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Designing band gaps with randomly
distributed sub-wavelength Helmholtz
resonators

Check for updates

Paulo S. Piva1, Art L. Gower1 & I. David Abrahams2

It is well-known that band gaps for wave propagation, in the frequency domain, can be achieved by

using periodically-arranged inclusions in a host material. However it has been challenging to design

materials with broad band gaps or that havemultiple overlapping band gaps. For periodic composites

this difficulty arisesbecausemanydifferent length scaleswouldhave tobe repeatedperiodicallywithin

the same structure to have multiple overlapping band gaps. Here we present an alternative: to design

band gaps with disorderedmaterials. We show how to tailor band gaps by choosing any combination

of Helmholtz resonators that are positioned randomly within a host acousticmedium.One key result is

that, via analytical (asymptotic) analysis, we are able to derive simple formulae for the effectivematerial

properties, which work over a broad frequency range. These can therefore be used to rapidly design

tailored metamaterials. We show that these formulae are robust by comparing them with high-fidelity

Monte-Carlo simulations over randomly positioned resonant scatterers.

Metamaterials are artificially fabricated materials, usually of composite
constructing, which have properties not found in nature; they are designed
for specific and targeted applications1.Wavemotion control is an important
application for electromagnetics, elastodynamics, and acoustics. There are
many examples of fabricatedmaterials that can distort or bend the path that
waves propagate along, allow negative refraction2, block specific
frequencies3, or cloak (i.e. render invisible) certain parts of space4–7. In recent
years, the focus on elastic and acoustic metamaterial theory and design has
broadened to include non-reciprocal wave propagation8, acoustic lenses9,
and optimal wave-absorbing layered media10.

Among the various applications of acoustic metamaterials, the one
most relevant to this work is the control of transmission through one or
multiple layers, commonly realized via structures designed for absorption
and reflection. A widely used strategy for enhancing sound absorption
involves tuned resonant elements. Helmholtz resonators, in particular, are
highly tunable11 and, when combined in different configurations, can give
rise to a variety of absorption and reflection phenomena in metamaterials,
such as perfectly absorbing systems12. This flexibility allows to design
compact materials with both broadband and targeted absorption
spectrum13,14.

In many applications, the design of metamaterials for wave control is
often a heuristic process, which encourages heavy optimisation and
machine learning techniques in the literature15,16. However, even after long
and extensive computations to find an optimal metamaterial arrangement,

small manufacturing changes/defects can lead to errors that significantly
alter the band structure. For this reason, these materials require elaborate
manufacturing techniques17,18.

In this paper, we present a disordered (random) metamaterial, which
can be designed to have broad as well as multiple localised (overlapping)
low-frequency band gaps, that are robust to small changes in its micro-
structure. We show how to design such metamaterials and, more impor-
tantly, derive simple explicit formulae for the band gaps which do not
require heavy optimisation. One difficulty that has slowed progress in dis-
orderedmaterials is that the scattering response fromany one configuration
of resonators can be complicated; however we show here how to completely
overcome this difficulty by combining ensemble averaging techniques19–21

together with asymptotic homogenisation.
As an example, we develop our formulas for a mixture of split-ring

resonators. A split-ring resonator, shown in Fig. 1a, is a type of Helmholtz
resonator, characterised by a cavity-neck system with resonance peak
located in the sub-wavelength range (kb≤1), shown in Fig. 1b. We choose
this specific type of resonator because its scattered wave has been deduced
from first principles22.

To achieve multiple band gaps, we combine different types of sub-
wavelength split-ring resonators, eachwith a different resonance frequency.
By a band gap, we mean a frequency range where the average wave cannot
propagate, but incoherent speckle may still propagate23. To the best of the
authors’ knowledge, there has been no clear consistent strategy to derive
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simple formulae for effective-properties of a mix of different types of split-
ring resonators. It has only been possible to derive effective-properties for a
periodic array of identical sub-wavelength split-ring resonators24–26. To
reach simple formulae, which are needed to easily design band gaps,
asymptotic homogenisation is essential24,27–30. It is common to enforce that
the resonators are sub-wavelength, aswe also do in thiswork.However, care
must be taken to accurately capture the resonance beyond the quasi-
static limit.

Effectivematerial properties, for examplemass density and speed of
sound, have been deduced for a circular cluster of 2Dparticles (rods)31–34.
To summarise, these papers consider a given particle configuration and,
in the long-wavelength limit, determine the effective-properties of a
single equivalent circle that would reproduce the same scattering as the
entire cluster. This can lead to effective-properties which depend on
frequency33,34 and on a specific particle configuration. Dependence on
the particle configuration leads to extra degrees of freedom to tune the
effective-properties, but also has drawbacks: it can be computationally
difficult to calculate for a large number of particles, and then also
requires fabricatingmaterial with exact particle positions. To remove the
dependence on the particle configuration it has been suggested to
average over the effective-properties32,33. However, this is not the same as
averaging over the scattered wave from a disordered material, and can
also have a high computation cost.

One concern raised in many papers20,35,36 is that beyond the leading
order low-frequency limit, there is no unique way to calculate effective-
properties. That is, calculating the properties for an effective cylinder31,32 can
lead to different results than calculating the properties for an effective slab20,
despite bothhaving the same set of scatterers ormicrostructure.However, to
include resonance effects, it is necessary to include terms beyond the low-
frequency approximation, so the question is how to do this correctly? Here
we show how to deduce frequency-dependent effective-properties directly
from the dispersion equation for the effective wavenumber, which is valid
for anymaterial shape and frequency20. From this solid ground, we then use
asymptotic expansions that capture the resonance of the scatterers. As a
result, our method leads to effective-properties which provide the correct
average wave scattering from a disordered material.

