—1,

p H
which is an extension of the Krylov—Rockner condition (2005) to the fractional case. We construct a
counterexample showing optimality of this condition. If b is a Radon measure, particularly the delta
measure, we prove weak existence of solutions to this equation under the optimal condition H < d+r1'
We also show strong well-posedness of solutions to this equation under certain conditions. To establish these

results, we utilize the stochastic sewing technique and develop a new version of the stochastic sewing lemma.

1. Introduction

Stochastic differential equations (SDEs) driven by fractional Brownian motion (fBM) are commonly used
in mathematical biophysics, where fBM is considered a canonical model for anomalous diffusion; see,
e.g., [Benelli and Weiss 2021; Goychuk 2009; Jeon and Metzler 2010; Wada and Vojta 2018]. In this
article we study the multidimensional SDE

dX; =b(X;)dt +dWH, 1e]0,T], (1-1)
Xo=xeR?,

where d € N, T' > 0, b is a finite signed Radon measure or b € L, (R4, R4), WH is an fBM with the
Hurst parameter H € (0, 1), and the initial condition x € R¢. We show weak existence of solutions to
this equation in the optimal regime (Theorems 2.5 and 2.13) and construct a counterexample to prove
optimality of our assumptions (Theorem 2.6). For d = 1 we obtain strong well-posedness under certain
conditions (Theorem 2.16). Additionally, we provide a connection between (1-1) and a stochastic equation
involving local time (Theorem 2.14). As a byproduct of our results, we deduce a short direct proof of
classical results of Geman and Horowitz [1980] and Xiao [1997] that if Hd < 1, then WH has a local

MSC2020: 60G22, 60H10, 60H50.
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time of certain space-time regularity. We also show that a sum of a fractional Brownian motion and an
adapted process of bounded variation has a jointly continuous local time under the optimal condition
H(d +1) <1 (Theorem 2.18). To prove these results, we further develop the stochastic sewing technique
initiated by [Lé 2020] and obtain a Rosenthal-type stochastic sewing lemma Theorem 3.6 which relaxes
the assumptions on high moments of increments of the process.

It has been known for a long time that an ill-posed deterministic system can become well-posed when
randomly perturbed. Indeed, the differential equation d X; = sign(X;)|X¢|*dt, o« € (0, 1), Xo =0, has
infinitely many solutions. On the other hand, the perturbed equation dX; = sign(X;)|X:|*dt + d Wy,
where W is a Brownian motion, has a unique solution. This phenomenon is called regularization by
noise; we refer the reader to the monograph [Flandoli 2011] for many interesting examples and further
discussion.

Regularization by noise is particularly well-studied in the case of Brownian noise (H = %), and many
sharp results have been obtained. The pioneering works of Zvonkin [1974] and Veretennikov [1980]
showed that if the drift b is a measurable bounded function, then the SDE

dX; =b(X;)dt +dW;, tel0,T], (1-2)

where W is a Brownian motion, has a unique strong solution. This was later extended by Krylov
and Rockner [2005] to unbounded integrable drifts b € L, ([0, 1], L, (R9)), p = 2, under the condition
% + % < 1. The critical case has been treated in [Bass and Chen 2005] (d = 1) and [Krylov 2021b] (d = 3).
It is also known that the Krylov—Rockner condition is optimal: if % > 1, then one can construct a
drift b € L, (R9) such that (1-2) has no solutions [Beck et al. 2019, Example 7.4; Krylov 2021a,
Example 1.1]. Further generalizations can be found in [Zhang 2011].

The case where the drift b is a Radon measure has also been thoroughly studied. In this case, the
term b(X;) in (1-2) is not defined, and one needs to explain what is meant by a solution to this equation.
The main idea is that, instead of defining b(X;) at each fixed ¢, one directly defines the integral fé b(X;)dr
either via the local time of X or via approximations of b; see [Le Gall 1984; Bass and Chen 2001] and
the discussion in Section 2. It is known from [Le Gall 1984; Bass and Chen 2005, Theorem 4.5] that
if d =1 and b is a finite signed Radon measure such that |h({x})| < I for each x € R, then (1-2) has a
unique strong solution. This condition is also optimal: if the measure b has atoms of size larger than 1;
then (1-2) has no solutions, see [Bass and Chen 2005, Theorem 3.2; Harrison and Shepp 1981, p. 312].

Regularization by noise phenomena outside from martingale contexts such as SDEs driven by fractional
Brownian motion and stochastic partial differential equations are much less understood. This is not
because regularization by noise only occurs in the Brownian case, but rather because there are very few
tools available to study this problem in other setups. Indeed, all the proofs in the aforementioned articles
heavily rely on Itd calculus and PDE techniques; these instruments are largely inapplicable beyond the
semimartingale setting. Recall that the rougher the driving noise W is in (1-2), the more irregular drift b
one can take so that (1-2) remains well-posed; see [Catellier and Gubinelli 2016] for a collection of results
highlighting this phenomenon. The idea behind this is that if the fluctuations of the noise are bigger than
the fluctuations of the drift [5(X,)dr, then the noise averages out singularities of the drift b so that
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the map n+ [b(W + n) dr is Lipschitz in suitable metrics. If the noise is not irregular enough, then
we give an explicit example showing that (1-2) may have no solutions; see Theorem 2.6. On the other
spectrum, [Harang and Perkowski 2021, Theorem 1.2] constructs a random continuous forcing W, which
is so irregular that (1-2) has a unique solution for any Schwartz distribution . We refer the reader to
[Galeati and Gerencsér 2022, Section 1; Chaudru de Raynal 2018, end of Section 1] for further discussion
of this principle.

Therefore, an important objective is to generalize sharp results on regularization by Brownian noise to
nonsemimartingale noises while maintaining optimality.

To understand what the optimal condition for well-posedness of (1-1) should be, we apply the following
heuristics. Clearly, W e CH~¢, This implies that X € ' ~%. Further, if b € L,(R%), p € [1, oc], then
b € C~%/P and very informally we would get b(X.) € C-(H=8)4/P We gain 1 in regularity by integration,
and hence we see that the drift of (1-1) [b(X,)dr is in c1—(H=8)d/p By the above principle, we expect
to have well-posedness if

Hd

-2 > H. (1-3)
P

As a sanity check, for the Brownian case H = %, (1-3) becomes % < 1 and coincides with the Krylov—

Rockner condition. Another version of the same heuristic which uses the scaling argument and leads
to (1-3) can be found in [Galeati and Gerencsér 2022].

Regularization by fractional Brownian noise was initiated by Nualart and Ouknine [2002; 2003]. This
problem sparks new interests recently, with new different approaches [Catellier and Gubinelli 2016;
Anzeletti et al. 2023; Galeati and Gerencsér 2022]. Unfortunately, these works do not allow one to deduce
well-posedness for b € L, (R%) or for b being a Radon measure under condition (1-3).

Our main result is the weak existence of solutions to (1-1) under the above condition. In the case
where b is a measure, we also obtain weak existence under the corresponding analogue of (1-3). We
construct a counterexample that shows the optimality of (1-3). Further, we show that, under certain
assumptions, a solution to (1-1) has a jointly continuous local time. This extends to the case of irregular
drifts the corresponding results obtained in [Lou and Ouyang 2017; Sottinen et al. 2024] where existence
of local times of solutions to SDEs driven by fBM with smooth drifts was established.

In the particular case where b = §p, with §g being the delta measure at 0, (1-1) becomes

dX; =8o(Xs)dt +dWH, 1e]0,T], (1-4)

and its solution is called skew fractional Brownian motion (sfBM). Strong well-posedness of sSFBM is
known for H = % [Harrison and Shepp 1981] and H < % [Catellier and Gubinelli 2016; Anzeletti et al.
2023]. This leaves the interval H € (%, %) where well-posedness of (1-4) is expected but has not yet been
proved. In this article we reduce this gap. We show weak existence of solutions to (1-4) in the whole
range H < % and strong uniqueness for H < %(\/T 3— 3). The remaining part— strong uniqueness
for H € [% («/T 3— 3), %) — poses a significant challenge that would likely require the development of
vastly different techniques.
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Now, let us say a few words about our proof methods. As we explained above, well-posedness
for (1-1) with H = % has been analyzed mostly using PDE methods and It6’s formula. A breakthrough
in studying (1-1) for H # % has been achieved in [Catellier and Gubinelli 2016] where deterministic
sewing was applied. L& [2020] introduced a new technique called stochastic sewing and applied it to
analyze (1-1). Further developments of stochastic sewing and its application to studying (1-1) were made
in [Anzeletti et al. 2023; Galeati and Gerencsér 2022; Matsuda and Perkowski 2024; Gerencsér 2023].
We also apply stochastic sewing, however compared with the above works, our proof strategy has the
following new ingredients which allowed us to get optimal results on the existence of weak solutions.

First, as discussed above, the drift [b(X,)dr has Holder regularity 1 — HTfi — & < 1. On the other
hand, if we measure its regularity in the variation scale, then it is easy to see that this drift is always of
finite 1-variation. By combining this insight with the idea of random control, which was introduced in

[Athreya et al. 2024], we improve the corresponding powers in stochastic sewing from 1 — HTd

—¢cto1;
see the proof of Lemma 4.6.

Next, we replace the Burkholder—Davis—Gundy inequality in stochastic sewing lemma with the
Rosenthal-Burkholder inequality. This yields a new version of stochastic sewing lemma, Theorem 3.6.
Morally, it says that instead of bounding m-th moment (where m is large) of the difference §Ay 4 ¢, it
is enough to have a good bound only on the second conditional moment E[SAiu,t | Fu]. Remark 4.8
explains why this improvement is crucial for getting weak existence in the optimal regime.

Finally, we also utilize the quantitative John—Nirenberg inequality [L.& 2022] and taming singularities
technique [Bellingeri et al. 2022; L& and Ling 2021]. Remark 4.3 elaborates why this leads to better
results than just the application of stochastic sewing alone.

We have made significant effort to avoid using Girsanov’s transform. This is because we do not expect
Girsanov’s theorem to be applicable over the entire range of p € [1,00], H € (0, 1), d € N, where (1-3)
holds. Therefore, to extend the corresponding bounds from fBM to perturbed fBM, we rely solely on
stochastic sewing. A parallel project [Butkovsky et al. = 2025] focuses on the range of p, H, d for
which Girsanov’s theorem is applicable. It establishes the strong existence and uniqueness of solutions
to (1-1) for these values of the parameters (a subset of the range of parameters for which (1-3) holds).
Weak uniqueness for the SDE (1-1) for b being a Schwartz distribution was considered in recent work
[Butkovsky and Mytnik 2024].

The fact that our approach does not rely on Girsanov’s formula or Itd’s lemma makes it quite robust.
We believe that it can be transferred to other types of noise; see Remark 2.10. In particular, it can be used
to study regularization by noise and local times for stochastic partial differential equations, potentially
complementing the results from [Athreya et al. 2024; Zambotti 2003].

The rest of the paper is organized as follows. Our main results are presented in Section 2. We collect
our toolkit including a Rosenthal-type stochastic sewing lemma in Section 3. Section 4 contains key
bounds needed for the proofs, while proofs of the main results are postponed till Section 5. Auxiliary

technical results on Besov spaces as well as necessary heat kernel bounds are put in Appendices A and B.

Convention on constants. Throughout the paper C denotes a positive constant whose value may change
from line to line; its dependence is always specified in the corresponding statement.



STOCHASTIC EQUATIONS WITH SINGULAR DRIFT DRIVEN BY FRACTIONAL BROWNIAN MOTION 861

Convention on integrals. In this paper, all integrals with respect to the deterministic measure are under-
stood in the Lebesgue sense.

2. Main results

We begin by introducing the basic notation. Let d € N. Let C;° = Cgo(Rd, R?) be the space of
infinitely differentiable real functions R? — R? which are bounded and have bounded derivatives of
all orders. Let M (R, [R{d) denote the set of d-dimensional signed finite Radon measures on RY. Let
M4 (R4, R?Y) ¢ M(R?,R¥) be the set of nonnegative d-dimensional finite Radon measures on R¥ . Let
Bg = Bg,oo([l%d) be the Besov space of regularity 8 € R and integrability p € [1,00]. If 8 < 0, then
we write CP = Bgo,oo. For B € (0,1],d,keN, O C RY, let Cﬂ(Q, [R{k) be the space of all functions
f: 0 — Rk, such that

|fx) = fO)
||f||cB(Q,[R<k) = sup | f(x)[+ [f]cﬂ(Q,Rk) <00, where [f]CB(Q,Rk) ‘= Ssup T B
x€Q x,y€Q |x -y |
X#y

We will also use the space Cg(Q, RFy =cP(O,RFYN{f: 0 — R¥| £(0) = 0} of Holder functions
which are zero at zero. Often, for brevity, we will write C#(Q) := C#(Q, R¥) if there is no ambiguity.

We will frequently use the following elementary embeddings without explicitly mentioning them
[Bahouri et al. 2011, Proposition 2.39; Sawano 2018, Proposition 2.1, Theorem 2.5]:

MRIRY) B, Ly(RYRY) cBY, BYcped/rtdla

where p € [1,00], @ € R, ¢ € [p, 00]. The Lebesgue measure on R¢ will be denoted by Leb. An open
ball in R? centered at x € R? of radius r will be denoted by B (x,r). The volume of the unit ball in R4
will be denoted by

vg :=Leb(B(0, 1)). 2-1)

For x € R? we will denote the delta measure at x by 0.
For a function f : [s,1] — R, where 0 < s <1, define its £-variation, £ € [1, 00), by

n—1 1/4
1 Nemvarfen) = (sgpz fis —f(r,-)|‘) ,
i=0

where the supremum is taken over all partitions I1 = {to = 5,11, ...,t, =t} of interval [s, t]. The space
of functions f : [s, 1] — R? with finite £ € [1, 0o) variation will be denoted by C*~¥ ([s, 1], R?).

Denote by p;, t > 0, the density of a d-dimensional vector with independent Gaussian components
each of mean zero and variance ¢:

pe(x) = (27rt)_d/ze_|x|2/(2t), x eRY,

and let P; be the corresponding Gaussian semigroup.
We recall from [Nualart 2006, Section 5.1.3, formula (5.8) and Proposition 5.1.3] that given a d-
dimensional fractional Brownian motion W one can construct on the same probability space a standard
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Brownian motion B such that
wH = /tKH (t,s)dBs =:W,(B), 1€[0,T], (2-2)
0
where, for0<s <t <T,

t
Ky (t,s):=C(H,d)s'/?>~H / (r—s)HA32,H=1/2 g \when H > % (2-3)
S

¢
Kyg(t,s):= C(H,d)(tH_l/zsl/z_H(t —s)H_l/2 + (% —H)sl/z_H / (r —s)H_l/2rH_3/2 dr)
N
when H < % (2-4)

and C(H, d) is a certain positive constant.

Let (2, F, P) be a probability space and let (F;);e[o,7] be a filtration on this space such that F
contains all null sets. As in [Nualart and Ouknine 2002, Definition 1], we say that W# is a (F;)-
fractional Brownian motion, if there exists an (F;)-Brownian motion B such that (2-2) holds. Since the
natural filtrations generated by W and B in (2-2) coincide [Nualart 2006, Section 5.1.3], we see that wH
is an (F, tW H)—fractional Brownian motion.

As mentioned earlier, we consider the SDE (1-1) in two different settings. First, if b is a measurable
function R — R¥, then, as usual, we say that a continuous process X is a solution to (1-1) with the
initial condition x € R? if a.s.

t
X, :x—i—/ b(X,)dr+WH, tel0,T], (Eq(x: b))
0

where the integration is understood in the Lebesgue sense. Second, we consider the case when b €
M(Rd, R4 ), in which b is not a function and thus the composition b(X;) in (1-1) is not well-defined.
We will define precisely the meaning of a solution to (1-1) in two different ways.

One approach follows the ideas of Bass and Chen [2001, Definition 2.1; 2003, Definition 2.5] (see
also [Zhang and Zhao 2017, Definition 3.9; Athreya et al. 2020, Definition 2.1]), who suggested to
understand an ill-defined drift term [b(X;) dt as the limit of the corresponding approximations. We
recall the following concepts.

Definition 2.1. We say that a sequence of functions f” : R? — R?, n € 7, converges to a function f
int_, B R, p=1,if sup, || full 46 < oo and for any B’ < B we have | fp —f||85/ — 0 as n — oo.
4 D

Definition 2.2. Let b € Bg , where B € R, p € [1,00], T > 0. A continuous process (X;);¢[o,7] taking
values in R? is called a regularized solution to the SDE (1-1) with the initial condition x € R4 if there
exists a process (¥);e[o,7] taking values in R4 such that

Q) X;=x+y+WH €[0Tl
(ii) for any sequence (b")nez, of Cp° (R4, R?) functions converging to b in Bg ~ we have

lim sup
=00 te0,T]

t
/ b"(X;)dr —y;| =0 in probability.
0
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Remark 2.3. (i) It is easy to see that for any f € Bt , there exists a sequence of Cp° functions (f)nez
which converges to f in Bg ~ as n — oo. For example, one can take f, := Py, f; see, e.g., [Athreya
et al. 2024, Lemma A.3]. Therefore, the sequence (b")nez 4 required in the second part of Definition 2.2
always exists.

(i1) Since, as mentioned before, ./\/l([R{d, Rd) C BY, the above definition provides a notion of a solution to
the SDE (1-1) for the case where b is a signed finite Radon measure.

(iii) It is immediate that for b € C# (R?) = Bgo (R4), B > 0, a regularized solution to (1-1) is a standard
notion of a solution to the SDE Eq(x: b). Indeed, in this case we can choose a sequence (b"),ez, Which
converges to b uniformly and thus y; = f(f b(Xy) dr. We will show that this is also the case if b€ L, (R9)
for the whole range of p in which we are able to construct a solution; see Theorem 2.5 for the precise
formulation.

We will consider the following class of solutions.

Definition 2.4. We say that a regularized solution (X, W) to (1-1) is in the class BV, if X — W# has
finite variation almost surely, i.e., | X — WH || 1—var;[0,T] < OO a.8.

