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ON THE CONVERGENCE OF THE PSEUDOSPECTRAL
APPROXIMATION OF REPRODUCTION NUMBERS FOR
AGE-STRUCTURED MODELS *

SIMONE DE REGGI$T, FRANCESCA SCARABELSf, AND ROSSANA VERMIGLIOS

Abstract. We rigorously investigate the convergence of a new numerical method, recently
proposed by the authors, to approximate the reproduction numbers of a large class of age-structured
population models with finite age span. The method consists in reformulating the problem in a space
of absolutely continuous functions via an integral mapping. For any chosen splitting into birth and
transition processes, we first define an operator that maps a generation to the next one (corresponding
to the Next Generation Operator in the case of Rg). Then, we approximate the infinite-dimensional
operator with a matrix using pseudospectral discretization. In this paper, we prove that the spectral
radius of the resulting matrix converges to the true reproduction number, and the (interpolation
of the) corresponding eigenvector converges to the associated eigenfunction, with convergence order
that depends on the regularity of the model coefficients. Results are confirmed experimentally and
applications to epidemiology are discussed.

Key words. Basic reproduction number, error bounds, next generation operator, pseudospectral
collocation, spectral approximation, spectral radius.

MSC codes. 34L16, 47B07, 65L15, 65L60, 65N12, 92D25

1. Introduction. Age-structured population models are often formulated as
integro-partial differential equations with nonlocal boundary conditions. As a re-
sult, they generate infinite-dimensional dynamical systems where, typically, the state
space X is a space of L'-integrable functions over the age-interval (0,a’), where
a' € (0,400] is the maximum age. Such models have applications in many fields
in the life sciences, including ecology, epidemiology, and cell biology [24, 27, 46]. In
all these contexts, reproduction numbers play a fundamental role, as they describe
the number of new individuals generated by one typical individual in the population
(details about the interpretation of “new” and “typical” individual will depend on the
context). Because of this interpretation, they are threshold parameters that deter-
mine population/disease persistence or extinction, and can be linked to intervention
measures for population/disease control [32]. Mathematically, they are characterized
as the spectral radius of linear, compact, positive operators [16, 27, 40], which can
be obtained by linearizing the model around an equilibrium and then splitting the
linearization into birth and transition [3, 17, 45]. The resulting operators are typi-
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cally infinite-dimensional, which makes the computation of the reproduction numbers
hardly analytically achievable, in general.

Several numerical methods have been proposed to approximate the reproduction
numbers for age-structured models with finite age span, i.e., with a’ < 400 [5, 6, 7,
22, 31]. Their core idea is to separately discretize the birth and transition operators,
and then approximate the corresponding reproduction number through the spectral
radius of a matrix. The discretization is obtained via Theta method [22], Backward
Euler method [31], and Chebyshev pseudospectral collocation [5, 6, 7]. However, all
these methods rely on the assumption that the birth and transition operators are
defined on a subspace of the state space X, including the boundary conditions in the
domain of the transition operator (which in general is a differential operator), hence
necessarily interpreting the corresponding processes as transition.

To overcome this lack of flexibility, in [15] we introduced a general numerical
method to approximate the reproduction numbers for a large class of age-structured
models with finite age span, by reformulating the problem in a space of absolutely
continuous (AC) functions via integration of the age-state, within the extended space
framework [25, 27, 40]. On the one hand, this approach permits us to interpret
processes described by boundary conditions as perturbations of an operator with
trivial domain condition and, on the other hand, it allows us to work with polynomial
interpolation, since point evaluation is well-defined. For any given splitting into birth
and transition, we discretize the resulting operators via Chebyshev pseudospectral
collocation.

In this paper, we rigorously investigate the convergence of the method presented
in [15]. To do so, we use the well-established spectral approximation theory of [12]. To
prove the norm convergence of the operators in AC, we take advantage of the injection
of AC into L', which is compact by the Rellich-Kondrachov Theorem [11, p. 285,
Theorem 9.16], and of interpolation error bounds in the L'-norm [35, Theorem 1].
Note that this approach is not common in the literature as, typically, the convergence
of spectral and pseudospectral methods is investigated in the supremum norm for
continuous functions, or in Hilbert spaces [4]. We prove that the convergence order
of the approximating reproduction numbers is driven by the interpolation error of
the relevant (generalized) eigenfunctions, which in turn depends on the regularity
of the model coefficients. We discuss applications to epidemiological models, which
can require to work with piecewise constant coefficients in the case of data-informed
parameters.

The paper is organized as follows. In section 2, with reference to the prototype
linear model considered in [15], we illustrate the reformulation in AC' together with
the theoretical framework. In section 3, we recall the numerical method of [15] and
we prove the well-posedness of the discretized operator. The main contribution of
the paper is the convergence proof in section 4. In section 5, we give details about
the implementation of the method, while section 6 contains numerical results and
applications to epidemiological models.

MATLAB demos are available at http://cdlab.uniud.it/software.

2. Prototype model and theoretical background. In this section, we make
reference to the prototype linear age-structured population model with finite age
span considered in [15], which includes, as particular instances, many models of the
literature obtained from the linearization of nonlinear models around an equilibrium.
For a! € (0,+00), z(t,-) € X = L'([0,a'],R%), t > 0 and d a positive integer, the
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model reads

Dx(t,a) = /a Bla,)x(t,a)da + §(a)x(t,a), t>0, ac0,al],
(2.1) 0

x(t,0) = /Oa b(a)x(t,a) da, t>0,

where

Dx(t,a) = Ox(t,a) + O.x(t, a).

To conveniently split the inflow processes into two parts, we assume that 8 = 1T+~
and b = bt 4b~, where 81, 37,bT, b7, § satisfy the following requirements, motivated
by applications to epidemiology and demography [27, p. 77].

ASSUMPTION 1.