To showcase how simple it is to use our formulae to design a material,
and motivate the reader for the rest of the paper, we present an acoustic
version of a device that splits a signal into two different channels, or
waveguides, dependent on its frequency components shown in Fig. 2. These
devices are known as frequency demultiplexers. They are used in digital
computing and telecommunication networks, and are often designed via
tailored periodic structures, as in37, or through black-box optimisation, as
in38. In contrast, as illustrated inFig. 2,we are able toproducewith little effort
a low insertion loss (≲5 dB) and high contrast (~ 10− 20 dB) demultiplexer
using only randomly placed and oriented resonators, which has similar
performance compared to the microchip in [Figure 4b 38]. Figure 2 also
shows the amplitude of the transmitted waves for two wavelengths of high
contrast in transmission through the top and bottom waveguides. We note
that we used only one configuration of randomly placed particles for all the
results shown in Fig. 2.

Designing devices, such as the demultiplexer in Fig. 2, with randomly
oriented resonatorsmakes themrobust tomanufacturingdefects in termsof
the positioning of each resonator. This is because the formulae for the
effective-properties are agnostic to the position and orientation of the
resonators. Alternatively, the performance could be further enhanced by
optimising the position of the resonators.

Results
In this section, we present our main results: the effective-properties of the
metamaterial. Later, in section Low-frequency expansion, we show how to
derive these results. The focus below is on how to use the effective-prop-
erties, followed by examples, and to present high-fidelity Monte-Carlo
validation.

The resonators in the material can have varied sizes, geometry, and
properties, although for ease of exposition we illustrate the case of circular
sound-hard split-ring resonators in 2D, as shown in Fig. 3. Let us considerN
different types of sound-hard Helmholtz resonators, which are randomly
distributed in a homogeneous background medium (see Fig. 3). The
properties of the resonators feed into the formulae for the effective bulk
modulus (β⋆) and effective mass density (ρ⋆), which are given by:

β?ðkÞ ¼
β

ð1� φÞ þ
PN

j¼1zðλjÞϕj
and ρ? ¼ ρ

1þ φ

1� φ
; ð1Þ

where β and ρ are the bulk modulus and mass density of the background
medium, ϕj is the volume fraction of the j-th type of resonator, with φ ¼PN

j¼1ϕj being the total volume fraction of the resonators (including their
interiors). For two dimensions, the volume fraction reduces to the ratio of
the area occupiedby aphase to the total area of thematerial.We call z(λj) the
resonance factor of the j-th resonator type derived via careful matched
asymptotic analysis22,25. The resonance factor depends only on the geome-
trical properties of the resonator and the wavenumber k of the background
medium.When hitting a resonance z(λj) increases in magnitude, and when
there is no contribution from the resonator then z(λj) is small. See section
Scattering by a single resonator, for more details and see sectionT-matrix
of a single resonator for a derivation of a formula for z(λj) for split-ring
resonators.

The effective bulk modulus β⋆ is frequency-dependent, and its beha-
viour depends on the geometry of each resonator in themixture. β⋆(k) is the
most important parameter to design band gaps for metamaterials, since the
effective mass density ρ⋆ does not depend on frequency and only increases
when adding more resonators to the mixture.

Belowwe show three examples on designing band gaps by using a layer
of randomly placed resonators, as illustrated in Fig. 3. For all the examples
we assume that the background medium is air (ρ = 1kg/m3, β = 117.6kPa).
After the examples, we show how high-fidelity Monte-Carlo simulations
closely agree with our simple formulae for a broad frequency range.

Example 1: changing volume fractions

Consider a material filled with a single species of thin-walled split-ring
resonator (a = b and one fixed value of the aperture 2ℓ in Fig. 1a). To help

Fig. 1 | A split-ring resonator. The left figure (a)

shows an illustration of a typical split-ring resonator.

The right figure (b) shows the scattering cross sec-

tion of a sound-hard 2D split-ring resonator with an

aperture size of 2ℓ=0.1b, and k is thewavenumber of

the background medium.
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illustrate the results, we consider a layer of widthW (infinite length), shown
in Fig. 3, and calculate its effective transmission coefficient by assuming the
material is homogeneous with the properties given by (1).

From the results, shown in Fig. 4b, we see that only a small percent
of resonators are needed to completely stop transmission through this
layer. As the volume fraction increases, the minimum grows wider and
shifts towards higher frequencies. With only φ = 6% volume fraction, we

reach a band gap around 140Hz, which shows that a thin layer of the
proposed metamaterial is a good candidate for a sound-insulating
material. To broaden the band gap, it is possible to either increase the
width of the metamaterial layerW, or the volume fraction of resonators
φ (see Fig. 4b).

Another lesson to learn fromFig. 4a is that theminimumof the curveφ
= 1% is very close to the resonance frequency of a single thin-walled reso-
nator, shown in 1b. However, the minimum of the Im½β?� curves shifts to
higher frequencies as φ increases because of multiple scattering effects
between the resonators. Being able to predict this minimum, with our for-
mulae (1), rather than finding it through trial and error, can save time and
resources in most applications.

Finally, because Fig. 4a has non-dimensional independent variables,
note that increasing the size of the resonators, while thickening the layer,
would lead to the band gap shifting to a lower frequency range.

Example 2: broadening band-gaps

To achieve a broader band gap, or separate band gaps, we could use layers of
random resonators of the type discussed in Example 1. Instead, we show a
case with two types of thin-walled resonators to the formulae (1) with
multiple types of resonators. The two types have different radii, b1 ≠ b2, and
aperture sizes, ℓ1 ≠ ℓ2. The results are presented in Fig. 5.

In Fig. 5(a) we notice that when the aperture ℓ2 decreases, the graph of
Im½β?� transitions from having one minimum to two distinct minima. The
appearance of the second dip is due to the resonance frequencies of the two
types of resonatorsmoving further apart aswe decrease ℓ2. The overall result
in the transmission (Fig. 5b) is a wide band gap, which separates into two
thinner band gaps as ℓ2 decreases.

