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1. Introduction

Radiotherapy - or radiation therapy - is generally used as part of cancer treatment. It uses ionizing (high-energy) radiation aiming
at controlling or killing malignant cells, as a curative procedure or as part of adjuvant therapy. Radiation therapy can also damage
normal cells, leading to side effects. For efficient treatment, radiation beams should precisely target the tumor site while sparing as
much as possible the normal tissues. These include the vicinity of the tumor and the skin or organs that radiation must pass through
to treat it (the so-called organs at risk). Although internal radiation therapy treatments are currently widespread and are considered
routine, there is still room for related innovative developments. In particular, the precision of the irradiation might sometimes be
improved.

Brachytherapy - sometimes named curietherapy - is a form of internal radiotherapy. It refers to a short distance (brachys in Greek)
treatment of cancer with radiation from small, encapsulated radionuclide sources. Brachytherapy uses sealed radioactive sources
(also called seeds) to deliver a high dose to tissues near the source. It is characterized by strong dose gradients, i.e., the dose becomes
negligible in a very short distance from the source (about 10% per mm) [1] directly into or near the volume to be treated. The dose
is then continuously delivered, either over a short period of time (temporary implants) or over the lifetime of the source to complete
decay (permanent implants). There are many different techniques and sources available. Brachytherapy is commonly and effectively
used for cervix, prostate, breast, and skin cancer. It can also be used to treat tumors in many other sites in the body.

We focus on High Dose Rate (HDR) implants. HDR brachytherapy is a form of internal radiation that temporarily exposes abnormal
tissue to a large amount of radiation. The most common applications of HDR brachytherapy are in tumours of the cervix, esophagus,
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lungs, breasts and prostate. Under Computed Tomography (CT) and Fluoroscopy guidance, one end of a catheter is inserted, with
a bronchoscope or a needle, into or next to the tumor site. Its other end is connected to a computerized machine. This machine
passes a small radioactive metal seed through the catheter, which guides it to the tumor site. The seed is moved step by step through
the catheter in order to cover the whole tumor site. The time spent at each position - also known as dwell time - is used to control
the radiation dose received by each region of the tumor. At the end of a series of treatments, the catheter is removed, leaving no
radioactive seeds in the body. The overall effect of HDR brachytherapy is to deliver short and precise amounts of high-dose radiation
to a tumor while minimizing healthy tissue exposure.

One of the main drawbacks of the classical brachytherapy technique comes from the lack of precise modulation of the irradiation
field and thus of conformation to the shape of the tumor site. Indeed, currently, the modulation of the radiation source is done by
controlling the time spent at each position by the source along the catheter. The main problem is that, at any position, the irradiation is
uniform and can be represented as a cylinder surrounding the catheter. This shape does not always conform to the relative placement
of the tumor and the organs at risks (i.e., in the radiation field). We aim at studying the benefit of an innovative modulation technique
in brachytherapy using tunable shields (as done in external radiotherapy). This approach will allow accumulating both the temporal
modulation currently used and the shielding modulation. The aim is to provide treatment of better accuracy by adapting more
precisely to the tumor shape. In the following, we consider a technique for modulating a unique radioactive source using a gear
inspired by external radiotherapy. The use of shields will allow to preserve, for a given position along the catheter, some part of the
surrounding area.

The Rotating Shield Brachytherapy (RSBT) was conceptually proposed by Ebert in [2] . In RSBT the dose is delivered through a
partially shielded radiation source in an optimized step-shot fashion (as done in classical brachytherapy treatment) to improve tumor
dose conformity. The intensity of radiation is modulated by the amount of time the shield is pointed in a given direction. Modern
intensity-modulated brachytherapy (IMBT) or direction-modulated brachytherapy (DMBT) refers to HDR brachytherapy with dynamic
shielding to shape the dose distribution. Techniques like Rotating Shield Brachytherapy (RSBT) for cervical or prostate cancer and
other sector-based shielding methods have been actively studied over the past decade. Yang et al. [3] introduced the RSBT concept
for cervical cancer, using a partially shielded source that rotates within a special applicator to spare organs-at-risk while treating the
target. Liu et al. [4] developed a “rapid emission angle selection” method to discretize and select optimal shield angles for RSBT,
reducing the problem size by focusing on a limited set of emission directions that still achieve a good dose distribution. Liu et al. [5]
proposed an asymmetric dose-volume optimization with smoothness control, which added penalties to keep neighboring dwell angles
at similar intensities (dwell times). This smoothness constraint improves deliverability by avoiding extreme modulation between
adjacent angles. Researchers have generalized shield modulation to other designs. Liu et al. [6] presented paddle-based RSBT (P-
RSBT), a novel system using a miniature multileaf collimator (“paddles”) around an electronic source. In P-RSBT, small tungsten leaves
can retract to form variable emission windows (sectors) around the source, and the entire shield assembly can rotate (a conceptual
design of a P-RSBT applicator can be seen in Fig. 1).The authors integrated a time constraint and “rotation stride” (discrete angle
increment) into the optimization so that only a limited number of shield configurations are used, addressing the trade-off between
dose quality and treatment time . Their planning was done with a custom inverse planning method (an asymmetric dose-volume
constrained optimizer with smoothness regularization) and demonstrated that dynamic sector-based shielding could significantly
escalate tumor dose before organ-at-risk limits are reached. Similarly, Webster et al. [7] explored a grooved shielding applicator
for endorectal HDR brachytherapy, where channels in the applicator provided directional attenuation. They later demonstrated a
dynamic modulation approach (termed DMBT) for rectal cancer, using a motorized rotation of the shielded applicator to achieve
dose conformality improvements over conventional plans. These studies collectively showed that incorporating shields (whether
continuously rotating or discrete sectors) can markedly improve target coverage and OAR sparing - e.g. dose to organs-at-risk reduced
by 5-68% and target coverage improved by 19-72% in various IMBT implementations.

Introducing shield orientation as a decision variable transforms brachytherapy planning into a high-dimensional combinatorial
optimization problem. Each dwell position may have multiple possible shield configurations (e.g. discrete angles or sector patterns),
effectively creating a large mixed discrete-continuous search space (continuous dwell times with discrete angle choices). Blin et
al. [8] formalized this problem in a paper titled “SOBRA - Shielding Optimization for BRAchytherapy”. They showed that even a
simplified version of deciding which shield orientations to use at each dwell (with a goal similar to a linear dose penalty objective)
is NP-complete. Intuitively, each dwell position can be seen as choosing from several binary mask settings (shield open or closed in
each direction), and if one also tries to minimize the number of distinct shield configurations (to limit time or mechanical changes),
it creates a complex combinatorial decision problem. Moreover, they provide approximation and quasi-polynomial algorithms for the
problem mentioned above.

These formal results underscore that shield-modulated brachytherapy planning is computationally challenging (likely intractable
in general), motivating the need for specialized optimization and heuristic approaches. To tackle the complexity, researchers have
developed a range of optimization and heuristic methods for HDR brachytherapy with shielding. A common approach is to formulate
the problem as a large-scale integer programming or mixed-integer programming (MIP) model - where binary variables might rep-
resent whether a particular shield orientation or segment is used, and continuous variables represent dwell times. Antaki et al. [9]
introduced a Fast Mixed-Integer Optimization (FMIO) method for HDR brachytherapy planning. Their algorithm was designed to
quickly solve the inverse planning problem with dose-volume constraints by exploiting problem structure. In a related study, Antaki
et al. [10] applied a column-generation technique to the intensity-modulated brachytherapy planning problem. Another line of work
has focused on faster continuous optimization once the discrete choices are fixed. Cho et al. [11] have developed convex optimization
techniques for a given set of shield orientations. In particular, Cho et al. [11] reported a fast dose optimization method for RSBT based
on the ADMM algorithm (using the Proximal Graph Solver, POGS) . By framing the inverse planning with dose-volume constraints

2



G. Blin, A. Micldus, S. Ordyniak et al. Theoretical Computer Science 1069 (2026) 115797

Catheter
Shield paddle

blades (retrac

Shield paddle
shafts

water cooling

catheter shield paddle

size wdyp

Baseline emission
angle dp

Fig. 1. A conceptual design of a P-RSBT applicator (a) 3D view. For the purpose of legibility, not all paddle shafts are drawn. (b) Cross-sectional
view.