(i) BT, B~ € L>=([0,a']?,R™*9) and b*,b~ € L>([0,a’],R¥) are all nonnega-
tive,

(ii) 6 € L>([0,a’],R¥*9) is Metzler (i.e., all its off-diagonal entries are nonneg-
ative) with nonpositive diagonal elements.

Note that Assumption 1 (éi) ensures that the fundamental solution matrix asso-
ciated to ¢ is nonnegative and nonsingular [27, p. 77]. Together with (7), this implies
that for every nonnegative initial condition z(0,-) = ¢ € X, system (2.1) admits a
unique nonnegative solution, see [27, Chapters 1 and 2] and [20, Sections III.1 and
VL.1.b]. In this case, for all t > 0, (z(t,-)); is the population age-density over the
interval [0,a'] of group j =1,...,d.

We consider the Banach space Y = AC([0,a'],R%) equipped with the norm
l£lly = |¥(0)|ga + ||¢’||x. The Volterra operator Vy: X — Yy C Y defined as

(Vo) (a / H(a)da, ae0,al],

is an isomorphism between X and the closed subspace Yy := {¢p € Y | 4(0) =0} C Y.
By defining y(t, ) :== Vox(t,-), system (2.1) is equivalent to

;
a
Dy(t,a) :/ b(a)y(t, da)

0 a CLT
) - / B(G. a)y(t. da) ¢

/ d(a)y(t, da), t>0, acl0,all,

y(t,0) = t>0.

Note that, in (2.2), we interpret a function in AC' as a measure. The element (y(¢,a));
is the cumulative number of individuals with age in [0, a] in group j = 1,...,d. Since
z(t,-) is nonnegative, y(t,-) belongs to the cone C C Y defined by
(2.3) C={¢Y €Y |1y >0 and ¢ is nondecreasing }.

Now, we define a bounded linear operator B: Y — Y accounting for birth

+

/ / B¢ )dOédC+/()a bt ()Y (o) da, a € 10,a'],
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and an unbounded linear operator M: D(M) C Yy — Y accounting for transition
(MU)(@) = v'(a) - [ s(@)(@)da
0

- ' / " 5 (o) (a)dadc — / @(eda, ool

DM)={yeYo |y eY}.

We also define the baseline transition operator Mg: D(M) — Y as

Mot = v'(a) - [ "0yt (a)da,  ac[0,al],

which, under Assumption 1 (i7), is invertible with bounded inverse. Observe that the
operator B_ := My — M contains the inflow processes described by = and b~ and,
under Assumption 1 (i), B_My': Y — Y is bounded. From a biological point of
view, we want to ensure that the inflow processes contained in 8~,b~ alone cannot
sustain the population/epidemic growth. Mathematically, this is guaranteed by the
following assumption.

ASSUMPTION 2. p(B_Mg') < 1, where p denotes the spectral radius.
This condition also implies that M is invertible with bounded inverse, indeed [26]
(2.4) M= M N Ty = B-Mg") 7,
where Zy is the identity operator in Y. Hence, we can define the operator
(2.5) H=BM 'Y =Y,

and characterize the reproduction number R for the birth process B and transition
process M as [15, 16]

(2.6) R = p(H).

Here, we generically refer to “reproduction number” to account for several different
interpretations, including, as special cases, the basic reproduction number Ry and the
type reproduction number T, as well as more general definitions [44, 23, 27]. Note
that in (2.5), the operator B actually acts on D(M).

To conclude this section, we prove that the operator H in (2.5) is compact in Y,
and that R is a real dominant eigenvalue (in the sense of largest in magnitude). To
do so, we consider the operator W: X — Y C X defined as

o) = [ " (a)(a) da
4 /O /0 B¢, a)é(a) dad(

—|—/0 b (a)o(a) dey, a € 0,al],

and the natural immersion of Y into X, J:Y — X, which is compact due to the
Rellich—Kondrachov embedding Theorem [11, p. 285, Theorem 9.16]. Note that,
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thanks to this, the restriction to Y of a linear and bounded operator from X to
Y is compact. In the following, to simplify the notation, we omit to write J when
the domain of application is clear from the context.

For all ¢ € Y and ¢ = Vo € D(M), we have

(2.7) (Ty = W)p = MVyd = Mep €Y.

From (2.7) and Assumption 2 it follows that the operator Zy- —W: Y — Y is invertible
with bounded inverse. Moreover, we can prove the following result that will be widely
used later on in the paper.

LEMMA 2.1. The operator
Ix —-W: X —->X
18 invertible with bounded inverse. Moreover, we have
(2.8) M=V (Ix -W) T,
and the following inequality holds
(2.9) IM yvoey <al - [[(Zx = W) Hlxex.

Proof. Observe that W is compact in X. Thus, to prove the invertibility of
Ix — W, we only need to show that there exists no ¢ € X \ {0} such that ¢ = We.
Suppose in fact that ¢ € X solves ¢ = W¢. Then, ¢ € Y and the invertibility of
Iy — W in Y implies that ¢ = 0.

Now, for £ € Y, solving M1 = €& in Y for ¢ = Vo)’ is equivalent to solve

=Wy = T¢

in X for ¢ €Y, hence (2.8) holds. Finally, the bound (2.9) follows from (2.8) by
observing that ||Vo|ly,—x = 1 and that

(2.10) 17¢llx < alliélly, €€V 0

From Lemma 2.1, we have that the following diagram commutes

(Zx —w)~!

and, from the compactness of J, we immediately get the following result.

COROLLARY 2.2. The operator H in (2.5) is compact, 0 € o(H) and o(H)\ {0} is
a bounded set that consists only of eigenvalues with finite algebraic multiplicity, with
no accumulation points except, possibly, for 0. In addition, if R in (2.6) is positive,
then it is a real dominant eigenvalue with associated an eigenfunction ¢ € C'\ {0}.

Proof. Since B is bounded, it is enough to show that M~™! is compact. This
follows by combining (2.8) with the compactness of J. Then, the assertion on the
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spectrum of H follows from standard results on compact operators [29, Section 3.1
and p. 32, Theorem 3.11].

