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ner and Winkler models that assume null or linear base-foundation interaction, the proposed
approach incorporates uplift and velocity-dependent dissipation via a Hunt-Crossley-type law,
augmented by a tunable cubic restoring component. The foundation is modeled as a distributed
bed of nonlinear springs and dampers, combining Winkler-type linear stiffness with added non-
linearity to enable hardening or softening beyond the baseline response. Backbone amplitude
dependence arises from contact geometry and is further shaped by the cubic stiffness term. The
originally coupled, piecewise nonlinear rocking relations are condensed into a single governing
equation using a quasi-static condensation scheme, with smooth analytical surrogates for restor-
ing moment and damping across no-uplift and uplift regimes. A stochastic linearization scheme
embedded in Lyapunov moment equations yields time-varying equivalent stiffness and damping,
enabling second-order response statistics without repeated integration of highly nonlinear equa-
tions. Comparisons with Monte Carlo simulations show close agreement in rotation and rotational
velocity variances across excitation intensities and foundation parameters, while achieving sig-
nificant computational savings. The framework offers an efficient tool for parametric screening
of rocking systems under complex soil-structure interaction.

1. Introduction

Rocking of rigid blocks on flexible foundations is intrinsically nonlinear and non-smooth. It emerges in diverse settings from
historical monuments, statues and equipment [1,2] to purpose-designed rocking structural components where uplift and partial loss
of contact can mitigate force transmission [3-5]. The complexity stems from unilateral contact with the supporting medium, inter-
mittent loss of contact (uplift), and repeated impacts upon reattachment, yielding piecewise governing equations, state-dependent
stiffness and damping, and switching between inner (no-uplift) and outer (uplift) regimes. Geometric nonlinearity from the evolving
lever arm and compression zone couples with rate-dependent contact dissipation and soil-structure interaction effects (e.g., foun-
dation compliance and yielding). Consequently, the response can exhibit amplitude-dependent backbone hardening or softening,
uplift-induced asymmetry, and pronounced state dependence in stiffness and damping. Beyond these deterministic mechanisms, the
problem is inherently stochastic [6-8]): ground motions are uncertain and time-varying, contact events occur intermittently, and
foundation/interface properties vary in space and time. These features challenge classical linear models such as Housner’s model
[5,9,10] and the Winkler foundation idealization (e.g., [11-14]), motivating formulations that retain essential contact physics while
enabling tractable analysis, uncertainty quantification, and performance-oriented assessment (e.g., [8,15]).
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$\eta \in [0,2b]$


$B$


$z(\eta ,t)>0$


$\dot z(\eta ,t)$


\begin {equation}z(\eta ,t) = z_B(t) - \eta \,\sin \theta (t), \qquad \dot z(\eta ,t) = \dot z_B(t) - \eta \,\dot \theta (t)\cos \theta (t) \label {eq:zfields}\end {equation}


\begin {equation}z_B(t) = \zcb + b\sin \theta (t) \label {eq:ZB}\end {equation}


$B$


$\theta (t)$


$cb$


\begin {equation}F_n(\eta ,t,\varepsilon ) \;=\; k\,z(\eta ,t) + \varepsilon \,k\,z(\eta ,t)^3 + \lambda \,z(\eta ,t)\dot z(\eta ,t) \label {eq:contactlaw}\end {equation}


\begin {equation}F_n(\eta ,t,\varepsilon )=0\ \text {when}\ z(\eta ,t)<0 \label {Xeqn4-4}\end {equation}


$k>0$


$\lambda >0$


$\varepsilon \in \mathbb {R}$


$\varepsilon =0$


$\varepsilon >0$


$\varepsilon <0$


$F_n(\eta ,t) = {k}\,z(\eta ,t) + c\,\dot {z}(\eta ,t)$


$[\eta _I(t),\eta _U(t)]\subseteq [0,2b]$


\begin {align}\Fcb (t) = \int _{\eta _I(t)}^{\eta _U(t)} F_n(\eta ,t,\varepsilon )\,\dd \eta \label {eq:Fcb}\end {align}


\begin {align}\Mcb (t) &= \int _{\eta _I(t)}^{\eta _U(t)} F_n(\eta ,t,\varepsilon )\,\bigl [(b-\eta )\cos \theta (t)\bigr ]\,\dd \eta \label {eq:Mcb}\end {align}


$\eta _I=0$


$\eta _U=2b$


$\eta _U = \zcb /\sin \theta + b$


$m$


$h$


$\Icm $


$\zcb (t)$


$\theta (t)$


$\theta $


$\ddot {x}_g(t)$


$\ddot {z}_g(t)$


\begin {align}\label {EQ1} &m\,\ddot {z}_{cb}+m h\!\left (\dot {\theta }^{2}\cos \theta +\ddot {\theta }\sin \theta \right )+\Fcb -m g = m\,\ddot {z}_g\\ \label {EQ2} &\bigl (\Icm +m h^{2}\bigr )\,\ddot {\theta } + \Mcb + m h\bigl (\ddot {z}_{cb}-g\bigr )\sin \theta = m h\bigl (\ddot {x}_g\cos \theta -\ddot {z}_g\sin \theta \bigr )\end {align}


$g$


$\Fcb $


$\Mcb $


$\Fcb $


$\Mcb $


\begin {align}\label {Fcb_no} \Fcb ^{\text {no-uplift}} &= \,\,2 b k\, \zcb + 2 b\,\varepsilon \,k\, \zcb \bigl (\zcb ^{2}+b^{2}\sin ^{2}\theta \bigr ) + b\lambda \left (\tfrac {1}{3} b^{2}\dot {\theta }\sin 2\theta + 2 \zcb \dot {z}_{cb}\right )\end {align}


\begin {align}\label {Mcb_no} \Mcb ^{\text {no-uplift}} &=\,\, \tfrac {2}{3} b^{3} k \sin \theta \cos \theta + \varepsilon k \cos \theta \left (2 \zcb ^{2}\sin \theta \, b^{3} + \tfrac {2}{5}\sin ^{3}\theta \, b^{5}\right ) + \tfrac {2}{3}\lambda b^{3} \left (\zcb \dot {\theta }\cos ^{2}\theta + \dot {z}_{cb}\sin \theta \cos \theta \right )\end {align}


\begin {align}\Fcb ^{\text {uplift}} =& \frac {k}{2\,|\sin \theta |}\,\bigl (b\sin \theta + \zcb \bigr )^{2} + \frac {\varepsilon \,k}{4\,|\sin \theta |}\,\bigl (b\sin \theta + \zcb \bigr )^{4} + \frac {\lambda }{6\,|\sin \theta |^{2}}\, \bigl (b\sin \theta + \zcb \bigr )^{2} \Bigl [b\,\dot {\theta }\,\sin 2\theta - \dot {z}_{cb}\,\cos \theta + 3\,\dot {z}_{cb}\,\sin \theta \Bigr ] \label {Fcb_uplift_abs}\end {align}


\begin {align}\Mcb ^{\text {uplift}} =&\frac {k\,\bigl (b\sin \theta + \zcb \bigr )^{2}\,\bigl (2b\sin \theta - \zcb \bigr )\,\cos \theta } {6\,|\sin \theta |^{2}} + \frac {\varepsilon \,k\,\bigl (b\sin \theta + \zcb \bigr )^{4}\,\bigl (4b\sin \theta - \zcb \bigr )\,\cos \theta } {20\,|\sin \theta |^{2}} \nonumber \\& + \frac {\lambda \,\cos \theta }{12\,|\sin \theta |^{3}}\, \Bigl [ \dot {\theta }\,\bigl (3 b^{4}\sin ^{4}\theta + 4 b^{3} \zcb \sin ^{3}\theta + \zcb ^{4}\bigr ) + 2 \dot {z}_{cb}\,\bigl (b\sin \theta + \zcb \bigr )^{2}\,\bigl (2 b\sin \theta - \zcb \bigr )\,\sin \theta \Bigr ] \label {Mcb_uplift_abs}\end {align}


$b$


$k$


$\lambda $


$\varepsilon $


$\theta $


$\zcb $


$\sin \theta \approx \theta $


$\cos \theta \approx 1$


$\theta $


$\zcb $


$\ddot {z}_g = 0$


$\ddot {x}_g$


\begin {align}m\ddot {z}_{cb} + 2b\lambda \zcb \dot {z}_{cb} + 2bk \zcb + 2b \varepsilon k \zcb (\zcb ^2 + b^2 \theta ^2)\
+ \frac {2}{3} b^3 \lambda \theta \dot {\theta } = mg \label {EQ13}\end {align}


\begin {align}(\Icm +& mh^2)\ddot {\theta } + \frac {2}{3} b^3 k \theta + \varepsilon k \left (2 \zcb ^2 b^3 \theta + \frac {2}{5} b^5 \theta ^3 \right ) + \frac {2}{3} \lambda b^3 \left ( \zcb \dot {\theta } + \dot {z}_{cb} \theta \right ) - m h g \theta = m h \ddot {x}_g \label {EQ14}\end {align}


\begin {align}m\ddot {z}_{cb} +& \frac {k}{2|\theta |}(b\theta + \zcb )^2 + \frac {\varepsilon k}{4|\theta |}(b\theta + \zcb )^4 + \frac {\lambda }{6\theta ^2}(b\theta + \zcb )^2 \left ( 2b\theta \dot {\theta } - \dot {z}_{cb} + 3\dot {z}_{cb} \theta \right ) = mg \label {EQ15}\end {align}


\begin {align}(\Icm + m h^2)\,\ddot {\theta } +& \frac {k\, (b \theta + \zcb )^2\, (2 b \theta - \zcb )}{6\,\theta ^2} + \frac {\varepsilon \, k\, (b \theta + \zcb )^4\, (4 b \theta - \zcb )}{20\,\theta ^2} + \frac {\lambda }{12\,|\theta |^3} \Bigl [ \dot {\theta }\,\bigl (3 b^4 \theta ^4 + 4 b^3 \zcb \, \theta ^3 + \zcb ^4 \bigr )\nonumber \\ \qquad \qquad +& 2\, \dot {z}_{cb}\, (b \theta + \zcb )^2\, (2 b \theta - \zcb )\, \theta \Bigr ] - m h g\, \theta = m h\, \ddot {x}_g \label {EQ16}\end {align}