We see that if b is a nonnegative function or a nonnegative measure, then the process X — W#
is nondecreasing, and thus automatically of finite variation (one can see this by approximating the
nonnegative measure b by nonnegative functions »” in Definition 2.2).

Following [Nualart and Ouknine 2002, Section 3.2], we say that a couple (X, W) on a complete
filtered probability space (2, F, P, (F)se[o0,7]) is a weak solution to (1-1), if WH is an (F;)-fractional
Brownian motion, X is adapted to (F;), and X is a solution to (1-1) (in the standard sense or in the sense of
Definition 2.2). A weak solution (X, W ) is called a strong solution if X is adapted to (F¥ "), that is, the
filtration generated by W . We say that pathwise uniqueness holds for (1-1) if for any two weak solutions
of (1-1) (X, WH) and (Y, WH) with common noise W# on a common probability space (w.r.t. possibly
different filtrations) and with the same initial conditions one has P(X; = Y; forall t € [0, T]) = 1.

Now let us present our main results for the case when b is a measurable function.

Theorem 2.5. Let b be a measurable function in L, (R4, RY), p e [1,00], H € (0,1), x € R? and

suppose that
d 1

. 2-5
» <q (2-5)

Then the following holds:

(i) Eq(x;b) has a weak solution (X, WH).

(ii) Let (X, WH) be any weak solution to Eq(x; b). Then for any m = 1 there exists a constant C =
C(H,d,m,p,T, ||b||Lp(Rd)) such that for any 0 < s <t < T one has

lx —wH <C(t—s)'7Hdlp,

[ 1—var;[s,t] HLm ()

(iii) Let (X, WH) be any weak solution to Eq(x; b). Then it is also a weak regularized solution to (1-1)
(in the sense of Definition 2.2).
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(iv) Let (X, WH) be any weak regularized solution to (1-1) in the class BV . Then (X, WH) is a weak
solution to Eq(x; b).

As mentioned before, we are able to show that condition (2-5) is essentially optimal. We provide the fol-
lowing general counterexample, which justifies the heuristics discussed in the introduction: regularization
by noise requires the noise to be rough enough. Otherwise, the SDE Eq(x; ) might fail to have a solution.

Theorem 2.6. Letd € N, y € (0, 1), a>— =" r2.. ,fd)ecg([O,l],le). Suppose that f
is not identically 0. Then the deterministic equatlon

t . .
X! =—f0 sign(XD)| X" 1(Xs| < Dds+ . i=1,....d, (2-6)

where the integration is understood in the Lebesgue sense, has no continuous solutions.

Corollary 2.7. Letd €N, p € [1,00), H € (0, 1) and suppose that
d _ 1

Then there exists a function b € L, (R4, R%), x € R? such that Eq(x; b) has no weak solutions.

Surprisingly enough, Theorem 2.5 combined with Theorem 2.6 allows us to show that trajectories
of WH H ¢ (0, 1), cannot be H’-Holder continuous for any H' > H. Indeed, Eq(x; b) has a solution,
but (2-6) has no solutions if the forcing f = W is smooth enough. Thus, W# cannot be too smooth.
This statement is well-known, see, e.g., [Lifshits 1995, p. 220], but the standard proof is, of course, very
different. Here we provide a regularization by noise perspective on this statement.

Corollary 2.8. Let H € (0,1), H' > H. Then P(WH e cH'([0, 1], R)) = 0.

In case H = %, condition (2-5) just becomes the Krylov—Rdckner condition % < 1. Previously, weak

existence of solutions to Eq(x; b) for L, drifts was established in the literature under more restrictive
conditions than (2-5). Namely, [Nualart and Ouknine 2003, Theorem 3.7] requires d = 1, p > 2,
H e (0, %), [Catellier and Gubinelli 2016, Theorem 1.13] and embedding Ly (RY) ccd/p requires
d eN, i L—1 H e (0 ) [Lé 2020, Theorem 6.1] assumes = d 2H’ p>2 He ( ) [Galeati

and Gerencser 2022, Theorem 8.2; Anzeletti et al. 2023, Theorem 2 5] impose condition i < ﬁ — %

Remark 2.9. The case of time-dependent drift b € L4([0, 1], L, (R9)), p.q €[1, 0], was con51dered in
a subsequent work [Butkovsky and Gallay 2023]. Note that in this case a natural candidate for the weak
existence condition is a version of the Ladyzhenskaya—Prodi—Serrin (LPS) condition:
d 1 1
—+—<—=—-1;
P T q “H
see [Galeati and Gerencsér 2022, Example 1.2]. However, the optimal condition for weak existence is
even better. It was shown in [Butkovsky and Gallay 2023] that the SDE (1-1) has a weak solution if
d 1-H1 1
At L R | 2.
» +— ;s “m b (2-8)
and that if this condition is not satisfied, weak existence might fail. For further discussions regarding
condition (2-8), we refer to [Galeati 2024].
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Remark 2.10. Recall that the fBM has a scaling property Law(WtH )=Law(t? WIH ). If L is an a-stable
process, o« € (1, 2), then one has a similar property Law(L%) = Law(¢ 1/ “L¢). Thus, parameter H € (% 1)
“morally” corresponds to 1/a. Therefore, if one repeats the strategy of the proof of Theorem 2.5(i) for
an a-stable process instead of fractional Brownian motion (with appropriate modifications due to the
discontinuity of L%; see [Butkovsky and Gallay 2023] where a more general result is obtained) one gets
the following condition for weak existence of a solution to Eq(x; b) with the driving noise L% in place
of WH: b e L,(R?,R?) and

—<a-—1
p

(this is (2-5) with H replaced by 1/«). This coincides with Podolynny and Portenko’s result [1995, p. 123].

Now we turn to study the case where b is a measure. Here one can again define a solution to (1-1) in
the regularized sense. However there is also another way to make sense of the drift [b(X;) dt which was
pioneered by Stroock and Yor [1981, Theorem 1.9] and Le Gall [1984]; see also [Engelbert and Schmidt
1985; Bass and Chen 2005] and the survey [Lejay 2006]. The idea is to utilize the local time (occupation
density) of the process X.

Definition 2.11. Let b € M([Rd, [R{d), T>0,x¢€ RY. We say that a continuous process (X¢);e[0,7]
taking values in R? solves

Yo=x+ [ 1Xmban+wh. rep.T) 2.9)
Rd
where
t
L;X(y):= lim sup v / 1(|Xs—y|<e)ds, te][0,T], yeRd, (2-10)
e—0 VUg¢€ 0

if the occupation measure of X, ,uf( (A):= f(f]l(Xs € A)ds, A € B(R?), is absolutely continuous with
respect to the Lebesgue measure and (2-9) holds P-almost surely. The integration with respect to the
measure is understood in the Lebesgue sense.

In what follows by a solution to (2-9) we always mean a solution in the sense of Definition 2.11.
It is clear, that if b has a density pp with respect to the Lebesgue measure, then

t

[ ¥ orban =[x @1
R4 0
and (2-9) becomes Eq(x; pp).

Remark 2.12. Clearly, LX in (2-9)~(2-10) is just a local time of X, that is LX = duX /d Leb. However,
since measure b can be singular with respect to the Lebesgue measure, it is crucial to carefully select an
appropriate version of the Radon—Nikodym derivative (as it was done in (2-10)) in order to avoid absurd
situations. Indeed, let d = 1 and consider an equation d X; = §o(X;) dt + d WtH . Let LY be the local
time of WH . Put

LV (x):= LV (x)1(x #0).
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Then L% is also a version of the Radon—Nikodym derivative du /¥’ ¢ /dLeb. Further, by definition,

fR ¥ (3) So(dy) = 0,
and thus
wH = fR IV (3 So(dy) + WH

Hence, if we had allowed LX in (2-9) to be any version of the local time of X, we would have concluded
that WH solves the equation dX; = 8o(X;) dt + d W, which makes no sense. Le Gall [1984] avoided
this issue by requiring LX to be the semimartingale local time of X, defined via the Tanaka formula.
Since Itd’s calculus for a generic X is unavailable when H # %, we had to manually select the correct
version of LX in (2-10).

The next theorem shows weak existence and stability of solutions to the SDE (1-1) for the case when b
1S a measure.

Theorem 2.13. Let b € M(R4,R%), H € (0 x € R%. Then the following holds:

1)
(i) (1-1) has a weak regularized solution (X, WH) (in the sense of Definition 2.2), which is in the
class BV .

(i) Let (bp)nez, be a sequence of C (R4, RY) functions converging to b in B(l)_. Suppose that

sup |bnllL, ray < 00 (2-12)
nez +
Let (xp)nez, be a sequence of vectors in R4 converging to x € R4, Let X, be a strong solution
to Eq(xy; bp). Then the sequence (Law(Xy, WH)),,GZJr is tight in C([0, T1, R24Y) and any of its partial
limits is a weak regularized solution to (1-1) with the initial condition x.

Theorem 2.13 advances the current state of the art. Indeed, [Anzeletti et al. 2023, Theorem 2.5 and
Corollary 2.6] show weak existence of solutions to (1-1) for the case where d = 1, b € M4 (R, R),
H < /2 —1; [Catellier and Gubinelli 2016, Theorem 1.13] and embedding M(R?) ¢ ¢ requires
deN,be M(R?, R?), H <
2022, Theorem 8.2] to H < 5 d 1

Theorem 2.13(ii) shows that when H < d+r1’ approximations of (1-1) can converge only to a regularized

3 ( i +1) , and the last bound was improved recently in [Galeati and Gerencsér

solution to this equation. On the other hand, Theorem 2.13(ii) might not hold in the regime H = d+r1'
Indeed, take d = 1, H = %, bn = Bpi/n. B € R. Obviously, the sequence (b, )nen satisfies (2-12) and
converges to 8¢ in B(l’_. On the other hand, Le Gall [1984, page 65] showed that a sequence of solutions

1—exp(—28)

m&) which is different from the

to Eq(0; b,) converges to a solution of (1-1) with the drift
expected drift 83¢.

The next result shows that in the whole considered range H € (0, ) a regularized solution to (1-1)

1
d+1
is essentially equivalent to a solution of (2-9). In a special case, when the measure b has a density pp,
these two notions are the same as the standard notion of a solution to Eq(x; pp) thanks to the occupation

times formula (2-11).



STOCHASTIC EQUATIONS WITH SINGULAR DRIFT DRIVEN BY FRACTIONAL BROWNIAN MOTION 867

Theorem 2.14. Let b € M(R? . R?), H € (0, 727). x e R7.

() Let (X, WH) be any weak regularized solution to (1-1) in the class BV . Then (X, WH) is a weak
solution to (2-9).

(i) Let (X, WH) be any weak solution to (2-9). Then (X, WH) is a weak regularized solution to (1-1)
and belongs to BV .

If (i) or (ii) holds, then for any m = 1 there exists a constant C = C(H,d,m, T, |b|(R?)) > 0 such that
forany 0 <s <t < T we have

X =W vt @y < € =)' ~H4. (2-13)

Remark 2.15. Condition H < d+r1 in Theorems 2.13 and 2.14 is also essentially optimal. Indeed,
ifd=1,H = %, then Harrison and Shepp [1981] showed that (2-9) has no solution if b = B8¢ for || > 1.

Now we move to the strong well-posedness of (1-1).

Theorem 2.16. Suppose thatd =1, H € (0,1), x € R.
(i) Letbe ML (R,R), H < 5 («/_ 3) = 0.303. Then (1-1) has a unique strong regularized solution.
(i) Letbe M(R,R), H < 5 (\/_ 3) Then in class BV (1-1) has a unique strong regularized solution.

(iii) Let b be a measurable function in L, (R, R), p € [1, o] and suppose that H < For p €]1,2]

2p+1 +1
suppose additionally that

2
H2+H(1+—)—1<0. (2-14)
P

Then Eq(x; b) has a unique strong solution.

By taking in Theorem 2.16(i) b = §p, we get that skew fractional Brownian motion, that is, solution
to (1-4), is well-defined for H < 5 (\/_ 3) This improves the previous best bound H < % [Anzeletti
et al. 2023, Theorem 2.9]. We believe that our methods can be very useful for studying the flow of skew
Brownian motions, in particular, its Holder continuity and differentiability, thus extending the results of
[Amine et al. 2020] (see also [Galeati and Gerencsér 2022, Theorem 1.4(iii)]). However this will the
subject of further research.

We do not claim optimality of Theorem 2.16. However, this result improves the current state of the art.
Indeed, if b € M(R, R), then strong uniqueness of (1-1) is known for H < % ([Catellier and Gubinelli
2016, Theorem 1.13] and embedding M (R) C C~1; [Anzeletti et al. 2023, Theorem 2.9]) and for H = 1
as long as b does not have atoms with weight more than 1 [Le Gall 1984, Theorem 2.3; Bass and Chen
2005, Theorem 4.5]. We make the following conjecture, but proving it seems to be a very hard challenge.

Conjecture 2.17. Letb € M(R,R), H € (O, %) Then (1-1) has a unique strong solution.

Parts (i) and (ii) of Theorem 2.16 reduce the gap where strong well-posedness of (1-1) is still not
known but expected from (4., ) to [3(~/13—3), ).
If b € L, (R, R), then [Catellier and Gubinelli 2016 Theorem 1.13] and embedding L,(R) C c-lr

yields strong well-posedness of Eq(x; b) for H < ) (see also [L& 2020, Theorem 6.2] for a related

2(p+1
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p

result). This is improved by Theorem 2.16(iii) for all p € [1,00), as H < 3pF1

and (2-14).

Let us mention that the condition on H in Theorem 2.16(iii) for strong existence and uniqueness is
more restrictive than the bound H < # from Theorem 2.5 (take d = 1 in (2-5)) which guarantees
weak existence. One might expect that strong existence and uniqueness would also hold under the
condition H < Note that condition H < > (\/_ 3) from parts (i), (ii) of Theorem 2 16 is just the

p+1
condition from part (iii) of the theorem with p = 1. Therefore the conjecture that H <3 1 might lead

implies H <

b4
2p+2

to strong well-posedness for an L, (R, R) drift is in line with Conjecture 2.17 for measure -valued drifts.

Theorems 2.5(iv), 2.14(i), 2.16(ii) require that the drift X — WH is of finite variation a.s. This is
a weaker version of the corresponding condition which appears in the analysis of SDEs with irregular
drift driven by Brownian motion or an a-stable process; see [Bass and Chen 2001, Definition 2.1(iii);
2003, Definition 2.5(b); Zhang and Zhao 2017, Definition 3.1 and Corollary 5.3; Athreya et al. 2020,
Definition 2.2] and so on. As mentioned above, if b is a nonnegative function or a nonnegative measure, this
condition is automatically satisfied. Note that in all the cases no regularity of the drift is imposed a priori.

To show equivalence of (1-1) and (2-9) for measure-valued drifts, we analyze local times of fractional
Brownian motion and related processes. Local time of fractional Brownian motion has been studied
in [Berman 1974, Theorem 8.1; Pitt 1978, Theorem 4; Geman and Horowitz 1980, Theorem 30.4]. It
follows from [Xiao 1997, Corollary 1.1 and Lemma 2.5; Sottinen et al. 2024, Proposition 3.3] and a
straightforward application of the Kolmogorov continuity theorem, that under the condition Hd < 1
fractional Brownian motion has a local time which is jointly continuous in time and space; moreover,
it belongs to ¢! ~H#4=¢([0, T], R) in time and C(%M)_e(ﬂi?d, R) in space. We were able to obtain a
new short proof of this result which avoids tedious moment computations and Fourier analysis. This
is the subject of part (i) of the next theorem. The existence of the local time obtained in the second
part of the theorem extends the well-known fact that occupation measure of a sum of a 1-dimensional
Brownian motion and an adapted process of bounded variation is absolutely continuous with respect to
the Lebesgue measure.

Theorem 2.18. Lerd €N, H € (0,1). Let WH be an (F;)—fractional Brownian motion.

(i) Assume that Hd < 1. Then process WH has a local time LW which is jointly continuous in (t, x).
Furthermore, for any ¢ > 0, y € [0 (ﬁ — 5) A 1) one has a.s.

Lv s, t], x LV s, t], x LV s, t],
wp LU0 Y0 LYl o
verd |Z_S|1—Hd—s x.yeRd |[_S|1—Hd—Hy—s|x_y|y
0<s<t<T 0<s<t<T

(ii) Assume that H(d + 1) < 1. Let ¥ : [0,T] x @ — R? be a continuous process adapted to the
filtration (F;) and ¢ € CY=¥([0, T], R%) a.s. Then the process WH v has a local time LW Y which

is jointly continuous in (t, x). Furthermore, for any € >0, y € [0, (2;1 — % — —) A 1) one has a.s.
wpy L0 LY (.00 LYV sl oo
verd |t—s|1_H(d+1)_8 ’ xoyeR |t—s|1 Hd+1)—-Hy— elx — y|¥

0<s<t<T oss<t<T
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In the above theorem, L([s,¢]) = L(¢) — L(s) is the local time of the process accumulated over the
interval [s, ¢].

Remark 2.19. The condition H(d + 1) < 1 in part (ii) of the above theorem is optimal in the following
sense: if H(d + 1) = 1, then the process W + ¢ might have local time which is not jointly continuous.
Indeed, take H = % d = 1; then H(d + 1) = 1. Consider a reflected Brownian motion |B|, which by
Tanaka’s formula can be represented as | B;| = W; + LIBl(¢, 0), where W is the standard Brownian motion,
LIBl(z,0) is local time of |B| at 0; clearly LBI(-,0) is a process of finite variation. However, local time
of | B| is discontinuous at x = 0 for any ¢ > 0. Condition Hd < 1 in part (i) of the theorem is of course
also optimal, but this is classical: [Talagrand 1995, Theorem 1.1; Morters and Peres 2010, Theorem 2.24].

