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Abstract

The study of special values of adjoint L-functions and congruence ideals is gradually
becoming a classical theme in number theory, driven by the Bloch-Kato conjecture and
generalisations of Wiles-Lenstra’s numerical criterion. In this paper, we relate L(1, 7, Ad®)
to the congruence ideals for conomological cuspidal automorphic representations r of
GL, over any number field. We then use this result to deduce relationships between
the congruences of automorphic forms and adjoint L-functions. For CM fields, using the
existence of Galois representations, we apply the result to obtain a lower bound on the
cardinality of certain Selmer groups in terms of L(1, r, Ad®). This can be viewed as
partial progress on the Bloch-Kato conjecture. The main technical ingredients are a
careful study of the cohomology associated with the locally symmetric space of GL,, its
relation to automorphic representations, and the establishment of some algebraic
properties of the congruence ideals. We anticipate that the methods developed here
will find further applications in related problems, particularly in the study of
congruence modules and their relation to the arithmetic of automorphic forms.
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1 Introduction

In number theory, we study many different types of L-functions, such as L-functions of
elliptic curves, Artin L-functions, and Dirichlet L-functions. A recurring theme is that
the special values of these L-functions often encode deep arithmetic information. Some
notable examples include the analytic class number formula, the Herbrand-Ribet theorem,
and the Birch-Swinnerton-Dyer conjecture.

The focus of this paper is the adjoint L-function of an automorphic representation.
Special values of adjoint L-functions frequently reflect congruences between automorphic
forms, and these congruences can in turn be measured by the so-called congruence ideal.
The relationship between adjoint L-values and congruence ideals has by now become a
central theme in modern number theory; for a historical overview, we refer the reader to
the introduction of [1]. Here we offer a complementary motivation.

In 1994, Andrew Wiles and Richard Taylor proved Fermat’s last theorem by showing
that every semistable elliptic curve is modular. The key is to establish a modularity lifting
theorem, which in their setup boils down to showing that the universal deformation ring
R of some residual Galois representation is isomorphic to a suitable Hecke algebra T'. To
do so, they used the Taylor-Wiles method to prove a modularity lifting theorem in the
minimally ramified case [2]. To extend the theorem to the non-minimal case, Wiles [3]
used a numerical criterion for ring isomorphism. To apply the criterion involves studying
the tangent space of R on the one hand and examining an invariant called the congruence
ideal n7 of T on the other hand.

It has since proved fruitful to study congruence ideals not only for Hecke algebras but
also for various cohomology modules. In [4], the congruence ideals associated with the
cohomology of certain locally symmetric spaces are related to the value at s = 1 of the
adjoint L-function for GL; over specific number fields. Using the work of [1], we generalize
these results to GL,, over an arbitrary number field.

Let 7 be a regular algebraic cuspidal automorphic representation of GL,(Af), where
F is a number field. Our first main result is Theorem 4.14, which establishes that, under
suitable assumptions, the (cohomological) congruence ideal of v is generated by a special
value of the normalised adjoint L-function L9 (1, 7, AdY, €).

Building on Theorem 4.14, we derive consequences for congruences between automor-
phic forms. In Corollaries 4.17 and 4.20, we show that under suitable assumptions, if the
p-adic valuation of L(1, 7, Ad® €) is positive, then there is an automorphic representation
7’ 2 = whose Hecke eigensystem is congruent to that of 7.

In the last subsection, we provide in Theorem 4.26 a lower bound for the cardinality of
a certain Selmer group in terms of special values of L-functions when F is a CM field. This
can be viewed as partial progress on the Bloch-Kato conjecture.

1.1 Strategy
We briefly summarise the strategy of the paper, omitting certain technical details in order
to emphasise the main ideas.

The starting point is to realise automorphic representations in cohomology and to work
at the level of cohomology. By results of Borel and Franke [5,6], any regular algebraic
cuspidal automorphic representation of GL,(Afr) contributes to the cohomology of the
locally symmetric space X;; associated with GL,. Poincaré duality furnishes a perfect
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pairing between the singular cohomology and the compactly supported cohomology of
Xy with Zy-coefficients. Under the additional assumption that the cohomology of the
boundary of Xj; is p-torsion free, this pairing induces a perfect pairing on the inner
cohomology of Xi;.

By Lemma 3.5, any such perfect pairing that is suitably compatible with the action of
the Hecke algebra yields an explicit formula for the corresponding congruence ideal: the
ideal is generated by the value of the pairing on appropriate Z,-generators. In our setting,
the relevant pairing is the cup product on cohomology, which, on the automorphic side,
corresponds essentially to the Petersson inner product of two automorphic forms. Via
the Rankin-Selberg method, this inner product can be expressed in terms of the adjoint
L-function. This leads directly to a formula for the congruence ideal in terms of the value
L(1, 7w, Ad® €) in Theorem 4.14.

Using the relationship between congruence ideals and congruences of automorphic
representations (Lemma 3.6), we then obtain criteria for the existence of congruent auto-
morphic representations in terms of adjoint L-values (Corollary 4.17). Finally, invoking
the local-global compatibility results for Galois representations established in [7], together
with standard techniques from Galois deformation theory, we derive in section 4.5 (when
F is a CM field) a lower bound for the order of a certain Selmer group in terms of special

values of adjoint L-functions.

1.2 Notation
A CM field means a totally imaginary quadratic extension of a totally real number field.
For a number field F, we write Ar for the ring of adeles, F5, := F @@ R = Hvloo F,,

Af

the ring of finite adeles, and A;O’S for the ring of finite adeles without the components at
S. The contragredient of an automorphic representation of GL, (Ar) is denoted by 7.
If G is a locally profinite group and U is an open compact subgroup of G, then we let

‘H(G, U) := {U-biinvariant compactly supported functions G — Z}
= ZIU\G/U),

where multiplication is given by convolution with respect to the Haar measure on G which
gives U volume 1. If F is a number field and O is the ring of integers of a finite extension
of Qp, then

TS == H(GL.(AP®), [] GL4(OR)) @z O.
v¢SU{oo}

(This of course depends on F, O.)

We write Ad® for the (trace zero) adjoint representation, which is the representation of
GL,(C) on the n x n trace zero matrices by conjugation.

All L-functions include the L-factors at infinity unless otherwise stated.
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If F is a number field and G = GL,;/F, then Ko will mean the product of Ag := R~
land the standard maximal compact subgroup of G(F ®q R), so

Koo ZRog - (O4(R)™ x Uy(R)™),

where r1, rp are the number of real and complex places of F respectively and U,(R) :=
{g € GL,(C) : gTg = 1} is the unitary group. Also, g will be the Lie algebra of GL,,(Fxo).

2 Cohomology

Fix a number field F with r; real places and r, complex places for the entire section.
Readers not very familiar with the relationship between automorphic representations and
cohomology are recommended to read the excellent papers [8,9].

2.1 Cohomology and Hecke operators
We shall mostly follow [10, section 6] and [11, section 2.1] to define the cohomology
group and Hecke operators. Most of the material is standard, but there are many different
variations, so we think it is necessary to state clearly our conventions.

Let G = GL,. For an open compact subgroup U C G(A%°), we define?

Xu = G(F)\G(Af) /K3, U
and
X = G(Fx) /K,

Note that X;; = G(F)\(X x G(AR)/U).

We call an element g = (g,), € G(AY) neat if N, I, = {1}, where I', C QX is the
torsion subgroup of the subgroup generated by the eigenvalues of g,. We call an open
compact subgroup K C G(AP’) neat if all of its elements are neat.

Definition 2.1 We call I C G(AY°) a good subgroup if it is a neat subgroup of the form
U=1T1[,U, C[[GL.(OF,).

Let U be a good subgroup and M be a Z[U]-module. We define a locally constant sheaf
L on Xy as the sheaf of continuous sections of the map

G(F\(X x GAR) x M)/U — Xy

where G(F) x U acts on X x G(A) x M by (y, u)(x, g m) = (yx, ygu~', um) and M is
equipped with the discrete topology. We define

H*(XL[; M) = H*(XU) EM)

to be the sheaf cohomology.

'Ag = R is embedded diagonally into the centre of G(Fx).

2We quotient out by Ko, rather than K2, because we would like to realise cohomological automorphic representations
in cohomology. If we instead quotient out by Ku, then some of these representations only appear in the relative Lie
algebra after twisting by a character € of KOO/KK;’O, but the fact that € is not a character of U C G(AZ°) makes it unclear
how to define the inner cohomology with coefficient in M) ® €. See however [12, Proposition 3.2.5, Theorem 4.3.5] for

a possible way to do this using locally algebraic representations.
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Proposition 2.2 [10, Proposition 6.2] If U is a neat® subgroup, then
H*(Xu, M) = H*(C} (U, M)),

where
CA(U, M) := Homg(r)x11/(Ca,e M)

and Cy,, is the group of singular chains on X x G(A) with Z coefficients.

To define the action of the Hecke algebra, we suppose M is actually a left Z[ A]-module,
where A C G(A%°) is a submonoid containing U/. Note that the compactness of U implies
that I C AisaHecke pair. Let H(A, U) be the set of locally constant, compactly supported
functions f : A — Z which is U-biinvariant. We can (and will) regard it as a subalgebra
of H(G(AY), U).

For § € A, let the characteristic function [L/6U/] acts on the complex C} (U, M) by

([UsUT*¢)(o) =) 8:i(8; o)

where USU = | |;8;U, ¢ € C} (U, M)and o € Cy,. This is independent of the choices of
3;. By taking cohomology, we get an action of H(A, U) on H*(Xy;, M).

Let T, and B, be the standard diagonal torus and Borel subgroup of GL,,z. Let wy be
the longest element of the Weyl group*.

Definition 2.3 [13, Definition 2.1] Let A be a commutative ring. If 1 € Z” is a dominant
weight for GL,,, then we define the algebraic representation IndgnL”(wok) 4 of GLy/4 to
be

{f € A[GL,] : f(bg) = (wor)(b)f (g) for all A-algebras B, g € GL,(B), b € B,(B)}
where A[GL,] := Morspec A(GLjy/4, A}‘) 5and GL,/4 acts by right translation. We let
M, = Indg " (wol) ,4(A),

which is a representation of GL,(A).

If E is a p-adic field with ring of integers O, then from [13, page 1349], M, ¢ is finite free
over O. Also, M),0 ®o E = M, is the algebraic representation of GL,(E) of highest
weight A. By [14, page 19], for all O-algebras R, the natural map M, o ® o R — M, r is an
isomorphism.