\begin {equation}\label {EQ17} \begin {aligned} \zcb ^{\text {no-uplift}} = \zst \approx \frac {mg}{2bk} \end {aligned}\end {equation}


\begin {equation}\label {EQ18} \begin {aligned} \zcb ^{\text {uplift}} = \zst \approx \sqrt {\frac {2mg|\theta |}{k}} - b|\theta | \end {aligned}\end {equation}


$|\theta | > \thetaul $


$\thetaul $


\begin {equation}\thetaul = \frac {\left |\zst \right |}{b} = \frac {mg}{2b^2k} \label {EQ19}\end {equation}


\begin {equation}\begin {aligned} (\Icm + mh^2)\ddot {\theta } &+ \left ( \frac {\lambda b^2 mg}{3k} \right ) \dot {\theta } + \left \{ \frac {2}{3} b^3 k + \varepsilon \left ( \frac {m^2 g^2 b}{2k} + \frac {2}{5} k b^5 \theta ^2 \right ) - m h g \right \} \theta = m h \ddot {x}_g \end {aligned} \label {EQ20}\end {equation}


\begin {align}\big (\Icm + m h^2\big )\ddot {\theta } &+ \frac {\lambda b}{12}\left (\frac {2mg}{k}\right )^{\tfrac {3}{2}} \,|\theta |^{-\tfrac {1}{2}} \dot {\theta } + \Bigg [ \frac {mg\,b}{|\theta |} - \frac {mg}{3}\sqrt {\frac {2mg}{k}}\,|\theta |^{-\tfrac {3}{2}} - \frac {\varepsilon m^2 g^2}{5k}\sqrt {\frac {2mg}{k}}\,|\theta |^{-\tfrac {1}{2}} + \left (\frac {\varepsilon m^2 g^2 b}{k} - m g h\right ) \Bigg ]\theta = m h \ddot {x}_g \label {EQ21}\end {align}


\begin {equation}\msdof \ddot {\theta } + C(\theta ) \dot {\theta } + K(\theta ) \theta = m h \ddot {x}_g \label {EQ22}\end {equation}


\begin {equation}\msdof = \Icm + m h^2 \label {EQ23}\end {equation}


\begin {equation}C(\theta ) = \begin {cases} \displaystyle \frac {\lambda b^2 mg}{3k}, & |\theta | \leq \thetaul \\[1.2ex] \displaystyle \frac {\lambda b}{12}\left (\frac {2mg}{k}\right )^{\tfrac {3}{2}} \,|\theta |^{-\tfrac {1}{2}}, & |\theta | > \thetaul \end {cases} \label {EQ24}\end {equation}


\begin {equation}\begin {aligned} K(\theta )= \begin {cases} \displaystyle \frac {2}{3}\,b^{3}k \;-\; m g h +\; \varepsilon \left ( \frac {m^{2} g^{2} b}{2k} +\frac {2}{5}\,k\,b^{5}\,\theta ^{2} \right ), & \displaystyle |\theta |\le \thetaul \\[2.0ex] \displaystyle m g \left ( \frac {b}{|\theta |} -\frac {1}{3k}\sqrt {2 m g k}\;|\theta |^{-3/2} -h \right ) +\; \varepsilon \left ( \frac {m^{2} g^{2} b}{k} -\frac {m^{2} g^{2}}{5k}\sqrt {\frac {2 m g}{k}}\;|\theta |^{-1/2} \right ), & \displaystyle |\theta |>\thetaul \end {cases} \label {EQ25} \end {aligned}\end {equation}


$C(\theta )$


$K(\theta )$


$\theta (t)$


\begin {equation}\msdof \ddot {\theta } + \ceq (t)\dot {\theta } + \keq (t)\theta = m h \ddot {x}_g \label {EQ26}\end {equation}


$\ceq (t)$


$\keq (t)$


$C(\theta )$


$K(\theta )$


$f(\theta )$


\begin {equation}C_{\text {aux}}(\theta ) = f(\theta )C_1(\theta ) + [1 - f(\theta )]C_2(\theta ) \label {EQ27}\end {equation}


\begin {equation}K_{\text {aux}}(\theta ) = f(\theta )K_1(\theta ) + [1 - f(\theta )]K_2(\theta ) \label {EQ28}\end {equation}


$C_1(\theta )$


$K_1(\theta )$


$C_2(\theta )$


$K_2(\theta )$


$f(\theta )$


\begin {equation}f(\theta ) = H(\theta + \thetaul )-H(\theta - \thetaul ) \label {EQ29}\end {equation}


$H$


\begin {equation}\msdof \ddot {\theta } + C_{\text {aux}}(\theta ) \dot {\theta } + K_{\text {aux}}(\theta ) \theta = m h \ddot {x}_g \label {EQ30}\end {equation}


\begin {equation}\ceq (t) = \mathbb {E} \left [ \frac {\partial g(\theta , \dot {\theta })}{\partial \dot {\theta }} \right ], \qquad \keq (t) = \mathbb {E} \left [ \frac {\partial g(\theta , \dot {\theta })}{\partial \theta } \right ] \label {EQ31}\end {equation}


\begin {align}g(\theta , \dot {\theta }) =& C_{\text {aux}}(\theta )\,\dot {\theta } + K_{\text {aux}}(\theta )\,\theta = \big \{f(\theta ) C_1(\theta ) + [1 - f(\theta )] C_2(\theta )\big \} \dot {\theta } + \big \{f(\theta ) K_1(\theta ) + [1 - f(\theta )] K_2(\theta )\big \} \theta \label {EQ32}\end {align}


$\theta (t)$


$\dot {\theta }(t)$


$\theta (t)$


\begin {equation}p_{\theta }(\theta ) = \frac {1}{\sqrt {2\pi }\sigma _{\theta }} \exp \left (-\frac {\theta ^2}{2\sigma _{\theta }^2}\right ) \label {EQ33}\end {equation}


$\theta (t)$


$\dot {\theta }(t)$


\begin {equation}p_{\theta \dot {\theta }} = \frac {1}{2\pi \sigma _\theta \sigma _{\dot {\theta }} \sqrt {1 - \rho ^2}} \exp \left [ - \frac {1}{(1 - \rho ^2)} \frac { \sigma _{\dot {\theta }}^2 \theta ^2 - 2 \rho \sigma _\theta \sigma _{\dot {\theta }} \theta \dot {\theta } + \sigma _\theta ^2 \dot {\theta }^2 }{ 2 \sigma _\theta ^2 \sigma _{\dot {\theta }}^2 } \right ] \label {EQ34}\end {equation}


$\sigma _\theta $


$\sigma _{\dot {\theta }}$


$\theta (t)$


$\dot {\theta }(t)$


$\rho $


\begin {equation}\ceq (t) = \frac {\lambda \, b^{2}\, m\, g}{3k}\, \operatorname {erf}\!\Big (\frac {\thetaul }{\sqrt {2}\,\sigma _\theta }\Big ) \;+\; \frac {\lambda \, b}{12} \left (\frac {2 m g}{k}\right )^{\!\tfrac {3}{2}}\, \frac {2^{-1/4}}{\sqrt {\pi }\,\sigma _\theta ^{1/2}}\, \Gamma \left (\frac {1}{4},\,\frac {\thetaul ^{2}}{2\,\sigma _\theta ^{2}}\right ) \label {EQ35}\end {equation}


\begin {align}\keq (t) =& - m g h + \frac {b}{3\,\sigma _\theta }\sqrt {\frac {2}{\pi }}\, \exp \Bigl (-\frac {\thetaul ^{2}}{2\,\sigma _\theta ^{2}}\Bigr )\, \Bigl (3 m g - 2 b^{2} k\,\thetaul \Bigr ) + \frac {2}{3}\, b^{3} k\; \operatorname {erf} \Bigl (\frac {\thetaul }{\sqrt {2}\,\sigma _\theta }\Bigr ) - \frac {1}{3}\,\frac {m g}{k\,\sqrt {\pi }}\, \frac {2^{3/4}\,\sqrt {m g k}}{\sigma _\theta ^{3/2}}\; \Gamma \Bigl (\frac {3}{4},\,\frac {\thetaul ^{2}}{2\,\sigma _\theta ^{2}}\Bigr )\nonumber \\ -& \frac {b\,m g}{12\,k^{2}\sqrt {\pi }}\;\lambda \;\rho \; \frac {\sigma _{\dot \theta }}{\sigma _\theta ^{3/2}}\; 2^{1/4}\,\sqrt {m g k}\; \Gamma \Bigl (\frac {1}{4},\,\frac {\thetaul ^{2}}{2\,\sigma _\theta ^{2}}\Bigr ) + \frac {b\,m g}{3\,k^{2}\sqrt {\pi }}\;\lambda \;\rho \; \frac {\sigma _{\dot \theta }}{\sigma _\theta ^{2}}\; \exp \Bigl (-\frac {\thetaul ^{2}}{2\,\sigma _\theta ^{2}}\Bigr )\, \Bigl (\sqrt {m g k\,\thetaul }-\sqrt {2}\,b k\,\thetaul \Bigr )\nonumber \\ +& \varepsilon \Biggl [ \frac {m^{2} g^{2} b}{2k}\, \operatorname {erf} \Bigl (\frac {\thetaul }{\sqrt {2}\,\sigma _\theta }\Bigr ) + \frac {2}{5}\,k\,b^{5} \Bigl (\sigma _\theta ^{2}\, \operatorname {erf} \Bigl (\frac {\thetaul }{\sqrt {2}\,\sigma _\theta }\Bigr ) - \sqrt {\frac {2}{\pi }}\,\sigma _\theta \,\thetaul \, \exp \Bigl (-\frac {\thetaul ^{2}}{2\,\sigma _\theta ^{2}}\Bigr )\Bigr )\nonumber \\ +& \frac {m^{2} g^{2} b}{k}\, \operatorname {erfc} \Bigl (\frac {\thetaul }{\sqrt {2}\,\sigma _\theta }\Bigr ) - \frac {m^{2} g^{2}}{5k}\, \sqrt {\frac {2 m g}{k}}\, \frac {2^{-1/4}}{\sqrt {\pi }\,\sigma _\theta ^{1/2}}\, \Gamma \Bigl (\frac {1}{4},\,\frac {\thetaul ^{2}}{2\,\sigma _\theta ^{2}}\Bigr ) \Biggr ] \label {EQ36}\end {align}