To prove the last claim, note that the cone C' defined in (2.3) is total [27, Section
10.2], as C N —C = {0} and, from standard results on bounded variation functions
(see, e.g., [11, p. 206, Remark 8]), C — C' =Y. Now, observe that, for all { € Y,

(2.11) Mile=vy (U(-,o>s<o> n / U, ) (o) da) ,

where U(a, a) € R¥™4 for a,a € [0, a'], is the fundamental solution matrix associated
to 0. Under Assumption 1 (4), it is not difficult to see that (2.11) gives My (C) C C.
Moreover, Assumption 2 ensures that [29, p. 149, Theorem 10.10]

+oo
(Ty =B M) =D (B-Mgh,

k=0

Thus, using Assumption 1 (i) and (2.4), one gets H(C) C C. Finally, combining
the compactness of H with the Krein—Rutman Theorem [28] (see also [27, p. 518,
Theorem 10.8]), we conclude that, if R > 0, then it is a real dominant eigenvalue with
associated an eigenfunction ¢ € C'\ {0}. O

Remark 2.3. Assumption 1 is typical of applications to epidemiology and demog-
raphy, and guarantees the positivity of solutions of (2.1). However, nonnegativity can
be relaxed when considering other types of models, for instance coming from systems
of interacting populations in ecology (see, e.g., [36] and references therein). In fact,
all the previous and the following proofs remain valid as long as M ™! is invertible
with bounded inverse, M~1(C) C C and B(C) C C (hence H(C) C C).

3. The numerical approach. To derive an approximation of R, we construct
a finite-dimensional approximation Hy of H, and we approximate the eigenvalues of
the latter by those of the former. To do this, we separately discretize the operators B
and M in section 2 via pseudospectral collocation [4, 41]. In the following, complex-
ification is assumed everywhere as we deal with eigenvalues and eigenfunctions, and
we adopt the MATLAB-like notation according to which elements of a column vector

W “
, .

are separated by “;” while elements of a row vector are separated by

3.1. Discretization of B and M. Given a positive integer IV, we consider the
space Yy C Y of algebraic polynomials on [0,a!] of degree at most N and taking
values in C?, together with

Yon ={¢¥n € YN | ¥n(0) =0} C Yo

Let Oy = {a; < --- < ax} denote a mesh of points in (0,a’) and Oy n = {ag =
0} UOy. We define restriction and prolongation operators respectively as

RN:Y%CdNa RNZZJ = (7/)(01)»,@/1(@N))»

and

N
Pon: CN =Yy N, PonV = Zfo,i‘lfi,
=1
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where ¥ = (Uy;...;¥y), for ¥, € C4, i =1,...,N, and {{p,;}}¥, is the Lagrange
polynomial basis relevant to ©¢ n. Observe that

RnPo,n = Ican, Po,NRn = Lo,nN,

where Lo n: Yo — Yp n is the Lagrange interpolation operator relevant to g y-.
Then, we derive the finite-dimensional approximations By, My : C¥N — CN of
B and M, respectively, as

By = RnBPon, My = RNyMPyn.

In order to derive a finite-dimensional approximation Hy of H, in the next section
we show that there exists a positive integer N such that My is invertible for every
integer N > N under the following assumption.

ASSUMPTION 3. Oy is the mesh of Chebyshev zeros [43].
Subsequently, Hy: CH — C is defined as

Hy = By My, N > N.

3.2. Invertibility of M. We consider the Lagrange polynomial basis relevant
to On, {¢;}Y,, and define the prolongation operator

N
Pn_1: (CdN —YNn_1 C YF, Pn_ 1D = Z&(I)Z,
i=1

where @ := (®q;...;Py). Note that

)

RaPn-1=TI¢an, Pn_1Rn = Ln-1,

where Lny_1: Y — Yy_1 is the Lagrange interpolation operator relevant to © .
Then, we observe that My is invertible if and only if, for every Z € C?V, there
exists a unique ¥ € C*V such that

(3.1) Mp¥ =Z.
In this case, let ¥n = Py y¥. From ¥y = Voo, (2.7) and (3.1), we get

RNMPoNT =RN(Zy — W)Yy =E,
and by applying Pn_1, since ¥ = Ly_1¢, we obtain
(3.2) (Zy — LN W)y = Pn_1E.

Now, we prove that My is invertible by showing that (3.2) has a unique polynomial
solution v}y in X.

LEMMA 3.1. Under Assumption 3, we have that
(3.3) (Zx —Ly-W) = (Zx —W)|lx.x =0, N — oo.

Moreover, there exists a positive integer N such that, for every integer N > N,
Ix — Ln_1W is invertible and

(34) @x = L) ox < 2@ =)l k-
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Finally, My : CN — CN s invertible for every integer N > N with inverse
(3.5) MY =RaVo (Ix — Ln—1W) " Pr_1.
Proof. We use a proof technique similar to [10, Chapter 5]. Let us observe that
Ix —LNn-W=(Ix -W)+ (Ix —Ln-1)W.

Now, since Range(W) C Y and W: X — Y is bounded, Assumption 3 guarantees
that there exists a positive constant C independent of N such that [35, Theorem 1]

log N
N
This gives (3.3). Then, the Banach perturbation Lemma [29, p. 142, Theorem 10.1]

ensures that there exists N € N such that Zy — Ly_1W is invertible in X and (3.4)
holds for every integer N > N. Finally, (3.5) follows from (3.1) and (3.2). |

Note that, if & = Ry¢, for £ € Y, then the unique polynomial solution %, of (3.2)
is given by ¢ = (Ix — Ly_1W) 1T Ly_1€. Hence, by introducing the operator
M7 Y — Yy defined as

(3.6) || (Ix—ACNfl)WHXHX <C- HW||Y<—X' — 0, N — .