Finally, let us briefly describe our proof strategy. We sketch here informally the main steps. First,
using stochastic sewing and a quantitative version of John—-Nirenberg inequality, we are able to bound all
moments of [ f (WSH ) ds for generic function f in terms of || f'{|pg for & <0, p = 1; see Lemma 4.2. A
careful application of a newly established Rosenthal-type stochastic sewing lemma (Theorem 3.6) allows
us to squeeze an additional finite variation random drift ¥ in the integral; this is done in Lemma 4.6;
see also Remark 4.8 explaining why the application of standard stochastic sewing lemma would have
led to nonoptimal results. By taking in these bounds f = 8y, for x € R4, we establish existence of
local time for W# and W#H + 4 and its regularity (Theorem 2.18). By letting f = b, where b, is
an approximation of b, we obtain the stability result and get weak existence (Theorems 2.5 and 2.13).
Finally, strong uniqueness (Theorem 2.16) follows from the same integral bound of Lemma 4.6 applied
for f = Vb and a result from the theory of deterministic Young equations (Proposition 3.8).

3. Tools

In this section we present the toolkit which is used to obtain our main results. Sewing, John—Nirenberg
inequality and related techniques which allow us to bound moments of certain integrals are presented in
Section 3.1, the result related to Young differential equations which is needed for uniqueness is presented
in Section 3.2.
Let us introduce further necessary notation which will be used in the article. For 0 < § < T denote
by Ars, 7 the simplex
As.ry:i=4(s,t) €[S, T)? 15 <t}

The mesh size of a partition IT of an interval will be denoted by |IT|. For a filtered probability space
(2, F,(Ft)telo,17- P)» T > 0, we will denote by E’ the conditional expectation with respect to F.

We will use the following elementary bound which follows from Jensen’s inequality. If G C H are
sub-g-algebras, p = 1, and £ is an integrable random vector, then

E[|EE | H]|” | 6] <E[EI? | ). (3-1)

3.1. Sewing and related techniques. In this section we present a variety of our sewing techniques needed
for the proofs. Whilst some of the statements below (Propositions 3.1, 3.2 and 3.4) are known or can
be viewed as minor modifications of the existing results, the Rosenthal-type stochastic sewing lemma,
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Theorem 3.6, is essentially new. The key difference between [Lé 2020, Theorem 2.1] and Theorem 3.6
is that the former uses the Burkholder—Davis—Gundy inequality, while the latter uses the Rosenthal—
Burkholder inequality [Burkholder 1973, Theorem 21.1], which leads to a different set of conditions. One
application of this new stochastic sewing lemma is Lemma 4.6, which does not follow from the original
stochastic sewing lemma. We strongly believe that this new sewing lemma will find further interesting
applications.

Let (As,)(s,0)e Ars.7 be a collection of random vectors in R? such that A s,t 1s Fy-measurable for
every (s,1) € Arg, 1. For every triplet of times (s, u, ) such that § <s < u < define as usual

5As,u,t = As,t - As,u - Au,t'

Proposition 3.1 (taming singularities, [L& and Ling 2021, Lemma 3.4; Bellingeri et al. 2022, Lemma 2.3]).
Let (£, d) be a metric space. Suppose that there exist constants t;,1n; =0, t; > n;, [ >0,i =1,...,h,
such that a function Y : (0, T] — & satisfies

h
d(Ys.Y:) <Y Tis™"(t—s)% forany O<s<t<T.
i=1
Then
h

d(Ys,Yy) < Z (1=2"")7IT(t —s)% " forany 0<s<t <T.
i=1
Proof. Compared to [Lé and Ling 2021, Lemma 3.4], the restrictions 7;,7; < 1 have been removed.
Nonetheless, the proof in the aforementioned reference remains valid without these restrictions O

Proposition 3.2 (John—Nirenberg inequality, [Stroock and Varadhan 2006, Exercise A.3.2; L& 2022,
Theorem 2.3]). Let S € [0,T] and let A = {A; : t € [S,T]} be a continuous process adapted to the
filtration (Fy)se[o,T]- Assume that there exist a constant I' > O such that for any (s, t) € As ] one has

E|A; — Ag| <T,  as. (3-2)

Then for any m € [1, o0), there exists a constant C = C(m) independent of S, T, " such that for any
(s.t) € Als,T] one has

| A: — Asliz,, @) < CT.

Remark 3.3. We would like to stress that continuity of A plays a crucial role in Proposition 3.2: indeed,
if A is a standard Poisson process, then clearly E*|.A; — Ag| < ¢ — s, but of course it is not true that
E(A;—As)™ < C(t—s)™ form > 1. If A is an a-stable process, & € (1, 2), then ES|A; — Ag| < C(t —s5)V/®,
but E(A; — As)™ = oo for m = . We refer the reader to [LL& 2022] for a general version of this statement
without continuity assumption.

Proposition 3.4 (stochastic sewing lemma, [L& 2020, Theorem 2.1]). Let m € [2,00), S € [0, T]. Assume
that there exist constants I'1,1'2,1'3 = 0, €1, &2, €3 > 0 such that the following conditions hold for every
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(s,1) € As,7 and u := %(s +1):

1845006, () < Tt —s|V/2FE0 4 Ty |2 —s|1/2Fe2, (3-3)
IES (8450 )l ) < T3 |t — 5] F2, (3-4)

Further, suppose that there exists a process A ={A; :t €[S, T} such that for any t € [S, T| and any
sequence of partitions [y = {S = Zév, . ’tl?EN) =t} of [S,t] withlimy oo |TIn| — 0 one has

k(N)—1
Z AtN e — A; — As in probability as N — oo. 3-5)

Then there exists a constant C = C(eq, €3, €3, m) independent of S, T, I'; such that for every (s,t) €
As.T we have

IA; = As — Ag |z, @) < CTylt —s|V/2Te0 4 CTy |t — 5|22 4 CT5 |t —s| 123 (3-6)

Proposition 3.4 is a minor modification of [L& 2020, Theorem 2.1], and for the proof we refer the
reader either to the original proof or to [Athreya et al. 2024, proof of Theorem 4.1], which is similar.

The John—Nirenberg inequality (Proposition 3.2) is very powerful; it states that a good bound just on
the conditional first moment of the increment of A4 is sufficient to bound all the moments of the increments
of A. However, it requires precise knowledge of the conditional distribution Law(A; | F). This is usually
not a problem if A is a function of a fractional Brownian motion (see Lemma 4.2) or another process with
a known law. However if A is a function of W + v, where  is a generic drift of certain regularity,
then a direct application of Proposition 3.2 seems nontrivial.

This obstacle can be overcome using the stochastic sewing lemma, Proposition 3.4. The lemma imposes
no conditions on Law(A; | Fs); instead it is assumed that we are in full control of law of A, which is an
approximation of 4. A drawback is that in order to bound high moments of .4, one has now to bound all
high moments of A, not just the first one as it was the case with the John—Nirenberg inequality.

Our next result takes the best of both worlds. It says that to bound all the moments of A4, it suffices to
control only the first two conditional moments of the increments of its approximation A and to have a
very mild bound on a high moment of the increments of A.

As in [Athreya et al. 2024, Definition 4.6], we need the notion of random control, which extends the
notion of (deterministic) control; see, e.g., [Friz and Zhang 2018, Section 0.1].

Definition 3.5. Let 0 < S < 7. We say that a measurable function A : A[g 7] x Q — R is a random
control, if it is subadditive, that is, forany S <s <u <t < T one has

A, u,w) + A(u, t,w) <A(s,t,w) as. (3-7)

Theorem 3.6 (Rosenthal-type stochastic sewing lemma with random times and random controls). Let
ne(2,00)and S €0, T]. Let t be a measurable random variable taking values in [S, T]. Let A1, A, be
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random controls. Assume that there exist constants o1, 02,03 > 0, B1, B2, '1, T2, I's = 0 such that
1 1
O{l—l-ﬂl >§, 052—|-,32>1, a3 > —, (3-8)
n

and the following conditions hold for every (s,t) € As T and u := %(s +1):

(E[8A5,e 1)/ < Tyt — 5141 (s, 1)P1, (3-9)
|E“[8Asu]l < T2 |t =% A2(s, 1), (3-10)
| As,elL, @) < T3t —s]|*. (3-11)
Further, suppose that there exists a process A = { Ay : t € [S, T|} such that for any t € [S, T] and any
sequence of partitions Iy == {S = tév, .. ’tl?gN) =t} of [S,t] withlimy_ e |TIn| — O one has
k(N)—1
Z AtiN e ]l(tiN < 1) > Aiar — Asar  in probability as N — oo. (3-12)
i=0

Then for every m € [2,n], there exists a constant C = C(a1, oz, a3, B1, B2,m,n) > 0 independent
of S, T, T such that for every (s, t) € As.T we have

I Ane — Asncllz, @) < CTrlt —s[® A1 (s, )P 1, @) + CTa |t — 5% A2(s. )21, )
+CTs |t —s]|*3. (3-13)

The main difference between the original stochastic sewing lemma [L& 2020, Theorem 2.1] and
Theorem 3.6 is that the latter does not impose bounds on high moments of §A4; , ; apart from relatively
weak condition (3-11). Another difference is the use of random controls A and bounding differences of .A
up to a stopping time t. All these will be crucial in Lemma 4.6, where we will apply Theorem 3.6 to get
a key bound on moments of [ f (WrH + V) dr for a generic drift ; see Remark 4.8.

In the proof of Theorem 3.6, we combine the technique from the proofs of stochastic sewing lemma [Lé
2020, Theorem 2.1], stochastic sewing lemma with random controls [Athreya et al. 2024, Theorem 4.7]
with the novel idea that an application of the Rosenthal-Burkholder inequality allows us to obtain better
results than an application of the Burkholder-Davis—Gundy inequality. For the convenience of the reader
we recall here the Rosenthal-Burkholder inequality, which is [Burkholder 1973, Theorem 21.1] applied
with ®(4) := |A|™.

Proposition 3.7 (Rosenthal-Burkholder inequality, [Burkholder 1973, Theorem 21.1]). Let n € N and
(fk+Gk)k=o0.1,...n be a martingale. Then for any m = 2 there exists a constant C = C(m) such that

1/2

n—1
Y El(fir1—f)? 1G]
=0

+C” max | fi+1— fil

i=0,..., n—1

[ ,max Sfil,@ <C

Lm/2 Lm (Q)

Proof of Theorem 3.6. We will denote by n[]; = {s = t(])‘ < t{‘ <o < té‘k =t} the dyadic partition
of [s,t]; here k € Z4 and (s,t) € Afg,7]. That is, tl.k =s+i27 k@t —5),i =0,...,2%. We denote
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by u the mldpomt of the interval [r¥ 3 zk+1] that is, u 2(t +1; Jrl) For notational convenience,
we put ”2k = tzk =t.
Fix s,t € Afg, 7). For k € Z put

2k 1

Z Age g LG <),

By assumption (3-12), A’s‘,t converges to Asa; — Aga¢ in probability. Note that, for k € 7,

2k—1 2k—1

|Ak _Ak+1| < Z SAtik’u:'C’tik—i-l ]l(l ‘L'))

g, LT [tl-k,uf-‘])‘

2k _

k
< l; Bt g 10 sr)’+i=OTf§k_l|A ek
2k—1 S
< l; (SAtk wk ik, —E 15Atl!c’ufy,tl!c+l)]1(t 7)“" Z |E* 8Atk {‘,tl"H'
+  max Ak |
i=0,..,2k—1 " lit
<+ 1+ Is. (3-14)
We begln with the treatment of /7. Defining fo =0, fk ._1 o (8Azk ok i —E“/'CSAtk Kk )
1 < j < 2%, we note that ( f )j=0,..2k 1s @ martlngale with respect to the filtration (Q ) i=0,....2k>
gk = Fy k- To bound the first sum we apply the Rosenthal-Burkholder inequality (Pr0p0s1t10n 3. 7)
11|z, < ||j=1(§lax . L 2
2k—1 1/2
k2 k k
sC Z SRAREA | Fur] Lows(2) "‘C” o e};‘k_1|ﬂ+1_ﬁ |”Lm(Q) (3-15)
_ 2k 1 1/n
< ek - iR 1] +o( X Bt - AT (3-16)
i=0 Ly2(R) i=0
I’ et 54 E¥i 54 12
< i —
< EO 164 5wk ek, ik ik it H L2 (@)
2k—1 iy 1/n
( EO E|8Atk Fly —E ISAE!{ fc’tzkﬂl )
5 e 15 2|'/? ¢’y s n) " 3-17
sc| 2 ety Py, o+l ,.EO ettt ") G-17)
< CTy |t —s|¥127k Z Ak ik 20 @ TCTalt—s[27 K7D 31)
m/2

S CTilt—s[* A, r)ﬂ' ||Lm<g)2"‘<°“+<ﬂ"1/2)“’)+cr3 |1 —s[®327KE7UM (319
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for C = C(m,n) > 0, where (3-15) is the Rosenthal-Burkholder inequality, (3-16) follows from the fact
that n = m, (3-17) uses the elementary inequality (3-1) together with the bound |a+b|" < C(n)(|a|" +|b|")
valid for all a, b € R?, (3-18) utilizes assumptions (3-9) and (3-11) of the theorem, and finally (3-19)
follows from the subadditivity of the control (3-7) and the Jensen inequality:

2k—1

Z Al(tikJ,'kH)zﬂl <1 (s, t)2/312k(1—2l31)V0.

i=0

Bounding I, in (3-14) is easy. Indeed, using (3-10), subadditivity of the control and the Holder

inequality, we see that

2k—1
1720120 < T2l —s|®227%¢2 3~ aqf, if 1P
i=0 L ()
<Dz fr =5[22 KR035 (5. 0P L, . (3-20)

It is also not difficult to bound /3. Using (3-10) and the fact than n = m, we see that

2k_1 1/n
J— n
131z, < 3L, @ = Hi=0f{f}f§k_l Ak Nz, < ( 2(:) Eldys ik | )
1=

< T3t —s|®32 k@s=1/n) (3-21)
Substituting (3-19), (3-20), and (3-21) into (3-14), we finally get
1A%, — A5, @) < CTult—s* A1 (s. )P | 1, (@2 F @1 H(F1=1/2)20)
4Ty |t —s[@22 k2 B2mDA0 3 (5 1)B2|| ) o)+ C Ty |1 —s|@327kes=1/m),
Summing this inequality over k, and using the fact that, thanks to (3-8), @y + 81 > %, ar + P2 > 1,
o3 > ,ll we get for any k € N (recall that AY, = Ay s 1y<c)

k—1
14§ = As Tose @) < D IASE = A5 L)
=0
< CTylt=s[*|A1(5.0)P" |1, @)+ C Tl =5 A2(5.)P | 1, @) +C T3 [ —s5|%3,
for C = C(ay, 2,3, B1, B2, m,n) > 0. An application of Fatou’s lemma, assumption (3-12), and (3-11)
yields the desired result (3-13). O
3.2. Uniqueness of solutions to the Young differential equation. An important tool in establishing

uniqueness of the SDE (1-1) is the following result related to (deterministic) Young differential equations.

Proposition 3.8. Let d = 1. Suppose that X € CP7V([0, 1], R), Y € C17¥*([0, 1], R), p,q =1, %—{—é > 1
and X, Y are continuous. Then the ODE

t
Y: =/YS dXs, t€[0,1, Yy=0, (3-22)
0

has only trivial zero solution Y = 0.
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Before we begin the proof let us emphasize that we do not assume here p < 2; otherwise the result is
standard; see, e.g., [Baudoin 2017, Chapter 3, Theorem 3.1]. Actually, we are interested in the opposite
situation: Y is a “nice” relatively smooth process with ¢ € [1,2) and X is a very irregular process. Without
the additional assumption on regularity of Y, (3-22) would become a rough differential equation and one
would have to lift X to rough path in order to make sense of the integral. We consider (3-22) as a Young
differential equation and are interested in uniqueness among all smooth enough solutions.

Proof. The main idea of the proof was communicated to us by Fedja Nazarov.

It is sufficient to consider the case p > 2 > ¢. Indeed, otherwise, if p < ¢, then p < 2 and uniqueness
of solutions to (3-22) follows from [Baudoin 2017, Chapter 3, Theorem 3.1]. Assume that (3-22) has a
nonzero solution. Without loss of generality, we assume that Y, > 0 for some r € (0, 1] (the case when Y
is nonpositive is done in exactly the same way). Then there exists ¢ > 0, 0 < s < ¢ < 1 such that

e e

—, Yi=c¢, inf Y, =—,
2K refs,t] 2K

s:

where we defined K := exp(|| X ||z, (0,17))- We claim now that X € C9™Y([s, 1], R).
Indeed, by Young-Ldeve estimate [Friz and Victoir 2010, Theorem 6.8] we have, for any (s, ¢’) € A1

t/
Y — Yy — Yy (Xo — Xo)| = / Yy dXy — Yy (Xy — Xo)| < CIY a1
s/

for C = C(p, q) > 0. Therefore, taking into account that Yy > 5% for s’ € [s, 1] we get
2K 2K
|Xt’ - Xs’| < 7(|Yt’ - Ys’| +C “Y”q—var;[s’,t’]) < T(C + l)”Y“q—var;[s’,t’]-

This implies || X [|g—var;[s.] < 25 (C + DY [l g—vars[s,¢}» and thus X € CT7([s, ], R).
However, since ¢ <2 and X, Y € C77V([s, t], R), (3-22) has a unique solution on [s, ¢] by [Baudoin
2017, Chapter 3, Theorem 3.1]. This solution is given by Y, = YseX", r € [s, ]. Thus,

X & g
e=Y,=Ye' < —=K=_,
2K 2

which is a contradiction. Therefore (3-22) has only zero solution. O

4. Key integral bounds

In this section we establish key integral bounds which allow us to establish existence and uniqueness of
solutions to (1-1). Without loss of generality, we will be working on the time interval [0, 1]. Fix d € N,
H € (0, 1), and the filtration (F¢);e[o,1] such that WH is an (F;)—fractional Brownian motion. Recall
representation (2-2). For (s,7) € A[g,1] consider a process

t
Vey=WH _EBWH = / K (t.r)dB,. (4-1)
N

We begin with the following basic bound. Its proof uses just the original stochastic sewing lemma
from [L& 2020].
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Lemma 4.1. Let f : R? — R be a bounded measurable function. Suppose that f € By where q € [2, o],
o < 0. Assume that 1

>—— 4-2

x> (4-2)

Let m € [2, 00) such that m < q. Then there exists a constant C = C(H,d,o,m, q) > 0 such that for any

0 < Sy < S <T <1, any deterministic measurable function x : [0, 1] — R? one has

T
H / F(Vsor +x0) dr
L (2)

< C |\ fllgg (T =) ((S - So)™H4 + 1(H < 1)(S — So)™4/CD(T — 5)4/@D=Hdla)  (4.3)

Proof. We apply stochastic sewing lemma from [L& 2020], that is, Proposition 3.4, to the processes

t t
Ap = /:gf(VSo,r +x;)dr, te[S.T]; Asp i =F / JWsor txr)dr. 5.t € As,r.
s

We stress once again that the process x is deterministic. Let us check that all the conditions of
Proposition 3.4 are satisfied.
Using heat kernel bound (B-4), we derive, for 5,7 € A[g 77,

I 4s.llL, @) $/l||Esf(VSo,r+xr)||Lq(sz)d"
<C | g (t=9)"TH((S=S0) #4412 (H < 3)(S=S0) ¥/ CD (1 —s)/ G- Hdla),
for C =C(H,d,a,q) > 0. Thanks to (4-2), | +a«H > L. further if H < ~,then 1 +H(a——) + zi %
Thus, condition (3-3) holds thanks to an obvious bound
1645, L) < [ AsellL, @ + 1 AsullL, @ + 1 AutllL, @)

where we also used that m < gq.
Next, note that for any S <s <u <t < T we have

t t
§Ag s = E° f F(Vsor +x0) dr —E* / FVsor + %) dr.
u u

which implies that E*§As ,,; = 0. Thus condition (3-4) holds.