\begin {equation}\operatorname {erf}(x) =\frac {2}{\sqrt {\pi }}\!\int _{0}^{x} e^{-t^{2}}\,\dd t, \qquad \operatorname {erfc}(x)=1-\operatorname {erf}(x) =\frac {2}{\sqrt {\pi }}\!\int _{x}^{\infty } e^{-t^{2}}\,\dd t \label {EQ37}\end {equation}


\begin {equation}\Gamma (a,x)=\int _{x}^{\infty } t^{a-1} e^{-t}\,\dd t, \qquad a>0,\; x\ge 0 \label {EQ38}\end {equation}


$\Gamma (a)=\Gamma (a,0)$


$\Gamma (\cdot ,\cdot )$


$a=\tfrac {1}{4},\tfrac {3}{4}$


$\xi (t)$


$2\pi S_0$


$q(t)$


\begin {equation}\ddot {x}_g(t)=q(t)\,\xi (t), \qquad \mathbb {E}\big [\xi (t)\xi (\tau )\big ]=2\pi S_0\,\delta (t-\tau ) \label {EQ39}\end {equation}


$\delta (\cdot )$


\begin {equation}\dot {\mathbf {y}}(t) = \mathbf {P}(t)\,\mathbf {y}(t) + \mathbf {v}(t) \label {EQ40}\end {equation}


\begin {equation}\mathbf {y}(t)= \bigl [\,\theta (t)\;\;\dot {\theta }(t)\,\bigr ]^{\mathsf T} \label {EQ41}\end {equation}


\begin {equation}\mathbf {P}(t) = \begin {bmatrix} 0 & 1 \\[1ex] -\dfrac {\keq (t)}{\msdof } \quad \quad & -\dfrac {\ceq (t)}{\msdof } \end {bmatrix} \label {EQ42}\end {equation}


\begin {equation}\mathbf {v}(t)= \bigl [\,0\;\; \dfrac {m h\,q(t)\,\xi (t)}{\msdof }\,\bigr ]^{\mathsf T} \label {EQ43}\end {equation}


$\mathbf {C}(t)=\mathbb {E}\!\big [\mathbf {y}(t)\mathbf {y}^{T}(t)\big ]$


\begin {equation}\mathbf {C}(t) = \begin {bmatrix} \sigma _{\theta }^2 & \sigma _{\theta \dot {\theta }}\\[2pt] \sigma _{\theta \dot {\theta }} & \sigma _{\dot {\theta }}^2 \end {bmatrix} \label {EQ44}\end {equation}


$\mathbf {C}(t)$


\begin {equation}\dot {\mathbf {C}} = \mathbf {P}\,\mathbf {C} + \mathbf {C}\,\mathbf {P}^{\!T} + \mathbb {E}\!\left [\mathbf {v}\,\mathbf {v}^{T}\right ] \label {EQ45}\end {equation}


\begin {equation}\mathbb {E}\!\left [\mathbf {v}(t)\,\mathbf {v}^{T}(t)\right ] = \begin {bmatrix} 0 & 0\\[2pt] 0 & 2\pi S_0 \left (\dfrac {m\,h\,q(t)}{\msdof }\right )^{\!2} \end {bmatrix} \label {EQ46}\end {equation}


$t$


$(\sigma _{\theta }^2,\sigma _{\dot {\theta }}^2)$


$\rho =\sigma _{\theta \dot {\theta }}/(\sigma _{\theta }\sigma _{\dot {\theta }})$


$\ceq (t)$


$\keq (t)$


$\rightarrow $


$\rightarrow $


\begin {equation}\ddot {x}_g(t) = q(t)\,z(t) \label {EQ47}\end {equation}


$z(t)$


$\xi (t)$


\begin {equation}z(t) = -\,2\zeta _g \omega _g\,\dot {u}_g(t)\;-\;\omega _g^{2}\,u_g(t) \label {EQ48}\end {equation}


\begin {equation}\ddot {u}_g(t)\;+\;2\zeta _g \omega _g\,\dot {u}_g(t)\;+\;\omega _g^{2}\,u_g(t) = \xi (t) \label {EQ49}\end {equation}


$\omega _g$


$\zeta _g$


$\xi (t)$


$2\pi S_0$


$z(t)$


\begin {equation}S_{z}(\omega ) \;=\; S_{0}\, \frac {\,4\zeta _g^{2}\omega _g^{2}\omega ^{2}+\omega _g^{4}\,} {\,\bigl (\omega _g^{2}-\omega ^{2}\bigr )^{2}+4\zeta _g^{2}\omega _g^{2}\omega ^{2}\,} \label {EQ50}\end {equation}


\begin {equation}\dot {\mathbf {x}}(t) = \mathbf {Q}(t)\,\mathbf {x}(t) + \mathbf {q}(t) \label {EQ51}\end {equation}


\begin {equation}\mathbf {Q}(t)= \begin {bmatrix} 0 & 1 & 0 & 0\\[2pt] -\dfrac {\keq (t)}{\msdof } & -\dfrac {\ceq (t)}{\msdof } & -\,\dfrac {q(t)\,m h\,\omega _g^{2}}{\msdof } & -\,\dfrac {2\,q(t)\,m h\,\zeta _g \omega _g}{\msdof }\\[8pt] 0 & 0 & 0 & 1\\[2pt] 0 & 0 & -\omega _g^{2} & -2\zeta _g \omega _g \end {bmatrix} \label {EQ52}\end {equation}


\begin {equation}\mathbf {q}(t)=\begin {bmatrix}0 & 0 & 0 & \xi (t)\end {bmatrix}^{\mathsf T},\qquad \mathbf {x}(t)=\begin {bmatrix}\theta (t) & \dot {\theta }(t) & u_g(t) & \dot {u}_g(t)\end {bmatrix}^{\mathsf T} \label {EQ53}\end {equation}


$\mathbf {x}(t)$


\begin {equation}\mathbf {C}(t)=\mathbb {E}\!\left [\mathbf {x}(t)\,\mathbf {x}^{\mathsf T}(t)\right ] =\begin {bmatrix} \sigma _{\theta }^{2} & \sigma _{\theta \dot {\theta }} & \sigma _{\theta u_g} & \sigma _{\theta \dot {u}_g}\\ \sigma _{\theta \dot {\theta }} & \sigma _{\dot {\theta }}^{2} & \sigma _{\dot {\theta }u_g} & \sigma _{\dot {\theta }\dot {u}_g}\\ \sigma _{\theta u_g} & \sigma _{\dot {\theta }u_g} & \sigma _{u_g}^{2} & \sigma _{u_g\dot {u}_g}\\ \sigma _{\theta \dot {u}_g} & \sigma _{\dot {\theta }\dot {u}_g} & \sigma _{u_g\dot {u}_g} & \sigma _{\dot {u}_g}^{2} \end {bmatrix} \label {EQ54}\end {equation}


\begin {equation}\mathbb {E}\!\left [\mathbf {q}(t)\,\mathbf {q}^{\mathsf T}(t)\right ] = \begin {bmatrix} \mathbf {0}_{3\times 3} & \mathbf {0}_{3\times 1} \\[0.3ex] \mathbf {0}_{1\times 3} & 2\pi S_0 \end {bmatrix} \label {EQ55}\end {equation}


$\sigma _{\theta }^{2}(t)$


$\sigma _{\dot {\theta }}^{2}(t)$


$\varepsilon $


$\varepsilon $


$\ceq (t)$


$\keq (t)$


\begin {equation}S_{\ddot {x}}(\omega ,t) \;=\; 2\pi \,S_0\,q^2(t) \label {eq:epsd}\end {equation}


$S_0>0$


$q(t)$


\begin {equation}q(t) \;=\; 4 \left (e^{-t/T_1}-e^{-t/T_2}\right ), \qquad 0<T_2<T_1 \label {eq:modulation}\end {equation}


$T_1=4\,\mathrm {s}$


$T_2=2\,\mathrm {s}$


$\ddot {x}(t)=q(t)\,z(t)$


$z(t)$


$\zeta _g=0.4$


$\omega _g=10.0~\mathrm {rad/s}$


$h=0.21~\mathrm {m}$


$b=0.035~\mathrm {m}$


$m=8.67~\mathrm {kg}$


$\varepsilon =6\times 10^{7}~\mathrm {m}^{-2}$


$h=0.21~\mathrm {m}$


$b=0.035~\mathrm {m}$


$m=8.67~\mathrm {kg}$


$\varepsilon =-6\times 10^{5}~\mathrm {m}^{-2}$


$h=0.21~\mathrm {m}$


$b=0.035~\mathrm {m}$


$m=8.67~\mathrm {kg}$


$\varepsilon =2\times 10^{7}~\mathrm {m}^{-2}$


$h=0.21~\mathrm {m}$


$b=0.035~\mathrm {m}$


$m=8.67~\mathrm {kg}$


$\varepsilon =-2\times 10^{5}~\mathrm {m}^{-2}$


$(m,b,h,\Icm )$


$g$


$\thetaul =m g/(2 b^{2} k)$


$k=2.89\times 10^{7}$


$\lambda =8.95\times 10^{8}$


$(S_0$


$\ceq (t)$


$\keq (t)$


$S_{0}=2.4\times 10^{-5}$
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Deterministic studies of rigid blocks on rigid foundations dominate the rocking literature, with classical Housner-type formula-
tions and Winkler idealizations setting the baseline for analysis (e.g., [11-14,16])). By comparison, investigations that incorporate
foundation flexibility and the associated contact mechanics, uplift, and damping are fewer, though they highlight how compliant
bases and interface properties can markedly alter response and even produce counterintuitive trends [17]. Building on this direction,
augmented contact laws (e.g., Hunt-Crossley-type model realized as distributed linear springs in parallel with nonlinear dashpots)
have been adopted to represent uplift and rate-dependent dissipation in a tractable way (e.g., [18-20]). Researchers favor a represen-
tation of the restoring action through a linear law; higher-order polynomial restoring descriptions are, in general, not pursued due to
their particulalry cumbersome manipulation under the piecewise contact switching. Within the stochastic setting, the body of work
on flexible base-foundation interaction is noticeably smaller (e.g., [19,21-23]).