Fig. 2 | Frequency demultiplexer.The top two images show a very simple frequency

demultiplexerwe designed using randomly placedHelmholtz resonators to illustrate

our results. In the top two images a harmonic plane source (of amplitude 1) travels

from right to left inside a waveguide which then splits into two smaller waveguides at

x = 5cm. The top waveguide filters out waves with wavelengths close to 34.1 mm due

to the scattering by resonators represented by green circles, with an aperture of 2ℓ =

0.2 mm. In contrast, the bottom waveguide filters out waves with wavelengths close

to 41.5 mmwith resonators represented by magenta circles, with an aperture of 2ℓ =

0.04mm. All resonators have rigid thin walls (a = b = 2mm in Fig. 1a), (uniformly)

randomly placed and oriented in air. The colour bar shows the amplitude of the total

wave (incident plus scattered). The graph shows the transmitted intensity into each

waveguide, calculated in dB. The values of transmission are calculated as the average

intensity of the wave on the left-hand side of the region containing particles in each

of the waveguides. Wavelengths from 33 to 38 mm are mostly transmitted through

the lower waveguide, while wavelengths from 38 to 43 mm are mostly transmitted

through the upper waveguide.

Fig. 3 | A layer of metamaterial. Representation of one possible configuration of

split-ring resonators in a layer of width W.
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Example 3: shifting band-gaps

Here we consider a mix of three types of resonators, each with a volume
fraction of ϕj = 4% for j = 1, 2, 3. We use three types just to showcase that
we can. Each resonator has a different aperture size, but the three types
have the same outer and inner radius b and a, for simplicity. Our goal is
to show how the band-gaps shift when the wall of the resonators
becomes thicker. Increasing the thickness causes a non-intuitive change
in the resonance which can only be predicted with our effective-
properties (1).

The transmission results for different values of the inner radii a, which
changes thewall thickness, are shown inFig. 6 below. InFig. 6awe see that as

a gets smaller, and the wall thickness increases, the resonant frequency gets
lower, however there is a limit to this effect. In Fig. 6b we see that a further
decrease in amakes the resonant frequency become higher again, as well as
lessening the strength of the resonance. These effects illustrate the need for
our formulae to guide the design process.

Monte-Carlo validation

Whendealingwith disorderedmaterials it is often impractical to predict the
precise wave response of the material for each possible configuration of the
microstructure. To reach our effective formulae (1) we used ensemble
averaging techniques 39, which lead to practical and explicit results. In this

Fig. 4 | Band gap froma single type of resonators. a shows the imaginary part of the

effective bulk modulus β⋆ and (b) the magnitude of the transmission coefficient

through a layer of widthW = 32mm. The layer is composed of thin-walled

randomly-positioned Helmholtz resonators with radius b = 0.4 mm, and k is the

backgroundwavenumber. The aperture size of the resonators is ℓ=0.05b. Each curve

has a different volume fraction of resonators.

Fig. 5 | Band gap broadeningwith two types of resonators. a shows the imaginary part

of the effective bulkmodulus and (b) shows themagnitudeof the transmission coefficient

through a layer of widthW = 32mm. The layer is composed of thin-walled random

Helmholtz resonators with radius b1 = 0.4mm and b2 = 0.2mm. The total volume

fractionof resonators isφ=15%, andhalf of them(ϕ1=7.5%)haveanaperture sizeof ℓ1=

0.1b1. Only the aperture size ℓ2 of the other half of the resonators changes between curves.

Fig. 6 | Band gapwith three types of resonators. Both graphs, (a) on the left and (b)

on the right, show the transmission coefficient through ametamaterial of widthW=

32 mm filled with randomly positioned resonators, all with the same outer radius

b.The total volume fraction of resonators is φ = 12%, with a third of them having an

aperture size of ℓ1 = 0.05b, another third with ℓ2 = 0.01b, and the final third with ℓ3 =

0.005b. For each curve we use a different inner radius a for all the resonators.
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section we validate these formulae by using high-fidelity Monte-Carlo
simulations for both a layer and circle filled with resonators. We also
highlight some advantages and disadvantages of disordered metamaterials
in general.

To get an exact match with a high-fidelity simulation, we need to
perform simulations of wave scattering from one configuration at a time,
where the resonators do not overlap and their positions are randomly
chosen, see40 and references within for details on how to achieve this. Some
noteworthy references include41,42. The average wave is then calculated by
taking the average total wave over all simulations. This is whatwemean by a
high-fidelity Monte-Carlo simulation. The mathematical details on
ensemble averaging and the Monte-Carlo method are given in section
Ensemble average and multiple scattering; here we focus mostly on
showing the results.

We begin with the case of a layer filled with resonators and an incident
plane wave. This is a case which is simpler to understand, though Monte-
Carlo simulations can be challenging as the layer needs to be very tall, large
H in Fig. 7, as the effective theory assumes the layer is infinitely extent.

We perform a high-fidelity Monte-Carlo simulation for a plane
incident wave, with wavenumber k, scattered by randomly distributed
and randomly oriented thin-walled split-ring resonators (b= a in Fig. 1a)
inside a long strip shown in Fig. 7a. The transmitted field is measured
one radius away from right-hand side of the layer as also illustrated in
Fig. 7a. This simulation is repeated many times, and the average trans-
mission 〈u〉 is compared with the average intensity 〈∣u∣2〉, and the pre-
diction from the effective-properties formulae (1) in Fig. 7b below. The

runtime of the MC simulation was over 24 hours, with parallelization,
and using all computational power available, while the effective formulas
are computed in less than a second, using only a fraction of the
computational power.

In Fig. 7b we see that the average transmission calculated using the
effective-properties (1) accurately matches the average from Monte-Carlo
(MC) 〈u〉 in the frequency range kb ≲ 0.4 which includes the resonant
frequencies, and agrees with our derivations in section Low-frequency
expansion. The MC mean intensity 〈∣u∣2〉 is higher than the MC mean
amplitude, specially around resonance, due to phase cancellation when
calculating 〈u〉; see discussion below (18) in section Ensemble average and
multiple scattering for more details. To qualitatively show the difference
betweenmean amplitude andmean intensity, and better highlight the band
gap as discussed in section Introduction, we provide two examples with the
same setup as Fig. 7, except with two and three times more resonators
respectively in the layer, shown in Fig. 8 below.

