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Abstract

During their lifetime, engineering systems, such as buried pipelines, rooftops, chem-
ical plants and off-shore structures, are exposed to hostile extreme environments
leading to inherent corrosion attacks. These can compromise their structural in-
tegrity and pose significant risks to the environment and public safety, let alone the
huge economic loss due to corrosion. Therefore, monitoring and detecting corrosion
using inverse modelling is paramount. In this paper, inverse problems arising in cor-
rosion detection are investigated. Such problems concern determining the corroded
portion of the boundary of a specimen, e.g., a pipe or ship hull placed in a corrosive
environment, and possibly its associated coefficient of corrosion from one or two
pairs of Cauchy data (boundary potential and current flux) measurements taken
on a part of the uncorroded boundary. We develop the boundary element method
(BEM) to establish boundary integral equations that relate the boundary data to
the unknown corrosion characteristics. Then, we minimize iteratively the difference
between the measured and computed potential on the accessible boundary where
measurements are taken. Furthermore, since the inverse problems under investi-
gation are ill-posed, the objective least-squares functional is regularised through
the inclusion of a penalty term aimed to improve the stability of solution. The
accuracy and stability of the developed numerical BEM constrained minimization
algorithm are investigated with respect to noise in the input measured data and
various regularization parameters.

Keywords: Boundary element method; boundary corrosion detection; coefficient of
corrosion; inverse problems

1 Introduction

In an age when engineering systems and materials are continuously re-designed and
improved to withstand ever increasing hostile, aggressive and extreme environments,
modelling corrosion remains of utmost importance. Within this framework, determin-
ing (monitoring and detecting) the boundary characteristics are essential to reduce the
huge economic loss due to corrosion of engineering systems encountered in rooftops [27],
blast furnace hearths [114], coolant flow passages in wings and turbine blades [68, 86],
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underground pipes, chemical plants, ship hulls and off-shore structures [14, 106, 117]. To
understand the corrosion of such structures, one needs to analyse the current flux and
electrical potential data over the boundary. Specifically, when a material Ω is subjected
to a corrosion attack, the damaged boundary Γ0 ⊂ ∂Ω is subjected to a Robin bound-
ary condition (see later on equation (2.3)) linking the flux with the potential through a
corrosion coefficient λ.

Many theoretical and numerical studies have considered the separate retrieval (in
terms of aspects related to uniqueness, stability and numerical reconstruction) of the
unknown corroded boundary Γ0 (insulated for λ = 0 or perfectly conductive for λ = ∞),
see [18, 46, 67, 69], or of the unknown corrosion coefficient λ (when Γ0 is known) in the
case of linear corrosion, see equation (3.1), see [61, 62, 75, 76], from a single pair of the
boundary Cauchy data measurements on Γ = ∂Ω\Γ0. The simultaneous recovery of both
the boundary Γ0 and the corrosion coefficient λ was much less addressed [29, 72, 105].

1.1 Novelty of the paper

The novelty of the paper is to formulate and investigate three new inverse problems, in
increasing order of difficulty, for the more realistic case when the law of boundary corro-
sion is nonlinear. For each of these problems, discussion and comparison with the much
more investigated linear law of corrosion case cited above, are undertaken. Furthermore,
since all the unknowns are associated with the boundary only, the BEM is developed as
the most natural and reliable numerical method of discretising the governing Laplace’s
equation subjected to linear and nonlinear boundary conditions. Then, the resulting
boundary integral formulations are made applicable for inverse analysis by minimising,
with respect to the unknown corrosion characteristics, the difference between the mea-
sured and computed boundary potential augmented with regularization terms to achieve
stable reconstructions.

1.2 Plan of the paper

The plan of the paper is as follows. Section 2 formulates mathematically the direct and
inverse corrosion problems under investigation. Problem analyses for the cases of linear
and nonlinear laws of corrosion are detailed in sections 3 and 4, respectively. The physical
scenario related to an underground corroded pipe is mathematically modelled in section
5. Sections 6 and 7 develop the boundary element method (BEM) and the method of
the fundamental solutions (MFS), respectively, for the discretisation or approximation of
the electric potential satisfying the Laplace’s equation. Possible current flux inputs are
discussed in section 8. Numerical results for the direct and inverse problems I–III are
presented and discussed in sections 9–12, respectively. Finally, section 13 highlights the
conclusions of the study, including insights, recommendations, extensions and limitations,
and suggests some possible directions for future work.

2 Mathematical formulations

Let Ω ⊂ R
d (of dimension d = 2 or 3) be a bounded connected domain with sufficiently

smooth boundary, say ∂Ω ∈ C2,β, where Ck,β denotes the set of k–times Hölder con-
tinuously differentiable functions with exponent β ∈ (0, 1). Let the boundary ∂Ω be
composed of the union of an uncorroded portion Γ and a corroded portion Γ0 = ∂Ω\Γ.
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When modelling the electrochemistry of corrosion, the electrode charge–transfer re-
actions at the interface between a specimen and its electrolytic environment lead to
considering [116] the electrical potential u satisfying the Laplace equation

∇2u = 0 in Ω, (2.1)

subject to the Neumann boundary condition

∂u

∂n
= g on Γ, (2.2)

and the Robin-type boundary condition

∂u

∂n
= λf(u) on Γ0 = ∂Ω \ Γ, (2.3)

where n is the outward unit normal to ∂Ω, λ denotes the coefficient of corrosion and f(u)
is the corrosion law - known also as the polarization response expressing the relationship
between the current flux and the potential on the corroded boundary Γ0. We note that if λ
is a positive constant, and Γ and Γ0 are disjoint then the direct nonlinear boundary value
problem (2.1)–(2.3) has a unique solution u ∈ C2,α(Ω) for some α ∈ (0, 1), in case Ω ⊂ R

2

is a bounded domain with boundary ∂Ω of class C2,α, f ∈ F := {f ∈ C3,α(R)|f ′ ≤ 0} and
0 ̸≡ g ∈ C3,α(Γ), see [48] and [63, Theorems 17.28 and 17.30]. Moreover, the mapping
F ∋ f 7→ uf ∈ C2,α(Ω) is continuous when F is equipped with the topology of C1,α,
see [48] and [63, Theorem 6.30]. The Neumann boundary condition (2.2) specifying the
current flux g may be replaced by the Dirichlet boundary condition,

u = h on Γ, (2.4)

specifying the boundary potential h, see [118]. In the boundary condition (2.3) mod-
elling the damage due to corrosion, the resistivity coefficient of corrosion λ represents the
reciprocal of the impedance and the law of corrosion is given by

f(u) = ua − u for the linear Newton’s law of convection, (2.5)

where ua is the ambient potential, or, if we take into account the chemical reduction and
oxidation which occur on the corroded boundary Γ0, see [116],

f(u) = −2 sinh
(u

2

)

for the nonlinear Butler-Volmer law of polarization. (2.6)

In case the polarization curve f(u) expressing the relationship between the current flux
∂u/∂n and the potential u on the corroded boundary Γ0 is not available, one can estimate
it from the potential values measured on a portion of the accessible boundary Γ far
from Γ0, see the inverse analyses of [14, 15] for estimating the galvanic corrosion and
[4, 5, 102, 112] for more general corrosion law identifications. Various algorithms for
corrosion detection problems associated with the electrostatic model (2.1)–(2.6) were
considered and reviewed in [10, 11], which also include other models of corrosion detection
based on guided waves [12] or ultrasound [13].

As mentioned above in subsection 1.1, in this paper, we consider three inverse corro-
sion problems formulated in increasing order of difficulty. In these settings, Γ is known and
accessible for input/output Cauchy data measurements, whilst Γ0 has unknown charac-
teristics and is inaccessible to direct measurement (perhaps Γ0 is some interior connected
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component of ∂Ω, as in the cavity or rigid inclusion determination [9], or some corroded
portion of the exterior component of ∂Ω, see [87]).

Inverse problem I (identification of the corrosion coefficient λ).
In case the space-dependent corrosion coefficient λ in (2.3) is unknown, the inverse bound-
ary coefficient problem requires finding the solution pair (u, λ) satisfying (2.1)–(2.3) and
the additional measurement of the potential u on a sub-portion Γ2 of Γ given by

u = h on Γ2. (2.7)

Essentially, the same inverse problem arises in steady heat conduction where λ signifies
the heat transfer coefficient and u represents the temperature [115].

Inverse problem II (identification of the corroded boundary Γ0).
In case the corroded boundary Γ0 in (2.3) is unknown, the inverse boundary determi-
nation problem requires finding the solution pair (u,Γ0) satisfying (2.1)–(2.3) and (2.7).
Essentially, the same inverse boundary problem arises when monitoring the unknown
wear-line of a melting furnace [113]. The measurement (2.7) may be recorded more than
once, as generated by different (functionally independent) current fluxes imposed in (2.2).
For example, for two current fluxes g(1) and g(2) imposed on Γ as

∂u

∂n
= g(i) on Γ, (2.8)

we measure the potential
u = h(i) on Γ2, (2.9)

for i = 1, 2.
Inverse problem III (identification of the corrosion coefficient λ and the corroded

boundary Γ0).
In case that both the space–dependent corrosion coefficient λ and the corroded boundary
Γ0 are unknown in (2.3), a combination of the inverse problems I and II requires finding
the triplet (u, λ,Γ0) satisfying (2.1)–(2.3) and (2.7), where the measurement of (2.7)
may be recorded more than once, as described in (2.8) and (2.9). This class of inverse
problem is most challenging due to the intrinsic coupling between the unknown geometry
and material parameters [29, 59, 101]. Similar inverse problems, in acse of the linear
corrosion law (2.5), were investigated using the MFS in [20, 81].

In the next sections 3 and 4 we analyse in more detail the direct and inverse problems
in case of the linear and nonlinear boundary corrosion laws (2.5) and (2.6), respectively.

3 Analysis of linear corrosion

Taking for simplicity, ua = 0 in (2.5), the resulting linear boundary corrosion law, which
also arises as a linearisation of the Butler–Volmer nonlinear law (2.6), see [108], recasts
equation (2.3) as

∂u

∂n
+ λu = 0 on Γ0. (3.1)

Other derivations of (3.1) based on the Faraday’s law of electrochemical corrosion [78],
or on modelling the corroded boundary Γ0 as a thin irregular coating layer can be found
in [28, 87, 88].
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3.1 The direct linear problem given by equations (2.1), (2.2) and
(3.1)

It is known, see e.g., [63], that if ∂Ω ∈ C2,β, 0 ≤ λ ∈ C1,β(Γ0), λ ̸≡ 0 and g ∈ H−1/2(Γ) (or
C1,β(Γ)), then the Neumann–Robin direct problem (2.1), (2.2) and (3.1) has a unique so-
lution u ∈ H1(Ω) (or C2,β(Ω)). A similar unique solvability result holds for the Dirichlet–
Robin direct problem (2.1), (2.4) and (2.7) if h ∈ H1/2(Γ) (or C2,β(Γ)).