The present work advances this line of research through an integrated semi-analytical framework for efficient stochastic-response
characterization of rocking systems. A generalized distributed contact/soil-structure interaction (SSI) formulation is first introduced,
extending the classical Hunt-Crossley-type representation with a compact amplitude-dependent conservative backbone governed by
a tunable parameter. This enhancement allows the model to represent both softening (e.g., geometric effects, toe degradation, in-
terface yielding) and hardening trends (e.g., Hertz-type confinement [24]), while recovering the linear-stiffness form adopted in
typical Hunt-Crossley rocking formulations as a special case when the parameter vanishes (e.g., [19,22,23,25]). Building on this
formulation, a tailored stochastic linearization procedure [26-28] is developed to obtain closed-form, time-varying equivalent stiff-
ness and damping and to embed them within a unified Lyapunov-based covariance propagation scheme for stochastic base inputs,
covering both modulated unfiltered white noise and its filtered counterpart within a compact state-space description [27]. The re-
sulting equivalent coefficients are time-dependent and physically interpretable, as they encode the evolving mixture of no-uplift
and uplift states alongside the concurrent influence of rate-dependent dissipation and amplitude-dependent conservative restoring
shifts.

The proposed methodology delivers time-varying variances of rotation and rotational velocity without repeated nonlinear time
integration of the governing rocking equations, enabling orders-of-magnitude computational savings relative to Monte Carlo sim-
ulation (MCS) when ensemble statistics are sought, while maintaining adequate agreement for the range of excitation levels and
foundation parameters examined. Moreover, by explicitly nesting prevalent models as limiting cases-Winkler as the fully linear case,
Hunt-Crossley with linear restoring as a commonly used intermediate, and the present generalized law as the encompassing case-the
formulation remains parsimonious and offers a transparent basis for model selection and subsequent parameter identification/cali-
bration against laboratory tests or field records.

In the remainder of this paper, Sections 2.1 through 2.6 develop the mathematical foundations underpinning the proposed semi-
analytical stochastic rocking dynamics framework. Section 2.7 discusses salient attributes of the method, including its strengths and
limitations. Sections 3.1 to 3.2 present representative case studies across multiple excitation intensities and stiffness-nonlinearity
configurations (hardening/softening) for rigid blocks on nonlinear flexible foundations subjected to time modulated unfiltered and
filtered white-noise excitations. The accuracy and reliability of the approach are assessed by comparison with MCS results from
nonlinear response-history analysis (NRHA). Section 3.3 offers remarks on the results, and Section 4 synthesizes the main findings
and outlines broader implications.

2. Mathematical formulation

This section elaborates the mathematical edifice of the proposed semi-analytical stochastic dynamics framework for efficiently
evaluating second-order response statistics without recourse to repeated integration of the coupled, piecewise, nonlinear equa-
tions of rocking. It formalizes the governing hypotheses, codifies the base-foundation idealizations, including uplift and a sophis-
ticated physics-based nonlinear stiffness-damping law, and delineates the solution sequence involving static condensation followed
by stochastic linearization within a Lyapunov setting that preserves the essential physics across no-uplift and uplift regimes while
rendering the problem analytically tractable.

2.1. Base-foundation: physics-based nonlinear stiffness-damping law

Traditional rigid-block rocking models span from Housner-type rigid-contact formulations [9,10] to compliant Winkler-foundation
representations [11-14,16], and are often augmented with Hunt-Crossley-type dissipation while retaining a linear restoring compo-
nent [19,21-23,25]. Although these models provide a practical and analytically tractable basis in many applications, the linear-
backbone assumption may be restrictive when unilateral contact effects become pronounced. In particular, migration and shortening
of the compression zone, evolution of the effective lever arm with rotation, and phenomena such as toe degradation or interface yield-
ing can introduce amplitude-dependent restoring characteristics that are not reproducible through nonlinear damping calibration
alone. This motivates contact/SSI descriptions that retain analytical manageability while allowing an explicitly amplitude-dependent
conservative backbone.

The present study therefore introduces a generalized physics-based contact law on a continuously distributed spring-damper bed
that combines linear and nonlinear stiffness components with Hunt-Crossley-type rate-dependent dissipation. Crucially, the formu-
lation nests prevalent models as limits: Winkler emerges as the fully linear case; Hunt-Crossley with linear restoring appears as a
common intermediate; and the proposed generalized contact law encompasses both, while enabling amplitude-dependent harden-
ing/softening and uplift-induced asymmetry that elude purely linear restoring assumptions. A notable feature of the proposed law,
consistent with the interpretation of Gilardi and Sharf [20], is that the damping term depends not only on the local deformation
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rate but also on the local deformation, thereby accounting for the progressive increase of the contact area with compression. This
dependence ensures that the normal contact force evolves smoothly during impact and separation, starting from zero at initial contact
and returning to zero upon detachment, eliminating artificial discontinuities typical of simpler models.

Building on the proposed formulation, the foundation is idealized here as a continuously distributed and independent parallel
nonlinear springs and dampers bed along the block base (Fig. 1). Let 5 € [0, 2b] denote the abscissa measured from the rocking edge
B, and let z(n,t) > 0 be the local indentation with local vertical rate z(», t). For a rigid block,

z(n,t) = zg(t) — n sin 6(¢), z(n,t) = zp(t) — O(t) cos O(t) 1)
with
zp(t) = zy, + bsin 0(r) (2)

being the vertical displacement of the base edge B and 0(r) the rocking rotation (positive clockwise - Fig. 1(a) and (b)); the subscript ch
stands for the center of base. To capture nonlinear amplitude effects beyond linear stiffness while retaining the proven rate-dependent
dissipation of Hunt-Crossley kind, the normal contact force per unit length is postulated as

F,(n.1,€) = kz(n,0) + ek z(n,1)° + Az(n, 02, 1) 3)
with
F,(n,t,€) = 0 when z(1,t) < 0 4

where k > 0 and 4 > 0 are the stiffness and damping coefficients per unit width, and ¢ € R is a tuning parameter that governs the
magnitude and sign of the cubic restoring nonlinearity. Setting € = 0 recovers the common intermediate Hunt-Crossley model used
in a number of current studies [19,21-23], while € > 0 (¢ < 0) induces hardening (softening) of the backbone, consistent with Hertz-
type nonlinear elasticity and damage-/geometry-induced stiffness variation. Note that the case of the traditional Winkler Foundation
Model (WFM), characterized by the linear relation F,(#,t) = k z(n,t) + ¢ 2(5, ) could be seen as a special case of the proposed model.
Let [n;(1), ny (1] € [0,2b] be the instantaneous contact interval determined by the unilateral constraint. The resultant vertical force
and the moment about the base center are expressed in the general case as

ny (1)
Fep(1) = / F,(n,1,€) dn (5)
ny ()

and

ny (1)
My (1) = / F,(n.1,€) [(b—n)cos 6(D)] dn (6)
ny(0)

where for the no-uplift regime the limits are n, = 0, ; = 2b; in uplift they contract according to the instantaneous compression zone,
as in the classical distributed-contact formulation; for positive clockwise rotation shown in Fig. 1(c) the limits are 5y = z,/sin6 + b.
Two distinct contact regimes are admissible. Uplift begins the moment either pivot (A or B) detaches from the ground. No-uplift
prevails as long as the entire base remains into the ground (see Fig. 1(a) and (b)). This dichotomy is a key departure from rigid-
foundation idealizations, for which detachment cannot be represented and the base is assumed to remain fully supported at all
times.

2.2. Rocking kinematics and equations of motion

This subsection revisits the dynamics of a rectangular rigid block rocking on a nonlinear flexible foundation under evolutionary
stochastic base excitation, following the general lines of Spanos et al. [19], Mitseas et al. [23]. Let m be the block mass, 4 half of
its height, and I, the polar moment of inertia around the center of mass. Denote by z (¢) the vertical displacement of the base
center and by 6(r) the rotation, with positive 6 corresponding to uplift at the left toe. The ground motion is modeled through hori-
zontal and vertical base accelerations X, () and Z,(?), respectively. The coupled rotational equations governing the dynamic balances
read

M Zgy, + mh(0% cos 0 + Gsin @) + Fy, — mg = mZz, )]
(I + mh?) 8 + My + mh(Z,, — g) sin@ = mh(%, cos  — Z, sin9) ®

where g is gravity acceleration; F,, and M, denote, respectively, the resultant vertical contact force and the contact moment with
respect to the base center. The latter quantities depend on the unilateral block-foundation interaction described via the generalized
Hunt-Crossley law, augmented by a tunable cubic nonlinear restoring component, proposed in Subection 2.1. When both base corners
remain in contact with the ground level, F,, and M, can be described for the no-uplifting regime as

F;Oﬂplift = 2bkzy +2bekzy (zzb + b%sin® 9) + bﬂ(%bzé sin26 + 2zcbz'cb> (C)]
and

-uplifi s . s A . .
MCI::’ uplift §b3k sin 6 cos 0 + €k cos 9<2ng sin 6 b° + % sin® b5) + %ﬁb3 (szG cos? 6 + Z.p, sin O cos 6) (10)
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(c) (d)

Fig. 1. Block rocking on nonlinear flexible foundation: (a) no-uplifting with 6 > 0; (b) no-uplifting with 6 < 0; and (c) uplifting with 6 > 0; (d)
uplifting with 6 < 0. Definition of the contact line (cl) for each case.