InFig. 8, evenwhen the averagewave is completely blockedby the layer
(zero transmission), the average intensity is not zero as it is in a speckled or
incoherent form23. This incoherentpart is lostwhen taking the average of the
field, due to phase cancellation, but not in the average intensity. This type of
band gap, introduced in section Introduction, is more general than the
usual definition of a band gap for periodic materials, as some part of the
wave does get transmitted.

An important feature from Figs. 7b and 8 is that each realisation of the
Monte-Carlo simulation is close to the MC mean amplitude for kb⪅0.4,
especially in the band gap region. That is, the purple shaded area has a 95%

Fig. 7 | Monte-Carlo simulations for a layer. a shows one realisation used for our

Monte-Carlo (MC) simulations, where resonators are placed within a layer of width

W = 20b, height H = 200b, and b is the resonator radius. An incident plane wave

comes from the left and the total field is then measured at a point at half height and

one radius away from the layer. This simulation is repeated many times, each with a

different configuration of resonators, and then the average MC field is compared

with a transmission coefficient calculated by using the effective-properties (1),

shown on the right (b). For theMCwe use three types of thin-walled resonators, each

with 4% volume fraction, but with different aperture sizes ℓ1 = 0.05b, ℓ2 = 0.01b, and

ℓ3 = 0.005b. In total 5000 different configurations are calculated for theMC results in

(b), and σ is the 2 × the standard deviation.

Fig. 8 | Zero transmission with Monte-Carlo simulations. Results of 5000 different configurations of Monte-Carlo (MC) simulations for the same setup as in Fig. 7, however

withdouble (a), and triple (b), the volume fractionof each type of resonator in themixture. In total,wehaveφ=24%(a), andφ=36% (b), volume fractionof resonators in the layer.
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statistical confidence (2σ). This suggests a powerful design strategy: 1) first
use the effective formulae to decide onwhat types of resonators to use, given
some target band diagram, then 2) produce one realisation with the reso-
nators randomlyplaced, andfinally 3) performa local optimisation to adjust
the position of the resonators to further refine the transmission or reflecting
properties. This design strategy would be much less computationally
intensive than pure optimisation strategies used in the literature15,16,38, as we
discussed in section Introduction.

It is important to note that someMCpoints between kb = 0.1 and kb =
0.22 in Figs. 7b and 8 exceed 100%. If the height of the simulation domanH
was infinite, and enough Monte-Carlo simulations (MC) were performed,
then the average intensity must not exceed 100%. In our case, the trans-
mission above 100% is due to the finite heightH: the top and the bottom of
the finite simulation domain leads to a diffracted wave which for specific
frequencies tips the transmission over 100%. This has only a noticeable
effect for one frequency in our results.

Our effective formulae (1) are valid for materials of any shape or
size20,43. In particular, a circlefilledwith resonators leads tofinite sizeMonte-
Carlo simulations (MC)43,44 which makes validation far simpler. See Fig. 9a
for an illustration.

Our goal here is to compare three different methods to calculate the
scattering cross section of a circle filled with resonators: 1) MC simulations,
2) a circle with the effective-properties (1), and 3) the effective waves
methods20,43which works beyond low frequencies. The results are shown in
Fig. 9b. The runtime of the MC simulation was over 5 hours, with paral-
lelization, and using all computational power available. The effective waves
method and effective formulas are computed in over 40min and a few
seconds respectively, using only a fraction of the computational power.

WhenperformingMCfor a circlefilledwith resonators,wemakeuseof
the rotational symmetry to greatly reduce the computational cost of cal-
culating the scattering cross section, see44 for details. For the circle with
either effective-properties, or using the effective waves methods20,43, the
scattering cross section becomes:

hΣsci ¼
2

kR

X1

n¼�1

jhF nij
2; ð2Þ

whereR is the radius of themetamaterial, and hF ni are the averagematerial
coefficients defined in section Ensemble average and multiple scattering.

The results in Fig. 9b again show that the mean of MC data is close to
the results using the simple formulae for the effective-properties at lower
frequencies kb ≲ 0.7. The effective-properties are deduced as a low-

frequency asymptotic approximation of the effective waves method, and it
can be seen in Fig. 9 that these two methods match for lower frequencies.

Figure 9 also shows that the effective waves method matches the
Monte-Carlo results for all frequencies. This would not be expected for all
resonators and volume fractions, because the effective waves method may
lose accuracy when strong scattering is present. This is because strong
scattering can trigger multiple effective wavenumbers45, and the effective
wavemethod shownhere only considers one effectivewavenumber.Despite
beingmore accurate, the effective wavesmethod has a significant drawback:
it requires amuchmore elaborate calculation43 than the formulae (1), which
makes it less useful than the effective formulae for designingmetamaterials.

Discussion
We have introduced a disordered composite metamaterial, consisting of
sub-wavelength Helmholtz resonators. Having small resonators com-
pared to the wavelength (kb < 1) allowed us to deduce, from first prin-
ciples, formulae for both effective bulk modulus and effective mass
density (1). These formulae were validated against high-fidelity Monte-
Carlo simulations for both a layer and a circle filled with resonators.
Using our effective formulae, we are able to quickly design broad fre-
quency band gaps without using multiple layers, periodicity, or heavy
optimisation methods. In future work, we plan to expand our results to
higher order in kb and hence produce formulae that hold at higher
frequencies. This would allow us to consider the effects of particle
positioning, through the pair-correlation, and allow us to quantify the
difference between, say, random, periodic and hyperuniform materials.
At higher frequencies, or for thick-walled resonators, the effects of vis-
cous dissipation are likely to become important, and so can be incor-
porated into the resonator apertures in the manner discussed in 22, or by
more sophisticated asymptotic analysis.