3.2 The inverse problem I given by equations (2.1), (2.2), (2.7)
and (3.1) for the determination of the coefficient of corrosion

If the prescribed current flux in (2.2) satisfies 0 ̸≡ g ∈ H−1/2(Γ), then the measurement
(2.7) of the potential on Γ2 suffices to determine uniquely the corrosion coefficient λ in
the class of admissible function

Λ1
a,d :=

{

λ ∈ C(Γ0)
∣

∣ 0 < minλ
∣

∣

Γ0

}

(3.2)

together with the potential u ∈ H1(Ω) satisfying the inverse problem I given by equations
(2.1), (2.2), (2.7) and (3.1), see [32]. The positivity of λ in (3.2) is needed to ensure that a
solution to the linear direct problem given by equations (2.1), (2.2) and (3.1) with known
λ is unique. Indeed, if λ ∈ Λ1

ad then, multiplying by u equation (2.1) and using (2.2) and
(3.1), the resulting identity

∫

Ω

|∇u|2 dΩ =

∫

Γ

gu dΓ−
∫

Γ0

λu2 dΓ0,

yields the uniqueness of solution u ∈ H1(Ω) of the direct linear problem (2.1), (2.2) and
(3.1). The unique identifiability of the corrosion coefficient λ also holds in the admissible
class [71],

Λ2
ad :=

{

λ ∈ C3
0(Γ0)

∣

∣ 0 ̸≡ λ ≥ 0
}

(3.3)

and even in the more general class [33],

Λad :=
{

λ ∈ C(Γ0)
∣

∣ 0 ̸≡ λ ≥ 0
}

⊃ Λ1
ad ∪ Λ2

ad. (3.4)

Various logarithmic stability estimates for inverse corrosion coefficient problems were
obtained in [3, 34, 48, 49]. Moreover, if λ is sought as a piecewise constant function,
Lipschitz stability estimates (with the Lipschitz constant increasing with the number of
portions) are also possible [111]. Hölder stability estimates also hold in particular cases,
e.g., if Γ0 is a line segment or a part of some circle and λ is analytic or piecewise constant
function, see [66] or, for other special cases, [97].

3.3 The inverse problem II given by equations (2.1), (2.2), (2.7)
and (3.1) for the determination of the corroded boundary

The uniqueness of solution of the inverse problem II given by equations (2.1) and (3.1)
in the case of a single Cauchy data pair measurements (2.2) and (2.7) is not guaranteed,
unless λ = 0 or λ = ∞ in (3.1), see e.g., [18, 29, 46, 73]. Here we can also mention the
related corrosion situation in which Ω is an annular domain with disjoint sub-boundaries
Γ and Γ0 and the interest is to non-destructively detect the boundary Γ0 enclosing a
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cavity, in case λ = 0, or a rigid inclusion, in case λ = ∞, see [2, 90, 92, 104] and
[23, 39, 55, 84, 85] for theory and numerical reconstruction algorithms, respectively. In
the case 0 < λ <∞, the unique determination of Γ0 from a single Cauchy data pair does
not hold in general [29], although local uniqueness may hold in the particular case that
Ω is a thin rectangular plate [72]. The uniqueness in determining Γ0 however is ensured
if two functionally independent Cauchy data pairs given by equations (2.8) and (2.9) are
provided [29].

3.4 The inverse problem III given by equations (2.1), (2.2), (2.7)
and (3.1) for the determination of both the corroded bound-

ary and the coefficient of corrosion

The unique simultaneous determination of both Γ0 and λ from the two functionally
independent Cauchy data pairs (2.8) and (2.9) is ensured if one of the Neumann data g(1)

or g(2) or Dirichlet data h(1) or h(2) is positive [16, 103].

4 Analysis of nonlinear corrosion

In case the polarization response is given by the Butler–Volmer law (2.6), the nonlinear
Robin boundary condition (2.3) recasts as

∂u

∂n
+ 2λ sinh

(u

2

)

= 0 on Γ0. (4.1)

4.1 The direct nonlinear problem given by equations (2.1), (2.2)
and (4.1)

Clearly, for λ = 0 the solution of the Neumann problem (2.1), (2.2) and ∂u/∂n = 0 on Γ0

is unique up to a constant (and it exists if
∫

Γ
g dΓ = 0). For λ ∈ Λad, the direct nonlinear

mixed problem (2.1), (2.2) and (4.1) has a unique solution characterised as the minimizer
of the associated energy, see [25],

E(w) =
1

2

∫

Ω

|∇w|2 dΩ +

∫

Γ0

λF (w) dΓ0 −
∫

Γ

gw dΓ, ∀w ∈ C2(Ω), (4.2)

where F (w) = 4 cosh (w
2
). Indeed, let v ∈ C2(Ω) be a test function. Denote uϵ = u + ϵv

for ϵ small. Then the variation of the energy (4.2) is given by

d

dϵ
E(uϵ)

∣

∣

∣

∣

ϵ=0

=
d

dϵ

[

1

2

∫

Ω

|∇(u+ ϵv)|2 dΩ +

∫

Γ0

λF (u+ ϵv) dΓ0 −
∫

Γ

(u+ ϵv)g dΓ

]

ϵ=0

=

∫

Ω

∇u · ∇v dΩ +

∫

Γ0

λF ′(u)v dΓ0 −
∫

Γ

vg dΓ

= −
∫

Ω

v (∇2u) dΩ +

∫

∂Ω

v
∂u

∂n
dΓ + 2

∫

Γ0

λ sinh
(u

2

)

v dΓ0 −
∫

Γ

vg dΓ

= −
∫

Ω

v∇2u dΩ +

∫

Γ0

v

(

∂u

∂n
+ 2λ sinh

(u

2

)

)

dΓ0 +

∫

Γ

v

(

∂u

∂n
− g

)

dΓ.
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Setting the above variation equal to zero for any test function v ∈ C2(Ω), we obtain that
u satisfies the problem (2.1), (2.2) and (4.1).

Remark 4.1. In case of the nonlinear corrosion boundary condition (4.1) there is yet

no theoretical investigation into the uniqueness and stability of solution of the inverse

problems I–III similar to those discussed in subsections 3.2–3.4 for the linear corrosion

boundary condition (3.1).

In the next section, we introduce the physical scenario of an underground pipe sub-
jected to a corrosion attack.

5 Physical scenario

In the rest of the paper, we consider a physical scenario concerning the corrosion of a
pipe buried in the ground. We assume that the pipe has cross-section a two-dimensional
domain D that is star-shaped with respect to the origin and is embedded in a ground
with a square cross-section, [−L,L] × [−L,L], with L say equal to 2. We assume also,
that there is symmetry, for simplicity, such that we can consider the problem only in the
first quadrant, i.e., the solution domain

Ω = (0, 2)× (0, 2)\
{

r
(

cos(θ), sin(θ)
)

| θ ∈
[

0,
π

2

]

, 0 < r ≤ r(θ) < 2
}

,

where r(θ) is the polar radius associated to the boundary ∂D. In this situation, the
boundary ∂Ω of the solution domain Ω is formed from the union of the pieces

(

Γi

)

i=0,4
,

as depicted in Figure 1. On the boundaries Γ1 and Γ4 the flux g in equation (2.2) is zero
due to the assumed symmetry, whilst the top boundary Γ3 is assumed, for simplicity, to
be insulated, so an adiabatic boundary condition is prescribed over it. On the corroded
boundary Γ0 =

{

r(θ)
(

cos(θ), sin(θ)
)∣

∣ θ ∈
[

0, π
2

]}

, the Robin boundary condition (2.3)
applies, whilst on the right boundary Γ2

(

away from Γ0

)

a current flux g|Γ2
̸≡ 0 is applied.

In the inverse problems I–III, the resulting boundary potential u|Γ2
= h is measured, as

given by (2.7). The above model, previously formulated in equations (2.1)–(2.3) and
illustrated in Figure 1, becomes







































∇2u = 0 in Ω,

∂u

∂n
=

{

0 on Γ1 ∪ Γ3 ∪ Γ4,

g ̸≡ 0 on Γ2,

∂u

∂n
= λ(θ) f(u) on Γ0,

(5.1)

(5.2)

(5.3)

where the law of corrosion f(u) is given by (2.5) or (2.6).
The next sections 6 and 7 develop two related but different numerical methods for

solving the direct problem (5.1)–(5.3), with the obtained results presented and discussed
in section 9 for the two imposed fluxes on Γ2 defined in Section 8.
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Figure 1: The geometry of the pipe corrosion problem and imposed boundary conditions.

6 The boundary element method for the direct prob-

lem (5.1)–(5.3)

As usual with the boundary element method (BEM), multiplying the Laplace’s equation
(5.1) by its two–dimensional fundamental solution G(p; p′) = − 1

2π
ln
∣

∣p− p′
∣

∣, integrating
using the Green’s formula and applying the boundary conditions (5.2) and (5.3) yield the
integral equation [7, 8]

η(p)u(p) =

∫

Γ0

G(p; p′)λ(p′)f
(

u(p′)
)

dΓ0 +

∫

Γ2

G(p; p′)g(p′) dΓ2(p
′)

−
∫

∂Ω

u(p′)
∂G

∂n(p′)
(p; p′) dS(p′), p ∈ Ω = Ω ∪ ∂Ω, (6.1)

where η(p) = 1 if p ∈ Ω and η(p) =
χ(p)

2π
if p ∈ ∂Ω, and χ(p) is the angle formed by either

tangents to ∂Ω at p. In particular, if p is not a corner of ∂Ω then χ(p) = π and thus

η(p) = 1/2. In three–dimensions, the fundamental solution changes to be 1
4π|p−p′|

.

