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Abstract

Characterization of rough surface properties, such as surface shape or surface impedance,
is relevant in many applications. Previous work has been done for characterizing
these two aspects separately. This paper proposes a framework for characterizing
rough surfaces of finite size in terms of their roughness shape and surface impedance
in a single setup. The surface properties are estimated indirectly using a superpo-
sition of spatial sinusoidal components for the surface shape and a porous mate-
rial model for the surface impedance. A fast multipole indirect boundary element
method is employed to model the acoustic scattering problem. With the modeling
flexibility from the indirect formulation, the target geometry can be simplified as a
thin shell representation, which significantly improves computational efficiency. A
subtraction method is proposed to mitigate the modeling error of this representation
and enable the use of low driving frequencies (e.g. acoustic wavelength is comparable
to or larger than the roughness scale) in the characterization. Considering the mod-
eling accuracy of surface shape representation, a discretization criterion concerning
both acoustic and spatial aspects is defined. The inverse problem is solved by means
of a general-purpose optimizer, minimizing the difference between the simulated and
reference acoustic field at multiple driving frequencies. Various numerical examples
show that by using reference data with sufficient quality, the proposed framework
can retrieve the surface shape and impedance separately, and also simultaneously.

Keywords: Characterization, Rough surface shape, Surface impedance, indirect
FMBEM, Optimization
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Highlights:

A characterization framework estimates rough surface impedance and shape

A thin shell modeling approach is proposed to solve the surface scattering
problem

A subtraction method is proposed to mitigate the modeling error

Multiple relatively low driving frequencies are used in the framework

An adaptive discretization criterion is defined for surface shape characteriza-
tions

1. Introduction

Acoustic scattering can be utilized for noninvasive material characterization in-
cluding surface impedance characterization and surface shape reconstruction in free
field. For rough surfaces, i.e., smooth perturbations of an otherwise flat plane [1],
the characterization of surface shape, e.g., seafloor, sea waves, and river surfaces
[2, 3, 4, 5, 6], is of vital importance in many applications such as weather forecast,
flood prevention, and geophysical inspection. In these cases, the surface shape can
be estimated by fitting an acoustic scattering model onto a measurement of the
scattered field using a number of sensors placed in front of the surface of interest
[7]. Two approaches for the surface reconstruction are common, namely inverting
the boundary integral equations that define the forward problem [1, 8, 9, 10, 11],
or alternatively iterative shape updating by an optimization framework seeking to
minimize the difference between the predicted and observed acoustic field [12]. Most
of the previous studies rely on approximation approaches such as Kirchhoff approx-
imation [1, 9], small perturbation expansion [8], Milder’s operator expansion [10],
and Rytov approximation [13]. These approximations generally simplify the inver-
sion of the system matrix and are computationally efficient to use. However, the
assumptions behind such approximations may yield a loss of accuracy under certain
circumstances, e.g., in the near field and/or neglecting multiple scattering. In such
scenarios, a more accurate numerical method is required. Another common limi-
tation in existing work is the assumption of fully rigid surfaces, where the surface
impedance is not considered. This can be unrealistic for many cases in practice
where acoustic impedance plays a role in the scattered field.

In the context of surface impedance characterization, two approaches have been
standardized, namely the impedance tube measurement [14] and reverberation cham-
ber measurement [15]. However, they have certain limitations in practice. For in-
stance, the impedance tube can only measure the normal impedance of a small
material sample [16], while the reverberation chamber often lacks a perfectly diffuse
sound field in the test chambers [17]. Besides, the finite size of the test sample
may lead to unrealistic results. Brandao et al. [18] presented an extensive literature
review on various techniques of in situ impedance characterization. In the category
of acoustic field methods (by describing the acoustic field above the sample using
mathematical formulations), the classical plane wave and spherical-to-plane wave



approximations may lead to significant deviations in the low-frequency range due
to the plane wave assumptions. The reflection of spherical waves at planar inter-
faces [19, 20, 21| are widely used in the iterative impedance deduction methods with
pressure-particle velocity measurement. However, the evaluation of the formulated
integral (e.g. Equation 12 in Brandao et al. [18]) is not possible in a closed form,
thereby making it difficult to use as the basis for an inverse method. An improve-
ment can be achieved by using the mathematical model of Di and Gilbert [22] in the
iterative deduction method, which formulated the so-called “q-term” method [23].
Yet, it does not account for the size effect and its accuracy can be largely affected by
the locations of the receivers in practice [24]. On the other hand, Miiller-Trapet et
al. [25] has shown that the indirect Boundary Element Method (BEM) is able to pro-
vide detailed and high-quality modeling of the real measurement with low numerical
uncertainties. In the discussion of Brandao et al. [26], the BEM results are in fact
used as a reference in benchmarking other modeling methods for surface impedance
characterization. In addition, the asymptotic methods generally assume an infinite
sample size and model setup, which is unrealistic in measurements. The finite size
of a sound-absorbing material may lead to inaccurate results when measuring its
acoustical properties in free field [27, 28].

For a given rough surface, it is likely that both surface impedance and shape are
not known at the same time. If the surface yields a small-scale roughness compared
to the wavelength, the effects from the surface shape can be estimated by using
stochastic or boss models [29, 30, 31]. In the case where the actual surface shape
is sought and the roughness scale is comparable to the wavelength, there seem to
be scarce investigations in the literature. Qin et al. [32] attempted to reconstruct
both shape and surface impedance simultaneously. However, their study is limited
to a single parameter that controls both aspects, which can be hardly applied in
practice.