(3.7) My = Vo(Tx — Ly W) T Ly -1,
we have ¥y = ./T/l\ﬁ% , and the following diagram commutes.
Y My Yo

JLN-1 Vo
X

(IX — [,N_1W)_1

4. Convergence analysis. In this section, we investigate the convergence of
the eigenvalues (and the corresponding eigenvectors) of Hy to those of H via the
spectral approximation theory of [12]. To this aim, let us define the operator

ﬁN = PN_1HNRNZ Y — Y,

which has the same nonzero eigenvalues with the same geometric and partial multi-
plicities of Hx [9, Proposition 4.1]. Then, since Hy — H is compact for every N > N
thanks to Corollary 2.2, it is sufficient to show that [12, p. 498]

(4.1) IHy — Hllyey =0, N — .
From (3.7), we have that LO,N/T/l\;,l = M\J_\,l, hence we can write
Hy = Ly 1BMF,
and
Hy —H=(Ln_1 —Ty)BMy =M™+ (Ly_1 — Ty)BM ™+ B(Mz = M),

Thus, in order to prove the convergence of Hy to H, we need to investigate the
behavior of (Ly_1 —Zy)B and M&l — M 1as N — oo
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4.1. Convergence in norm of ’ﬁN to H.

LEMMA 4.1. Let Assumption 3 hold. Then
M3 = M lypey =0, N = oo
Proof. Observe that, from (2.8) and (3.7), we can write /T/l\;,l — M1 as

(4.2) My =M =V[(Tx — Ly W) T (Ln—1 — Ty))]
+Vo[((Zx — Ly—W) ™' = (Zx = W) 1) J1.

Simple computations show that
(4.4) (Ix—Ln W) ' =(Tx—W)"t = (Tx—Ln W) YLy 1—Tx)W(Tx-W)" L.

Hence, from (2.10) and (3.4), we get

(4.5) 1My = M ypey < CLIT (L1 — Ty) | xey
alC?
(4.6) + 5 l(Ln-1 —Zx)W|xx,

where Oy = 2||(Zx — W) !{|xx. The term in (4.6) tends to zero as N — oo thanks
0 (3.6). As for the term on the right-hand side of (4.5), Assumption 3 ensures that
there exists a positive constant Cs independent of N such that [35, Theorem 1]

log N
N

IT(Ln—1—Ty)llxey < Co- -0, N — .

This completes the proof. 0
Now, in order to prove (4.1), we make the following assumption.

ASSUMPTION 4. BT (-, a) € C([0,a'],R¥*?) for almost all o € [0,al].

THEOREM 4.2. Let Assumption 3 and Assumption 4 hold. Then

||7qN — H”YeY — 07 N — .

Proof. Let us observe that

(4.7) [Hy — Hllyey < I(En-1 = Iy)Bly ey, - My — M lypey
+[(Lv-1 — Iy)BM My v
(4.9) +Blly v - IM = M7 lypey.

The term in (4.9) tends to zero as N — oo thanks to Lemma 4.1. As for (4.7) and
(4.8), let us recall that for every ¢ € Yy we have

(4.10)  [[(Lx—1—Iyv)BYlly = |[(Ln-1 — Ty)BY),_y|ca + || (En—1 — Iy)BY)'|| -

The first term on the right-hand side of (4.10) tends to zero as N — oo since BYy C Y
ensures the convergence of the Lagrange interpolation at the Chebyshev zeros in the
infinite-norm [30, Theorem 1]. As for the second term, Assumption 4 guarantees
that (By)" € C(]0,a'],C%). Thus, by applying [39, Theorem 1 and Corollary], which
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establish the convergence of the derivative of Lagrange interpolation at the Chebyshev
zeros in the X-norm, we get

I(£n-1BY) = (BY) | x =0, N —o0.

[29, Theorem 10.6] states that if {Ax}nyen is a pointwise convergent sequence of
bounded linear operators Ay : Yy — Y with limit operator A: Yy - Y, and £: YV —
Yy is compact, then ||[(Axy — A)K|ly—y — 0 as N — co. Applying this theorem with
Anx =Ly 1B, A= Band K = M~ we conclude that (4.8) tends to zero as N — oco.

Finally, from the uniform boundedness principle [11, p. 32, Theorem 2.2], we get

(4.11) sup ||(£N—1 *Iy)BHY(_yO < +00.
NeN
Hence, (4.7) tends to zero as N — oo thanks to Lemma 4.1. 0

4.2. Convergence of eigenvalues and eigenspaces.

THEOREM 4.3. Let Assumption 3 and Assumption 4 hold. Let A € C be an
isolated nonzero eigenvalue of H with finite algebraic multiplicity m and ascent I and
let A be a neighborhood of A such that X is the sole eigenvalue of H in A. Then there
ezists N such that, for N > N, Hy has in A ezactly m eigenvalues An i, i = 1,...,m,
counting their multiplicities. Moreover,

max Ani— Al = O(s}v/l)

i=1,..., m

where
(4.12) EN = ||’7QN — ,HHY<—GA
and G is the generalized eigenspace of . Finally, for anyi=1,...,m and for any

eigenfunction Yy ; of Hy relevant to Ay, such that ||Ynlly =1, we have
dist(1hy ., ker(AZy — H)) = O(e\/Y),

where dist is the distance in the space Y between an element and a subspace.
Proof. The claim follows by applying [12, Proposition 2.3 and Proposition 4.1].0

Now, we complete the analysis with error bounds under each of the following regularity
conditions.

ASSUMPTION 5.

(i) BT, B~ € Wo([0,al]?,R¥*?) and § € W*>([0,at],R*?) for some integer

s>1,

(i) B+,87 € C=([0,a'?,R¥*%) and § € C>=([0, a’], R4*?),

(i4) BT,87,8 are real analytic.