Contrary to the standard approach with periodic media, the formulae
we deduce are based on ensemble averaging over the possible positions and
orientations of the resonators, which introduces both advantages and dis-
advantages. The key advantages are that: 1) we were able to easily deduce
effective-properties for any mix of different types of resonators, and 2) the
effective-properties are robust with respect to changes in position and
orientation of the resonators, as shown by themotivation example in Fig. 2.
However, the effective-properties in (1) do not give exactly the same results
as any one specific configuration, and they also do not capture the average
intensity of the scattered waves.

Despite using ensemble averaging in deriving (1), there are many
applications for a single configuration of resonators. For example, the fre-
quency demultiplexer in Fig. 2 with only one configuration of resonators

Fig. 9 | Monte-Carlo simulations for a circle. a shows one configuration of reso-

nators used for our Monte-Carlo (MC) simulations. The resonators are placed

randomly within a circle of radius R = 20b. An incident plane wave comes from the

left and the resulting scattering cross section is shown in (b) on the right for three

different methods: MC simulations, the effective waves method20, and by using the

effective-properties formulae (1). The aperture size of all resonators is ℓ = 0.05b, the

volume fraction is φ = 10% in all 40,000 configurations of theMC simulations, and σ

is the standard deviation. The scattering cross section (2)was calculatedwith thefirst

nine scattering coefficients hF ni in (2).
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generated randomly had a similar performance compared with the one
achieved via heavy optimisation in 38. In part this is due to the response of a
single configuration being close to themean response for low frequencies, as
illustrated by the purple shaded region in Figs. 7, 8, 9 which represents two
standard deviations of the mean.

Throughout the whole paper we only showed examples of split-ring
resonators from22,25,26. However, the formulae for the T-matrix (6) has the
same form for any sub-wavelength circularHelmholtz resonator (which has
one aperture), like the ones depicted in Fig. 10, and the derived effective-
properties (1) would have the same formula, although the resonance factor
z(λ) would change. Resonators with different internal structures should
result in richer effective-properties for themetamaterial, as illustrated in Fig.
6 for thick walled split-ring resonators.

One interesting direction to explore as future work is to implement the
enhanced design strategy described in section Monte-Carlo validation.
This strategy consists of finding one specific configuration for the particles
via optimisation while being guided by the overall band structure from the
effective-properties (1). Another future avenue would be to investigate
possible generalisations of the metamaterial presented. The simplest
example is the three-dimensional case, where the Helmholtz resonators are
spherical shells with a small aperture. Different from the case of long
cylinders, small spheres could be used to produce compact versions of the
metamaterial presented in three dimensions. Other than just acoustics, the
case of sub-wavelength resonating structures in electromagnetism or elas-
ticity could lead to interesting applications. For example, one could study
how to embed sub-wavelength resonators in the building blocks of low-
frequency operating machinery or other structures, to prevent harmful
vibrations from propagating.

Methods
Here we derive the effective-properties (1) in three steps: scattering by a
single resonator in sectionScatteringby a single resonator, scatteringof the
whole metamaterial in section Ensemble average and multiple scattering,
and then an asymptotic low-frequency expansion in sectionLow-frequency
expansion.

Scattering by a single resonator

Before calculating the acoustic response of the wholemetamaterial, we need
to describe how each resonator scatters waves. This is best done with the
T-matrix method46–48, which we describe below, as it facilitates calculations
for multiple scattering.

Let the centre of the resonator be the origin of R2. We assume the
incident wave is a regular function, which allows us to expand the incident
wave in terms of a series of regular radial waves:

uincðrÞ ¼
X1

n¼�1

gnVnðkrÞ with VnðkrÞ ¼ JnðkrÞ e
inθ; ð3Þ

where r 2 R2, k is thewavenumber, Jn is theBessel functionof thefirst kind,
and (r, θ) are polar coordinates of R2. Note that the time-harmonic
dependence e−iωt is assumed throughout the paper for both incident and
scatteredwaves, whereω is the angular frequency, and k=ω/c, where c is the
speed of sound in the background medium.

Due to the linearity of theHelmholtz equation, the totalfield is givenby
the superposition of the incident wave and the scattered field from our
resonator:

utotðrÞ ¼ uincðrÞ þ uscðrÞ;

and, outside the resonator, the scatteredfield canbe represented as a series of
outgoing radial modes:

uscðrÞ ¼
X1

n¼�1

f nUnðkrÞ; for r ¼ jrj > b; ð4Þ

where b is the outer radius of the resonator, fn are the scattering coefficients,
and the outgoing radial modes are given by:

UnðkrÞ ¼ HnðkrÞ e
inθ;

withHnbeing theHankel functionof thefirst kind.Theusual superscript (1)
on the Hankel function is suppressed here and henceforth for clarity.

Todetermine the scatteredfield,weneed to apply boundary conditions
at the walls of the resonator. The result of solving the boundary conditions
can be expressed in terms of the T-matrix which relates the incidentwave to
the scattered waves through:

f n ¼
X1

m¼�1

Tnmgm; ð5Þ

where Tnm are the elements of the T-matrix. We deduce the T-matrix for a
circular Helmholtz resonator with sound-hard walls (Neumann boundary
conditions) and outer radius b in section T-matrix of a single resonator,
which reads:

Tnp ¼ �
J0pðkbÞ

H0
pðkbÞ

δnp �
ie�iðn�pÞθ0

πH0
nðkbÞH

0
pðkbÞ

zðλÞ; ð6Þ

where θ0 is the orientation of the aperture (anticlockwise angle with the x-
axis), prime denotes differentiation with respect to the argument, and λ is a
set of properties that identifies one type of resonator.

In sectionLow-frequency behaviour of the resonance factor, we use a
closed form for z(λ) for the split-ring resonator in Fig. 1, which is fully
characterised by λ = {kb, ka, kℓ} with outer radius b, inner radius a, and
aperture of ℓ. However, the formula (6) is the same for any circular resonant
structure, with only z(λ) changing, with some examples illustrated in Fig. 10.