We write Z7 := {(A1,...,Ay) € Z" : Ay > --- = Ay}. Let E be a finite extension of Q,
inside @p which contains all embeddings of F to @p, O be the ring of integers of E, and
e (Z:’_)Hm“(F’E).

We define the O-module

My=Muo= & Mo
teHom(EE)

%In [10], this is stated for good subgroup, but the proof actually works for all neat subgroups.
41f we write the characters of T, as A = (A, ..., A,), then wod = (A, ..., A1)
5Here, A}\ = Spec A[T] is the affine line over A.
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which receives an action of ]_[V‘p GL,(OF,) by (g)v - ®m; = ®gy(r)mr, where v(1) is the
place of F induced by t. Then GL,,(A;O’p) x Uy, acts on My, 0 by projection to U, :=
]_[le U,. By the formalism above®, H(GL,,(A;O’p), UP) acts on H*(Xy, M, 0).

We define My, £ := ®;cHom(EE)yMpu, E as an E[]_[le GL,(Fy)]-module. Then GL,(AZ°)
acts on M, p by projection to GL,(F,) := GLn(Hv|p F,). By the formalism above,
H(GL,(AZ), U) acts on H*(Xy, My, ). This is compatible with the construction above, i.e.
we have an isomorphism H*(Xy;, M,,0) ® 0 E = H*(Xy, M, g) that is Hecke-equivariant
for the restriction map H(GL,,(A;O’p), Uur) — H(GL,(A), U).

Fix an isomorphism ¢ : @p = C for the rest of this section. We define M, c =
®reHom(EEyMy,,c. This is acted on by Hvlp GL,(F,) viat and also by G(Fu,), where F, :=
F ®q R, by

G(Fx) > GF®9C)= [] GO ~ ®rctomErMic
teHom(F,C)

using the identification Hom(F, E) = Hom(F, C) given by ¢. Note that the 2 actions of
G(F) on M, c agree. As M, c is an irreducible representation of GL,(F ®¢ C), it has a
central character. In particular, A acts’ by a character

x~lidg — C*
on My, c. One can show that for all good subgroup U < G(A),
H*(Xu, My,c) = H (g, K3, C(GEN\G(AF) /U, x) ®c My,c)s
where g = Lie(G(Fx)) and
C(GEN\G(AR)/U x)

is the set of smooth functions f : G(F)\G(Ar)/U — C with f(ag) = x(a)f(g) for all
a € Ag. The algebra H(GL,(AZ), U) acts on C*(G(F)\G(Afr)/U, x) and this induces
the Hecke action on the relative Lie algebra cohomology. Then this isomorphism of
cohomology is compatible with the action of H(GL, (A7), U) on both sides.

2.2 Regular algebraic automorphic representations
Let G = GL,, as above.

Definition 2.4 Let x : A — C* be a continuous homomorphism. We write
L(GENG(AF), x)

for the space of measurable functions f : G(F)\G(Ar) — C such that f(ag) = x(a)f (g)
foralla € Ag and

/ F@)Pdg < oo,
G(F)\G(Ap)!

©Strictly speaking, the formalism gives us an action of H(GL, (A;o‘p )x Uy, U). Yet, this algebra is canonically isomorphic
to H(GL,(A), UP)
"Recall that Ag = R ¢ is embedded diagonally into the centre of G(Fxo).
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where
G(Ap)' = {g € G(AF) : | det(g)la; =1}

and functions which agree almost everywhere are identified. Let
Ly(G(FN\G(AF), X)

be the subspace of cuspidal functions in L%(G(F)\
G(AF), x), i.e. elements f of L2(G(F)\G(AF), x) such that for the unipotent radical Up
of every proper parabolic subgroup P,

/ fug)du =0
Up(F)\Up(AF)

for almost all ¢ € G(Ar)!. We define a cuspidal automorphic representation of character
x to be an irreducible subrepresentation in L%(G(F NG(AE), x) of G(Af). A cuspidal
automorphic representation is one such representation for some .

Definition 2.5 Let x : A — C* be a continuous homomorphism. We let
L (G(E)\G(AF), x)

be the discrete spectrum, i.e. the closure of the sum of all irreducible subrepresentations of
L*(G(F)\G(AF), x). We define a discrete automorphic representation of character x to be
an irreducible subrepresentation in LSZ(G (F)\G(AFE), x) of G(AF). A discrete automorphic
representation is one such representation for some x.

Remark 2.6 Note that every cuspidal automorphic representation is discrete. Also, by
our definition, every discrete automorphic representation 7 is a unitary Hilbert space
representation of G(Af) after twisting by a suitable character.® It follows from the irre-
ducibility of 7 that 7 has a central character. Moreover, 7 is admissible by a result of
Harish-Chandra [15, Theorem 4.4.5]

Definition 2.7 LetA € (Zj’_)Hom(EC). We say that a cuspidal automorphic representation
7 is regular algebraic® /cohomological of weight ). if T+, has the same infinitesimal character
as M.

Lemma 2.8 Let v be an infinite place of F. Let (p, V') be an irreducible admissible rep-
resentation of G(F,) that has central character w. Then the infinitesimal character of p
determines |px.., where F)>° is the identity component of F,\.

Proof First assume v is a real place. Let us use the corresponding real embedding to
identify F, with R. Then there is s € C such that w(y) = »° for all y € F)*° = R.,.

8For instance, we can always twist = by a Hecke character such that the action of Ag is trivial, i.e. x = 1. This reduces
us to the case in [15, section 3.7].
This is C-algebraic in the sense of Buzzard-Gee.
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Let X = as an element in the centre of the complexified universal enveloping

1
algebra of G(F,). By definition of the Lie algebra action, for all u € V,,,

d
X u=— ey =

= e'u = su.
dt 1t=0

dt le=o

Thus, the infinitesimal character determines s and hence | Fo
Now, assume v is a complex place. Let 01, 02 : F — C be the two complex embeddings
corresponding to v. Use the same notation for the induced isomorphisms F, — C. Then
there are sy, s2 € Cwith sy —sy € Zsuch that w(y) = 01(y) o2 ()2 forally € F (£ CX).
x

Forx € F,,let X = as an element in the centre of the complexified universal

x
enveloping algebra of G(F,). By definition of the Lie algebra action, for all # € Vy,,,

_d
T odtle=0

d
u=—| e

Xt
(€ u = dt 1t=0

1010292600y — (504 (x) + 5202 ()

X-u
Takingx = landx = o 0) gives us two equations that allows us to solve for 51, s5. Thus,
the infinitesimal character determines sy, s and hence o| ExX- O

Lemma 2.9 If 7w is a regular algebraic automorphic representation of weight A, then the
restriction of its central character to FX° is the inverse of that of M, c. In particular, Ag
acts trivially on wo @ M.

M, c if v is real

Proof Let M, := , where 7 is an embedding F — C

M, c ®c My,c ifvis complex
whose associated place is v. Then the infinitesimal character of 7, is the same as that of
M,/ . We want to show that the restriction of the central character of 7, to F)*° is that of
M/\VV = M. This follows from Lemma 2.8. |

Definition 2.10 We define
b,:=n Ln2/4J +ron(n—1)/2, t,:=r1 L(n + 1)2/4J +ron(n+1)/2 - 1.
If  is clear, we may just write b and ¢ instead.'’

Definition 2.11 Let 7 be a regular algebraic cuspidal automorphic representation of
weight A. Let € € (KOO/Kgo)A: {1, sgn}. We say that € is a permissible signature if n is
even, or # is odd and ¢, is the central character of m, ® M, restricted to {£1} for all real
places v.

Lemma 2.12 Let w be a regular algebraic cuspidal automorphic representation of weight
A. Let € be a permissible signature. Then for i € {by, t,}, the space

H'(g, K2, 700 ®c Mj,c)le]

10Tt is also common in the literature to write g for b, and go + £o for #,.



H. L. Fong Res. Number Theory (2026)12:20 Page90f36 20

is 1 dimensional, where [€] denotes the e-isotypic component.

The strategy is to use Kiinneth formula and Clozel’s result for Lie algebra cohomology
of m, @ M,,. A slight complication is caused by the fact that our Ko, (which contains Ag)
does not factors as a product over the infinite places.

Proof Let

G'(Foo) i={ (@) € G(Foo) : [ [ I detgylr, =1¢,

v|oco

GM(F)) :={g, € G(F,) : |detgy|, = 1},

H:={(@)e[[Roo:[]lavlr, =1} C G(Fw),

v|oo v

where we view [ ], R-0 as asubgroup of the centre of G(Foo) via the diagonal embedding.
Let gL, gL, b be the corresponding Lie algebras. Let

Kvl _ 0,(R) if v is real ,
U,(R) if v is complex

which is a subgroup of G!(F,), so £l := Lie(K}) C g..