as a convex problem, they achieved a solution ~ 18 x faster than a commercial MIP solver (CPLEX) with very similar dose metrics.
Beyond optimizing dwell times, researchers have also looked at geometric optimization in shielded brachytherapy. For example, Yi et
al. [12] addressed the problem of needle selection/placement in prostate RSBT. Their algorithm NEEPO (“NEEdle Position Optimiza-
tion”) starts with a fine “needle pool” and uses an iterative greedy removal strategy guided by a convex dose-optimization model. By
adding a sparsity-promoting regularization term, NEEPO gradually drops needles that contribute least to dose coverage, resulting in
plans that use fewer catheters while preserving the dosimetric gains of RSBT. This is an example of a tailored heuristic that addresses
a combinatorial aspect (choosing a subset of needle tracks) on top of the shielded dose optimization. Similarly, Famulari et al. [13]
and Robitaille et al. [14] developed an intermediate-energy (169-Yb) based RSBT system for prostate, which not only required new
source designs but also new planning algorithms. In their workflow, precomputed dose maps for a discrete set of shield angles (e.g.
16 angles at 22.5° intervals) at each dwell position are used. Then a fluence map optimization is performed: essentially a MIP that
picks the optimal dwell time at each dwell and each angle, subject to dose-volume constraints . They employed the above-mentioned
FMIO method to solve this integer problem, and even investigated a combination with greedy heuristics - for example, iteratively
removing unnecessary catheters to create less invasive plans while maintaining dosimetric quality. For more details see the survey
by Moren et al. [15].

2. Problems definition and notations

Considering each dwell position of the irradiation source (denoted I), our main objective is to deliver to each part of the surround-
ing volume its proper irradiation dose. For this purpose, we use a paddle-based shielding equipment P of K paddles (also referred as
sectors for ease) that can stop the radiation going through when they are not retracted. We consider the surrounding volume to be
treated as a circular volume of interest divided in N subvolumes.

Definition 2.1. We say a shield sector is:

e open, if the paddle is retracted, allowing radiation going through.
e close, if the paddle is in place and radiation stopped.

Definition 2.2. A treatment plan for a given dwell position is a sequence of T shield configurations ((P',z!), (P%,72),..., (PT,zT)),
where P’,1 <t <T, is a paddle configuration and 7’ it its dwell time.

Definition 2.3. Each paddle configuration is a binary string of length K, P' = p!p), ... pf,, where p/ represents the state (open or
closed) of the sector k of P'.

p= Vk, 1 <k <K.

0, if sector k is closed
1, if sector k is open
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Fig. 2. Relation between Pand D (K = 3, N = 6).

Definition 2.4. For each given step (P, z") in the treatment plan, a corresponding received dose D' by the surrounding volume is
defined as a string of integers of length N, D' = did} ... d} , where d, corresponds to the total irradiation time the subvolume n was
exposed during this step.

Definition 2.5. For a given treatment plan, the prescribed doses is a string of non-negative integers of length N, D =d, ... dy,
where d,, corresponds to the total irradiation time needed to achieve the right dose for the subvolume n.

Definition 2.6. For a given treatment plan, the total received doses is a string of integers of length N, D=d, ...dy, d, = Z dl,

Vn,1<n<N.

Definition 2.7. The number of (consecutive) patient volumes covered by each shield sector is denoted w = %
For simplicity, we assume that K divides N, so w is an integer.

Definition 2.8. Each shield sector p, is associated with D, = D[(k — 1) - w + 1, k - w] of length w.

The association between shield sectors and patient volumes is represented on an example in Fig. 2.

Informally, one may see P and D as circular strings, P placed inside D and representing a mask that can stop the radiation from
going through.

Let us consider the practical case where one is applying a given shielded configuration (represented by P) on a patient (represented
by D) for a given amount of time 7 (expressed in a given unit of time).

Definition 2.9. Let us denote D(P,7) =d|,...,dy the string of integers obtained by applying radiation for a time = to D through
the mask P.

Definition 2.10. For a mask P = p, ... pg,

0, denotes applying radiation
,,l:{ PPYINg Vi, 1<i<K

1, denotes no radiation
to the area D;.

Definition 2.11. For D(P,7) =d, ...dy,

7, if radiation is applied for a time = .
Vi,1<i<N.

0, if no radiation is applied

In other words, each patient volume associated to an open sector (represented by a 1) is irradiated 7 units of time, while volume
associated to a closed sector (represented by a 0) is left in its previous state.

One may consider several variants of the problem, depending on constraints and parameters. First of all, the shield configuration
can be considered as fixed or dynamic (one fixed mask or a minimal number of chosen masks) and provided with or without rotation
capabilities (this last property is not considered here). These properties are related to manufacturing purposes and constraints.

Moreover, we can consider allowing or not irradiation overdoses (d, > [f,,). Indeed, in practice, it is convenient to overdose a
tumor region while one should try to not overdose organ at risks regions.

From a combinatorial point of view, there are two parameters that alter the overall treatment time; namely, the sum of the
irradiation times and the number of configurations (as a transition between two configurations will require some time). In the
following, we consider variants of the problem based on the previous observations. In the first two variants, the input consists of M
shield configurations that are given and fixed. The goal is to decide what is the optimum amount of radiation that can be applied
when allowing or disallowing overdoses.
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Problem 2.1 (FIXMASKS). Given a prescribed dose represented as a string of non-negative integers D = d, ... dy and M fixed shield
N

configurations represented as binary strings (P!, P2, ..., PM), find a treatment plan ((P!,z'),..., (PT,77)) minimizing z |d, —d,l,

n=1
T

where d, = Z dl

t=1

While in FIXMASKS variant of the problem, (f,, —d, can be negative, that is overdoses are allowed, in FIXMASKs* variant, we
moreover impose that Vn < N , d, < zf,, - thus, forbidding overdoses. Moreover, we define the dual version of FIXMASKS ™' (in relation
to the objective function).

Problem 2.2 (DFIXMASKS ™). Given a prescribed dose represented as a string of non-negative integers D = d, ... dy and M fixed
N

shield configurations represented as binary strings (P!, P2, ..., PM), find a treatment plan ((P!,z'),..., (PT,z")) maximizing Z d,

n=1
T

where d, = Zd; andd, <d,,¥n, 1 <n<N.
=1
As mentioned previously, two different criteria can be optimized in such a treatment plan one would like to either achieve the
optimal difference between the prescribed dose and the actual total delivered dose using a minimal number of shield configurations
or given an upper bound on the number of shield configurations, achieving the minimum reachable difference.

Problem 2.3 (MINFIXMASKqpy). Given two non-negative integers K and diff and a string of integers D = d, ... dy (with N being a
N T
multiple of K) find a treatment plan ((P', z'), ..., (PT, ")) minimizing T such that Z |cf,, —d,| <diff, whered, = Z djl, Vn,1 <n<N.

n=1 t=1

Problem 2.4 (MINFIXMASKpounp)-  Given two non-negative integers K and T,,,, and a string of integers D = d; ... dy (with N being
N T

minimizing Z |d, — d,|, where d, = Zd:’, Vnl<n<N.

n=1 =1

amultiple of K) find a treatment plan (P!, 7!), ..., (PT,77T)), where T < T,

max

Similarly to FIXMASKS ™, in MINFIXMASKqpr © and MINFIXMASKgoynp - variants of the problem, we moreover impose that d, < d,,
Vn, 1 <n < N - thus, forbidding overdoses.

2.1. Our results

We show in Section 3, that the problems MINFIXMASKqpy, MINFIXMASKpoynp are NP-complete. In Section 4, we show that
FIXMASKs* is NP-complete and APX-hard. In Section 5, we prove that DFIXMASKS ' is NP-complete, FPT with parameter the number
of fixed shield configurations and present a polynomial %-approximation, an exponential %-approximation, where M is the number

of fixed shield configurations and an (1 — é) by exploiting the monotonicity and submodularity of the objective function. We show in
Section 6, that MINFIXMASKqpt, MINFIXMASKqpr *, MINFIXMASKpounp and MINFIXMASKpounp T can be solved in quasi-polynomial
time if d,,, is bounded by a polynomial in the number of prescribed doses, where d,,, is the maximum prescribed dose to a subvolume
of the patient. In the same section, we show that the problems MINFIXMASKopy and MinFixMasks} .. can be approximated in
polynomial time within a factor of logd,,,, of the optimum. We show, in Section 7, that the problems FIXMASK, FIXMASKS* with
M =1 and MINFIXMASKgqunp, MINFIXMASKpounp © With Ty, € {1, N} can be solved in polynomial time. Finally, in Section 8, we
present an experimental evaluation of MINFIXMASKpoyunp for w = 1, comparing a MILP-based approach with a greedy heuristic on

publicly available CT data.