We discretise the boundary ∂Ω in an anti-clockwise sense
(

starting from the point

p
0
=
(

0, r
(

π
2

))

= (0, 1) = Γ0∩Γ4

)

using uniform divisions of the boundaries Γ0,Γ1,Γ2,Γ3

and Γ4 into N,N, 2N, 2N and N straight line segments, respectively, such that the mesh
consists of a total of 7N = M boundary elements. Using a piecewise constant BEM ap-
proximation we assume that u|∂Ω, g|Γ2

and λ|Γ0
are constant over each boundary element

[p
j−1
, p

j
] for j = 1,M and take their values at the midpoint boundary element node

p̃j = (p
j
+ p

j−1
)/2, namely,

u(p) ≡ u(p̃
j
) =: uj for p ∈ [p

j−1
, p

j
], j = 1,M, (6.2a)

λ(p) ≡ λ(p̃
j
) =: λj for p ∈ [p

j−1
, p

j
], j = 1, N, (6.2b)

g(p) ≡ g(p̃
j
) =: gj for p ∈ [p

j−1
, p

j
], j = 2N + 1, 4N. (6.2c)

With these approximations the equation (6.1) applied at each boundary element node p̃i
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for i = 1,M is converted into the following system of M equations:

N
∑

j=1

Aijλjf(uj) +
M
∑

j=1

Bijuj = −
4N
∑

j=2N+1

Aijgj, i = 1,M, (6.3)

where

Aij =

∫

[p
j−1

, p
j
]

G(p̃i; p
′) dS(p′), Bij = −

∫

[p
j−1

, p
j
]

∂G

∂n(p′)
(p̃i; p

′) dS(p′)− 1

2
δij, i, j = 1,M, (6.4)

and δij is the Kronecker–delta symbol. The approximation of the boundary ∂Ω by the
straight boundary element segments [p

j−1
, p

j
] enables the analytical evaluation of the

integrals in (6.4) in terms of the sides and angles of the typical BEM triangle formed
with the vertices p, p

j−1
and p

j
; in particular, for any p ∈ Ω we have [94],

Aj(p) :=

∫

[p
j−1

, p
j
]

G(p; p′) dS(p′)

= − 1

2π

{

h
(

ln (h)− 1
)

if ab = 0,

a cos(β) ln(a/b)− h(1− ln(b)) + a ψ sin(β) if ab ̸= 0,
(6.5)

Bj(p) :=

∫

[p
j−1

, p
j
]

∂G

∂n(p′)
(p; p′) dS(p′)

=















0 if ab = 0 or p ∈ [p
j−1
, p

j
],

ψ sign(αj−1(p)− αj(p)) if y ∈ [yj−1, yj],

ψ sign(αj(p)− αj−1(p)) otherwise,

(6.6)

where sign is the signum function, a = |p− p
j−1

|, b = |p− p
j
|, h = |p

j
− p

j−1
|,

ψ = arccos

(

a2 + b2 − h2

2ab

)

, β = arccos

(

a2 + h2 − b2

2ah

)

,

and αj−1(p) ∈ [0, π] and αj(p) ∈ [0, π] are the angles between the positive x-axis and the
straight lines pp

j−1
and pp

j
in the upper-half plane, respectively. The change in sign of

the angle ψ in (6.6) occurs because the domain Ω is not convex. From (6.4)–(6.6) we
observe that

Aij = Aj(p̃i), Bij = −Bj(p̃i)−
1

2
δij for i, j = 1,M. (6.7)

The system of nonlinear equations (6.3) is solved using the Matlab command fsolve

to determine the Dirichlet boundary values uj for j = 1,M . In case the boundary
condition (2.3) linearizes as (3.1), the resulting system (6.3) becomes linear and given by

N
∑

j=1

(−Aijλj +Bij)uj +
M
∑

j=N+1

Bijuj = −
4N
∑

j=2N+1

Aij gj, i = 1,M, (6.8)
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and is solved using the Matlab routine linesolve.
Since the direct problem (5.1)–(5.3) does not have an analytical solution available,

it is useful to develop, as described in the next section, another independent method in
order to compare the BEM results with and ensure that an accurate numerical solution
has been obtained.

7 The method of fundamental solution for the direct

problem (5.1)–(5.3)

A meshless approach, namely, the method of fundamental solution (MFS), see e.g. [77],
may also be employed to solve the direct problem (5.1)–(5.3). The essential idea behind
the MFS is to approximate the solution by a linear combination of non-singular fun-
damental solutions of the governing partial differential equation with reference to some
sources located outside the solution domain [22]. Compared to the BEM based on bound-
ary integral equations with source points located along the boundary, the MFS represents
a straightforward discretization of a single-layer regular potential, which is permitted be-
cause the source points are positioned outside the closure of the solution domain, see
[1, 26] for further comparisons between the BEM and the MFS.

In the MFS, we seek the solution to the Laplace equation (5.1) as a finite linear
combination of fundamental solutions [45, 77],

u(p) =
M
∑

j=1

Cj G(p; ξj), p ∈ Ω, (7.1)

where (ξ
j
)j=1,M are source points (or ’singularities’) selected outside Ω and (Cj)j=1,M are

unknown real coefficients to be determined by imposing the boundary conditions (5.2)
and (5.3). Since ξ

j
/∈ Ω for j = 1,M, the right-hand side of (7.1) represents a linear

combination of harmonic functions in Ω, whose span is dense in the set of harmonic func-
tions in Ω, see [22]. Based on the explicit representation (7.1), collocating the boundary
conditions (5.2) and (5.3) at the nodes (p̃

i
)i=1,M results in

M
∑

j=1

Cj
∂G

∂n(p)
(p̃

i
, ξ

j
) = λif

(

M
∑

j=1

Cj G(p̃i, ξj)

)

, i = 1, N, (7.2)

M
∑

j=1

Cj
∂G

∂n(p)
(p̃

i
, ξ

j
) =

{

0, i = N + 1, 2N ∪ 4N + 1,M,

gi, i = 2N + 1, 4N,
(7.3)

where

∂G

∂n(p)
(p̃

i
, ξ

j
) = ∇pG(p̃i, ξj) · n(p̃i) =

∂G

∂x
(p̃

i
, ξ

j
)nx(p̃i) +

∂G

∂y
(p̃

i
, ξ

j
)ny(p̃i),

and p̃
i
= (x̃i, ỹi), ξj = (ζj, ηj), n = (nx, ny),

∂G

∂x
(p̃

i
; ξ

j
) = − 1

2π

(x̃i − ζj)

|p̃
i
− ξ

j
|2 ,

∂G

∂y
(p̃

i
; ξ

j
) = − 1

2π

(ỹi − ηj)

|p̃
i
− ξ

j
|2 .
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Similar expressions employing the MFS for solving three-dimensional inverse geomet-
ric problems are also available [80, 99].

In case of the linear boundary (3.1) (in place of (5.3)), equations (7.2) simplify as

M
∑

j=1

Cj

[

∂G

∂n(p)
(p̃

i
; ξ

j
) + λi G(p̃i; ξj)

]

= 0, i = 1, N. (7.4)

The source points (ξ
j
)j=1,M are placed on a dilated boundary at a constant distance

δ > 0 from ∂Ω. There are several ways for choosing a suitable value for δ, as discussed
in [42, 43], but herein we only mention that it depends on how far the harmonic solution
of the direct problem (5.1)–(5.3) can be analytically continued in the exterior of Ω, see
[100]. We also note that the ill-conditioning of the MFS system of equations (7.3) and
(7.4) grows as the distance δ increases [41].

8 Imposed flux on Γ2

As considered in [116], in the physical application, on the vertical wall Γ2 we impose a
current flux over an electrode of length 2ϵ centred at the point (2, 1

3
), which is drawn out

through another electrode of length 2ϵ centred at the point (2, 2
3
), where ϵ > 0 is a small

number, typically, ϵ = 0.1. Therefore, on Γ2, we impose the discontinuous flux

∂u

∂n
(2, y) = g1(y) =











1
2ϵ

if 1
3
− ϵ ≤ y ≤ 1

3
+ ϵ,

−1
2ϵ

if 2
3
− ϵ ≤ y ≤ 2

3
+ ϵ,

0 otherwise.

(8.1)

This experiment is typical of a two-electrode continuous model of electrical impedance/
resistance tomography (EIT/ERT), see e.g. [56, 57]. More realistic complete electrode
models may also be considered [58].

We shall also investigate imposing the continuous flux

∂u

∂n
(2, y) = g2(y) = y(2− y), y ∈ (0, 2) , (8.2)

being prescribed on Γ2. Both fluxes (8.1) and (8.2) satisfy lateral continuity as we ap-
proach the corners (2, 0) and (2, 2) from either sides.

9 Numerical results for the direct problem (5.1)–(5.3)

For the corrosion coefficient we consider a positive space-dependent coefficient given by

λ(θ) = sin(θ), θ ∈
(

0,
π

2

)

, (9.1)

on the boundary

Γ0 =
{

(cos(θ), sin(θ))| θ ∈
(

0,
π

2

)}

. (9.2)

With λ given by (9.1) the linear and nonlinear Robin boundary conditions (3.1) and (4.1)
recast as

∂u

∂n
+ sin(θ)u = 0, θ ∈

(

0,
π

2

)

on Γ0, (9.3)
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Table 1: Direct problem. The numerical BEM and MFS (with δ = 0.2) solutions for
the linear boundary condition (LBC) (9.3) and for the nonlinear boundary condition
(NLBC) (9.4) on Γ0, at arbitrary test points in Ω, for various N ∈ {10, 30, 90, 270}, when
the discontinuous flux (8.1) is prescribed on Γ2.

N
uLBC uNLBC

BEM MFS BEM MFS

(1.5, 0.5)

10 0.0939 0.0526 0.0939 0.0526
30 0.0732 0.0300 0.0732 0.0681
90 0.0720 0.0712 0.0720 0.0712
270 0.0717 0.0714 0.0717

(1.5, 1.5)

10 -0.0724 -0.0690 -0.0724 -0.0689
30 -0.0649 -0.0988 -0.0649 -0.0691
90 -0.0659 -0.0665 -0.0659 -0.0666
270 -0.0662 -0.0664 -0.0662

(0.5, 1.5)

10 -0.0280 -0.0329 -0.0280 -0.0329
30 -0.0274 -0.0539 -0.0274 -0.0308
90 -0.0282 -0.0286 -0.0282 -0.0287
270 -0.0284 -0.0285 -0.0284

and
∂u

∂n
+ 2 sin(θ) sinh

(u

2

)

= 0, θ ∈
(

0,
π

2

)

on Γ0, (9.4)

respectively.
Since an analytical solution for the direct problem (5.1)–(5.3) is not available, we com-

pare the numerical results obtained by using the BEM and MFS, previously introduced
in sections 6 and 7, respectively. Numerical results are presented for the solution u along
the boundaries Γ0 and Γ2 and inside the solution domain Ω.