The present study investigates and presents a more generic model inversion
framework for the characterization of surface shape and surface impedance, both
separately and simultaneously, from the scattered acoustic field retrieved at a linear
array of sensors. An indirect BEM is employed to model the acoustic surface scatter-
ing problem. The surface properties are estimated indirectly using a superposition of
spatial sinusoidal components for the surface shape and a porous material model for
the surface impedance. It is should be noted that the present study is constrained
to rough surfaces varied along one direction only. With the modeling flexibility from
the indirect boundary integral formulation, the target scattering surface can be sim-
plified using a thin shell representation. The effect of the finiteness of the sample is
mitigated by means of a calibration procedure, consisting of subtracting the acoustic
field for a reference finite flat surface from that of the finite rough surface. However,
the conventional BEM may become computationally inefficient when the driving
frequency increases as smaller elements are required to discretize the acoustic wave
sufficiently. The efficiency concern is particularly acute in the optimization frame-
work as the simulation is normally required to run for many iterations. To overcome
this issue, the fast multipole method (FMM) [33] is incorporated to accelerate the
indirect BEM, which is commonly known as the fast multipole BEM (FMBEM). It
significantly improves the computational efficiency of conventional BEM by utilizing



the low-rank properties of the system matrix. The inverse problem is solved by an
efficient optimization algorithm SHERPA which uses simultaneous multiple search
methods [34]. This is coupled with the FMBEM model to minimize the difference
between the simulated and reference acoustic fields.

The content of the paper is organized as follows: First, the fundamentals of the
methodology including the indirect FMBEM and the optimization framework are
presented. In section 3, the modeling of the scattering problem is discussed including
the impedance modeling and surface shape description. Detailed analysis of numer-
ical aspects is given, covering the computer-aided design (CAD) model, geometry
discretization, size effects, and error analysis. Section 4 presents several examples
of the characterization of surface impedance using single- and multiple-parameter
porous models, and the characterization of surface shape based on synthetic data
with additive signal noise. Two examples are given for the characterization of surface
impedance and shape simultaneously using the proposed framework. Discussions
and conclusions are given in the final section.

2. Methodology

2.1. Acoustic scattering problem

The steady-state acoustic pressure p at any location in a three-dimensional fluid
domain V' excited by a time harmonic source is governed by the in-homogeneous
Helmholtz differential equation

V2p + k*p = —iwpoq(ro), (1)

where k = w/c is the acoustic wave number depending on angular frequency w and
sound speed ¢, pg is the fluid density, ¢(rg) is the volume velocity of the source at
To-

The acoustic scattering problem considered here consists of a single acoustic
source and a linear microphone array on a plane perpendicular to the surface of
interest. Figure 1 illustrates the configuration of the setup, which replicates the
measurement in Dolcetti et al. [1]. This configuration is intended to insonify a large
portion of the sample via oblique incidence. It is noted that placing the source within
the array would result in a reconstruction of a smaller portion of the sample due to
a gap in the microphone array. The surface sample belongs to a panel of finite size
in three dimensions. The present study is constrained to the case where the surface
elevation varies along z-axis and is constant along y-axis. The source is placed above
the sample at ro = (0,0, zo). Previous work [1] demonstrated that the effects of the
directivity of the source can be incorporated as part of the model. The focus of
the present work is on demonstrating the reconstruction in a numerical context and
therefore the source is considered punctual. The receivers are also simplified and
modeled as omnidirectional point receivers. The sample is assumed to be in the free
field. The effect from the floor is thus not considered here, which can be mitigated
by adjusting the sample size and directivity of the source in a measurement setup.

In order to estimate the surface properties including surface impedance and/or
surface shape, the proposed framework relies on an indirect FMBEM model whose
parameters are controlled by a multi-algorithm optimizer. A general workflow is
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Figure 1: Configuration of the surface scattering problem. Both the source and the microphone
array are in the y = 0 plane.
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shown in Figure 2 to demonstrate the characterization process. More details on the
solvers are discussed as follows.

2.2. Fast multipole indirect boundary element method

A fast multipole indirect boundary element method is employed to model the
surface and the acoustic scattering problem. The basic principle of the indirect
boundary integral formulation is recalled here for completeness. The readers are
referred to Vlahopoulos [35] for more detailed mathematical derivations.

The indirect boundary integral formulation is derived by using the difference in
pressure, i.e., double layer potential u, and the difference in the normal gradient
of the pressure, i.e., single layer potential ¢ on both sides of the boundary. The
pressure at an arbitrary receiver  in space (which could be on the surface or at
any microphone position) is induced by an in-homogeneous free-field pressure from
the acoustic source and a homogeneous scattering from points y on the boundary
surface S. The scattered pressure is described by the indirect Kirchhoff-Helmholtz
integral equation

) = [ |5ty - G wotw)| a5 )
where the Green’s function in three-dimensional free space is given as
eik|m—y\
Gz, y) = ro—y]| (3)

For the present acoustic scattering problem, the Robin boundary Sz is used to
account for the surface impedance. The single layer potential thus holds a relation
with the double layer potential,

~—

op(y

o(y) = —ikB(y)u(y), o, —ikB(y)p(y), on Sz, (4)

where the normalized boundary admittance is defined as = Z./Z;. Z. = pyc is the
characteristic acoustic impedance of the fluid, and Z; is the acoustic impedance of
the boundary surface defined in the normal direction. Then the indirect boundary
integral formulation (2) can be reformulated as

G (z,y)

i) = [ ) |G 4 k()G ds: )

The corresponding pressure gradient can be obtained by taking the normal derivative
of Equation (5). A Galerkin method is applied to the boundary residuals to obtain
a variational formulation, which yields

V(ou) / R(u)5udSy = 0, (6)

where the residual for the Robin boundary is
_ ’G=,y) | . o 0G (T Y)
R0 = [ )| T ity Y | as,

+ [t i3t 2 (@) e 45
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The BEM system is formulated and solved by numerical discretization of Equa-
tion (6). The acoustic quantities at microphone positions are then retrieved using
Equation (2) and its normal derivative. The benefit of employing indirect boundary
integral formulation in modeling surface scattering problems is that the indirect for-
mulation is valid for problems with open boundary surfaces or thin shell elements,
which can be challenging for a commonly used direct boundary integral formulation.