COROLLARY 4.4. Let A, An,;, it = 1,...,m, ey, and G be as in Theorem 4.3,
and let Assumption 3 and Assumption 5 hold. Then ey = O(pn), where

N—*log N wunder Assumption 5 (i),
pN =< N "log N for every integer r > 1 under Assumption 5 (ii),
p~Nlog N  for some constant p > 1 under Assumption 5 (iii).
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Proof. Since the generalized eigenspace G has finite dimension m, it is enough
to show that ||[(Hy — H)Uailly = O(pw) for all i = 1,...,m, where {¢;}7, is a
basis of Gy. Then the claim will follow by proceeding as in the proof of [8, Proposition
4.9]. For ¢y € {¢x;}", from (3.4), (4.2)-(4.4), (4.7)-(4.9) and (4.11), we have

(4.13) [(Hy — H)ally < C(1T (L1 — Iy)allx

(4.14) F[(Ln-1 = Ix)W(Tx = W) ullx)
(4.15) + 1(Ln—1 = Ty )Y Hally,

where

O = 2|(Tx -~ W) xex (?‘V“% 1(Cx-1 — Ty)Blly v, + ||B||mo) .
c

Moreover, for T € {Zy , H,W(Zx — W)~ 1T}, we have
(1) T(Gy) C Wsth>2([0,a'],C%) under Assumption 5 (i),
(i) T(Gy) C C>=([0,a'],C%) under Assumption 5 (ii),
(#i) T(Gy) consists of real analytic functions under Assumption 5 (4ii).
Hence, we can bound the term on the right-hand side of (4.13) as follows

IT(Ln-1—Ty)allx < a'(En-1 =Ty )¥allo,
and, from Jackson’s type theorems [37, Section 1.1.2], [43, Chapters 7 and 8] we get

[(Ln-1 =Ty )¥rllo £ O((1+ An-1)ENn-1(12)) = O(pn),

where Ay_; is the Lebesgue constant relevant to Oy, that under Assumption 3 is
O (log N), and En_1(%y) is the best uniform approximation error of ¢ in the space
of polynomials of degree at most N — 1. The term in (4.14) can be bounded as

I(Ly-1—IZx)W(Zx — W) 'llx < a[[(Ly-1 = Ty)WV(Ix — W) 'ha oo
which, in turn, can be bounded as

[(Ln-1 =Ty )W(Zx = W) allee <O ((1+ An—1)En 1V (Tx — W) '4n))
= O(pn).

Finally, the term in (4.15) can be bounded as
I(Ln—1 =Ty ) Hally < [(En-1 = Ty Y HOs o + @ [[(En1 — Ty )HYN)'||
For these, from [37, Section 1.1.2] and [43, Chapters 7 and 8] we get
[(Lv-1—Zy)HYalloo = O (1 + An—1)En—1(Hr)) = O(pn),
and, from [34, p. 269, Theorem 4.2.11] we get

[((Ln—1 =Ty )YHYA) |0 = O (L + Av—1)Ex—2 (H¥A)')) = O(pn). o

oo’

Remark 4.5. One can show that, under Assumption 5 (%), the convergence of
Ry = p(Hp) to the true reproduction number R gains one order compared to py,
i.e., it has order O((N~(+1log N)/!). In fact, using the birth operator B and the
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transition operator M, we can consider the compact operator M~1B :Y — D(M),
whose nonzero eigenvalues \ coincide with those of H and have the same algebraic mul-
tiplicities and ascents. The eigenfunctions ¢y of M~1B (corresponding to \) belong
to D(M) and satisfy ¢y = M~1y, where 9y are the corresponding eigenfunctions
of H. The reproduction number R is also the spectral radius of M~1'B, providing an
alternative way to approximate it through the spectral radius of the matrix M&l Bn.
It is easy to see that the matrices /\/l]_le ~ and B NM]_Vl are similar, hence they have
the same eigenvalues for every N > 1. The convergence analysis can be carried out as
before. The operator PN,OMR,IBN’RN 1Y — Yy n has the same nonzero eigenvalues
with the same geometric and partial multiplicities of M]Ql By [9, Proposition 4.1], and
from (3.7) it can be expressed as /T/l\x,lBﬂN,o. Moreover, since Range(ﬂj}l) C Yo,n,
/(/l\]_leE ~,0 has the same nonzero eigenvalues with the same geometric and partial
multiplicities, and the same eigenfunctions as the operator M\J_\,lB [9, Proposition
4.3]. The norm convergence of ./(/l\]_\,lB to M1 easily follows from Lemma 4.1, and
an analogous of Theorem 4.3 can be derived. The main difference is that, since the
convergence order of the approximation error of the eigenvalue A is driven by the
interpolation error of M~!Byp,, which under Assumption 5 (i) has one more degree
of smoothness compared to Hiy, we get that |R — Ry| = O((N~¢+ log N)V/1).
Example 1 in section 6 illustrates this behavior.

5. Implementation issues. Here we give an explicit description of the entries
of the matrices By and My. For the sake of simplicity, we restrict to the case d = 1.

Thanks to the cardinal property of the Lagrange polynomials ({y ;(a;) = dij,
i,j =0,...,N, where ¢;; is Kronecker’s Delta), it is easy to see that the entries of
the matrices are explicitly given by

a; aT
(1) (By)y = / [ (¢t (o) daac
a’r
+/ b ()6 j(a) da, i,j=1,...N,
0

and

(52 (My)y = b, (a) - / " 5(a)th () dar
_ / / " B¢ a)lh (o) dadc
0 0

+/0 b~ (a)lp ;(a) da, i,j=1,...N.

When the integrals in (5.1) and (5.2) cannot be computed analytically, we approx-
imate them via a quadrature formula. For the integrals in [0, a!], we use the Fejer’s
first rule quadrature formula [48], and for the integrals in [0,q,], ¢ = 1,..., N, we
use the quadrature weights given by the i-th row of the inverse of the differentiation
matrix [18]

(DN)” = %vj(al-), ’L,j:].,,N

In this case, the bounds in Corollary 4.4 are preserved under the following regularity
conditions (see [14, p. 85] and [42]).
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ASSUMPTION 6.

