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the truth of existential DL sentences. This problem appears in many contexts: examples
include verification, bioinformatics, telecommunications, and spatio-temporal reasoning in
Al. We begin by considering sentences in CNF with rational-valued variables. We restrict
the allowed clauses via two natural parameters: arity and coefficient bounds. The problem
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Algorithms and complexity understanding by analysing the time complexity and the parameterized complexity (with
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1. Introduction

We have divided this introductory section into four parts. In the first one (Section 1.1), we present difference logic (DL)
and some of its applications, and we describe our approach for studying the complexity of DL. In short, the satisfiability
problem for DL is almost always NP-hard and a more fine-grained analysis becomes necessary; we will thus study the time
complexity of DL together with its parameterized complexity under natural structural parameters. Our time complexity
results are discussed in Section 1.2 while our parameterized results are discussed in Section 1.3. Finally, an outline of the
article is given in Section 1.4.

1.1. Background

Difference Logic is a fragment of linear arithmetic where atoms are constraints of the form x + k < y for variables x, y
(with some numeric domain such as Q or Z) and some integer k. The satisfiability problem for DL is the computational
problem of deciding the truth of sentences

X1, ..., Xn.0

where ¢ is a quantifier-free formula over variable set {x1, ..., xp}. The satisfiability problem for conjunctions of difference
atoms is solvable in polynomial time (by, for instance, the Floyd-Warshall algorithm), while adding various logical features
often leads to computational hardness. We note, for instance, that the satisfiability problem is NP-hard (since the satisfia-
bility problem for propositional logic is NP-hard [22]) and that the problem of deciding the truth of an arbitrary formula
is PSPACE-hard (since deciding the truth of quantified propositional formulas is PSPACE-hard [76]). These complexity re-
sults hold both for rational and integer variable domains. DL is a well-studied formalism due to its many applications: the
archetypal example is from verification where timed automata have natural connections with DL [3,58]. Other important ap-
plications include the channel assignment problem (which is a central problem in telecommunications [5,54]), unit interval
problems (with applications in bioinformatics and graph theory [39,65]), and problems in connection with answer set pro-
gramming [55,60]—all of these can be viewed as restricted variants of DL. Applications like these and the relative simplicity
of DL have made it into one of the most ubiquitous theories in the context of satisfiability modulo theories (SMT) [7,20,61].
DL is also interesting from a complexity-theoretic point of view. One example is the max-atom problem (see the paper by
Bezem et al. [9] or Section 6 in [15]) that can be viewed as a severely restricted version of DL. This problem is polynomial-
time equivalent to problems such as mean pay-off games, scheduling under and-or precedence constraints, and finding
solutions to certain classes of equations. The max-atom problem is intriguing since it is known to be in NP N coNP but no
polynomial-time algorithm has yet been identified.

DL is of major importance in Al but the connections are in general not clearly spelled out in the literature. Spatial-
temporal reasoning is a fundamental task in Al and one of the most influential formalisms is the simple temporal problem
(STP) that was first proposed in an Al context by Dechter et al. [28]. It is a constraint satisfaction problem (CSP) over a
constraint language with relations

{(x,y)eQ?:x—yel[lul}

where ¢,u € Q U {—o0, +o0} and [£, u] denotes a closed interval. We refer to constraints using such relations as simple
constraints. The close relationship to DL is obvious. The STP formalism is often generalised so that the intervals may be
half-closed, open, or a single point. Dechter et al. [28, Sec. 7] point out that this generalisation apparently do not have
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Table 1

Summary of the most important notation concerning the disjunctive temporal problem (DTP) used in this article.
Notation Meaning
D The constraint language for the disjunctive temporal problem (DTP).
CSP(A) for ACD The constraint satisfaction problem using only relations in A.
num(A) for ACD The maximum absolute numerical value used by any numerical bound in A.
D, for a,k € N U {oo} D restricted to relations of arity a and numerical bounds up to k.

any adverse effects and, in particular, the resulting CSP is still solvable in polynomial time. Even though STPs have proven
to be immensely useful in Al, their expressive power is limited. Thus, a common way of obtaining increased expressibility
is to introduce disjunctions in various ways [6,28,63,75]. From the DL perspective, this is equivalent to considering DL
formulas on conjunctive normal form and restricting the set of allowed clauses in various ways. The resulting formalisms
are highly relevant in an Al context. Well-known examples can be found in automated planning [38,79] and multi-agent
systems [10,18]. Stergiou & Koubarakis [75, Sec. 7], Tsamardinos & Pollack [78] and Peintner et al. [66] discuss various other
applications, and Zavatteri et al. [82] have recently presented a large-scale evaluation of software for solving DTPs.

We traditionally view a computational problem as intractable if it is NP-hard. NP-hardness rules out polynomial-time
algorithms (assuming P # NP), but it does not say anything about the time complexity of the best possible algorithm.
Recent advances in complexity theory allow us to prove conditional lower bounds via restricted reductions from complexity-
theoretic conjectures that are stronger than the P % NP conjecture. This methodology has enabled proving close-to-optimal
bounds on time complexity for a multitude of problems assuming suitable conjectures, see also the textbook by Gaspers [37].
The goal of this article is to analyse the satisfiability problem for DL following this methodology. Our time complexity results
reveal that many severely restricted variants of DL cannot be solved in a reasonable amount of time under the Exponential-
Time Hypothesis (ETH). This computational hardness makes it worthwhile to use parameterized complexity for analysing DL
with restricted interactions between variables and constraints.

We need some definitions and notation to facilitate the discussion of the problems that we will study. In the sequel,
we restrict ourselves to the satisfiability problem for DL over rational numbers where the input is in CNF, and we study
various ways of restricting the allowed clauses. We will return to DL without these restrictions in Section 7. The restriction
to CNF formulas allows us to view the satisfiability problem for DL as a constraint satisfaction problem where the constraint
language corresponds to the allowed clauses. Our clause restrictions will be based on two parameters: arity and coefficient
bounds. The arity bounds the number of distinct variables that may appear in a clause. It is closely connected to the length
of a clause, i.e. the maximum number of literals, since if a clause has length k, then its arity is at most 2k. The coefficient
bound simply equals the maximum over the absolute values of constants appearing in clauses.