Tables 1 and 2 show the convergence and the very good agreement obtained between
the BEM and the MFS numerical solutions for u at various points in Ω, as N =M/7 or
M =M increases. Further plots of the convergence of the BEM/MFS numerical solutions
on the boundary ∂Ω can be found in [8] and therefore, they are not presented herein.
We also note that the numerical MFS solution for the direct problem with the nonlinear
boundary condition (9.4) for M = M = 7N = 7 × 270 could not be obtained due to
extended computational processing times, preventing the completion of calculations in a
reasonable time-frame. Therefore, only the BEM will be employed in the remaining of
the paper.

Figures 2(a) and 2(c) shows that the BEM results for u|Γ0∪Γ2
of the direct problem with

the discontinuous flux (8.1) prescribed on Γ2 and linear or nonlinear boundary conditions
(9.3) or (9.4) on Γ0 are very similar. This is to be expected since the linear and nonlinear
functions (2.5) (with ua = 0) and (2.6) are very close to each other for |u| small, (see
the small values of u|Γ0

in Figure 2(a)). On the other hand, when the continuous flux
(8.2) is prescribed on Γ2, the numerical BEM results for u|Γ0∪Γ2

presented in Figures 2(b)
and 2(d), obtained from solving the direct problem with linear or nonlinear boundary
conditions (9.3) or (9.4) on Γ0 are slightly different because −2 sinh(u

2
) and −u on Γ0

start to become distinguishable for the larger values of u|Γ0
illustrated in Figure 2(b).

The accurate values of u|Γ2
presented in Figures 2(c) and 2(d) will serve as input data

for the inverse problems that will be investigated in the remaining of the paper.
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Table 2: Direct problem. The numerical BEM and MFS (with δ = 0.2) solutions for
the linear boundary condition (LBC) (9.3) and for the nonlinear boundary condition
(NLBC) (9.4) on Γ0, at arbitrary test points in Ω, for various N ∈ {10, 30, 90, 270}, when
the continuous flux (8.2) is prescribed on Γ2.

N
uLBC uNLBC

BEM MFS BEM MFS

(1.5, 0.5)

10 2.3208 2.0579 2.1965 1.9666
30 2.1897 2.1069 2.0824 2.0101
90 2.1516 2.1244 2.0492 2.0255
270 2.1394 2.1304 2.0386

(1.5, 1.5)

10 2.3168 2.0854 2.1986 1.9994
30 2.2002 2.1277 2.0988 2.0365
90 2.1668 2.1430 2.0701 2.0497
270 2.1561 2.1482 2.0610

(0.5, 1.5)

10 1.7158 1.5145 1.6044 1.4341
30 1.6134 1.5507 1.5184 1.4654
90 1.5844 1.5639 1.4939 1.4766
270 1.5752 1.5684 1.4862

Once the BEM solver has been tested for accuracy and convergence, the next sections
10–12 describe the iterative nonlinear minimization procedures developed for solving the
inverse and ill-posed problems I-III, respectively.

10 Numerical solution of the inverse problem I given

by equations (2.7) and (5.1)–(5.3) for the determi-

nation of the coefficient of corrosion

At the first glance, one could solve the linear but ill-posed Cauchy problem given by
equations (5.1), (5.2) and (2.7), e.g., using the BEM with the truncated singular value
decomposition for solving the resulting ill-conditioned system of equations, as described
in [6, sections 4 and 5], after which attempt to retrieve the coefficient λ from (5.3) directly
as

λ =
∂nu

f(u)
on Γ0, (10.1)

as proposed in [47] for the linear Robin boundary condition (3.1). However, formula
(10.1) is applicable only at points on Γ0 at which f(u) does not vanish, i.e., in the case
of f(u) = −2 sinh

(

u
2

)

or f(u) = −u then these would be points at which u itself would
not vanish. In addition, the reconstruction of the corrosion coefficient from (10.1) will
be sensitive to errors in u in the vicinity of its zeros on Γ0. Therefore, to obtain more
stable solutions we solve simultaneously the equations (2.7) and (5.1)–(5.3). The inverse
problem I given by equations (2.7), (5.1) and (5.2) in case of the linear boundary condition
(3.1) has already been analysed in subsection 3.2. As for the numerical implementation,
the discretisation of the boundary data (2.7) yields, using (6.2a),

u(p) ≡ u(p̃j) = uj = h(p̃j) = hj for p ∈ [p
j−1
, p

j
], j = 2N + 1, 4N. (10.2)
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(a) (b)

(c) (d)

Figure 2: Direct problem. Comparison of the BEM numerical solutions for u on Γ0 ∪ Γ2

obtained with N = 90 for the linear (−−−) and nonlinear (△△△) boundary conditions
(9.3) and (9.4), respectively, when (a,c) the discontinuous flux (8.1) and (b,d) the con-
tinuous flux (8.2) is prescribed on Γ2.
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Using the BEM introduced in section 6, the discretisation of the inverse problem I
given by equations (2.7) and (5.1)–(5.3) gives the system of equations (6.2) (or (6.8))
and (10.2) in the unknowns u = (uj)j=1,M and λ = (λj)j=1,N . As such, this system of
nonlinear equations is overdetermined having M +2N equations with M +N unknowns.

As the objective is to minimize iteratively with respect to λ the discrepancy between
the computed and the measured boundary potential (10.2), we eliminate u = (ui)i=1,M

from the system of equations (6.3), written as

D(λ, u) :=
N
∑

j=1

[Aijλjf(uj) + Bijuj] +
M
∑

j=N+1

Bijuj = b, (10.3)

where b = (bi)i=1,M with

bi = −
4N
∑

j=2N+1

Aijgj for i = 1,M.

In case of the linear law (2.5) with ua = 0, the left-hand side of (10.3) can be written
in matrix form as, see also (6.8),

D(λ)u = b, (10.4)

where

Dij(λ) =

{

Bij − Aijλj, i = 1,M, j = 1, N,

Bij, i = 1,M, j = N + 1,M,
(10.5)

whose inversion eliminates u explicity, as given by

u(λ) = (D(λ))−1 b. (10.6)

In case of the nonlinear law (2.6) (and for other nonlinear laws) we can express u in
terms of λ from (10.3) using the implicit function theorem, which is applicable since the
direct problem (5.1)–(5.3) is uniquely solvable for any λ ∈ Λad, as discussed in subsection
4.1. Based on this elimination (or on (10.6)) we can then construct the least–squares
objective functional F : Λad → R+ given by

F (λ) = ∥u(λ)|Γ2
− h∥2L2(Γ2)

, (10.7)

or, in discretised form,

F (λ) =
2

2N

4N
∑

i=2N+1

(ui(λ)− hi)
2 . (10.8)

As seen from (10.7) or (10.8), the objective is to minimize the gap between the com-
puted BEM solution for u(λ)|Γ2

and the measured boundary potential data h on Γ2 given
by (2.7). According to the analysis discussed in subsection 3.2, the set (3.4) guarantees
that, as least for the linear law of corrosion (2.5), a solution (u, λ) ∈ H1(Ω)× Λad to the
inverse problem (2.7), (3.1), (5.1) and (5.2) with 0 ̸≡ g ∈ H−1/2(Γ2) is unique. However,
since this solution will likely be unstable with respect to small noise in the measured data
(2.7), a regularization term R(λ) is often added to the least-squares functional (10.8) to
yield the Tikhonov regularization functional

Freg(λ) := F (λ) + µR(λ), (10.9)
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where µ ≥ 0 is a regularization parameter to be prescribed. If there exists a priori

information on the regularity of the unknown function that is sought, e.g. of class Ck

with k ∈ N, then this can be imposed by choosing R(λ) as the norm of the k-th order
derivative of λ. Moreover, the choice of the regularization parameter µ can be based on
the L-curve criterion [64] or on trial and error by selecting a small positive value of µ and
then gradually increasing it until oscillations in the obtained solution disappear [54].

We mention that instead of the least-squares functional (10.7), the so-called Kohn-
Vogelius functional minimizing the gap between the solution of the Neumann-Robin direct
problem (5.1)–(5.3) and the Neumann-Dirichlet-Robin direct problem (2.7), (5.1), (5.3)
and

∂u

∂n
= 0 on Γ1 ∪ Γ3 ∪ Γ4, (10.10)

may also be devised, see [35, 36, 74, 121] which considered the linear Robin boundary
condition (3.1).

The discretised form of (10.9) subject to simple bounds on the variables λ is min-
imized using the Matlab toolbox routine lsqnonlin, starting from an arbitrary initial
guess λ(0) within those prescribed bounds and with the gradient computed internally
by the routine using finite differences [70]. Integrated within the Matlab optimization
toolbox, lsqnonlin supports various minimization algorithms such as the trust-reflective
region (TRR) by default, Interior-point and Levenberg-Marquardt [51, 52, 70]. We have
employed all these methods with similar performances and we have decided to use the
TRR method which adjusts the solution based on residual reduction, balancing conver-
gence and stability. Termination criteria such as Function Tolerance (gradient magnitude
threshold) can be used to stop the iterations when changes become negligible.

10.1 Numerical results and discussion for inverse problem I

We consider the geometry depicted in Figure 1 with Γ0 given by (9.2). We take the
function g on Γ2 given by equation (8.1), which corresponds to an injected discontinuous
current flux in an EIT experiment and measure the resulting potential on Γ2, as given
by equation (2.7). We numerically simulate this data by solving the direct problem
(5.1), (8.1) and (5.3) with λ given by (9.1), using a boundary mesh with M = 7N =
630 boundary elements, as described in section 6 and illustrated in Figure 2(c). This
discretisation was found sufficiently fine to ensure that any further increase to, say M =
7N = 1890 boundary elements, did not significantly affect the accuracy of the numerical
results. In the inverse problem, we utilize only a portion of this data, specifically one-
third, on Γ2, such that the BEM direct solver at each iteration of the minimization process
is employed with N = 30 resulting in M = 7N = 210 boundary elements. This common
numerical modelling approach of taking a different mesh for solving the direct and inverse
problems when utilising the same discretisation method not only prevents committing an
inverse crime [79], but it also introduces some numerical noise into the data (2.7).