To determine the resonance factor z(λ) for a different resonator, one
should redo the asymptotic calculations in22 for its specific internal geo-
metry, and then repeat the deduction in section T-matrix of a single
resonator to arrive at (6). Similarly, we could easily adapt (6) to incorporate
the case of multiple apertures in the same resonator.

T-matrix of a single resonator

In this section, we deduce the T-matrix for a split-ringHelmholtz in (6) and
use an expression for z(λ) in (27) combined with (28) for a split ring
resonator.

Fig. 10 | Alternative internal structures for

Helmholtz resonators. Three examples of Helm-

holtz resonators with different resonance fac-

tors z(λ).
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Consider a resonator with outer radius b, inner radius a, aperture size
2ℓ, and orientation θ0, as shown in Figure 1. Let us obtain the scattered field
for the incident plane incident wave:

vincðrÞ ¼ eikr cosðθ�θincÞ;

Using [Equation (3.1) 22] we can calculate the scattered field for θ0= 0which
in our notation becomes

vscðrÞ ¼ AU0ðkerÞ þ
X1

n¼�1

cnUnðkrÞ; ð7Þ

where er ¼ r � bðcosðθ0Þ; sinðθ0ÞÞ is the aperture location, cn and A are
coefficients given by [Eqs. (3.4) and (3.6) respectively 22]. To obtain the
scattered field for θ0 ≠ 0, we rotate the coordinate system θ → θ − θ0,
followed by the rotation of the incident wave θinc → θinc − θ0. These
rotations leave the incident wave unaltered while rotating the resonator by
an angle of θ0 which together with [Equation (3.1) 22] results in:

A ¼ �zðλÞ
P1

p¼�1

ipkb
H0

pðkbÞ
eipðθ0�θincÞ;

cn ¼ �in
J0nðkbÞ

H0
nðkbÞ

e�inθinc � A
2
QnðkbÞ
H0

nðkbÞ
e�inθ0 ;

ð8Þ

where QnðxÞ ¼ JnðxÞH
0
nðxÞ þ J0nðxÞHnðxÞ, and the prime notation denotes

the derivative with respect to the argument. We call the function z(λ) the
resonance factor and it is defined by (27) in section Low-frequency beha-
viour of the resonance factor.

To rewrite (7) in terms of a T-matrix, shown in (5), we need to express
all the terms centred at the origin, which leads us to use Graf’s addition
theorem to rewrite the monopole term evaluated at ker in the form:

U0ðkerÞ ¼
X1

n¼�1

J�nðkbÞe
inðπ�θ0ÞUnðkrÞ;

which substituted into (7) leads to

vscðrÞ ¼
X1

n¼�1

dnUnðkrÞ; with dn ¼ cn þ AJnðkbÞe
�inθ0 : ð9Þ

Next, the T-matrix (5) relates any incident wave to the scattered wave,
soweneed to rewrite any incidentwaveuinc(r) in termsof planewaves touse
the results above. To achieve this, we use the Jacobi-Anger expansion of the
plane wave:

vincðrÞ ¼ eikrcosðθ�θincÞ ¼
X1

n¼�1

inJnðkrÞe
inðθ�θincÞ;

followed by a superposition of plane waves:

uincðrÞ ¼
R 2π

0 vincðrÞgðθincÞdθinc ¼
R 2π

0

P
n
gðθincÞi

nJnðkrÞe
inðθ�θincÞdθinc

¼
P
n
½in
R 2π

0 gðθincÞe
�inθincdθinc�VnðkrÞ:

ð10Þ

Without loss of generality, we choose the amplitude of the packet of plane
waves g(θinc) in (10) such that:

in
Z 2π

0

gðθincÞe
�inθincdθinc ¼ gn;

which implies that (10) now matches the form of any regular incident
wave (3).

Now we need to perform the same operations on the scattered field
vsc(9) from a plane wave to obtain the total scattered field from any incident
wave usc, which is possible due to the linearity of the Helmholtz equation
and results in:

uscðrÞ ¼
R 2π

0 vscðrÞgðθincÞdθinc ¼
P
n

R 2π

0 dngðθincÞdθinc

h i
UnðkrÞ;

¼
P
n;p

�δnp
J0pðkbÞ

H0
pðkbÞ

þ 2e�iðn�pÞθ0

ðπkbÞ2hðλÞH0
nðkbÞH

0
pðkbÞ

� �
gpUnðkrÞ;

ð11Þ

where we have used the Wronskian of Bessel-Hankel functions in the
second line:

JnðxÞH
0
nðxÞ � J0nðxÞHnðxÞ ¼

2i

πx
:

Finally by comparing (5), (6) and (11) we conclude that:

Tnp ¼ �
J0pðkbÞ

H0
pðkbÞ

δnp þ
ieiðn�pÞθ0

πH0
nðkbÞH

0
pðkbÞ

zðλÞ; ð12Þ

which is the general T-matrix for aHelmholtz resonator using formulae in22.
In section Low-frequency expansion, the T-matrix (6) is used to cal-

culate thedispersionequation.However, as discussed in20,44, only the average
T-matrix over all orientations of the aperture θ0 contributes to the disper-
sion equation. We call this orientation averaged version of (6) the isotropic
T-matrix, which is given by terms in the diagonal terms of (6), as follows:

TnðλÞ ¼ �
J0nðkbÞ

H0
nðkbÞ

�
izðλÞ

π½H0
nðkbÞ�

2 : ð13Þ

Ensemble average and multiple scattering

To account for different types of resonators in the metamaterial we need to
first calculate the exact multiple scattering between the resonators, after
which we will perform ensemble averaging as shown in20,44,48. We also
borrow the notation from these references.