We continue by introducing the maximally expressive constraint language D. We consider intervals over Q with end-
points in Z U {—o0, +o0}. The intervals may be open, closed, half-closed, or a single point. Let I denote the set of these
intervals and let D contain all relations

{1, %) € QU /Ly xi, — Xj, € I}

for arbitrary t,m > 1 where i, jo € {1,...,t} and I; €I for all 1 < ¢ <m. We remark that one may equally well use the
reals instead of the rationals as the underlying domain. The CSP for D is known as the disjunctive temporal problem (DTP)
in the Al literature. It is easy to verify that CSP(D) is in NP since the STP is solvable in polynomial time. Given a relation
R €D, let K(R) denote the set of numerical bounds appearing in R, e.g. for

R={(x,y,20€Q>: (—oo<x—y<3)v(0<x—z<B6)}

we have K(R) ={3,0,6}. If X is a set of relations, then the definition of K extends naturally: K(X) ={Jgcx K(R). Let ACD
and define num(A) = max{|a| : a € K(A)}, i.e. num(A) is the least upper bound on absolute values of all numerical bounds
appearing in the relations of A. We let D, (where a,k € N U {co}) denote the class of relations of arity at most a and with
num(Dg ) < k. We refer to Table 1 for an overview of this notation.

We illustrate the basic definitions with an example: consider Allen’s interval algebra [2] restricted so that the intervals
are only allowed to have unit length. This formalism (which is referred to as the unit Allen algebra) has, for example,
applications in bioinformatics and graph theory [39,65]. Given a closed interval I, we let I~ and I denote the left and the
right endpoint, respectively. We let Ay, denote a binary structure based on the following relations:

I{p}J Iprecedes | [T <]~

I{m}J  Imeets ] =]
I{o}] I overlaps J IT<J and J- <Itand It < J*
I{e}] I equals J [T=J andIT =]t
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Table 2
Summary of computational complexity landscape for CSP(Dg k).
k=0 1<k<oo k unbounded
a=2 eP NP-complete NP-complete
a>3 NP-complete NP-complete NP-complete

Note that relations p, m, 0 admit converses p*1 ,m~1 o0~1 while the relation e is symmetric. We let the structure Ay, contain

every disjunction of the basic relations. Formally, let U denote the set of all unit intervals on the real line. Ay, contains
{1, ]) e U?:\/, s I{r} ]} for every S C {p,m,0,e,0~!,m~1, p~1}. Observe that every basic relation in the unit Allen algebra
can be expressed as a simple relation in D, ; over the left endpoints of the intervals, i.e.

Hp}] <= 17 =]  €(-o00,-1),
m}] <<= I -] e{-1},
Ifo})] < I —] e(-1,0),
He}] <« 1= —] {0},

and similarly for the converse relations. Moreover, every simple relation in Dy 1 can be expressed as a basic relation of
the unit Allen algebra since the correspondence is one to one. This reasoning naturally extends to taking disjunctions of
simple/basic relations. Thus, CSP(Aya) and CSP(D 1) are the same computational problem, and any upper/lower bound that
applies to one of the problems also applied to the other.

Let us now summarise the computational complexity of CSP(D, k). The polynomial-time solvability of CSP(D2 o) follows
from the fact that the relations in Dy o equal the point algebra [80]. It is well known that CSP(Dy o) for k > 3 is NP-hard (this
follows, for instance, from an easy reduction from the BETWEENNESS problem [36]). Finally, CSP(D, 1) (and thus CSP(Ay,)) are
NP-hard via a straightforward reduction from 3-CoLOURABILITY; NP-hardness for CSP(Dy k), k > 1, is a direct consequence.
These results are presented in Table 2—we immediately see that there is a conspicuous lack of polynomial-time solvable
cases. In the rest of this article, we will refine our understanding of the complexity of CSP(D, k) by first analysing its time
complexity and continue with its parameterized complexity. We discuss these results in Sections 1.2 and 1.3, respectively.

1.2. Time complexity

We prove the following results concerning the time complexity of DTPs. Our lower bounds are based on the Exponential-
Time Hypothesis (ETH) by Impagliazzo et al. [46], i.e. the 3-SATISFIABILITY problem cannot be solved in 2°™ time, where
n is the number of variables. We let Dﬂfk denote the subset of D, where the relations are defined by only using closed
intervals. ’

. CSP(D) is solvable in 20®ogn+logk) time (Corollary 7).

. CSP(D,,;) is solvable in 20108108 time (Theorem 13).

. CSP(D4,0) and CSP(D3,) are not solvable in 20(mlogn) time (Theorems 15 and 16).

. CSP(D3 ) is not solvable in 20(ndlogn+logh)) time (Theorem 17).

. For every c > 1, there exist k>0 and AC Dik such that CSP(A) cannot be solved in O(c") time (Theorem 19).

G AN WN -

We additionally use a result by Eriksson and Lagerkvist [31, Section 3].
Theorem 1 ([31]). CSP(D3,0) is solvable in 29™ but not in 2°™ time (if the ETH is true).

The results are summarised in Table 3 and we see that the upper and lower bounds are reasonably close. The lower
bounds hold for constraint languages that do not use strict inequalities except for CSP(Dg,0), a > 2; an instance of CSP(DiO)
is always satisfiable by assigning each variable value 0. The results concerning CSP(D, x) indicate that there is no uniform
single-exponential algorithm for CSP(D; ). The result does not, however, rule out the possibility that CSP(D; k) can be solved
in 2%™ time, where c1, Co, ... is an increasing sequence. All results in Table 3 remain intact if we restrict the variables to
take integer values only (see Section 7.2). We remark that our main goal is in delineating single-exponential vs super-
exponential running times, for which the ETH is a reasonable starting point. To obtain more fine-grained lower bounds, e.g.
rule out concrete constants in the bases of exponential functions, one typically needs to rely on stronger hypotheses like
the strong ETH [19].

Our algorithm for CSP(D) is based on proving a small-solution property: every satisfiable instance of CSP(D) has a solution
that assigns sufficiently small values to the variables. The small-solution property is not very common in infinite-domain
CSPs but it is, for instance, known to hold for the max-atom problem [9] and the CSP problem for unit two variables per
inequality relations [72]. Our proof utilises certain ordering properties inherent in D together with a method for handling

4
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Table 3

Summary of time complexity landscape for CSP(D, ) under the ETH. Each case for a is split into two rows,
with the upper row giving the upper bound and the lower row giving the lower bound. (x) means that for
every ¢ > 1, there exists a k > 0 and A C D, such that CSP(A) cannot be solved in O(c") time.