Simple physical bounds on the variables λ = (λj)j=1,N are prescribed as

0 = λmin ≤ λj ≤ λmax = 1, j = 1, N, (10.11)

where corresponding to (6.2b) and (9.2), p̃
j
= (cos(θ̃j), sin(θ̃j)) and θ̃j =

π
2
(1− 2j−1

2N
) for

j = 1, N . The initial guess is taken as λ
(0)
j =

θ̃j
π/2

for j = 1, N , which corresponds to the

straight line λ(θ) = θ
π/2

for θ ∈ [0, π
2
] joining the points specified according to (9.1) as
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λ(π/2) = 1 and λ(0) = 0. The tolerance parameters employed in the lsqnonlin toolbox
are set up at some small values, namely, Function Tolerance = 10−20, Step Tolerance
= 10−20 and Optimality Tolerance = 10−15. These tolerances are used throughout all
computations performed in sections 10–12.

The choice of the regularization term R(λ) in (10.9) depends on the a priori knowledge
of the regularity of the sought corrosion coefficient λ to correspond to various degrees of
derivative penalisation. Initially, we have tried using the zeroth-order regularization term
R(λ) = ∥λ−λ(0)∥2L2(Γ0)

, which penalises the function λ ∈ C(Γ0), such that the discretised

form of (10.9) becomes (see also (10.8))

Fµ(λ) =
2

2N

4N
∑

j=2N+1

(uj(λ)− hj)
2 + µ

N
∑

j=1

(λj − λ
(0)
j )2. (10.12)

10.1.1 Results for the linear boundary condition (3.1)

Consider first the case of the linear boundary condition (3.1). Figure 3(a) provides valu-
able insight into the convergence of the zeroth-order regularization functional (10.12) with
the number of iterations, for various regularization parameters µ ∈ {0, 10−5, 10−4}. From
this figure, it can be observed that the iterative process converges quickly to minimum
small values, after which it remains stationary until it stops according to the imposed
tolerances in the lsqnonlin routine.

Figure 3(b) provides a quantitative assessment of accuracy by plotting the error be-
tween the numerically recovered and exact coefficient of corrosion, against the regular-
ization parameter µ. According to this figure, it can be seen that µ = 3 × 10−6 is the
optimal regularization parameter. Of course, this value is not available to us since λexact
is not known, in general. However, we could experience by trial and error with various
values of µ and observe the numerically retrieved solutions becoming stable enough to
mitigate noise without over-smoothing and losing important details.

Figure 3(c) presents the numerically recovered coefficient λ with various regulariza-
tion parameters µ ∈ {0, 10−5, 10−4} in comparison with the exact solution (9.1). The
numerical results obtained with no regularization, i.e., with µ = 0, jump between the
upper and lower bounds in (10.11) as a manifestation of the instability of the nonlinear
least-squares non-convex functional (10.7) (or (10.8)).

On the other hand, the numerical results obtained with the regularization parameter
µ = 10−5 (or 10−4) show a good balance between stability and accuracy; however, the
obtained solution is still far from the exact solution (9.1). One possible way to improve
the reconstruction is to increase the order of regularization, i.e. the solution smoothness,
assuming that such physical information is available. Then, as illustrated in Figure 4,
for µ = 10−5 better convergence and accuracy is obtained by penalising the first-order
derivative of λ (assumed to be in C1(Γ0)) through the first-order Tikhonov regularization
functional given by

Fµ(λ) =
2

2N

4N
∑

j=2N+1

(uj(λ)− hj)
2 + µ

N
∑

j=2

(λj − λj−1)
2. (10.13)

Next, we perturb the exact data (2.7) by noise of percentage p, as given by,

hnoisyj = hj(1 + pρj), j = 2N + 1, 4N, (10.14)
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(a) (b)

(c)

Figure 3: Inverse problem I with the linear boundary condition (9.3), no noise p = 0.
Determining the corrosion coefficient λ(θ) on the boundary Γ0 using the zeroth-order
regularization with various values of the the regularization parameter µ. The figure shows:
(a) the convergence of the objective function (10.12) with the number of iterations, (b)
the norm of the difference between the exact and numerical solutions as a function of µ,
and (c) the comparison between the exact and numerical solutions.
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(a) (b)

(c)

Figure 4: Inverse problem I with the linear boundary condition (9.3), no noise p =
0. Determining the corrosion coefficient λ(θ) on the boundary Γ0 using the first-order
regularization with various values of the the regularization parameter µ. The figure shows:
(a) the convergence of the objective function (10.13) with the number of iterations, (b)
the norm of the difference between the exact and numerical solutions as a function of µ,
and (c) the comparison between the exact and numerical solutions.
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Figure 5: Inverse problem I with the linear boundary condition (9.3), noise p = 1%.
Determining the corrosion coefficient λ(θ) on the boundary Γ0 using the first-order reg-
ularization (10.15) with various values of the regularization parameter µ.

where ρj are random variables drawn from a uniform distribution in [−1, 1], in order to
test the stability of the regularization process under small errors in the input measured
data. Noise makes the recovery of the unknowns more sensitive, but by choosing an ap-
propriate regularization parameter µ, we can still obtain reliable, i.e. stable and accurate,
results. Confidence, or credibility, intervals of the recovered solutions may be established
by repeating the inversion process for a few random noise simulations in (10.14) and then
averaging the obtained results [53].

Based on the previous results obtained in Figures 3 and 4 in case p = 0, we further
employ only the first-order regularization functional (10.13) with hj being replaced by
hnoisyj for j = 2N + 1, 4N , given by

Fµ(λ) =
2

2N

4N
∑

j=2N+1

(uj(λ)− hnoisyj )2 + µ

N
∑

j=2

(λj − λj−1)
2. (10.15)

We note that in practice the noisy data comes from measurement, which inherently
contains errors, and in our numerical simulations we do not make any assumption about
the type of noise with which this data is contaminated.

Figure 5 shows the numerical recoveries of λ in case of inverting p = 1% noisy data.
On comparing with Figure 4(c) where p = 0 no noisy data were inverted, from Figure
5 it can be seen that noise causes some inaccuracies between the exact and numerical
solutions, but the overall stable pattern and reasonable accuracy is still captured for
µ = 10−3. This shows that the first-order Tikhonov regularization method is fairly stable
with respect to noise in the input data, provided that the regularization parameter µ
is chosen appropriately to control the balance between noise reduction and solution’s
accuracy.

10.1.2 Results for the nonlinear boundary condition (4.1)

In case of the Butler-Volmer law of corrosion (2.6), the nonlinear Robin boundary con-
dition is given by (4.1). In case of no noise, i.e. p = 0, the results presented in Figure
6 show similar features to those presented in Figure 4 obtained for the linear boundary
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(a) (b)

(c)

Figure 6: Inverse problem I with the nonlinear boundary condition (9.4), no noise p =
0. Determining the corrosion coefficient λ(θ) on the boundary Γ0 using the first-order
regularization with various values of the the regularization parameter µ. The figure shows:
(a) the convergence of the objective function (10.13) with the number of iterations, (b)
the norm of the difference between the exact and numerical solutions as a function of µ,
and (c) the comparison between the exact and numerical solutions.

condition (3.1). However, the less accurate results obtained in Figure 6(c) compared to
those of Figure 4(c) indicate that the nonlinear boundary condition (4.1) introduces ex-
tra computational challenges causing the functional (10.13) that is minimized becoming
trapped perhaps in a local minimum. Improved results may be obtained by reducing
the number N of unknown λi for i = 1, N , using a smaller finite set of trigonometric
polynomials [21] for approximating λ(θ), as it will be illustrated later on for the inverse
problem III in section 12.
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11 Numerical solution of the inverse problem II

given by equations (2.9), (5.1), (5.3), (8.1), (8.2) and

(10.10)

The inverse problem II in the case of the linear boundary condition (3.1) has already
been discussed in subsection 3.3. This section investigates the numerical reconstruction
of the corroded boundary Γ0 when using two pairs of Cauchy data formed from the fluxes
(8.1) and (8.2) and the corresponding potentials (2.9) for i = 1 and 2.

Previously, the determination of a perfectly conductive (in case λ = ∞) or insulated
(in case λ = 0) corroded part Γ0 of the boundary ∂Ω, formulated as a Cauchy linear
problem in electrostatics governed by the Laplace’s equation (2.1), was investigated using
the BEM or the MFS combined with the level-set method in [96, 119, 120]. The BEM or
the MFS was also combined with the Tikhonov regularization method to solve the same
inverse problem in [93, 98]. For some special rectangular geometries, analytical treatment
based on Fourier series is also possible [95]. The measurements (2.9) of the potential on Γ2

are numerically simulated, as described in section 10, by solving the direct problem (5.1)–
(5.3) with λ given by (9.1) and Γ0 given by (9.2). This data was previously presented
in Figures 2(c) and 2(d), as obtained using the BEM with N = 90. As in section 10,
in order to prevent committing an inverse crime in the inverse problem we retain only a
third of this data and apply the iterative BEM direct solver using N = 30.

We seek the unknown corroded boundary Γ0 as part of a star-shaped domain with
respect to the origin, parametrised as [7, 82]

Γ0 =
{

r(θ) (cos(θ), sin(θ)) | θ ∈ [0, π/2]
}

. (11.1)

Alternatively, Γ0 could be sought as the graph of an unknown function defined by
Γ0 =

{

(x, y(x))|x ∈ (0, 1)
}

, as in [40, 93, 95]. In the absence of such physics-informed
assumptions on the unknown corroded boundary, the level set method [83, 107] may be
an option, but for its difficulty in accommodating the Robin boundary condition (2.3)
and the high sensitivity to noise in the measured data.

In the particular cases that the linear Robin boundary condition (3.1) degenerates
into a homogenous Neumann (for λ = 0) or Dirichlet (for λ = ∞) boundary condition,
as reviewed in section 3.3, the corroded boundary Γ0 can be uniquely identified from
the single potential measurement (2.7) corresponding to the flux (2.2) and numerical
reconstructions were attempted using a boundary collocation method in [119], the method
of lines in [96], the MFS in [98, 120] and the BEM in [93].

In accordance with the BEM discretization described in section 6, the endpoints
of the boundary elements discretising Γ0 given by (11.1) have the coordinates p

j
=

(r(θj) cos(θj), r(θj) sin(θj)) for j = 0, N , with θj = π(N−j)
2N

, where r(θ0) = r
(

π
2

)

= 1

and r(θN) = r(0) = 1. Denoting by rj := r(θj) for j = 1, N − 1, the inverse problem
then seeks the vector r = (rj)j=1,N−1 which minimizes the functional

C(r) :=
2
∑

i=1

∥u(i)(r)− h(i)∥2L2(Γ2)
, (11.2)

where u(i)(r; ·)|Γ2
is the computed solution from the BEM system of equations (6.3) for
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a given r. In discretised form (11.2) becomes

C(r) =
2

2N

2
∑

i=1

4N
∑

j=2N+1

(

u
(i)
j (r)− h

(i)
j

)2

. (11.3)

Simple bounds on the variables such as

rmin ≤ rj ≤ rmax for j = 1, N − 1 (11.4)

are imposed, and the constrained minimization problem is solved iteratively using the
lsqnonlin based on the TRR algorithm, as in section 10, starting from an arbitrary

initial guess r(0) =
(

r
(0)
j

)

j=1,N−1
satisfying the constraints (11.4).