Let us number each resonator in the material. We denote the centre of
the j-th resonator by rj, and the set of its properties by λj. As an example, if
the j-th resonator is a split-ring resonator, shown in Fig. 1, we have the
following set of properties:

λj ¼ fkbj; kaj; k‘jg

where bj is the outer radius, aj the inner radius, and ℓj the aperture size.
The scattered field from all resonators is a sum of the waves scattered

from each resonator:

uscðrÞ ¼
XJ

j¼1

X1

n¼�1

f jnUnðkr � krjÞ; ð14Þ

where r cannot be within any resonator, J is the total number of resonators,
and f jn are the scattering coefficient of the j-th resonator as introduced in
section Scattering by a single resonator.

Fornumerical validation, and tohelp explain the ensemble averaging, it
helps to specialise to the case of all resonators within a large sphere. To
achieve this we use Graf’s addition theorem, to rewrite (14) in terms of
outgoing waves centred as the origin:

uscðrÞ ¼
XJ

j¼1

X1

n;n0¼�1

Vn�n0 ð�krjÞf
j
nðΛÞUn0 ðkrÞ: ð15Þ
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The coefficients f jn depend on all properties and positions of all
resonators20,48. To make this explicit, and simplify notation, we denote one
configuration by Λ, which represents all positions and properties of the
resonators. We also define the material scattering coefficients of the whole
sphere containing all resonators as:

F nðΛÞ ¼
XJ

j¼1

X1

n0¼�1

Vn0�nð�krjÞ f
j
n0 ðΛÞ;

which simplifies (15) into:

uscðrÞ ¼
X1

n0¼�1

F nðΛÞUnðkrÞ: ð16Þ

To calculate the average response of the metamaterial, we ensemble
average over all possible positions, orientations and properties20,21,39, while
assuming that resonators do not overlap, and that any possible configura-
tion Λi has the same probability (micro-canonical ensemble), which results
in:

huscðrÞi ¼
1

M

XM

i¼1

X1

n¼�1

F nðΛiÞUnðkrÞ ¼
X1

n¼�1

hF niUnðkrÞ; ð17Þ

where the bracket notation 〈 ∘ 〉 denotes the ensemble average of ∘, andM is
the number of possible configurations Λi which tends to infinite.

The average material coefficients hF ni can be calculated either by the
effectivewavesmethod20,44, or by brute forceMonte-Carlo simulations using
the Julia library MultipleScattering.jl49.

The effective waves method calculates the average amplitude (17)
directly, avoiding the explicit computation of the scattering from each
configuration (16). Further, this method provides a semi-analytic formula
for the dispersion equation of the meta-material, which we use to obtain a
low-frequency expansion in section Low-frequency expansion, resulting in
explicit formulae for the effective-properties.

On the other hand, Monte-Carlo simulations estimate the average
response by explicitly calculating the scattering from each configurationΛi,
repeating this for a very large number of possible configurations, and then
calculating the average (17). This strategy also allows the computation of
higher statistical moments of the scattered field, such as the mean scattered
intensity:

hjuscðrÞj
2i ¼

X1

n;m¼�1

hF �
nFmiU

�
nðkrÞUmðkrÞ; ð18Þ

where * means complex conjugation. In section Monte-Carlo validation,
we used both the mean amplitude (17) and mean intensity (18) calculated
from Monte-Carlo simulations for our disordered metamaterial, and
compare themagainst the average response from the effective-properties (1)
deduced in section Low-frequency expansion.

It is interesting to compare the average intensity against the intensity of
the average to illustrate attenuation due to phase cancellation. The Cauchy-
Schwarz inequality applied to (17) and (18) leads to:

hjuscðrÞj
2i≥ jhuscðrÞij

2: ð19Þ

In other words the “energy” of the average field ∣〈usc(r)〉∣
2 is less than, or

equal to, the average energy 〈∣usc(r)∣
2〉. This apparent energy loss in the

average field is due to phase cancellation. This effect is illustrated in Fig. 7,
where themean intensity is consistently higher than themean amplitude for
moderate to high frequencies (ka > 0.2).

Low-frequency expansion

In this section, we use the dispersion equation for a 2D random particulate
material from the effective waves method in [equation 4.10 44] to derive

effective-properties of the metamaterial with resonators. The single species
(one type of particle) version of this dispersion relation is the same as found
in21,50. As we are interested in the long wavelength regime, we assume that
the resonators’ positions, orientations, and properties are uncorrelated,
except that the resonators cannot overlap. To reach adispersion equationwe
also need a closure assumption. We use the Quasi-Crystalline Approx-
imation discussed in21,51. For these assumptions, the dispersion equation
[equation 4.10 44] simplifies to:

Fmðλ1Þ þ
X1

n0¼�1

2π�Tnðλ1Þ

k2? � k2

Z
Nn0�m½kðb1 þ b2Þ; k?ðb1 þ b2Þ�Fn0 ðλ2Þnðλ2Þdλ2 ¼ 0;

ð20Þ

where Nn½x; y� ¼ xH0
nðxÞJnðyÞ � yJ0nðyÞHnðxÞ, nðλÞ is the number density

of resonators of type λ, k⋆ is the effectivewavenumber,TnðλÞ is the isotropic
T-matrix (13) derived in section T-matrix of a single resonator, and Fn is
the amplitude of the effective wave, defined in44.

We define the effective speed of sound as follows:

c� ¼ ck=k?:

Todo anasymptotic expansion,we assume there is amaximumouter radius
for the resonators bmax, such that bj ≤ bmax for all j. We also recall that all
resonators are sub-wavelength, so the dimensionless wavenumber ϵ ¼

kbmax is small. Then, we expand both the speed of sound and effective
wavenumber as a power series of ϵ:

c

c�
¼ χ þOðϵÞ and k?bj ¼ χαjϵþOðϵ2Þ; ð21Þ

where αj ¼ bj=bmax, and χ has yet to be determined.
To determine χwe need to perform an asymptotic expansion of the

terms in (20), including Tnðλ1Þwhich depends on the resonance factor.
The trick to do this elegantly is to make no assumptions about the
asymptotic order of z(λ) 25,26. This is because z(λ) depends on the fre-
quency in a non-trivial way, involving all parameters of the resonators
internal geometry (see (6) in section Scattering by a single resonator;
and (27) and (28) in section Low-frequency behaviour of the reso-
nance factor). Fortunately, we can reach simple formulae without
making any assumption about z(λ). Instead, the resulting error of our
method will be relative to z(λ).