k=0 1<k<oo k unbounded
a=2 P 20(nloglogn) (Thegrem 13) 20 n(logn+logh) (Corollary 7)
— (%) (Theorem 19) 20(n(logn+logk)) (Theorem 17)
a=3 20 (Theorem 1) 20@logn) (Corollary 7) 20dogn-+logh)) (Corollary 7)
2°M (Theorem 1) 20(logn) (Theorem 16) 0(n(logn+logk)) (Theorem 17)
4<a<oo 20@logn) (Corollary 7) 20mlogn) (Corollary 7) 20ndlogn-+logh)) (Corollary 7)
20(nlogn) (Theorem 15) 20(mlogn) (Theorem 15) 20(n(logn-+logk)) (Theorem 17)
a unbounded 20mlogn) (corollary 7) 20(mlogn) (Corollary 7) 20 ndlogn+logh) (Corollary 7)
20(logn) (Theprem 15) 20(logn) (Theorem 15) 20(n(logn+logh)) (Theprem 17)

the integer and fractional part of the variables independently; this approach is distinctly different compared to the proof
techniques used in [9] and [72]. With the aid of this result, we can enumerate a suitable collection of assignments and
check whether at least one of them satisfies all constraints in the instance. The small-solution property will be important
once again when we consider the parameterized setting (see Section 1.3). Our algorithm for CSP(D; ) is based on a non-
trivial divide-and-conquer approach. The relations in D, ; exhibit even stronger ordering properties than the relations in D
and this allows us to show that any solution for an instance Z of CSP(D, ) suggests a natural split of the whole instance
into either two or three subinstances sharing only a small number of variables. Hence, our algorithm enumerates all pos-
sible decompositions into two or three subinstances with small variable overlap and recurses on these for every possible
assignment of the shared variables. An immediate consequence of this algorithm is the following result (since CSP(Ay,) and
CSP(D5,1) are the same computational problem).

Proposition 2. CSP(A,) is solvable in 20 (l0glogn) time,

Our lower bounds are based on a mixture of related ideas. We exploit the lower bound on the (k x k)-INDEPENDENT
SET problem by Lokshtanov, Marx and Saurabh [56], and the lower bound by Traxler [77]. The latter result concerns binary
CSPs over finite domains, where the complexity is measured with respect to the number of variables. Intuitively, Traxler
shows that, under the ETH, the complexity of binary CSPs grows together with the domain size. We illustrate the main
technical idea by an example. Suppose an instance of a CSP over the domain {1, 2,3} has two variables v{, v, and two
unary constraints: v; € {1,2} and v, € {2, 3}. One can reduce it to a CSP over the domain {1, 2, 3} with a single constraint
v e {1,2} x {2,3}, where {1, 2} x {2,3} ={(1,2), (1, 3), (2,2), (2,3)}. Here variable v encodes the pair of variables (v1, v3).
Applying the same idea, one can reduce any instance of binary CSP over domain d with n variables to a binary CSP over
domain d" with roughly n/r variables, for any constant r. Thus, with increased domain size, the number of variables required
to encode the same set of constraints decreases. Lokshtanov et al. push this idea to the limit, where the domain size and
the number of variables are roughly equal. A helpful technical tool that we use in adapting these results to CSP(D, k) are
Sidon sets. A set S of natural numbers is called a Sidon set if all pairwise sums of its elements are distinct, i.e. the equation
a+b=c+d with a,b,c,d € S is only solvable when {a, b} = {c, d}. Sidon sets are also used in our lower bound proofs in
the parameterized case.

We conclude this section with a few words about related problems from the literature. The CSP(D) problem can be
expressed in the existential theory of the reals (AR). An 3IR-formula is a Boolean combination of atomic predicates of the
form p(x1,...,xp) ® 0, where p is a real polynomial and © € {<, <,=, >, >, #}. Renegar’s algorithm [68] decides the
satisfiability problem for IR-formulas in LlogLloglogL - (md)°™ time where L is the number of bits needed to represent
the coefficients in the polynomials, m is the number of polynomials in the sentence, d is maximum among total degrees
of the polynomials, and n is the number of variables. Observe that instances of CSP(D) can be written as IR-formulas by
replacing atomic formulas of the form x — y <a with p(x, y) <0 where p(x, y) =x — y — a. An instance Z of CSP(D) with
n variables and k = num(Z) can have O(n%k) atomic formulas: there are (g) pairs of variables and O (k) possible bounds
can be expressed on their difference. We are allowed to use disjunctions, which can be applied to an arbitrary subset of
the O(n%k) atomic formulas. Thus, cast as a IR-formula, I has m < 22K polynomials of degree d = 1. This leads to a
200k _time algorithm for CSP(D) and, consequently, 20 time for CSP(D ). For binary constraint languages, Renegar’s
algorithm yields better results with 20("108n+108k) time for CSP(D5, ;) and 2018 time for CSP(D, ) because only O (n%k)
disjunctive formulas are available. In fact, the running time for CSP(D; ~,) obtained this way matches our result. However,
we claim that our algorithm represents a very simple and natural approach to solving this problem. While asymptotically
the result is the same, Renegar’s algorithm solves a much more general problem, and the hidden constants in its running
time are astronomical (see e.g. the practical evaluation in [44]).

Let us turn our attention to lower bounds. Socata [74] shows that the channel assignment problem cannot be solved in
20(mlogn) time under the ETH. This problem can be viewed as CSP(Aca) where Ac, contains the relation {(x, y) € N2: |x—y| >
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a} for every a € N. This result implies that CSP(Dioo) is not solvable in 2°1°2™ time but it does not directly imply our

stronger 20(10ogn+logk)) Jower bound for integer solutions (that is derived by combining Theorem 17 and Lemma 37). Unit
two variables per inequality (UTVPI) relations are defined as {(x, y) € Z? : ax+ by > c} where a,b € {—1,0, 1} and c € Z. This
is a well-studied and interesting generalisation of CSP(DZS ) over the integers; Schutt and Stuckey write the following [71,
p. 514].

Unit two-variable-per-inequality (UTVPI) constraints form one of the largest classes of integer constraints which are
polynomial time solvable (unless P = NP). There is considerable interest in their use for constraint solving, abstract
interpretation, spatial databases, and theorem proving.

Seshia et al. [72] have presented an algorithm for checking the satisfiability of first-order formulas without universal quan-
tification over UTVPI constraints. This algorithm runs in 20®Uogn+0gk)) time (where, as usual, n is the number of variables
and k is the coefficient bound). Our lower bound result for CSP(D; ) over the integers shows that this algorithm is essen-
tially optimal with respect to running time.