Especially, in case the measured potential data on Γ2 is contaminated with noise, as
in (10.14), namely,

h
(i)noisy
j = h

(i)
j (1 + pρj), j = 2N + 1, 4N, i = 1, 2, (11.5)

the functional (11.3) has to be penalized resulting in the regularized functional (of zeroth-
order) given by

Cµ(r) =
2

2N

2
∑

i=1

4N
∑

j=2N+1

(

u
(i)
j (r)− h

(i)noisy
j

)2

+ µ

N−1
∑

j=1

(

rj − r
(0)
j

)2

. (11.6)

11.1 Numerical results and discussion for inverse problem II

We consider two examples of corroded boundary Γ0 given by a quarter of the unit circle
(Example 1), i.e.,

r(θ) = 1, θ ∈
[

0,
π

2

]

, (11.7)

and a straight-line segment joining the points (0,1) and (1,0), (Example 2), i.e.,

r(θ) =
1√

2 sin(θ + π/4)
, θ ∈

[

0,
π

2

]

. (11.8)

The lower and upper bounds in (11.4) are taken as

rmin =

{

0.5 for Example 1,

0.7 for Example 2,
and rmax =

{

1.5 for Example 1,

1.1 for Example 2.
(11.9)

We take λ ≡ 1 which also ensures that the direct problem given by (5.1), (5.2) and
the linear or nonlinear boundary conditions (3.1) or (4.1) given by

∂u

∂n
+ u = 0 on Γ0, (11.10)

or
∂u

∂n
+ 2 sinh

(u

2

)

= 0 on Γ0, (11.11)

is well-posed, as discussed in sections 3.1 and 4.1.
We investigate the reconstruction of the polar radius r(θ), discretised in the form of

the vector r = (rj)j=1,N−1, which yields Γ0 through the star-shape representation (11.1),
from the two pairs of data (2.8) and (2.9) induced by the current flux (8.1) and (8.2).
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(a) (b)

Figure 7: Inverse problem II. No noise, no regularization (Example 1 with the linear
boundary condition (11.10)). The figure shows: (a) the convergence of the objective
function (11.3) with the initial guess (11.12) shown with (− ◦ −) and with the initial
guess (11.13) shown with (−∆−), along with the corresponding (b) the numerical recon-
structions of r(θ) in comparison with the exact solution (11.7) shown with (——).

Example 1

We first mention that inverting individually each of the boundary data (2.8) and (8.1) or
(2.9) and (8.2) led to different results, see [7], for the two initial guesses

r(0)(θ) = 1.1, θ ∈
[

0,
π

2

]

, (11.12)

and

r(0)(θ) =
1√

2 sin(θ + π/4)
, θ ∈

[

0,
π

2

]

. (11.13)

This is expected since the inverse problem II with a single Cauchy data may not have a
unique solution for Γ0 in case of the Robin boundary condition (3.1) or (4.1), as pointed
out in section 3.3. By using the two sets of Cauchy data (2.8) and (2.9) induced by the
current fluxes (8.1) and (8.2), the functional (11.3) is minimized subject to the simple
bounds on variables (11.4) with rmin = 0.5 and rmax = 1.5 and the initial guesses (11.12)
or (11.13). The resulting numerical results for Example 1 with the linear boundary
condition (11.10) are presented in Figure 7. As illustrated in Figure 7(a), the initial
guess (11.13), which is farther away from the exact solution (11.7) than the initial guess
(11.12), requires a larger number of iterations to achieve a small convergence threshold of
10−10 for the objective function (11.3). The numerical results for r(θ) illustrated in Figure
7(b) show some level of dependency on the initial guess; however, the reconstructions are
reasonable in terms of accuracy.

Next, on considering the noisy data (11.5) for p = 1% we minimize the regularized
objective functional (11.6) subject to the bounds (11.4) with rmin = 0.5 and rmax = 1.5,
and illustrate in Figure 8 the results obtained with the initial guess (11.12) only for
Example 1 with the linear boundary condition (11.10).
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(a) (b)

(c) (d)

Figure 8: Inverse problem II. Noise p = 1%, with regularization (Example 1 with the
linear boundary condition (11.10)). The figure shows: (a) the convergence of the ob-
jective function (11.6) with the initial guess (11.12), shown for different values of the
regularization parameter: (−×−) for µ = 0, (−□−) for µ = 10−3, (−−−) for µ = 10−2

and (−∆−) for µ = 10−1, along with the corresponding (b) the numerical reconstructions
of r(θ) in comparison with the exact solution (11.7) shown with (——), (c) the L-curve,
plotting the residual (11.3) versus the norm of (r− r0), and (d) the norm of the error, as
a function of the regularization parameter.
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Figure 8(a) shows the logarithm of the objective function (11.6) plotted against the
iteration number. From this figure, it can be seen that in the absence of regularization,
i.e. µ = 0, the objective function (11.3) converges slowly, requiring about 1200 iterations
to stabilise around 10−5. In contrast, the minimization of (11.6) with µ = 10−2 reaches a
stationary threshold of about 10−4 after only 100 iterations. The numerical results for the
reconstructed polar radius r(θ) are illustrated in Figure 8(b) for various regularization
parameters µ ∈ {0, 10−3, 10−2, 10−1}. For µ = 0, the solution exhibits noticeable un-
physical oscillations and deviates significantly from the exact solution (11.7), as expected
since the inverse problem II is unstable with respect to small errors in the measured data
(11.5). However, by regularising with µ = 10−2 shows considerable improved agreement
between the numerical and exact solutions. This demonstrates the role of regularization
in mitigating instabilities caused by the noise in the data. In Figure 8(c) we illustrate
that the regularization parameter can be chosen at the corner of the L–curve resulting
from plotting the residual (11.3) versus the norm of

(

r − r(0)
)

. The obtained corner value
corresponding to µ = 10−2 offers the best compromise between data fidelity and solu-
tion’s smoothness, suggesting it as a suitable regularization parameter under the given
noisy conditions, see [64] for more details on the L–curve. For completeness, Figure 8(d)
shows the error norm between the exact and numerical solutions, as a function of the
regularization parameter. The highest error occurs at µ = 0 and the lowest at µ = 10−2,
corroborating the earlier observations from the L–curve presented in Figure 8(c). This
further validates the ability of the Tikhonov regularization in improving the accuracy and
stability of the corroded shape reconstruction from the noisy data (11.5).

Next, on considering Example 1 with the nonlinear boundary condition (11.11), Figure
9 illustrates the numerically obtained results from the minimization of (11.6), the simple
bounds on variables (11.4) with rmin = 0.5 and rmax = 1.5 and the initial guess (11.12).
From this figure it can be seen an excellent recovery of the exact solution (11.7) from
both exact and noisy data, illustrating also that the nonlinearity of (11.11) absorbs some
of the instability with respect to the noise in (11.5) and, as a consequence, the use of
regularization is not so crucial, as previously needed for the linear boundary condition
(11.10) in Figure 8(b).

Example 2

Consider now Example 2, which seeks retrieving the shape (11.8) from the minimiza-
tion of (11.6), the simple bounds on variables (11.4) with, see (11.9), rmin = 0.7 and
rmax = 1.1, and the initial guess r(0) = 1. Results are presented for various regularization
parameters µ and for exact p = 0 and p = 1% noisy data. In particular, for the linear
boundary condition (11.10) and noiseless p = 0 data, numerical results are presented
in Figure 10. Figure 10(a) shows the convergence behaviour of the objective functional
(11.6), as a function of the number of iterations, for various regularization parameters
µ ∈ {0, 10−3, 10−2, 10−1}. The numerical results presented in Figure 10(b) show that
regularization improves the solution’s quality. The unregularized solution obtained with
µ = 0 exhibits some inaccuracies, which are removed by regularization with µ = 10−4 or
10−3.

Figure 11 shows the corresponding results of Figure 10 when p = 1% noise is intro-
duced in the data (11.5). Figure 11(a) shows that without regularization, the convergence
of the objective function (11.3) is achieved in a large number of 10,000 iterations; how-
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Figure 9: Inverse problem II. Numerical reconstructions of r(θ) in comparison with the
exact solution (11.7) shown with (——) for Example 1 with the nonlinear boundary
condition (11.11) and the initial guess (11.12). The line styles are: (−◦−) for p = 0 and
µ = 0, (−×−) for p = 1% and µ = 0, and (−−−) for p = 1% and µ = 10−3.

(a) (b)

Figure 10: Inverse problem II. No noise, with regularization (Example 2 with the linear
boundary condition (11.10)). The figure shows: (a) the convergence of the objective
function (11.3), shown for different values of the regularization parameter: (− × −) for
µ = 0, (− − −) for µ = 10−4 and (−□−) for µ = 10−3, along with the corresponding
(b) numerical reconstructions of r(θ) in comparison with the exact solution (11.8) shown
with (——).
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ever, when regularization with µ = 5× 10−3 is applied, the convergence of the objective
function (11.6) is achieved in only 500 iterations, demonstrating enhanced computational
efficiency. The corresponding numerical results for r(θ) obtained with µ = 0 and 5×10−3

are presented in Figure 11(b). From this figure it can be seen that the inaccuracies in the
unregularized numerical solution are suppressed by the regularization with µ = 5× 10−3,
which yields stable and accurate reconstruction of the exact solution (11.13).

(a) (b)

Figure 11: Inverse problem II. Noise p = 1% (Example 2 with the linear boundary
condition (11.10)). The figure shows: (a) the convergence of the objective function (11.6),
shown for different values of the regularization parameter: (−×−) for µ = 0 and (−−−)
for µ = 5 × 10−3, along with the corresponding (b) numerical reconstructions of r(θ) in
comparison with the exact solution (11.8) shown with (——).