Once one pivot lifts off the ground, the compression region localizes near the engaged base corner. In that uplifting regime,

lift k . 2 ek . 4 . 21, 4 o . .
;Pl =2 S| (bsind +z,)" + Tsing] (bsind +zy) + m (bsin® + zy,) [bO sin26 — 2., cos O + 3 z,,, smG] an
and
Jpontie_ K (bsin® + Ze)” (2bsin0 —zy) cos@ ek (bsin0+zy)" (4bsin6 — z,) cos 0
= +
cb 6|sinf|? 20 | sin ]2
A cos O A 4 . 4 3 .3 4 . . 2 . .
m [6’ (36" sin* 0 + 4b7zy, sin’ 6 + sz) + 22z, (bsing + zy,)” (2bsin 6 — z,) 51116'] 12)
sin 63

In Egs. (9)-(12), b is the half-width of the base; k (force per unit base width per unit indentation) and A (force per unit base width per
unit indentation-velocity and per unit indentation) are, respectively, the stiffness and damping coefficients of the distributed contact;
and ¢ is a single tunable parameter governing the behavior of the nonlinear stiffness contribution. The two regimes namely no-uplift
and uplift, are selected kinematically: the former applies while the full base remains in contact; the latter is activated as soon as either
pivot rises above the ground.

2.3. Efficient rocking equations decoupling via a quasi-static condensation method

In most practical cases, both the rotational angle ¢ and the vertical displacement z, remain within small to moderate bounds (e.g.,
[12,19,23]), allowing the adoption of the small-angle approximations sin § ~ 6 and cos 6 ~ 1. Further simplifications can be introduced
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by neglecting higher-order coupling terms involving derivatives of 8 and z , whose combined order exceeds one, as their influence on
the system dynamics is typically negligible. The external excitation is assumed to act purely in the horizontal direction, with z, = 0
and a nonzero horizontal acceleration component %,. Under these assumptions, and considering Egs. (7) to (12), the formulation
yields a redefined set of nonlinear rocking equations that provide a more tractable yet physically consistent representation of the

system’s motion for the no-uplift

MZ gy + 2bAZay 2y + 2bkzyy, + 2bekz (2 + 620%) + §b3 100 = mg 13)
and
52 2 2 - .
UgmHmh)0 + S%K0 + ek<2z§bb30 + 5”593) + 54 (200 + 240) — mhg0 = mhst, (14)
and uplift regimes, respectively.
" k ek A _ .
mzmﬁ(w +2) + M(w +zg)t + o b0+ 2ep)* (2600 — 2. + 32,,0) = mg (15)

and
k (b0 + z4,)* (26 — z) L€ k(b0 + zg,)* (466 — z) LA
692 2062 12163

22, (b0 + 24)* (260 — zo4) 0] —mhg 0 = mh %, (16)

(I + mh?) G+

[0 (350" + 45724, 0° + 21

Employing an approximative static condensation approach [6,23] subsequently reduces the originally coupled governing relations,
Egs. (7) and (8), to a single rocking equation characterized by piecewise, state-dependent nonlinear stiffness and nonlinear damping
properties. The proposed simplification is appropriate for the scope of the present study, which concentrates on systems exhibit-
ing soft to moderate levels of stiffness nonlinearity. This reduced formulation preserves the essential nonlinear coupling between
uplift and rocking while offering a compact yet accurate representation suitable for analytical derivations and efficient numerical
implementation. In this regard, considering the quasi-static condensation method yields

-uplift mg
zy P =2y bk 17
for the case of no-uplifting, and
Joelife _ o [2mgl] — bj6] (18)

cb st~ k

for the case of uplifting. Note that under static conditions, uplifting occurs when |0| > 6,,, where 6, denotes the uplift initiation
threshold angle

_ |2 _ mg
%= = a9

Upon substituting Egs. (17) and (18) into Egs. (14) and (16), the governing relations take the following form

2 2,2
U + mh2)i + <’1b3]:”g>9 + { §b3k+e<m2i by §ka92> —mhg}H = mhz, (20)

and

3
. Ab(2mg\2, L. mgb mg [2mg -3 em?g® [2mg 1 em?g%b .
I )i+ = = o] 20 —— — =/ —=10] 2 — ——\/—=16| 2 —mgh | |0 =mh 21
(cm+m)+12<k)|| +[|9| >V el VT 0+ mg mhz, (21

Subsequently, Eq. (20) and (21) can be recast in the form

Mggor& + C(0)0 + K(0)0 = mhx, (22)
where

Mgqof = Icm + mhz (23)
Ab*m
Tg’ [0] < 6y

C) = 3 : 249
Ab[2mg\2 =
200222 2
12( . ) 0] 2, 161> 6y
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and

3 2k 5

b L gk 10172 - mg’h _me® [omg i
mg(lt9| % 2mgk 10| h) + 5( k 55 k 16| , 101> 6,

Notably, the dynamics in Egs. (22)-(25) are governed by twofold nonlinearity: both the stiffness and damping components evolve
and switch as the response transitions between the no-uplift and uplift regimes.

2 2b
20k — mgh+ £<m & +3kb562>, 10] < 6,

K@) = (25)

2.4. System stochastic linearization framework

The nonlinear single-degree-of-freedom (SDOF) system defined in Eq. (22) exhibits piecewise, state-dependent nonlinear behavior
through the functions C(0) and K () provided in Egs. (24) and (25). To investigate the stochastic response of this system under random
base excitation, the equivalent stochastic linearization method is employed. In the ensuing analysis, the rotational response 6(¢) is
considered to be a stationary, zero-mean Gaussian process. This assumption is commonly adopted in the study of lightly nonlinear
systems subjected to broadband random excitation, as it allows for analytical tractability while retaining physical relevance. Based
on this assumption, an equivalent linearized model is formulated as

Mggof O + Coq(D0 + keg (0 = mhs, (26)

where c.q(r) and k.q(#) denote the equivalent time-dependent damping and stiffness coefficients, respectively. These coefficients are
determined by minimizing the mean-square error between the nonlinear and equivalent linearized system of Eqgs. (22) and (26).
Following the piecewise formulation of C(6) and K(0) in Egs. (24) and (25), smooth approximations are introduced using a transition
function f(#), such that

Caux(0) = f(O)C(0) + [1 = f(OD]ICL() 27)
and
Kaux(0) = f(OK,(0) + [1 — f(0)]1K,(0) (28)

where C,(0) and K, (6) correspond to the no-uplift regime (inner), and C,(6) and K, () correspond to the uplift regime (outer) of the
original nonlinear system. The transition function f(0) is defined by

fO)=H@O+6,)~HO -0y, (29)

where H is the Heaviside step function. Based on the original definition of Eq. (22), the auxiliary compact form of the equation of
motion is expressed as

Mggof 0 + Coyx ()0 + Ky (0)0 = mhs, (30)
The equivalent linearized coefficients of Eq. (26) with respect to the compact formulation of Eq. (30) are defined as (e.g., [27,29])
9g(0,6 ag(0,6
ceq<r>=tE[ L )], keq<r>=tE[ 4 )] 1)
where
8(6,0) =Cpx(0) 0 + Ky (0) 6 = {f(9)C1 @) +[1- f(9)]C2(9)}9 + {f(9)K1 @) +1[1- f(0)]Kz(9)}9 (32)

Assuming that () and §(r) can be approximated as Gaussian processes, the marginal probability density function (PDF) of 6(r) is
expressed as

1 62
pe(0) = exp (——2> (33)
270y 20,
and the corresponding joint PDF of 8(t) and () is given by
b= 1 o 1 09202 —2p0,y0;00 + 0392 (34)
06 = -
2690y 1 — p? (1-p?) 2636;

where 6, and o, denote the standard deviations of () and 6(f), respectively, and p is their correlation coefficient. Under these
assumptions, the expectations in Eq. (31) can be evaluated analytically, yielding closed-form analytical expressions for the equivalent
time-dependent damping and stiffness coefficients:

3
2 0, 2 -4 0,
calt) = A E err( ) 4 AD(2e )T (] (35)
3k V2o, 12\ k Vaa)? \4 207
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) 23/4 \/mgk 02
3mg 262k 6, )+§b3k erf( ul )—1 me & r(§ ul )

(f)——mgh+—\/7 ,
. Vae) kya P \a3g

2 2
_bmg 0y 1O _bmg 69 %
Ap —2 24\ mgk F(—, ) xp(——) (\/mgkO —V2bk6 )
12 kz\/— 3/2 4262/ 3 kz\/_ 202 ul ul

0 0 0
+e m—gberf< ul )+gkb5<azerf<—ul)— zagelexp<— ul ))
2k 5 0 x o 262
\/559 \/509 %y
2
+m2g2b erfC( 0, )_ m?g?  [2mg 2-1/4 F(l 0 )] (36)
k V2o, 5k k \/;U;ﬂ 4" 207

The error function and its complement are defined by

X [so]
erf(x) = i/ e dr, erfc(x) = 1 —erf(x) = i/ e dr 37)
\/; 0 \/; x
whereas the upper incomplete Gamma function [30] is
[(a,x) = / 14l dr, a>0, x>0 (38)
X
which generalizes the ordinary Gamma function I'(a) = I'(a, 0). In this work I'(-, -) appears with fractional orders (e.g., a = %, %) from

tail integrals of power- exponential kernels arising in the uplift regime. These functions are standard, smooth, and numerically well-
conditioned for the parameter ranges considered.