Thus it remains to verify (3-5). Let IT := {S =t¢,1,...,fx =t} be an arbitrary partition of [S, ¢].
Denote by |IT] its mesh size. Note that thanks to our choice of the processes A and A, forany i € [0,k —1]
we have E" (A b — Ay — Ay ) =0and Ay, | — Ay — Ay 14, 18 Fy;, -measurable. Therefore,
Ar — Zf é Ay; t;4, 1s a sum of martingale differences. Then, by the Burkholder—-Davis—Gundy inequality,

k—1
Z (At — Ay — At,-,t,-+1) <C Z M = Aty = Ag i 17 ()
=0 Lo k—1
SCIfllpm@ay Y tix1—1)* < C L f o eyt — S)ITI|
i=0

for C > 0. Thus, Zf:é Ay, converges to Ay in probability as | TT| — 0 and hence condition (3-5) holds.

lit1
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Thus, all the conditions of Proposition 3.4 are satisfied and (3-6) implies

T
[ 10 ar) o
S C S llsg (T =) ((S = So) ™A+ 1(H < 3)(S = So) ™/ CO (T — 5)@/CO=HLa),

for C = C(H,d,a,m,q) > 0, where again we used (4-4). This implies (4-3). O

The next step is to remove the singularity at Sy in (4-3) as well as the unnatural restriction m < q.
This is done using the taming singularities lemma and then applying the John—Nirenberg inequality,
Propositions 3.1 and 3.2. The former proposition allows us to take S = Sy in (4-3), while the latter allows
us to take m arbitrarily large.

Lemma 4.2. Let f : R? — R be a bounded measurable function. Suppose that f € By where q € [2, o],
o < 0 such that

1
o>———— and o——>——. 4-5)
2H

Letm €1, 00). Then there exists a constant C =C(H,d, o, m,q) >0 such that forany 0 < So < S <T <1,
any deterministic measurable function x : [0, 1] — R4 one has

<C |\ fllgg (T —S) et ~Hdla (4-6)
Ly, (2)

T
H /S F(Vsor +xp)dr

Proof. Step 1: We prove (4-6) for m = 1. We tame the singularities with Proposition 3.1. Fix (S, T) €

A[o,1] and put
T
Yy = SWVsor+xp)dr, te(0,T—S].
S+t

We see that (4-5) implies «H > —1, and thus by Lemma 4.1, for (s, 7) € Ajo,7—s] We have
1¥e = YsllL,@ < C 1/ llsg e =) 7 (s7HU 4 1(H < 3)s4/ @0 (¢ —5yd/@D=Hdla),

for C = C(H,d,a,q) > 0. We also see from (4-5) that 1 + aH > HTd and 1 +oH + f—q—HTd > %.

Hence all the conditions of Proposition 3.1 are satisfied and we get that for any ¢ € (0, T — §],

SVsor +xr) dr‘ = Yr—s = YelL, (@)

T
<|
LI(Q) S+e

<C||fllgg (T — S —g)t et ~Hdla

fVsor +x7)dr |

T
“ S+8 Lq(Q)

where C = C(H,d,a,q) > 0. By passing to the limit as ¢ — 0, we get (4-6) for m = 1; here we used
Fatou’s lemma and boundedness of the function f.

Step 2: Now let us prove (4-6) for all m € [1, 00); actually, the proof of Step 1 works for m < ¢, but not
for large m. We apply Proposition 3.2. Put

t
Ay :=/f(VSO,r+x,)dr, telS,T].
S
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Then for any (s,7) € A, 7] we have

t t
B A, — Ay| = E° / FE Vg r + Ver +x,)dr| = / FVew + ) dr
S S

9
yr=E* VSO.r+xr

where we used independence of (V5 ,),>s and F;. Applying (4-6) with m = 1 obtained from Step 1, we get
ES| A = As| < C || fllg (t =) o0 HAT < C | fll g (7 — )1 FHHAT - (5.1) € Ags .

where C = C(H.d.a.,q) > 0. Thus, (3-2) is satisfied with I" := C || f || g (T — S) ! TH—~Hd/a_Clearly,
the process A is continuous since f is bounded. Thus, all the conditions of Proposition 3.2 are satisfied
and hence we get, for m € [1, 00),

= | A7 — Asllz, @) < C I fllsg (T — §)! ToH—Hdla,
L;,(2)

where C = C(H,d,a,m,q) > 0, which is (4-6). O

T
[ 100, xnar

Remark 4.3. Note that if f € B, then f € Bgo_d/ 4. Therefore, if we apply Lemma 4.1 alone, we would
obtain exactly the same bound (4-6), but under the much more restrictive condition ¢ — % > —ﬁ. The
above proof shows that an application of the taming singularities lemma (Proposition 3.1) leads to a better
condition (4-5). Thus, a combination of the taming singularities technique and stochastic sewing gives
much better results than stochastic sewing alone. Proposition 3.2 allows us to further refine the obtained
results. Namely, when combined with stochastic sewing, it allows us to bound all the moments of the

integral (rather than just the first few moments).
Next, we need an analogue of (4-6), but for the difference of functions.

Corollary 4.4. Let [ :R? — R be a bounded measurable function. Suppose that f € By where q € [2, o0,

a<0. Let A €[0,1], m € [1, 00). Assume that
1 d 1
0—A>—— and a———A>—— 4-7)
2H q H

Then there exists a constant C = C(H,d,a, A, m, q) > 0 such that the following bound holds for any
deterministic measurable function x 1 [0,1] - R%, y e R4, (S, T) € Afo,1]:

T
H /S (Vs +xr +9)— f (Vs +x,)) dr

<C |\ fllgglylM(T =5 HHEe=A=d]D) — (4.8)
L;,(2)

Proof. Introduce the shift operator 7y, f(z) 1= f(y +2), y,z € R?. Let us apply (4-6) to the function
7y f — f with @ — A in place of o. We see that condition (4-7) ensures that (4-5) holds. Then we get

T
H/.;' (fWsr+xr+y)=f(Vsr+xp))dr

< Clityf = fllgg—(T = §)1 HHE7A=/D
Lm(8)

< C | fllgg|yH(T — §)+He—A=d/D)
where C = C(H,d,a, A,m,q) > 0 and the last inequality follows from (A-2). This yields (4-8). O
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Remark 4.5. By takingin (4-8) S =0, x =0, f =8, u R, a=—2,g=2,1€[0, (55 — %) r1)
we get that if Hd < 1, then

1LY (u—y,t) = LY (u, 1)L, < Cly/* e 7HEFD 1 o, 1],

where LW is the local time of fractional Brownian motion W# and we also used (A-2). This provides a
short and direct proof of Xiao’s result about moments of local time [1997, Lemma 2.5]. It just remains to
justify that Lemma 4.2 is applicable also for distributions and not only for bounded functions, which is
done in the proof of Theorem 2.18(i) by approximating a distribution by smooth functions (note that the
right-hand side of (4-6) depends only on || f'[| 52 and does not depend on higher Besov norms of f).

Now we are ready to move on to the main lemma of this section, which allows us to replace a
deterministic drift in (4-6) with a stochastic drift. It is clear that such a replacement should come with
certain restrictions: one must impose that the stochastic drift { is more regular (in a certain sense) than
the driving noise W . Indeed, otherwise, one could simply take y» = —W, thereby completely canceling
the noise. An important observation is that it is much better to measure regularity on the p-variation
scale rather than in the Holder scale. Indeed, if b € L), (R9), then the drift [b(Xr)dr in Eq(x; b) is only
(1 — HTd)—H(Slder (and this exponent can be arbitrarily small), but it always has finite 1-variation.

The proof of the lemma strongly relies on the Rosenthal-type stochastic sewing, Theorem 3.6, and the
integral bounds already obtained in this section.

Lemma 4.6. Let m € [2,00). Let f :R? — R be a measurable function, f € B, where q € [2, 0], a < 0.
Suppose further that f is bounded or f = 0. Let z : [0,1] x Q@ — R? be a (possibly nondeterministic)
continuous process adapted to the filtration (Fy) ;=0 such that

H ”Z” 1—var;[0,1] HLm Q) < Q. (4-9)

Let t be a measurable random variable taking values in [0, 1]. Assume that the following conditions hold.:

d
(a——)H>—1+H, (4-10)
q
S (He 1) ! (4-11)
*“\¢ "2) 2w )

Then there exists a constant C = C(H,d,a,m,q) > 0 such that, for any (s,t) € Ao 1]

INAT
[ s szar
SAT

Proof of Lemma 4.6. Step 1: Assume further that f € C!(R?). First of all, we note that conditions (4-10),
(4-11) imply that there exists u € [0, 1] such that the following condition holds:

<Cllfllgg (t — ) THE=A/a=D ]z,

L) —var;[s,¢] ”Lm ()

+C || fllpg (¢ =) THEAD  (4-12)

1 d 1
(Ol—/,L)H>—§ and ((x—g—,u)H>maX(—§—/L,—1). (4-13)
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Indeed, take pu := d /\ > Then the first mequahty of (4-13) is just (4-11). For the second inequality
of (4-13), we note that if 2= H d < 5, then u = Hd 3nq by (4-11)
d H> 1 d 1 H d 1
o——— - ——— =—F——=—z—[.
g M F=om — ¢ H 27 4 2 TH

If, alternatively, H—d > 5, then u = 5 L and (4-10) implies

d 1 1
o———pl|H>-14+H—-—zH>—-1=—2—p.
q 2 2
Thus, in both cases the second inequality of (4-13) also holds.

We apply the Rosenthal-type stochastic sewing with random controls, Theorem 3.6, to the following
processes

t
Ap = / f(WrH +z)dr, te]0,1];
0
t
Agy = / FOVE 42y dr. (s.1) € Apay. (4-14)
N
Let us verify that all the conditions of Theorem 3.6 are satisfied. Clearly, for any 0 <s <u <t <1 we have

§Asur = /t(f(WrH +25) = fWH +z)) dr.

Recall the definition of process V in (4-1). We have

t
E¥|8Ag.0,|* = E* / (fEWH 4 Vyy +25) = FEWH £V p +20)) dr
u

2

Vur +xr +3) = fVuyr +xp)) dr

Xr —E”WH—{—ZM
Y=Zs—Zu

where we used the independence of F,, and the process (Vi r)rzu-
Now we apply Corollary 4.4 with A = u. Note that (4-7) is satisfied thanks to assumption (4-13). We get

E“[8As” < C 1| 13 |2 — 2Pt — 5)> P2H @1/

<C ”f”BO‘ ||Z|| s, t](t _ S)2+2H(Ol—lb—d/4), (4-15)

where C = C(H.d,a, i, q) > 0. We note that ||z || ;_yar[s,,] is @ random control in the sense of (3-7).
By (4-13), we have

d
/L-l—l—i—(oz—u——)H>l
q 2

and condition (3-9) holds.
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Further, using consequently (B-2), (B-1), and (B-3), we derive, for 0 <s <u <t <1,

t
|E¥[8As 0]l = / (Po2qury S E W + 25) = Po2gy py fEWH + 2,)) dr
u

t
P — / 1Po2ger f llet @y dr
u

t
<C ”lel—var;[s,t]”f”Bg / (r —u)H(a_d/q_l) dr
u
sC ”Z”l—var;[s,t] “f”Bg‘ (t— M)1+H(a_d/q—1), (4-16)

where 02 (u,r) := fut(KH(t, r"))?dr’ and C = C(H.d.a.q) > 0. Note that ||z || _ya[s,] is @ random
control and by (4-10), 1 + H(a — % — 1) > 0. Therefore (3-10) is satisfied.
Next, we see that, for any n =2, (s,1) € Ag 1],

n

= EE®

n

||As,t||]’in(g) = EE’

:E[E

where we again used the independence of F; and (Vj ),>s. We see that by (4-11), o > —ﬁ. Further,

(4-10) guarantees that o — % > —%. Thus, (4-5) holds. Therefore, all the conditions of Lemma 4.2 are

satisfied and we get

/ SOV 4z dr

t
/ FEWHE LV, +20)dr
S

n

t
/ SV +xp)dr

x,=ESWH —l—zsj| ’

1Asi L@ < C I fllgg (¢ —s)t et ~Hdla (4-17)

for C =C(H,d,a,n,q) > 0. By taking n = m large enough, we see that (3-11) and the last inequality
of (3-8) are also satisfied.

Finally, let us verify (3-12). Let IT := {S = t¢,t1,...,# = t} be an arbitrary partition of [S,¢].
Recalling definition (4-14), we note that, for any i =0,...,k—1,

|At,'+1A‘E - At[/\t - Ati,ti+] 1]-([1' < T)|

it INT tit1
|G vz - s -1 << [ SOV vz ar
t T

iNT

ti41
< / OV 42y = FOVH 4 2 dr + [T | f |ty 106 < T < 1141)
t

< 1 ller ey T2 1 —varsfty 7441 + 1 S T <tig1)).

Then
k—1 k—1
‘ At/\‘l: _—AS/\‘E - Z Al‘l‘,ti_H ]]-(ti < T) < Z |~Al,-+1/\r _Atl-/\r - At,',t,'+1 ]]-([i < t)|
i=0 L1(2) i=0 L1(2)

< ||f”Cl([R{d)|H|(H ||Z||1—var;[0,1] HL](Q) + 1)-

Since H 121l 1=var;0,1] HLI(Q) < 00 by (4-9), we see that (3-12) holds.
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Therefore, all the conditions of Theorem 3.6 are satisfied and we get for (s,7) € A[g 17 (recall (4-15),
(4-16), (4-17))

”-At/\t - As/\t”Lm(Q)
INT
[ rowiszar
SAT Lin(R)

<CIf llsg =) Nz s a7 @

+C ”f”B,}“ (t - S)1+H(a_d/q_l) ” ”Z” 1—var;[s,t] HLm(Q) +C ||f ”Bg (l — S)1+H(Ol—d/q)

= C | fllzgt ="MV (@ =) Izl —varsts.ai| 1, @ + € =9 Nzt |7, @) + 1)

where C = C(H,d,a,u,m,q) > 0. Note that for any a,b > 0 one has a *b* < a~ b + 1, since
W € [0, 1]. Together with the above inequality this implies (4-12).

Step 2: Assume now that f is a bounded continuous function. For k € Z4 put fi := Py/k f. Then
it is clear that fi converges to f pointwise and || fx[ze < || flse; see, e.g., [Athreya et al. 2024,
Lemma A.3(iii)]. Since f; € C1(R%) for any k € Z, the desired bound (4-12) follows now directly from
Step 1 and Fatou’s lemma.

Step 3: Now let us treat discontinuous f. We begin with f = 1y, where U C R? is an open set of
Lebesgue measure § > 0. By Urysohn’s lemma, there exists a sequence of bounded continuous functions
fn R4 - [0,1],n € Zy, such that 0 < f, < 1y for any n € Z4 and f,,(x) — 1y (x) for any x € R?
as n — 0o. Then fn(WrH +z;)—> ]lU(WrH +z,)asn — oo forany r € [0, 1], w € Q.
Set
. . .. d .
qg:=gq, if g <oo; q::ﬂ\/l’ if ¢ =o0.
o

Note that L, (R%) By and Lg/|a)v1 (R%) B?d/|a|)v1 C ng(_d) C BZ,. Thus, we always have the
embedding

La(RY) c B2. (4-18)

Let us apply bound (4-12) proved in Step 2 to the bounded continuous function f;. Using (4-18), we
see that ||fn||3<5 S nllzywey < 11v L, @e) S 8174 Hence an application of Fatou’s lemma implies

tAT

INT
/ 1yWH +z,)dr < liminf fuWH 12y dr
SAT L) "7 I Jsat Ln(Q)
<8V + [zl a1, @) (419)

where C = C(H,d,o, u,m,q) >0

Step 4: Let f be a bounded measurable function R¢ — R. Define M := Sup,ere | f(x)|. By Lusin’s
theorem, there exists a bounded continuous function fs : R — R such that Leb({ f5 # f}) <8 and
I /51l rey < M. Let Us be an open set of measure 2§ containing the set { fs # f}; such set exists
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since the Lebesgue measure is regular. Clearly, for any x € R,

| /5(x) = f ()] < 2M 1y, (x).