3. Hardness of MINFIXMASKS problems

First of all, we notice that the decision versions of both problems are the same.

Problem 3.1 (MINFIXMASKS decision version). Given three non-negative integers K, diff, T,,,, and a string of integers D = d, ... d

N

(with N being a multiple of K) find a treatment plan ((P',z!),...,(PT,z7)), such that T < T, and 2 |d, —d,| < diff, where, d, =
n=1

T

Zd;,vn, 1<n<N.
=1

In the following, we prove that the previously mentioned problem is NP-complete. It implies that problems MINFIXMASKypr and
MINFIXMASKpounp are also NP-complete. In the following, let us simplify a bit the formulation of the problem since there is no
rotation allowed. Given a treatment plan (P!,7'),...,(PT,z")), since the paddle configuration is fixed, P! which is a binary word
can be seen as defining if a given paddle is open or not. In other words, P’ determines whether the corresponding dwell time 7' is
applied to a volume under each paddle or not. In the following, we will thus consider that a treatment plan corresponds to a set of

5



G. Blin, A. Micldus, S. Ordyniak et al. Theoretical Computer Science 1069 (2026) 115797

dwell time 7 and a function that determine for each volume under a paddle if the corresponding dwell time has to be applied. Let us
denote f : {1,...,%} X {1,...,|T|} = {true, false}, where

FGd) true, if the dwell time 7/ is applied to a volume under the i** paddle
i,j)=
J false, otherwise

We use a reduction from the NP-complete problem MONOTONE 1-3 SAT [16]: Given a boolean formula ¢ = {c,¢,,....c,} in
3-CNF of m clauses built on a set V' = {v, v,,...,v,} of n variables such that every clause contains only unnegated literals, does there
exist a truth assignment on V satisfying ¢ such that each clause is satisfied by exactly one of its three literals.

Given an instance (¢, V') of the MONOTONE 1-3 SAT problem, we build an instance of our problem as follows. Let g; be an integer
value computed using the following recurrence formula:

w-|V]+1,i=1
q.:
' w-Vi+1l+@w-|V|+1+g_y)-i,2<i<|V]|

For ease of notation, in the following sequences, a® will denote the concatenation of b occurrences of element a. For each
variable v; € V, we build: V! = ¢ and V> = (1 +¢,)*. For ease, in the following, we will denote {V;!,¥?} as V,. For each
clause ¢; = (v, Uy, V) € §, 1 <i <m, we build C; =(q,, + g5, + 4., +2)*. The sequence D is obtained by concatenating in order

VIVEVVE VL, Vi €Iy .. €y Finally, we set diff = w - V| and Ty, = V1.

Lemma 3.1. Considering any subset of V C {V;,1 < j < |V}, the optimal difference relative to V using at most |V| masks is w - |V| by
applying {t' € (g, 1+ ¢;}IV1 <i < |V|, s.. V, € V).

Proof. To clarify, if V = {¥,, V3,7V, } for example, one can achieve an optimal difference of w - 3 using {r!, 73, 7%},

By induction, using a single mask to minimize any V;, for any given 1 < j < |V'| will induce a diff > w since one cannot achieve a
better dose difference than picking the median of ¢; and 1 + ¢; which will induce a difference of 0 for one of {le, Vf} and w for the
other.

Thus, the lemma is true for any set {V;}, | <j < |V|. Let us assume that the lemma is correct for any subset V° C {V;,1 <j < [V}
where |V°| =i — 1 and let us prove its correctness when we considering any subset V* C {¥;,1 < j < [V} where |[V*| = 1.

Considering any such subset denoted as V*, and pick any V, € V". Consider now, the subset V° = V* — V.

Let us consider that a solution achieves the smallest difference relative to V° which is 0. Then it has to use all the different = values
(i.e. i of them) to achieve this otherwise it contradicts our induction hypothesis since |V°| =i — 1.

Then, minimizing the difference for vV, can only been done using the z values already defined for minimizing V° - let us note these
values 7. Let us furthermore note 7, (resp. 75,), the set of values of 7 (resp. only) used to minimized a V; with i < k (resp. i > k).

Let us demonstrate that there is no benefit of using a value of 7, for minimizing the difference for V.

Consider the V, € V° with x being the largest value. Let us first assume that it not needs to use a € 7 which is not used by
any other V, € V° —V,. Then, we know that the overall contribution is YreT <(1+q._+w-|V]):(x—1). Indeed, one should
not achieve more than 1+ ¢, + w - |V| for any V, or the overall difference will already be greater to w - |V|. Moreover, Y} 7 € T <
g, — (1 + q,_;) which means that ¥, needs its own contribution that should be greater than 1 + ¢,_,. In other words, this contribution
would not be used by other V, € V° - V,.

This argument may be applied similarly for all the ¥, € V° considering them from the largest x value to the smallest.

Let us now prove that even using all the values of 7_, to minimize the difference for V, is not enough. Any = € 7, are lower than
(1 + g;_y). By construction, the sum of all values in 7_, is lower than or equal to (1 + g;_;) - (k — 1). This means that applying all the
values of 7, to V), will still induce a difference higher than w - [V].

Instead, if one uses only i — 1 masks for minimizing the difference for V° one can induce a difference of w(i — 1) for V°, and one
can use the extra r value for V, to get a local difference of w and achieve a global difference of w - i.

O

Using the reduction defined above, we are now ready to show the main theorem of this section.
Theorem 3.1. The MINFIXMASKS decision version problem is NP-complete for any w.

Proof. Clearly, the problem is contained in NP.

(=) Given an assignment satisfying ¢ such that each clause is satisfied by exactly one of its literals, we define the following set of
doses {TilTi = ‘Iiif”ixtmeimheassignmenrTi =1+ ql-oltherwise}.

Let us consider the treatment plan where 7’ is applied to V; and to any C; such thatv; € ¢; in ¢, forall 1 <i < |V].

By definition of a truth assignment, the corresponding treatment applied either g; or 1 + ¢; to each V,. As stated in Lemma 3.1, this
leads to an overall difference of w - [V | for V = {V;, 1 < j < |V|}. Moreover, any C; corresponding to a clause (v,, v,, v.) receives a total
dwell time of g, + g, + g. + 2, since by hypothesis exactly one of {v,, v, v, } is true in our assignment: that is either g, + (1 + g;) + (1 + ¢.)
or(1+gq, +q,++gq,)or(+gq,)+(+q,)+ q.. Thus, the difference for all Ci,1<j<l|dlis null. Thus, the corresponding treatment
is optimal.

(<) Given a treatment as a set of [V'| doses 7 inducing a total difference equal to w - |V|. By Lemma 3.1, for 1 <i < |V|, T contains
either g; or 1+ g;.
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We define the following truth assignment : set v; = true if g; € T; v; = false otherwise, for all 1 <i < |V].

Let us prove that the corresponding assignment is satisfying C.

First of all, by definition each variable is either true or false. Moreover, each clause c; is satisfied since in order to achieve a total
difference of w - |V|, any C;, 1 < j < ||, needs to induce a null difference. In order to get such null difference, any C; corresponding
to a clause (v,, v, v.) needs to receive a total dwell time of g, + g;, + g, + 2. This can only be satisfied using g, + (1 + g;) + (1 + g,) or
(I+q,)+4qy++gq,)or (1+gq, +(1+gq,)+ q,, which induce by hypothesis that exactly one of {v,,v,,v,} is true in our assignment.

O

In the sections 4 and 5 we focus on the case w = 1 because the cases with w > 1 are equivalent to it. Since we cannot have
overdose, in a sector we can apply at most the minimum value among the values corresponding to that sector in the D.