1.3. Parameterized complexity

We have seen that CSP(D) (and many severely restricted variants) cannot be solved in single-exponential time under the
Exponential-Time Hypothesis (ETH). This motivates the search for efficiently solvable subproblems. To this end, we use the
framework of parameterized complexity [29,32,59], where the run-time of an algorithm is studied with respect to a parameter
p € N and the input size n. The idea is that the parameter describes the structure of the instance in a computationally
meaningful way. Here, the most favourable complexity class is FPT, which contains all problems that are fixed-parameter
tractable (fpt), i.e. can be decided in f(p) - n°™ time, where f is a computable function. The next best option is the
complexity class XP, which contains all problems decidable in nf® time, i.e. the problems solvable in polynomial time
when the parameter p is bounded. Clearly, FPT € XP and this inclusion is strict (see e.g. [32, Cor. 2.26]). It is significantly
better if a problem is in FPT than in XP since the order of the polynomial factor in the former case does not depend on the
parameter p. Finally, the class pNP contains all problems that can be decided in f(p)-n°® time by a non-deterministic
algorithm for some computable function f. It is known that a problem is pNP-hard (under fpt-reductions; see Section 6) if it
is NP-hard for some constant value of the parameter. Problems that are pNP-hard are considered to be significantly harder
than those in XP since a problem that is pNP-hard cannot be in XP unless P = NP.

A prominent method for identifying tractable fragments of CSPs is to restrict variable-constraint interactions (see, for
instance, the survey by Carbonnel and Cooper [21, Sec. 5]); these are referred to as structural restrictions and are commonly
studied via the primal and incidence graphs associated with instances of the CSP. The primal graph has the variables as its
vertices with any two joined by an edge if they occur together in a constraint. The incidence graph is the bipartite graph
with two disjoint sets of vertices corresponding to the variables and the constraints, respectively. A constraint vertex and a
variable vertex are joined by an edge if the variable occurs in the scope of the constraint. The treewidth of such graphs has
been used extensively. It is, for example, known that the finite-domain CSP is in FPT with the parameter w +d if w is the
primal treewidth and d is the domain size [41], while this is not true (under standard complexity assumptions) if w is the
incidence treewidth [70].

We now describe our parameterized results. It is known that the primal treewidth is bounded from below by the
incidence treewidth [52] for arbitrary CSP instances. This means, in particular, that any parameterized tractability result ob-
tained when parameterizing by incidence treewidth implies an equivalent tractability result for primal treewidth. Moreover,
any parameterized hardness result for primal treewidth implies an equivalent parameterized hardness result for incidence
treewidth. Thus, we present algorithms for CSP(D, ;) parameterized by incidence treewidth and lower bounds with respect
to primal treewidth. We exhibit an XP-algorithm for CSP(D, x) when k € N. This is a bottom-up dynamic programming
algorithm along a nice tree decomposition of the incidence graph that exploits the fact that CSP(D) has the small-solution
property. The algorithm runs in time (nk)®™) where w is the treewidth of the incidence graph. One may note that CSP(D)
is in XP whenever the numeric values occurring in the instance are bounded by a polynomial in the number of variables.

We complement this algorithmic result by proving that CSP(D;, k) for 1 <k < oo is W[1]-hard when parameterized by
primal treewidth and thus not in FPT under standard complexity-theoretic assumptions. This shows that significantly faster
algorithms for CSP(D, ) with k < oo are unlikely. This W[1]-hardness result carries over to CSP(Dik) when k > 1 almost

without extra effort; note that the condition on k is required since CSP(DiO) is trivially in P. The reduction is from a
novel multi-dimensional variant of the well-known SUBSET SuM problem, which we show to be W[1]-hard. Many important
problems from the Al literature such as Allen’s Algebra and RCC8 are in FPT with parameter primal treewidth [27] so even
CSP(D5,1) is a substantially harder problem. We finally show that CSP(D; ) is pNP-hard, i.e. the problem becomes much
harder when the numeric values are unbounded. If a language L is in NP, then all parameterized languages L' C L x N are
members of pNP so CSP(D; ) is @ pNP-complete problem. We summarise our results in Table 4. All results for k > 1 can
be found in this article, while the result for k =0 was proven by Dabrowski et al. [27]. We note that the results still hold if
we restrict ourselves to integer variable domains (see Corollary 34 and Section 7.2). The results outlined above immediately
imply the following since CSP(Aya) and CSP(Dy 1) are the same computational problem.

6
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Table 4

Summary of the parameterized complexity landscape for CSP(D, ) parameterized by primal
treewidth and incidence treewidth. The parameter for upper bounds is incidence treewidth
and for lower bounds is primal treewidth. Each case for a is split into two: the top row is
for the upper bound and the bottom row for the lower bound. The only open case is for
CSP(Dw,0), Which is known to be in FPT parameterized by primal treewidth under additional
restrictions [27, Section 3.4], but it is open what holds for incidence treewidth.

k=0 1<k<oo k unbounded
a=2 P XP (Theorem 22)
WI[1]-h. (Theorem 33) pNP-h. (Theorem 31)
3<a<o FPT ([27, Theorem 6]) XP (Theorem 22)
W[1]-h. (Theorem 33) pNP-h. (Theorem 31)
a unbounded XP (Theorem 22) XP (Th. 22)
? WI[1]-h. (Theorem 33) pNP-h. (Theorem 31)

Proposition 3. CSP(Ay,) with parameter treewidth of incidence graph is in XP and it is W[1]-hard with parameter treewidth of primal
graph.

We conclude this section by discussing some related algorithms from the literature. Bodirsky & Dalmau [13] and Huang
et al. [45] proved that CSP(A) is in XP (with treewidth of the primal graph as parameter) for w-categorical A and binary
constraint languages A that have the atomic network amalgamation property (aNAP), respectively. Huang et al. write that
their algorithm is fixed-parameter tractable, but this is due to non-standard terminology; according to their Theorem 6,
the algorithm runs in O (w3n - e’ logny — n%™ time. These two general results apply to many interesting problems: w-
categoricity is a fundamental property in the study of infinite-domain CSPs and many Al-relevant CSPs have this property
(see also the book by Bodirsky [12]). Similarly, the aNAP and other amalgamation properties are highly important in this
context, too. However, these properties do not hold for the constraint language D or even the fragment D; 1, as we will
show next.

The theorem by Engeler, Ryll-Nardzewski, and Svenonius (see e.g. [43, Theorem 6.3.1]) implies that if A is an w-
categorical constraint language, then for all n > 1, there are finitely many nonequivalent formulas over A with n free
variables. This is not true for D, 1: consider the infinite sequence of formulas ¢, (x, y), ¢3(x, y), ... defined as follows:

k—1
dr(x,y) =321, ..., Zk. X =21 /\yZZk/\/\Zj+] —-zi=1
i=1
and note that ¢y (x, y) holds if and only if y =x 4+ k — 1. If a structure A containing binary relations has aNAP, then for
any pair of complete atomic instances (Vq, Cq) and (V3, C3) of CSP(A) that have the same constraints over the variables in
V1 N Vy, their union (VU Vy, C; UCy) is satisfiable. An instance of CSP(A) is complete if there is one constraint for every
pair of variables, and it is atomic if no constraints involve disjunctions. Consider the instances

I1={xay}{fa—x=1,y—a=1,y—x€(1,00)}),
Lr={x,b,y},{b—x=1,y—be(0,1),y —xe(1,00)}).