Using again (4-18), we derive

I fs sy < I1f sy + 1 fs = f g < 11 f g + 1S5 = £ gy < I f g +2M 89,

Then, applying again Step 2 of the proof to the bounded continuous function f5 and recalling (4-19),

we deduce
IAT
FWH £z dr
SAT L, ()
tAT IAT
< fsOWH +z)dr +2M / Ly (W, +z,) dr
SAT L, (R2) SAT L ()

< C | fllgg (¢ =) VD2 g, @) + C 1S gy (¢ =)' O
Vs
+CM3 /q(l + [zl —varsfs.n ”Lm(Q))’
where C = C(H,d,a, u,m,q) > 0. By passing to the limit in the above bound as § — 0 (note that
g < 00), we get (4-12).
Step 5: Suppose that f is a nonnegative measurable function R? — R. It is clear that a sequence of
bounded functions f AN, N €N, converges to f pointwise. Note also that || f AN |[ze < || f[|sg for

any N € N. Therefore, applying the results of Step 4 to a bounded function f A N and then Fatou’s
lemma, we derive (4-12). O

The following important corollary says that Lemma 4.6 is applicable in the full range of parameters
H, d, p satisfying (2-5).

Corollary 4.7. Let f : R¢ — R be a measurable Sfunction which is additionally bounded or nonnegative.
Suppose that f € Bp_‘S and that the parameters p € [1, 0], § > 0 satisfy

Hd
H+ — +28H < 1. (4-20)
4
Then the assumptions (4-10)—(4-11) are satisfied with & = —8 + 1,¢[q 2] (% — %), q=pV2

Proof. We have « — % =-—5— %. Therefore, we immediately see that (4-10) is satisfied thanks to (4-20).
If p € (2, 00], then using again (4-20) we get

1 1 Hd 1 1
o=-0>=——=2—AZ)——,
2 2H q 2 2H

If p €1, 2], then using the inequalityésﬁ—i—%,we get
d d d 1 Hd 1
a:—5+———>—8——>l——> LN -
2 p 2p 2 2H q 2 2H

Thus, in both cases (4-11) holds. O
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Remark 4.8. Now we see why it was important to use in the proof of Lemma 4.6 Rosenthal-type
stochastic sewing (Theorem 3.6) rather than the usual stochastic sewing [L&é 2020]. Indeed, we see from
(4-15) that, form =2, 0<s<u <t,

1845l (@) < C—s) HHCTH=AD )8 ool

1+p
Recall that (E||Z|| l—var;[s,t])(s,t)eA[o_T]

is a control for any p = 0. Thus, clearly, if mpu < 1, then
7 s
” ”2”1_\,&;[&,] HLm(Q) < (E”Z”l—var;[s,t]) .
If, alternatively, mu > 1, then we note that

1/
H ||Z||11L—var;[s,t] HLm(Q) = (EllZ”rln—Mvar;[s,t]) "

Thus, we obtain that H Izl llL —var:[s.] ” Lon(9) is bounded by a deterministic control raised to the power (A %

Recalling (3-3) and (4-15), we end up with the condition

d 1
(¢ —p)H > _1L and (a - — —,u)H > max(—l — (/,L A —), —1), (4-21)

2 q 2 m
which is much worse than (4-13). This leads to a nonoptimal condition for weak existence: b € L, (RY),
where HTd < % A (1 — H) instead of HTfl < 1 — H. Indeed, the optimal choice for the parameter i

in this worse condition (4-21) is u = 0, which combined with (4-10) gives for @« = 0 the condition

HTE<%A(1—H).

We previously introduced a stopping time 7 in Lemma 4.6 because in applications we assume only

that ||z[|1—var;[0,1] < o0 a.s. rather than H 1zl 1=var; 0,11 } L) < 0 Therefore, we would need to stop

the process z once its variation becomes sufficiently large, see; e.g., proof of Lemma 5.1.

5. Proofs of the main results

Now, we proceed with the proof of our main results from Section 2. Without loss of generality, we assume
the time interval is [0, 1]. We begin by proving the existence of local time for fractional Brownian motion
and related processes (Theorem 2.18) by applying the key integral bound (4-12) with f = dx, x € RZ.
This is done in Section 5.1. In Section 5.2, we establish the regularity of the solutions to Eq(x; b), using
again the bound (4-12) with f = |b|. These two results allow us to show the equivalence of different
notions of solutions to (1-1). Once we have a good bound on the regularity of the solutions to Eq(x; b),
we obtain weak existence by a standard tightness argument — see, e.g., the proofs of [Athreya et al. 2020,
Proposition 2.8; 2024, Proposition 3.3 and Corollary 3.5; Galeati and Gerencsér 2022, Theorem 8.2;
Anzeletti et al. 2023, Theorem 2.8] — this is the subject of Section 5.3. Strong uniqueness for d = 1
follows from the bound (4-12) with f = Vb and the uniqueness of solutions to the Young differential
equation (Proposition 3.8); see Section 5.4. Finally, strong existence follows from the Gyongy—Krylov
lemma [1996, Lemma 1.1], which provides a flexible (non-black-box) alternative to the classical Yamada—
Watanabe result; see Section 5.5. We conclude with Section 5.6, which provides a counterexample
showing that condition (2-5) of Theorem 2.5 is optimal, thereby proving Corollary 2.7.
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5.1. Existence of local times and their regularity. Now we are ready to show that the processes W H
and WH 4 v, where v is of finite 1-variation, have local times. Heuristically, the proof is simply an
application of Corollary 4.7 for the function f := 8, x € R?. Indeed, formally, the local time of the
process WH + y at x € R? over the interval [0,7], ¢ € [0, 1], is f(; SX(W,H + ¥, ) dr. Corollary 4.7
guarantees the existence this integral under the condition (4-20). Clearly, §, € B(l), and thus (4-20) reduces
to H + Hd < 1, which is the desired condition.

Note, however, that Corollary 4.7 applies only to measurable functions, not distributions. Therefore, to
make the above argument rigorous, one must appropriately approximate the delta function and justify
passing to the limit. Another technical challenge is that, to make the moments of the quadratic variation
of ¢ finite, one needs to introduce stopping times and stop ¥ once its quadratic variation becomes large
enough. This program is implemented in the proof below.

Proof of Theorem 2.18. (i) Fix d € N, H € (0, 1) such that Hd < 1, y € (0, (537 —
definition of v, in (2-1). For x € R4, R > 0 define

[S1ESW

) A 1). Recall the

IRX(z):= vdl 1(z € B(x,R)), zeR?. (5-1)

R4

We see that by Proposition A.3 [®-* converges to 8y in B¢ as R — 0, for any & > 0. Define
t
LR, x):= / IRXwWHydr, 1€[0,1], x e RY.
0

Take & > 0 small enough so that H(d +2¢) < 1. For x, y € R¢ and n, k € N, we apply Lemma 4.2 three
times with g =2, m =2, So = 0, x(-) = 0, and the following remaining parameters. First, we take
f=1Ynx o= —%. Then we take f =[1/mx_[1/ny o= —%—y. Finally, we take f =/1/mx_]1/k.x
o= —% —¢. In all three cases, we see that (4-5) holds. Recall that, by definition, Vp , = WrH ,rel0,1].

Therefore, using the embedding L (Rd) C B(l) - Bz_d/z, we obtain, for any 5,7 € [0, 1], x,y € RY,

1LYt x) = LY (5.0 (@) < C 1Y ¥ ) oaralt = HE < C e =171 (5-2)
2
LY ™ (2 x) — LY (s, %) = (LY (8, y) = LY (5, ) i) < Clx — y|Y [t — s THI7HY - (53)
1LY (%) = LVR(@ )| @) < C IV =1V 5¥ e < Cn A k) (5-4)
for C = C(H,d,es,y,m) > 0. Here in (5-3), we used (A-2), which implies that

JV7% =1 arpy < C = y PN N garn < C =y Y™y ty < C =y

for C = C(d, y) > 0; in (5-4) we applied (A-3). We stress that the constant C does not depend on 7, k.
Collecting (5-2), (5-3), (5-4), and noting that the process LR is continuous in 7 for any fixed R > 0,
we see that all the conditions of the Kolmogorov continuity theorem in the form Proposition C.1 with
X" := L1/7 are satisfied. Therefore, there exists a jointly continuous process L : © x [0, 1] x R >R
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and a set of full measure Q" C Q such that on @', for any M > 0,
|L(#,x)— L(s, x)|

sup  sup L 00" 5-5)
cerd sitef0,1] —s! Hd—¢
|x|<M
|L(t,x)— L(s,x)— (L(t, y) — L(s, y))|
sup sup e - 5:6)
x,yeRd  s,t€[0,1] [t —s| v=¢|x — y|¥
|x|,|y|l<M

Further, Proposition C.1(iii) implies that for any w € Q' there exists a set A(w) C R? of zero Lebesgue
measure such that, for any M > 0, ¢ € [0, 1],

sup  |L(w,t,x)—LY"(w,t,x)] >0 as n — oo. (5-7)
xeRI\ A(w)

|x|<M
Since for a fixed w € Q' the trajectory W () is bounded on [0, 1], we see that LR (¢, x) = 0 for any
t €[0,1], |x| > M(w), R < 1 for some M(w). Therefore, L(z,x) = 0 for any ¢ € [0, 1], |x| > M(w).
Hence, restriction |x| < M in (5-5), (5-6), (5-7) can be removed. Therefore, L satisfies (2-15).
It remains to show that L is a local time of WH . Define 11,(B) = f(f]l(WrH € B)dr, B € B(RY),
t €[0, 1]. Then, for any R > 0, 7 € [0, 1], x € R?,

1
LR t,x) = B(x, R)).
(t:3) = (B R)
Substituting this into (5-7), we see that all the conditions of Proposition C.2 are satisfied. Thus, on €’ for
any ¢ € [0, 1] we have dji;/dLeb = L(t), which shows that L is a local time of W,

(i1) The proof is similar to the proof of part (i), however we have to modify certain steps since we have
to stop the drift once its variation becomes is too large. Fix d € N, H € (0, 1) such that H(d + 1) < 1,

y € (O, (ﬁ - % — %) A 1), and a random process V¥ satisfying the assumptions of the theorem. For N € Z

introduce a stopping time
oy =inf{z € [0. 1] |¥[l1—varso, ) = N} A L.

Recall that ¥ is continuous, hence ||V || —yar;[0,] is continuous, and ||V |1 —var;[0,zy] < N. Let yN =
Yinry» t € [0, 1]. Consider a set where we do not stop the process ¥, that is,

Qy:={y =1} (5-8)

For a function [ ®* defined in (5-1), N e Z4, put
t
LRN(1,x) = / IRXWH L yNydr, 1€[0,1], xeRY.
0

Take & > 0 small enough so that H(d + 1 +2¢) < 1. For x, y € R%, n,k € N we apply Lemma 4.6
three times with z = WN ,qg =2,m =2, t =1 and the following remaining parameters. First, we take
f=1Ynx o= —%. Then, we take f =[1/mx_[1/ny o= —%—y. Finally, we take f =[1/n-X _]1/k.x,
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o= —% — ¢. It is easy to check that in all three cases conditions (4-10)—(4-11) are satisfied. Thus, using

(A-2) and (A-3), we deduce, for any s, € [0, 1], x, y € R?,

1LY @) =LYV (5.0 L, 20 < CN + D] —s |~ HEHD:;

|27 @)=L (5,0) = (LN (1 ) = LN (s, 0)) ], ) S CON + D=yl [ —s | HEFHD);
1LY (1, x) =LY 5, %) | L, 2) < CIN + D (0 AK) ™

forC =C(H,d,¢,y,m)>0. Applying a version of the Kolmogorov continuity theorem (Proposition C.1),
we conclude that there exists a process LY and a set Qn C Q of full probability measure such that
on Q N (5-5)—(5-6) hold with LV in place of L and H(d + 1) in place of Hd. Furthermore, for any
w € Qp there exists a set Ay (w) C R4 of Lebesgue measure zero such that, for any M > 0,

sup ILN (0,1, x) = LY"N (0,1, x)| >0 as n — oo. (5-9)
xERd\AN (w)
|x|l<M
Now on the set of full probability measure Q* := U}’Vo:l QN \Qy_1)N Qn we are ready to define a
candidate for the local time as follows:

o0
L,t,x):= Y LN, x) (@) 1g \ay yndy @) 1€[0.1] xe RY.
N=1
By above, on 2%, the process L is jointly continuous in (¢, x) and satisfies (2-16). Here, as in part (i), we
also use the fact that for any fixed w € Q* the trajectory W (w) 4+ 1 () is bounded.
Denote by p; the occupation measure of W + v over the time interval [0,¢]. Note that by the
definition of the set Qy in (5-8), forany N € Z4, R> 0,1 €[0,1], x € RY, w € Q we have

LRN (w,1,x) 1q, (@) =

Rt (B R) 1y @)

Therefore (5-9) and the definition of the process L imply, for any w € Q*, ¢ € [0, 1],

1 1
sup L(w,t,x)— _dut(B(x,—))'eo as n — oo.
xeR\(US_; An (@) vdn n
This, together with Proposition C.2, shows that L is indeed the local time of W + . O

5.2. A priori bound on regularity of solutions to SDE and equivalence of different notions of solutions.
Next, we establish a very useful bound for the regularity of solutions to (1-1). This result, combined with
Theorem 2.18 proved earlier, is crucial for showing the equivalence of different notions of solutions to (1-1).

Lemma 5.1. Let H € (0,1),d e N, p € [1,00], m € [2,00), M > 0. Assume that (2-5) holds. Let
f: R? — R? be a measurable function such that

1/, @y < M. (5-10)
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Let x € R and assume that (X, WH) is a weak solution to Eq(x; ). Then there exists a constant
C =C(H.d,m,M, p) > 0 such that for any (s,t) € Ao 1] we have

t
H _ 1-Hd
H X =W ||1—var;[s,t] ”Lm(Q) = ”/s | f(X7r)] drHLm(Q) <C(—ys) /P, (5-11)

Proof. First, we treat the case p < co. Define

w(t):zx—l—/otf(X(s))ds=X,—W,H, te[0,1].

Clearly, v is a process of finite 1-variation and

t
1V hvatsa) = [ 1FXGDIdr (5.0) € Aoy

Note that we did not assume that f is bounded; therefore, we do not know a priori whether ||V {1 _yar;[s,7]
has a finite moment of order 7. We establish this using the stopping time technique and by bounding the
expression in terms of itself via Corollary 4.7.

Similar to the proof of Theorem 2.18, we fix an arbitrary N > 0 and introduce a stopping time
ty = inf{z € [0, 1] : [¥[l1—var;jo,r] = N }: as usual we set Ty = 1 if | |l1—yar:[0,1] < N. Recall, that
¥ is continuous by the definition of a solution to Eq(x; f); hence ||¥]|1—yar[0,] i continuous, and
1% | 1—var;[0,z5] < N . Consider a stopped process

W;N = WI/\rN» t E[Oa 1]
By construction, for (s,7) € A[g, 1,

N INTN
1Y s = [ 1/ (Xpldr <. (5-12)

Fix small £ € [0 1] We apply Lemma 4.6 with z := wN, | f]in place of f, T =1tn. If p €]1,2),

we take o ;= —% + % <0,g =2. Since o > —2”; > % 2H’ we see that conditions (4 10) (4-11) are
satisfied for thls ch01ce of @ and q. If p € [2, 00), then there exists ¢ > p such that —% + < > % - ﬁ
We take ¢ = —% + 2 < 0. We see that conditions (4-10)—(4-11) hold as well. In both cases we have

Ly(RY) C Bg and hence
111 e < 1SNl eay < M

Thus, all the conditions of Lemma 4.6 are satisfied and we get from (4-12), for any s,7 € A[g, 1] with
[t —s| <€, m=2,

[ reonar]

ATN

=1 o uar|

Ly () - ) ATN

Lm ()

<CoM('~ Hd/p— H’

L], e CoM—s) 1P (51
SATN

where Co = Co(H,d,m, p) > 0 and we used the total variation identity (5-12) and (5-10). Note that
H MrN | f(X)] drH < N < o0; see (5-12). Further, we see that by (2-5), 1 — HTd — H > 0. Thus, by

SATN
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taking in (5-13) £ = £(H,d,m, M, p) small enough so that
CoM(\=Hd/p=H _ 1
27
we get

<2CoM(t —s)'7HAIP s ref0,1], |t —s| <.
Lin(2)

/ o dr

ANTN

Since Ty — 1 a.s. as N — oo, we have f;ﬁg\;’ | f(Xy)|dr — fst | f(X;)|dr a.s. as N — oo. Therefore,

Fatou’s lemma implies

<2CoM(t —s)'~HAIP gt el0,1], |t —s| <.
Lin(Q)

t
/ LX) dr

Applying this bound [1/£] times, we get (5-11).
Now let us treat the case p = oo. Define fps :=|f|1)r|>m. Choose & > 0 such that & < ﬁ —

Sl

Then using the stopping times 7 defined as above, we derive, for any (s,7) € A[g 1,

t t 1
/ f(X)] dr < / S Lpoyen dr|  + / fur (Xy) dr
N L, (2) s L (2) 0 L, (2)
N
<M(t—s)+ lim H[ for (X)) dr
N—o0 0 Lm(Q)

SM(t—s)+ lim CN| fullpze = M(t —s),
N—o0

where in the last line we applied Lemma 4.6 with z := ¢V, f = fyr, T = tn, @ = ¢, ¢ = 0o and used
that || far llsze < | /m Lo @ey =0 .

Next, we establish a similar result for solutions to (2-9). For a measure . € M(R?, [R{d), we denote
its total variation measure by || := w4+ + p—, where the measures (4 and p— are from the Jordan
decomposition of the measure p: p = 4 — p—.

Lemma 5.2. Let H € (0,1),d €N, m € [2,00), x € R?, b € M(R?,R%). Assume that H(d + 1) < 1.
Let (X, WH) be a weak solution to (2-9). Then there exists a constant C = C(H,d,m,|b|(R?)) > 0
such that for any (s, 1) € Ajg,1] we have

” ”X - WH ” 1—var;[s,t] }

L@ SC—9)' 1 (5-14)

Proof. We use a similar argument as in the proof of Lemma 5.1 with appropriate modifications. The main
difference is that, instead of the drift term f(; SWH 4y dr, for w}l}ich we had already established a
good bound in Lemma 4.6, we now have to work with the drift |, LZV L (y)b(dy), where ¥ is a “nice”
perturbation. The main idea is to approximate this drift by the drifts of the form fé frWH Ly, dr
for an appropriate sequence (f”) and then use the bound (4-12).