The lack of popularity of BEM for the present application on inverse characteri-
zation is due to its high computational cost. The conventional BEM requires O(N?)
operations to assemble the system matrix, with N being the number of degrees
of freedom (Dofs). The actual computational cost becomes high for large models
and/or at high frequencies. As a state-of-the-art acceleration method, the FMM
[33] is implemented to accelerate the indirect BEM. Essentially, the FMM partitions
the BEM system into near-field assemblies and far-field approximations whenever
the multipole expansion holds. The latter can significantly reduce the computa-
tional cost with controllable numerical accuracy. The overall numerical complexity
of FMBEM is typically reduced to O(Nlog?N). For the detailed numerical imple-
mentation of the method, we refer to Fischer [36] and Darve [37, 38].

2.3. Parameter estimation methodology

The present characterization problem is formulated as a minimization problem
and implemented using numerical optimization. More specifically, by minimizing the
defined cost function (CF), the optimizer provides estimations on model parameters
that cannot be accessed in a direct manner. For a target parameter vector v, the
CF, at a given driving frequency f, is here defined as the root mean square of the
normalized difference between the simulated and reference acoustic quantities,

where M is the total number of microphones in the setup, ~; is the simulated re-
sponse at microphone i, using the parameter values from the optimizer, and T'; is
the reference response function. The definition of the response functions depends on
the modeling method, which will be discussed in detail in sections 3.2.4 and 3.2.5.
In order to avoid an under-determined optimization system, multiple driving fre-
quencies are preferable in the study, which leads to a multi-objective optimization
problem. The effects of using a different number of driving frequencies will be dis-
cussed in section 4.2 in detail. The weighting factor for each independent C'F (v, f)
is considered to be equal in the present study.

Depending on the problem of interest, the variables to be estimated can be the pa-
rameters of geometric shape, surface admittance/impedance, or both. As the search
space of the optimization grows exponentially with the number of unknowns, such
parameters should be carefully determined to well describe the target problem and to
formulate a favorable search space for optimization. In the present characterization
study, the objective is to find a parameter vector v = {1, ag, ..., Qm, 11,125 -y T}
where {ay, s, ..., } is the parameter set of the function to describe the surface
shape and {ny,n2, ..., m,} is the parameter set for the porous model used. It should
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be noted that the chosen parameters may yield inter-dependencies, which should
be considered as additional constraints in the optimization. For instance, in the
Johnson-Champoux-Allard (JCA) model [39, 40], the viscous characteristic length
must be equal to or smaller than the thermal characteristic length [41, 42]. In gen-
eral, for each parameter v;, a corresponding lower bound B! and upper bound BY
are defined such that the optimization problem can be written as

(9)

minimize C'F (v, f)
subject to B! <wv; < BY, i€ {1,2,....m+n}.
The selection of an appropriate optimizer is dictated by both performance and
usability. Non-derivative based algorithms are considered here since they are easy
to use and mitigate the implementation effort. Considering the efficiency of simul-
taneous multiple search methods, the optimization algorithm SHERPA [34] from
Simcenter HEEDS [43] is coupled with the FMBEM models to solve the constrained
optimization problem. Defining an appropriate convergence criterion poses another
challenge. Based on our experience, a two-fold stopping criterion is defined and used
in the present study: (1) C'F (v, f) < 0.05 for all driving frequencies; (2) a maximum
iteration number, e.g. a thousand iterations. This criterion works fine for the chosen
optimizer to estimate the parameters with good quality, which is demonstrated in
the case studies in section 4.1 and 4.2. For a more challenging case with a large
search space in section 4.3, the iteration number can be increased accordingly.

3. Numerical modeling

This section presents the numerical modeling details of the acoustic scattering
problem for accurate and efficient characterization. The discussion concerns both
impedance and geometry models. For the latter, a simplified thin shell modeling ap-
proach is proposed and compared to the volumetric model. A surface discretization
criterion is formulated concerning both acoustic and geometric aspects. The size
effect and modeling error are also analyzed, and a subtraction method is proposed
to mitigate the finite-size effect and thus reduce modeling errors.

3.1. Surface impedance modeling

In the implementation of the FMBEM solver, the surface impedance is defined
in the normal direction of the discretized element and is assumed to be constant in
space and therefore considered locally reacting. To estimate the frequency dependent
impedance, the framework relies on phenomenological porous models to approximate
the target material. Therefore the surface impedance is estimated indirectly via the
parameters used to describe the material. Various phenomenological models can
be used for this purpose. In the present study, we consider both a single-parameter
model, i.e., Delany-Bazley-Miki (DBM) model [44], and a multiple-parameter model,
i.e., JCA model. The DBM model rather than the original Delany-Bazley model [45]
is considered here in order to prevent negative values of the real part of the surface
acoustic impedance at low frequencies. As for the characterization of an unknown
surface without much a priori information on the impedance, it is practical to start
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Figure 3: Examples of the Model: (a) full volumetric model; (b) simplified thin shell model.

with such phenomenological impedance models considering their simplicity and effi-
ciency. Other impedance models can be considered depending on the knowledge of
the target surface. The characteristic impedance obtained from the models is then
computed as normal impedance to be used in the numerical model and simulation.

3.2. Description of the surface geometry

3.2.1. Rough surface model

The rough surface model considered in this study is based on spatial sinusoidal
components. Similar models have been considered in the literature [9, 12, 46]. The
spatial elevation of the surface along the x axis in Figure 1 is defined as

o(a) = ; 2y cos (i—:x + ¢n> , (10)

where z,, A, and ¢, are the amplitude, wavelength and phase of the n-th sinu-
soidal component, respectively. An example of such surface using three sinusoidal
components is given in Table 1.

3.2.2. CAD modeling

Acoustic scattering on panels of finite dimensions may be subject to size ef-
fects [27, 28]. The sample size should be considered when using relatively low driv-
ing frequencies since waves will diffract around the finite sample. This effect plays a
role when one tries to estimate the shape and/or surface impedance at wavelengths
comparable to the sample’s roughness scale. Such edge diffraction effect can be
mitigated using directive high-frequency excitation [1]. In this case, the sample size
would become larger than the area insonified by such a source, given its directivity
pattern, proper orientation angle, and proper distance to the sample.