(i) b*, b= € W*>=([0,a!],R¥*?) for some integer s > 1,
(ii) b+, b~ € C([0,al], RY<9),
(71) b*,b™ are real analytic.

In the presence of discontinuities in the model coefficients or in their derivatives,
a piecewise approach can be used. In this case, one may choose as discretization
points either the Chebyshev zeros extended with the left endpoint, or, to simplify
the implementation, the Chebyshev extremal nodes [34, 42, 43]. In the latter case,
to approximate the integrals in [0,af] we use the Clenshaw—Curtis quadrature for-
mula [13]. Note that the MATLAB demos available at http://cdlab.uniud.it/software
used to make all the tests in section 6 implement these piecewise alternatives.

6. Numerical results. In this section, we apply the numerical method to some
instances of (2.1) to experimentally validate the theoretical results in section 4. In
particular, we aim to illustrate the link between the convergence order of the numer-
ical approximation Ry of R and the approximation error of the relevant eigenspaces
(see Theorem 4.3 and Remark 4.5). The latter depends on the regularity of the
(generalized) eigenfunctions through the smoothness of the model parameters, see
Corollary 4.4 and Remark 4.5. Thus, the first two examples are constructed to have
explicit expressions for R and the associated eigenfunctions. Both examples are scalar
and represent the linearized equation for the infected individuals around the disease-
free equilibrium. The first example is structured by demographic age (without vertical
transmission), whereas the second one is structured by infection age, where the in-
fection process is described by a boundary condition, to analyze the effect of the
quadrature error. As final example we propose a three-dimensional model structured
by demographic age, with horizontal and vertical transmission, and with piecewise
C° coefficients estimated from real data. In this case, analytic expressions for R and
the relevant eigenfunctions are not available. Hence, the errors are computed with
respect to reference values (obtained with N = 120). In all these examples, we com-
pare the approximation errors of R by using either the N Chebyshev zeros extended
with the left endpoint or the N + 1 Chebyshev extrema.

Ezample 1. Motivated by the Susceptible-Infected-Removed (SIR) model struc-
tured by demographic age without vertical transmission (see [24, Chapter VI] and [27,
Chapter 6]), we consider the model (2.1) with d = 1, and parameters

Blaa) = q(@)(a’ —a).  H@)=0, (@)=,

where af,y > 0, ¢ is a given nonnegative function and, for any choice of ¢,

1

c::/ (aT—a)/ e "= g(a) dada.
0 0

With this choice of parameters, the basic reproduction number is exactly Ry = 1,
and is obtained in our framework by taking 3t = 3, 3~ = 0 and b™ = b~ = 0.
‘H is a rank-one operator and the eigenfunction relevant to R = Ry is explicitly
known: (a) = [, q(s)ds, a € [0,a]. Moreover, with reference to Remark 4.5,
o(a) = (M) (a) = foa e~ 7@~ (a) da, a € [0, al].

Figure 1 and Figure 2 show, for increasing N, the errors |R — Ry| and |(H —
GQN)w‘a:O|C4+H((H—7-A[N)1/))’||OO, which gives a bound to e in (4.12), with o’ = v = 1,
and for three different choices of ¢, namely g(a) = e~ 2 (analytic, Figure 1, left),


http://cdlab.uniud.it/software

14 S. DE REGGI, F. SCARABEL AND R. VERMIGLIO

qla) = e @0 (5 0.5)"*X[0.5,a1)(a) (C>, Figure 1, right) and g(a) = (0.5 —
a)?|0.5 — a| (W3°° Figure 2). The infinite norm is estimated by computing the
maximum absolute value over a mesh of 10* equidistant points in [0, af].

In Figure 1, we observe infinite convergence order, being the relevant eigenfunction
1) either analytic or C°°, confirming the validity of Corollary 4.4 under Assumption 5
(ii) and (4ii), respectively. Figure 2 shows order 4 for the approximation error of R
(left and right), order 3 for |(H — Hn)t|,_o|ct + | (H — Hn)¥) ||oo (left), and order

4 for the error ||(M — /(/l\;\,l)Bgo)'Hoo (right), in accordance with Remark 4.5. Note
that, in all the three cases, the behavior of the approximation error for the Chebyshev
extrema is similar to that of the Chebyshev zeros extended with the left endpoint.

Figure 3 illustrates how the behavior of the approximation error of R depends
on the magnitude of the recovery rate v and on the length of the age interval af. In
particular, we observe that, in the case of large values of v or af, a larger number
of points N is required to obtain small approximation errors. This can be explained
from the fact that the approximation error is related to the interpolation error on the
exponential function e~7® in the operator M !, which depends on the derivative of
the function (whose norm increases with v) and on the length of the interval. For
large age intervals, the approximation error can be reduced by resorting to a piecewise
approach, splitting the age-interval in smaller regions. As an example, in Figure 4 we
illustrate the results obtained with the piecewise version of the method for the case
a’ = 30 and v = 100. Therein, we split the age interval in 6 sub-intervals, and we use
a polynomial of degree N in each of them. Note the different behavior between the
case of odd and even Chebyshev zeros.

Remark 6.1. In real-world applications, both a and v may be large. For instance:
in a model for human populations structured by demographic age, a' is typically
assumed to be equal or larger than 75 (yr), while in epidemiology v could be assumed
to be larger than 30 (yr—!) for diseases that last less than 10 days on average. See
for instance [1] or Example 3.

Ezxample 2. We consider an SIR model where infected individuals are structured
by infection age, see for example [24, Chapter 7]. The linearized equation for the
infected individuals around the disease-free equilibrium can be recast as (2.1) by
taking d = 1, 8(a,) = 0 and d(a) = —v, for v > 0. In the following, we do not
consider the presence of control measures.