4. FIXMASKS™*
4.1. NP-Complete

In this subsection, we show that FixMask* is NP-complete by a reduction from MIS-3 (Maximum Independent Set in subcubic
graphs) [17]. Let G = (V, E) be an instance of MIS-3. We construct an instance of FIXMASKS™ in the following way:

> 8
Il

1

1...1
——
[VI+IE|
o for every vertex v € V, we define a mask (vertex-voxel)

1, ifi=v,
P’ =11, ifi=|V|+j and ¢, is incident with v,

i

0, otherwise

o for every edge ¢;, we define a mask (edge-voxel)

pvii _ [ 1 i = V14,
! 0, otherwise

N 1P|
Let P be a treatment plan. We define E(P) = Z(zf,, —d,), where d, = Z d;. Given the construction mentioned above, we can
n=1 =1
show that G contains an independent set of dimension k if and only if there exists a treatment plan P such that E(P) = |V | — k. Before
presenting the technical details, we show how the reduction works using an example.

Example 4.1. Let G = (V,E), V = {1,2,3}, E = {(1,2),(1,3),(2,3)}. Then, we obtain the following instance of FIXMASKS*: D =
111111, (100110,010101,001011, 000100,000010,000001). The maximum independent set in G is 1 and the minimum error in the in-
stance of FIXMASKS ™ is 2 by selecting the following treatment plan: (100110, 1), (000001, 1).

Lemma 4.1. G contains an independent set of size > k < 13 a treatment plan P such that E(P) < |V| — k.

Proof. (). Let I be an independent set of G with |I|>k. Then we can construct the treatment plan P =

(P’ |vel}u{PVI+ le; =(x;,y;),x;,y; € I'}. The treatment plan P is feasible because any two masks in A cannot overlap
—_——

A B
the same edge-voxel (I is an independent set). Furthermore, by adding the masks in B we cover all the edges-voxel. Thus,

EP)=|V|-|L|V]-k.

(<). Let .S be a treatment plan such that E(S) < |V| — k. Construct a plan P by starting from .S and, while there exists an edge-voxel
Jj not covered by any mask in the current plan add to P the mask P!V1+/. We apply this process until we cover all edges-voxel. A vertex-
voxel can only be covered by its own mask P'. Let I = {v| P* € P}. E(P)=|V|-|I| = |I|=|V|-EP)=2|V|+k—-|V|=k. In
addition, if there were two adjacent vertices x, y € I then the edge-voxel |V| + j of the edge e; = (x, y) would receive dosage 2 which
is impossible. Thus, I is an independent set of dimension at least k. O

Theorem 4.1. FIXMASKS™ problem is NP-complete.

Proof. Clearly, the problem is contained in NP. The proof for the NP-hardness follows immediately from Lemma 4.1. O

4.2. APX-Hard

In this subsection we provide an L-reduction from MIS-3 [18] problem thus showing that the FIXMASKS ™' problem is APX-hard.

Theorem 4.2. FixMASKS* problem is APX-hard.
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Proof. We define / : {G = (V,E) | A(G) <3} — {(D,P)| D e {1}VHEL P C (0, }WVIHIEL, £(G) = ((1,..., 1), P = (P',..., PIVI*IED)),
——

[VI+IE|
where

1, ifi=v, Lif %
i , iti= +J,
if i = V| +j and ¢; is incident with v, P,.|V|+j = ) /
0, otherwise

0, otherwise

and g : {feasible plans S forf(G)} - {I CV},g(S)={v|P'€S}. Both f and g can be computed in polynomial time.
From Lemma 4.1 we have OPTp praskst = V| — OPTyps_3. Then, | OPTy15_3(G) — |g(S)| |=] OPTy 53 — (V| = E(S)) |=| V] -
OPTy15-3(G) — E(S) |<| OPTpixprasks+ (f(G)) — E(S) | = a = 1. Using the Caro-Wei inequality [19,20] and the fact that the graph
is subcubic, we have OPT ) 5_3 > %. Then, OPT i praskst < V] — % <3- uﬂ <3-OPTyrs_3 = p=3. O

5. DFIXMASKS*

Corollary 5.1. DFIXMASKS™ is NP-complete.

,MZ
R

Proof. Clearly, the problem is contained in NP. The proof for the NP-hardness immediately follows from OPTp;\psasist =
I

OPTpri pmasks+ and Theorem 4.1. O

5.1. ILP And FPT

In this subsection we provide an ILP formulation for the DFIXMASKS* problem.
M
max Z wj .Xj
j=1
K .
st Y P'x; <d, i=1..N.
j=1
X; € Zspj=1,....M.

N
— J P —
wj_ZPi, j=1,...,.M.
i=1

Theorem 5.1. DFixMAsks* and FIXMASKS™ can be solved in 20M”) . (M - log(d_,.))°D.

max

Proof. This follows directly from Lenstra’s theorem on Integer Linear Programming in fixed dimension [21]. Lenstra’s result states
that Integer Linear Programs with n variables can be solved in time 20¢™) . (m - log V')°(!), where m is the number of constraints and V/
bounds the size of the input coefficients. In our case, both DFIXMASKS ™ and FIXMASKS ™ can be formulated as integer linear programs
with the number of variables bounded by M, and the coefficients bounded by d, |

max*
5.2. ﬁ -Approximation

In this subsection we present an ﬁ—approximation for the DFIxMASKSt problem. The algorithm works as follows: for each mask
we compute the maximum dosage we can apply without overdose and choose the mask that offers us the highest dosage. We describe
it formally in Algorithm 1.

Theorem 5.2. Algorithm 1 computes a %-approximation for problem DFIXMASKS™ in O(M - N).

Proof. Let OPT be the an optimal solution for DMinFixMasks*, P = (P',z'),...,(PT,7")) a treatment plan corresponding to OPT

and ALG the result of the Algorithm 1. Then, 3i, 1 <i < T such that ¢/ > g > %. Since ALG > 7/, Vi, 1 <i < T then ALG > %.

The running time is O(M - N) because for every mask we compute in O(N) the maximum dosage that can be applied. O
5.3. %—Approximaﬁon

In this subsection we present an exponential - -approximation algorithm. The algorithm is based on generating all subsets of
masks of size k and solving the ILP formulation of the DFIXMASKS™' problem for each subset and keeping the best solution. The
Algorithm is described formally in Algorithm 2.

Theorem 5.3. Algorithm 2 computes an %-approximaﬂ'on for DFIXMASKS™ in O((Akl ) 2008 . (k - log(d,, ))PM).

8
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Algorithm 1 %-approximation for DFIXMASKS * .

1: sol = —o0

2: fori < 1to M do

3: val = —©

4 for j — 1to N do
5 if Pj’ =1 then
6: if d; > val then
7: val =d;
8: end if

9: end if
10: end for
11: if val > sol then
12: sol = val
13: end if
14: end for

15: return sol

Algorithm 2 %-approximation for DFIXMASKS ' .
1: for all subset S C {1,..., M} with |.S| = k do
2: Solve the ILP restricted to S:

; N
max ijxj s.t. ZE x; <d;, x; €Zy
jes j€s

Let val be its optimum value
ALG <« max(ALG,val)

end for

return ALG

AU

i

Proof. Let (P',z!),...,(PT,zT) be an optimal solution and OPT = z! + --- + zT. We denote by S; = Z 7', Vi, 1 <i < T.We show that
=

Sy > % -OPT, Vk, 1 < k < T. We assume without loss of generality that 7! > 72 > - > z7. Then 7¥*! + ... + 7T < (T - k) - z¥. More-

over, because ¥ < % we have ¥ 4 ... 4 T < (T —k) -tk < (T —k)- % Thus, OPT =S, + 7" + o + 7T < S, + (T — k) - % <

% - Si. Then, S, > % -OPT. Since T < M, we have S, > % - OPT. The running time results directly from Theorem 5.1. O

54. (1- %)—Approximation

In this subsection we present a randomized polynomial-time (1 — %)-approximation algorithm for the DFIXMASKS ™ problem (as-
suming the per-voxel dose caps d, are polynomially bounded) by instantiating the Continuous-Greedy from [22] and Contention-
Resolution framework of Chekuri, Vondrak and Zenklusen [23]. We begin by relaxing our discrete dose-packing objective to its
multilinear extension F(x) over the packing polytope defined by the per-voxel caps, and run the continuous-greedy process to obtain
a fractional solution x* with F(x*) > (1 — %) ,ﬁni)fi F(x). We then round x* to an integral plan by sampling each shot independently

X

with probability x* and applying the ordered contention-resolution scheme to prune any cap-violating selections, incurring at most
another (1 — %) factor loss. The result is a feasible treatment plan whose expected total dose is at least (1 — é) times the optimum.
The formal pseudocode is given in Algorithm 3.
Let U ={e;; =(P/.1)|i=1,...M,I=1,...dy,), where dy, = max d,. For any subset .S C U we define the delivered dose at
_ o N
voxel i by d;(S) = Z Pi’ . The total delivered dose (objective function) is f(S) = Z d;(S). We allow only dose that not overdose
e |ES i=1
any voxel: d;(S) < zil-, Vi, 1 <i < N. We only consider .S for which d;(S) < Ji, Vi, 1 <i < N. Denote the feasible family by 7 = {.S C
U |di(S) < zf,., 1 <i < N}. For every e € U we introduce a fractional variable x, € [0, 1] and the constraints voxel i receives at most
d, units become: Z P? - x, < d,. This defines a packing polytope P = {x € [0,1]V | A- x < d}, where 4,, = Pf.
ecU
Lemma 5.1. The objective function f is nonnegative, monotone, and submodular.

