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Abstract

A class of graphs G is χ-bounded if there exists a function f such that χ(G) ≤ f(ω(G))
for each graph G ∈ G, where χ(G) and ω(G) are the chromatic and clique number of G,
respectively. The square of a graph G, denoted as G2, is the graph with the same vertex set
as G in which two vertices are adjacent when they are at a distance at most two in G. In
this paper, we study the χ-boundedness of squares of bipartite graphs and its subclasses.
Note that the class of squares of graphs, in general, admit a quadratic χ-binding function.

Moreover there exist bipartite graphs B for which χ
(

B2
)

is Ω

(

(ω(B2))2

logω(B2)

)

. We first ask the

following question: “What sub-classes of bipartite graphs have a linear χ-binding function?”
We focus on the class of convex bipartite graphs and prove the following result: for any

convex bipartite graph G, χ
(

G2
)

≤
3ω(G2)

2
. Our proof also yields a polynomial-time 3/2-

approximation algorithm for coloring squares of convex bipartite graphs. We then introduce
a notion called “partite testable properties” for the squares of bipartite graphs. We say that
a graph property P is partite testable for the squares of bipartite graphs if for a bipartite
graph G = (A,B,E), whenever the induced subgraphs G2[A] and G2[B] satisfies the property
P then G2 also satisfies the property P . Here, we discuss whether some of the well-known
graph properties like perfectness, chordality, (anti-hole)-freeness, etc. are partite testable or
not. As a consequence, we prove that the squares of biconvex bipartite graphs are perfect.

Keywords: Bipartite graphs, Convex bipartite graphs, χ-binding function, Squares of
graphs, Partite testable property.

1 Introduction

All the graphs we consider in the paper are finite, undirected, and simple. For a graph G, we
denote the vertex set as V (G) and the edge set as E(G). A k-coloring of a graph G is a mapping
c : V (G) → {1, 2, . . . , k} such that for any edge uv ∈ E(G), c(u) ̸= c(v). The chromatic number
of G, denoted by χ (G), is the minimum integer k such that G admits a k-coloring. The clique
number of a graph G, denoted by ω (G), is the largest integer k such that G contains a complete
subgraph on k vertices. A class of graphs G is χ-bounded if there exists a function f such that
χ(G) ≤ f(ω(G)) for each graph G ∈ G, where χ(G) and ω(G) are the chromatic and clique
number of G, respectively. The study on χ-boundedness of graph classes has recently gained
popularity among researchers in the field. See the survey by Scott and Seymour [23].

In this paper, we study the χ-boundedness of squares of bipartite graphs. The square of
a graph G, denoted as G2, is the graph with the same vertex set as G in which two vertices
are adjacent when they are at a distance at most two in G. A graph H is a square graph if
there exists a graph G such that G2 ∼= H. Note that coloring square graphs is also known
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as distance 2-coloring of graphs [20] and has applications in broadcast scheduling in multi-hop
radio networks, distributed computing, etc. [11, 13].

Bounding the chromatic number of graph squares has been receiving attention over the past
25 years. See a recent survey by Cranston [8].

Coloring squares of graphs is interesting, even for special classes of graphs. Wegner’s conjec-
ture on the chromatic number of squares of planar graphs is a perfect example of this. In 1977,
Wegner conjectured the following: Let G be a planar graph with maximum degree ∆. If ∆ = 3,
then χ(G2) ≤ 7, if 4 ≤ ∆ ≤ 7, then χ(G2) ≤ ∆ + 5, and if ∆ ≥ 8, then χ(G2) ≤

⌊

3∆
2

⌋

+ 1.
Wegner’s conjecture for ∆ = 3 has been confirmed by Thomassen [24]. But the conjecture is still
open for ∆ ≥ 4. Due to the popularity of Wegner’s conjecture, several upper bounds in terms of
maximum degree are known for the chromatic number of squares of planar graphs [1, 22, 27, 28]:
in particular for planar graphs with high girth [6, 9, 10]. Apart from planar graphs, there are
several other special classes of graphs, including cocomparability graphs, circular-arc graphs,
etc. for which the bounds on the chromatic number of their squares are investigated [5].

Observe that if the maximum degree of a graph G is ∆, then the maximum degree of G2 is
at most ∆2, and therefore we have χ

(

G2
)

≤ ∆2 + 1. On the other hand, we can observe that
for any vertex v ∈ V (G), the vertex v together with its neighborhood in G, form a clique in
G2. This implies that ω(G2) ≥ ∆ + 1. Together with the previous observation, we then have
χ(G2) ≤ (ω(G2) − 1)2 + 1. Hence, the class of square graphs is χ-bounded with a quadratic
χ-binding function. Alon and Mohar [2] have studied the upper and lower bounds for the
chromatic number of squares of graphs in terms of maximum degree. Since bipartite graphs are
the class of graphs having the least chromatic number, it would be interesting to look at the
chromatic number of the squares of bipartite graphs. In the following section, we summarize
our results and their significance.

1.1 Our results

Firstly, in Section 2, we observe that the squares of bipartite graphs with girth greater than
six have a sub-quadratic χ-binding function. The question of whether the squares of (bipartite)
graphs, in general, have a sub-quadratic χ-binding function or not, remains open. In this paper,
we are interested in finding sub-classes C of bipartite graphs for which C2 (i.e. the class of
graphs obtained by taking squares of graphs in C) has a linear χ-binding function. Specifically,
we investigate the following question.

Question 1. Identify some popular sub-classes of bipartite graphs whose squares admit a linear
χ-binding function.

Let G = (A,B,E) be a bipartite graph. Observe that while taking the square of G, the set of
edges whose endpoints are in different partite sets remain unchanged in G2, and the additional
edges in G2 appear only between the vertices belonging to the same partite set. Also, note that
χ(G2) ≤ χ(G2[A]) + χ(G2[B]). Therefore, the structure of the graphs induced by the partite
sets, G2[A] and G2[B], can have an influence on the chromatic number of G2. A graph H is
perfect if for every induced subgraph H ′ of H we have χ (H ′) = ω (H ′). Since we are particularly
interested in finding the sub-classes of bipartite graphs that admit a linear χ-binding function,
the class of bipartite graphs G for which G2[A] and G2[B] are perfect is a natural candidate.
Let C be the class of bipartite graphs G = (A,B,E) such that both G2[A] and G2[B] are perfect.
Then observe that for every graph H in C2, we have χ (H) ≤ 2ω (H). Interestingly, the class of
convex bipartite graphs is one such class of bipartite graphs.

Definition 1 (Convex bipartite graph). A bipartite graph G = (A,B,E) is said to be convex
bipartite if the vertices in B have an ordering such that for each vertex a ∈ A, the vertices in
the neighborhood of a in G appear consecutively with respect to the ordering.

Let C denote the class of convex bipartite graphs and G = (A,B,E) be a graph in C. Note
that both G2[A] and G2[B] are interval graphs (a subclass of perfect graphs) in G2 [21]. But, the
graphs in C2 need not be perfect. For example, the graph G given in Figure 1 is a convex bipartite
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graph for which G2 contains a C5, namely, (v1, v2, v3, v4, v5) as an induced subgraph (edges of
C5 are shown in red), and therefore, G2 is not perfect. Therefore, it would be interesting to see
whether the trivial upper bound of 2ω(G2) for χ(G2) can be improved for G ∈ C. Note that in
the literature, we can see similar instances of refining the trivial χ-binding function 2ω to 3ω/2
for other special graph classes as well. The class of circular-arc graphs (intersection graphs of a
set of arcs on a circle) is such an example [25, 14, 26].

The following is one of the main results of this paper.

Theorem 1. Let G be a convex bipartite graph, and let ω(G2) denote the size of a maximum

clique in G2. Then χ(G2) ≤
⌊

3ω(G2)
2

⌋

. Moreover, there exists a convex bipartite graph H such

that χ(H2) ≥ 5ω(H2)
4 − 2.

Note that the squares of convex bipartite graphs may contain K1,t (for arbitrarily large t), or
arbitrarily large induced cliques, paths, cycles or wheels with odd or even parities, structures like
pyramid, diamond, gem, 2K2, paraglider, chair etc. as induced subgraphs. Therefore, existing
results (e.g., [15, 16, 19, 3, 23]) that guarantee a 3ω/2 χ-binding function for graphs that do
not contain some of the above structures as induced subgraphs cannot be applied directly to
prove Theorem 1. In 1879, while attempting to prove the Four Colour Theorem, Kempe [17]
introduced an elementary operation on graph coloring that later became known as a Kempe
change. Let c be a k-coloring of a graph G. Then, a Kempe chain is a maximal bichromatic
component. A Kempe change in c is equivalent to swapping the two colors in a Kempe chain to
produce a different k-coloring of G.

We use this well-known Kempe change technique as a tool for proving Theorem 1. Further,
for a graph class C, as noted by Scott and Seymour [23], the following question is also interesting.

Question 2. For a graph class C, is there a polynomial-time algorithm for coloring graphs G ∈ C
that uses only f(ω(G)) colors, where f is the χ-binding function for C?

Recall that we prove in Theorem 1 that the class of squares of convex bipartite graphs is
3ω/2-colorable. In fact, our proof also yields a 3/2-approximation algorithm for coloring the
squares of convex bipartite graphs and thereby answers the above question for the same class.
Further, we note that for a convex bipartite graph G, the function relating χ(G2) and ω(G2) is
not the same as the function relating χ(G2) and ∆(G). In particular, if G is a convex bipartite
graph with maximum degree ∆, we prove that χ(G2) ≤ 2∆. Moreover, there exist convex
bipartite graphs with χ(G2) = 2∆ (Theorem 4).

The study on the structure of squares of convex bipartite graphs motivated us to introduce
the notion of partite testable properties for the squares of bipartite graphs, which is defined as
follows.

Definition 2 (Partite testable property). Let C be a class of bipartite graphs and let P be a
graph property. We say that P is a partite testable property for C2, if for any bipartite graph
G = (A,B,E) in C whenever the induced subgraphs G2[A] and G2[B] satisfy the property P then
G2 also satisfies the property P .

For instance, in Theorem 5, we prove that the property of not containing odd anti-holes of
length greater than five is a partite testable property for the squares of bipartite graphs in general.
i.e. for a bipartite graph G = (A,B,E) if G2[A] and G2[B] do not contain odd anti-holes of
length greater than five, then G2 does not contain odd anti-holes of length greater than five.

Now, a natural question is whether perfectness is a partite testable property (in general)
or not. Note that a graph G is perfect if and only if it does not contain odd holes or odd
anti-holes as induced subgraphs. As mentioned above, the property of not containing odd anti-
holes of length greater than five is a partite testable property for the squares of bipartite graphs.
However, the property of being perfect fails to be a partite testable property even for the squares
of convex bipartite graphs, because (odd-hole)-freeness is not a partite testable property for the
class of squares of convex bipartite graphs. To see this, recall that for a convex bipartite graph
G = (A,B,E), the subgraphs G2[A] and G2[B] are both interval graphs (a subclass of perfect
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graphs, and hence, (odd hole)-free) [21], whereas the graph G2 is not necessarily (odd hole)-free
and hence, not always perfect (see Figure 1).