71 and Z, are complete, satisfiable, atomic instances of CSP(D3 1), and they agree on their intersection. However, their union
is not satisfiable, since Z; implies that y — x =2, while Z, implies that y —x € (1, 2).

Dabrowski et al. [27] have presented a fixed-parameter tractable algorithm for constraint languages having the patchwork
property [57]; this is yet another amalgamation property. The applicability of this algorithm can naturally be ruled out with
the aid of the hardness results presented in Section 6. It is also straightforward to verify directly that the problems we study
do not have the patchwork property: in fact, the example above for ruling out that D, ; has aNAP also shows that D, ; does
not have the patchwork property.

14. Outline

This article is based on two conference papers [25,26]. The major differences are that (1) this article generalises our ear-
lier results on various temporal formalisms to difference logic, (2) it gives a comprehensive picture of the time complexity
landscape, (3) the proofs are both unified and significantly simplified by the addition of multi-purpose results such as The-
orem 6, and (4) the results are extended to both general formulas and variables with integer domains. A succinct summary
of our main contributions can be found in Table 5. The article has the following structure. We present the necessary prelim-
inaries in Section 2. The upper and lower bounds on time complexity are collected in Sections 3 and 4, respectively, while
the parameterized upper and lower bounds are collected in Sections 5 and 6, respectively. We look at two generalisations
of our results in Section 7: formulas that are not in conjunctive normal form are considered in Section 7.1 and problems
where variables have integer domains in Section 7.2. We conclude the article in Section 8 with a discussion of our results.
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Table 5
Simplified guide to our main contributions, where n is the number of variables, k is
the coefficient bound and w is the treewidth of the incidence graph.

Result Stated in

CSP(D) is solvable in 20((ogn+logh)) time, Corollary 7
CSP(D, ;) is solvable in 20™10glogm time, Theorem 13
CSP(Dy,0) is ETH-hard to solve in 2°*198™ time, Theorem 15
CSP(D3,1) is ETH-hard to solve in 2°18™ time, Theorem 16
CSP(D3.«) is ETH-hard to solve in 20("(ogn+1ogk) ime, Theorem 17
CSP(D k) is solvable in (nk)9™) time. Theorem 22

CSP(D;, ) is pNP-hard parameterized by primal graph treewidth. = Theorem 31
CSP(Dy,1) is W[1]-hard parameterized by primal graph treewidth. Theorem 33

2. Preliminaries

In this section we provide some prerequisites. We present the basic language of difference logic in Section 2.1 and give a
compact overview of the constraint satisfaction problem in Section 2.2. Finally, Section 2.3 contains a primer on Sidon sets
that we use as a tool for proving our lower bound results.

2.1. Difference logic

We begin with some basic logical terminology. A (relational) signature t is a set of symbols, each with an associated
natural number called their arity. A (relational) t-structure A consists of a set D (the domain), together with relations
RA C DX for each k-ary symbol R € 7. To avoid overly complex notation, we sometimes do not distinguish between the
symbol R for a relation and the relation RA itself. We also allow ourselves to view relational structures as sets and, for
instance, write expressions like R € A. Let A be a t-structure over a domain D. We say that A has arity a if every relation
in A has arity at most a.

Let A be a t-structure. First-order formulas ¢ over A (or, for short, A-formulas) are defined using the logical symbols of
universal and existential quantification, disjunction, conjunction, negation, equality, bracketing, variable symbols, the relation
symbols from 7, and the symbol L for the truth-value false. First-order formulas over A can be used to define relations: for
a formula ¢ (x1, ..., x,) with free variables x1, ..., X, the corresponding relation R is the set of all k-tuples (ti, ..., t;) € D
such that ¢(tq,...,t) is true in A. In this case we say that R is first-order definable in A. Our definitions of relations are
always parameter-free, i.e. we do not allow the use of domain elements within them.

Certain types of first-order formulas are particularly interesting for our purposes. Let ¢ denote a first-order formula.

e ¢ is a sentence if it has no free variables.

e ¢ is in conjunctive normal form (CNF), if it is a conjunction of disjunctions of literals, i.e. atomic formulas or their
negations. A disjunction of literals is called a clause.

e ¢ is quantifier-free if it does not contain existential and/or universal quantifiers.

o ¢ is existential if ¢ =3xq,...,xn. %y where ¢ is quantifier-free.

We let S denote the relational structure representing the atomic DL formulas, i.e. the infinite set of relations

() €eQ?: €01 x—y Oau}

for any £ € Z U {—o0}, u € Z U {0} and O1, O3 € {<, <}. We will sometimes consider a restricted set S where ©1 =y =
<. The satisfiability problem for DL is the following problem.

DL-SAT
Input: An existential first-order sentence ¢ over S.

Question: s ¢ true?

Note that we make (without loss of generality) the sensible assumption that the bounding values are integers (see e.g.
the article by Tsamardinos & Pollack [78]): real values cannot in general be written down with a finite number of bits, and
rational numbers can be scaled in a suitable way. We use the rationals as the value domain (also without loss of generality):
if there is a solution to an instance of CSP(D) over the reals, then there is also a solution over the rationals. While this is not
of major importance in this article, the differences between R and Q sometimes cause confusion and/or technical problems.
We refer the reader to the literature for a more thorough discussion of representational issues [14,50].
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2.2. Constraint satisfaction

We continue by defining the constraint satisfaction problem (CSP). Let A denote a relational 7-structure defined on a set
D of values. The constraint satisfaction problem over A (CSP(A)) is defined as follows:

CSP(A)
Input: A tuple (V, C), where V is a set of variables and C is a set of constraints of the form R(v1,..., vq),
where a is the arity of R, v1,...,vqg €V, and R € A.
Question: Is there a function f :V — D such that (f(v1),..., f(vg)) € R for every R(vy,...,vq) €C?

Observe that we do not require A to have finite signature or D to be a finite set. The structure A is sometimes referred
to as a constraint language, while the function f is a satisfying assignment or simply a solution. If ¢ = R(x1,...,Xq) is a
constraint, then the set {xq,...,xy} is the scope of c. We denote this set by scope(c). A basic example of a CSP is the STP
problem: it is easy to verify that it equals CSP(S). Another example is the max-atoms problem: it is conveniently defined as
a CSP with the infinite constraint language Apmax containing the relations Ry = {(x, ¥, z) € Q3 : max(x, y) + d > z} for every
d > 0. We note that Ry is quantifier-free definable in S since

max(x,y)+d>z<e x+d>2)v(y+d=>2z).