From the Lie group decompositions G(Fx,) = G!(Fx) X Ag and Koy = ]_[V‘OO Kl x Ag,
we get corresponding decompositions of Lie algebras, which in turns give
8/t =05/ [ ] & (1)

v]oo

as C[K]-modules, where K, acts by conjugation.
GU(F,) x H, we get a
corresponding Lie algebra decomposition for gl , which we can substitute to equation (1)

Similarly, from the Lie group decomposition G}(Fs) = []

v|oco

to get

g1
o/t = | [T | %0 (2)

vjoo ¥

as C[K]-modules. Note that the action of Ky, on b is trivial.
The relative Lie algebra complex computing H'(g, K, mo ®c M;, ) is by definition the
i-th cohomology of

(A*(9/8)" ®R (Too)Kny -fin ®C Mi,c)K>

v K%

1
g
={~" 1_[ {T; R A*hY @R (Too)Kn-in ®C My,C
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where (7o) x-fin means the Koo -finite vectors of 7. As the action of Ko, on b is trivial,
we can pull out that factor from the cohomology and get

v K3,
1
H'(g, K2, oo ®C M) = @ H* ((/\* ( i]v) ®R (o) Kso-fin OC Mx,c) ) ®r AP,
a+b=i vjoo VY
1\ Vv
Since Ag acts trivially on A* (l_[vloo %V) and 7o ®c M, c by Lemma 2.9, we can replace
K2, on the right hand side by [],, K. Then by definition

v|oo

Hi(gl I<go; 7-[00 ®(C M)\,,C) = @ H“ 1_[ 911/1 1_[ Ellp T[OO ®(C M)\,(C ®]R /\bb\/’

a-+b=i v|oo v]oco

which by Kiinneth formula [16, section 1.3 equation (2)] equals

P  H (o)t 7 ®c My,c)®c - -®cH™ (gy, &), 1y ®c My,c)@rAhY,
a1+t +b=i

M, c if v is real ) )
where m :=r; +ry, M, ¢ = ,and 7 is an embedding
M, c ®c My, c ifviscomplex

F — C whose associated place is v. The result now follows from [9, Lemma 3.14], Remark
2.13, and the fact that h = R 7271, o

Remark 2.13 For even n, [9, Lemma 3.14] only worked with trivial €,. To deduce the result
for general €, one can twist 7 by a suitable Hecke character F*\A7 — {#£1}, which can

for instance be constructed from a suitable character of F* FZ°\A = Gal(F ab /),

2.3 More on cohomology
Definition 2.14 We define the cuspidal cohomology as

H o, (Xu, My,c) == H* (g, K3, My,c ®c LY(GENG(AF), x)Y),

where x ! is the restriction to A¢ of the central character of G(F ® C) on M wC-

The cuspidal cohomology is also acted on by H(G(AZ’), U) and there is a H(G(AZ), U)-
equivariant injection

Hc*usp(XU’ MM;C) — H*(Xu, M/L,C)'

By multiplicity one and semisimplicity of L%(G (F)\G(AF), x) [15, Corollary 9.1.3, Theorem
11.4.3], we know

LAGENG(Ar), ) = @D

where the sum ranges over all cuspidal automorphic representations of character x. We
have a corresponding decomposition of the cuspidal cohomology into finite algebraic sum
[8, Theorem 4.1], [9, Lemma 3.15]:

Hyoy (Xt My,,0) = @2 H* (g, K3, M,c ®c 7o0) ®c (7)Y,
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By strong multiplicity one, for every cuspidal automorphic representation of character x,
the (7% )US -isotypic component is

S (o]
Hyop Xt My, 0) (5] = H* (g, K, oo ®C M) ®c (7)Y, (3)

By Lemma 2.12, if 7 is regular algebraic cuspidal of weight A with 7/ % 0, then there is
a H(GL,(A%), U)-equivariant injection (WY s ch,j‘sp(Xu, M,,c). The same holds for
the top degree ¢,.

Definition 2.15 We define the inner cohomology by H = im(H} — H™), where H} is

Cc

the compactly supported cohomology.

Then H"(Xy, M, 4) for A € {O, E, C} is also acted on by the Hecke algebras by restriction
of the action on H*(Xy;, M, 4). Moreover, there is a Hecke-equivariant injection

H ey Xu My, c) — Hy'(Xu, My,c)-

Lemma 2.16 (a) Hc := H(G5, US) ®z C acts semisimply on H}*(Xy, M, c) and there is
a decomposition

H (X, Myc) = @) m(myme$)&,
HEl_ld

where I is the set of isomorphism classes of all discrete automorphic representations
occurring as a subrepresentation ofoi(GLy,(F)\GL,,(Ap), x) and m(I1) € Zxo.
(b) The (7 Oo’S)Us—isotypic component is

S
H (Xu, My, o) (w5 T ] = H*(g, K2, oo ®c M,,,c) @c (7)Y,
(c) IfUS .= GL"(HV¢SU{OO} OF,), then the ring
TS(H* (X, My,c)) := im(He — Ende(H (Xu, M)

is reduced.

Proof Let HY = H*(g, K3, Lfl(GL,,(F)\GL,,(AF), X)sm ®c My, c), where (), stands for
the smooth vectors. We have a Hilbert space decomposition

—

La(GL,(P\GLu(AF), ) = D, ma(MTL.

By the multiplicity one theorem for the discrete spectrum proved by Moeglin and Wald-
spurger [17], we have m1,;(IT) = 1 for all such I1. We have a corresponding decomposition
for the cohomology [18, Theorem 5.3]:

Hy = @) H*(8 K3 Moo ®C My,0) ®c (M), @
Ielly

Each I1%° is an irreducible admissible representation of GL,(A%°), so it is factorisable, so
(M) = (T5)Us @¢ (HOO’S)US is isomorphic to a direct sum of simple modules of Hc. It
follows that Hy is a semisimple Hc-module.
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By a result of Borel [9, Proposition 3.18], we have injections

where H is the image of Hf — H*(Xy, M,,c). Submodules of semisimple modules are
semisimple, so H"(Xy;, M, c) is a semisimple H¢-module and part (a) follows.

For part (b), recall that discrete automorphic representations are isobaric (as they
are Speh representations), so they satisfy strong multiplicity one, so H;[(noo's)us] =
H*(g, K$,, moo ®C My,c) SC ()Y by (4). But this is also the (s )US -isotypic compo-
nent of the cuspidal cohomology by equation (3). Part (b) now follows from (5).

For part (c), assume US := GLV!(vaéSU{oo} OFr,). By Satake isomorphism, Hc is com-
mutative. Thus, (IT°>5)Y * is 0-dimensional or 1-dimensional. Hence each element of Hc
acts on (HOO’S)US by a scalar. The result now follows from part (a). O

3 Abstract congruence ideals

In this section, we will define congruence ideals as in [4, section 2.1]. We will also establish
some of their properties in the abstract algebraic setting. These will be applied to the Hecke
algebras and cohomology of locally symmetric space in the next section.

Let O be a complete discrete valuation ring with uniformizer @ and field of fractions E.
Let T be a reduced finite flat local O-algebra, A : T — O be an O-algebra homomorphism.
This, being a section of the structure map O — T, is necessarily surjective. We first recall
a standard concept, which already appeared in [3]:

Definition 3.1 7; := A(Annrt(ker 1)).

It turns out that to study n,, it is useful to generalise this concept to modules over T'.

Let M be a finitely generated T-module which is free over O. Write Mg = M Qo E
and Tr = T ®p E Note that M — Mg and T < Tg by O-flatness of T and M. Also,
A induces an E-algebra map Ag : T — E. Note that 7% is a finite dimensional E-vector
space, so it is Artinian. It follows that

Te= [ (Te (6)
peSpecTE
= [] 7esp (7)
peSpecTE
=Ex [[ Te/p (8)
pFEkerip

Here, (6) is given by the diagonal map; (7) is true as Tk is reduced; (8) is true by the first
isomorphism theorem. The upshot is that we have a canonical decomposition

T =ZE x T

of E-algebras, where the first projection is given by Af.

Lete; = e € T be the element corresponding to (1, 0) € E x T7. In other words, e is the
unique element of Tr such that Ag(e) = 1 and e € ﬂp#ker 5z P Define two T-submodules
of Mf by

M* .= eM
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and
M, :=eM N M = M[ker A]

where the last equality is proved in Lemma 3.3.In [4, section 2.1], M) is defined as eMgNM,
but it is equivalent to our definition, because if m € eMg N M, then m = em € M N eM.

Definition 3.2 Define the congruence module C())‘ (M) by

and the congruence ideal to be its Fitting ideal
(M) := Fitto (Cj (M)).

Note that CS‘(M ) is a finite torsion O-module, so n*(M) is completely determined by
the cardinality of Cé‘ (M). More precisely, if Cé (M) has cardinality |O/w |4, then n, (M) =
(@?).

To see how definitions 3.1, 3.2 are related, note:
Lemma 3.3 Let M and T be as above.

1. M, = MlkerA] := {m € M : (ker \)m = 0}.
2. m(T) = ns.

Proof For (1), we first consider a slightly more general setup. Suppose we have a product
of commutative rings A x B acting on N. We can decompose N into N x N, accordingly.
It is then clear that N; = N[ker 4], where 4 : A X B — A is the first projection.

In our case, taking A x B = E x Tf and N = Mg shows eMg = Mg[ker Ag]. Hence
My =eMgNM ={m e M:m®1 € Mg is annihilated by (ker 1) ® o E} = Mlker 1]
since M is a free O-module.

For (2), note that under the O-module isomorphism Tr = E x T, the O-module T =
eT corresponds to A(T) x 0 = O x 0 while T = T'[ker 1] corresponds to (T [ker A]) x O.
Hence, Cé‘(T) = O/A(T[ker A]) and n; (M) = A(T[ker A]) = n,. O

Observe that M* = eM C Mg is torsion free and finitely generated over O, so it is a
free O-module. The same is true for M; = M[ker A].

Lemma 3.4 (cf. [4, equation (2.2)]) If rko M, = 1, then C& (M) = O/n; (M) and n, (M) D
M.

Proof We know that M*/Mj, is a finite torsion O-module, so rko(M*) = rko(M;) = 1.
Thus, there exists m € M such that eM = Oem as O-module. Then we have a surjection
of O-modules

T eM
A T) = 6— — C* M= ——
(1) T[ker A] Co (D) Mker A]
X > xm.

The lemma now follows from the observation that C(’}(T) = O/n,. O
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Lemma 3.5 Let T, A, e be as above. Let T be a finite flat local O-algebra, % : T — O be
an O-algebra homomorphism, and & be the corresponding idempotent in T. Let M, My be
T-module and T-module respectively that are finite free over O. Suppose that there is an
O-bilinear perfect pairing'*

[,]:M1 XMZ—)O

such that'? [eM,, (1 — &)Ms] = 0 and [(1 — e)My, eM>] = 0.

(a) Then [, | induces an O-bilinear perfect pairing
ChH(My) x Ch(My) — EJO

and 0, (My) = n;(Ma).
(b) If M [ker ] and Ms[ker A] are both free O-modules of rank 1 with respective bases
81, 82, then

m.(M1) = n;(Mz) = ([61, 62]).

The key observation is that for every finite torsion O-module N, we have a (non-canonical)
isomorphism N = Homop (N, E/O). Hence, by considering the cardinalities of C())‘ (M;) and
Cg‘ (M3), we know the pairing in (a) is perfect iff it is non-degenerate.

This lemma appears similar to [4, Proposition 2.3], but a key difference is that we do
not assume [tx, y] = [x, ty] for all £ € T'. Instead, our analogous conditions are [eM, (1 —
e)M,] = 0 and [(1 — e)M;, éM,] = 0. This distinction is important because we will later
apply this lemma to the cup product, which satisfies our conditions but not theirs. In
the GL; setting, they twisted the pairing by the Atkin-Lehner involution to make their
conditions hold, but we are unaware of any such involution for GL,,.