On the other hand, we find some interesting subclasses of squares of convex bipartite graphs
for which perfectness is a partite testable property (see Theorem 8 and Theorem 7). Such a graph
class includes C5-free squares of convex bipartite graphs (i.e. graphs G2 such that G2 is C5-free
and G is a convex bipartite graph). Further, we observe that for the class of C4-free squares
of convex bipartite graphs, even chordality is a partite testable property. The above results are
also interesting due to the fact that the above subclasses are not hereditary. For example, an
induced subgraph of the square of a convex bipartite graph need not be the square of a convex
bipartite graph. Even though the notion of perfectness is not just limited to hereditary graph
classes, most of the well-known classes of perfect graphs are hereditary. Theorem 7 contributes
the class of graphs, namely, C5-free squares of convex bipartite graphs to the rare collection of
non-hereditary perfect graphs.

a

v1

v2

v3

v5

b1

b2

v4 a

v1

v2

v3

v5

b1

b2

v4

G G2

Figure 1: A convex bipartite graph, whose square is not perfect

1.2 Preliminaries

Given a graph G = (V,E), a set of vertices S ⊆ V (G), if no two vertices in S are adjacent in
G, then S is said to be an independent set in G. The square of a graph G = (V,E), denoted
as G2, is defined to be the graph with V (G2) = V (G) and E(G2) = {uv : uv ∈ E(G) or there
exists a w ∈ V (G) such that uw,wv ∈ E(G)}. A graph H is called an induced subgraph of a
graph G if V (H) ⊆ V (G) and E(H) = {uv ∈ E(G) : u, v ∈ V (H)}; H is then also said to be the
subgraph induced by V (H). A cycle in a graph G is defined as a sequence of disjoint vertices,
denoted as (v1, . . . , vk) such that {vivi+1 : 1 ≤ i ≤ k − 1} ∪ {vkvi} ⊆ E(G). The length of a
shortest cycle contained in a graph G is called the girth of G. Let C = (v0, v1, . . . , vk−1) be a
cycle in G. We say that P is a sub-path of C if there exist i, j ∈ {0, 1, 2, . . . , k − 1} such that
P = (vi, vi+1, . . . , vj) (indices modulo k) and vivj /∈ E(C). A hole is defined as an induced cycle
of length at least four. The complement of a hole is called an antihole. A graph G is said to
be H-free if G does not contain H as an induced subgraph. A graph is said to be chordal if it
is hole-free. Let H be a graph and C be a graph class. By H-free squares of C, we mean the
graphs G2 such that G2 is H-free and G ∈ C.

A graph G is called a bipartite graph if its vertices can be partitioned into two disjoint
independent sets A and B such that every edge in G has one endpoint in A and the other
endpoint in B. A bipartite graph with partite sets A and B is usually denoted as G = (A,B,E).
A bipartite graph is said to be chordal bipartite if it does not contain any induced cycle of length
at least six. Note that chordal bipartite graphs form a superclass of convex bipartite graphs (see
Definition 1). A graph G is an interval graph if the vertices of G can be represented by intervals
on the real line such that two vertices in G are adjacent if and only if the corresponding intervals
intersect. The corresponding set of intervals is called an interval representation of G. A proper
interval graph is an interval graph that has an interval representation in which no interval
properly contains another. A graph G is said to be perfect if for each induced subgraph H of
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G, the chromatic number χ(H) = ω(H), the clique number. The well-known Strong Perfect
Graph Theorem states that a graph G is perfect if and only if G is both (odd hole)-free and
(odd antihole)-free [7]. Many graph families, including bipartite graphs, chordal graphs, etc.,
are perfect.

Notation: For a vertex v in a graph G, we denote by NG(v), the set of vertices adjacent to v
in G and NG[v] = NG(v) ∪ {v}. For a set S ⊆ V (G), we denote by G[S], the subgraph induced
by S. For vertices u, v ∈ V (G), we denote by dG(u, v), the distance (length of the shortest
path) between u and v in G. For a graph G and S ⊆ V (G), we use G− S to denote the graph
G[V (G) − S]. For two graphs G and H, we denote by G ∼= H if G and H are isomorphic to
each other. Depending upon the context, sometimes we denote a cycle (path) of length k as
(v1, . . . , vk).

2 Observations on the asymptotic bounds

In this section, we derive some implications (Observations 1, 2, 4) of the upper and lower bounds
for the chromatic numbers of squares of graphs in the work of Alon and Mohar [2] as stated in
Theorem 2. In particular, we observe that if the girth of a graph G is greater than six, then

the chromatic number of G2 is O( ω2

logω
), where ω is the clique number of G2 (Observation 1).

Further, we show the existence of bipartite graphs B such that the chromatic number of B2 is

Ω( ω2

logω
), where ω is the clique number of B2 (Observation 4).

Theorem 2 ([2]). Let ∆ ≥ 2 and g ≥ 7 be any integers.

(a) There exists an absolute constant c1 such that for any graph G with maximum degree ∆

and girth g we have, χ(G2) ≤ c1
∆2

log∆ .

(b) There exist an absolute constant c2 and a graph G with maximum degree ∆, girth g, and

χ(G2) ≥ c2
∆2

log∆

Since we are interested in bounding χ(G2) in terms of ω(G2) (unlike in Theorem 2 where
the bounds are in terms of the maximum degree, ∆ of G), for graphs having girth, g ≥ 7, in the
following lemma we find a relation between the parameters maximum degree and clique number
of G2.

Lemma 1. Let G be a graph with girth g ≥ 7 and maximum degree ∆ ≥ 2. Then ω = ω(G2) =
∆+ 1.

Proof. Let C be any maximum clique in G2. Clearly, |C| ≥ ∆+1, as for any vertex v in G, the
set NG[v] form a clique in G2. Our goal is to prove that |C| ≤ ∆+1 as well, which then proves
the lemma. Note that if there exists a vertex v in G such that C ⊆ NG[v], then we are done.
Suppose that no such vertex exists in G. i.e. C ⊈ NG[v] for any vertex v in G. Now, consider a
vertex a ∈ C. Then, by our assumption, there exists a vertex b ∈ C such that b /∈ NG[a]. Since
ab ∈ E(G2) (as a, b ∈ C), we have that there exists a vertex c ∈ V (G) such that ac, bc ∈ E(G).
As we also have C ⊈ NG[c], there exists a vertex x ∈ C such that x /∈ NG[c]. This implies that
x ̸= a, b, c. Since ax, bx ∈ E(G2) (as a, b, x ∈ C), at least one of the following conditions should
hold:

1. ax, bx ∈ E(G).

2. bx ∈ E(G), but ax /∈ E(G) and there exists a vertex z in G such that az, zx ∈ E(G).

3. ax ∈ E(G), but bx /∈ E(G) and there exists a vertex y in G such that by, yx ∈ E(G).

4. ax, bx /∈ E(G), and there exist two vertices y, z (possibly, y = z) in G such that
by, yx, az, zx ∈ E(G).

If (1) holds, we have a 4-cycle, namely, (b, x, a, c) in G. Note that as cx /∈ E(G), we
have c ̸= y, z. If either (2) or (3) hold, we have 5-cycles, namely, (a, z, x, b, c) or (b, y, x, a, c),
respectively, in G (note that since ab /∈ E(G), we have z ̸= b and y ̸= a). If (4) holds, then we
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have a 6-cycle, namely, (b, y, x, z, a, c) in G when y ̸= z, and a 4-cycle in G, namely (b, y = z, a, c)
when y = z. Therefore, in any case, we have a contradiction to the fact that the girth, g ≥ 7.
Thus, we can conclude that our assumption is not true.

Now Observation 1 (respectively, Observation 2) follows from Theorem 2(a) (respectively,
Theorem 2(b)) and Lemma 1.

Observation 1. Let ω ≥ 3 and g ≥ 7 be any integers. There exists an absolute constant c1

such that for any graph G with girth g and ω = ω(G2), we have χ(G2) ≤ c1
(ω−1)2

log(ω−1) .

Observation 2. Let ω ≥ 3 and g ≥ 7 be any integers. There exist an absolute constant c2 and

a graph G such that G has girth g, ω = ω(G2), and χ(G2) ≥ c2
(ω−1)2

log(ω−1) .

Interestingly, the tight example graph in Observation 2 can be converted to a bipartite graph
by using the following simple reduction. This further helps us to prove the existence of bipartite

graphs B such that the chromatic number of B2 is Ω( ω2

logω
), where ω is the clique number of B2.

Reduction: Given a graph G, we define a bipartite graph BG (which is obtained by splitting
each vertex of G) as follows:

V (BG) = A ∪B, where A = {u′ : u ∈ V (G} and B = {u′′ : u ∈ V (G)}

E(BG) = {u′v′′ : u′ ∈ A, v′′ ∈ B, such that either u = v or uv ∈ E(G)}

We have the following lemma for the bipartite graph BG, constructed by the above reduction.

Lemma 2. For any graph G, we have B2
G[A]

∼= G2 and B2
G[B] ∼= G2.

Proof. We only give the proof for B2
G[A]

∼= G2, as similar arguments can be used to prove
B2

G[B] ∼= G2. By the definition of BG, every vertex u ∈ V (G2) corresponds to a vertex u′ ∈
V (B2

G[A]) (this provides us a bijective mapping from V (G2) to V (B2
G[A])). It is now enough to

show that for any two vertices u, v ∈ V (G2), we have uv ∈ E(G2) if and only if u′v′ ∈ E(B2
G[A]).

Suppose that uv ∈ E(G2). If uv ∈ E(G), we then have u′v′′, v′′v′ ∈ E(BG), and therefore,
u′v′ ∈ E(B2

G[A]). If uv /∈ E(G), this implies that there exists a vertex w ∈ V (G) such that
uw,wv ∈ E(G). This further implies that, u′w′′, w′′v′ ∈ E(BG), and therefore u′v′ ∈ E(B2

G[A]).
Hence, uv ∈ E(G2) implies u′v′ ∈ E(B2

G[A]). To prove the converse, assume that u′v′ ∈
E(B2

G[A]). Since BG is a bipartite graph and both the vertices u′, v′ ∈ A, this implies that
there exists a vertex w′′ ∈ B such that u′w′′, w′′v′ ∈ E(BG). If either w′′ = u′′ or w′′ = v′′,
by the definition of BG, we then have uv ∈ E(G) ⊆ E(G2). Therefore, we can assume that
w′′ ̸= u′′, v′′. Then the fact that u′w′′, w′′v′ ∈ E(BG) implies that uw,wv ∈ E(G). This further
implies that uv ∈ E(G2), and we are done.