A volumetric model, illustrated in Figure 3 (a), accurately represents surface
samples such as those used in previous experimental work [1]. However, such a
volumetric model increases computational cost and is subject to fictitious interior
resonances [47]. This non-physical fictitious resonance is alleviated by an additive
impedance boundary condition which is partially assigned to the inner side of the
panel [48]. Nevertheless, this extra treatment induces additional computational
efforts. Instead, it is here proposed to take advantage of the flexibility of the indirect
formulation by modeling the panel as a thin shell with open boundary conditions,
as shown in Figure 3b. The proposed modeling approach eliminates the efforts on
the treatment for fictitious resonances.



Table 1: Parameter values for the wavy panel. (Values are adopted from Krynkin et al. [46]).

n  z, [mm] A, [mm] ¢, [rad]
1 1.20 115 -0.46
2 0.81 76.7 -0.08
3 0.49 46 -0.83

Table 2: Comparison of computational efficiency for different geometry models (with rigid surface).
The computational time (in minutes) for BEM and FMBEM is averaged over all driving frequencies.

Profile Model Elements Dofs Tggy [mins] Trympeu [mins]
flat volumetric 62444 93668 72.5 10.1
flat thin shell 27722 14112 4 0.7
wavy volumetric 63164 94748 76 10.5
wavy thin shell 28054 14280 4 0.7

3.2.3. Computational efficiency

To evaluate the volumetric and thin shell modeling approaches, a numerical
study is conducted as follows. The length, width and mean height of the volumetric
model are 500 mm, 250 mm, and 20 mm, respectively. The source is positioned at
zs = 300 mm. An array of 35 microphones is deployed in x direction with a linear
spacing of 20 mm as shown in Figure 1. The vertical position of the microphone
array is z, = 300 mm. Two sets of surface profiles are considered including a flat
and a wavy profile. The wavy surface considers the first three sinusoidal components
of the surface reported in Krynkin et al. [46] whose parameters are replicated here
in Table 1. In order to evaluate the accuracy and efficiency of the two modeling
approaches, a wide range of frequencies is covered in this study, i.e. 4 kHz - 16 kHz
with 0.5 kHz resolution.

Table 2 compares the number of elements from discretization, the number of Dofs
in the calculation, and the averaged computational time for different models using
conventional indirect BEM (Simcenter 3D [49]) and FMBEM (in-house code under
development). All the simulations are conducted on a Windows 10 laptop (Intel
i7-7920HQ CPU @3.1GHz with 32.0 GB memory). In both flat and wavy profiles,
the computational efficiency of the thin shell model is significantly faster than the
volumetric model, resulting from both fewer elements from discretization and fewer
Dofs by eliminating the fictitious frequency treatment. Compared to the conven-
tional BEM solver, the FMBEM is much more efficient, which further reduces the
computational cost. The combination of efficient FMBEM and thin shell modeling
approach enables the use of the numerical method in the optimization framework.
It is worth mentioning that the simulations can be conveniently run in parallel in
the optimizer for multiple driving frequencies. Thus the total computational cost
for a multi-frequency FMBEM on a thin shell model is fairly acceptable in practice.
The modeling error and improvement of the thin shell model are discussed in the
following section 3.2.4 and 3.2.5.

10



3.2.4. Size effect and error analysis

Compared to the volumetric model, the thin shell model has demonstrated a
significant speedup in computational efficiency. Now the question is whether this
model simplification induces large modeling errors on the acoustic field. To evaluate
the accuracy, the relative error on the total acoustic pressure between a thin shell
model (denoted as S) and a full volumetric model (denoted as V) is defined as

_ | Psp(f,r) — Pyp(f,r) |
| Pyx(f,r) |

Figure 4 presents the relative error for a flat profile and a wavy profile with three
spatial sinusoidal components (parameter values are given in Table 1). The relative
error is observed to be frequency dependent. In both flat and wavy profiles, the thin
shell model demonstrates a relatively high error at relatively low frequencies, e.g.,
4 kHz - 6 kHz. Comparing the two colormaps, the relative error is also found to be
profile dependent.

Figure 5 presents a detailed comparison of the magnitude of the complex sound
pressure at various driving frequencies. Similarly to Figure 4, the differences be-
tween the thin shell and volumetric models are significant at low driving frequencies
and at receivers towards the end of the panel. This can be observed in both flat and
wavy profiles. As expected, the wavy profile provides a pressure curve with more
fluctuations compared to the flat profile, which becomes more obvious as the fre-
quency increases. Besides, the differences between the flat and wavy profiles are less
significant at low frequencies. This can be problematic for the solution of the inverse
problem as similar field pressure curves entail non-unique solutions. It should be
noted that the pressure responses from flat and wavy profiles become very similar
at some receiver points. This is particularly obvious towards the lateral edge of the
panel and beyond (z, > 0.5 m). For instance, at 4 kHz, the pressure responses
between flat and wavy profiles become very similar starting from x,, = 0.4 m. This
phenomenon becomes less visible as the frequency increases. At 14 kHz, the dif-
ference between flat and wavy profiles is obvious which indicates that all receivers
can provide useful information for characterization. It should be noted that such a
study can be useful for the design and determination of the microphone array in the
measurement setup.