Proof 1t is easy to see that [, | extends to an E-bilinear perfect pairing [, ] : (M1)g %
(My)g — E.Letem; € eM; (with my € M1) and émy € My NeMy (with my € Ms). Then
[emy, émy] = [em1 + (1 — e)my, émy] = [m1, émy] € O because (m1, émy) € My x My. A
symmetric consideration shows [, ] induces a map

(,): Ch(My) x Ch(My) — EJO.

To show (, ) is non-degenerate, we let m; € M;. Suppose that (em;,—) €
Homo(Cé‘ (M), E/O) is zero. This means that for all my € Mo,

lemy, emy]| = [emy, émy + (1 — &)my]| = [emy, my] € O

so [em1, —] € Home (M3, O). By perfectness, there exists n € M; such that [em;, —]
[n,—], so n = em € eM; N My = (Mi), by perfectness again, so em; = 0

e m

Cé(Ml). By symmetry, (, ) is non-degenerate and hence perfect. Also, C())\(Ml)
Homo(C}(M2), E/O) = C}(Mb>).

1'This means the two induced maps M; — Hom (Ma, ©O) and M; — Homp (M, O) are isomorphisms.
12\X/e also write [, ] for its extension (M1)g x (Ma)g — E.
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For part (b), let (w®) = ny(M1) = n;(M>). By Lemma 3.4, C())‘(Ml) and Cé(Mz) are
free O/(w?)-modules of rank 1, with respective bases by, b, say. By part (a), we have
isomorphism

@) o ~ @0 o O

- ~ o
5 = G = Homo (i £/0) = T 2
S = f(b).

This isomorphism maps 1 to [by, by]eo® (mod @w?), so [b1, belao® € O*. As Ob;/Os; =
O/(w?), we know §; € w?b;O*. We deduce that [81, §3] € @ ?O*, as desired. m|

The following lemma explains why 7, is called the congruence ideal:

Lemma 3.6 Let E be a non-Archimedean local field with ring of integers O, T be a reduced
finite flat local O-algebra, ). : T — O be an O-algebra homomorphism. Then 0 # O iff
there is a finite field extension L of E and an O-algebra homomorphism )" : T — Oy such
that (viewing ) as a homomorphism to Or) we have ). # 1" and

A=2" (mod @)

Here Oy is the ring of integers of L and @y is a uniformizer of Oy.

Remark 3.7 Recall that T is finite over O, so any O-algebra homomorphism 7' — E has
image in Of, for some finite field extension L of E. Thus, we can rephrase the lemma:
n. # O iff there is an E-algebra homomorphism A’ : T ® o E — E such that A’ # A ®¢p E
and |A(t) — A/(¢)| < 1forallt € T, where |- | is an absolute value on E extending that of E.

Proof Given A, we can decompose T ®o E = E x T and get an idempotente € T ®o E
as before. Define T¢ := im(T — T ®o E — T§).

We assume that A’ is as in the statement of the lemma. We claim that A’ factors through
T — T¢ As O; C O ®o E, it suffices to show

A%::K/®E:T®0E—>OL®@E

factors through T¢. Note that O ® o E = Lisanintegral domain while T® o E = Ex T, so
A must factor through E or T§. Since A is an E-algebra homomorphismand A # Ag, A,
cannot factor through E. Hence A} must factor through T, as claimed. Suppose n;, = O.
This means eT N T = eT,i.e. T D eT.In particular, (1,0) = e - (1,1) € T. Then

1=(1,0)
=1/(1,0) (mod wy)
=0 (mod w)

where the last equality holds since A" factors through T¢. We get a contradiction, so

m. # 0.
Conversely, suppose 1, # O. The key observation is that O/n, = O @1 T¢, because
ker(T — T¢) = T NeT. Thus we have an O-algebra homomorphism

f:TC—>0Qr T =0/n — O/w.
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We get a commutative diagram

/\
\/

We want to lift f. There is a classical argument due to Deligne and Serre. Let m¢ := ker f.
Consider the structure map O — T¢. As w € m, the prime ideal m¢ lies above @ O.
Note that multiplication by @ is invertible in Tf, so Tr and hence T° is O-torsion free.
Thus, T°¢ is a finite free O-module. By flatness, the going down property holds, so there is
a prime ideal p¢ C m° lying above (0), so O < T¢/p°. This is a finite extension, so

L := Frac(T¢/p°)
is a finite extension of E. We know T°¢/p€ is finite over O and hence integral over O, so
T¢/p¢ C Of.

We want to show that this inclusion is a local homomorphism of local rings. As O is
a Henselian ring and T¢/p¢ is an integral domain, T¢/p¢ is a local ring. Note m’ :=
wrOp N T¢/p¢ is a prime ideal of T¢/p°¢ lying above @w O (since its pullback to O is the
preimage of w; Oy under the O-algebra map O — T¢/p¢ — Op). By the incomparability
theorem for injective integral ring extensions, m’ is a maximal ideal of T¢/p¢. Hence, the
fact that T¢/p€ is a local ring implies m’ = m¢/p¢. This gives us another commutative
diagram

T¢/m¢ —— Op /oy

S 1

C 5 7"C/IJ N OL

Combining the two diagrams gives us

. %O T .
N 7

T7¢° — O

Denote the bottom map T' — Op by A’. It remains to show A # A’ as maps to Oy. If this
is false, then for all (x,y) € T C O x T¢, we have x — y € p° by construction of 1" In
particular, if (x,y) € T NeT, theny = 0and x € O N p¢ = (0) as p° lies above (0). This
means T' N eT = 0, which is false as w?e € T N eT for a € Z sufficiently large. |
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4 L(1, =, Ad°) and congruences for automorphic representations
In this section, we will apply the results from the last section to study congruence ideals
of Hecke algebras and cohomology of locally symmetric spaces. Then we will relate them
to Selmer groups.

We shall need some notation. Let

+ F be a number field

« pbe a prime. Starting from section 4.2, we will also assume p > 2.

o1 :@p = C be a fixed isomorphism

+ 7 be a cuspidal, regular algebraic automorphic representation of GL,(AF) of weight
tit, where € (Z”)Hom(ﬁ@)

U= HV;(OO u, c ]_[V*OO GL,(OF,) be a neat open compact subgroup with 7% # 0.

u

Starting from section 4.2, we will also assume (7)Y is one dimensional'®

+ S be a finite set of finite places of F containing all v such that =, is ramified or
U, # GLn(OF,)

¢ G5 =GLy(AF™) and US == GLu([T,50(00) OF,)-

« E C Q, be alocal field containing :~(Q()) '*and the image of every embedding
F — Qp

« O be the ring of integers of E, @ a uniformizer of O

s €€ 1(0077(5’0 a permissible signature (Definition 2.11)

« Xy the locally symmetric space of GL,, r (Section 2.1), 3X; the boundary of its Borel-
Serre compactification.

o TS .= H(G5, US) @z O.

Note that TS is a commutative O-algebra. If M is an O-module equipped with an O-
algebra homomorphism T — Endo (M), then we define

TS(M) := im(TS — Endo(M)).

For completeness, let us also remark that in Lemma 4.1 below, we shall show that there
is a Hecke eigensystem A : TS — O attached to . We will let

m:=ker(A (mod w)).

4.1 Hecke eigensystems

We first show that we have a Hecke eigensystem attached to 7.

Lemma 4.1 We have an O-algebra homomorphism
A:TS > 0O
sending t € TS to its eigenvalue on (1" w®)Y. This homomorphism factors through

’JTS(H!*(XU, M,,0)), where H = im(H} — H?¥) is the inner cohomology and H* =
EBizOHi-

13Such a U always exists by the uniqueness of local new vector.
14Q(r) is the field of rationality of  [9, section 3 page 101].

20
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Proof In this proof, we may sometime abuse notation and regard a C-vector space as an
O-module via the map ¢ : Q, 5 C. Let H == H(GS, UY).

As GLn(Aé) acts on the @p—vector space 1 "1™, we know T* acts on the {/-invariant
(L_lrroo)us and hence also on (¢~ 17 >®)Y. Moreover, for all finite v ¢ S, m, is unramified
so 7" is a one dimensional @p—vector space. It follows that each element of TS acts by a
scalar on (1717 ®)Y, so we get an O-algebra homomorphism

TS — @p 9)

sending an element to its eigenvalue.
Note that ']I‘S(H!* Xu, My,0)) acts on H{"(Xy, My, 0) ®o C = H(Xy, M, c). Since 7 is
cohomological of weight u, we have H-equivariant injections

(@)WY — HY, o (Xu, Myc) < H¥(Xu, Myc).

cusp

Pick any non-zero x € (7)Y and let y be its image under this injection. For all £ € TY, its
eigenvalue on (:17°°)Y only depends on how it acts on y and this is determined by the
image of ¢ in TS (H*(Xu, My, 0)). It follows that (9) factors through TS (H Xy, My, 0)). 1t
remains to show that the image of (9) lies in O.

We first show that its image lies in E. By [9, Proposition 3.1], there is a GL,,(A%°)-stable
Q(rr)-vector subspace W of 7°° such that 7*° = W ®qr)C. Then () = wu ®q)C.
Let /i € H. We have already seen that it acts by a scalar on (7)Y, so the same is true for
WU, As WU is a Q(r)-vector space, the scalar must lies in Q(rr). Hence the image of (9)
liesin "1 (Q(x)) C E.

Finally, by the existence of Borel-Serre compactification of X;;, we know that

H*(Xy, My,0) is a finite O-module, so
H{*(Xu, My, 0)/ O-torsion

is a finite free O-module stable under H. Pick an O-basis B for this module. We can
then express the action of H on H;"(Xy, My, 0)/O-torsion by matrices with entries in O.
We can view B as a C-basis for H*(Xy;, M, c). Then the action of H on H*(Xy;, M, c) is
given by the same matrices. Hence each eigenvalue of H on this space is a root of a monic
polynomial over O. We know they lie in E by the previous paragraph, so they lie in E as
O is integrally closed. ]

Welet m = ker(A mod @) C T, which is a maximal ideal. We define

T:=TS (H" (X1, My, 0))m/O-torsion.

Lemma 4.2 T is a reduced finite flat'® local O-algebra. Also, A induces a local O-algebra

map

AT — O.