We note the following observation.

Observation 3. For any graph G, we have ω(G2) ≤ ω(B2
G) ≤ 2ω(G2) and χ(G2) ≤ χ(B2

G) ≤
2χ(G2).

Proof. Clearly, ω(G2) ≤ ω(B2
G) and χ(G2) ≤ χ(B2

G), as G2 is present as an induced subgraph
in B2

G by Lemma 2. Since we have B2
G[A]

∼= G2, B2
G[B] ∼= G2 (again, by Lemma 2), and

V (B2
G) = V (B2

G[A]) ∪ V (B2
G[B]), we have the remaining inequalities, ω(B2

G) ≤ ω(B2
G[A]) +

ω(B2
G[B]) = 2ω(G2) and χ(B2

G) ≤ χ(B2
G[A]) + χ(B2

G[B]) = 2χ(G2).

We now have Observation 4, which proves the existence of bipartite graphs whose squares
have a sub-quadratic lower bound for the chromatic number.

Observation 4. Let ω′ ≥ 3 be an integer. There exists an absolute constant c and a bipartite

graph H with ω(H2) ≤ ω′ and χ(H2) ≥ c (ω(H2)−2)2

log(ω(H2)−1) .
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Proof. Let g ≥ 7 and ω = ω′

2 . By Observation 2, there exists an absolute constant c2 and a

graph G, with girth g and ω = ω(G2) such that χ(G2) ≥ c2
(ω−1)2

log(ω−1) . Let H = BG be the

bipartite graph obtained from G by applying the above reduction. Then by Observation 3, we
have that ω ≤ ω(H2) ≤ 2ω = ω′. Again, by Observation 3 and from the above inequalities, by
setting c = c2/4, we have the following:

χ(H2) ≥ χ(G2) ≥ c2
(ω − 1)2

log(ω − 1)

≥ c2
(ω(H2)

2 − 1)2

log(ω(H2)− 1)

≥ c
(ω(H2)− 2)2

log(ω(H2)− 1)

3 Proof of Theorem 1

In this section, we prove the main result of this paper, which we restate for convenience.

Theorem 1. Let G be a convex bipartite graph, and let ω(G2) denote the size of a maximum

clique in G2. Then χ(G2) ≤
⌊

3ω(G2)
2

⌋

. Moreover, there exists a convex bipartite graph H such

that χ(H2) ≥ 5ω(H2)
4 − 2.

Let G = (A,B,E) be a convex bipartite graph. Then by Definition 1, we have an ordering,
say <B for the vertices in B such that for each vertex a ∈ A, the vertices in NG(a) appear
consecutively with respect to <B . Now, consider the vertices in B (with respect to the ordering
<B) as points on the real line. Then, for each vertex a ∈ A, we define an interval Ia with
l(Ia) = min<B

{b : b ∈ NG(a)} and r(Ia) = max<B
{b : b ∈ NG(a)}. Note that, for any two

vertices a, a′ ∈ A, aa′ ∈ E(G2[A]) if and only if Ia ∩ Ia′ ̸= ∅. Hence, the collection {Ia}a∈A of
intervals is an interval representation of G2[A]. We then have the following observation, which
is also noted in [21].

Observation 5 ([21]). Let G = (A,B,E) be a convex bipartite graph. Then the subgraph G2[A]
is an interval graph.

Moreover, it is also known that G2[B] is an interval graph [21]. But in the following lemma,
we prove a stronger observation for G2[B], which is useful in proving some of our results. Note
that for a graph G, an ordering < of V (G) is called a proper vertex ordering if for any three
vertices u, v, w in G such that u < v < w, uw ∈ E(G) implies that uv, vw ∈ E(G). It is a well-
known fact that the proper interval graphs are exactly those graphs whose vertex set admits a
proper vertex ordering.

Lemma 3. Let G = (A,B,E) be a convex bipartite graph. Then, the ordering <B of the vertices
in B is a proper vertex ordering of G2[B]. Consequently, the subgraph G2[B] is a proper interval
graph.

Proof. Consider any three vertices, say u, v, w ∈ B such that u <B v <B w. Suppose that
uw ∈ E(G2). This implies that there exists a vertex a ∈ A such that au, aw ∈ E(G). By the
definition of <B , NG(a) is consecutive. Thus we have av ∈ E(G). As au, aw ∈ E(G), we can
therefore conclude that uv, vw ∈ E(G2). This proves that <B is a proper vertex ordering of
vertices in G2[B]. Hence, the observation.

Now we define an ordering <A for the vertices in A as follows: for any pair of vertices, say
ai, al ∈ A, we say that ai <A al if and only if r(Iai

) ≤ r(Ial
) (where {Ia}a∈A is the same interval

representation of G2[A] defined earlier, and if r(Iai
) = r(Ial

) we can have either ai <A al or
al <A ai). In the remainder of the section, for a convex bipartite graph G = (A,B,E), we
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assume that the vertices of the sets A and B follow the orderings <A and <B respectively. If
|A| = m and |B| = n, we then denote A = {a1, a2, . . . , am}, where a1 <A · · · <A am and
B = {b1, b2, . . . , bn}, where b1 <B · · · <B bn. Throughout the section, we denote by ω, the
size of the maximum clique of G2. For vertices x, y ∈ A (respectively, x, y ∈ B), the notation
x ≤A y (respectively, x ≤B y) includes the possibility that x = y. We now infer the following
observations.

Observation 6. Let G = (A,B,E) be a bipartite graph. Let a ∈ A and b ∈ B be such that
ab ∈ E(G2) then ab ∈ E(G).

Proof. Note that for a ∈ A and b ∈ B, dG(a, b) ̸= 2. Therefore, by the definition of G2,
ab ∈ E(G2) implies that ab ∈ E(G).

Observation 7. Let a, a′ ∈ A be such that a <A a′, and b, b′ ∈ B be such that b′ <B b. If
b ∈ NG(a) and b′ ∈ NG(a

′) then b ∈ NG(a
′).

Proof. Since a <A a′, we have r(Ia) ≤ r(Ia′). Now as b ∈ NG(a), b
′ ∈ NG(a

′), b′ <B b, and the
vertices inNG(a

′) appear consecutively with respect to the ordering <B , we have b ∈ NG(a
′).

Observation 8. For each i ∈ {1, 2, . . . ,m} and j ∈ {1, 2, . . . , n}, the sets NG2(ai) ∩
{ai+1, . . . , am} and NG2(bj) ∩ {bj+1, . . . , bn} are both cliques in G2.

Proof. Let bk be the largest indexed vertex in NG2(bj) ∩ {bj+1, . . . , bn}. Since bjbk ∈ E(G2),
there exists a vertex a ∈ A such that abj , abk ∈ E(G). Then, as vertices in NG(a) appear
consecutively with respect to the ordering <B , we have that abl ∈ E(G) for each l such that
j ≤ l ≤ k. This implies that for any l, l′ such that j ≤ l, l′ ≤ k, we have blbl′ ∈ E(G2). Therefore,
NG2(bj) ∩ {bj+1, . . . , bn} is a clique in G2.

Now suppose that NG2(ai)∩ {ai+1, . . . , am} is not a clique in G2. Then there exist vertices,
ak, al ∈ NG2(ai) ∩ {ai+1, . . . , am} such that akal /∈ E(G2). Without loss of generality, we can
assume that ak <A al. Then, by the definition of <A, we have that r(Iak

) ≤ r(Ial
). Recall

that {Ia}a∈A is an interval representation of G2[A]. Since akal /∈ E(G2) and r(Iak
) ≤ r(Ial

),
we can infer that r(Iak

) < l(Ial
). As ai <A ak, we then have r(Iai

) ≤ r(Iak
) < l(Ial

). This
further implies that aial /∈ E(G2). This contradicts the fact that al ∈ NG2(ai). Hence, the
observation.

To prove the upper bound in Theorem 1, our idea is to construct nested subgraphs of G2,
namely, Hj for each integer j from n down to 1, and show that the chromatic number of each
of these subgraphs is bounded by

⌊

3ω
2

⌋

(Lemma 4).

Subgraphs Hj: For each integer j down from n to 1, we define an induced subgraph Hj =
G2[A ∪ {bj , bj+1, . . . , bn}], where the vertices in A follows the ordering <A, and bj <B bj+1 <B

· · · <B bn. Clearly, H1 = G2, and G2[A] is an induced subgraph of Hj for each j ∈ {1, 2, . . . , n}.
Now, to prove the upper bound in Theorem 1, it is enough to prove the following lemma.

Lemma 4. For each j ∈ {1, 2, . . . , n}, we have χ(Hj) ≤
⌊

3ω
2

⌋

.

3.1 Some observations on subgraphs Hj

First, the following observation is immediate from the definition of Hj .

Observation 9. Let xy ∈ E(Hj) \E(Hj+1) for some j ∈ {1, 2, . . . , n− 1}. Then either x = bj
or y = bj.

We have the following observation due to the definitions of <A and <B .

Observation 10. For j ∈ {1, 2, . . . , n}, let NHj
(bj) ∩ A = {ai1 , ai2 , . . . , aik}, where ai1 <A

ai2 <A · · · <A aik . Then NHj
(ai1) ∩B ⊆ NHj

(ai2) ∩B ⊆ . . . ⊆ NHj
(aik) ∩B.

We also note the following.

Observation 11. For j ∈ {1, 2, . . . , n}, let Aj = NHj
(bj) ∩ A and Bj = NHj

(bj) ∩ B. Then
|Aj | ≤ ω − 1 and |Bj | ≤ ω − 2.
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Proof. Let Aj = NHj
(bj) ∩ A. It is easy to see that Aj ∪ {bj} is a clique in G2. This implies

that |Aj | ≤ ω − 1. Let Bj = NHj
(bj) ∩ B = {bj1 , bj2 , · · · , bjl}, where bj1 <B bj2 <B · · · <B bjl .

By Observation 8, we have that Bj is a clique in G2. Therefore, Bj ∪ {bj} is also a clique in
G2. Now, consider the vertex bjl ∈ Bj . As bjbjl ∈ E(G2[B]), there exists a vertex a ∈ Aj

such that abj , abjl ∈ E(G) ⊆ E(G2). Then, by the definition of <B , we have that neighbors of
a are consecutive in G. Therefore, we have Bj ∪ {bj} ⊆ NG(a) ⊆ NG2(a). This implies that
Bj ∪ {bj , a} is a clique in G2. This further implies that |Bj | ≤ ω − 2.

3.2 Proof of Lemma 4

Comment: We encourage the reader to go through the following proof jointly with the algo-
rithm described in Section 4 for a better understanding.