2.5. Lyapunov formulation for time-modulated unfiltered white noise excitation

The horizontal base acceleration is modeled as a zero-mean, Gaussian white noise &(r) with one-sided spectral density 2z.5,
modulated by a deterministic envelope time function ¢(7)

X, (1) = q(1) &), E[¢0)é(r)] = 278, 6(t — 7) (39)
where §(-) is the Dirac delta function. The governing rocking dynamics can be defined in a time-varying state-space form [27,31] as
v =POy®) + v (40)
with state vector, system matrix, and input vector
yo = [60) 60]" @D
0 1
P@) =] ke Ceq(D) (42)
Mot Myqof
and
v(t) = [() M]T (43)
Mgdof
Let C(t) = E[y(®)y” ()] denote the covariance matrix,
63 G
Cw = 2 (44
%0 O,
For Gaussian, delta-correlated excitation, C(¢) evolves according to the Lyapunov moment equation
C=PC+CP +Evv| (45)
with driving term
0 0
Eviyvi (] = 2 (46)
[ =1, 2ﬂ30<mhq(t)>
Myqof

At each time instant 7, the pair (02, 62) and correlation p = 6y;/(c,0;) define the Gaussian surrogate of Eq. (30). Using these moments,
the expressions of Egs. (35) and (36) yield updated c.(#) and k.q(7) in closed form. The Lyapunov ordinary differential equation

7
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(ODE) Eq. (45) is then numerically integrated forward over the current time step. This fixed-point update (moments — equivalent
coefficients — moments) is iterated at each time step until convergence, furnishing the time-varying second-order response statistics
without direct integration of the original nonlinear equations of motion, Egs. (7) to (12).

2.6. Lyapunov formulation for time-modulated filtered white noise excitation

The ground acceleration in the modulated form reads
ig(1) = q(t) 2(t) (47)

where z(7) is the output of a second-order linear filter of the Kanai-Tajimi type (e.g., [32,33]), driven by white noise &(r)

20) = = 2w, i, (1) — @ ug(D) (48)
where
iig(1) + 20,0, (1) + @ ug(t) = &) (49)

with @, and ¢, denoting the filter (soil) natural frequency and damping ratio, and £(r) a zero-mean, Gaussian white noise with

one-sided spectral density 2z.5,. The one-sided power spectral density of z(r) is then

2.2 2 4
4§g(ogw +

S, (@) = S, > (50)
(a)? —w?) + 4C§w§w2
The governing rocking dynamics are defined in the state-space form
x(1) = QW x(®) +q(1) (51)
with
0 1 0 0
ke g aOmhoy  2q0)mho,
QW) = myqor Mg gof Mggof Mgqof (52)
0 0 0 1
0 0 -’ -2, 0,
and
T : LogT
qn=[0 0 0 &0, x(t)=[00) 6@ u, () Mg(l)] (53)
Let the time-varying covariance of x(¢) be
% %00  Obu,  Oou,
Cgp o2 Cpu Chi
co=exox" o =| " 0 G (54)
Gé’ug Uéug O_ug O_ugllg
%6i,  Obu,  Ougu, ”gg
Its evolution satisfies the time-evolving Lyapunov equation, Eq. (51) with
0 0
Ela) a7 (0] = 3x3 3x1 55
l[a q" @) [Om 225, (55)

Numerical time integration of this matrix differential equation yields the response second-order moments, including o-g(t) and ag(t).

2.7. Discussion on the proposed stochastic rocking dynamics technique

The technique combines a physics-based contact law with a blend of stochastic linearization, quasi-static condensation and Lya-
punov formulation to deliver time-varying second-order response statistics for rocking dynamics. The contact force is cast on a
continuously distributed spring-damper bed via an enhanced Hunt-Crossley-type law, in which classical velocity-dependent dissi-
pation is complemented by coexisting linear and nonlinear stiffness components governed by a tunable parameter ¢. This addition
endows the restoring backbone with explicit amplitude dependence, enabling the model to represent both softening (e.g., geometric
effects, toe degradation, interface yielding) and hardening effects (e.g., Hertz-type confinement) documented in the relevant literature
(e.g., [34-36]). In practice, the formulation captures uplift asymmetry and the amplitude-frequency shift observed in rocking-effects
that cannot be reproduced by calibrating nonlinear damping alone under a linear-stiffness assumption. For engineering application,
the model parameters (including ¢) are intended to be identified via calibration against measured force-indentation or moment-
rotation backbones and energy dissipation trends, for instance from controlled rocking tests or well-instrumented response records.
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The proposed formulation is intentionally parsimonious and nests prevalent models as limiting cases, thereby preserving back-
ward compatibility and providing a transparent pathway for model selection. At the same time, the introduction of a single tunable
nonlinear-stiffness parameter enhances the representational capacity of the contact/SSI backbone while maintaining the simplic-
ity required for system identification and code-oriented applications [8,26,37]. Building on this contact description, the tailored
stochastic linearization scheme yields closed-form, time-varying equivalent coefficients Ceq() and keg(®, whose evolution provides
physically interpretable insight into the dissipation and restoring action as the response switches between no-uplift and uplift
regimes.

From a computational standpoint, covariance propagation through a compact Lyapunov moment system avoids repeated non-
linear time integration and offers orders-of-magnitude reductions in effort relative to nonlinear response-history Monte Carlo when
ensemble statistics are sought, while maintaining close agreement for the range of excitation intensities and foundation parame-
ters examined. Overall, the proposed framework aims to balance fidelity and efficiency: it retains analytical tractability, enriches
contact physics to accommodate softening or hardening backbones, recovers established rocking models as special cases, and de-
livers time-evolving second-order response statistics (e.g., variances of rotation and rotational velocity) at minimal computational
cost.

Lastly, the combined use of stochastic linearization and quasi-static condensation may reasonably compromise accuracy under
strongly nonlinear behavior. In particular, under very intense excitation-characterized by frequent uplift, strong intermittency, or
near-toppling excursions-dynamic coupling effects may become significant and the accuracy of a condensed model can deteriorate,
in which case full coupled nonlinear simulations may be required. Moreover, in the presence of very strong nonlinearities, it is
well recognized in the broader random-vibration literature that stochastic linearization may also deteriorate and compromise accu-
racy (e.g., [8,27]). Further, retaining higher-order effects via perturbation-based expansions would render the piecewise-continuous
damping and restoring moment across the no-uplift (inner) and uplift (outer) regimes algebraically cumbersome and largely un-
suitable for further analytical treatment. Finally, the excitation model presumes Gaussianity of the base process; outside these as-
sumptions, direct nonlinear simulation or alternative closure schemes may be preferable, albeit at the expense of computational
efficiency.

3. Numerical analysis

This section evaluates the proposed semi-analytical stochastic dynamics framework on a set of representative nonlinear block
rocking case studies. The excitation is modeled in two ways: (i) a time-modulated, unfiltered Gaussian white noise; and (ii) a time-
modulated, filtered (Kanai-Tajimi-type) Gaussian white noise. In all cases, the block-foundation interaction follows the physics-
based contact law of Section 2.1. Results are reported for several excitation intensities and four stiffness-nonlinearity configurations
(hardening and softening), and are compared against Monte Carlo simulation (MCS) for validation. For the modulated unfiltered
white noise case, the horizontal base acceleration is represented as a zero-mean Gaussian process with separable time-modulated
power spectral density

Sy(@, ) = 275, ¢* () (56)
where S, > 0 is the one-sided intensity parameter and ¢(¢) is a deterministic envelope. The envelope adopted here is
q(t) = 4(8_I/T1 - e_t/Tz), 0<T, <T, (57)

which produces a pulse-like build-up and decay typical of synthetic seismic inputs. The selected parameters are 7| = 4s and 7, = 2s.
In the proposed methodology formulation, the corresponding diffusion input in the Lyapunov moment equation (45) is given by
(46). On the other hand, for the modulated filtered excitation case, the excitation reads %(r) = q(¢) z(t) where z(¢) is the output of
a second-order linear filter driven by white noise (Section 2.6, Egs. (47)—(55)) with £, =04 and w, =10.0 rad/s. The approach
allows exploration of frequency-content effects via the filter parameters while retaining a compact stochastic linearization Lyapunov
format.

The selected prismatic block geometry follows refs. [19,23]. While these studies model the base-foundation interaction with
nonlinearity confined to the damping term, the present study augments the restoring part via the physics-based contact law of
Section 2.1. Four stiffness-nonlinearity configurations are examined for the same block geometry: Block Configuration 1 with s =
021 m, b=0.035 m, m = 8.67 kg, and £ = 6 x 10’ m~2; Block Configuration 2 with A =0.21 m, b =0.035 m, m = 8.67 kg, and ¢ =
—6x 10 m~2; Block Configuration 3 with h=0.21 m, b=0.035 m, m = 8.67 kg, and £ = 2 x 10’ m~2; and Block Configuration 4
with 4 =0.21 m, b = 0.035 m, m = 8.67 kg, and £ = —2 x 10°> m~2. All configurations share the same geometric and inertial properties
(m, b, h, I;,) and gravity g. The uplift threshold 8,, = mg/(2b*k) is evaluated from the baseline stiffness. All other foundation parameters
are identical across configurations; specifically, the contact coefficients are k = 2.89 x 107 and 4 = 8.95 x 10% (refs. [19,23]). Each of
configurations 1 and 2 is subjected to two intensity levels under the unfiltered modeling (S, varied in (56)—(57); Egs. (39)-(46)),
yielding four study cases. Analogously, each of configurations 3 and 4 is subjected to two intensity levels under the filtered modeling
(Egs. (47)-(55)), for a total of eight cases spanning regimes from predominantly no-uplift to appreciable uplift.