>Note that since O is a PID, an (O-module is finite flat iff it is finite free.
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Proof Let H := H*(Xy, M, 0). By the existence of Borel-Serre compactification of Xy,
H is a finite O-module, so TS (H) is a finite O-algebra. We let

A :TSH) —> O

be the map induced by A, which exists by Lemma 4.1, and let ¢ : TS — T5(H) be the
quotient map, so A = A’ o q. Then m D ker ¢, so g(m) is a maximal ideal of T(H) and
hence

P]I‘S(]—[)m = TS(H)q(m)

is a finite local O-algebra. The same is thus true for T'. As T is a finitely generated torsion-
free O-module and O is a PID, T is flat over O. Hence T — T ®» C. As C is O-flat,
TRoC= 'Jl’% (H*(Xy, M, c))m, which is reduced by Lemma 2.16. Thus, T, which injects
into T ®o C, is also reduced.

Note that g(m) = ker(A’ mod w). It follows that A’ induces an O-algebra map
’]I‘S(H!*(Xu, M,,0))qm) — O and hence an O-algebra map A : T — O, i.e. a commu-
tative diagram

0

7

g

It follows that A~1( ©O) is a prime ideal of T lying above @ O (i.e. the preimage of
1~Y (@ O) along the structure map O — T is wO). Since T is a local D-algebra, the
maximal ideal of T also lies above @ O. By the incomparability theorem for injective
integral ring extensions, we deduce that »~!(z ©) is the maximal ideal of T Thus, A is a
local homomorphism. O

Remark 4.3 Let us show that
T = TS (H, (Xu, My)m),

where 17;k Xy, M) = H*(Xy, M,,)/O-torsion. (In the following, a bar on top of an O-
module will usually mean the module modulo its O-torsion.) Write H = H"(Xy, My, 0).
There is an obvious surjection

TS(H) — TS((H)m)- (10)

Let t € TS(H). Since H is a finitely generated O-module and (H)., is a quotient of it, we
know that ¢ is in the kernel of (10) iff there exists a € N, b € TS — m such that w*bt = 0,
which is equivalent to ¢ € ker(TS(H) — TS(H)wm/O-tors). Thus (10) induces the desired

isomorphism.
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4.2 Congruence ideals for automorphic representations

The previous lemma means we are now in the situation of section 3.

Definition 4.4 With the setup above, define the congruence ideal

= = AA ker A)) = Fitt,

1 e = tamntir = i (21

as in definitions 3.1, 3.2, where e is the idempotent in 7 ®» E corresponding to (1, 0)
in the decomposition T ® o £ = E x Ty induced by A. For i € {b, t} and a permissible
€€ Koo/ﬁ(go, define the cohomological congruence ideal

Nrie = 0. (H{ (Xu, My, 0)m[€]/O-torsion) = Fitto <eH ﬂH)

where H = H!i (Xu, My,0)m€]/O-torsion.

By the uniqueness of local new vectors [15, Theorem 11.5.6], we can pick a compact
open U = ]_[VJ(<>o u, < ]_[VJ[OO GL,,(OF,) such that (7*)Y is one dimensional. Fix such U.
We shall assume that U/ is a neat and hence a good subgroup (definition 2.1).

Lemma4.5 Fix i € {bt} and a permissible ¢ € Koo/KS. Let p > 2 and H =
H!i X1, My,0)mle]/O-torsion.

(a) Then Hker )] is a free O-module of rank one whose base change to C is canonically
isomorphic to

. S
H{ (Xt My, o) (%5 x €]

as a C-vector space.
(b) Npiec D Nx. Equality holds if H is a free T-module of rank 1.

Proof For part (a), we know T [ker 1] is a finite free O-module. To find its rank, note that
ker A is the image of ker A = (¢ — A(t) : t € TS) under the projection g : TS - T.As T is
Noetherian, we can pick ¢, . . ., t, € T such that g((t; — A(t;) : 1 < i < n)) = ker A. Then

Hiker ] = H[{ti — A(t) : 1 < i < n}] = ker(H =2, ppmy
Taking kernel commutes with flat base change, so

Hlker 1] ®0 C = (H{ (X1, M,,0)m[€] ®0 C)[ker A]
= H{(Xu, My,,c)mle]ker A]
= H}(Xy, M,c)le][ker A] (11)

: S

= H{ Xy, M,,,0)[(7%%)4 " [€]
= H'(g, K3, Moo ®C My,0)le] ®c (r™)Y. (12)

Equation (11) holds because H,i(Xu, M,c)m = H,i(Xu, M,,c)[m™] by [19, section 2.5.1].
Equation (12) holds by Lemma 2.16. By Lemma 2.12 and the choice of U, (12) is a one
dimensional C-vector space. This proves part (a).

The first part of (b) now follows from Lemma 3.4. The remaining part is easy. ]
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4.3 Betti-Whittaker periods
We shall mostly follow [1] to define the Betti-Whittaker period for this subsection. Fix all
Haar measures as in that paper. Let F, 7, . . . be defined as before.

Definition 4.6 Let i € {b,, t,,}. Fix a generator wy, (depends on i) of the 1-dimensional
space (Lemma 2.12)

H'(g, K2, o0 ® M,,0)l€l.

Fix a continuous unitary homomorphism v : F\Ar — C* such that y, is non-trivial ®for
all v. We shall abuse notation and let ¢ also denote the corresponding standard char-
acter on the unipotent radical of G, i.e. ¥(u) = Y(uyy + ugs + --- + uy—1,,). Let
W (7°°) be the Whittaker model of 7°° with respect to 1. Let V; be the subspace!” of
L(Q)(G (F)\G(AF), x) realizing 7. Define Froc ¢y, as the composition of the isomorphisms

W)Y S W) @c H'(g K, W (o) ® My,c)le]
= H'(g, K, W(m)" ® My, c)le]
S Hig K, vE @ My, c)lel
= HYoy (Xt My, 0)[(m®) x €]

5 HI(Xu, M) (e x €.

The first map is w™ > w™ ® wo; the second map is trivial; the third map is the inverse
of the map

Ve = W(r)

£ (g - / f(ug)t/fl(u)du)
U, (F)\Uy,(AF)

and U, is the unipotent radical of the standard Borel subgroup B,. The last isomorphism
is by Lemma 2.16.

Definition 4.7 For each finite place v, let w, be the essential vector'® of , in
its ¥,-Whittaker model. Let w*® = ®,.oowy. Then w® € W@E®)Y. Let H =
H,i(Xu, M,,0)mle]/O-torsion. By Lemma 4.5, H [ker A\]@ 0 C = H!i(Xu, Mu,(c)[(noo’s)us X
€]. We define the period

Prie

to be the number in C* such that Froo ¢ .., i(W™)/px,ic is an O-generator of H [ker A].

This is well defined up to multiplication by O by Lemma 4.5(a).

16Such a ¥ exists, e.g. take ¥, (x) = e 2™ for real v, ¥, (x) = e 27 HE) for complex v, and ¥, (x) = 27T /0 @) g
all v | p and all rational primes p, and ¥ =[], .

7\Well-defined by the multiplicity one theorem.

18]f 7, is unramified, then w, is the unique element in W (zr,, v,)%(©Or) with w, (I,) = 1.
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4.4 L(1, 7, Ad°) and congruence ideals
Recall that U, = GL,(0O,) for all finite v ¢ S. Let

0 : HS(GS, US) — H5(GS, US)
(SgUS) — [USg US).

This is an O-algebra isomorphism.!’

Lemma 4.8 The Hecke eigensystem A : TS — O attached to the contragredient 7t is given
by Aob.

Proof 1t is enough to show the analogous fact after base changing from O to C and
working at a single place. Let v ¢ S be a finite place, G = GL,(F,), K = GL,(OF,),
V =m,.

It is well known that the restriction map induces an isomorphism

(VK 5 vk (13)

so in particular (V)K is 1-dimensional.

Let g € G. By the same proof as [20, Lemma 5.5.1 (c)], there exist g1, ..., g € G such
that KgK = L;g;,K = LUKg;. For allf € (\7)K andv e VK,

(KKINW) = Qg - W) =F Qg 'v) =f(IKg ' Klv) = MKg K1 ).

By (13), [KgK|f = A([Kg~1K])f, as desired. O

Proposition 4.9 (Poincaré duality) Let d = dimXy. The cup product induces a perfect
pairing

[, 1 Hi(Xu, M) /(O — tors) x H*!(Xy, M) /(O — tors) — O

where*° M;L/ = Homo (M, O). If S is a finite set of finite places such that U, = GL,(O,)
for all finitev ¢ S, then

[tx, y] = [, 6(2)y]

forallt € HS(GS, US), x € Hé(Xu, M) /(O —tors), y € He Xy, M/\{)/(O — tors).

A version of this is proved in [21, Theorem 4.8.9], but the proof is not that easy. We
shall deduce this from Verdier duality instead.

Proof As stated in [7, Proposition 2.2.20], we have by Verdier duality an isomorphism

RHOWI(Q(RFC(XL], MM); O) = RF(XU; Ml)[d]

19This is a homomorphism because H5 (G5, US) is commutative.
*In general, M), and M,,v are not isomorphic.
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in the derived category of O-modules D(Q). It follows from one of the spectral sequences
for Ext that we have a spectral sequence

EY = Exth(H, (Xu, M,), 0) = E™ = HYH (xy, M),
Since O is a PID, the only non-zeros terms lie in {(;,j) : 0 < i < 1,—d <j < 0}. For all
j € Z, we have an exact sequence

0— EZL_/‘_1 —E7 > Eg’_j -0

0 — Exth(H (Xu, M), ©) — HT (Xy, MY) %, Homo (H)(Xu, M), ©) — 0.

Since HZH(XU, M,,) is finitely generated over O by the existence of Borel-Serre com-
pactification, the second term is O-torsion. On the other hand, the 4th term is O-torsion
free. It follows that ker f is precisely the O-torsion of H~/(Xy, M), so f induces an

isomorphism
f+ HY Xy, M) /(O — tors) = Homo (H)(Xy, M) /(O — tors), O).
We have a pairing

HYJ(Xy, M})) /(O — tors) x H.(Xu, M,,) /(O — tors) — O
(a, b) — f(a)(b).