Proof. The proof is based on reverse induction on the index i of the subgraphsHi, i ∈ {1, 2, . . . , n}
defined above. For each i ∈ {1, 2, . . . , n}, let

Ai = NHi
(bi) ∩A

Bi = NHi
(bi) ∩B

Recall that G2[A] is an interval graph (by Observation 5), and the size of the maximum clique
in G2[A] is at most ω, where ω = ω(G2). Therefore, G2[A] is ω-colorable. Consider the base
case, i = n. Note that Hn = G2[A ∪ {bn}] and Bn = ∅. Also, by Observation 11, we have that
|An| ≤ ω − 1. Therefore, as G2[A] is ω-colorable, and |NHn

(bn)| = |An| ≤ ω − 1, we can easily
extend any ω-coloring of G2[A] to an ω-coloring of Hn, and we are done. Now, assume to the
induction hypothesis that χ(Hj) ≤

⌊

3ω
2

⌋

for any j > i. Consider Hi = G2[A∪{bn, bn−1, . . . , bi}].

Our goal is to prove that χ(Hi) ≤
⌊

3ω
2

⌋

.

Definition 3 (Special coloring). Any proper coloring of Hi+1 that uses at most
⌊

3ω
2

⌋

colors
is a special coloring of Hi+1. A special coloring can be viewed as a function c : V (Hi+1) →
{1, 2, . . . ,

⌊

3ω
2

⌋

}.

Due to our induction hypothesis, a special coloring of Hi+1 always exists. For a special
coloring c of Hi+1, if there exists a color, say x, which is not used to color any vertex in Ai∪Bi,
then we can extend the coloring c to Hi by assigning the color x to bi. This would have proved
the lemma.

Otherwise, if a special coloring c of Hi+1 is not extendable, i.e. all the
⌊

3ω
2

⌋

colors have been
used up by the vertices Ai ∪Bi, our intention is to convert c to another special coloring of Hi+1

by Kempe changes. i.e. swapping the colors of some vertices. Before that, we introduce some
definitions and prove some properties for “non-extendable special colorings” of Hi+1.

Definition 4 (Non-extendable special coloring). A special coloring c of Hi+1 is “ non-extendable”
if all the

⌊

3ω
2

⌋

colors have been used up by the vertices in Ai ∪Bi. Otherwise, c is an extendable
special coloring.

Claim 1. Let c be a non-extendable special coloring of Hi+1. Then there exist
⌊

ω
2

⌋

+ 2 vertices
in Ai whose color (with respect to c) is not assigned to any other vertex in Ai ∪Bi.

Proof. Note that both the sets Ai and Bi are cliques in Hi (due to the fact Ai = NG(bi)∩A, and
Observation 8). By Observation 11, we have |Bi| ≤ ω − 2. Since c uses

⌊

3ω
2

⌋

colors in Ai ∪ Bi,

we then have that the vertices in Ai use at least
⌊

ω
2

⌋

+ 2 extra colors which are not used for
coloring any of the vertices in Bi. This proves the claim (since Ai is a clique, no two vertices in
Ai can have the same color). ■

Definition 5. For a non-extendable special coloring c of Hi+1, let ac = min<A{a ∈ Ai : the
color c(a) is not used by any other vertex in Ai ∪ Bi}. We call ac the pivot vertex with respect
to c.
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Note that the pivot vertex ac is well defined for any non-extendable special coloring c of
Hi+1, by Claim 1. Now Claim 2 is immediate from Claim 1 and the definition of ac.

Claim 2. For a non-extendable special coloring c of Hi+1, let A
′

i = {a ∈ Ai : ac ≤A a}. Then
|A′

i| ≥
⌊

ω
2

⌋

+ 2.

Claim 3. For a non-extendable special coloring c of Hi+1, one of the following holds:

(a) There are
⌊

3ω
2

⌋

vertices in NHi+1
[ac], all receiving distinct colors with respect to c, or

(b) There exists an extendable special coloring c′ of Hi+1.

Proof. Suppose (a) is not true, then there exists a color, say x ∈ {1, 2, . . . ,
⌊

3ω
2

⌋

} such that
x ̸= c(ac), and the color x is not used by any neighbor of ac. Then, let c

′ be a coloring of Hi+1

such that c′(v) = c(v) for each vertex v ̸= ac, and c′(ac) = x. Clearly, c′ is a special coloring
of Hi+1 and it is also extendable, since with respect to the coloring c′, the vertex bi can now
be assigned with the color c(ac) to obtain a

⌊

3ω
2

⌋

-coloring of Hi. This implies (b) is true, and
hence the claim. ■

For a non-extendable special coloring c of Hi+1, if Claim 3(b) is true, then we are done.
Therefore, the difficult case is when Claim 3(a) is true, but not 3(b).

Claim 4. For a non-extendable special coloring c of Hi+1, let 3(a) is true. Then there exists a

color y ∈
{

1, 2, . . . ,
⌊

3ω
2

⌋

}

such that y ̸= c(ac), and the color y is not assigned to any vertex of

the set,
S = (NHi+1

(ac) ∩B) ∪ {a ∈ (NHi+1
(ac) ∩A) : ac <A a}

(Note that S is exactly the set obtained from NHi+1
(ac), by deleting the vertices that lie before

ac in the ordering <A)

Proof. Let S1 = NHi+1
(ac) ∩ B and S2 = {a ∈ (NHi+1

(ac) ∩ A) : ac <A a}. Then S = S1 ∪ S2.
Let A′

i = {a ∈ Ai : ac ≤A a} (as in the statement of Claim 2). Then by Observation 10, we
have that S1= NHi+1

(ac) ∩B ⊆ (NHi
(a)∩B) for each a ∈ A′

i. This together with with the fact
that A′

i ∪ {bi} and S1 ∪ {bi} are cliques implies that A′

i ∪ S1 ∪ {bi} forms a clique in Hi. This
further implies that |A′

i ∪ S1 ∪ {bi}| ≤ ω. Since |A′

i| ≥
⌊

ω
2

⌋

+ 2 (by Claim 2), we then have

|S1 ∪ {bi}| ≤ ⌈ω
2 ⌉ − 2. This implies that |S1| ≤ ⌈ω

2 ⌉ − 3. Note that
⌊

3ω
2

⌋

− 1 colors are used in
NHi+1

(ac) (since 3(a) is true). i.e. the set NHi+1
(ac) = (NHi+1

(ac) ∩A) ∪ (NHi+1
(ac) ∩B) uses

⌊

3ω
2

⌋

− 1 colors. Therefore, as |(NHi+1
(ac) ∩B)| =|S1| ≤ ⌈ω

2 ⌉ − 3 (by a previous observation),
we can conclude that the set NHi+1

(ac) ∩ A uses at least ω + 1 colors that is not used in S1.
Now as the set {ac} ∪S2 forms a clique (by Observation 8), we have |{ac} ∪S2| ≤ ω, and hence
|S2| ≤ ω − 1. This implies the set S2 can use only at most ω − 1 colors. Therefore, a previous
observation that NHi+1

(ac)∩A uses at least ω+1 colors that is not used in S1 now implies that
there exists a vertex, say a ∈ (NHi+1

(ac) ∩ A) such that a <A ac and y = c(a) ̸= c(v) for any
vertex v ∈ S1 ∪ S2 ∪ {ac}. This proves the claim. ■

Let c be a non-extendable special coloring of Hi+1 for which 3(a) is true. Then by Claim 4,
there exists a color y ∈ {1, 2, . . . ,

⌊

3ω
2

⌋

} such that y ̸= c(ac), and the color y is not assigned to
any vertex of the set

S = (NHi+1
(ac) ∩B) ∪ {a ∈ (NHi+1

(ac) ∩A) : ac <A a}

Let x = c(ac). Recall that ac is called as the pivot vertex with respect to c. In the rest of
the section, with respect to the coloring c, we call x the pivot color, and y the partner color.
Define, X = {v ∈ V (Hi+1) : c(v) = x} and Y = {v ∈ V (Hi+1) : c(v) = y}. Let D denote the
component of the induced subgraph Hi+1[X ∪ Y ] that contains the pivot vertex ac. We call D
the Kempe component (defined by the pivot and partner colors) containing the pivot with respect
to the coloring c. In the claim below, we evaluate the properties of this Kempe Component. In
particular, we intend to prove that D is completely contained in the set A. Moreover, we will
see that the vertices in the Kempe component containing the pivot vertex and partner colors
are arranged in A in a specific order.
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Claim 5. Let c be a non-extendable special coloring of Hi+1 for which 3(a) is true and let D be
the Kempe component (defined by the pivot and partner colors) containing the pivot with respect
to c. For each l ≥ 0, let Vl = {v ∈ V (D) : dHi

(v, ac) = l}, where V0 = {ac}. Then, the following
conditions hold.

(a) For each l ≥ 0, we have Vl ⊆ A. Moreover, for any pair of vertices v ∈ Vl+1, u ∈ Vl such
that uv ∈ E(Hi+1), we have v <A u.

(b) For each l ≥ 2, we have N(b) ∩ Vl = ∅ for any b ∈ (V (Hi) ∩B).

Proof. First, observe that for each l ≥ 0, the colors on the vertices belonging to the sets Vl and
Vl+1 alternate between x and y. We prove the claim using induction on l.

Base case for Part (a): l ∈ {0, 1, 2}. Since V0 has only the pivot vertex ac in it, V0 ⊆ A, and
by the definition of partner color y, we have V1 ⊆ {a ∈ (NHi+1

(ac) ∩A) : a <A ac}. Thus (a) is
true for l ∈ {0, 1}.

For l = 2, consider any vertex v ∈ V2. Then there exists a vertex u ∈ V1 such that
uv ∈ E(Hi+1), c(u) = y, and c(v) = c(ac) = x. Recall that x = c(ac) is not assigned to any
other vertex in NHi

(bi) = Ai ∪Bi. As u <A ac, ac ∈ NHi
(bi), and bi is the least indexed vertex

in V (Hi) ∩B, we then have by the definition of <A that, (NHi
(u) ∩B) ⊆ (NHi

(ac) ∩B) ⊆ Bi.
Now, since v ∈ NHi

(u) and c(v) = x, we can conclude that v /∈ B. Therefore, v ∈ A. To show
that (a) is true for l = 2, now it is enough to prove that v <A u. Assume to the contrary
that u <A v. Since {ac, v} ⊆ NHi

(u), u <A ac and u <A v, we then have by Observation 8
that vac ∈ E(Hi+1). As c(v) = c(ac) = x, this contradicts the fact that c is a proper coloring
of Hi+1. Thus, we can conclude that v <A u <A ac. Therefore, (a) is true for l = 2. This
concludes the base case for (a).