In addition, the phase information of the complex sound pressure is studied
and shown in Figure 6. As observed, the phase differences between flat and wavy
profiles as well as for thin shell and volumetric models are negligible. This is perhaps
due to the small geometry variation on the wavy profile and relatively low driving
frequencies of interest. Thus, the present study only considers the phase-less acoustic
responses.

ex(f,r) x 100%, k € {flat, wavy}. (11)

3.2.5. Subtraction method and error analysis

As observed in a direct comparison with the volumetric model, the thin shell
model may yield a large error (e.g. more than 10% for some frequencies at some
microphone positions) due to the simplification of the panel volume. In order to
mitigate this modeling error, a subtraction method is considered here. The idea
is to subtract the field response obtained with the unknown surface from the one

11
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obtained with a known surface. In the present study, we consider rough surfaces with
small roughness scales, e.g. Table 1. Thus it is reasonable to use a flat surface as the
known surface. Besides, the incident field, as part of the acoustic response recorded
by the microphones, may affect the characterization under certain circumstances.
For instance, if the incident field dominates, the acoustic response at the microphones
may become similar for different surface profiles. With the subtraction method, the
incident field from the source is also eliminated here in the BEM simulation. In
a measurement setup, the incident field can be mitigated by adjusting the source
orientation and microphone positions [1]. The absolute pressure difference between
an “unknown” surface (e.g. wavy profile in this case) and a “known” surface (e.g.
flat profile in this case) is defined as

Al(f7 I‘) :‘ Punknown,l(f7 I‘) | - | Pknown,l(fv I') ’7 le {S,V} (12)
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Figure 7 presents the absolute pressure difference between wavy and flat profiles
for the thin shell model and the volumetric model at various driving frequencies.
It can be observed that the pressure difference between a thin shell and volumetric
models becomes much smaller as compared to the direct evaluation in Figure 5. The
subtraction method has greatly eliminated the effects of the finite size. It can be
found that the pressure difference is close to zero when the receiver is approaching
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the end of the panel and beyond (x, > 0.5 m) at low driving frequencies. This
is consistent with what has been discussed in section 3.2.4. The root-mean-square
error (RMSE) between the thin shell and volumetric model is given as

M
1
RMSE = Zygl )2, (13)
=1

where v is the pressure P in a direct manner, or the pressure difference A in the
subtraction method (as described in Equation (12)). Figure 8 presents the RMSE
between the thin shell and volumetric models for the subtraction method and direct
calculations of flat and wavy profiles. It is demonstrated that the subtraction method
can significantly reduce the RMSE for the thin shell model over all the driving
frequencies. The size effect of the finite sample is greatly mitigated in this way.
The reduction at relatively low frequencies i.e. f < 7kHz makes the thin shell
model eligible to use such frequencies for efficient and accurate inversion in later
discussions. The size effect is independent of the surface impedance [50], therefore
the subtraction method can also be used for surface impedance characterization.
The “known” profile can be defined with a known surface shape or known surface
impedance depending on the availability.

3.2.6. Adaptive geometry discretization for accurate characterization

In the characterization framework, the surface properties are updated iteratively,
which may expose discretization errors for certain configurations. In the character-
ization of surface impedance, the surface shape is known a prior: and thus has less
concern about discretization error. As a general engineering rule of thumb, at least
six linear elements are used to discretize the minimum acoustic wavelength. Based
on the chosen frequencies, the element size can be determined a priori.

However, accurate geometry representation has to be considered when the sur-
face shape is involved in the characterization as the geometry varies over iterations.
A straightforward idea is to estimate the minimum surface variation and use a glob-
ally small element size in the characterization framework. However, this choice can
be over-conservative, which leads to a computationally expensive BEM model for all
the iterations. Instead, an adaptive discretization process is created in the inversion
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framework to reduce the computational cost while maintaining a sufficient accuracy
level. More specifically, an h-refinement study is conducted firstly to evaluate the
discretization error. For the rough surfaces that have been considered in this study,
the surface elevation is comparably smaller than the geometric wavelength. Thus
the ratio between the geometric wavelength and element length, i.e., the number
of elements per geometric wavelength, is considered the metric for the investiga-
tion. Figure 9 presents the results of a single sinusoidal surface at various driving
frequencies. The relative Ly errors (|| P — Pres ||2/|| Pres ||2) are computed over all
microphones using a reference case with considerably fine discretization (i.e., 31 el-
ements per surface geometric wavelength). It can be observed that the Ly error is
slightly larger at high frequencies for a constant discretization. This aligns with
the discretization error of acoustic waves, that is, lower acoustic frequencies benefit
from a finer discretization thus providing higher accuracy. For the same frequency,
finer discretization results in higher accuracy. This is an improvement due to both
finer geometric and acoustic discretization. For a general engineering purpose, the
use of ten elements per surface geometric wavelength, providing roughly 1% error,
is considered sufficient in the frequency range of interest in terms of both efficiency
and accuracy.

Thus, the element length Agement in the inversion framework is determined based
on the considerations of both surface geometric wavelength and acoustic wavelength,
which is

helement = min<)\acoustic/6a Ageometry/lo)- (14)

The two constants can be adjusted according to the accuracy requirement and the
maximum driving frequency. In the case of multiple sinusoidal components presented
in the geometric shape, the smallest geometric wavelength is considered in Equa-
tion (14). To minimize the discretization error among different surface profiles, this
criterion is implemented and applied to every iteration of the shape estimation thus
providing an adaptive geometry discretization in the characterization framework.

3.8. Additive signal noise

Considering the fact that noise appears in the measurement, the experimental
signal-to-noise ratio (SNR) plays a significant role in obtaining acoustic signals with
sufficient quality. Other uncertainties such as the non-smoothness of the surface
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could also be considered as an additional noise to the response signal. For simplicity,
a global uncorrelated additive white Gaussian noise (AWGN) is considered and
added to the synthetic acoustic signals for each microphone, as

Pn(fa I') = P(f7 I‘) +X'0p- 10_SNR/207 (15)

where P,(f,r) and P(f,r) are the signals with and without additive noise, x is
a zero-mean Gaussian distributed random variable with unit variance, op is the
standard deviation of the signal without additive noise.

Three SNRs (10 dB, 20 dB, and 30 dB) are considered and their corresponding
AWGNSs are added to the acoustic signals respectively. Section 4.1.1 investigates the
effects of using different SNRs on the characterization.