Accuracy is assessed by MCS. Ensembles of modulated unfiltered and filtered white-noise accelerations are synthesized via the
spectral representation method [38]. For each realization, the coupled nonlinear rocking Egs. (7)-(12) are solved by a Runge-Kutta
scheme, and sample statistics are formed for direct comparison [39] with proposed stochastic linearization-based method predictions.
In addition, the time-variant Ceq(®) and keq(1) are plotted to elucidate how dissipation and restoring trends evolve as the ensemble
toggles between no-uplift and uplift contact states.
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Fig. 2. Time histories of the equivalent linearized coefficients and response variances for modulated unfiltered white-noise excitation with hardening
inner backbone; S, =2.4x 107 and € = 6 X 10’ m~? (stochastic linearization-based method vs. Monte Carlo simulation with 1000 samples). (a)
Equivalent damping Ceq(® (top) and equivalent stiffness keg (1) (bottom). (b) Rotation variance o-g(t) (top) and rotational-velocity variance a:;(t)
(bottom).

3.1. Block configurations subjected to modulated unfiltered white-noise

Block Configuration 1. Fig. 2(a) shows the time histories of the equivalent damping and stiffness elements, Ceq(®) and keg(®, computed
from the proposed stochastic linearization procedure for an excitation level S, = 2.4 x 10~ with & = 6 x 107 m~2. As the modulation
q(t) ramps up, the coefficients remain close to their inner-regime values (no uplift). Around the peak of the envelope, intermittent
uplift becomes appreciable; the outer-regime contributions (the incomplete-gamma “tail” terms in Eq. (36)) reduce the equivalent
stiffness, producing an effective softening. As the excitation decays, the system gradually returns toward the inner hardening level.
The equivalent damping c,(#) exhibits a mid-record dip, consistent with reduced contact length and diminished velocity-dependent
dissipation during uplift phases. These trends match the physical picture: € > 0 enhances the inner (no-uplift) backbone, whereas
outer episodes always act to soften the ensemble response through loss of contact and redistribution of compressive resultants.

The corresponding time-varying response variances are plotted in Fig. 2(b). The stochastic linearization-based method predictions
are benchmarked against MCS based on 1,000 modulated white-noise samples synthesized by the spectral representation method [38]
and time integration of the nonlinear rocking equations. The proposed method tracks the rise-peak-decay evolution well for both
ag(t) and 65(1).

Fig. 3(a) reports cqq(f) and keg (1) for the level S, = 2.4 x 1073 (same &). Relative to the milder case, the coefficients depart more
markedly from their inner-regime baselines. In particular, k.(r) exhibits a pronounced and sustained reduction during the mid-
record window where uplift occupancy is largest; physically, frequent loss of contact and migration/shortening of the compression
zone dominate the ensemble, overwhelming the inner hardening bias introduced by & > 0. The damping c,,(#) shows a deeper trough
for the same reason during uplift, the effective contact line contracts and the velocity-dependent dissipation decreases.

The associated second-order response statistics in Fig. 3(b) confirm the same narrative: both variances peak later and higher due to
stronger excitation and increased outer-regime participation. Agreement between the stochastic linearization-based method and MCS
shows a modest reduction in accuracy, yet remains satisfactory over the entire record. Across both intensities, the qualitative features
of keg(® and Ceq(?) are physically consistent: (i) a low-amplitude hardening bias at early times from the conservative stiffness nonlinear
term acting in the inner regime; (ii) a mid-record softening of keq(®) and a dip of Ceq(® driven by uplift, i.e., loss of contact and shorter
compression zones; and (iii) relaxation back toward inner-regime values as the modulation fades. Minor oscillations visible at very
early times are benign and stem from the envelope onset and the tail-integral (incomplete-gamma) contributions at extremely small
variances; they vanish as the process develops. Overall, the trajectories of the equivalent elements encode a clear picture of how the
ensemble toggles between no-uplift and uplift states, while the MCS comparisons substantiate that these elements provide a reliable,
low-cost surrogate for the evolving second-order response statistics.

Block Configuration 2. TFig. 4(a) presents the equivalent coefficients c.q(*) and k., (?) for a case with a softening inner backbone, ¢ =
—6 x 10° m™2, under the moderate intensity S, = 5 x 10~*. Relative to Configuration 1, the early-time (inner-regime) level of k,(?) is
anticipated to exhibit a decreasing trend due to the reduction in restoring action induced by the conservative stiffness nonlinearity. As
the envelope ¢(t) grows and uplift intermittency increases, outer-regime contributions further depress k4 (?), producing a pronounced
mid-record trough; the coefficient then recovers as the excitation decays. The damping c.,(#) exhibits the expected dip around the time
window of largest uplift occupancy, reflecting a shortened contact line and reduced velocity-dependent dissipation. The accompanying
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Fig. 3. Time histories of the equivalent linearized coefficients and response variances for modulated unfiltered white-noise excitation with hardening
inner backbone; S, =2.4x 10~ and £ = 6 x 10’ m™? (stochastic linearization-based method vs. Monte Carlo simulation with 1000 samples). (a)

Equivalent damping Ceq(® (top) and equivalent stiffness keq(®) (bottom). (b) Rotation variance 652(1) (top) and rotational-velocity variance ag(t)
(bottom).
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Fig. 4. Time histories of the equivalent linearized coefficients and response variances for modulated unfiltered white-noise excitation with softening
inner backbone; S, =5 x 10~ and & = —6 x 10° m~2 (stochastic linearization-based method vs. Monte Carlo simulation with 1000 samples). (a)
Equivalent damping Ceq(M) (top) and equivalent stiffness keq (1) (bottom). (b) Rotation variance ag(t) (top) and rotational-velocity variance 63([)
(bottom).

variances in Fig. 4(b) show acceptable agreement between the stochastic linearization-based solution and MCS: the proposed method
curves capture the rise-peak-decay evolution, with a mild overprediction near peak intensity where the process is most nonlinear.

Fig. 5 reports the corresponding results for a stronger intensity S, = 6.5 x 10™* (same ¢). The increase in input level amplifies
the contribution of uplift states, leading to a deeper and more sustained reduction of k.,(#) and a more pronounced trough in cq(?.
Consistently, both cg(t) and ag(t) attain larger peaks and a slightly later timing. The proposed method predictions continue to track
the MCS envelopes satisfactorily across the record, with differences concentrated near peak response, an expected outcome of the
Gaussian closure when nonlinearity is stronger.

Across both intensities of Configuration 2, the qualitative behavior of the equivalent elements is consistent with a softening
backbone in the inner regime (¢ < 0) compounded by uplift in the outer regime: keg(® shows a sustained reduction and Ceq(®) exhibits
a concurrent dip. The satisfactory agreement with MCS indicates that the proposed semi-analytical framework provides reliable,
low-cost estimates of the evolving second-order statistics even when softening tendencies dominate.
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Fig. 5. Time histories of the equivalent linearized coefficients and response variances for modulated unfiltered white-noise excitation with softening
inner backbone; S, = 6.5 10~ and £ = —6 x 10° m~2 (stochastic linearization-based method vs. Monte Carlo simulation with 1000 samples). (a)
Equivalent damping Ceq(® (top) and equivalent stiffness keg (1) (bottom). (b) Rotation variance o-g(t) (top) and rotational-velocity variance o-;(t)
(bottom).
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Fig. 6. Time histories of the equivalent linearized coefficients and response variances for modulated filtered white-noise excitation with hardening
inner backbone; S, = 2.5 x 10~ and e = 6 x 10’ m2 (stochastic linearization-based method vs. Monte Carlo simulation with 1000 samples). (a)
Equivalent damping Ceq(D) (top) and equivalent stiffness keq (1) (bottom). (b) Rotation variance ag(t) (top) and rotational-velocity variance ag(t)
(bottom).

3.2. Block configurations subjected to modulated filtered white-noise

Block Configuration 3. Fig. 6 reports the time histories of the equivalent coefficients c.q(r) and ky(f), together with the response
variances ¢2(1) and aﬁ(z), for the filtered noise case with a hardening inner backbone, £ = 6 x 10’ m~2 and intensity S, = 2.5 x 107, At
this moderate level and around the midpoint of the record, intermittent uplift becomes noticeable and produces a mild softening of
the equivalent damping c.q(#), consistent with the reduction of instantaneous contact length under uplift. The stochastic linearization
predictions of o-g(t) and ae?(t) track the Monte Carlo results well across the rise-peak-decay phases, with the usual small deviations
near the peak where nonlinearity is strongest. Compared with the non-filtered, modulated white-noise inputs (hardening backbone,
€ > 0), the filtered cases here exhibit the same qualitative trend for the equivalent stiffness k., (?): an early-time hardening bias (inner,
no-uplift regime), a mid-record softening dip when uplift occupancy peaks, and a late-time recovery toward the inner baseline as the
envelope decays. The main differences are quantitative: filtering concentrates energy near the soil/filter frequency, which shifts the
timing and depth of the softening window, but the hardening-softening-hardening sequence persists.

Fig. 7 presents the same diagnostics for the higher intensity .S, = 4 x 10™* (same ¢). The filtered input concentrates energy near
the soil/filter frequency, increasing the occupancy of the uplift regime close to the envelope peak. Consequently, k., (t) exhibits a
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Fig. 7. Time histories of the equivalent linearized coefficients and response variances for modulated filtered white-noise excitation with hard-
ening inner backbone; S, = 4 x 10~ and € = 6 x 10’ m~2 (stochastic linearization-based method vs. Monte Carlo simulation with 1000 samples).
(a) Equivalent damping Ceq(M) (top) and equivalent stiffness keq (1) (bottom). (b) Rotation variance og(t) (top) and rotational-velocity variance 63([)
(bottom).
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Fig. 8. Time histories of the equivalent linearized coefficients and response variances for modulated filtered white-noise excitation with softening
inner backbone; S, = 1.8 x 10~* and € = —6 x 10° m~2 (stochastic linearization-based method vs. Monte Carlo simulation with 1000 samples). (a)
Equivalent damping Ceq(D) (top) and equivalent stiffness keq (1) (bottom). (b) Rotation variance ag(t) (top) and rotational-velocity variance 63([)
(bottom).

deeper mid-record reduction and c.,(#) shows a more pronounced dip, both relaxing toward inner-regime values as the modulation
fades. The second-order statistics rise to larger peaks, reflecting the stronger effective excitation; agreement between the proposed
method and MCS remains satisfactory throughout.