This is a perfect pairing because both H (Xy, MLVL)/(O—tors) and Hg (Xu, M)/ (O—tors)
are finite free O-modules and f is an isomorphism. It is well-known that this is given by
the cup product. The last assertion about the action of the Hecke algebra follows from [7,
Proposition 2.2.20]. ]

The cup product induces a pairing
[, 1 :H,i(Xu, M)/ (O — tors) x H!df"(Xu, MZ)/(O — tors) — O.
For convenience, let
Hy(Xu, My) i= H (X, M) (O — tors)

and ﬁffi(Xu, M;) = H Xy, M;)/(C’) — tors). Let 3X;; denote the boundary of the
Borel-Serre compactification of Xy;. Let i = 6(m) C TS, which equals ker(x mod @) by
Lemma 4.8, where A : TS — O is the Hecke eigensystem attached to the contragredient
7. Let € : Koo /K3, — {£1} be the character such that for every real place v, ifx, € K, /K
is non-trivial, then &(x,) = (—1)""le(x, ).

Corollary 4.10 Assume H?(3 Xy, M, )m is O-torsion free and p > 2.

20
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(a) Then

—b —
[ ] H Xy M)m x H Xy, M) — O

[ 1+ Hy X My)wlel x Hy Xy, MY)ale] - O

are both perfect pairings.
(b) 6 induces*' an isomorphism ']I‘S(ﬁf(Xu, My)m) = ']I‘S(ﬁlt(Xu, M;L/),ﬁ).

Proof Letq; : TS — Ts(ﬁ!b(Xu, M,)) and g5 : TS — Ts(ﬁf(Xu, M;)) be the quotient
maps. Note that the image of these two maps are finite O-algebras, so they are product of
local rings.

Claim For i = 1,2, let m; C TS5 be maximal ideals containing kerg;. Then
—b —
(H) (X, My)my Hy (Xt MY )imy] = 0 unless my = 6(my).

L

To show this, we let A := HP(Xy, My,c)my, B == Hl (Xu, M;\L/,C)mr Suppose [4, B] # 0.
By [19, section 2.5.1],

A = HY (Xy, M, 0) [, (14)

By Lemma 2.16, ’I[‘% acts semisimply on H!b(Xu, M, c). As TS is commutative, every simple
T%-submodule of H, !b (Xu, M,,c) is 1 dimensional. It follows that with respect to a suitable
basis of H!b(Xu, M,,c), every element of ']I‘% acts on H!b(Xu, M,,c) by a diagonal matrix.
Hence by (14), A = H!h(XU, M,,c)[mq]. Similarly, B = H!t(Xu, M;\L/,C)[mZ]'

By assumption, there exists a € A such that [4, B] # 0. Let £ € my. Forall b € B,

0 = [ta, b] = [a, 6(£)b),

so 0(¢) is not surjective as an endomorphism on B and hence not injective, so there exists
¢ € B— {0} such that 8(¢)c = 0. As mj is a maximal ideal of TS, the annihilators of ¢ in TS
is my, so 8(f) € my. This means 6(m;) C my, so 8(m;) = my. This proves the claim.

We know that

—b —b
Hz (XL[; Mu) = @ H} (Xu,Mu)ml

mp TS
mjDker q1

and similarly for ﬁf Xu, MI\L/). Using this and the claim, we can deduce the first part of (a)
by the same argument as [1, section 4.2.4] under our assumption that H boxy, M wm is
O-torsion free. Let us just remark that, H?(0Xy;, M «)m appears because we have a long
exact sequence - - - — Hé(XU,MM) — HiXy, M,) — Hi(3Xy, M) — ...

For the second part of (a), note that we have a decomposition

—b —b
H Xu,My)m= @  H Xy My)mle
€1 EKOO//\IQSO

2By 'induces’, we mean the map given by lifting an element of Ts(ﬁ!b(Xu, M,)wm) to TS, applying 6 to it, and then
projecting it to TS (ﬁf Xu, M) w)-
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sincep > 2. The perfectness then follows from the first part and the proof of [1, Proposition
3.3.1]. (The proof there works here in view of the decomposition of H(g, K Y Too®cM 14,C)
in the last part of the proof of 2.12.)

Part (b) follows from part (a) and the same argument as [7, Corollary 2.2.21], namely
the commutativity of the diagram

TS —— Endo(H? (Xt My)m)

Ol ltranspose

TS —— Endo(H, Xy, M)
0

Lemma 4.11 Let ¢, ¢ be cusp forms in the space of cusp forms affording m, it respectively.

Define

0o = | P(e)dle)de

AGG(F)\G(AF)
Then
Ty S50 ) - L1, 7, Ad®)
(9, 9) = )
oF Pram(T)

where ar = %ﬁo)&@ with @y the characteristic function of ]_[V)foo O Cfo its Fourier

transform, and Cp the completed zeta function. The measures, c?,(wv, Wy), and Pram () are
defined as in [1, section 2]. Also, L(1, w, Ad°®) is the value at 1 of the Langlands L-function
(see e.g. [15, section 12.7]).

Proof Note that ngG(F)\G(Ap) = fZ(AF)G(F)\G(AF) fAGG(F)\Z(AF)G(F)’ where Z is the centre
of G. Also, AGG(F)\Z(Ar)G(F) = F*\AL, where A}r = {x € Ar : |x|a, = 1}. It follows

that

(& ) = vol(FX\AL) / $(©)d(@)dg

Z(AF)G(F\G(AF)

The result now follows from [1, equation (2.2.11)]. They obtained their result by relating
the Petersson inner product with L(1, 7, Ad°) by the Rankin-Selberg method and using
the fact that L(s, 7 x ) = Zp(s)L(s, 7, Ad°). O

Lemma 4.12 We have
(950 D] = L% (1, m, Ad', €),

where |, | is the pairing induced by cup product as before, ¥, is an O-basis of
]7,[7(Xu, M, )m€]lker A, f)gg is an O-basis ofﬁf(Xu, Ml\{)m[é][ker Al, and

L(1, 7, Ad°)

oF pmm(n)poo(ﬂ)pn,b,spﬁ,t,é ‘

L% (1, 7, Ad®, €) :=
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Here, poo(1) is defined as in [1, equation (3.3.9)] and Py ¢, p# ¢ are defined in Definition
4.722

Proof This is more or less what [1, section 3.3.3] obtained, except that our space Xy, is
different from the locally symmetric spaces they used. As in [1, p.658], we have

@
S
vol(U) Jr)\Gap)/Ka,u
1

[pn,b,e 1‘/‘26; Pr,te ﬁtc,)g] =

vol(U) JGENGarp)/AgU

S
-/;%(F)\G(Ap)/AG
L, 7, AdY)

B ar pram(n)poo(”)

where ¢ has the same meaning as thatin [1, p.658] and in the last equality we used Lemma
4.11 instead of [1, equation (2.2.11)]. Dividing both sides by p, 5 9#,e gives the result. O

Remark 4.13 o depends only on F, p,s,(7) depends only on the ramified components
of 7, and poo () depends only on 7.

We can now prove our first main theorem.

Theorem 4.14 Let the notation be as at the start of Section 4. Suppose that H? (X, M )m
is O-torsion free. Then

Nabe = Nzse = L1, 7, Ad €)).
Proof Since H?(0Xy, M,)m is O-torsion free, the cup product gives a perfect pairing
_b — .
[ ] H (Xu, My)mlel x H!t(XLI;Ml)rﬁ[E] >0

by Corollary 4.10.2 We would like to apply Lemma 3.5. The conditions in part (b) of that
lemma is satisfied by Lemma 4.5 and the fact that (7°°)Y and (7*°)¥ are one dimensional.

Recall that A : T — O is the Hecke eigensystem for m. This factors through
TS (ﬁf(Xu, M, )m) because the action of the Hecke algebra on HT(XU, M, )m preserves
degree and 7 is isomorphic to a submodule of ﬁlh(Xu, My)m Qo C.

Similar to how we defined the idempotent e € Tx using A : T — O, we can
define an idempotent ¢/ € TS (ﬁ?(Xu, M, )m)k using the induced map on the quotient
TS (ﬁlb(Xu, My )m) — O.ltis clear from the definitions of e and ¢’ that €’ is the image of
e under T — TS (H? (Xu, My)m)-

The same argument (with H!b (Xu, M) replaced by Hf (X, M;)ﬁl) works for the con-
tragredient 7, 4, & & and we know & is the image of & under 7 — TS (ﬁf(Xu, MX)rﬁ).

By Lemma 4.8, we know A = A o 6. It follows from definition and part (b) of Corollary
4.10 that (') = 0(&'). Thus, for all x € H!b(Xu, M )mlel,y € ﬁf(Xu, Ml){ﬁ[é], we have

lex, y] = [€/x,y] =[x, 0(e)y] = [x &y] = [x &y].

2However, our LY (1, r, Ad°, €) and periods are slightly different from that in [1] due to our different choice of X;;.
ZThis is the only place in this proof where we use the assumption that Hb(0xy, M) m is O-torsion free.
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From this?* and the fact that ¢, ¢’ are idempotents, we deduce that all the conditions of
Lemma 3.5 are satisfied.
By Lemma 3.5 and Lemma 4.12,

Nabe = e = 050 05z] = (L% (1, m, A, €)).

0

Remark 4.15 The theorem is a generalisation of [4, Proposition 4.12 first part and Lemma
5.6(iv)], where analogous results were obtained for GL; over a totally real field and over
an imaginary quadratic field.?

An analogous result is stated in [1, section 4]. It differs from our result in the following
ways: the result there is for the product of L% (1, 7, Ad’, €) over all permissible € while
our result is for each individual permissible €. Additionally, we localize at a maximal
ideal throughout, which is necessary for relating congruence ideals to Selmer groups (see
Theorem 4.26 below). Localisation also makes some results slightly harder to prove, but
requires a weaker hypothesis that H b(oxy, M w)m, rather than H b(3Xy, M ), is O-torsion
free (see Lemma 4.19 below for a case where this holds). Although this weaker hypothesis
was mentioned in [1, page 669], the necessary (small) adjustments to their proof were not
worked out. We have provided more detailed arguments for certain parts. Furthermore, to
facilitate the use of some results in [7] and [14], we work with a different locally symmetric
space, preventing us from applying some results from [1] directly. For the same reason,
our L% (1, r, Ad’, €) is slightly different from theirs.

Remark 4.16 It may be possible to determine poo () explicitly as a power of 27i using
techniques of [22], but we have not attempted this. In that paper, they precisely determined
some archimedean zeta-integrals by replacing = with simpler automorphic representa-
tions 7’ with 7o = 7). Here, 'simpler’ means 7’ is automorphically induced from a
Hecke character or is an isobaric sum of Hecke characters. This approach allows them to
relate the L-function of 7 to those of Hecke characters, which, in turn, are related to CM

periods by results of Blasius.