4. Examples of surface characterization

This section presents examples and discussions of rough surface characterization.
The study consists of surface impedance characterization using single- and multiple-
parameter porous models, and surface shape characterization using multiple spatial
sinusoidal components. It is worth noting that, owing to the nature of the numeri-
cal model at hand, the surface is assumed to be locally reacting. Two simultaneous
characterizations of surface impedance and shape are also presented. All the pre-
sented examples have similar configurations as shown in Figure 1, and only consider
the receivers at y, = 0 in the characterization.

4.1. Surface itmpedance characterization

The standardized methods for surface impedance measurement typically require
a sample of the target material [14, 51]. The selected sample is expected to be
representative of the target material, which sometimes can be difficult to verify.
The present characterization framework can be of interest as an alternative non-
destructive mean for surface impedance characterization in situ.

The surface shape in this section is assumed to be known as flat. The surface
impedance is considered to be estimated /modeled by phenomenological porous ma-
terial models as described in section 3.1. Two examples are presented using single-
and multiple-parameter porous material models respectively. The driving frequen-
cies are selected to ensure an efficient calculation in FMBEM and to capture the
characteristics of the impedance as much as possible.

4.1.1. Characterization using a single-parameter model

In the study of the single-parameter case, the DBM model is employed to esti-
mate the surface impedance. The thickness of the panel is assumed to be known
e.g., 50 mm, whereas the static air flow resistivity is to be determined. The material
is considered to be backed by a rigid surface. We consider four driving frequencies,
1 kHz, 2 kHz, 3 kHz and 4 kHz respectively. From the analysis in section 3.2.5, it
has been found that the microphones towards the lateral end of the sample may not
provide useful information at low frequencies. Thus, a reduced number, i.e., 21 of
microphones is used in this case which covers a distance range of 400 mm. The driv-
ing frequencies are selected such that sufficient field data are available for inversion
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Table 3: Initial estimations and bounds for parameters in surface impedance characterization.
The estimated values are obtained under AWGN with SNR = 20 dB. Abbreviations: “Inc.” is
“Increment”, “charac.len.” is “characteristic length”.

Model Parameters Initial B' B Inc. Target Estimated
DBM Flow resistivity [N s m~4] 1000 100 200000 10 8000 7910

Flow resistivity [N s m™%] 1000 500 20000 100 4067 16400
Porosity [-] 0.7 05 1 0.01 0.62 0.61
JCA Tortuosity [-] 2 1 5 0.1 217 2.20
Viscous charac.len. [um] 150 50 350 3.4 165.9 156.2
Thermal charac.len. [pm] 150 50 350 3.4 2106 285.4

and determination of the unknown parameter. The upper and lower bounds of the
parameters listed in Table 3 are defined as large to cover a wide range of possibilities.
For simplicity, the flow resistivity of the DBM model within the bounds follows a
discrete uniform distribution with an increment of 10 N s m—*, giving a search space
of size 19991. In practice, the decision of variation range and distribution function
could be based on the a priori knowledge of the surface. In this case, the synthetic
data is generated using a flow resistivity of o = 8000 N s m~*. In addition, AWGN
with three SNRs is considered for the synthetic data to evaluate the robustness of the
characterization framework. The selections of SNR cover a range from a relatively
poor signal quality of 10 dB to a good signal quality of 30 dB.

As a result, the estimated flow resistivity (with the smallest C'F' residual) is
7470 N s m~*, 7910 N s m~*, 8000 N s m~* for the inversions using SNRs of 10 dB,
20 dB, and 30 dB respectively. With the best SNR of 30 dB, the inversion framework
manages to retrieve the exact input. In the inversions with SNRs of 10 dB and 20 dB,
the target flow resistivity (i.e. 8000 N s m™*) is in fact captured by the optimizer,
however, the C'F' residual with the target value is slightly higher than that with
the final estimated value. It seems that the AWGN has shifted the acoustic signals
closer to the ones obtained from other vicinal inputs, which leads to confusion about

the optimizer. The Ly norm of the corresponding complex impedance, computed as
€z =|| Z—Zret |2 / || Zret ||2, are 0.0022 and 0.0131 for SNR of 20 dB and 10 dB. The

RMSE of absorption coefficient, computed as €, = \/ SV (@ — aue) /M, are 0.0009
and 0.0056 for SNR of 20 dB and 10 dB. A comparison of the complex impedance
and absorption coefficient are given in Figure 10. The assessment of the inversion
quality depends on the output of interest. For instance, if the objective is to estimate
the complex impedance curve (or absorption coefficient), the inversions from all of
the three SNRs are considered fine with a maximum error of 0.0131 (or 0.0056 for
absorption coefficient) at SNR = 10 dB. On the other hand, if the objective is to
estimate the flow resistivity of the DBM model, the inversion using a high SNR,
such as 20 dB (or 30 dB), would provide a close estimation with a relative error of
1.13% (or 0.0% for SNR = 30 dB) in the present case. With the consideration from
actual experiments e.g. in a semi-anechoic chamber and/or using time averaging of
the measured responses, the SNR of 20 dB is reasonable to obtain in practice. Thus,
it is applied to all the remaining synthetic data.
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Figure 10: Characterization of surface impedance using DBM model. (a) compares the “exact”
and “characterized” normalized surface impedance; (b) compares the “exact” and “characterized”
absorption coefficient. The “characterized” results with SNR = 30 dB are the same as the “exact”
in this case, which are not shown in the figure.

4.1.2. Characterization using a multiple-parameter model

As a general equivalent fluid model, the JCA model has been widely used to de-
scribe porous materials in practice. In this case study, a wood-wool cement board is
considered, likewise in a rigid backing configuration. The JCA model has been eval-
uated experimentally in characterizing such material [41, 52]. Given the thickness,
the classical JCA model consists of five parameters. The same parameter ranges
from literature [52] are applied to the present inversion study as shown in Table 3.
The search space for the optimizer contains 4.18 billion parameter combinations. It
should be mentioned that the static flow resistivity was measured separately in the
cited work using the standard measurement technique [53]. In the present work, the
static flow resistivity is intended to maintain as unknown similar to other parame-
ters. Its upper and lower bounds are chosen sufficiently large to cover the typical
range of this particular material. It is of relevance to investigate whether all the
phenomenological parameters can be retrieved from a single inversion setup.