Overall, for £ > 0 the inner (no-uplift) dynamics retain a hardening bias, while the filtered excitation promotes uplift-induced soft-
ening during the mid-record window. The equivalent elements capture this alternation cleanly, and the resulting evolving variances
compare favorably with Monte Carlo benchmarks.

Block Configuration 4. Fig. 8 presents the equivalent coefficients Ceq(®) and keg(®) for a case with a softening inner backbone, & =
—6 x 10° m~2, under the moderate intensity S, = 1.8 x 10~*. The equivalent elements stay close to their inner-regime baselines except
during the mid-record window, where uplift intermittency produces the familiar dip in both c.y(*) and k(). The response variances
ag(t), ag(t) obtained from the proposed method follow the Monte Carlo estimates well: the rise-peak-decay timing matches, and peak
levels are reproduced with minor, systematic overestimation near the maximum.
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Fig. 9. Time histories of the equivalent linearized coefficients and response variances for modulated filtered white-noise excitation with softening
inner backbone; S, = 2.0 X 10~* and € = —6 x 10° m~2 (stochastic linearization-based method vs. Monte Carlo simulation with 1000 samples). (a)
Equivalent damping Ceq(M) (top) and equivalent stiffness keq (1) (bottom). (b) Rotation variance ag(t) (top) and rotational-velocity variance 63([)
(bottom).

Increasing the intensity to .S, = 2.0 x 10~* (Fig. 9) amplifies the same trends without changing their character. The equivalent
stiffness exhibits a deeper softening trough during the strongest portion of the record and then recovers towards its no-uplift level as
the modulation decays, while Ceq(®) shows a concurrent mid-record reduction consistent with a shortened contact line in the uplift
regime. The predicted second-order statistics remain in satisfactory agreement with MCS across the entire time span.

For a softening backbone (¢ < 0) under time-modulated unfiltered white noise, the equivalent stiffness keg(®) typically shows an
early effective softening as the envelope builds, followed by a recovery (apparent hardening) toward its inner-regime baseline as
the excitation decays. The filtered cases reported here exhibit the same qualitative trajectory, initial softening, a mid-record trough
during uplift, and late-time recovery while the filter mainly shifts the timing and slightly smooths the minimum due to its finite
bandwidth. Thus, the trend of keq(?) is consistent across filtered and non-filtered inputs when the backbone is softening; differences
are chiefly in phase and depth rather than in character.

The time histories of c.q(r) and k,(1), highlighting the influence of ¢ (softening/hardening) and the transition between inner
(no-uplift) and outer (uplift) regimes. For excitations selected around a moderate-motion plateau, the proposed methodology yields
second-order statistics in good agreement with the Monte Carlo simulations, while requiring orders-of-magnitude less computational
effort. Differences increase as the response becomes strongly intermittent and non-Gaussian (e.g., near-toppling excursions). As the
excitation level increases leads to nonlinear effects spreaded over a broader time window, reflecting stronger contact nonlinearity
due to more pronounced uplift episodes and amplitude-dependent restoring effects.

3.3. Discussion of the generated results

This section interprets the time-varying equivalent stiffness k.q(r) and damping c.q(#) elements extracted by the stochastic lin-
earization Lyapunov formulation, with emphasis on their evolution across no-uplift (inner) and uplift (outer) regimes and on the role
of the cubic stiffness nonlinearity term.

In the inner regime (full contact), the restoring action is dominated by the linear Winkler-type term together with the added
conservative stiffness nonlinearity (e # 0). Positive £ produces an amplitude-dependent hardening backbone, keg(®) tends to increase
as the rotation variance grows whereas negative ¢ yields softening (reduction in k., with amplitude). This inner-regime trend is most
pronounced early on, when uplift occupancy is low and the effective contact length is maximal. When uplift becomes appreciable,
geometry and the excitation intensity take over: the compressed toe shortens and the moment arm evolves, causing an intrinsic
softening even for € > 0. In the equivalent expressions this appears through the outer-regime tail terms (with upper incomplete gamma
functions) that reduce the net stiffness as the process spends more time beyond the uplift threshold. As a result, typical records show
a “growth-then-decay” pattern for k.q(*): an initial hardening bump (inner physics) followed by a decay (outer geometry) as the
response explores larger rotations. The timing of these phases aligns with peaks of the modulation ¢(¢) and with increases in the uplift
occupancy

Ou
Puplift(t) = CrfC(\/ETIH(r) ) (58)
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The equivalent damping inherits its structure from velocity-dependent contact dissipation acting over the instantaneous contact
length. In the inner regime, c.4(?) scales with the probability of full contact (via erf) and typically grows as the response builds up.
Once uplift is activated, the effective contact shrinks and the outer contributions (via gamma incomplete function) weaken with
increasing oy, 50 cq(#) often exhibits a dip during intervals of strong uplift. In the proposed modeling, high uplift occupancy coincides
with reduced equivalent damping because less of the interface is available to dissipate energy.

Both k.q(7) and c,,(?) track the excitation envelope q(¢): as the input intensity rises, higher o,(7) pushes the system into the outer
regime, triggering the stiffness decay and the damping dip (e.g., [40]); as the envelope recedes, the process returns to inner behavior
and the coefficients relax toward baseline values. This co-evolution of coefficients and response explains the observed phase-like
structure in time (e.g., early hardening vs. late softening for k,y, mid-duration dip in c.y). The time variation of the equivalent stiffness
reflects the evolving mixture of inner (no-uplift) and outer (uplift) contact states in the ensemble. For £ > 0, a hardening offset emerges
at low intensity when full contact dominates; as uplift occupancy increases near peak excitation, the outer-tail contributions in K(6)
reduce the equivalent stiffness (effective softening); and as the input intensity decays, the response gradually returns toward the inner
hardening level. This alternation is therefore a statistical signature of contact-state transitions across the ensemble.

The sign and magnitude of ¢ primarily tune the inner-regime backbone:

* &> 0: enhanced restoring moment at moderate amplitudes (hardening), delaying uplift onset and elevating the early peak in k.4 (#).
* £ < 0: reduced restoring at moderate amplitudes (softening), advancing uplift and flattening or inverting the early k., (?) rise.

Regardless of ¢, sufficiently large rotations introduce geometric softening in the outer regime. Hence, e shapes when and how strongly
the trajectory enters uplift, while geometry dictates the late-time decay. This separation lends the parameters physical interpretability
and supports data-driven identification: € controls amplitude-dependent backbone in full contact; uplift geometry controls large-
amplitude decay.

Across the considered cases, the proposed stochastic linearization-based predictions for the second-order statistics (variance of
rotation, rotational velocity) match MCS trends: the timing and relative amplitude of the hardening bump in kg, the uplift-induced
decay, and the damping dip are reproduced with good fidelity at a low computational cost. Simple diagnostics corroborate the
mechanism: peaks in Py (1) align with dips in ¢.4(#) and with the onset of k.,(#) decay; increasing |¢| strengthens the inner-regime
deviation from the linear baseline, while leaving the qualitative outer-regime softening intact.

The time histories k.q(7) and c.q(?) offer a compact, physically interpretable lens on the evolving rocking dynamics: they quantify
the instantaneous restoring and dissipative capacity as the contact state changes in time. Practically, this supports performance as-
sessment, parametric screening, and control concepts that hinge on when uplift occurs and how the interface dissipates at different
amplitudes. Accuracy may deteriorate under stronger nonlinearity or far-from-Gaussian excitation, for which direct nonlinear simula-
tion can be warranted. Within the examined ranges, however, the proposed stochastic linearization Lyapunov formulation captures the
salient physics, inner hardening/softening, outer geometric softening, and uplift-driven damping, while remaining computationally
lean.

4. Concluding remarks

This paper presented an integrated semi-analytical stochastic framework for the nonlinear rocking dynamics of rigid blocks on
flexible foundations under time-varying stochastic base excitation. The approach combines a generalized physics-based contact/SSI
formulation with quasi-static condensation, stochastic linearization, and Lyapunov-based covariance propagation to efficiently de-
liver time-evolving second-order response statistics. Within this unified setting, the adopted contact law remains parsimonious while
introducing an explicitly amplitude-dependent conservative backbone and deformation-/rate-dependent dissipation, thereby accom-
modating backbone hardening or softening, uplift-induced asymmetry, and state-dependent stiffness and dissipation effects that
cannot be captured by purely linear idealizations.

The initially coupled, piecewise nonlinear rocking equations are condensed into a single governing relation through a quasi-
static condensation procedure. In doing so, suitable analytical expressions are derived for the piecewise-continuous restoring and
damping moments, resulting in a unified yet accurate description of the rocking response across the no-uplift (inner) and uplift
(outer) regimes. On this basis, a tailored stochastic linearization strategy embedded within a Lyapunov moment framework yields
time-varying equivalent stiffness and damping elements that adapt to the evolving contact state, while offering physically interpretable
insight into the dynamic character of the system.

Computationally, the proposed approach provides substantial advantages relative to direct simulation, since second-order response
statistics are obtained from a compact Lyapunov system driven by a time-evolving power spectral density, thereby avoiding repeated
time integration of the highly nonlinear equations. The numerical studies demonstrate close agreement with Monte Carlo simulations
for the variances of rotation and rotational velocity over a range of excitation intensities and foundation parameters, supporting
the method’s accuracy and practical reliability within the targeted regime. From an engineering standpoint, the framework offers
a concise tool for efficient rocking analysis under time-varying excitation and complex soil-structure interaction, enabling efficient
assessment, parametric screening, and resilience-oriented studies.
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