Define
=+ [ LEOIW@) =X WA relo)
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It is easy to see that i is a process of finite 1-variation and

Whosstss = [ (LEOI=LEGDBIE@. 6.0 € Ao

By Theorem 2.18(ii), there exists a set of full measure Q" C © and y > 0 such that for any ¢ € [0, 1]
the process Lf( belongs to C¥ (R4, R) on Q'. Define f” := Py, |b| and note that /" — |b| in Bl_y/z
as n — oo by Proposition A.2. Therefore, by Proposition A.4 on Q’, for any (s, ) € A[g 1],

t
/ Py dr = f LX) = LX) () dy — f LX) = LXO)bIy). (519
s R4 R4

as n — oo.
As in the proof of Lemma 5.1, we fix arbitrary N > 0 and introduce a stopping time and a stopped
variation process

oy =inf{t € [0, 1]: ¥l 1—varfo,] = N} ¥ = Viney. £ €[0,1].
‘We have
1Y 11 —vars s, = /Rd(Lf(MN ()= Loy ONIBIdy).  (s.1) € Afo,1. (5-16)

Fix small £ € [0, 1]. We apply Lemma 4.6 with z := ¥V, f” in place of f, 7 = 1y, @ := —%, q=2.
We see all the conditions of Lemma 4.6 are satisfied and we get from (4-12), for any s,7 € A )
with [t —s| <, m =2,

| T e xy dr

ATN

INTN
[ lyar

ATN

L;,(2) L, (2)
< CoM¢I—Ha~H H [ 01— LE e oMl
R4 L, ()

+ CoM(t —s5)' ~H4,

where we defined M := |b|(R?), Co = Co(H, d,m) > 0 and we used the embedding L (R%) C B;d/z

and the identity for total variation (5-16). We note that Cy does not depend on n. Thus, by passing to the
limit as n — oo and using (5-15) and Fatou’s lemma we get, for 5,7 € Ao ] with |t —s| < €, m = 2,

H ~/Rd(Lf(ATN () = Liney 0)IPI(dy)

Ln($2)

< CoM !~ HIH H /R (Liney ) = Liney 0)IDI(dy) + CoM(r —5)!H.

Ln(S2)

By choosing now £ = {(H,d, m, M) small enough, we get from the above inequality

<C@t—s)He, s1el0.1], |t—s| <t

‘ /R (Liney () = Liney 0)IDI(d)

L ()

where C = C(H,d,m, M) > 0. By passing to the limit in this inequality as N — oo and applying the
resulting bound [1/£] times, we get (5-14). O
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Now using Lemma 5.1 we conclude that for b € L), (R9) the standard notion of a solution to (1-1)
coincides with the notion of a regularized solution introduced in Definition 2.2, provided that the solution
has finite variation and (2-5) holds.

Proof of Theorem 2.5(ii)—(iv). (ii) This follows immediately from Lemma 5.1.

(iii) Let (X, WH) be a solution to Eq(x;b). Let (b"),ez , be a sequence of Cp° (R4, R?) functions
converging to b in Bg_. Define

t t
1/ft:=/b(Xr)dr, wf::/b"(xr)dr, tel0,1],neZy.
0 0

We see that X; = x + v, + W/H ¢ €[0, 1], and thus part (i) of Definition 2.2 holds.

To verify part (i), we fix N > 0 and take § > 0 small enough such that (4-20) holds. We apply
Lemma 4.6 twice: first to the function f := b" — b 1)<y, and then to the function f := |b|1 =N
The remaining parameters are the same in both cases and are givenby z =x+ ¥, 7 =1,¢g = pVv 2, and
o =—6+1,¢e1,2] (% — %) By Corollary 4.7, conditions (4-10)—(4-11) are satisfied. Additionally, the
function " — b 1< is bounded, and the function |b| 1< is nonnegative. Thus, in both cases, all
the conditions of Lemma 4.6 are satisfied. Recalling the bound on 1-variation of i obtained in (5-11),
we derive from (4-12), for any (s, 1) € Ag,1}, m =2,

t
1607 =900 = 03 =¥l = | [ @ =0 + x4y ar |

L (S2)

, m(82)
b1 wH d H
[t v ar
S CIb" =bApien llgyst =) THYPH L Clb Lpion |, ey

S C " = bt =) = HUPIH L 2C b Uy I, ety

< H/st(b” ~b L)W +x+yp) dr HL

where C = ,d,o,m, p, dy) > 0. assing to the limit as — 00 wWe get
here C = C(H.d,8,m, p.||b||r,®a)) > 0. By passing to the limit as N g
I =90) = W =¥ IL@) < C D" = bl (e =)' HE/P=0H,

By taking m sufficiently large such that (1 — HTd —6H )m > 1, we conclude, by the Kolmogorov continuity
theorem, that

Ht&?;g’l] |W{l - wt|HLm(Q) <C ”b _bn”[j’;fs’

where the constant C =C(H, d, 8, m, p, ||b|| L,(®?)) > 0is independent of . Recalling that by assumption
||b —b"™ ”6;5 — 0 as n — oo, we deduce that sup,¢( 17|V — ¥¢| = 0 as n — 0o in Ly, (£2) and hence
in probability. Therefore, part (i) of Definition 2.2 is also satisfied. Thus, (X, W) solves (1-1) in the
sense of Definition 2.2.
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(iv) Assume that (X, W) solves (1-1) in the sense of Definition 2.2. Put ¥/, := X; — WtH —x,t€[0,1].
By the definition of the class BV, ||/ ||1—yar;[0,1] < 0©. Let (b")nez, be a sequence of C§°(Rd, R4)
functions converging to b in Bg_. Fix N > 0 and introduce a stopping time

v = inf{s € [0, 1] : |W||1—var;[0,S] =NinL

Define th = Yiazy, t € [0,1], and note that for any (s,7) € [0, 1] we have ||WN||1—var;[s,t] <N.
Fix t € [0,1], M > 0, and take § > 0 small enough such that (4-20) holds. As before, we apply
Lemma 4.6 twice: first to the function f := b" — b 1 5)<ps, and then to the function f := [b| Ljp>ps-
The remaining parameters are the same in both cases and are givenby z = x + ¢y, t =15, g = p V2,
and @ = =8 + 1 peq1,2] (% — %). By Corollary 4.7, conditions (4-10)—(4-11) are satisfied. Moreover, the
function " — b 1< ps is bounded, and the function |b| 15> ps is nonnegative. Therefore, in both cases,
all the conditions of Lemma 4.6 are satisfied, and we obtain from (4-12)

At At
H [ e -boeyar | @ e ylyar
0 0

L2(2) ‘ Ly(2)

N

INT
/0 " — b Lpean) (W +x +y Ny dr

<

L>(2)

AT " N
+ H/(; 16| Lipj=p) (W™ +x+ 9,7 ) dr

L>(R2)
SCA+N)(Ib=b"1p<m g8 + 16 o> |, mer))

SCA+N)(1b=b"l 575 + 16 Lipj>pr N1, me))

for C = C(H,d,§, p) > 0. By passing to the limit as M — oo and then as n — oo we get that, for any

fixed N > 0,
IAT
/

On the other hand, since (X, W#) is a regularized solution to (1-1),

N

tnthN
b*(Xy)dr —>/ b(X;)dr in probability as n — oo.
0

N

INT
/ b"(Xy)dr — Y, ..~ in probability as n — oo.
0

INT

N
Thus, Yo~ = [, b(Xy)dr as. for any N > 0. By passing to the limit as N — oo, we get

t
X,—x—WtH:w,:/b(Xr)dr a.s.,
0

where we used that limy .o 7 = 1 a.s. because ||| 1—var;[0,1] < 0©. This implies that (X, WHYis a
solution to Eq(x; b). O

Now we prove a related statement on equivalence of different notions of solutions when b € M(R?,RY).
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Proof of Theorem 2.14. (i) Assume that (X, W) is a regularized solution to (1-1) in the sense of
Definition 2.2. Define ¥y := X; — WtH — x and note that ||V ||1—yar[0,1] < o0 by the definition of
class BV. Then X = WH 4+ + x, and therefore, Theorem 2.18(ii) implies that X has local time L%,
which on a set of full measure Q' C 2 belongs to C¥ (R4, R) for any ¢ € [0, 1], and y = ﬁ — % — % >0,
thanks to the assumption H(d + 1) < 1. By Proposition C.3, (2-10) holds for LX.

Let (b")nez, be a sequence of Cgo([Rd ,R?) functions converging to b in BY~. By part (ii) of
Definition 2.2 and by passing to a subsequence if necessary, we have on a set Q" C Q' of full measure,
for any ¢ € [0, 1],

/tb”(Xr) dr — ¥(t) as n — oo.
0

On the other hand, by the definition of local time and Proposition A.4, for any ¢ € [0, 1] on Q”,

t
[rar= [ pronEear— [ Xeb@) sn-.
0 R4 R4
Here we used that LX € C¥ (R4, R) for some y > 0, and " — b in Bl_y/z as n — oo. Therefore, on Q”,

Xo=x ey @+ WHO =+ [ LXGban +wh o,

which is (2-9).

(ii) Let (X, WH) be a solution to (2-9). Define ¥ (¢) := Jra Lf((y)b(dy). Clearly, ¥ is of bounded
variation, and thus X belongs to BV. By Theorem 2.18(ii), there exists a set of full measure Q' C € and
y > 0 such that, on Q’,
sup [[L llor ey < 0. (5-17)
t€f0,1]
Now let us verify that X is regularized solution to (1-1). We see that X = x + ¢ + W and therefore
part (i) of Definition 2.2 is satisfied. Next, we fix a sequence (b")nez, of Cg"([R{d, R?) functions
converging to b in BY~. Then

sup
t€l0,1]

t
/0 b (X, dr —

— wp / LX) () dr - f L;"(y)b(dy)‘
tefo,1] /R4 R4
<|6" =bll g2 sup |LE ||y a).
1 tef0,1]

where the last inequality follows from Proposition A.4. Recalling (5-17), we see that

sup —0 asn—o0

t€[0,1]

t
/0 b (X,) dr — vy

on €’ and thus part (ii) of Definition 2.2 also holds. Hence (X, W#) solves (1-1) in the sense of
Definition 2.2.
Bound (2-13) follows from Lemma 5.2. O
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5.3. Weak existence of solutions to SDE. Now, let us show the existence of weak solutions to the
SDE (1-1). Keeping in mind that we will later need to establish the strong existence of solutions and
apply [Gyongy and Krylov 1996, Lemma 1.1], we prepare by also providing more general results related
to weak existence.

We will prove the weak existence of regularized solutions to (1-1) for b € B%, where p satisfies (2-5).
Thanks to the embedding L, ([Rd, R4 ) C Bg and the already established equivalence of regularized
solutions and solutions to Eq(x;b) (Theorem 2.5(iv)), this will imply the weak existence of solu-
tions to Eq(x; b), that is, Theorem 2.5(i). Theorem 2.13(i) will follow similarly from the embedding
M(R?,RY) C BY.

Until the end of this section, we fix the parameters H, d, p satisfying (2-5) and assume b € Bg.

Lemma 5.3 (tightness). Let (x,)nez,, (X nez, be two sequences of vectors in R4, Let (by)nez s
(by))nez, be two sequences of CY(R?,R?) functions such that

SUZP (bull, ey + 1651l ey + X5 ] =+ 1x5]) < oo (5-18)
ne/y4

Let X, X, be strong solutions to Eq(x,,; b)), Eq(x,; b)), respectively.
Then there exists a subsequence (ny)rez.,. such that (X , X V . WH B)res | converges weakly in the
space C([0, 1], R39) x c? ([0, 1], R) for any 6 € [0, %)

Proof. Define
M := sup ||by|lL, wd)-
nezy

Introduce the process

U0 = X0 =W =+ [Boenan e

We apply Lemma 5.1 with f = b},. We get that for any m > 2 there is a constant C = C(H,d,m, M, p) >0
such that, for any (s,7) € Ajg 1],

1V () = Y ()|, (@) < Ce —s5) 4/,

Hence, by the Kolmogorov continuity theorem, for any & > 0 there is a constant C = C(H,e,d, M, p) >0
such that

E[l/fr/;(a))]cl—ﬁd/p—a([o’l]) <C, (5-19)

and C does not depend on n. Let us prove now that the sequence (¥, )nez, is tight in C([0, 1]) =
([0, 1], R%). For N > 0 put

Hy :={f €C(0,1) : | f(0)| < R, [fler-rasr-eqo,1) < N}

where R := sup,ez, |x;,| < 0co. By the Arzela-Ascoli theorem, for each N > 0 the set Hy is a compact
set. Furthermore, by (5-19) for any n € Z4 we have

Py, & Hy) = P([{,(@)]o1-ra/p— > N) SCN L.
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Thus, the sequence (¥, )nez, is tight in C([0, 1]). Recalling that X}, = ;, + W and the addition is con-
tinuous in C([0, 1]), we see that (X, )nez, is tight in C([0, 1]). Similarly, the sequence (X, )nez, is tight.

Thus, (X)), X/, WH  B)icz . is tight. By the Prokhorov theorem, this implies the desired statement. [

Lemma 5.4 (identification of the limit). Let ( fn)nez, be a sequence of C LR, RY) functions converging
to b in 82_. Suppose that

sup || fallz, ray < o0. (5-20)
nezy

Let (WnH )nez, be a sequence of fractional Brownian motions with the same Hurst parameter H € (0, 1).
Let (xn)nez, be a sequence of vectors in R4 converging to X € Re. Let X, be a strong solution to
Eq(xn: f) with WH in place of WH.

Suppose that there exists measurable functions X, WH : Qx[0, 1] — R4 such that (Xn, WnH ) converges
to (X, WHY in space C([0, 1], R29) in probability as n — oc.

Then X is a regularized solution to (1-1). Further, for anym = 1,

11X = WH o, 1, 0 < 0 (5-21)

Proof. First, we see that W has the law of fractional Brownian motion with the Hurst parameter H .
Therefore, defining

() =Xt —x—WH@), te]0,1], (5-22)

we see that part (i) of Definition 2.2 holds.
To check part (ii) of Definition 2.2, we fix a sequence (by)nez, of C;° ([R{d, [R{d) functions converging
to b in 82_. We put, forne Z4,t €0, 1],

t
Un(0) = /0 bu(Xy) dr.

Our goal is to prove that H SUpP;efo,1] 1 ¥n (8) — ¥ (1)| HLZ(Q) — 0. Recalling the definition of 1 in (5-22)
and that X} is a solution to Eq(xg; fx), we deduce, for any n,k € 7,

t t t

sup [n(0)— ¥ ()] < sup / ba(X(r)) dr — [ bu(Xe(r)) dr|+ sup [ (bn— fi) (Xe () dr
t€f0,1] t€f0,1] I/0 0 t€fo0,1] I/0O
t

+ sup f FeXe () dr — (1)
tefo0,1] I/0

< (Ibnller@ay + D( sup [ Xe(@) =X+ sup [WH (@)= WH ()| + |xx —x])
t€[0,1] t€f0,1] ,

+ sup / (bn — )X () dr
tefo,1] I/0O

=:11(n,k)+ I(n, k). (5-23)
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Recall that by assumption, (X, WkH ) converges to (X, WH) in C([0, 1], R?¢) in probability and x
converges to x. Therefore, for any fixed n € Z,

lim Iy(n,k) =0 in probability. (5-24)
k—o00

Further, using again that (X, WkH ) is a solution to Eq(xg; fx) and that condition (5-20) holds, we see
that all the assumptions of Lemma 5.1 with f = by are satisfied. Hence for any m > 1 we have

11Xk =W lh—vasto.n] 1, @) < C- (5-25)

for some constant C = C(H,d,m, p) > 0 independent of k. We take § > 0 small enough such that
(4-20) holds and apply Lemma 4.6 with f = b, — fr, z = Xj — WkH, t=1,g=pv2 and a =
—8 + 1pe1,2] (”2—1 — %) By Corollary 4.7, conditions (4-10)—(4-11) are satisfied. Moreover, the function
b"™ — fi is bounded. Therefore, all the conditions of Lemma 4.6 are satisfied, and we obtain from (4-12),

forany m = 2, (s, 1) € Aqo 13,

t
[ (b — fO) (X (r)) dr

\~Hd/p—H—§
< Cllbn— ficllgyalt —s|' =72 :
L (2)

where C = C(H,d,§,m, p) > 0 does not depend on n, k. This implies, by the Kolmogorov continuity
theorem that

I 12(n, k)L, = || sup

<C by~ fillg=s >0 as k,n — oc.
tefo,1] ’

Ly (2)

t
/0 (b — fi) (X (r) dr

Combining this with (5-24) and passing to the limit in (5-23) first as k — oo and then as n — oo, we
finally get
sup |¥n(t)—y¥ ()| — 0 in probability as n — oo,
t€f0,1]
and thus X is indeed a solution to (1-1).
Finally, (5-25), Proposition C.4, and Fatou’s lemma imply (5-21). O

Corollary 5.5. Assume that all the conditions of Lemma 5.3 are satisfied. Suppose additionally that
by, — b, by —bin By~ asn — oo and X, — X, X = x as n — oo. Then the following holds. There
exists a filtered probability space (2, F, (Ft)se[0,1], P), an (Fy)-fractional Brownian motion W defined
on this space, measurable functions X’ , X" [0, 1] x Q — R such that:

(i) Both X' and X" are adapted to the filtration (F;) and are weak regularized solutions to (1-1) with
the initial condition x.

(ii) For any m = 1 we have
H ”)?/ ~wH | 1—var;[0,1] ”Lm(Q) < 00, H ”)?// ~wH | 1—var;[0,1] HLm(Q) < Q.

Xy kez, converge weakly in C([0, 1], R24)

(iii) There exists a subsequence (ng)rez, such that (X , f

to (X', X").