N

Proof. Let S C U. Since d,(S) >0, Vi, 1 <i < N then Zf(S) >0, VS CF (f is nonegative). Let S,7 C U such that S C7T. Then
i=1

d;(S) < di(S) <di(T), Vi, 1 <i < N (adding more elements can only increase its delivered dose). Summing over all voxels we have

9
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Algorithm 3 Continuous-Greedy + Contention-Resolution for DFIXMASKS ' .
: x < 0eRlU

: fort=0to 1 step 6 do

Estimate gradient V F(x) by sampling

Choose direction v € arg max VF(x)-v

—_

Update x « x+ 6 v
end for
x* « x
: Sample a random set R C U by including each e independently with probability x*
: Apply the ordered contention-resolution scheme to prune R into a feasible S C R
: return S

VNI hWN

—_
(=

N N
£(8)='d($)< Y d(T)= f(T) (f is monotone). Let S,T C U such that S C T and e & T. Let a = d,(S), b= d(T), p= P{ € {0,1}.
i i=1

i=1
Adding e to S raises d;(.S) from a to a + p, and to T from b to b + p. The marginal gain per-voxelis A,(S) = (a+p)—a=p=(b+p) —b=
N N

A;(T), Vi 1 <i < N. Summing over all voxels we obtain f(S U {e}) — f(S) = z A(S) = 2 A(T) = f(T U {e})— f(T) (f is modular
i=1 i=1

which implies that it is also submodular). O

Theorem 5.4 (Continuous Greedy Approximation [22]). Let f : 2V — R, be a monotone submodular function and F its multilinear

extension. Let P C [0,1]Y be a down-closed, solvable packing polytope. Then the continuous greedy algorithm returns a fractional solution

x* € P such that F(x*) > (1 - %) -maxcp F(x).

Theorem 5.5 (Ordered Contention-Resolution Rounding [24]). Let f be a monotone submodular function and x* € P a fractional
solution obtained by the continuous greedy algorithm. Then there exists an ordered contention-resolution scheme that rounds x* to a feasible

set S C U such that E[f(S)] > (1 - l) - F(x*).

Corollary 5.2. Combining the above results, the continuous greedy algorithm followed by ordered contention-resolution yields a randomized
polynomial-time algorithm for DFIXMASKS™ that outputs a feasible set S € F such that E[f(S)] > (1 - é) -maxgep f(S).

6. Quasi-polynomial algorithms for MinFixMasks problems

In this section, we present exact algorithms for all variants of the MinFixMasks problem. The presented algorithms run in quasi-
polynomial time if the values of the prescribed patient doses are bounded by a polynomial in the number of prescribed doses. As a
by-product we show that the problems MINFIXMASKSqpr and MINFIXMASKSqpr t can be approximated in polynomial-time within a

factor of log d,,,, of the optimum where d,,, is the maximum prescribed dose to a subvolume of the patient, i.e., d,,, = max d;.

d,eD
Lemma 6.1. For any instance of MINFIXMASK gpr, MINFIXMASKSopy ™, MINFIXMASKgoynp, MINFIXMASKpounpt there is an optimal
solution (P', "), ..., (PT,«")) with 7, # 7}, Vi,j, 1<i<j<T.

Proof. Let P = (P!, z!),...,(PT,7zT)) be an optimal solution of an instance I of any of the mentioned variants of the MinFixMasks
problem. We show that we can transform P into an equivalent treatment plan that does not use any dwell time more than once. Let
i,j € [T]such thati # j and ¢’ = 7/. We construct (P., ) and (P!, 77y such that 7! =27/, binary string P! is obtained by the XOR of
binary strings P/, P/ and binary string P/ is obtained by the AND of binary strings P, P/. Then, the treatment plan obtained from
P by replacing (P',z") with (P!, 7!) and (P/, /) with (P!, 7!) is also an optimal solution of I. Moreover, by applying this procedure
iteratively we obtain an optimal solution of I such that all dwell times are pairwise distinct. [

Definition 6.1. Let S be a set of dwell times. We say that S is complete <= 35’ C S such that Vi, 1 <i <d,,,, i = z x with
"
s"cs'. -«
N
Lemma 6.2. Let S be a set of dwell times. Then an S-restricted treatment plan minimizing 2 |d, — d,| can be found in time O((d,,)* -
n=1
|S|+K-W +K - Jmax). Moreover, the same applies to an S-restricted treatment satisfying the additional constraint that zf,, —d, >0, Vn,
1 <n < N. Findlly, if S is complete then the S-restricted treatment plans returned by the above algorithms are optimal among all (not
necessarily S-restricted) treatment plans.
Proof. Because every treatment plan has to apply the same dose to every patient volume under the same paddle, we obtain that
N
di-tyws1 = digy1 =+ = d;y, Vi, 1 <1 < K. Hence, finding a treatment plan minimizing 2 |d, — d,| is equivalent to finding K natural
n=1

10
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numbersd,, ..., d x minimizing |d, — d 11 such that each number d, can be realized by a treatment plan. Since we are only considering

w

S-restricted treatment plans, it holds that the set of realizable numbers (for any such treatment plan) is equal to the set of numbers
that can be written as a sum of a subset of S. Moreover, because we can choose the masks arbitrarily it holds that for every K numbers
dy,...,dg, which can be written as the sum of subsets of .S, there is an S-restricted treatment plan realizing these numbers. To see

this let d,,...,dx be any numbers such that for each d, there is a subset S(d;) of S with d, = ZseS(H )5, then (Pl s)), ... PT 55,

where s, ..., 55| is an arbitrary ordering of the numbers in S and the i-th bit of the binary string P/ is 1 if and only if 5; € S(d), is an

S-restricted treatment plan realizing the numbers d, ..., d. It follows that given the set of allowed dwell times .S, we can minimize
i-w iw

each of the sums Z |d, — E[ . 1 | separately for every i with 1 <i < K. Because of Lemma 7.1, the smaller 2 |d, — E[l] |

n=(i=D)-w+1 w n=(i=1)-w+1 w

is, the closer E[i] is to a median of the sequence cf(,-_,)‘w +1>--- d:.,,- Moreover, if we consider the case where we have the additional

constraint that d, — d, > 0 Vn, 1 < n < N, then the optimal value for E[l] is the one that is closest to the minimum of the sequence

w

J(i_ Dewtls - d,.,,- These considerations naturally lead to the following algorithm to find an S-restricted treatment plan minimizing
N

Z |d, — d,|. The algorithm first computes a table that contains for every number i between 1 and d,,,,
n=1

i= Z s or Nil if no such subset S’ exists for i. Using the standard text-book algorithm for the SUBSET SUM problem [25] (running

seSs’!

in O(s - N) time, where s is the sum that needs to be obtained and N is the size of the set of integers), this can be achieved in
O(dEmlS |) time. In the case that we have no additional constraint the algorithm then computes the (at most two medians) m ,1 and ml.2
of the sequence J(i,l),wﬂ, ...d,,, Vi 1 <i < K. This can be achieved in time at most O(K - w) [26] time. In the case that we have the
additional constraint zf,, —d, >0Vn, 1 <n<K, the algorithm computes the minimum min; for each of these sequences in O(K - w)
time. Finally, the algorithm computes for every 1 < i < K, the number d, as the number between 1 and d,,,, that has a non-nil entry
in the table and either: (1) is closest to one of the medians m} and m,2 (in the case with no additional constraints) or (2) is closest to

the minimum min; (in the case that overdoses are not allowed). Using the table and the medians m! and m? respectively the minima

either a subset S’ of S such that

min, this can be achieved in time O(Kd,,,,). Considering an arbitrary ordering s,, ... ,S|s) of the numbers in S and denoting by S(d,)

the subset of . contained in the table for the number ;, the algorithm then outputs the treatment plan ((PL.sp), ... (PT, s|s| )) where