One may view CSP(A) with A € D as a restricted DL-SAT problem. An A-sentence is primitive positive if it is of the form

X, . XL A A Y

where V1, ...,y are atomic formulas over A, i.e. formulas (1) R(y1, ..., yqa) with R €A, (2) y; =yj, or (3) L. Thus, CSP(A)
can be viewed as DL-SAT restricted to primitive positive A-formulas whenever the equality relation is in A. This assumption
is harmless for the CSP problem: adding equality to the constraint language does not affect the complexity of the CSP up to
log-space reductions (see Lemma 1.2.6 in [12]). This connection between CSP and DL-SAT will be exploited in Section 7.

To simplify the presentation, we sometimes use an alternative notation for a disjunctive constraint \/}. x;, —xj, €Iy and
write it as a set of simple constraints {x;, —xj, € I, : £ € {1, ..., m}}. Then, an assignment satisfies the disjunctive constraint
whenever it satisfies at least one simple constraint in the corresponding set. This way of viewing disjunctions simplifies, for
instance, the treatment of certificates in Section 3.2.1.

When considering CSPs with infinite constraint languages, it is important to specify how the relation symbols are repre-
sented in the input instances. In our case, it would (for instance) be sufficient to represent the relation symbol for a relation
R by a quantifier-free CNF definition of R using atomic formulas of the form x — y ® ¢ with ® € {<, <}, and coefficients
c € Z represented in binary. Such a representation has certain pleasant features: one may, for instance, check in polynomial
time whether a given rational tuple (where the numerator and denominator are viewed as integers represented in binary) is
a member of R or not. Note that there are no representational issues like these when considering finite constraint languages.

For an instance Z of CSP(A), we write ||Z|| for the number of bits required to represent Z. We primarily measure time
complexity in terms of n (the number of variables). Historically, this has been the most common way of measuring time
complexity: for instance, the vast majority of work concerning finite-domain CSPs concentrates on the number of variables.
One reason for this is that an instance may be much larger than the number of variables. Consider an instance of the
propositional SAT problem, i.e. a propositional logical formula in CNF. Such a formula may contain up to 22" distinct clauses
if repeated literals are disallowed, so measuring in terms of the instance size may give far too optimistic figures. It is thus
more informative to know that SAT can be solved in 0*(2") time' instead of knowing that it is solvable in 0*(2IZ!) time.

The various constraint languages that we will consider were defined in Section 1. We note that disjunctive temporal
relations are sometimes defined in a more general way which allows for unary atomic relations x € I (as opposed to binary
atomic relations x — y € I). The standard trick for handling unary relations is to introduce a zero variable (see [6]). Solutions
to CSP(D) have the following property: if ¢ : V — Q satisfies an instance (V, C), then so does ¢’(v) = ¢(v) +c where c € Q
is an arbitrary constant. Thus, we can pick an arbitrary variable in V and assume that its value is zero: such a variable is
called a zero variable. We can now easily express unary constraints, e.g. the constraint x — z € (0, 2] is equivalent to x € (0, 2]
if z is the zero variable. Adding a single zero variable does not affect the time complexity with more than a multiplicative
factor.

2.3. Sidon sets

Our lower bound results presented in Sections 4 and 6 use Sidon sets [73]. The study of Sidon sets is an important topic
in additive number theory and elsewhere; see e.g. the survey by O'Bryant [62] or the book by Halberstam and Roth [42].

1 The 0*(-) notation hides polynomial factors.
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The terminology used in the literature may appear confusing: they are known under several names such as Golomb rulers,
Sidon sequences, and B-sets, and the term Sidon set has different meanings in number theory and functional analysis. A
Sidon set S is a set of integers such that the sum of any pair of its elements is unique, i.e. ifa+b=c+d for a,b,c,d €S,
then {a, b} = {c, d}. It is easier to work with differences in our proofs so we use the following equivalent condition: for all
a,b,c,de S such that a#b and c #d, a— b =c —d holds if and only if a =c and b =d. This indicates one way of using
Sidon sets: they allow us (under certain conditions) to rewrite a disjunction x #a Vv y # b (where x, y are variables and a, b
integers) as a difference x — y # ¢ for some integer c.

The order of a Sidon set is the number of elements in it and the length is the difference between its maximal and minimal
elements. For example, {0, 1, 4, 6} is a Sidon set of order 4 with length 6. We will use a particular way of constructing Sidon
sets with length quadratic in their order.

Proposition 4 ([30]). Let p > n be an odd prime. Then
Sp= [pa—i—(a2 modp):ae{o,...,n—l}]

is a Sidon set.

We sometimes need to ensure that the length of a Sidon set is bounded by a polynomial in its order k. Indeed, Propo-
sition 4 shows that there is a Sidon set containing k positive integers and whose largest element is at most 2p2, where p
is the smallest prime number larger than or equal to k. This set can clearly be constructed in polynomial time. Together
with Bertrand’s postulate (see e.g. Chapter 2 in the book by Aigner and Ziegler [1]) which states that for every natural
number n there is a prime number between n and 2n, we see that a Sidon set of order k and length 8k? can be generated
in polynomial time.

3. Upper bounds on time complexity

This section contains two main results: a 20®(ogn+logk) time algorithm for CSP(D) (Section 3.1) and a 20loglogn) tjme
algorithm for CSP(D; k) when k < oo is fixed (Section 3.2). These results together with the lower bound results that are
proved in Section 4 are summarised in Table 3.

To simplify some of the proofs in this section, we note that it is sufficient to concentrate on unit constraints, which are
defined as follows. Let T C D, be the constraint language with relations

{(x,y)eQ?:x—ye{i}},
{(x,y)eQ?:x—ye(,i+1)}and
{(x,y) €eQ? :x— y e (i,00)}

for all i € Z. We refer to the relations in T as unit relations. Consider constraint x — y € (—1,0] U [1, 00). An equivalent
constraint can be enforced by a disjunction of unit constraints x —y € (—1,0) vx—ye{0}vx—ye{l}vx—ye(1,0). In
a similar manner, we can rewrite every disjunctive temporal constraint as a disjunction of unit constraints.