Base case for Part (b): l = 2: Since (a) is true for l = 2, for any vertex v ∈ V2, we have
v <A ac. Further, as ac ∈ NHi

(bi), and bi is the least indexed vertex in V (Hi) ∩ B, we have
(NHi

(v)∩B) ⊆ NHi
(ac) (by the definition of <A). Thus, if vb ∈ E(Hi) for some b ∈ V (Hi)∩B,

we then have vac ∈ E(Hi) and therefore, vac ∈ E(Hi+1) by Observation 9. As c(v) = c(ac) = x,
this again contradicts the fact that c is a proper coloring of Hi+1. Therefore, (b) is true for
l = 2.

Thus, we can conclude that our claim is true for l ∈ {0, 1, 2}.

Induction step: l > 2. By the induction hypothesis, (a) is true for integers k in 0 ≤ k < l,
and (b) is true for integers k in 2 ≤ k < l. Now, to establish the claim for l, consider any
vertex v ∈ Vl. Then there exists a vertex u ∈ Vl−1, w ∈ Vl−2 such that vu, uw ∈ E(Hi+1), and
c(w) = c(v).

Part (a): l > 2. Note that l − 1 ≥ 2, and therefore, by the induction hypothesis, we have
that (b) is true for l − 1. Since u ∈ Vl−1, we then have that ub /∈ E(Hi) for any b ∈ V (Hi) ∩B.
As uv ∈ E(Hi+1) ⊆ E(Hi), this implies that v /∈ B. Therefore, we can conclude that Vl ⊆ A.
Now, suppose that u <A v. Again, by the induction hypothesis, we have that (a) is true for
l − 1. Since u ∈ Vl−1 and w ∈ Vl−2 are such that uw ∈ E(Hi+1), this implies that u <A w.
This further implies that u <A v, w. By Observation 8, we then have that vw ∈ E(Hi+1). As
c(v) = c(w) = x, this contradicts the fact that c is a proper coloring of Hi+1. Thus, we can
conclude that v <A u. This proves that (a) is true for l.

Part (b): l > 2. Recall that v ∈ Vl, u ∈ Vl−1 and vu ∈ E(Hi+1). Since v <A u, we also
have r(Iv) ≤ r(Iu) (by the definition of <A). Recall that u ∈ Vl−1 and Part (b) holds for l − 1.
Therefore, the fact that ub /∈ E(Hi) for any b ∈ V (Hi) ∩ B implies that vb /∈ E(Hi) for any
b ∈ V (Hi) ∩B. This proves that (b) is also true for l.

This completes the proof of claim. ■

Now define a new proper coloring, say ϕc of Hi+1 obtained from c by swapping the pivot
color and partner color on the vertices belonging to the Kempe component D. Formally, it can
be defined as follows:
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ϕc(v) =











c(v), v ∈ V (Hi+1) \D

x, v ∈ D ∩ Y

y, v ∈ D ∩X

Clearly, ϕc is a special coloring of Hi+1, and for every non-extendable special coloring, c of
Hi+1 for which 3(a) is true, ϕc exists. If ϕc is an extendable special coloring for Hi+1, then
we are done. Otherwise, in the following claim, we prove a strictly decreasing property of the
pivot vertex in the modified special coloring ϕc. As the number of vertices in the graph is finite,
this claim guarantees that we will finally end up having a coloring, say c∗ for which ϕc∗ is an
extendable special coloring.

Claim 6. Let c be a non-extendable special coloring of Hi+1 for which 3(a) is true. If ϕc is
non-extendable in Hi+1 then aφc

<A ac.

Proof. Recall that ϕc is a special coloring of Hi+1 and ϕc(ac) = y. If ϕc is non-extendable in
Hi+1, we then have that all the

⌊

3ω
2

⌋

colors are used in the set Ai∪Bi with respect to the special
coloring ϕc. In particular, now there exists a vertex, say v ∈ (Ai ∪Bi) \ {ac} that has the color
x on it. i.e. ϕc(v) = x but c(v) ̸= x. Since we have recolored only the vertices in the Kempe
component D (containing the pivot and partners with respect to c) to obtain the new coloring
ϕc from c, this implies that v ∈ D ⊆ A, v <A ac (by Claim 5(a)), and c(v) = y. Moreover, with
respect to the coloring ϕc, no vertex in Bi has been colored x (since D ⊆ A by Claim 5(a)).
Also, since Ai is a clique, v is the only vertex in Ai ∪ Bi that has the color x on it. Therefore,
we now have a coloring ϕc of Hi+1 with the property that there exists a vertex v ∈ Ai, v <A ac
such that ϕc(v) = x, and the color x is not assigned to any other vertex in Ai ∪ Bi. By the
definition of the pivot vertex with respect to ϕc, we then have aφc

≤A v. Further, v <A ac
implies that aφc

<A ac. Therefore, our claim is true. ■

Now, we are ready to conclude the proof of Lemma 4. If there is an extendable special
coloring for Hi+1, then we are done. Suppose that there does not exist an extendable special
coloring for Hi+1. Let c

∗ be a non-extendable special coloring of Hi+1 having the property that
for any non-extendable special coloring c of Hi+1 different from c∗, we have ac∗ ≤A ac. Clearly,
3(a) is true for c∗. But then by Claim 6, we have aφc∗ (v) <A ac∗ . This is a contradiction to the
choice of c∗. This completes the proof of Lemma 4.

The existence of convex bipartite graphs H with χ(H2) ≥ 5ω(H2)
4 − 2 is proved below.

3.2.1 Lower bound construction

For the graph H in Figure 2, for each i ∈ {1, 2, . . . , 5}, the set Qi represents a clique on q
vertices. For distinct i, j ∈ {1, 2, . . . , 5} an edge connecting the sets Qi and Qj indicates the
presence of all edges of the form qiqj , where qi ∈ Qi and qj ∈ Qj , and for k ∈ {1, 2, 3}, an
edge connecting a vertex zk and a set Qi indicates the presence of all edges of the form zkqi,
where qi ∈ Qi. The graph H shown in Figure 2 is a convex bipartite graph because, as shown in
Figure 2, the vertices in B with an ordering <B : Q2 <B z2 <B z3 <B Q3 (where vertices in the
sets Q2 and Q3 can be ordered arbitrarily among themselves) satisfies the consecutive property
in the definition of a convex bipartite graph. Since the set B = Q2 ∪ {z2, z3} ∪Q3 form a clique

in H2, we have ω(H2) = 2q + 3. The structure of the induced subgraph, H ′ = H2[
⋃5

i=1 Qi] is
commonly known as the “blow-up” of a 5-cycle. It can be seen that χ(H ′) = 5

2q, and therefore

it is not difficult to verify that, χ(H2) = 5
2q+2 = 5(ω(H2)−3)

4 +2 ≥ 5
4ω(H

2)− 2. This completes
the proof of Theorem 1.
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Figure 2: A convex bipartite graph H with ω(H2) = 2q + 3 and χ(H2) = 5
2q + 2

4 A 3
2-approximation algorithm

Here, we propose a polynomial-time algorithm to find a proper coloring for squares of convex
bipartite graphs using at most 3ω/2 colors (which is the same as the χ-binding function proved
in Theorem 1).

Let G = (A,B,E) be a convex bipartite graph. Recall the definitions of orderings <A and
<B . Note that the convexity property of G is the well-known “consecutive-ones” property
when G is represented as an adjacency matrix. Hence, the ordering <B of the vertices of B
can be obtained by using an O(|V | + |E|)-time algorithm proposed by Booth and Lueker [4].
For ordering the vertices of A with respect to <A, we can use the “compact representation”
of G [18], which can be computed in O(|V | + |E|) time. In the compact representation of G,
for each vertex i ∈ A, we have a triple (i, left(i), right(i)), where left(i) and right(i) are the
least indexed and highest indexed neighbors of i in B. Consequently, the collection of intervals
{[left(i), right(i)] : i ∈ A} forms a valid interval representation of the interval graph G2[A] (by
Observation 5). For j ∈ {1, 2, . . . , n}, recall the definitions of subgraphsHj of G

2. Our algorithm
consists of two phases. First, we find a proper coloring of the interval graph G2[A] using the
well-known greedy coloring algorithm [12]. Recall that, interval graphs are perfect and their
chromatic number equals the clique number. In the second phase, for each j down from n to
1, we iteratively find a proper coloring for the subgraphs Hj of G2 using at most 3ω/2 colors.
Since H1 = G2, we then have the desired coloring of G2.

The algorithm

Phase I. Find a proper coloring, say c of G2[A] using the greedy algorithm.

Comment: Clearly, c uses at most ω colors. Let Hn+1 = G2[A] and j ∈ {1, 2, . . . , n}. For
a non-extendable special coloring c of Hj+1, recall the definitions of the pivot vertex, the pivot
color, the partner color, the Kempe component containing pivot and partners, and the recoloring
ϕc from the previous section. Moreover, in the following phase of the algorithm, we say that
w is a free color in S ⊆ V (G) with respect to a coloring c of Hj+1 if w ∈ {1, 2, . . . ,

⌊

3ω
2

⌋

} and
c(u) ̸= w for any u ∈ S.

Phase II. For each j down from n to 1 do the following:

1. Consider the coloring c of Hj+1.

2. If there is a free color, say w in NHj
(bj) ⊆ V (Hj+1) with respect to c,

then assign c(bj) = w.

3. Else, find the pivot vertex ac with respect to c. Let c(ac) = x.

3.1. If there is a free color, say z in NHj+1
[ac],

then assign c(ac) = z and c(bj) = x.
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3.2. Else, let y be the partner color of ac.

(i) Find the lowest indexed vertex, say a′ in NHj+1
(ac) ∩A such that

a′ <A ac and c(a′) = y.

(ii) Swap the colors in the Kempe component (defined by the pivot and
partner colors) containing the pivot ; i.e. set c = ϕc.

(iii) If a′ /∈ NHj
(bj) then c(bj) = x.

(iv) Else, a′ is the new pivot vertex with respect to c with c(a′) = x;
set ac = a′ and goto 3.1.

The above algorithm may not produce an optimal coloring, but the proof of Lemma 4
guarantees that the algorithm terminates after finite steps and outputs a proper coloring of G2

using at most 3ω/2 colors in polynomial time. To be specific, we note the following:

For each j ∈ {1, 2, . . . , n}, c is a special coloring of Hj+1. Therefore, if step 2 is not true
then it implies that c is a non-extendable special coloring of Hj+1 (see Definition 4). Thus, by
Claim 1, the pivot vertex ac exists, and it is easy to see that ac can be found in polynomial time.
Now, if step 3.1 is not true then it implies that Claim 3(a) is true. Therefore, by Claim 4, the
partner color y exists. Also, the steps 3.2.(i) and 3.2.(ii) can be executed in polynomial time.
Note that for fixed j, the repetition of step 3.1 only happens when step 3.2.(iii) is not true (i.e.
a′ ∈ NHj

(bj)). Moreover, in this case, the new pivot vertex a′ obtained in step 3.2.(iv) has the
property that a′ < ac, where ac is the current pivot vertex. Therefore, step 3 will be executed
at most |NHj

(bj) ∩A| times.