51,...5|s| 15 an arbitrary ordering of the numbers in S and the i-th bit of the binary string P/ is 1 if and only if s; € S(d,). This

completes the description of the algorithm. The running time of the algorithm is at O((d,,)? - |S| + K - W + K - d,). Finally, if S is
N

complete then the S-restricted treatment plan returned by the algorithm minimizes z |d, — d,| under all possible treatment plans.
n=1
The same applies when considering the additional constraint d, —d, >0,V n, 1 <n< N. O
N
Lemma 6.3. There is a treatment plan minimizing Z |d, — d,| using at most |log d,,, | + 1 steps. Moreover, such a treatment plan can be

n=1
N

found in polynomial time. The same holds for a treatment plan minimizing Z |d, — d,| under the additional constraint that d,, — d,,, Vn with
n=1

1<n<N.
Proof. Because theset S = {2/ | 0 <i < [logd,,,, |} is complete and has size |d,,,, | + 1, this follows immediately from Lemma 6.2. O

Because any non-trivial instance of MINFIXMASKqpp and MINFIXMASKSqpr + require at least one step, we obtain the following
corollary from the above lemma.

Corollary 6.1. MINFIXMASKpy and MINFIXMASKSopr™ can be approximated in polynomial time within a factor of logd,,, of the
optimum.
Theorem 6.1.  MINFIXMASKopr, MINFIXMASKSoprt, MINFIXMASKgounp, and MINFIXMASKgoynp ™ can be solved in time

»|log d, 1 3 5

OdhE ¥ (@2 ([log dyey | + 1)+ K - w+ K - dyg).

Proof. The algorithm goes over all sets .S containing at most |logd,,,,] + 1 (respectively at most min{|logd, .| + 1, Tja} in the
case of MINFIXMASKgqounp and MINFIXMASKgounp *) dwell times between 1 and d,,,,. For every such set .S, the algorithm then
uses Lemma 6.2 to compute the optimal (the meaning of optimal here depends on the considered problem) S-restricted treatment

plan. Finally, in the case of MINFIXMASKgoynp and MINFIXMASKgounp T the algorithm returns a shortest treatment plan satisfying
N N

Z |d, — d,| < diff and in the case of MINFIXMASKgqynp and MINFIXMASKgoynp © returns a treatment plan minimizing Z |d, —d,|

n=1 n=1

found for any of the considered sets .S. The stated running of the algorithm follows because there are at most Jﬁ};’f dmax] +1

such sets
S and because of Lemma 6.2 for each set .S, we require time at most O(d2_|S|+ K - w + K - d,,,). The correctness of the algorithm

max
follows from Lemmas 6.1, 6.2 and 6.3. [

Corollary 6.2. MINFIXMASK opr, MINFIXMASKSopr*, MINFIXMASKgoynp, and MINFIXMASKgounp t can be solved in quasi-polynomial
time if d.,,, is bounded by a polynomial in the number of prescribed doses.

11
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7. Polynomial algorithms

In this section, we show that FIXMASKS, FIXMASks* with M = 1 and MINFIXMASKpounp, MINFIXMASKgayunp © with T, € {1, N'}
are solvable in polynomial time.

Theorem 7.1. FIXMASKs™ with M = 1 and MINFIXMASKgoynp * With Ty, = 1 can be solved in O(N) time.

Proof. Because we are not allowed to apply overdoses, we obtain that the maximum and also the optimum irradiation time is equal
to the minimum of all prescribed doses d ; of D for which the corresponding paddle is open (in the case of the problem MINFIX-
MASKgounp *» the minimum of all values of d). The mask corresponding to the optimal solution for problem MINFIXMASKpqunp *
contains 1 at the position where minimum is located and 0 at the other positions. Since the minimum of these doses can be obtained
in linear time, the result follows. [J

The main observation required to show that FIXMASKS with M = 1 and MINFIXMASKgoynp With T}, = 1 can also be solved in
polynomial time is given in the following lemma, which can be considered folklore and is stated here only for the convenience of the
reader.
|S]

Lemma 7.1. For a sequence S of integer numbers and a integer number x, consider the function f(x)= Z |x = ST[i]|. Then f(x) has a
i=1

unique minimum, which is only reached by any number in between the at most two medians of S.

The above lemma implies that an optimum dwell time for an instance of FixM ask is a median of the subsequence of D containing
all prescribed doses for which the paddles are open (in the case of the problem MINFIXMASKgoynp, the median of all values of d). .

Theorem 7.2. FIXMASKS with M = 1 and MINFIXMASKgoynp With T, = 1 can be solved in O(N) time.

Proof. Because of Lemma 7.1 the best possible value that we can achieve for quv: 1 |d, — d,| is obtained by setting the dwell time 7 to
any median of the subsequence of D containing only the prescribed doses for which the paddles are open (in the case of the problem
MINFIXMASKgoyunp, the median of all values of d). The mask corresponding to the optimal solution for problem MINFIXMASKpounp
contains 1 at the position where median is located and O at the other positions. It is known [26] that a median of N numbers can be
found in linear time. [

Theorem 7.3. MINFIXMASKpounp and MINFIXMASKgounp ™ With T, = N can be solved in O(N?) time.
Proof. We construct a treatment plan of dimension N with the following structure: each value 7’ corresponds to a mask P’ containing
value 1 at position i and 0 at the other positions. This plan achieves absolute difference 0 which is optimal. O

8. Experiments

In this section we present our experimental results. The experiments focus on the MinFixMask goynp problem with w =1 and
we compare a MILP algorithm with a greedy one. We start by defining the problem as a mixed integer linear program. Let N be

the number of voxels, d, the target dose at voxel n, T,,,, the upper bound on the number of masks and M = max d;. The program
<i<

definition is as follows:

N
min Z Oy
P,r.d.o

n=1

st. P, €{0,1}, n=1,..,N, t=1,..., Ty
7, €{0,1,..., M}, t=1,.., Ty
dy 20, 8,20, n=1,...,N, t=1,..., Ty
P,=1=4d, =7, n=1... N, t=1,....T,,;.
P,=0 = d,,=0, n=1,... N, t=1,. Tp.
Tmax
Sy2d,— ) d,, n=1,...,N.
t=1
Tmax
8,2 Y d,, —d, n=1,...,N.
t=1

Next, we briefly explain the MILP formulation. The goal is to choose up to T, masks together with their (integer) dwell times
so as to minimize the total absolute deviation from the prescribed dose vector D. For each time step t € {1, ..., Tj,,} and voxel
n € {1,..., N}, the binary variable P,, € {0, 1} indicates whether voxel n is exposed (i.e., unshielded) by the mask used at step ¢.
The integer variable z, € {0,1, ..., M} represents the dwell time (dose intensity) assigned to that mask. We use auxiliary variables
d,, > 0 to model the dose delivered to voxel » at step t: if P,, = 1 then d,, = 7,, and if P,, = 0 then d,,, = 0. Hence the total delivered

dose at voxel n is ZT:{‘* d,,. Finally, the nonnegative slack variables 6, linearize the absolute error at each voxel by enforcing 5, >

12
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T, T, T,

max max max N

d, - Z d,, and §, > Z d,, — d,, so that, at optimality, §, = |d, — Z d,,|. The objective min Z 8, therefore minimizes the total ¢,
=1 =1 =1 n=1

deviation from the target dose across all voxels. To implement the MILP algorithm we used Gurobi [27].

Algorithm 4 Greedy for MINFIXMASKgpr With w = 1.

1: z list « [], mask_list « []
2: fort < 1toT,, do

max

3: fori < 1to N do

4: ri <~ cfi —d;

5: end for

6: if max r; =0 then
I<i<N

7: break

8: end if

9:  Let (rq),....ra) be {r,} sorted descending

10: max,, < 0

11: max; < 0

12: for k < 1 to N do

13: val « k- ry,

14: if val > max,, then

15: max,, < val

16: max; < k

17: end if

18: end for

19: T < Fmaxy)

. {1, T,

20: Build mask P by P, = .
0, otherwise.