Next on considering Example 2 with the nonlinear boundary condition (11.11), Figure
12 illustrates the numerically obtained results from the minimization of (11.6), with the
simple bounds on the variables (11.4) with rmin = 0.7 and rmax = 1.1, and the initial
guess r(0) = 1 for p ∈ {0, 1%} noisy data (11.5). As previously observed from Figure
9 for Example 1, the nonlinearity of (11.11) absorbs the instability with respect to the
noise in (11.5) and therefore, the use of regularization was not found necessary.

12 Numerical solution of the inverse problem III

In this section, we combine the previous inverse problems I and II into requiring the
simultaneous identification of the triplet solution (λ,Γ0, u) with λ ∈ Λad, u ∈ H1(Ω) and
Γ0 star-shaped parametrised by (11.1), satisfying equations (5.1), (5.3), (10.10) and two
pairs of Cauchy data (2.8) and (2.9). We consider the exact values for λ(θ) and r(θ) given
by the sine function (9.1) and the circular boundary (11.7).

As discussed in section 3.4 in case of the linear corrosion (2.5), the uniqueness of
solution of the problem (5.1), (3.1), (10.10), (8.1), (8.2) and (2.9) is ensured since the
fluxes (8.1) and (8.2) are functionally independent and g2 > 0, see [16]. Alternatively,
we can employ the argument that h1 and h2 in Figures 2(c) and 2(d) are functionally
independent and h2 > 0, see [103]. Nevertheless, the joint inverse problem III addressed
in this section is inherently more unstable than the individual inverse sub-problems I and
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Figure 12: Inverse problem II. Numerical reconstructions of r(θ) in comparison with
the exact solution (11.8) shown with (——) for Example 2 with the nonlinear boundary
condition (11.11). The line styles are: (− × −) for p = 0 and µ = 0, and (− − −) for
p = 1% and µ = 0.

II examined in the sections 10 and 11, respectively. It combines the instability associated
to recovering unknown geometries with the sensitivity inherent in reconstructing spatially
varying Robin parameters, while introducing additional nonlinearity due to the coupling
between the two unknowns [59].

By combining the previous objective functions (10.13) and (11.6) we minimize

Sµλ,µr
(λ, r) =

2

2N

2
∑

i=1

4N
∑

j=2N+1

(

u
(i)
j (λ, r)− h

(i)
j

)2

+ µλ

N
∑

j=2

(λj − λj−1)
2 + µr

N−1
∑

j=1

(

rj − r
(0)
j

)2

, (12.1)

where µλ ≥ 0 and µr ≥ 0 are regularization parameters to be prescribed, or its unregu-
larized least-squares version

S (λ, r) =
2

2N

2
∑

i=1

4N
∑

j=2N+1

(

u
(i)
j (λ, r)− h

(i)
j

)2

. (12.2)

As in (10.11) and (11.9), we consider the lower and upper bounds

0 = λmin ≤ λj ≤ λmax = 1, j = 1, N, 0.5 = rmin ≤ rj ≤ rmax = 1.5, j = 1, N − 1,
(12.3)

and the initial guess

λ
(0)
j =

θ̃j
π/2

, j = 1, N, r
(0)
j = 1.1, j = 1, N − 1. (12.4)

The above constrained minimization problem is solved using the MATLAB toolbox rou-
tine lsqnonlin, as previously employed for solving the inverse problems I and II in
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(a) (b)

(c)

Figure 13: Inverse problem III. Numerical results obtained without regularization for the
linear boundary condition (3.1) for different noise levels: (− − −) for p = 0, (−□−)
for p = 0.1%, and (−△−) for p = 0.5%. The figure shows: (a) the convergence of
the objective function (12.2), (b) the numerical solutions for λ(θ) in comparison with
the exact solution (??) shown with (——), and (c) the numerical solutions for r(θ) in
comparison with the exact solution (11.7) shown with (——).

Table 3: Inverse problem III. The errors Eλ = ∥λexact − λnum∥ and Er = ∥rexact − rnum∥
obtained without regularization for various percentages of noise p ∈ {0, 0.1, 0.5, 1}%.

p Eλ Er

linear boundary
condition (3.1)

0 0.3816 0.1532
0.1% 0.5875 0.1914
0.5 % 1.8869 0.8297
1 % 2.6569 1.0101

nonlinear boundary
condition (4.1)

0 0.4570 0.1653
0.1 % 0.6374 0.1876
0.5 % 0.7667 0.2192
1 % 0.7230 0.2881
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(a) (b)

(c)

Figure 14: Inverse problem III. Numerical results obtained without regularization for
the nonlinear boundary condition (4.1) for different noise levels: (− − −) for p = 0,
(−□−) for p = 0.1%, and (−△−) for p = 0.5%. The figure shows: (a) the convergence
of the objective function (12.2), (b) the numerical solutions for λ(θ) in comparison with
the exact solution (??) shown with (——), and (c) the numerical solutions for r(θ) in
comparison with the exact solution (11.7) shown with (——).
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sections 10 and 11, respectively. For full computational reproducibility and replicability
purposes, the numerical code is shared in the Appendix.

In Figures 13 and 14, we present the numerical results for the linear boundary con-
dition (3.1) and the nonlinear boundary condition (4.1), respectively, obtained by min-
imizing the unregularized least-squares functional (12.2) subject to the simple bounds
on the variables (12.3) starting from the initial guess (12.4). Figures 13(a) and 14(a)
illustrate the convergence behaviour of the constrained minimization, which is achieved
in a few hundred iterations. Figures 13(b) and 14(b), and 13(c) and 14(c) illustrate the
numerical reconstructions of the corrosion coefficient λ(θ) and of the polar radius r(θ) of
the corroded boundary Γ0. From Figures 13(b) and 13(c) it can be seen that instability
sets in for the larger amount of noise of p = 0.5%, in case of the inverse problem III with
the linear boundary condition (3.1). However, as also previously obtained in section 11.1
for the inverse problem II, the nonlinear boundary condition (4.1) seems to absorb some
of the instability, as indicated in Figures 14(b) and 14(c), where the results obtained from
inverting p = 0.5% noisy data are more stable than those recorded in Figures 13(b) and
13(c) for the linear boundary condition (3.1). The errors in the numerically obtained re-
sults for λ(θ) and r(θ) compared to their exact values (9.1) and (11.7) are given in Table
3. From this table, it can be seen that the errors decrease as the percentage of noise
with which the input data (11.5) is contaminated decreases. Since the inverse problem
III is a combination of the inverse problems I and II, it is interesting to compare the
numerical results of Figures 13(c) and 14(c) shown with (−−−) for the inverse problem
III with those of Figures 7(b) and 9 shown with (−◦−) for the inverse problem II, for the
linear and nonlinear boundary conditions (3.1) and (4.1), respectively. This comparison
shows that, as expected, the retrievals for the polar radius r(θ) in the case of the inverse
problem II are more accurate than those for the more complex combined inverse problem
III.

12.1 Paremetrisation model reduction

Using regularization based on minimizing (12.1) instead of (12.2) did not show significant
improvement and therefore those results are not presented. Instead, to improve the
accuracy and stability of the numerical results, model reduction parametrisation can be
employed by approximating the corrosion coefficient λ(θ) and the polar radius r(θ) using
finite-dimensional trigonometric polynomials as [37, 81],

λ(θ) = a0 +
K
∑

k=1

[ak cos(kθ) + bk sin(kθ)] ,

r(θ) = c0 +
K
∑

k=1

[ck cos(kθ) + dk sin(kθ)] , θ ∈
[

0,
π

2

]

, (12.5)

where a = (ak)k=0,K , b = (bk)k=1,K , c = (ck)k=0,K and d = (dk)k=1,K are unknown real
coefficients to be determined. Alternatively, one could use cubic B-splines [60] in place
of the trigonometric polynomial approximations (12.5). With the approximation (12.5),
the objective functional (12.2), which previously consisted of estimating 2N −1 variables
λ and r, now recasts in the form

S(a, b, c, d) =
2

2N

4N
∑

j=2N+1

(

u
(i)
j (a, b, c, d)− h

(i)
j

)2

, (12.6)
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Table 4: Inverse problem III. The errors Eλ = ∥λexact − λnum∥ and Er = ∥rexact − rnum∥
in case of model reduction (12.5) with K = 1. These errors have been calculated at the
same points (θ̃i)i=1,N for λ and (θi)i=1,N−1 for r, as those used in Table 3.

p Eλ Er

linear boundary
condition (3.1)

0 0.2771 0.1046
0.5 % 0.3758 0.1552
1 % 0.6750 0.2740

nonlinear boundary
condition (4.1)

0 0.1222 0.0259
0.5 % 0.3611 0.1498
1 % 0.7311 0.2941

which requires estimating a reduced finite number of 4K + 2 coefficients a, b, c and d.
As we are trying to retrieve the circular boundary (11.7) and the sine function (9.1),

the exact values of the coefficients in (12.5) are:

aexactk = 0, k = 0, K, bexact1 = 1, bexactk = 0, k = 2, K, (12.7)

cexact0 = 1, cexactk = dexactk = 0, k = 1, K. (12.8)

We take K = 1, the lower and upper bounds on the variables

0 ≤ a0 ≤ 1, −1 ≤ a1 ≤ 1, −1 ≤ b1 ≤ 1.5,

0.5 ≤ c0 ≤ 1.5, −0.5 ≤ c1 ≤ 0.5, −0.5 ≤ d1 ≤ 0.5, (12.9)

and the initial guess
(

a
(0)
0 , a

(0)
1 , b

(0)
1 , c

(0)
0 , c

(0)
1 , d

(0)
1

)

= (0, 0, 0.5, 1.1, 0, 0) . (12.10)

The minimization of the objective function (12.6) subject to the bounds (12.9) on
the six variables a0, a1, b1, c0, c1 and d1 is performed using lsqnonlin starting from
the initial guess (12.10). The numerically obtained results presented in Figures 15 and
16 and Table 4 show that the model reduction based on the approximations (12.5) with
K = 1, significantly improves the computational efficiency, accuracy and stability of the
numerical results, previously represented in Figures 13 and 14 and Table 3. Unlike the
full model based on minimizing (12.2) in 2N−1 = 59 unknowns, the reduced model based
on minimizing (12.6) in 4K+2 = 6 unknowns acts as an effective implicit regularization,
preventing the appearance of spurious oscillation and providing smooth stable solutions.
For larger values of K in (12.5), the least-squares functional (12.6) may need to be
regularized in order to achieve stable solutions.