Kk’
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Proof. (i) Take 6 € [O, %), 6>H-— % By Lemma 5.3, the sequence (X,/lk, X,;’k, wH, B)kez, weakly
converges in C([0, 1], R3%) x ¢?([0, 1], R¢). By passing to an appropriate subsequence and applying
the Skorokhod representation theorem there exists a random element (X', X", WH | B) and a sequence
of random elements ()? ;1, X ;1’, WnH , En) defined on a common probability space (Q, F , P ) such that

Law()?;i, )?Z, WnH, En) =Law(X;, X,/ WnH, B,) and
IX. X" wHy— (X' X", WH)“C([O,I]) + 1B, — §||Ce([0,1]) —0 as n—ooa.s. (5-26)

for any m = 1. Obviously, we have Law(l?n) = Law(B), and thus, En, B are standard Brownian motions.
For t € [0, 1], put 7; := o'(Bs, )A(; )?;/; s <t). We claim that B is an (F;)-Brownian motion.

Indeed, for any (s, 7) € A[g, 17, n, N € Z, any bounded continuous functions f: R >R, g: RN SR,
and any time points 0 < #; <--- <fy < s one has

ES(Bn(t) = Bu()g(Bn(t1). ... Ba(tn). X (t1). ... Xy (tn). X r(11)..... X (tn))
= Ef(Bu(t) = Bu(s))EZ(Bn(t1). ... Bu(tn). X}y (t1). ... Xy (tn). Xy (11). ... X (tN)).

since By (t)— B, (s) is independent of ]A-"’s' = O'(E:l, )?;l(r), )?Z(r); s < t). By passing to the limit in the
above expression as n — oo using (5-26), one derives that the same identity holds for (B, X’, X”’) in place
of (B, f;, )?;;), which implies that B(¢) — B(s) is independent of 7. Thus, B is an (F;)-Brownian
motion.

Recall that we have WH = W(B) for a certain functional W; see relationship (2-2).

If H< % then it follows from Proposition B.3 that B = ®(W ) for a continuous functional
® : C([0,1]) — C([0, 1]). Therefore, for any n € Z4 we have B, = CD(W,,H). Passing to the limit
as n — oo in this identity and using continuity of ® and (5-26), we get B = CD(WH ). Therefore,
\IJ(E) =Vo QD(WH )= WH thanks to Proposition B.3. Since B is an (]? ¢)-Brownian motion, this means
that W is an (]? ¢ )-fractional Brownian motion with the Hurst index H.

Ift H> %, then by Proposition B.3 the functional W : Cg ([0, 1]) — C([0, 1]) is continuous — recall
that we chose 6 > H — % We also have WHH = W(gn) and B, converge to B in c?([0, 1]). Hence,
wH = LIJ(]§). Thus W# is an (F,)-fractional Brownian motion.

By definition, X’ and X" are adapted to (F;). By Lemma 5.4 X’ and X" are solutions to (1-1) in the
sense of Definition 2.2. Hence, X’ and X" are weak solutions to this equation.

(i1) This follows from (5-21).
(i11) This follows from (5-26). O

Summarizing the results presented in this section, we can complete the proofs of Theorems 2.5 and 2.13.

Proof of Theorem 2.5(i). Let b € L, (R?,RY). Then b € BY. We apply Lemma 5.3 with b}, = b}, = Py/,b,
X, = X,; = X, n € Z. Proposition A.2(ii) guarantees that b, — b in 82_ and sup, ez, [y, Iz, @) < oo
Therefore, all the conditions of Lemma 5.3 are satisfied and by Corollary 5.5, (1-1) has a regularized weak
solution (X, WH) and this solution is in BV . Theorem 2.5(iv) obtained above implies that (X, W)
solves Eq(x; b). O
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Proof of Theorem 2.13. (i) Let b € M(R?,R%). Then b € B?. Similarly, we apply Lemma 5.3
with b}, = b)] = Py/,b, x, = x, = x, n € Z4. Proposition A.2(i) implies that b, — b in B)~ and
SUPpez, by ||, ey < oo. Further, condition H < d+L1 is equivalent to condition (2-5) for p = 1.
Therefore, all the conditions of Lemma 5.3 with p = 1 are satisfied, and Corollary 5.5 implies the

existence of a weak solution to (1-1) that is in BV.

(ii) The tightness of the sequence (Law (X, WnH))nez o follows from Lemma 5.3 with p = 1. Lemma 5.4
and the Skorokhod representation theorem imply that any of the partial limits of (Law(X,,, WH)),cz 418
a weak regularized solution to (1-1) (see also the proof of Corollary 5.5(i)). O

5.4. Strong uniqueness of solutions of SDE. Now, we proceed to the strong well-posedness of (1-1). As
mentioned earlier, we will rely on Lemma 4.6 with f = Vb and Proposition 3.8. The latter imposes the
restriction d = 1, which is additionally assumed in this subsection. Similar to the weak existence proof
above, we will establish strong existence for b € Bg. Theorem 2.16 will then follow from the embeddings
Ly(R?,RY) C BY and M(R?,RY) C BY.

Lemma 5.6. Letd =1, p € [1,00], H € (0, #), b € B). If p € [1,2], then suppose additionally that
(2-14) holds. Let (X, WH), (Y, WH) be two weak regularized solutions of (1-1) with the same initial
condition x € R? defined on the same probability space and adapted to the same filtration (Ft). Suppose
that, for any m = 1,

H X — wH l1—var;fo, 1] ”Lm(Q) < 00, H 1y — WH”l—var;[O,l] HLm(Q) < oo
Then P(X; =Y forallt €]0,1]) = 1.
Proof. We define, for ¢ € [0, 1],

v =XO - W0, ¢ =YO)-WT@O). v©O)=v®)-90).

Our goal is to prove that v = 0 a.s. As discussed above, we aim to apply Lemma 4.6 for f = Vb and
then conclude with Proposition 3.8. Note, however, that Vb is not defined as a function (but only as a
distribution), and therefore, to apply Lemma 4.6, one must consider appropriate approximations.

For n € N we set b, := Py;,b. By [Athreya et al. 2024, Lemma A.3], b, — b in Bg_. Define

t t
wn(z)::x+/()bn(WrH+wr)dr, gon(z)::x+/()bn(WrH+<p,)dr, 1 €[0,1].

By definition of the regularized solution and by passing to an appropriate subsequence we can assume that
there is a set ' C € of full measure such that on Q' we have ||, — ¥ [l¢(0,17) = 05 l¢n —@llc(o,17) = O
as n — oo. Hence, for z € [0, 1] on €/,

V() =Y — (1) = Tim (Yn(t) =g (0))

t t
= Jim [ v = ba W g ar = lim [ ara) G20)
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where we defined
t 1
Ry(t) := /O/O Vb (WH + 09, +(1—60)y,)d0dr, neN.

Let us now prove that the sequence of random elements (R, ),en has a subsequence which converges a.s.
. . . . 2

in C? ([0, 1]) for some y > 0. It is easy to check that the assumption H < # implies HT + H — % <0.
Therefore, there exists ¢ > 0 such that

2
2H+%+8H<1 and H7+H(1+8)—%<0. (5-28)
If p €1, 2], then we assume additionally that
H2—|—H(l—|—%+28)—1<0, (5-29)

this is possible thanks to the extra condition (2-14).

Fix n,k € Z,. We apply Lemma 4.6 twice to the functions f := Vb" — Vb¥ and f := Vb",
respectively. The remaining parametersare m 22, d =1, 1=1,g=pV2,a =—1—e+ 1,12 (3 — %),
z=0¢+(1—0)y, where 6 € [0, 1]. We see that V", VH" — VbK are bounded by construction. Further,
it follows from conditions (5-28) and (5-29) that conditions (4-10) and (4-11) hold. Therefore, all the
conditions of Lemma 4.6 are satisfied, and there exists a constant C = C(H, e, m, p) > 0 such that for
any s,t € [0, 1], n € Z4 we have

[Rn (1) = Ru($)||L,,,(2)

< /01 /stVb"(WrH +0¢r +(1-60)Y7) dr“Lm(Q) @

<C ”bn ”Bp_g (1 + H ||§0”1—var;[0,1] HLm(Q) + H ||W ” 1—var;[0,1] |

- S)I—H(2+1/p+8)’ (5_30)

Lm(Q))(

where we used inequality || Vb, |5z < [[Vbnl|| Byl < bnll5;<- Similarly, we get from (4-12) that there
exists a constant C = C(H, &,m, p) > 0 such that for any 7 € [0, 1], n, k € Z4 we have

”Rn (t)— Ry (t)”Lm(Q) < C(l + H ||§0|| 1—var;[0,1] ”Lm(Q) + H ||w“1—var;[0,1] HLm(Q)) ||bn —by ||B;5- (5-31)

Note that the constants C in (5-30), (5-31) do not depend on 7, k. Therefore, by passing to a subsequence,
if necessary, and applying the Kolmogorov continuity theorem in the form of Proposition C.1, we see
that there exists a set of full probability measure Q C Q and a measurable process R: Q2 x[0,1] > R,
such that, on SNZ,
IRllcv o1y <00 and  [|R— Rpllcy(fo,1) = O

for some y > 0.

Note, that v is a process of finite 1-variation. Hence, (5-27) and stability theorem for Young integrals
[Friz and Victoir 2010, Proposition 6.12] implies that on QN Q' we have

v(t) = lim /O ‘vp dRy (1) = /0 ‘vp dR(r).

By Proposition 3.8, this implies that v =0 on 2 N Q' and thus P(X = Y) = P(QN Q') = 1. O
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5.5. Strong existence of solutions of SDE and completion of the proof of Theorem 2.16. Finally, let
us show the strong existence of solutions to the SDE (1-1) and complete the proof of Theorem 2.16.
As explained above, strong existence follows from the strong uniqueness and weak existence by the
Gyongy—Krylov lemma, which we put here for the sake of completeness and convenience of the reader.

Proposition 5.7 [Gyongy and Krylov 1996, Lemma 1.1]. Let (Zn)nez, be a sequence of random
elements in a Polish space (E, p) equipped with the Borel -algebra. Assume that for every pair of
subsequences (Zy,) and (Zm, ) there exists a further subsubsequence (Zy, . Zm,, ) which converges
weakly in E x E to a random element w = (w’, w") such that w' = w” a.s. Then there exists an E-valued
random element Z such that (Z,) converges in probability to Z as n — oo.

Proof of Theorem 2.16. We will use Proposition 5.7.

(i) For n € N put b, := Py,,b. Let X, be the strong solution to Eq(x; b,). Let (by,, X,,), (b;,, X,}), be two
arbitrary subsequences of (b, X5). We apply Lemma 5.3 and Corollary 5.5. We see that (5-18) is satisfied
thanks to Proposition A.2 and (2-5) holds with p =1 thanks to the assumption H < %(\/T 3—3). It follows
that there exist a filtered probability space (Q, F(F t)t€[0,1]> P), an (ﬁt)—fractional Brownian motion W
defined on this space and a pair of weak solutions (X', X”) to (1-1) adapted to the filtration (F;). We see
also that X/, X” € BV and there exists a subsequence (11z) such that (X,
in C([0, 1], R?) to (X', X"') as k — oc.
By Theorem 2.14, for any m > 1,

X, ) converges weakly

Kk’ k

””)?,_WHHI—var;[O,I]”L Q +H”)?”_WH”l—var;[O,l]HL Q) < 0.
m(2) m()

It is easy to see that the standing assumption H < 3(+/13 —3) implies (2-14) with p = 1. Hence,
recalling the embedding M C BY, we see that all the conditions of Lemma 5.6 are satisfied and X'=X".
Therefore, Proposition 5.7 now implies that there exists a C([0, 1], R)-valued random element X, such
that X, converges to X in probability as n — co. Lemma 5.4 now implies that X is a regularized solution
of (1-1) and is in the class BV'. Since X, is (]-",W H)-measurable, X is also (]—"tW H)—rneasurable, and thus
X 1is a strong solution to (1-1).

Let Y be another solution to (1-1) adapted to a different filtration (F, tY )D (]-'tW H). Since X is a strong
solution to (1-1), X is also adapted to (]—'tY ). It is also clear that Y € BV, because Y — W# is increasing.
Then, by Theorem 2.14, ||||Y — WH |,
pathwise uniqueness holds.

< 00. Therefore, Lemma 5.6 yields X =Y and

—var;[s,] ”Lm ()

(i1) The proof is exactly the same as (i) with the only difference that now it is assumed that Y € BV'.

(iii) Arguing as in part (i), we get that there exists a strong regularized solution X to (1-1) and this solution
is in BV . By Theorem 2.5(iv) X solves Eq(x; b) and it is a strong solution.

Let Y be another solution to Eq(x; b) adapted to a different filtration (]-'tY )D (]-"tW H). Then we see
again that X is also adapted to (]:,Y ). Further, Theorem 2.5(iii) implies that Y is a regularized solution
to (1-1). By Theorem 2.5(ii), for any m > 1,

H ”X - WH”l—var;[O,l] HLm(Q) + H ”Y - WH ||1—var;[0,1] ”Lm(Q) < o0.
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Therefore, the embedding L ([R{d) C Bg and Lemma 5.6 imply that X =Y and thus pathwise uniqueness
holds. O

5.6. Nonexistence of solutions to SDE. The last subsection is devoted to showing optimality of condi-
tion (1-1).

Proof of Theorem 2.6. Assume the contrary and let X be a continuous function which solves (2-6). Note
that X¢ = 0. Fix arbitrary ¢ € (0, %) and suppose that for some ¢ € (0, 1] we have | X(¢)| > de. Set

17 :=1inf{s > 0:|X(s)| = de}.

By continuity of X, we have | X(¢/)| = de, and therefore for some i € 1,...,d we have | X' (t/)| > e.
Without loss of generality, assume that X’ (¢) > 0. Put

t} = sup{s € (0,1)) : X' (s) = 0}.
Then X’ (/) = 0 and
Xi(s)>0 and 0<|X(s)|<de  for se(tl.t]).

Then we derive
t//

e<X (1)~ X' (1) = — / IXOCdi+ @)= £
t}
< —(t) —t)d %™ + K] —1))”

<sup(—1d %% 4+ K17) < /A gV A=) (g g)2r/(A=y)
>0

where we defined K := [ f]cv([0,1]) < oo. Therefore,
K= C(y,d)e'™r,

Since &€ > 0 was arbitrary, we pass to the limit in the above inequality as ¢ N\ 0. By assumption, we have
1 —y —ay < 0. Therefore we end up with

[flero,1)) = K = o0,

which contradicts the fact that f € C¥ ([0, 1]). This implies that X = 0, but this is not a solution to (2-6).
Therefore, (2-6) does not have a solution. O

Proof of Corollary 2.7. Suppose we are given p such that (2-7) holds. Take H' € (0, H), p’ > p such
that % > # —1and put o := %. Then, by Theorem 2.6, for such choice of o, SDE

dX! = —sign(X))| X, |"* 1(|1X,| < Vdt +dW', i=1,....d.

has no solutions since WH e ¢#'([0, 1]). To conclude the proof it remains to note that the function

x > —sign(x’)|x|7* 1(]x| < 1) is in Lp([Rd) foranyiel,...,d. O
Proof of Corollary 2.8. Fix 0 < H < H' < 1. Then there exists some p € [1,00), d € N, @ > 0 such that
1 d 1
— —l<a<—-—<—=-1.

H' p H
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Consider a function b; (x) = —sign(x;)|x|"® 1(|x| < 1), x = (x1,....,xg7) €R4, i €1,...,d. We see
that b € Lp (R4, R%). Then Theorem 2.5 implies that on some probablhty space Q there is a set of full
measure 29 C Q and continuous processes X, WH such that Law(WH ) = Law(W ) and, on Qo,

dX, =b(X,)dt +dW/H.

On the other hand, by Theorem 2.6, on a set {[WH ]CH’([O,l]’Rd) < oo} the above equation has no solutions.
Hence
PwH ect'((0,1],R?)) = P(WH e ct'([0,1],R?)) < P(2\ Qo) = 0.

Since all the components of W# are independent and have the same law, P(W -1 € ¢H'([0, 1], R)) = 0,
which concludes the proof. O

Appendix A: Useful results on Besov spaces

We will consider Besov space Bf,‘ = Bf,"oo of regularity @ € R and with integrability parameter p € [1, cc].
Recall that for « < 0, p € [1, oo] the Besov norm is equivalent to the following expression [Bahouri et al.
2011, Theorem 2.34]:

1 sy oo ~ sup 72| Py fll 1, ay- (A-1)
t€(0,1]

Proposition A.1. Ler f € By (R%,R), where d e N, @ € R, p € [1,00], A € [0,1]. Then there exists a
constant C = C(w, A, d, p) > 0 such that for any x,y € [R{d, one has

IS+ Ilsg =1 Fllsg: Nfx+-)=fy+)lsg <C |x_y|k||f||5g+l- (A-2)
Proof. The proof is the same as in [Athreya et al. 2024, Lemma A.2]. O
Proposition A.2. (i) Let f € M(R?,R?), d € N. Then sup,c(o.11 I Pt f L, @may < 00 and Py f — f
in B(l)_ ast — 0.
(ii) Let f € Lp(RY,RY), p €[1,00], d € N. Then sup,e(o. 1) | Pr f Il ey < 00 and Py f — f in By~
ast — 0.
Proof. The convergences P; f — f follow from the embeddings M(R?, R¥¢) c B9, Lp([R{d \RY) ¢ Bg

and [Athreya et al. 2024, Lemma A.3]. If £ € M(RY,RY), then for any ¢ > 0 we have || P, f |1, ge) <
|fI(R?) < o0 If f € LR, RY), then || P; f |z, ey < |1/ I, ey < 00 O

Proposition A.3. Let x € R?, d € N. Then for any & > 0 there exists a constant C = C(e,d) > 0 such
that for any R > 0 one has

1
H 7 ]lB(x R)( ) —8x < CR®. (A-3)
R BI—S
and ; 1B(x,R)(+) = Ox in BO_ as R — 0.
Proof Fix x € R%, ¢ > 0. Write fr(y) := — 1Bx,R)(Y), ¥ € R4 . Using an elementary bound

|pe(x1) = pe(x2)| < C |x3 —x2|8t‘8/2(pm(x1) + Par(x2)),
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valid for some constants C = C(¢,d) > 0,a =a(d) > 0and any ¢ > 0, x, y € R¢, we get

1Py fR() = Pibe ()] < /B( PG itz

vg R4
C
vg R4

<

~

Rer~¢/2 / (Pat(z = Y) + par(x —y)) dz.
B(x,R)

Integrating with respectto y € R4 and applying Fubini’s theorem, we immediately get, for C = C(g,d) >0,
| Pt fR — Préxllp, (ray < CRt™/2, >0,

Recalling now (A-1), we derive || fr — x| Bye < CR?, where C = C(g,d). This implies (A-3). Further,
we see that fg — 8 in B{® as R — 0. Since ¢ > 0 was arbitrary and ||fR||B(1) < || /RlL, ey =1
for any R > 0, we have fgr — §x in B(l)_. O

Proposition A.4. Let f € M(R?,R),d e N. Letw <0, B > —a. Let f™ be a sequence of Cgo([Rd, R)
functions converging to f in BY asn — oo. Let g € CB (R4, R). Then there exists a constant C =
C(a, B,d) > 0 such that

‘ / g f" () dy — / ¢ F(dy)
R4 R4

< Cllglles @l /" = f llsg
and

[ g1 mrdy = [ gorf@n asn—ox.
R4 R4
Proof. 1t follows from [Sawano 2018, Theorem 2.17.1 and Proposition 2.3] that
(g, /" = )l < lgllgs, IS" = Fllg-s<C Igllcs@ayl £ = fllse

for C = C(a, B,d) > 0. This implies the desired statement. O

Appendix B: Heat kernel bounds

Proposition B.1. Let f € Bg(le, R),d eN,a <1, p €[l,0]. There exists a constant C = C(«a, p,d)
such that, for any t € (0, 1],

1P fllermay < C#/2= 4 CPIZ2| £ e (B-1)
Proof. The proof is the same as in [Athreya et al. 2024, Lemma A.3(iv)]. O

Recall the definition of the process V ; in (4-1).