Four driving frequencies including 2 kHz, 3 kHz, 4 kHz and 5 kHz are selected
in this case. For each parameter in the JCA model, Table 3 lists the best-estimated
value compared to the target. The porosity, tortuosity, and viscous characteristic
length have been well estimated by the framework, while the flow resistivity and
thermal characteristic length seem to yield large differences. We further analyze
the 15 best designs from the optimizer. The parameters of these sets are plotted
in Figure 12 (a). The flow resistivity and the thermal characteristic length do not
converge within the maximum number of iterations. In particular, due to the choice
of relatively high frequencies in the example chosen here, the material impedance
approaches its asymptotic behavior and therefore exhibits low sensitivity to the flow
resistivity, leading to an apparent non-uniqueness of the solution. The other three
parameters seem to converge to the vicinity of the ground truth. On the other hand,
most of the sets seem to give similar C'F' residuals as shown in Figure 12 (b). The
best characterization maintains an overall minimum CF value (by linearly averag-
ing the final C'F' values over all the frequencies). The resulting complex impedance
and corresponding absorption coefficients are compared in Figure 12 (¢) and (d).
All the designs give close estimations of the ground truth. With the best estima-
tion, the Ly error of complex impedance is computed to be 0.0509 and the RMSE
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Figure 11: Characterization of surface impedance using JCA model. (a) compares the JCA pa-
rameters from 15 selected characterizations; (b) shows the C'F residuals for the 15 selected char-
acterizations; (¢) compares the resulting normalized surface impedance from the characterizations;
(d) compares the absorption coefficients from the characterizations.

of the absorption coefficient is 0.0238. Similar to the single-parameter impedance
characterization case, the assessment of the inversion quality depends on the out-
put of interest. If the primary objective is to estimate the impedance/absorption
coefficient curve, the proposed framework seems to return good quality estimation
using the current stopping criteria. In the present case, the flow resistivity is the
most challenging parameter to estimate for the optimizer. The large range of val-
ues in the obtained flow resistivity indicates that the scattered field is insensitive
to this parameter in the studied case. If an accurate estimation of the parameter
value is required, a more stringent stopping criterion could possibly help to obtain a
better estimation, which also requires more computational efforts. Besides, using a
multiple-parameter model with less number of parameters, e.g. the three-parameter
model proposed by Horoshenkov et al. [54], may also improve the quality of the
characterization.

4.2. Surface shape characterization

In the rough surface shape characterization, the surface is assumed to be perfectly
rigid. This is a fair assumption in practice when the speed of sound is significantly
larger than that in the medium above (e.g., observing a water surface from the
air). A rough surface model from Equation (10) with two sinusoidal components
is considered here. The parameter bounds are given in Table 4. In this case, the
search space consists of approximately 63 million parameter combinations. It should
be noted that the actual search space is nearly half considering the equivalence of
the two sinusoidal components. This is not taken into consideration in the present
framework.
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Figure 12: Surface shape characterizations using different numbers of driving frequencies. “freqs”
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Table 4: Initial estimations and bounds for shape characterization.

Parameters Symbol Initial B' B Increment
Amplitude [mm] Zn 0.5 0 2 0.1
Wavelength [mm)] An 100 30 200 10
Phase [rad] On 0.1 0 2 0.1

In order to avoid an under-determined problem (thus non-unique solutions), suf-
ficient input information shall be generated for the inversion. The number of such
inputs is determined by the number of driving frequencies in the forward model-
ing. The selected driving frequencies should also be able to capture the geometric
variation of the surface roughness. In the impedance characterization, multiple fre-
quencies are used by default considering the dependence of surface impedance on
frequency. For surface characterization, it is relevant to investigate the effects of
the number of frequencies on the characterization quality. Thus, different numbers
of frequencies are defined in this case. Three settings are considered using two (i.e.
5 kHz and 6 kHz), three (i.e. 4 kHz, 5 kHz, and 6 kHz) and four driving frequencies
(i.e. 4 kHz, 5 kHz, 6 kHz and 7 kHz) respectively. The multi-frequency simulations
are processed in parallel using the same hardware with a four-core CPU as before.
More driving frequencies could be considered if hardware allows.

The estimated results with the minimum CF values in each optimization are
compared in Figure 12. Dividing the RMSE by the maximum amplitude of the
exact surface profile, the relative root-mean-square error (rRMSE) is computed as
0.2868, 0.0446, 0.0288 for the cases of two, three, and four driving frequencies re-
spectively. By using two driving frequencies, the inversion yields a large deviation
within the maximum iteration number. This indicates that the input information
is not sufficient to reconstruct the shape. In the case of three and four driving fre-
quencies, the surface shape is characterized well with fewer noticeable errors. Using
four driving frequencies gives the most accurate characterization, which confirms
that more input in terms of driving frequencies helps to obtain high characteriza-
tion quality. The accuracy level is considered to be acceptable with four driving
frequencies in the present study.
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4.3. Simultaneous characterization of surface impedance and shape

In a complex setup, both surface impedance and shape are unknown and expected
to be characterized by the inversion framework. Such cases are relevant for instance
in in situ material characterizations for porous materials with rough surfaces, such
as absorptive foam with thickness variations, sound absorption curtains, etc.