21: fori < 1to N do
22: di—d;+P -7
23: end for
24: Append 7 to 7_list, append P to mask_list
25: end for
26: return r_list, mask_list

Next, we briefly explain the greedy algorithm. The main idea of this algorithm is to choose at each step the (mask, dwell time) pair
that maximizes the immediate reduction in total absolute error. At each iteration, we compute r, = d, — d,,, where d,, is the delivered
dose on voxel » until this step. We sort these N residuals in descending order. We observe that choosing dwell-time r; then the total
absolute error decreases by i - r;. Thus, we iterate from 1 to N and choose as dwell time the value r, that maximizes the expression
k - ri. We set 7 = r;, and binary mask P, where P, =1 if r; > = and 0 otherwise. Therefore, the time complexity is O(T,,,, - N - log N).
The algorithm is described formally in Algorithm 4.

We used the publicly available DICOM test volumes from the SlicerRtData repository [28]. For each CT slice, the 2D pixel matrix
was then flattened into a one-dimensional vector. To focus our optimization on regions of non-zero dose, we discarded any non-positive
intensity values, retaining only the positive elements for subsequent MILP and greedy algorithm input. To ensure our slice-by-slice
MILP optimization remains clinically practical, we impose a 45 seconds per-slice time limit on the solver. This choice is informed
by typical brachytherapy planning workflows, which perform full-case contouring, reconstruction, and optimization in ~ 175 min
over roughly 75 CT slices (~ 2.3min/slice) [29]. In experiments, T,,,, can take the following five values: log, N, \/ﬁ ) %, % %TN The
experiments were performed on two data sets from SlicerRtData repository: plastimatch_tiny-rt-study and oncentra-4.1.6-prostate-ct-
tilted-plane. In order for the MILP algorithm to obtain results within 45 seconds, we limited the value of N for the oncentra-4.1.6-
prostate-ct-tilted-plane dataset to 250. The results obtained on the dataset plastimatch_tiny-rt-study can be seen in Tables 3, 4 and
Fig. 3 and for dataset oncentra-4.1.6-prostate-ct-tilted-plane in Tables 5,6 and Fig. 4. Also, the greedy algorithm was tested on all
values in the dataset oncentra-4.1.6-prostate-ct-tilted-plane and the results can be seen in Tables 1, 2.

Across both datasets, we observe a consistent quality-time trade-off. For small 7}, the MILP baseline often achieves lower error
than the greedy heuristic within the available time budget, reflecting the benefit of global optimization when the search space is small
enough. As T,,,, increases, the greedy method remains fast (seconds per slice) and frequently reaches very small (often zero) error
once sufficient masks are allowed (empirically, 7,,,« > VN on these instances), while the MILP may degrade due to the fixed 45 s
time limit and the rapidly expanding search space. These results suggest that greedy methods can be attractive building blocks for
clinically constrained workflows where runtime is a dominant constraint, while MILP remains useful as a benchmark (and potentially
for small T,,,, regimes). All data and source code can be found in [30].
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Table 1
Greedy on oncentra-4.1.6-prostate-ct-tilted-plane.
File Thnax Error Time (s)
178.txt 15 147163 1.4
239 0 3.4
14322 0 3.0
28644 0 3.5
42966 0 3.8
223.txt 15 94473 1.3
236 0 2.9
14018 0 2.9
28037 0 2.9
42056 0 2.9
248.txt 15 129092 1.1
236 0 2.9
13946 0 3.1
27893 0 3.2
41839 0 4.2
285.txt 15 132360 1.7
236 0 4.6
13966 0 4.0
27933 0 3.8
41899 0 4.7
305.txt 15 109222 1.7
236 0 4.2
13958 0 4.6
27917 0 4.5
41875 0 4.3
359.txt 15 144527 1.5
236 0 4.0
14002 0 3.9
28005 0 4.2
42007 0 3.9
Table 2
Greedy on oncentra-4.1.6-prostate-ct-tilted-plane.
File Thoax Error Time (s)
378.txt 15 138718 1.3
237 0 4.0
14046 0 3.7
28092 0 3.7
42138 0 4.0
416.txt 15 119637 1.4
236 0 4.1
13956 0 4.3
27913 0 3.5
41869 0 3.5
502.txt 15 111034 1.4
236 0 4.1
13938 0 3.9
27 876 0 3.6
41814 0 3.8
508.txt 15 99858 1.5
237 0 3.4
14067 0 3.3
28134 0 3.7
42201 0 3.5
653.txt 15 149667 1.2
238 0 3.8
14179 0 3.9
28358 0 2.8
42537 0 3.7
734.txt 15 114193 1.4
236 0 3.5
13988 0 3.3
27976 0 3.7
41964 0 3.8
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Fig. 3. MILP vs Greedy on plastimatch_tiny-rt-study.
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Fig. 4. MILP vs Greedy on oncentra-4.1.6-prostate-ct-tilted-plane.
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Table 3
MILP vs Greedy on plastimatch_tiny-rt-study.

file N Tax method error time (s)
image0000.txt 74 6 greedy 365 0.0015
image0000.txt 74 6 milp 230 45
image0000.txt 74 8 greedy 137 0.0015
image0000.txt 74 8 milp 102 45
image0000.txt 74 18 greedy 0 0.0049
image0000.txt 74 18 milp 5 45
image0000.txt 74 37 greedy 0 0.0050
image0000.txt 74 37 milp 33 45
image0000.txt 74 55 greedy 0 0.0050
image0000.txt 74 55 milp 270 45
image0001.txt 74 6 greedy 562 0.0024
image0001.txt 74 6 milp 335 45
image0001.txt 74 8 greedy 198 0.0029
image0001.txt 74 8 milp 130 45
image0001.txt 74 18 greedy 0 0.0045
image0001.txt 74 18 milp 62 45
image0001.txt 74 37 greedy 0 0.0024
image0001.txt 74 37 milp 275 45
image0001.txt 74 55 greedy 0 0.0025
image0001.txt 74 55 milp 460 45
image0002.txt 74 6 greedy 612 0.0012
image0002.txt 74 6 milp 379 45
image0002.txt 74 8 greedy 279 0.0015
image0002.txt 74 8 milp 167 45
image0002.txt 74 18 greedy 0 0.0031
image0002.txt 74 18 milp 15 45
image0002.txt 74 37 greedy 0 0.0029
image0002.txt 74 37 milp 234 45
image0002.txt 74 55 greedy 0 0.0029
image0002.txt 74 55 milp 172 45
image0003.txt 74 6 greedy 684 0.0016
image0003.txt 74 6 milp 535 45
image0003.txt 74 8 greedy 297 0.0018
image0003.txt 74 8 milp 259 45
image0003.txt 74 18 greedy 0 0.0031
image0003.txt 74 18 milp 69 45
image0003.txt 74 37 greedy 0 0.0047
image0003.txt 74 37 milp 345 45
image0003.txt 74 55 greedy 0 0.0026
image0003.txt 74 55 milp 69 45
image0004.txt 74 6 greedy 590 0.0015
image0004.txt 74 6 milp 324 45
image0004.txt 74 8 greedy 230 0.0015
image0004.txt 74 8 milp 136 45
image0004.txt 74 18 greedy 0 0.0053
image0004.txt 74 18 milp 22 45
image0004.txt 74 37 greedy 0 0.0053
image0004.txt 74 37 milp 118 45
image0004.txt 74 55 greedy 0 0.0054
image0004.txt 74 55 milp 198 45
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Table 4