To investigate the convergence of our method, we consider the following explicit
expression for the basic reproduction number Ry [27, Section 5.3]:

ot
(6.1) Roz/ B(a)e™ Jo 1@ daqq,
0

We take a' = 14, and b and ~ such that b(a)e™7® = T'(k,6)(a), where T'(k,6) is a
truncated Gamma density function with shape parameter k > 0 and scale parameter
§ > 0, normalized in the interval [0,a'] [15, Section 4.1]. In particular we take
b(a) = ca®, v = 1/0, and 6 = 0.25, where ¢ := ||T'(k,0)|y". For this choice, from
(6.1), we get that Rp = 1. In our framework, we take b+ = b and b~ = 0. The
relevant eigenfunction is constant.

Figure 5 shows the behavior of the approximation error of R = Ry for k = 2 and
k = m, see [38, Table 1]. The method converges with infinite order for k£ = 2, i.e.,
when b is of class C*°. Finite convergence order is observed for k = 7, i.e., when b”
has a pole in @ = 0. This illustrates how the quadrature errors affect the convergence
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FiG. 1. Ezample 1 with q(a) = e 2% (analytic, left) and q(a) = e~ (2=0.572 (z —

0.5)’2)([0‘5’@”((1) (C>, right), with a¥ = v = 1. Log-log plot for increasing N of the approzi-
mation error of R (white dots for the N +1 Chebyshev extrema and gray dots for the N Chebyshev
zeros extended with the left endpoint) and the error |(H _ﬁN)w‘a=0 lca + II((H — HN)Y) |loo for the
discretization at the Chebyshev zeros extended with the left endpoint (black dots). Infinite order of
convergence is observed in both panels, in agreement with Corollary 4.4.

W3,oc
10° T = = —
& |[(H = H)¥la=olea + I((H — Hn)¥) |l (M~ — MHBY) [l
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Fic. 2. Ezample 1 with q(a) = (0.5 — a)?|0.5 — a] (W) and at = v = 1. Left panel: log-log
plot for increasing N of the approzimation error of R (white dots for the N +1 Chebyshev extrema
and gray dots for the N Chebyshev zeros extended with the left endpoint) computed as p(Hn), and
the error [(H — 7—A1N)¢|a:0|cd + [[(H — HN)Y)' | for the discretization at the Chebyshev zeros
extended with the left endpoint (black dots). Convergence of order 4 and order 3 is observed for
IR — Ryn| and |(H — ﬁNWla:o\cd + 1((H = Hn)¥) |lco, Tespectively. Right panel: log-log plot for
increasing N of the approzimation error of R (white dots for the N + 1 Chebyshev extrema and
gray dots for the N Chebyshev zeros extended with the left endpoint) computed as p(./\/l;\,lBN), and
the error ||(M — ./\//T;\,l)qu)’Hoo for the discretization at the Chebyshev zeros extended with the left
endpoint. Convergence of order 4 is observed for all the errors, in agreement with Remark 4.5. The
dashed lines have slope —4, while the solid line has slope —3.
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FIG. 3. Ezample 1 with q(a) = e~2%. Log-log plot for increasing N of the approzimation error
of R (white dots for the N+1 Chebyshev extrema and gray dots for the N Chebyshev zeros extended
with the left endpoint) varying al and ~.

Piecewise, a' = 30, v = 100

100 — T T T T
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FIG. 4. Ezample 1 with q(a) = e~2%, at =30 and v = 100. Log-log plot for increasing N of the
piecewise approzimation error of R (white dots for the N+1 Chebyshev extrema, gray and black dots
for the N Chebyshev zeros extended with the left endpoint with N even and N odd, respectively).
Note the different behavior of the error for odd and even N for the Chebyshev zeros.
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Fic. 5. Ezample 2. Log-log plot of the approzimation error for increasing N of R =1 (white
dots for the N 4+ 1 Chebyshev extrema and gray dots for the N Chebyshev zeros extended with the
left endpoint), for k =2 (left) and k = 7 (right). The slope of the dashed line is —6.5.

order on R, even in the case of a constant eigenfunction. As pointed out in [38], in
this case the order of convergence can be improved by computing the integrals, for
example, with the MATLAB built-in integral function.

Ezample 3. We consider a model inspired by [49, 50] for the spread of Hepati-
tis B (HBV) in China, and we refer to [33] for a recent review of other models of
the literature. Let S(¢,a), L(t,a), I(t,a), C(t,a), R(t,a) and V(t,a) denote the den-
sity of individuals that are susceptible, latent (infected but not infectious), acutely
infected, chronically infected, recovered, and vaccinated, respectively, at time ¢ > 0
and demographic age a € [0,a']. The model reads

Il
Q
™~
—
T~
s
S—

I
=
—~
S
S~—
+
2
=
S—
=

for t > 0 and a € [0,a'], with boundary conditions [19]

S(t,0) 9/ f(a) (P(t,a) — q11(t,a) — ¢2C(t,a)) da

L(t,0)=0 / £(@) (@ 1(t ) + 2C(t, a)) da

V(t,0)=(1-6 /f

I(,0) = ,0) =0,
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for ¢ > 0, where [19, 47]

(t, ) + eC(t, @) d
fo(ﬂ P(t,a)da

a,

Mt,a) = /0 (o, 0)2

and P:= S+ L+ 1+ R+ V +C. Here, p is the natural mortality rate (yr—1), f is
the per capita birth rate (yr—1), k is the per capita transmission rate (yr=1), € is the
relative transmission rate of chronic carriers, o is the rate of moving from latent to
infectious phase (yr=!), 1 is the rate of moving from acute infection to recovered or
chronic (yr=!), p is the probability of becoming chronic instead of recovering, 7z is
the recovery rate of chronic infection (yr=!), v is the per capita vaccination rate of
individuals of age a > 0 (yr~!), w is the rate of waning of vaccine-induced immunity
(yr71), q1 and go are the fractions of perinatally infected from individuals in the
acute and chronic phase, respectively, and 6 is the fraction of failed vaccinations at
birth. We assume that the host population is at a demographic steady state, i.e.,