3.1. Upper bound for CSP(D)

We will prove a small-solution property for CSP(D). Small-solution properties are results that state that a solvable instance
of CSP(A) has a solution that assign ‘small’ values to the variables. Exactly what is meant by ‘small’ varies in different
contexts. A concrete example is provided by Bezem et al. [9] for the max-atoms problem that we encountered in Section 1.1:
every satisfiable instance (V, C) of the max-atoms problem has a solution f:V — {0, ..., p} where

p= >

max(x,y)+d>zeC

Another example (from Section 1.2) is UTVPI relations. These are defined as {(x, y) € Z2 : ax + by > ¢} where a,b €
{—1,0,1} and c € Z. Seshia et al. [72] prove that every satisfiable instance (V, C) of the CSP over UTVPI relations has a
solution in the interval {—|V|-(k+1),...,|V|-(k+ 1)}, where k = num(C). This result implies that every satisfiable instance
(V, C) of CSP(D<) has a solution {—|V|-(k+1),...,|V|-(k+1)} but it does not give a bound for CSP(D)—note, for instance,
that CSP(D) is not guaranteed to have integer solutions, e.g. {x — y € (0,1)}. Bezem et al.’s proof has a graph-theoretical
flavour while Sesha et al.’s proof is based on a polyhedral approach. None of these methods appear to be directly applicable
to CSP(D): Bezem et al.’s proof uses intrinsic properties of the max-atom problem while Sesha et al.’s approach is built
around the fact that solutions must assign integers to the variables. Our proof strategy has more of an order-theoretic
flavour. Define the set

10
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CD(n,k):{z—i—%:z,qu, 0<z<@m—1)k+1), and0§q<n}

for n, k € N. This set will serve as a ruler, and we will show that any satisfying assignment to an instance of CSP(D) with
n variables and numerical bound k can be transformed into one that only chooses values from the ruler. To achieve this
we will split the assignment of each variable into the integral part and the fractional part and show how to independently
transform these parts. Our starting point is the following lemma which provides sufficient conditions for two assignments
to satisfy the same set of simple constraints. This lemma will also be useful when proving the forthcoming Lemma 10.

We let |x| denote the floor function (i.e. |x] is the largest integer less than or equal to the real number x) and we let
frac(x) denote the fractional part of the non-negative real number x (i.e. frac(x) = x — | x]). We are now ready to prove the
main technical lemma.

Lemma 5. Let k be an integer and let ¢ : V — Q and ¢, : V. — Q be two assignments of the variables in V that satisfy the following
two conditions:

1. For every x,y € V, it holds that ¢1(x) — ¢1(y) and ¢2(x) — ¢2(y) have the same integer part up to k + 1, i.e. min{|¢p1(x) —

$1(¥)], k+ 1} =min{[$2(x) — p2(V) ], k + 1}.
2. Forevery x,y € V, it holds that frac(¢1(x)) © frac(¢1 (y)) if and only if frac(¢z (x)) © frac(¢2(y)) forevery © € {<, =, >}.

Then, ¢1 and ¢, satisfy the same simple constraints over V with relations in D k.

Proof. To show the lemma, it is sufficient to show that ¢; and ¢, satisfy the same unit constraints. Suppose that ¢; and
¢, satisfy conditions 1 and 2. We need to show that ¢; satisfies any of the unit constraints on two variables x and y if and
only if so does ¢,. We distinguish the following cases according to the three types of unit constraints given above.

o If ¢1(x) —¢1(y) € {i} for some i <k, then [¢1(x) —¢1(y)] =i and frac(¢1 (x)) = frac(¢1(y)). Therefore, [¢2(x) —¢2(¥)] =i
and frac(¢, (x)) = frac(¢2(y)), which implies that ¢, (x) — ¢2(y) € {i}.

o If p1(x) —p1(y) € (i,i+ 1) for some i <k, then |¢p1(x) — p1(y)| =1 and frac(¢(x)) > frac(¢1(y)). Therefore, |¢s(x) —
¢2(y)] =i and frac(¢(x)) > frac(¢2(y)), which implies that ¢ (x) — ¢2(y) € (i,i+ 1).

o If ¢p1(x) — Pp1(y) € (i, 00) for some i <k, then either [¢p1(X) — ¢1(y)] =i and frac(¢q(x)) > frac(¢1(y)) or |p1(x) —
¢1(¥)] > i. In the former case, we have that [¢2(x) — ¢2(y¥)] =i and frac(¢,(x)) > frac(¢2(y)) and therefore ¢, (x) —
¢2(y) € (i, 00). In the latter case, we have that [¢2(x) — ¢2(y)]| > i and therefore ¢, (x) — ¢p2(y) € (i, 00).

This completes the proof. O
Lemma 5 enables us to give a clear-cut proof of the small-solution property.
Theorem 6. Every satisfiable instance Z = (V, C) of CSP(D) has a solution f : V — CD(|V |, num(C)).

Proof. Let Z = (V, C) be a satisfiable instance of CSP(D) with solution g:V — Q. Let n = |V|, k = num(C), our strategy is
to take the assignment g and construct a new assignment f : V — CD(n, k) that satisfies the same simple constraints as g
over V with relations in Dy .

Index the variables {v1,..., vy} so that g(v;) < g(vi+1) for all 1 <i <n. Then, split the values g(v;) into integral and
fractional parts, i.e. define z; = | g(v;)] and q; = frac(g(v;)) for all i. Note that 0 <¢q; <1 and the integers z1, ...,z are in
non-decreasing order.

We recursively define the assignment f(v;) = c; +d; for all i, where c; is the integral part and d; is the fractional part of
f(vi). Set c1 =0 and let ¢j4+1 = ¢; + min{z;+1 — z;, k + 1} for all 1 <i <n. Note that cq, ..., c, are sorted in non-decreasing
order. Furthermore, let o : {q1,...,qn} — {0,...,n—1} be an injective function such that o (q;) ©0(q;) <= ¢q;©q; for all i,
jand © € {<, =, >}. One may view o as an order-preserving ‘scaling’ of the fractional parts into the integers. Let d; = %
for all i. Note that ¢, <(n—1)(k+ 1) and 0 <o (q;) <n—1, so f maps the variables in V into the set CD(n, k), as desired.
Moreover, since f and g satisfy the conditions on ¢; and ¢, given in the statement of Lemma 5, we obtain that f and g
satisfy the same simple constraints over V with relations in D, . Therefore, f also satisfies Z, as required. O

Theorem 6 gives us straightforward upper bounds on the time complexity of CSP(D) and many of its subclasses.

Corollary 7. Every instance T = (V, C) of CSP(D) can be solved in 20 "108n+1086) time where n = |V | and k = num(C). In particular,
every instance of CSP(Dy k) can be solved in 201°¢™ time,

Proof. Enumerate all assignments f :V — CD(n, k) and check if they satisfy Z. Theorem 6 implies that Z is satisfiable if
and only if at least one such assignment is satisfying. This takes O*(|CD(n, k)|") time in total. The set CD(n, k) contains
0 (n%k) elements so

11
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O*(|CD(H k) |n) — O*((n2k)n) — ZO(nlogn) A 20(11 logk) — 20(n(logn+logk)) o
3.2. Upper bound for CSP(D; k)

In this section we prove that CSP(Dy ;) can be solved in 20(10glogn) time Qur algorithm for CSP(D, k) is based on
a divide-and-conquer approach, i.e. we split the instance into smaller parts and solve them recursively. To achieve the
splitting, we first show that any solution for an instance Z of CSP(D,x) suggests a natural split of the whole instance
into either two or three almost independent subinstances; here, almost independent refers to the instances sharing only a
small set of variables. This will be exploited by the algorithm to enumerate all possible decompositions into two or three
subinstances and recurse on these for every possible assignment of the shared variables. We also need a subroutine that
allows us to find all solutions with small domain values. This is used to solve the middle instance in the case that the
instance decomposes into three subinstances.