Let OPT denote the number of colors used in an optimal coloring of G2. Clearly, OPT ≥ ω.
Since our algorithm uses only at most 3ω/2 ≤ 3

2OPT colors, we have the following theorem.

Theorem 3. There exists a polynomial-time algorithm to find a proper coloring of squares of
convex bipartite graphs with approximation ratio 3

2 .

5 Relation with maximum degree

In this section, we prove the following theorem.

Theorem 4. Let G be a convex bipartite graph with maximum degree ∆. Then χ(G2) ≤ 2∆.
Moreover, there exist convex bipartite graphs G with χ(G2) = 2∆.

Let G = (A,B,E) be a complete bipartite graph with |A| = |B| = n. Clearly, G is a convex
bipartite graph with maximum degree n, and G2 is a clique on 2n vertices. Thus we have
χ(G2) = 2n. This shows that the class of regular complete bipartite graphs form an instance of
the graphs for which χ(G2) = 2∆, where ∆ is the maximum degree of G. This proves the latter
part of Theorem 4. In the remaining part of this section, we work towards proving the former
part of Theorem 4.

First, we note the following observation.

Observation 12. Let G be a convex bipartite graph with orderings <A and <B (as defined
earlier). Let CA be a clique in G2[A] and let CB be a clique in G2[B]. Then there exists vertices
a ∈ A and b ∈ B, such that CA ⊆ NG(b) and CB ⊆ NG(a).

Proof. Let CA be a clique in G2[A] with |CA| = p for some integer p ≥ 1. Then, we can denote
CA = {ai1 , ai2 , . . . , aip}, where ai1 <A ai2 <A · · · <A aip . Let b ∈ B be the neighbor of ai1 in G
that has a maximum index with respect to the ordering <B . i.e. b = max<B

{bl : bl ∈ NG(ai1)}.
Let a ∈ CA \ {ai1}. Since CA is a clique in G2[A], we have ai1a ∈ E(G2). This implies that
NG(ai1) ∩NG(a) ̸= ∅. Since ai1 <A a, by the definitions of <A and b, we then have b ∈ NG(a).
This implies that CA ⊆ NG(b).

Let CB be a clique in G2[B] with |CB | = q for some integer q ≥ 1. Then we can denote
CB = {bj1 , bj2 , . . . , bjq}, where bj1 <B bj2 <B · · · <B bjq . Since bj1bjq ∈ E(G2), there exists a
vertex a ∈ A such that bj1 , bjq ∈ NG(a). By the consecutive property of the ordering <B , we
then have CB = {bj1 , bj2 , . . . , bjq} ⊆ NG(a).
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We are now ready to prove Theorem 4.

Proof of Theorem 4

Proof. Let ωA and ωB denote the size of maximum cliques inG2[A] andG2[B] respectively. Then
by Observation 12, we have that ωA ≤ ∆ and ωB ≤ ∆. Recall that G2[A] is an interval graph
by Observation 5, and G2[B] is a proper interval graph by Lemma 3. As both the subgraphs
G2[A] and G2[B] are perfect, we then have χ(G2[A]) = ωA ≤ ∆ and χ(G2[B]) = ωB ≤ ∆.
Therefore, we can conclude that χ(G2) ≤ χ(G2[A]) +χ(G2[B]) ≤ 2∆. This completes the proof
of Theorem 4.

6 On partite testable properties

In this section, we investigate the notion of partite testable properties for squares of bipartite
graphs, i.e., properties that can be inferred for G2 from the induced subgraphs G2[A] and G2[B]
of a bipartite graph G = (A,B,E) (see Definition 2). We first show that the absence of odd
anti-holes of length greater than five is partite testable in general, while properties such as
(even-hole)-free or (odd-hole)-free are not, even for convex bipartite graphs. Motivated by this,
we analyze the structure of induced cycles in the squares of convex bipartite graphs. These
structural results allow us to characterize when convex bipartite graph squares are chordal or
perfect, and to identify some subclasses of convex bipartite squares, where perfectness and
chordality become partite testable.

Theorem 5. The property of not containing odd anti-holes of size larger than five is a partite
testable property for the squares of bipartite graphs.

Proof. Let G = (A,B,E) be a bipartite graph with partite independent sets A and B. Suppose
that both the subgraphs G2[A] and G2[B] do not contain odd anti-holes of size larger than five.
We need to prove that G2 also satisfies the same property. For the sake of contradiction, suppose
that G2 has an odd anti-hole, say H, of size larger than five. Let V (H) = {v0, v1, . . . , vk},
where k is even, k ≥ 6; here, the vertices are labeled with respect to the cyclic order of the
vertices in its complement, which is a hole. (Throughout the proof, we consider the indices
modulo k + 1). Note that by the definition of an anti-hole, for each i ∈ {0, 1, 2, . . . , k}, we have
NH(vi) = V (H) \ {vi−1, vi+1}. In other words, any two vertices that are non-adjacent in H are
consecutive with respect to their labeling.

We now have the following claims.

Claim 7. There exists i ∈ {0, 1, . . . , k} such that vi, vi+1 ∈ A or vi, vi+1 ∈ B

Proof. Suppose not. Without loss of generality, we can assume that v0 ∈ A. For i ∈ {0, 1, . . . , k},
we then have vi ∈ A, if i is even and vi ∈ B, if i is odd. As k is even, this implies that v0, vk ∈ A.
Since vk+1 = v0, this is a contradiction to our assumption. Hence, the claim.

Claim 8. For i ∈ {0, 1, . . . , k}, if vi, vi+1 ∈ A (respectively, B) then NH(vi) ∩ NH(vi+1) ⊆ A
(respectively, B).

Proof. It is enough to prove the claim for the case in which vi, vi+1 ∈ A (as the proof for the
respective case is similar). If possible, assume that there exists a vertex b ∈ NH(vi)∩NH(vi+1)
such that b ∈ B. This implies that vib, vi+1b ∈ E(G) (since vi, vi+1 ∈ A and by Observation 6).
But we then have vivi+1 ∈ E(G2), a contradiction. Therefore, we can conclude that NH(vi) ∩
NH(vi+1) ⊆ A. Hence, the claim.

Without loss of generality, by Claim 7, we can assume that vi, vi+1 ∈ A for some i ∈
{0, 1, . . . , k}. Then by Claim 8, we have V (H)\{vi−1, vi+2} = (NH(vi)∩NH(vi+1))∪{vi, vi+1} ⊆
A. Now, we will show that even the remaining vertices vi−1 and vi+2 are also in A. Since
k ≥ 6, we can find distinct vertices vi+3, vi+4, vi+5 ∈ V (H) \ {vi, vi+1, vi−1, vi+2}. Since V (H) \
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{vi−1, vi+2} ⊆ A, we then have vi+3, vi+4, vi+5 ∈ A. Note that vi−1 ∈ NH(vi+3)∩NH(vi+4) and
vi+3, vi+4 ∈ A. Similarly, vi+2 ∈ NH(vi+4) ∩ NH(vi+5) and vi+4, vi+5 ∈ A. Therefore, again
by Claim 8, we have vi−1, vi+2 ∈ A. This together with the fact that V (H) \ {vi−1, vi+2} ⊆ A
implies that V (H) ⊆ A. Recall that H is an anti-hole of size larger than five. This implies that
G2[A] contains an odd anti-hole of size larger than five as an induced subgraph. As this is a
contradiction, we can conclude that G2 does not contain odd anti-holes of length larger than
five. This completes the proof of the theorem.

Before moving on to the partite testability of other graph properties, we note down an
interesting consequence of Theorem 5. Let G = (A,B,E) be a chordal bipartite graph. By a
result in [21], both the subgraphs, G2[A] and G2[B] (which they refer to as half squares in [21])
are chordal and therefore, perfect. Since perfect graphs are (odd antihole)-free, we then have
the following corollary due to Theorem 5.

Corollary 1. Squares of chordal bipartite graphs do not contain odd anti-holes of size larger
than five.

In contrast to Theorem 5, in the remarks below, we note that the properties, namely, being
(even anti-hole)-free or (hole)-free are not partite testable properties for the squares of bipartite
graphs in general.

Remark 1. (Even anti-hole)-free property is not partite testable in general: Let
G = (A,B,E) be a bipartite graph with partite independent sets A and B. Even if both the
induced subgraphs G2[A] and G2[B] do not contain even anti-holes of size larger than four, G2

may still contain even anti-holes of any size larger than four. See Figure 3 for an illustration (the
edges of an even anti-hole in G2 are shown in red). To be precise, here, the induced subgraphs
G2[A] and G2[B] do not contain any anti-holes (as both the subgraphs induce cliques in G2).
But in G2, the set of vertices {a2, b2, a3, b3, a4, b4} induces an even anti-hole of size six.

a1

a2

a3

a4

b1

b2

b3

b4

a1

a2

a3

a4

b1

b2

b3

b4

G G2

Figure 3: An illustration to show that (even anti-hole)-free is not a partite testable property

Remark 2. (Even hole)-free or (odd hole)-free properties are not partite testable in
general: Let G = (A,B,E) be a convex bipartite graph with partite independent sets A and
B. Even if both the subgraphs G2[A] and G2[B] do not contain holes of length greater than
three, G2 may contain holes of any length greater than three (see Figure 1 for an example).

Although the property of being (hole)-free is not partite testable even for squares of convex
bipartite graphs, soon we will see that the induced cycles in the convex bipartite squares exhibit
some nice structural properties. In particular, the structure of the graph G2 given in Figure 1
is very interesting. One of the major results in the remainder of this section is Theorem 6,
where we infer that any induced cycle of length at least four that is present in the square of a
convex bipartite graph follows the same structure as the one in Figure 1; refer to Theorem 6 for
a precise statement. Through a series of observations and lemmas on the structure of “special”
paths and cycles in convex bipartite graph squares, we gradually develop the insights that lead
to Theorem 6.
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Given a convex bipartite graph G = (A,B,E), recall the definitions of orderings <A and
<B for the vertices in A and B, respectively. In the rest of the section, for bi, bj ∈ B with
bi <B bj , we denote by [bi, bj ], the set {b ∈ B : bi ≤B b ≤B bj}. Further, we denote by (bi, bj)
the set [bi, bj ] \ {bi, bj}. Let G = (A,B,E) be a bipartite graph. For k ≥ 2, we call an induced
path P = (a1, a2, . . . , ak) in G2 an (A, b, b′)-path, if V (P ) ⊆ A and there exist distinct vertices

b, b′ ∈ B such that b ∈ NG(a1) \
( k

⋃

j=2

NG(aj)
)

and b′ ∈ NG(ak) \
( k−1

⋃

j=1

NG(aj)
)

. Note that if

P is an (A, b, b′)-path, then V (P ) ∪ {b, b′} may induce either a path or cycle in G2. First, we
observe the following.