Performing an asymptotic expansion on the terms in (20) results in:

1
k2?�k2

¼
b2max

χ2�1
1
ϵ
2 þOðϵ�1Þ;

Nn0�mðkb1;2; k?b1;2Þ ¼ N
ð0Þ
n0�mðχÞ þOðϵÞ; with Nð0Þ

n ðχÞ ¼ 2i
π

P1
m¼�1

χjmjδn;m;

Tnðλ1Þ ¼ T
ð2Þ

n ðλ1Þα
2
1ϵ

2 þOðϵ3ð1þ zðλÞÞÞ; with

T
ð2Þ

n ðλ1Þ ¼
iπ
4

δn;1 þ δn;�1 � δn;0 þ zðλ1Þδn;0
� �

:

ð22Þ

where δn,m is the delta Kronecker symbol. We have included z(λ) in the
error so that we do not need to make assumptions about the size of z(λ)
which can be large. Fortunately, this works well, as the maximum relative
error of the leading order term forTn is ϵ.We see this trend in the numerical
validation.

Substituting (22) into (20), and retaining only the leading order terms
we reach:

Fnðλ1Þ �
2πb2max

1� χ2
T
ð2Þ

n ðλ1Þα
2
1

X1

n0¼�1

N
ð0Þ
n0�nðχÞ

Z
Fn0 ðλ2Þnðλ2Þdλ2 ¼ 0;

ð23Þ

where the sum is truncated to three terms as the other terms are of higher
order in ϵ. To determine χ we multiply both sides of (23) by nðλ1Þ and
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integrate over λ1, leading to the following eigenvalue problem:

P1

n0¼�1

Mnn0
eFn0 ¼ 0; with eFn ¼

R
Fnðλ1Þnðλ1Þdλ1 and

Mnn0 ¼ δn;n0 �
2πb2max

1�χ2 N
ð0Þ
n0�nðχÞ

R
T
ð2Þ

n ðλ1Þα
2
1nðλ1Þdλ1:

ð24Þ

By solving the dispersion relation detM ¼ 0, we can obtain an exact
expression for χ which substituted into (21) leads to (at leading order):

c2� ¼
β

ρ

ð1� φÞ

ð1� φþ
PN

j¼1zðλjÞϕjÞð1þ φÞ
; ð25Þ

where, to simplify the exposition, we have specialised the above to amixture
of N types of resonators which led us to substitute

nðλÞ ¼
XN

j¼1

ϕj

πb2j
δðλ� λjÞ; ð26Þ

where ϕj is the volume fraction of the resonator of type j, φ ¼
PN

j¼1ϕj is the
total volume fraction of resonators, and δ is the Dirac delta distribution.

Finally, we want an effective density ρ⋆ and bulkmodulus β⋆ such that
c2? ¼ β?=ρ?. Analogous to

19,20 there is only one way to factor out β⋆ and ρ⋆
such that the limits ϕj→ 0 are consistent, and they lead to (1) presented in
sectionResults. Then, to calculate the average response of anymetamaterial,
one can replace it with an effective homogeneous medium with properties
given by (1). We validate these results against Monte-Carlo simulations in
Figs. 7 to 9.

We note that it is expected that Helmholtz resonators, with only one
gap such as the examples shown in Fig. 10, only significantly alter the
effective bulkmodulus, aswededuced in (1). This is because one gap leads to
a dominant monopole term, and the monopole terms from the resonators
contribute to the effective bulkmoduluswhile the dipole terms contribute to
the effective density. Therefore a dipole dominant resonator would lead to a
significant change in the effective density.

Low-frequency behaviour of the resonance factor

In this section we show z(λ) for a 2D thin walled-split resonator. Other
expressions for z(λ) for other Helmholtz resonators can be deduced
from24,52,53

We use the results from22, where z(λ) is related to the function h(λ)
through:

zðλÞ ¼
2i

πðkbÞ2hðλÞ
: ð27Þ

For a thin-walled Helmholtz resonator (b = a in Fig. 1) h(λ) is given by
[equation (3.7) 22]:

hðkb; k‘Þ ¼ 2þ
4i

π
ðγe þ log

k‘

4
Þ �

1

2

X1

m¼�1

Qm2ðkbÞ

H0ðkbÞJ0ðkbÞ
; ð28Þ

whereQmðxÞ ¼ JmðxÞH
0
mðxÞ þ J0mðxÞHmðxÞ and γe is the Euler-Mascheroni

constant. For the expression for h(kb, ka, kℓ) for a thick-walled resonator (a
< b) see [equation (3.7) 22], which we use to produce the results in Fig. 6.

Performing the asymptotic expansion of ϵ = kb≪ 1 in (28) we obtain

hðkb; k‘Þ ¼ 2þ
4i

π
ðγe þ log

k‘

4
Þ þ

2i

π

1

ϵ
2
þO

1

ϵ

� �
; ð29Þ

where we do not expand the logarithmic term. From the above, and noting
that kℓ < kb, we can conclude that jhj 2 Oðϵ�2Þ for frequencies away from
resonance, which implies that jzj 2 Oð1Þ. At resonance we have that h(λ) is
purely real, which occurs when h(kb, kℓ) = 2, and then jzj 2 Oðϵ�2Þ. In

other words, z(λ) changes its order in ϵ when passing through resonance,
which complicates an asymptotic analysis. Luckily, we do not need to per-
form an asymptotic expansion on z(λ) to deduce simple effective formulae
for the leading order term.
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