A
Jy f(@)(a)da = 1 holds for II(a) = exp(— [ u(€)d¢), and that it has already
attained the stationary age density

G/T -1
P(t,a) = P*(a) = PyII(a) (/ I1(€) dg) ., ac|o,d],

0
for some Py > 0 [27, Chapter 8]. Then, by defining s := S/P,l:=L/P,i:=1/P,c:=
C/P, r = R/P, and v := V/P, the resulting model has the disease-free equilibrium
(s*,1*,i*,c*,r*,v*) = (s%,0,0,0,0,1 — s*), where

8*(@) _ ee—wa—fo‘l v(a)da + w/ e—w(a—s)—f: v(a) da ds, = [07 aT]
0

Observe that, in the absence of vaccination (v = 0 and 6 = 1), we have s* = 1. The
linearized equations for the infected individuals around the disease-free equilibrium
read

+

Di(t,a) = s*(a) /Ua k(a,a)(i(t, a) + ec(t, @) da — ol(t, a),
Di(t,a) =ol(t,a) — 1i(t,a),

De(t,a) =pla)ni(t,a) — v2(a)c(t, a),

(6.2 i
1(£,0) =9/0 f(a)(a) (qui(t, a) + ga¢(t, a)) da,
i(t,0) =0,
c(t,0) =0,

for t > 0, a € [0,af], where k(a,q) = I%(a,a)l‘[(a)(foaT II(¢) d€). (6.2) can be recast
as (2.1) by taking

B(a,a) = s*(a)k(a, a)

o O O

1
0
0

oo o
o o

0], blo) =of(@I@
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TABLE 1
Age-specific forces of infection \;’s (yr—') derived from [{9], and corresponding k;’s defining
the entries of the WAIFW, fori=1,...,7.

Age class (years) | 0—2 3-—-5 6-—9 10—14 15—29 30—49 50-—175
i (assumed) 0.112  0.079  0.049 0.024 0.006 0.013 0.008
k; (computed) 1.070  0.607 0.338 0.149 0.027 0.068 0.041

and

—0 0 0
0(a)=1| o -M 0
0 pla)y -

For this model, we can compute three reproduction numbers: the basic reproduction
number Ry, for 37 = 8, 8~ = 0, b" = b, b~ = 0; the type reproduction number
for horizontal transmission Ty, for 37 = 3, 3~ =0, b™ = 0, b~ = b; and the type
reproduction number for vertical transmission Ty, for 3% = 0, = = 3, bT = b,
b—=0.

Following [19, 49, 50], we assume af = 75, Il = 1, ¢ = 0.16, ¢ = 6, 71 = 4,
v2 = 0.025, w = 0.1, ¢y = 0.711, g2 = 0.109,

p(a) = 0.176501 exp(—0.787711a) + 0.02116, a € 0,al],

f(a) = 0.018x[15 411 (a) for a € [0,a'], and we vary v, 6 in [0,1]. As for k, we estimate
it from real data. In [49, Formula 2] the authors give the following form of the force
of infection

0.13074116 —1.362531 - 10~2a
(6.3)  Aa) = +4.6463 - 10~ *a® — 4.89-107 %3, a € [0,47.5],

A(47.5), a € (47.5,a'],

which was estimated from serological data by applying the procedure described in [21].
Here, in order to estimate k, we assume that it is piecewise constant among different
age-groups, i.e.,

k(a,a) = kija for (a,a) S [di_l,ai) X [C_lj_h(_lj), Z,j = ]., .. .,7,

where the age groups are listed in Table 1. This gives us a Who Acquires Infection
From Whom (WAIFW) matrix (k;;); j=1,..7, which can be estimated by applying
the procedure of [2, Appendix A].} For doing this, we need to assume a particular
form for the WAIFW matrix (otherwise the estimation problem is over-determined).
Here we chose the one described in [19, Table II] and we refer to [2, Appendix A]
for other possible choices. More in detail, (k;j); j=1,...,7 is assumed to be symmetric
with elements k;; = k; for i > j. Then, in order to simplify the estimation of k, we
take the mean values among different age-intervals of the age-specific force of infection
in (6.3), see Table 1. The age groups are chosen by merging the original age-group
division considered in [49], so that the piecewise force of infection captures the main
geometrical features of (6.3).

1We estimate k by using 71 as recovery parameter and by neglecting, in first approximation, the
role of chronic carriers in the transmission pattern.
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Fi1Gc. 6. Ezample 8. Log-log plot of the absolute approximation errors for increasing N of Ro
(left), T (center) and Ty (right), with v = 0.1 and 0 = 0.59 (white dots for the N +1 Chebyshev
extrema and gray dots for the N Chebyshev zeros extended with the left endpoint). The reference
values Ry =~ 1.048182936983250, Ty =~ 1.004493064088357, and Ty =~ 2.765546573797665, are
obtained with N = 120.
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Fic. 7. Ezample 3. R as a function of v and 0, with black line indicating Ro = 1 (left) and
relevant level curves (right) computed with N = 50.

Figure 6 shows that the approximating reproduction numbers converge with in-
finite order, although N 2 20 nodes in each sub-interval are required to appreciate
this behavior. This can be explained by the fact that, even though we are using a
piecewise approach here, some of the age sub-intervals are large, as already discussed
in Example 1.

Figure 7 shows a practical application of the method. Therein, the behavior
of Ry as a function of the fraction of failed vaccinations at birth # and the per-
capita vaccination rate v is investigated. This shows that, even in the presence of
vaccination, a large fraction of failed vaccinations at birth could lead to the spread of
the epidemic, while this could be prevented for larger values of v. Let us note that
this result extends the one presented in [50, Figure 3|, where the behavior of Ry is
investigated by neglecting the effect of vertical transmission.
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