13 Conclusions and final remarks

This study has undertaken a thorough development of the BEM for solving three inverse
problems concerned with the determination of boundary corrosion characteristics from
one or two pairs of Cauchy data measurements taken on the outer accessible boundary of
the ground within which a corroded pipe is buried. A peculiarity of corrosion modelling
is that the linear or nonlinear boundary condition on the corroded boundary is of Robin
type. The inverse boundary value problems for the Laplace’s equation governing the
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(a) (b)

(c)

Figure 15: Inverse problem III. Numerical results obtained for the linear boundary con-
dition (3.1) for different noise levels: (− − −) for p = 0, (−□−) for p = 0.1%, and
(−△−) for p = 0.5%, in case of model reduction (12.5) with K = 1. The figure shows:
(a) the convergence of the objective function (12.6), (b) the numerical solutions for λ(θ)
in comparison with the exact solution (??) shown with (——), and (c) the numerical
solutions for r(θ) in comparison with the exact solution (11.7) shown with (——).
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(a) (b)

(c)

Figure 16: Inverse problem III. Numerical results obtained for the nonlinear boundary
condition (4.1) for different noise levels: (− − −) for p = 0, (−□−) for p = 0.1%, and
(−△−) for p = 0.5%, in case of model reduction (12.5) with K = 1. The figure shows:
(a) the convergence of the objective function (12.6), (b) the numerical solutions for λ(θ)
in comparison with the exact solution (??) shown with (——), and (c) the numerical
solutions for r(θ) in comparison with the exact solution (11.7) shown with (——).
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electrical potential field have been recast in terms of nonlinear boundary integrals, and
solved as constrained minimizations using the lsqnonlin Matlab toolbox optimization
routine. Stability has been enhanced by penalising the nonlinear least-squares functionals
involved using regularising terms imposing various orders of smoothness. Alternatively,
the use of model reduction based on trigonometric polynomials stabilises the solutions of
the studied inverse and ill-posed corrosion problems.

13.1 Insights and recommendations

• For the inverse problem I, the straightforward division (10.1) is not recommended; in-
stead performing a constrained nonlinear inversion is more reliable.
• The inverse problems II and III require knowledge of at least two functionally inde-
pendent Cauchy data. Moreover, model reduction parametrisation is recommended for
practical purposes.
• The current hyperbolic sine (2.6) nonlinearity is rather weak to influence significantly
the results in comparison with the linear law, but more testing needs to be done in the
future for higher known or unknown nonlinear laws.
• The present study has ensured so far, the numerical verification of the boundary cor-
rosion model based on the stable inversion of noisy simulated data; however, for model
validation, raw experimental data need to be inverted in future investigations.

13.2 Extensions and limitations

Extensions of the BEM to anisotropic homogeneous [38], nonlinear [110] or with special
spatial heterogeneity [19, 44, 50] materials are feasible. Of course, the BEM is limited to
partial differential equations for which a fundamental solution is available in explicit form.
Also, the nonlinear least-squares functional that was minimized requires a good initial
guess due to its non-convex character, and using different objective functions [17, 89] may
improve the convexity features.

More investigations into the robustness of reconstructions with respect to the initial
guess and exploration of failure scenarios have been undertaken in the PhD thesis [8] of
the first author. To our knowledge, a rigorous mathematical analysis into the uniqueness
and stability of solution of the inverse problems I-III under general nonlinear corrosion
laws is not available yet, but we hope that our numerical investigations have provided
valuable insights into the ill-posedness of these problems.

13.3 Future work

Boundary conditions generalizing the Robin corrosion boundary condition (2.3) to include
oblique derivative [24] or Laplacian [30, 31] terms will be considered with the BEM in
future investigations. Future work may also consider extending the BEM developed in
this study to solve inverse scattering problems governed by the Helmholtz equation in
unbounded domains, exterior to an unknown obstacle whose boundary impedance and
shape characteristics are to be detected from the measurement of the knowledge of the
far field pattern of the scattered wave [65, 91, 109].
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Appendix

In this appendix, we present the MATLAB computational code based on the BEM and the
toolbox routine lsqnonlin of minimization for the inverse problem III concerned with the
simultaneous reconstruction of both the boundary geometry r(θ) and the corrosion coeffi-
cient λ(θ). The direct problem BEM solutions are computed using the laplLBC ID Simu,
laplLBC Cnvx Simu and laplNLBC ID Simu, laplNLBC Cnvx Simu subroutines (not sup-
plied herein, but available in [8]) for the linear (3.1) and nonlinear (4.1) boundary condi-
tions, and the discontinuous (8.1) and continuous flux (8.2) inputs, respectively.

The implementation first generates the measurement data by solving direct problems
with N = 90 for both flux scenarios, producing h(1) and h(2) on Γ2 with noise added.
For the inverse problem, N = 30 is used with the combined parameter vector x = [r, λ]T

containing 1, N − 1 radius values and N, 2N − 1 boundary corrosion coefficients. The
initial guesses (12.4) are combined into the initial vector x0 = [r 0,lambda 0]. Box
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constraints are defined separately for each parameter type with bounds [0.5, 1.5] for r
and [0, 1] for λ, which are then combined into the vectors lb = [R law,lambda law] and
ub = [R up,lambda up] of lower and upper bounds, respectively.

The objective function (12.1) of inverse problem III extends the formulations of the
individual inverse problems I and II by combining the residuals from two measurements
with regularization terms for both unknowns. The first-order derivative regularization
term diff(λ) is computed using forward finite differences. At each iteration of the cur-
rent estimates of r and λ, lsqnonlin calls both (for the fluxes g1 and g2) direct solvers
to compute the corresponding solutions u(1) and u(2) on Γ2 and compare them with the
measured data h(1) and h(2). The output function tracks the convergence of the objective
functional throughout the iterative minimization process.

clear;

clearvars -global;

addpath(’../ functions/’)

global N X Y Z1 Z2 u mu du alpha beta h_S1 h_S2 mu_r mu_L R

global logobj_res li Ri lambda_0 R_0 x0 combined_norm reg_norm

% Parameters

p=0;

mu_r =0;

mu_L =0;

alpha =1;

beta =1;

% solve the direct with N=90

N=90;

M=7*N;

[X, Y, Z1, Z2] =SetGeo(N);

theta=(pi/2) *(1 -((1:N)/N)+(1/(2*N))) ’;

R=ones(N-1,1);

lambda=sin(theta);

% direct solution

[u90_S1 , du90_S1] = laplLBC_ID_Simu(N, R, X, Y, Z1, Z2, lambda);

[u90_S2 , du90_S2] = laplLBC_Cnvx_Simu(N, R, X, Y, Z1, Z2, lambda);

% solve the Inverse problem with N=30

N=30;

M=7*N;

[X, Y, Z1, Z2] =SetGeo(N);

R=ones(N-1,1);

theta = (pi/2) *(1 -(1:N)/N+(1/(2*N))) ’;

lambda=sin(theta);

% take h(s) on Gamma_1 from direct solution

rng(’default ’);

rng (1);

h_S1 = u90_S1 ((2*90+2) :3:(4*90));

h_S1 = h_S1 + h_S1 .* (p / 100) * (2 * rand (2*N,1) - 1);

h_S2 = u90_S2 ((2*90+2) :3:(4*90));

h_S2 = h_S2 + h_S2 .* (p / 100) * (2 * rand (2*N,1) - 1);

% Initial guesses
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R_0 = 1.1* ones(N-1,1);

lambda_0 = theta /(pi/2);

x0 = [R_0;lambda_0 ]; % Combined vectors

% lawer and upper Bounds for lambda and R

R_law = 0.5* ones(N-1,1);

R_up = 1.5* ones(N-1,1);

lambda_law = 0*ones(N,1);

lambda_up = 1*ones(N,1);

% Combined vectors of lawer and upper Bounds

lb = [R_law;lambda_law ];

ub = [ R_up;lambda_up ];

options = optimoptions(’lsqnonlin ’,’Display ’, ’iter’,’MaxIterations ’,

10000, ...

’MaxFunctionEvaluations ’, 1000000 , ’FunctionTolerance ’, 1e-20, ...

’StepTolerance ’, 1e-20,’OptimalityTolerance ’, 1e-15, ’OutputFcn ’,

@outfun);

[x_res , resnorm , residual , exitflag , output] = lsqnonlin(

@combinedObjective , x0, lb, ub, options);

% To Extract results

R_res = x_res (1:N-1);

lambda_res = x_res(N:end);

% save data

filename =[’./data/inverseRecons_LBC_alpha ’,num2str(alpha),’_beta ’,

num2str(beta),’_p’,num2str(p),’_mu_r’,num2str(mu_r),’_mu_L’,num2str(

mu_L),’.mat’];

save(filename ,’x_res’,’logobj_res ’,’p’,’mu’,’mu_r’,’mu_L’,’N’,’X’,’Y’,’

R’,’lambda ’,’h_S1’,’h_S2’,’u’,’du’,’combined_norm ’,’reg_norm ’)

% Combined objective functions S = S1 + S2

function [fv] = combinedObjective(x)

global combined_norm reg_norm alpha beta mu_r mu_L R_0 R lambda

lambda_0 mu x_0

fv_S1 = flsq_S1(x);

fv_S2 = flsq_S2(x);

fv = [alpha*fv_S1; beta*fv_S2; [mu_r * (R-R_0); mu_L * diff(lambda)

]];

combined_norm=norm([alpha*fv_S1; beta*fv_S2 ]);

reg_norm=norm([mu_r * (R-R_0); mu_L * diff(lambda)]);

end

% Objective function for S1 (Discontinuous flux)

function [fv_S1] = flsq_S1(x)

global N h_S1 X Y Z1 Z2 u lambda du

R = x(1:N-1);

lambda = x(N:end);

[u,du] = laplLBC_ID_Simu(N, R, X, Y, Z1, Z2, lambda);

fv_S1 = (2/(2*N)) * (u(2*N+1:4*N) - h_S1);

end

% Objective function for S2 (Continuous flux)

function [fv_S2] = flsq_S2(x)

global N h_S2 X Y Z1 Z2 u lambda du

R = x(1:N-1);
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lambda = x(N:end);

[u, du] = laplLBC_Cnvx_Simu(N, R, X, Y, Z1, Z2, lambda);

fv_S2 = (2/(2*N)) * (u(2*N+1:4*N) - h_S2);

end

% Output function for logging

function stop = outfun(x, optimValues , state)

stop = false;

global logobj_res li Ri N

i = optimValues.iteration;

if strcmp(state , ’iter’) && i >= 0

Ri(i+1, :) = x(1:N-1);

li(i+1, :) = x(N:end);

logobj_res(i+1) = log10(optimValues.resnorm);

end

end
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