Observation 13. Let G = (A,B,E) be a convex bipartite graph with the orderings <A and <B.
For k ≥ 2, let P = (a1, a2, . . . , ak) be an (A, b, b′)-path in G2 with a1 <A ak. Then b <B b′ and
a1 = min<A

{aj ∈ V (P )}.

Proof. It is easy to see that b <B b′, as otherwise, by Observation 7 (with a = a1 and a′ = ak)
we have b ∈ NG(ak), and this contradicts the definition of (A, b, b′)-path. Now to prove the
latter part, let ai = min<A

{aj ∈ V (P )}. Note that a1 <A ak. Suppose that ai = aj for some
j ∈ {2, 3, . . . , k − 1}. Then the vertices aj−1, aj+1 exist, and are such that aj <A aj−1, aj+1,
and aj−1, aj+1 ∈ NP (aj) ⊆ NG2[A](aj). By Observation 8, we then have aj−1aj+1 ∈ E(G2[A]).
This contradicts the fact that P is an induced path. Therefore, we can conclude that ai = a1.

The following lemma presents a crucial structural property of (A, b, b′)-paths in G2.

Lemma 5. Let G = (A,B,E) be a convex bipartite graph with the orderings <A and <B. For
k ≥ 2, let P = (a1, a2, . . . , ak) be an (A, b, b′)-path in G2 with a1 <A ak. Then the following
hold:

(a) If k = 2, we have NG(a1) ∩ NG(ak) ⊆ (b, b′). If k > 2 for each j ∈ {2, 3, . . . , k − 1}, we
have NG(aj) ⊆ (b, b′).

(b) For each b̃ ∈ [b, b′], there exists j ∈ {1, 2, . . . , k} such that b̃ ∈ NG(aj).

Proof. (a) Note that b <B b′ by Observation 13. If k = 2, then as a1ak ∈ E(G2), NG(a1) ∩
NG(ak) ̸= ∅. Further, by the consecutive property of the ordering <B , and the definitions of
b and b′, we have NG(a1) ∩ NG(ak) ⊆ (b, b′). Suppose that k > 2. If possible, let aj , where
j ∈ {2, 3, . . . , k − 1} be the first vertex along the path P for which (a) is not true. i.e. let
j = min{2, 3, . . . , k − 1} be such that NG(aj) ⊈ (b, b′).

Recall that b, b′ /∈ NG(aj). Thus by the definition of <B , if aj has a neighbor bl ∈ (b, b′)
then we have NG(aj) ⊆ (b, b′), a contradiction, and we are done. Therefore we can assume
that NG(aj) ∩ [b, b′] = ∅. But then it should be the case that j = 2. (As otherwise, j − 1 ≥ 2
and by the choice of j we have NG(aj−1) ⊆ (b, b′). This implies that NG(aj−1) ∩ NG(aj) = ∅,
and contradicts the fact that aj−1aj ∈ E(G2).) Now since b′ /∈ NG(a1) and a1a2 ∈ E(G2),
NG(a2) ⊈ [b, b′] implies thatNG(a2) ⊆ [b1, b−1], where b1 = min<B

{b ∈ B}. Since a2a3 ∈ E(G2)
and b /∈ NG(a3), by the consecutive property of <B we then have NG(a3) ⊆ [b1, b − 1]. For
each l ≥ 3, by repeating the same arguments along the edges alal+1 in G2, we finally get
NG(ak) ⊆ [b1, b − 1]. As b <B b′, the consecutive property of <B implies that b′ /∈ NG(ak), a
contradiction. Therefore, (a) is true.

(b) Suppose not. Let x ∈ [b, b′] be such that for any j ∈ {1, 2, . . . , k}, x /∈ NG(aj). Consider
the vertex a2. By (a), NG(a2) ⊆ (b, b′). Since a1a2 ∈ E(G2) there exists a vertex y ∈ B such
that a1y, a2y ∈ E(G). As b ∈ NG(a1), y ∈ NG(a1) ∩ NG(a2) and x /∈ NG(a1) ∪ NG(a2), by
the consecutive property of the ordering <B , we have NG(a2) ⊆ (b, x). Now for each l ≥ 2,
by repeating the same arguments along the edges alal+1 in G2, we finally get NG(ak) ⊆ (b, x).
Since x <B b′, the consecutive property of <B implies that b′ /∈ NG(ak). This is a contradiction
and hence proves (b).

We now have the following corollary of Lemma 5.
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Corollary 2. Let G = (A,B,E) be a convex bipartite graph. Let C be an induced cycle in G2

and let P = (a1, a2, . . . , ak) (where k ≥ 2), be a sub-path (recall the definition from Section 1.2)
of C which is also an (A, b, b′)-path. If b, b′ ∈ B ∩ V (C) then (b, b′) ∩ V (C) = ∅.

Proof. Suppose not. Let x ∈ (b, b′)∩V (C). Then by Lemma 5(b), there exists a vertex aj ∈ V (P )
such that xaj ∈ E(G) ⊆ E(G2). This contradicts the fact that C is an induced cycle.

Let G be a convex bipartite graph. Since the class of convex bipartite graphs forms a subclass
of chordal bipartite graphs, by Corollary 1, G2 does not contain odd antiholes of size larger than
five. Therefore, by the Strong Perfect Graph Theorem, the sole reason for the non-perfectness
of the squares of convex bipartite graphs is due to the presence of odd holes (note that an
odd antihole of size five is isomorphic to its complement C5, the odd hole of size five). In
the following observations and lemmas, we study the structure of holes that are present in the
squares of convex bipartite graphs.

Observation 14. Let G = (A,B,E) be a convex bipartite graph with the orderings <A and <B,
and let C be an induced cycle in G2 of length k ≥ 4. Then V (C) ∩ A ̸= ∅ and V (C) ∩ B ̸= ∅.
Moreover, if the vertices in C are labeled such that C = (v1, v2, . . . , vk) with v1 = min<A

{vl :
vl ∈ V (C) ∩ A}, then exactly one of the vertices in the set {v2, vk} belongs to A and the other
is in B.

Proof. By Observation 5 and Lemma 3, both the subgraphs G2[A] and G2[B] are interval graphs
and therefore, chordal. Since C is an induced cycle of length at least 4 in G2, we then have
V (C) ⊈ A and V (C) ⊈ B. This implies that V (C) ∩ A ̸= ∅ and V (C) ∩ B ̸= ∅. Let v1 =
min<A

{vl : vl ∈ V (C) ∩ A}. Now consider the vertices v2 and vk in C. If {v2, vk} ⊆ A
then v1 <A v2, vk and {v2, vk} ⊆ NC(v1) ⊆ NG2(v1). This implies by Observation 8 that
v2vk ∈ E(G2), a contradiction to the fact that C is an induced cycle. Now if {v2, vk} ⊆ B then
{v2, vk} ⊆ NC(v1) ⊆ NG(v1) (as v1 ∈ A and v2, vk ∈ B, by Observation 6). This implies that
v2vk ∈ E(G2), again a contradiction. As we have a contradiction in both cases, we can conclude
that exactly one of the vertices in {v2, vk} belongs to A and the other is in B.

Lemma 6. Let G = (A,B,E) be a convex bipartite graph with the orderings <A and <B

and let C be an induced cycle in G2 of length k ≥ 4. Then the vertices in C can be labeled as
C = (v1, v2, . . . , vk) with v1 = min<A

{vl : vl ∈ V (C)∩A} such that the sub-path (v1, v2, . . . , vk−2)
is an (A, vk, vk−1)-path.

Proof. By Observation 14, if v1 = min<A
{vl : vl ∈ V (C) ∩ A} then exactly one of the vertices

in {v2, vk} belongs to A and the other is in B. Without loss of generality, we can assume that
v2 ∈ A and vk ∈ B (as in the other case, we can first enumerate the cycle by starting at v1
itself but in the reverse direction and use the same arguments below). Now, while traversing C
starting from v1 ∈ A along the increasing order of their indices in C, namely, v1, v2, . . . , in A, we
can find a vertex, say vj ∈ V (C) ∩A such that {v1, v2, . . . , vj} ⊆ A, but vj+1 ∈ B. If vj+1 = vk
then vjvk, v1vk ∈ E(C) ⊆ E(G) (since vj , v1 ∈ A and vk ∈ B, by Observation 6). This implies
that v1vj ∈ E(G2), a contradiction to the fact that C is an induced cycle of length at least four

in G2. Thus we have vj+1 ̸= vk, and therefore j ≤ k−2. Moreover, vk ∈ NG(v1)\
( j

⋃

p=2
NG(vp)

)

and vj+1 ∈ NG(vj) \
( j−1

⋃

p=1
NG(vp)

)

. Therefore, P0 = (v1, v2, . . . , vj) is an (A, vk, vj+1)-path and

by Observation 13, we have vk <B vj+1. Observe that if vkvj+1 ∈ E(G2) then vj+1 = vk−1,
vj = vk−2, and we are done. We intend to show that vkvj+1 ∈ E(G2) is always true.

For the sake of contradiction, suppose that vkvj+1 /∈ E(G2). Then consider the sub-path
of C namely, P1 : (vk, vk−1, . . . , vj+2, vj+1) (starting from the vertex vk in C traverse along
the reverse direction all the way to vj+1). Note that |V (P1)| ≥ 3 (since vkvj+1 /∈ E(G2)) and
V (C) = V (P0)⊎V (P1). Let b1 be the minimum indexed vertex in B with respect to the ordering
<B . We then claim that V (P1) \ {vj+1} ⊆ [b1, vk]. Suppose not. Let vp be the first vertex with
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respect to the order of their appearance in P1 such that vp /∈ [b1, vk]. We then have the following
cases.

Case-1 vp ∈ A: Recall that v1 ∈ A, vk ∈ B. Therefore, vp ∈ A implies that vp ̸= vk−1. As
otherwise, vpvk, v1vk ∈ E(C) ⊆ E(G) (by Observation 6). This implies that vpv1 ∈ E(G2), a
contradiction (since 2 < j + 1 < p < k). Recall that v1 <A vp. By the choice of vp and the
fact that vp ̸= vk−1, we also have b1 ≤B vp−1 <B vk. Then as v1vk, vpvp−1 ∈ E(C) ⊆ E(G) (as
v1, vp ∈ A and vk, vp−1 ∈ B, by Observation 6), by Observation 7 (with a = v1, a

′ = vp, b = vk,
and b′ = vp−1), we get vpvk ∈ E(G2), a contradiction (since vp ̸= vk−1, v1).

Case-2 vp ∈ B : Here we have two subcases.