In the following simultaneous characterization, two examples are investigated
and presented. The “known” surface in this discussion is a rigid flat surface. The
“unknown” absorptive surface shapes are described by either one or two sinusoidal
components from Equation (10) with bounds from Table 4. For simplicity, the DBM
model is considered in the surface impedance for both cases. The flow resistivity
ranges from 100 N s m~* to 20000 N s m~* with 220 variations. Therefore, the search
space becomes approximately 1.7 million for the case with one sinusoidal component
and 13.86 billion for the case with two sinusoidal components. The synthetic data is
generated by using a flow resistivity of 8650 N s m~*, in a 50mm-thick rigid-backed
configuration. An AWGN with 20 dB SNR is added to all the synthetic data. Four
driving frequencies (4 kHz, 5 kHz, 6 kHz, and 7 kHz) are used in parallel in the
framework. Considering the large size of the search space, especially in the case
of two sinusoidal components, an enlarged iteration number of 3000 is used in the
optimizer for both characterizations.

Figure 13 shows the results of the two characterization cases. The estimated flow
resistivity is obtained in both cases as 8732.4 N s m™*, which is close to the ground
truth with a relative difference of 0.0095. Compared to the reference impedance
curve, the Ly error of complex impedance is 0.0019 and the RMSE of the absorption
coefficient is 0.0008. In terms of surface shape, the estimated shape of the case
with one component is close to the exact reference, with an rRMSE of 0.114. With
two components involved in the surface shape, the number of unknowns increases
from 4 to 7. As shown in Figure 14 (d), the estimated shape describes the main
behavior of the exact reference. The large geometric wave has been captured well,
while deviations are observed on the smaller geometric waves. The rRMSE of the
characterized shape is computed as 0.2294 with respect to the exact reference. The
surface shape in the case with two sinusoidal components becomes more challenging
to estimate due to the increased number of unknowns which exponentially expands
the search space. The case with more unknowns leads to slightly larger errors in
the estimated shape. In both cases, the surface impedance has been well estimated
using the single-parameter model.

To further improve the quality of the characterization, several aspects could be
explored. As discussed, the performance of the optimizer depends on the size of the
search space. The selection of the phenomenological model is thus important for
the optimization. Using a smaller number of unknowns can significantly reduce the
size of the search space. It is also useful to provide a more precise value range for
each unknown involved in the optimizer. Both aspects may require some a prior
understanding of the unknown surface. Besides, using multiple frequencies may
increase the accuracy of the characterization by including more inputs to the inverse
problem. In addition, stringent stopping criteria could also improve the quality of
the characterization, but would substantially increase the computational time. A
general-purpose optimizer is being used in the present work, other types of optimizers
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Figure 13: Characterization of rough surface in terms of impedance and shape. (a) compares
the normalized surface impedance; (b) compares the corresponding absorption coefficients; (c)
compares the characterized surface shape using one sinusoidal component; (d) compares the char-
acterized surface shape using two sinusoidal components. The estimated surface impedance values
are identical for surface profiles with one and two sinusoidal components.

could be relevant to test for optimal performance.

5. Discussion and Conclusion

This paper presents a multi-frequency characterization framework using acous-
tic simulations and optimizations to characterize rough surfaces in terms of surface
impedance and/or surface shape. A thin shell modeling approach has been proposed
to simplify the modeling and simulation of the acoustic scattering problem using an
indirect FMBEM. It has been demonstrated that the indirect FMBEM solver and
the proposed thin shell model provide significant improvement in computational effi-
ciency as compared to the conventional BEM and a volumetric representation of the
problem. The combination of the two enables the use of the BEM in rough surface
characterization. The finite size of the surface is also considered by the FMBEM
solver. The size effect from the surface sample is analyzed to quantify the modeling
error. A subtraction method is proposed to mitigate the surface modeling error,
which also enables the use of relatively low driving frequencies (compared to the
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roughness scale) in the characterization. A discretization criterion that concerns
both acoustic and geometric aspects is proposed for surface shape characterization
in order to maintain an acceptable discretization error in the iterations of the opti-
mization loop.

In the characterization of surface impedance, both single-parameter (i.e. DBM)
and multiple-parameter (i.e. JCA) porous material models are considered. It is ob-
served that the proposed framework can characterize the surface with a certain noise
level (e.g. SNR of 20 dB). Due to the choice of relatively high driving frequencies,
where the porous material impedance reaches an asymptotic behavior independent
from flow resistivity, the characterization methodology exhibits low sensitivity to
this parameter. Nevertheless, the impedance is well reconstructed. Indeed, the
method provides accurate results with a RMSE of 0.0009 on the absorption coeffi-
cient for a single-parameter model and a RMSE of 0.0238 for a model with multiple
parameters. In the characterization of surface shape, it is observed that more driving
frequencies lead to a higher characterization quality. A RMSE of 0.0288 is obtained
for a surface with two sinusoidal components when using four driving frequencies in
parallel. Two cases are presented for the simultaneous characterization of surface
shape and impedance using the DBM model. The case with more unknowns on
the surface shape leads to larger estimation errors on the final characterization. On
the other hand, the surface impedance has been retrieved well in both cases. It is
worth noting that the DBM model involves flow resistivity as the sole unknown. The
use of a more complex porous material model may hinder the estimation of both
impedance and shape as the search space increases exponentially with the number
of unknowns.

The present framework is considered to be applicable to a wide range of continu-
ous rough surfaces, whose properties can be described or estimated by phenomeno-
logical impedance models and/or shape functions. Such parameterization can be
defined based on the a prior: information of the target surface. Other types of sur-
faces e.g. pyramidal wedges could be relevant to investigate in the future. In the
present work, the same numerical model is used for both the reference data and
the estimation. The existence of an inverse crime scenario has been mitigated by
the incorporation of additive noise in the reference data and the inverse problem
is observed to be non-trivial even in a well-controlled environment. To achieve the
optimal quality from the framework, it is also relevant to test the setup in a massive
way, e.g. using the Monte-Carlo method to investigate the relevant aspects such as
various porous materials, the position and the number of microphones. The future
work will also focus on the design of a test rig based on the insights obtained from
the simulations in the present work. A measurement validation will be conducted
to further verify the robustness of the proposed framework.
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