Now, we will explain why this is related to congruences of automorphic representations.
Roughly speaking, if L*¢(1, 77, Ad’, €) is not a p-adic unit, then 7 is congruent to another
automorphic representation. The converse holds if the maximal ideal m is non-Eisenstein.

Corollary 4.17 Let us keep the same assumptions as Theorem 4.14. Consider the following
two statements:

(a) @ | LY(1, 7, Ad° €).

2The reason that we need to argue via €, & rather than e, & directly is that we do not have the analogue of part (b) of
Corollary 4.10 for the entire inner cohomology. We only have it for the bottom and top degrees.

B At least in the totally real case, although it was not explicitly stated, they implicitly assumed that the ideal m is
non-Eisenstein, as they applied the Poincaré duality result from [4, Proposition 4.10 part 3], which was established only
under this assumption in their paper.
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(b) There is a discrete automorphic representation 7’ % 7 of GL,(Ar) with H!h (Xu, My,c)
[(n’w’s)us] # 0 whose Hecke eigensystem®® A’ : TS — @p satisfies |A(t) — A'(t)], < 1
forallt e TS,

Then (a) implies (b). IfH,b(Xu, M,,0)mlel/O-torsion is a free T-module, then (b) implies
(a).

Note that 7’ needs not be cuspidal even though we start with a cuspidal 7. See Corollary
4.20 below however.

Proof Abusing notation, we shall identify @p with C using our fixed isomorphism ¢. Note
that 7’ = 7 iff A’ = A by the strong multiplicity one theorem (where we regard A as
having codomain in @p).

Suppose @ | L*€(1, 7, Ad’, €). By Theorem 4.14 and Lemma 3.4, n; # O. By Remark
3.7 there exists a @p—algebra homomorphism A" : T ®p @p — @p such that A’ # A ®0 @p
and |A(¢) — A/(t)| < 1forall ¢ € T. We have a natural map

TS(HI*(XU: MM)) R0 @p = T%p(v) - T Ro @p»

where V := H*(Xy, Mﬂ,@p) and ']I%p(V) = im(TS ®o Qp — Ende(V)). Composing this

with A/, we get a @p—algebra homomorphism
.S O
f: T@p(\/) — Q.
Let n := kerf. Then
Va #0

because Supps (v)(V) = {p € Spec(TS (V)) : p D Anngs (V)(V)} = Spec(TS. (V).
Q Qp Q Qp

P P
By [19, section 2.5.1], V[n] # 0. By Lemma 2.16 part (a), there is a discrete automor-

('°>$)U* is isomorphic to a sub—’]I‘f@ (V)-module of V
P

and (JT’OO’S)US [n] # 0. Note that (n/w’s)us = ®),(m,)" is one dimensional over @p, so
(/%S )US [n] = (m/°>S)U * The Hecke eigensystem attached to 77’ has the desired property.
Suppose H,b(Xu, M,,0)mle]/O-torsion is a free T-module, say, of rank 4, and there is

phic representation 7’ such that

a 7’ satisfying the statement of the corollary. By freeness, 1, 5 = nz, so by Theorem
4.14, it suffices to show that 1, # O. By Lemma 3.6, it suffices to show that there is an
O-algebra homomorphism A" : T — @p with A # A and |A(£) = A/(¢)] < 1forallt € T.
Equivalently, we need to show that there is an O-algebra homomorphism A” : TS — @p
that factors through ']TS(HI*(XU, M,)) with A # A” and |A(¢) — A"(¢)| < 1forallt € TS,
because any such A” necessarily factors through T. For this, we can take A” to be the
Hecke eigensystem attached to 7’ ]

Remark 4.18 Aversion of Corollary4.17 appearsin [1, Theorem 4.3.1], but the conditional
converse is not stated explicitly and is not proved. An analogue of Corollary 4.17 in the

%This is defined using the fixed isomorphism ¢ : @p 5 C as in Lemma 4.1. The only differences are that (n’w‘s)us

only appears in the inner cohomology but not the cuspidal cohomology, and the image of A" needs not lie in O, but
only an integral extension.
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case of GL; is also proved in [23, Theorem 5.25] under certain conditions for minimal and
ordinary eigenforms.

We think the condition for the converse, namely that Hlb (Xu, M,,0)m(€]/O-torsion is
a free T-module, is not unreasonable. When F is a CM field, it should be possible to verify
this using the Taylor-Wiles method if m is non-Eisenstein and the Galois representation
attached to 7 is a minimally ramified deformation of its residual representation. However,
under our current knowledge of Galois representations, such an approach will require a
lot of extra assumptions and conjectures (such as the vanishing of H(Xy;, k)n, outside
the cuspidal range, existence of Hecke algebra valued Galois representations (without
nilpotent ideals), local-global compatibility of such representations). Therefore, we do
not pursue this approach here. See, however, [24] for the GL; case.”’ It may also be
possible to extend the freeness to the non-minimal case using the methods of [25,26].

Now, assume in addition that F is a CM field that contains an imaginary quadratic field
and S comes via pullback from a set of finite places of Q which contains p and all places
at which F/Q is ramified. These conditions guarantee the existence of various Galois
representations [27, section V.4]. We say that a maximal ideal m of TS (H* (X, M,)) is
non-Eisenstein if the residual Galois representation p,,, : Gal(F/F) — GL,,(FP) attached
to m is absolutely irreducible.

Lemma 4.19 Let the notation be as above. Let m be a non-Eisenstein maximal ideal of
TS (H*(Xu, My,)). Then

(a) H*(0Xy, M))m =0,

(b) H*(Xy, Mp.)m = H!*(XL[: M;A)m;

(c) T =TS(H*(Xy, M, ))m/O-tors,

(d) H*Xu, My,c)m = H X, My,©)m = Heyyg (Xt My,©)m.

Proof The key input for the first part is [14, Theorem 4.2], which states that for every
smoooth O[Us]-module A that is finite as an O-module, H*(d X, A)m = 0. They proved
this using the fact that 0 X;; admits a stratification with strata indexed by conjugacy classes
of proper parabolic subgroups of GL,, and by an in depth analysis of the cohomology of
each stratum.

Recall that by [14, page 19], M, ®o O/ = M,,0/=, which receives an action of
GL,(O/w), compatible with that of GL,(0). Thus M, 0, is a smooth O[Us]-module
that is finite as O-module, so

H*(8Xu, My,0/z)m = 0.
We get the desired result by considering the long exact sequence associated to
0— M, gMuﬁMu,O/w — 0

and applying the Nakayama lemma to the finite O-module H*(0.Xy, M,)m = 0.

2\We think that in that (well-written) paper, it is necessary for p > 7 instead of p > 3 as stated. This ensures the image
of the residual Galois representation is enormous, guaranteeing the existence of Taylor-Wiles primes. Also, it seems
that for the first equation on page 8 to hold, one should patch the (derived) dual of C;, rather than C;, itself.
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Part (b) now follows from the long exact sequence
coo = H{Xy, M) — H' Xy, M) — HY (30X, M) — ...

For part (c), note that T (H)n, /O-tors = T (Hy,) for H € {(H* (X, M), HF (Xy, My,)}
by the same proof as Remark 4.3

For part (d), it is proved in [7, Theorem 2.4.10] using Franke’s decomposition of
H*(Xy, M,,c) via automorphic forms that H*(Xy, M,,c)m = Hc*usp(Xu, M,,C)m. As
H*(Xy, My, c)m is always sandwiched between these two groups, these groups are all
equal. (The first equality also follows from part (b).) O

For readers’ convenience, we restate our running assumptions.

Corollary 4.20 Let the notation be as at the start of Section 4. Suppose in addition that F
is a CM field that contains an imaginary quadratic field, and S comes via pullback from a
set of finite places of Q which contains p and all places at which F /Q is ramified.

Assume m is non-Eisenstein. Consider the following two statements:

(6{) 28

@ | L*%(1, 7, Ad).

(b) There is a cohomological cuspidal automorphic representation 1’ 2 m of weight (i
of GL,(Ap) with ()Y # 0 whose Hecke eigensystem A’ : TS — @p satisfies |A(t) —
AN@)p < Lforallt e TS.

Then (a) implies (b). IfH!b(Xu, M,,0)mlel/O-torsion is a free T-module, then (b) implies

(a).

Proof The proof is just a slight variation of that of Corollary 4.17. Abusing notation, we

shall identify @p with C using our fixed isomorphism ¢. Suppose @ | L9%(1, 7, Ad’, €).

By Theorem 4.14 and Lemma 3.4, n; # O. By Remark 3.7 there exists a ,-algebra

homomorphism 1’ : T ®o Q, — Q, such that A’ # 1 ®0 Q, and |A(t) — A/(¢)| < 1 for

all £ € T. We have a natural map

S e N _
TS (V) = T @0 Ty = TS, (i (Xut, My, 0, )m)

where the last equality is by Lemma 4.19, V' := H(,,(Xu, M, 5 ), and TS (V) =
Q) Q,

im(TS ®p Qp — End@p(\/)). Composing this with 1/, we get a @p—algebra homomor-
phism
.S o)
f: ’]I‘@p(\/) — Q.

Let n := ker f. Then

Vo #0

BSince F is CM, Koo/K, is trivial. There is therefore no need to choose € € KC,O//\K&, so we omit it from
L% (1, 7, AdY, €).
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because Suppys (V)(V) = {p € Spec(TS (V)) : p D Anngs (v)(V)} = Spec(TS- (V).
) Q oA Q

P
By [19, section 2.5.1], V[n] # 0. Thus, there is a cohomological cuspidal automorphic

/oo,S)L[S

representation 77’ of weight (¢ such that (7 is isomorphic to a sub—’]I% (V)-module

P
s s . . . —
of V and (7/°>5)" [n] # 0. Note that (7"°>5)¥" = ®/ (/)% is one dimensional over Qp

S0 (n’w’s)us [n] = (n,/oo,S)LIS. The Hecke eigensystem attached to 7’ has the desired
property.