Proposition B.2. (i) For any measurable function f : RY — R we have
EY f(Vs,) = P2y J(E"Vsp), O0<s<u<t<l, (B-2)

where 62 (u,t) = fut(KH(t, r)?dr.
(i) There exists a constant C = C(H, d) such that for any (s, t) € A[g,1] one has

Ku(t,s)=Ct -T2 o2(s,0)=C@t—s5)?H. (B-3)
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(iii) E* Vs, where 0 < s <u <t, is a Gaussian random vector with d independent components, each of
mean zero and variance

Var[E“V] 1= C((t —5)*" —(t —w)*), i=1,....d,
where C = C(H, d).

@iv) Leta <0, p € [1,00]. Then there exists a constant C = C(H, d,a, p) such that for any bounded
measurable function f : RY — R,O<s<u<t<l1,onehas

IE* F (Ve L, @) < C I f llsg (t—w)*H (u—s)" P+ 1(H < ) (u—s5)~4/ P (1—0)d/CP)-HdIP) " (B.4)

Proof. (i) Follows from the decomposition
t
Vst =E" Vi +/ Ky(t,r)dB,,
u

and independence of E*V ; and fut Kyg(t,r)dB;.

() If H < %, then (r —s)# =12 > (t —s)H~1/2 for s < r < t. Therefore, (2-4) implies, for 0 < s <1,

Ky(t.s) = C(ZH—I/ZSI/Z—H(Z _sH-2 4 (% _ H)sl/z_H /t(r _s)H-1/2, H=3/2 dr)
> C(1 — ) A=V ((H1/21/2=H  (1/2=H (H=1/2 _[;I—l/z))
— C(t—s)H 12,
where C = C(H,d) > 0.
If H > 1, then rH=1/2 > ¢H=1/2 for 1 > 5 and (2-3) yields
Kyg(t,s) = Ccs'/2H /t(r —s)H_3/2rH_l/2 dr=C /t(r —s)H_3/2 dr =C(t —s)H_l/z,
s s
where C = C(H,d) > 0. Thus, in both cases, Kz (t,s) = C(t —s)H~1/2_ This directly yields 02(s, ) =
C(t—s)*H1.
(iii) This follows from the identity E¥V ; = f s” Kpg(t,7)dB, and part (ii) of the proposition.
(iv) Using parts (i), (ii) and (iii) of the proposition together with (A-1), we derive

”Euf(Vs,t)”[’ip(Q) = ||Pa2(u,t)f(Eu Vs,t)llzp(g)
:/ Pyartenv) 1) Po2up) f(X) P dx
R4 5

S ||pVar[EuVslt]||L00(Rd)||P0'2(u,t)f||£p(Rd)
< C((t =) = = )42 —)*PH || £ . (B-5)

where C = C(H,d,a, p) >0.1f H < 1, then

(1= — (1 —w)?" = Cu—s)t —s)?1 1
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for C = C(H) > 0. We continue (B-5) using this bound together with the inequality (a+b)? < CaP+Cb”
valid for all a, b, p > 0 with C = C(p) independent of a, b. We get
IE* f(VsIZ gy < C IS 1 g (=)™ —5) 27 H (¢ —uyPH
S CI S g =)0 =)™ 4+ C | fllgg (u =)™ —u)*PH+4/2=Ha,
P 14
where C = C(H,d, o, p) > 0 and we used the fact that % — Hd > 0. This implies (B-4).
If H >, then 2H > 1 and thus
(t—5)H — (1 —u)*" = (u—29)21.
Substituting this into (B-5), we immediately get (B-4). O
For H € (0, 1), following [Picard 2011, formulas (18), (23), (38)], consider now a functional
= fqH-V/2 /2-Hfjl/2-H

where for a measurable function f : [0, 1] — R we put
~ t
% £(t) ==t f(1) — fo sl f(s)ds, tel01], e,
o ! a—1 o d ;a+1
1 f(t):=C(o¢)/0(t—s) f(s)ds, tel0,1], a>0; 1 f:=EI f, ae(—1,0].

Recall the definition of functional W in (2-2) and recall that the space Cg ([0, 1]) is the space of all functions
in €% ([0, 1]) which are zero at zero.

Proposition B.3. Let d € N, H € (0, 1). Let WH be a fractional Brownian motion with Hurst index H.
Then the following holds:

(i) The Brownian motion B in representation (2-2) is given by B = ®(WH).
(ii) We have Wo ®(WH) = wH
(i) IfH € ((), %), then ® is a continuous functional C([0, 1]) — C(]0, 1]).
(iv) IfH € (% 1), 0>H— % then WV is a continuous functional Cg([O, 1) — C(]0, 1)).
Proof. (i), (i1) This is [Picard 2011, Theorem 11].
(ii1) This is [Anzeletti et al. 2023, Lemma 7.2].
(iv) It follows from [Picard 2011, Theorem 11] that W = [TH—1/2JH-1/2[]1/2=H ¢t f ¢ Cg([O, 1]).
Then for t € [0, 1] we have Wf(z) = I1(t) + I2(¢) + I5(¢) + 14(¢), where
t
L) = CtH_I/Z/ (t —s)H=3/251/2=H £ g
0
t s
L(t) = CtH-1/2 / (t —s)H—3/2 / s f(s1) dsy ds;
0 0
t s
Liit)=C /0 sH=3/2 /0 (s —sl)H_3/2s;/2_Hf(s1) dsy ds;

t K s1 _
14(1):c/0sH—3/2/0 (s—sl)H_3/2/0 55 278 f(sy) dsy dsy ds
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for C = C(H). It is easy to see that || 11|z 0,1]) < I/ Lo (f0,17)- Since f € Cg, we have | f(s1)]| <
||f||ce([051])sf. Using that § > H — %, we see that —% — H + 60 > —1 and we get ||zl (0,1]) <

I flleo qo,17)- Clearly, [[13]|L oo 0,17) < Il f Lo (0, 1)~ Finally,
1 s
_ — 1/2—H+60
114l Lo (f0,17) $C||f||c«9([o,1])/0 st 3/2[0 (s —s1) 7325 P7HH0 gy as

1
<Clf levgon /O $H=312%0 45 < C || fleocoy

for C = C(H, 0). Here at the very first step we used that —% — H + 6 > —1. Combining this with the
previous bounds, we get [[Wf || 0,1 < C || f llcojo,17)» Which completes the proof. O

Appendix C: Miscellaneous

Proposition C.1 (Kolmogorov continuity theorem). Let d € N, y1,¥2,¥3,va > 0, y1 = y2. Let X" :
Qx[0,1]xR? > R?, n € Z,, be a sequence of measurable processes such that X (0, x) = 0 for any
x € R, n e N. Suppose that for any fixed w € Q, x € R, n € Z the function t — X"(w,1,x) is
continuous. Assume further that for any m = 1 there exists a constant C = C(d, y1, y2, V3, Y4, m) such
that the following bounds holds for any s,t € [0, 1], x,y € RY, n, k eN:

1X7 (¢, x) = X" (5, X)) < C |t —s|"; (C-1)
X7 (2, x) — X" (s, x) — (X" (£, ) = X" (5, Y) |1, () < C |t —5]72|x — y|"3; (C-2)
1X™ (2, x) — X5, )L, @) < COrn Ak)T4. (C-3)

Then there exists a measurable process X : Q x [0, 1] x R? - R? and a set of full probability measure
Q' C Q such that on Q' the following holds:

(1) X is jointly continuous in (t, x). Further, for any ¢ > 0, M > 0 we have

| X(t,x)— X(s,x)|
sup  sup —
cerd stefoa]  [E—s|TE
|x|<M

| X(t,x) = X(s. %) = (X y) = X(s. 9D _

oo, (C4)

sup sup — — (C-5)
x’yeRd s,te[O,l] |t_s|y2 Slx_y|y3 €
Ix[.ly|sM

(ii) For any n € N, process X" has a continuous modification X". Further, foranye >0, M >0,

[(X(t, x) — X™(t,x)) — (X(5, ) — X" (s, )|

sup sup — — —-0 asn— oo (C-6)
x,yGRd S,IG[O,I] |t _S|y1 + |x - y|y3
Ix].ly|<M

(iii) For any w € Q' there exists a set A(w) C R4 of Lebesgue measure zero such that for any M > 0,
t €0, 1] we have

sup | X(w,t,x)— X" (w,t,x)] >0 as n— oo. (C-7)

xeR9\ A(w)
|x|<M
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Proof. (i) Fix & > 0. We see from (C-3) that for any fixed ¢ € [0, 1], x € R the sequence (X" (f, X))nen
is Cauchy in L, (€2). Therefore, as n — oo, this sequence converges in L, (£2) to a limit which we will
denote by X (t, x). An application of Fatou’s lemma allows us to pass to the limit as n — oo in (C-1)
and (C-2). We derive that for any m = 1 there exists a constant C = C(d, y1, ¥2, V3, Y4, m) > 0 such that,
forany x,y e R?, 5,1 €0, 1],

1X(t, %) — X (5,1, < Clt —s|"; (C-8)
I1X (2, %) — X (s, x) — (X (t, ) = X (5. )|l c0) < C It — |72 ]x — y|73; (C-9)
I1X (2, x) = X (¢, 9)lL, @) < Clx—y[", (C-10)

where the last inequality follows from (C-9) by taking there s = 0. Take now m large enough so that
d

m ~
theorem for random fields [Kunita 1990, Theorem 1.4.4] are satisfied. Therefore X has a continuous
modification X for which (C-5) holds.

Adding now (C-8) and (C-10), we get that, for any x, y € RY, s, ¢ [0, 1],

< % Recalling that y; = y,, we see that conditions (9), (10), (11) of Kolmogorov—Chentsov continuity

1X (2, x) = X (5, )|, < Clt —s|"" + C|x —y|”2,

where C = C(d, y1, Y2, V3, Y4, m) > 0. Choose now m large enough so that (l + d%)/m < §. Then
condition (1) of standard Kolmogorov continuity theorem [Kunita 1990, Theorem 1.4.1] is met, which
implies (C-4).

(i1) First, note that, as in part (i), it follows from (C-1)—(C-2) and the Kolmogorov—Chentsov continuity
theorem [Kunita 1990, Theorem 1.4.4] that for any n € Z 4, the process X” has a continuous modifica-
tion X”. Letn,k € N and m = 1. Applying (C-1) and taking s = 0 in (C-2), we obtain, for any s, ¢ € [0, 1]
and x,y € R4 s

X7 (2, x) — X5 (0, %) — (X" (s, ) — X5 (5, )|, @)
<[X™(t,x) = X" (5, WL, @ + 1(XF @ x) = X5, )L, @)
SClt—s|""+Clx—y|7, (C-11)

where C = C(d, y1, y2, V3, Ya, m) > 0. On the other hand, by grouping the terms in the above inequality
differently and using (C-3), we see that

1X7 (2, %) — X5, %) = (X" (s, ) = X5 (5, )|, @) < Cn A K) T4,

for C =C(d, y1,y2, Y3, Y4, m). Hence, combining it with (C-11), we get that for any ¢ € (0, 1), m = 1
there exists a constant C = C(d, y1, ¥2, V3, V4, m) > 0 such that, for any 5,7 € [0, 1] and x, y € R4,

X7 (1 2) = X5 (2, %) = (X" (5. 9) = X* (5, 0D L, (2) < COLAK) ™41 =507 4 [ — y079)),
Let us pass to the limit in the above inequality for fixed n as k — oo. By Fatou’s lemma we have

1(X™ (2, x) = X(t, %)) — (X" (5, ¥) = X(5, )|l @) < Cn ([t — 5|71 078 - |x — y[r3(179)),
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Applying again the Kolmogorov continuity theorem [Kunita 1990, Theorem 1.4.1] and choosing m >
(ey4)~! large enough, we see that for any M > 0, n € N we have

wp  sup [KCD) X2 = (X(s.0) = X5, 7)) Pp—
cerd 5[0, 1 = 57172 4 [ — y[rs=2e Ln@
Ix|<M

for C =C(d, y1, Y2, y3, V4, ¢, m). By the standard Borel-Cantelli arguments (see, e.g., [Shiryaev 2016,
Chapter 2.10, Corollary 2, p. 309]), this implies (C-6).

(iii) By part (ii) of the lemma, for any n e N, t € @ N[0, 1],
E/ 1(X"(t,x) # X"(t,x)) dx = f P(X"(t,x) # X" (t,x)) dx = 0.
R4 R4

Hence there exists a set Q7 C Q’ of full probability measure and a set A(w) C R4 of Lebesgue measure
zero such that for any w € Q" we have

X" (w,t,x) = f"(w,t,x) foranyneN, te@NJ[0,1], x € R4 \ A(w). (C-12)

Note that for any fixed x € RY neN,weQ the processes X" (w, -, x) and X (w, -, x) are continuous:
the first one by assumptions of the proposition, the second one by construction. Hence (C-12) implies that
X"(w,t,x)=X"(w,t,x) forany w € Q",1€[0,1],n €N, x € R? \ A(w). By taking in (C-6) s =0,
y = x, we get (C-7). O

Proposition C.2. Let (1 be a finite measure on R?, d € N. Suppose there exists a set A C R? of Lebesgue
measure zero and a continuous function £ R — R4 such that

) p(B(x.275)
im sup |—————

L/ =0. C-13
B N e (x) (C-13)

Then the measure |4 is absolutely continuous with respect to the Lebesgue measure, and its Radon—Nikodym
derivative is given by dju/dLeb = £.

Before we begin the proof, let us note that the supremum in (C-13) is crucial. Indeed, if i = 8¢, then
for any x € R4 \ 0, we obviously have
 8o(B(x,27%))
m ———— =

i

0,
k—o00 vdz_kd

so an analogue of (C-13) without the supremum holds for £(x) = 0, but §y is not absolutely continuous
with respect to the Lebesgue measure.

Proof. Step 1: We show that u is absolutely continuous with respect to the Lebesgue measure. Fix ¢ > 0,
and take K = K(g) > 0 large enough so that u(R? \ B(0, K)) < &. Since £ is continuous, it is bounded
on B (0, K). Therefore, recalling (C-13), we have

B(x,27%
sup u_kd)) <M, (C-14)
xeB(0,K)\A V42

keZ4
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for some constant M = M (K). Since Leb(A) = 0, we see that for any x € B(0, K), r € (0, %) there exists
%€ B(0, K)\ A, such that B(x, r) C B(%,2r) C B(%,27%), where k € Z is such that 27 k=1 <2y <27k,
Therefore, applying (C-14), we get

sup MBED) < yd (C-15)
x€B(0,K) vgr
re(0,1]

Let now B C R¥ be an arbitrary set of zero Lebesgue measure. Then BN B (0, K) can be covered by a count-
able union of balls B (x;, r;) with Y72 vg rl.d < za37 @nd x; € B(0, K). Applying (C-15), we deduce

o0

1(B) < u(B N B(0.K) +pn®R\B(0,K) < Y u(B(xi,r)) +e < 2e.

i=1
Since & > 0 was arbitrary, we see that (B) = 0 and thus u < Leb.
Step 2: Since 1 < Leb, by the Radon—Nikodym theorem, for any set S € Z(R%), we have u(S) =
[ £(x) dx for some measurable function £ : R4 — R. Then, the Lebesgue differentiation theorem implies
that for Leb-a.e. x € [R{d,

—k -
lim w(B(x.27%)) _ {(x).
k—oo vg27kd

Comparing this with (C-13), we see that (=1 Lebesgue a.e., and thus du/dLeb = £. O

Proposition C.3. Let u be a finite measure on R4, Suppose that © < Leb and that Radon—Nikodym
derivative £ := dj/d Leb is continuous. Then, for any x € R?,

: B (x,
L(x)= b]gr(l) %

Proof. This follows immediately from continuity of £ and the fact that, for any ¢ > 0, x € R4,

inf  £(y) < M < sup  A(y). O

Y€B(x,¢) Vdé yEB(x,¢)
Proposition C.4 [Friz and Victoir 2010, Lemma 5.12]. Let k = 1, X" : [0, 1] — R? be a sequence of
functions of finite k-variation converging to a function X : [0, 1] — R4 pointwise as n — oo. Then X is

also of finite k-variation and

”X ”K—var;[O,l] < lkrggéf ”Xn ”K—Var;[O,l]-
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