Case-2.1 vp ∈ (vk, vj+1): Since P0 is an (A, vk, vj+1)-path and vp ∈ V (C), by Corollary 2
applied to P0, we have vp /∈ (vk, vj+1), a contradiction.

Case-2.2 vj+1 <B vp: By the choice of vp, we then have b1 ≤B vp−1 ≤B vk <B vj+1 <B vp.
Now since <B is a proper interval ordering (by Lemma 3), vp−1vp ∈ E(G2) implies that
vp−1vj+1, vj+1vp ∈ E(G2), and therefore, {vp−1, vp, vj+1} forms a triangle in G2. This con-
tradicts the fact that C is an induced cycle of length at least 4 in G2.

Since we have a contradiction to the existence of vp in all the possible cases, we can conclude
that V (P1) \ {vj+1} ⊆ [b1, vk]. Now consider the vertex vj+2 ∈ V (P1) \ {vk, vj+1} (such a
vertex vj+2 exists since |V (P1)| ≥ 3). It follows that vj+2 ∈ [b1, vk]. This implies that b1 <B

vj+2 <B vk <B vj+1. Further, as <B is a proper interval ordering (by Lemma 3), the fact that
vj+2vj+1 ∈ E(G2) implies that vkvj+1 ∈ E(G2), and therefore, a contradiction. This completes
the proof of the lemma.

We are now ready to prove Theorem 6, that provides a structural framework for induced
cycles in squares of convex bipartite graphs. Note that this theorem is instrumental for Corol-
laries 3 and 4, which will be further applied to connect these structural insights to properties
like chordality and perfectness.

Theorem 6. Let G = (A,B,E) be a convex bipartite graph with the orderings <A and <B. Let
C be an induced cycle in G2 of length at least 4. Then the following hold:

(a) The vertices in C can be labelled as (v1, v2 . . . , vk), k ≥ 4 such that the sub-path P =
(v1, v2, . . . , vk−2) is an (A, vk, vk−1)-path.

(b) There exists a set of vertices {b1, b2, . . . , bk−3} ⊆ (vk, vk−1) such that for each i ∈ {1, 2, . . . ,
k − 3}, we have NG(bi) ∩ V (P ) = {vi, vi+1}. Further, vk <B b1 <B · · · <B bk−3 <B vk−1

and v1 <A v2 <A · · · <A vk−2.

(c) There exists a vertex a ∈ A such that {vk, b1, b2, . . . , bk−3, vk−1} ⊆ NG(a).

Proof. (a) Let v1 = min<A
{vi : vi ∈ V (C)∩A}. Then Part (a) is essentially same as Lemma 6.

(b) Let b0 = vk and i ∈ {1, 2, . . . , k − 3}. Since P is an induced path in G2[A], NG(vi) ∩
NG(vi+1) ̸= ∅ for each i. Let bi ∈ NG(vi)∩NG(vi+1). Note that bi /∈ NG(vj) for each j ̸= i, i+1
(as otherwise {vi, vi+1, vj} forms a triangle in G2, a contradiction).

We now recursively do the following procedure for i ∈ {1, 2, . . . , k − 3}: Consider the sub-
path Pi = (vi, vi+1, . . . , vk−2). Clearly, Pi is an (A, bi−1, vk−1)-path. And by Lemma 5(a), bi ∈
(NG(vi) ∩NG(vi+1)) ⊆ (bi−1, vk−1). Therefore, we have the set of vertices {b1, b2, . . . , bk−3} in
B having the property that vk <B b1 <B · · · <B bk−3 <B vk−1 and NG(bi)∩V (P ) = {vi, vi+1}.
Since for each i ∈ {1, 2, . . . , k − 3}, vi ∈ NG(bi) \NG(bi+1), this implies by the definition of <A

that v1 <A v2 <A · · · <A vk−2. This proves (b).

(c) Since vkvk−1 ∈ E(C) ⊆ E(G2[B]) (as vk, vk−1 ∈ B), there exists a vertex a ∈ A such
that vk, vk−1 ∈ NG(a). Recall that vk <B b1 <B · · · <B bk−3 <B vk−1 (by (b)). This implies by
the consecutive property of <B that {vk, b1, b2, . . . , bk−3, vk−1} ⊆ NG(a), and proves (c).

We then have the following corollaries of Theorem 6.

Corollary 3. Let G = (A,B,E) be a convex bipartite graph. Let {S, S} = {A,B}, where S is
the partite set of G whose vertices have an ordering with a consecutive property and S = V (G)\S.
If C is an induced cycle of length k ≥ 4 then |V (C) ∩ S| = 2 and |V (C) ∩ S| = k − 2.

19



Proof. The vertices in the partite set S of G always admit an ordering as in the definition of the
ordering <B , and the vertices in S always admit an ordering as in the definition of the ordering
<A (see the definitions of <A and <B defined at the beginning of Section 3). The proof of the
corollary now easily follows from Theorem 6(a) and the definition of an (A, b, b′) path.

The following corollary indicates a nested property for the cycles present in the squares of
convex bipartite graphs.

Corollary 4. Let G be a convex bipartite graph. If G2 contains an induced cycle of length
k ≥ 4, then G2 contains induced cycles of length k′ for each 4 ≤ k′ ≤ k.

Proof. Let C be an induced cycle in G2 of length k, where k ≥ 4. Then by Theorem 6(a), the
vertices in C can be labelled as C = (v1, . . . , vk), where P = (v1, v2, . . . , vk−2) is an (A, vk, vk−1)-
path. Further by Theorem 6(b), there exists a set of vertices, say B′ = {b1, b2, . . . , bk−3} ⊆ B
such that for each j ∈ {1, 2, . . . , k−3}, NG(bj)∩V (P ) = {vj , vj+1}. Also, by Theorem 6(c), the
set B′ ∪ {vk, vk−1} forms a clique in G2. Let bk−2 = vk−1. For each i ∈ {2, . . . , k − 2}, define
Ci = (v1, v2, . . . , vi, bi, vk). As C is an induced cycle and NCi

(bi) = {vi, vk}, this implies that
Ci is an induced cycle in G2 of length i+ 2. Hence the corollary.

Recall that a graph H is said to be perfect if and only if H is both (odd hole)-free and (odd
antihole)-free; an odd antihole of length five is isomorphic to its complement C5, the odd-hole
of length five. A graph H is chordal if it does not contain induced cycles of length at least
four. For a convex bipartite graph G = (A,B,E), we have that both the subgraphs G2[A] and
G2[B] are interval graphs and, therefore, chordal and hence perfect. Moreover, since the class
of convex bipartite graphs forms a subclass of chordal bipartite graphs, by Corollary 1, we have
that G2 does not contain odd-antiholes of length greater than five. Now, the following theorem
is an easy consequence of Corollary 4.

Theorem 7. Let G be a convex bipartite graph. Then, we have the following.

(a) If G2 is C5-free, then G2 is perfect. i.e. perfectness is a partite testable property for C5-free
squares of convex bipartite graphs.

(b) If G2 is C4-free, then G2 is chordal. i.e. chordality is a partite testable property for C4-free
squares of convex bipartite graphs.

Now, let us focus on a well-known subclass of convex bipartite graphs, namely biconvex
bipartite graphs.

Definition 6 (Biconvex bipartite graph). A bipartite graph G = (A,B,E) is said to be biconvex
bipartite if the vertices in A and B, respectively, have orderings, say <′

A and <B such that for
each vertex a ∈ A (respectively, b ∈ B), the vertices in the neighborhood of a (respectively, b) in
G appear consecutively with respect to the ordering <B (respectively, <′

A).

v1

a

v2

v4

b

v3

v1

a

v2

v4

b

v3

G G2

Figure 4: A biconvex bipartite graph G such that G2 is not chordal

We first note the following remark on the squares of biconvex bipartite graphs.

Remark 3. Chordality is not a partite testable property for the squares of biconvex
bipartite graphs: For a biconvex bipartite graph G = (A,B,E), since both the partite sets
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have the consecutive ordering property, it is not difficult to infer from Lemma 3 that both the
subgraphs G2[A] and G2[B] are proper interval graphs. But the squares of biconvex bipartite
graphs need not be chordal. See Figure 4 for an example of a biconvex bipartite graph G for
which G2 is not chordal (the edges shown in red form an induced C4).

However, as a nice consequence of Theorem 7, we have the following theorem, which proves
that perfectness is a partite testable property for the squares of biconvex bipartite graphs.

Theorem 8. The squares of biconvex bipartite graphs are C5-free and hence perfect.

Proof. Suppose not. Let G = (A,B,E) be a biconvex bipartite graph. Then, the vertices in
both the partite sets A and B admit consecutive orderings (see Definition 6). Suppose that C
is an induced cycle in G2 of length five. Take S = A and S = B. Then, as the conditions in
Corollary 3 are satisfied, we get that |V (C)∩A| = 2. Now take S = B and S = A, then also the
conditions in the same corollary are satisfied, and we have |V (C)∩B| = 2. Since V (C) ⊆ A∪B,
this implies that |V (C)| ≤ 4 < 5, a contradiction. Therefore, we can conclude that the squares
of biconvex bipartite graphs are C5-free and hence perfect by Theorem 7(a).

Remark 4. Let C denote the class of C5-free squares of convex bipartite graphs, C1 denote
the class of C4-free squares of convex bipartite graphs, and C2 denote the class of squares of
biconvex bipartite graphs. By Corollary 4 and Theorem 8, respectively, we have C1, C2 ⊆ C. By
a previous observation (recall Figure 4), we have noted that the squares of biconvex bipartite
graphs may contain C4 as an induced subgraph. This implies that C2 ⊈ C1. In fact, we can
observe that C1 ⊈ C2 as well. i.e. there exists convex bipartite graphs G such that G2 is C4-free
but G is not a biconvex bipartite graph. See Figure 5 for an example. It is not difficult to see
that G is a convex bipartite graph but not biconvex (since there are 3 vertices bi, i ∈ {1, 2, 3}
in B such that for each vertex bi, the vertex ai ∈ A is an exclusive neighbor of bi, whereas all
the three vertices have the vertex a as their common neighbor in G). On the other hand, G2 is
clearly C4-free, implying that C1 ⊈ C2.

a

a1

a2

a3

b1

b2

b3

a

a1

a2

a3

b1

b2

b3

G G2

Figure 5: A convex bipartite graph G such that G is not biconvex, but G2 is C4-free
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[1] G. Agnarsson and M. M. Halldórsson. Coloring powers of planar graphs. SIAM Journal on
Discrete Mathematics, 16(4):651–662, 2003.

[2] N. Alon and B. Mohar. The chromatic number of graph powers. Combinatorics, Probability
and Computing, 11:1 – 10, 2002.

[3] V. Boncompagni, I. Penev, and K. V. sković. Clique cutsets beyond chordal graphs. Elec-
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