When H!b (Xu, My,0)m€]/O-torsion is a free T-module, the converse follows from
Corollary 4.17 because if 7’ is a cohomological cuspidal automorphic representation 7’
of weight (i of GL,,(Ar) with (")¥ # 0, then 7’ is a discrete automorphic representation
and 0 # HY,.,(Xu, My, 0) (")) € HP Xy, My, 0)[(r'>5)H°). o

4.5 Selmer groups

We now illustrate how to combine the results above with deformation theory to obtain
some Bloch-Kato type results relating Selmer groups and L-functions. We use the same
definitions and notation of local and global deformation problems as in [7, section 6.2.1]
and we will always take A, = O forallv € S.In particular, p : Gis — GL,(k) is absolutely
irreducible, D, is a local deformation problem for each v € S,

S =(p, S {O}ves; {Dy}ves)

is a global deformation problem, and R is the ring representing the deformation functor

of type S.
Fix p : Ggs — GL,(O) a lifting of p of type S. For each m > 1, let
"0
0, =06 0 €

with multiplication given by (g, be)(c, de) = (ac, (bc + ad)e). This is a local O-algebra and
there is a natural map O,, — O given by projection to the first factor.

Definition 4.21 We let
LY x="m0/0)

be the preimage of D,(0O,,) under the isomorphism

—m

o

O\ ~
Z! (GFV, Adp®o = ) > {liftings Gr, — GLu(Oy) of play, }

given by ¢ = (1 + c€)plgy,, where Z 1 means the group of continuous 1-cocycles.

We know

- E
ZY(Gp,, Ad p ®0 E/O) = {liftings Gf, — GL,(0 @ 56) of plgy, } (15)

Since2® ZI(GFV: Adp ®0 E/O) = li_r)anI(GFV, Adp Qo = (;no), any lifting G, —

E
GL,(O & 56) of p|Gy, necessarily has image in GL,(O,,) for some m > 1.

%Note that Ad p ®» E/O is a discrete Gr,-module.
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E
Definition 4.22 3° A lifting Gr, - GL,(O @ 56) of p|gy, is of type Dy if it is of type D,
when it is regarded as a lift with codomain in GL,(O,,) for some m (or, equivalently, for
all m for which GL,(O,,,) contains the image of the lift.)

The following is immediate from the definitions.

Definition/Lemma 4.23 The following subgroups of Z!(Gr,, Ad p ®» E/O) are equal.
We denote them by LL(E/O).

Q) lim,, £}(x="0/0)

E
(i) preimage of {liftings Gr, — GL,(O & 56) of plg;, of type D,} under the isomor-
phism (15).

Since p|g, is of type Dy, a;olGFvoz_1 is also of type D, for all a € ker(GL,(O,,) —
GL,(0)) for all m by definition of local deformation problem. It follows that £ (z =0/ O)
and L1(E/0) both contain the group of 1-boundaries.

Definition 4.24 We define £,(7~"O/O) to be the image of L1(xO/O) under
Z' — H'. Similarly, we define £,(E/O) to be the image of E,l,(E/O) under Z! — HL
Equivalently, by exactness of direct limits, £,(E/O) = h_r)nm Ly,(x7"0O/0).

We also define the Selmer groups

—m —m

T

Hé (Adp R0 O) = {c e H! (G}-js,AdP ®o il O) tcy € Ly(mrT"O/O) Vv € S}

and
1 E 1 E
Hg Adp®05 i=4qceH GF,S,Adp®(95 1cy € L(E/O)Vv e Sy,

where ¢, is the restriction of ¢ to Gp,. It is easy to verify that

E 0
H} (Adp@o 5) = lim H§ (Adp@o i 5 >
m

Lemma 4.25 The strict equivalence class [p] of p gives rise to a local O-algebra homo-

morphism Rg % 0. Let p :=ker6. Then
Homo (p/p? E/O) = H§(Ad p ®0 E/O),

Proof This is well-known so we will just sketch a proof. Note that p/p? is a finitely
generated Rs/p = O-module, so any O-algebra homomorphism p/p? — E/O has image
contained in @~ O /O for some m > 1. Thus, if we know

Homo(p/p?, @ "0/0) = Hi(Ad p ®0 @ "0/0)

0Since O ® %E is not a complete local ring, the term 'of type D, is not defined for liftings to GL,,(O & %e) a priori.
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for all m > 1, then taking colimit will give the desired result. This follows from the chain
of isomorphisms

H§(Ad p ®0 @ "0/ 0)
= {liftings Grs — GL,(O,,) of p of type S}/ ker(GL,(O,,) — GL,(0)) (16)
= {deformations Grs — GL,(O,,) of [p] of type S} (17)
= {f €e Homp(Rs, Op) : f  (mod €) = 0}
= Homo(p/p% @ "O/0).

In (16), ker(GL,(O,,) — GL,(O)) acts on {liftings Grs — GL,(O) of p of type S} by
conjugation. In (17), by deformations of [p], we mean deformations of p whose pushfor-
ward to GL,(O) is [p]. To show the bijectivity of (16) and (17), note that the centralizer
of the image of p in GL,(O) is O* by [28, lemma 2.1.8] and p is absolutely irreducible.
The other steps are easy. o

Theorem 4.26 Let the notation be as at the start of Section 4. Suppose in addition that F
is a CM field that contains an imaginary quadratic field, and S comes via pullback from a
set of finite places of Q which contains p and all places at which F /Q is ramified.

Assume m is non-Eisenstein. Then there is a continuous Galois representation

pm : Ges = GL(T)
such that for allv ¢ S of F, the characteristic polynomial of p,,(Frob,) is
X" — TV,IXn—l NI (_1)iq‘i/(i—1)/2TV,an—i 4ot (_1)nq:l(n_1)/2Tv,m

where T,; = [GL,(OFf,)diag(wy, ..., @, 1,...,1)GL,(OF,)] with @, appearing i times
and T = TS(H*(Xy, M, ))m/O-tors as in Lemma 4.19.

Assume that py, is a lifting of pm of type S, where S = (pm, S, {O}ves, {Dy}ves) is some
global deformation problem. Let p := A o pm, where A : T — O is induced from A as in
Lemma 4.2. Then®!

#HL(Ad p ®0 E/O) = #(O/L™(1, 1, Ad°)) (18)

where # denotes the order of a group.

Proof By [7, theorem 2.4.10 (1)] or Lemma 4.1, A factors through the quotient TS -
TS(RT (X, M,,)), so m is the preimage of a maximal ideal n of TS (R (X, M,)). Clearly
TS(RT (X, M) = TS(RT(Xy, My,))m. By [7, theorem 2.3.7], there is a nilpotent ideal
I C TS(RT (X, M 1)) and a continuous Galois representation

Grs — GLa(T*(RT (Xu, Myu))n/1)
such that for all v ¢ S of F, the characteristic polynomial of the image of Frob, is

X" — Tv,an_l NI (_l)iq‘i/(i—l)/ZTv’an—i 4ot (_l)nq:l(n_l)/va,n-

31Recall that since F is CM, there is no need to choose € € Koo//\Ké’o and we write L%8(1, 7r, Ad°) for L*%(1, r, Ad®, 1).
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Composing this with the natural map32 TS (RT' (X, M) /I = TS(RT Xy, My))m /I — T
gives py,.

Note that T is a complete Noetherian local O-algebra with residue field k := O/w. By
assumption, pp is of type S, so its strict equivalence class induces an O-algebra homo-
morphism f : Rs — T. We know that TS is generated by

(TL(T ™ ivgS1<i<n

as an O-algebra®3. For all g € Ggg, every coefficient of the characteristic polynomial of
Pm(g) is in the image of Rs — T. Taking Frobfl, we know f is surjective.

IfHé (Ad p ® E/O) is infinite, then equation (18) is trivial. Suppose Hé (Ad p®p E/O)
is finite. Let & = A o f and p := ker 6. It follows from Lemma 4.25 that p/p? is also finite
and

#Hg(Ad p ®0 E/O) = #(p/p?).

By [29, page 141 equation (5.2.3)],
#(p/p%) = #(O/nrs)

where ngs = 0(Annpg(p)). By [29, page 140 equation (5.2.2)],
#O/nrgs) = #(O/n7),

where nt = A(Annr(ker 1)), which is the same as 7, in the previous subsections. By
Lemma 3.4, Lemma 4.19, and Theorem 4.14,

#HO/1z) = #(O/nppe) = #(O/L(1, 1, Ad°, €)).

We get the desired inequality. o

As an illustration of Theorem 4.26, let us give an example. Let D be the functor on
CNL( (category of complete Noetherian local O-algebras with residue fields k) that sends
A to the set of all lifts of pm |G, to A. In the Fontaine-Laffaille case, if v is a p-adic place,
we let DIT be the local deformation problem that sends any A € CNLo that is finite over
O to all liftings of pm|G;, to A that are Fontaine-Laffaille of type (u1):cHom(F, E)- See [7,
sections 4.1, 6.2.14] for more detail.

Corollary 4.27 Let the notation be as at the start of Section 4 with F CM. Suppose in
addition that

o F contains an imaginary quadratic field in which p splits

o S comes via pullback from a set of finite places of Q which contains p and all places at
which F /Q is ramified

o U, =GL,(OF,) forallv | p.

o pis unramified in F

32This map exists because T is reduced by Lemma 4.2.
#This can be easily deduced by applying the Satake isomorphism to H(GLy(F,), GL,(OF,)) ®z Z[q,}ﬂ]‘
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« For each embedding t : F — Q,, we have

M1+ Mgl — Ron — Regn < P — 21,

o Foreachv | p, let? = v|p+. Then there is a p-adic place V' # v of F* such that

Y (B Q) > S[F7: Q)

V£,

« mis non-Eisenstein
¢ p> n2

o the residual Galois representation is decomposed generic [7, Definition 4.3.1].

Then Theorem 4.26 holds with S = (pm, S, {O}ves, {DfL}wp U {D‘,D}veS—{vm})-
Proof This follows immediately from [7, Theorem 4.5.1]. O

Remark 4.28 To relate this Selmer group to the Bloch-Kato Selmer group, see [30, lemma
2.1] and [31, section 7.3]. In their setup, the O-Fitting ideal of their Selmer group was
equal to that of the Bloch-Kato one multiplied by [],.x Fitto (H}(E,, (Ad° pr)*(1))) for

f
some finite set of places X. Each term in the product was then shown to be equal to the

local Tamagawa number divided by the local L-factor at that place. Combining this with
a suitable R = T theorem, they were able to deduce a form of the Bloch-Kato conjecture
using similar argument to the proof of Theorem 4.26.
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