MILP vs Greedy on plastimatch_tiny-rt-study.
file N Tax method error time (s)
image0005.txt 74 6 greedy 311 0.0023
image0005.txt 74 6 milp 261 45
image0005.txt 74 8 greedy 112 0.0029
image0005.txt 74 8 milp 81 45
image0005. txt 74 18 greedy 0 0.0025
image0005.txt 74 18 milp 1 45
image0005.txt 74 37 greedy 0 0.0027
image0005.txt 74 37 milp 79 45
image0005.txt 74 55 greedy 0 0.0026
image0005.txt 74 55 milp 241 45
image0006.txt 74 6 greedy 866 0.0012
image0006.txt 74 6 milp 270 45
image0006.txt 74 8 greedy 379 0.0015
image0006.txt 74 8 milp 144 45
image0006.txt 74 18 greedy 0 0.0030
image0006.txt 74 18 milp 3 45
image0006.txt 74 37 greedy 0 0.0032
image0006.txt 74 37 milp 274 45
image0006.txt 74 55 greedy 0 0.0031
image0006.txt 74 55 milp 162 45
image0007.txt 74 6 greedy 535 0.0012
image0007.txt 74 6 milp 277 45
image0007.txt 74 8 greedy 225 0.0016
image0007.txt 74 8 milp 154 45
image0007.txt 74 18 greedy 0 0.0027
image0007.txt 74 18 milp 12 0
image0007.txt 74 37 greedy 0 0.0027
image0007.txt 74 37 milp 122 45
image0007.txt 74 55 greedy 0 0.0028
image0007.txt 74 55 milp 160 45
image0008.txt 74 6 greedy 474 0.0013
image0008.txt 74 6 milp 278 45
image0008.txt 74 8 greedy 199 0.0015
image0008.txt 74 8 milp 70 45
image0008.txt 74 18 greedy 0 0.0029
image0008.txt 74 18 milp 58 45
image0008.txt 74 37 greedy 0 0.0028
image0008.txt 74 37 milp 1 45
image0008.txt 74 55 greedy 0 0.0028
image0008.txt 74 55 milp 51 45
image0009.txt 74 6 greedy 644 0.0013
image0009.txt 74 6 milp 376 45
image0009.txt 74 8 greedy 275 0.0029
image0009.txt 74 8 milp 78 45
image0009.txt 74 18 greedy 0 0.0053
image0009.txt 74 18 milp 17 45
image0009.txt 74 37 greedy 0 0.0028
image0009. txt 74 37 milp 371 45
image0009.txt 74 55 greedy 0 0.0027
image0009.txt 74 55 milp 188 45
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Table 5

MILP vs Greedy on oncentra-4.1.6-prostate-ct-tilted-plane.
file N Trax method error time (s)
178.txt 250 7 greedy 2949 0.0038
178.txt 250 7 milp 1699
178.txt 250 15 greedy 77 0.0092
178.txt 250 15 milp 5989 45
178.txt 250 62 greedy 0 0.0114
178.txt 250 62 milp 36,859 45
178.txt 250 125 greedy 0 0.0111
178.txt 250 125 milp 36,859 45
178.txt 250 187 greedy 0 0.0122
178.txt 250 187 milp 36,859 45
223.txt 250 7 greedy 1888 0.0057
223.txt 250 7 milp 1179 45
223.txt 250 15 greedy 61 0.0078
223.txt 250 15 milp 4482 45
223.txt 250 62 greedy 0 0.0188
223.txt 250 62 milp 1120 45
223.txt 250 125 greedy 0 0.0165
223.txt 250 125 milp 29,247 45
223.txt 250 187 greedy 0 0.0155
223.txt 250 187 milp 29,247 45
248.txt 250 7 greedy 2371 0.0058
248.txt 250 7 milp 2283 45
248.txt 250 15 greedy 179 0.0108
248.txt 250 15 milp 2238 45
248.txt 250 62 greedy 0 0.0128
248.txt 250 62 milp 986 45
248.txt 250 125 greedy 0 0.0176
248.txt 250 125 milp 27,295 45
248.txt 250 187 greedy 0 0.0164
248.txt 250 187 milp 27,295 45
285.txt 250 7 greedy 2237 0.0045
285.txt 250 7 milp 1386 45
285.txt 250 15 greedy 67 0.0139
285.txt 250 15 milp 7929 45
285.txt 250 62 greedy 0 0.0125
285.txt 250 62 milp 16,187 45
285.txt 250 125 greedy 0 0.0164
285.txt 250 125 milp 27,706 45
285.txt 250 187 greedy 0 0.0106
285.txt 250 187 milp 27,706 45
305.txt 250 7 greedy 2626 0.0059
305.txt 250 7 milp 1566 45
305.txt 250 15 greedy 119 0.0092
305.txt 250 15 milp 1836 45
305.txt 250 62 greedy 0 0.0108
305.txt 250 62 milp 1051 45
305.txt 250 125 greedy 0 0.0184
305.txt 250 125 milp 28,729 45
305.txt 250 187 greedy 0 0.0125
305.txt 250 187 milp 28,729 45
359.txt 250 7 greedy 2058 0.0053
359.txt 250 7 milp 1458 45
359.txt 250 15 greedy 72 0.0106
359.txt 250 15 milp 5861 45
359.txt 250 62 greedy 0 0.0121
359.txt 250 62 milp 777 45
359.txt 250 125 greedy 0 0.0130
359.txt 250 125 milp 26,748 45
359.txt 250 187 greedy 0 0.0163
359.txt 250 187 milp 26,748 45
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Table 6

MILP vs Greedy on oncentra-4.1.6-prostate-ct-tilted-plane.
file N Trax method error time (s)
378.txt 250 7 greedy 1754 0.0038
378.txt 250 7 milp 1284 45
378.txt 250 15 greedy 53 0.0128
378.txt 250 15 milp 3460 45
378.txt 250 62 greedy 0 0.0157
378.txt 250 62 milp 24,654
378.txt 250 125 greedy 0 0.0142
378.txt 250 125 milp 24,654 45
378.txt 250 187 greedy 0 0.0111
378.txt 250 187 milp 24,654 45
416.txt 250 7 greedy 2011 0.0051
416.txt 250 7 milp 1269 45
416.txt 250 15 greedy 31 0.0075
416.txt 250 15 milp 4426 45
416.txt 250 62 greedy 0 0.0104
416.txt 250 62 milp 726 45
416.txt 250 125 greedy 0 0.0095
416.txt 250 125 milp 25,444 45
416.txt 250 187 greedy 0 0.0090
416.txt 250 187 milp 25,444 45
502.txt 250 7 greedy 1738 0.0060
502.txt 250 7 milp 797 45
502.txt 250 15 greedy 48 0.0076
502.txt 250 15 milp 990 45
502.txt 250 62 greedy 0 0.0127
502.txt 250 62 milp 1009 45
502.txt 250 125 greedy 0 0.0143
502.txt 250 125 milp 25,624 45
502.txt 250 187 greedy 0 0.0168
502.txt 250 187 milp 25,624 45
508.txt 250 7 greedy 1233 0.0039
508.txt 250 7 milp 706 45
508.txt 250 15 greedy 15 0.0093
508.txt 250 15 milp 2870 45
508.txt 250 62 greedy 0 0.0118
508.txt 250 62 milp 710 45
508.txt 250 125 greedy 0 0.0150
508.txt 250 125 milp 23,597 45
508.txt 250 187 greedy 0 0.0099
508.txt 250 187 milp 23,597 45
653.txt 250 7 greedy 2873 0.0042
653.txt 250 7 milp 2911 45
653.txt 250 15 greedy 115 0.0136
653.txt 250 15 milp 3270 45
653.txt 250 62 greedy 0 0.0175
653.txt 250 62 milp 1604 45
653.txt 250 125 greedy 0 0.0130
653.txt 250 125 milp 31,853 45
653.txt 250 187 greedy 0 0.0164
653.txt 250 187 milp 31,853 45
734.txt 250 7 greedy 1320 0.0059
734.txt 250 7 milp 620 45
734.txt 250 15 greedy 42 0.0105
734.txt 250 15 milp 7136 45
734.txt 250 62 greedy 0 0.0111
734.txt 250 62 milp 506 45
734.txt 250 125 greedy 0 0.0142
734.txt 250 125 milp 22,055 45
734.txt 250 187 greedy 0 0.0162
734.txt 250 187 milp 22,055 45
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9. Conclusions and future work

In this paper, we studied the computational complexity of several variants of radiotherapy shielding mask optimization problems.
Extending the work from Blin et al. [8], we generalized their NP-hardness proof for arbitrary w and introduced various problem
formulations, each yielding distinct complexity and approximation results.

From the clinical perspective motivating this work help delineate which planning subproblems are computationally intractable in
general and thus require approximation algorithms or heuristics. In particular, our experimental comparison illustrates the practical
trade-off between optimization strength and runtime under clinically realistic per-slice budgets: MILP can be competitive when the
number of allowed masks is small, whereas a simple greedy strategy scales to larger instances and can produce very low-error plans
in seconds. These findings support the broader goal outlined in the introduction: enabling fast, deliverable planning methods that
better exploit directional shielding to improve dose conformity while maintaining practical computation times.

An intriguing open problem arising from this work is the determination of the computational complexity of FIXMASKS. Although
related variants are known to be computationally challenging, a formal NP-hardness proof for this particular case remains to be
established.
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