Before we begin, we describe some polynomial time preprocessing steps for CSP(D;). Suppose there are two constraints
for a pair of variables x — y:

X—yelhiv---vx—yeclp,
X—yeJ1iv--Vx—ye]qg,

where Iy,...,I, and Ji,..., Jq are intervals. For both constraints to hold, there must exist 1 <i <p and 1< j <q such
that x — y € I; N J ;. Thus, we can replace these two constraints with

p

q
\/\/x—yel,ﬂ]j.

i=1j=1

Applying this procedure exhaustively, we obtain an instance with at most one constraint for every pair of variables. In the
rest of the section we assume that all instances Z = (V, C) are preprocessed, and we write oc(x, y) to denote the constraint
in C over variables x and y; if there are no constraints over x and y, we let oc(x, y) be the set of all possible simple
constraints over x and y.

The rest of this section is divided into three parts (Sections 3.2.1-3.2.3): the first two sections introduce certain subrou-
tines that are needed in the algorithm, and the algorithm itself is presented and proven correct in the third section.

3.2.1. Certificates

We begin by presenting an alternative method for enumerating compact representations of solutions to CSP(D) instances
in terms of certificates. The main advantage of certificates compared to representing solutions by assignments is that cer-
tificates allow us to express the partial solution in terms of constraints. In particular, it allows us to fix the behaviour of
certain variables by simply adding additional constraints to the instance.

Let Z = (V, C) be an instance of CSP(D). Define /(C) to be the set of simple temporal constraints appearing as disjuncts
in C. For example, if C={(x—y<0)v(x—y>1),x—z>1}, then U(C()={x—y<0,x—y>1,x—z>1} Let p:V - R
be an assignment to Z. We identify ¢ with the subset of constraints F C {/(C) satisfied by ¢. This allows us to define an
equivalence relation ~ on the assignments where ¢ ~ ¢, holds if and only if F; = F;. This way, F represents the entire
class of assignments equivalent to ¢. We say that F is a certificate of the satisfiability of Z. An assignment ¢ is satisfying
if the certificate F contains at least one simple constraint from every c € C. Note that if ¢; ~ ¢, and ¢; is a satisfying
assignment, then so is ¢,. While there may be infinitely many satisfying assignments to Z, the number of certificates is
finite since there are at most as many certificates as there are subsets of I/(C).

Theorem 8. The list of certificates to an instance Z = (V, C) of CSP(D) can be computed in 20®10gn+10gk) time where n = |V| and
k = num(C).

Proof. By definition, every certificate Z' = (V’, C’) for Z is a satisfiable instance of CSP(S) with n variables and num(C’) <k.
Theorem 6 implies that each Z' admits a satisfying assignment in CD(n, k). Thus, we can enumerate assignments f : V(I) —
CD(n, k), check whether it satisfies I, and if so, collect the simple constraints in Z/(C) satisfied by f and output them as a
certificate. This requires |CD(n, k)| < (n2k)" = 20®ogn+logh)) tjme

The algorithm underlying the previous theorem will be used as a subroutine in our algorithm for CSP(D; k). We will
refer to it as LISTCERT in what follows.

3.2.2. Instances with bounded span
We continue by examining a restricted version of CSP(D,) (denoted w-CSP(D;)) where solutions can only take values in

the interval [0, w); we say that such a solution has span w. We show that this problem can be solved in O*(w™) time.

12
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Lemma 9. w-CSP(Dy) can be solved in 0*(w™) time.

Proof. Let Z = (V,C) be an instance of w-CSP(D,) and assume ¢ : V — [0, w) is a satisfying assignment. Without loss of
generality, assume that all constraints in C are represented as disjunctions of unit constraints. We split ¢ into integral and
fractional parts: ¢(x) = ¢;(x) + @5 (x), where ¢;(x) € {0,..., w — 1} and 0 < ¢ (x) < 1. Suppose we fix ¢; and want to check
whether any ¢ extends ¢; to a satisfying assignment. For every pair of distinct variables x and y we have ¢;(x) —¢;(y) =c¢
for some integer c. There are only six nontrivial unit constraints that agree with this assignment, each of them expressible
as a linear inequality or disequality:

x—ye(c—1,0

x—yeic)
x—ye(,c+1)

V) <@r(y)
Yrx) =@s(y)
Q) >@r(y)
Pr(x) =@f (),
©5x) > @r(y),
Qi) #@r(y).

These constraints together with the domain restriction 0 < ¢¢(v) <1 for each v yield a system of linear inequalities and
disequalities that has a solution if and only if there is a fractional assignment ¢y that extends ¢; to a satisfying assignment.
Feasibility of a system of linear inequalities and disequalities can be decided in polynomial time [47,53]. There are w"
possible functions ¢; : V — {0, ..., w — 1} and checking whether an integer assignment ¢; can be extended to a satisfying
assignment requires polynomial time. Hence, the total running time of this algorithm is 0*(w"). O

x—ye(c—-1,c
x—yelc,c+1)
x—ye(—-1,0U(,c+1)

Pl

We refer to the algorithm underlying the previous lemma as SOLVEBOUNDED.

3.2.3. Divide-and-conquer strategy

Our algorithm for CSP(D k) is based on a divide-and-conquer approach: we split the instances into smaller parts and
solve them recursively. To achieve the splitting, we first show that any satisfying assignment for an instance of CSP(D; )
provides a natural split of the instance into either two or three subinstances. These subinstances are almost independent in
the sense that they only share a small number of variables. By enumerating suitable values for the shared variables, we can
thus solve the original instance recursively. To show that every satisfying assignment allows one of the two splits, consider
a satisfying assignment ¢ of an instance Z = (V, C) of CSP(D; ). We can assume that the minimal value assigned by ¢
is zero by translational invariance and we additionally assume that ¢ : V — [0, kw) for some w € N. Next, we divide the
domain of ¢ into intervals [ki — k, ki) of span k for every i € {1, ..., w}. This implies a partition of the variables in V into
disjoint (possible empty) subsets {V;:i € {0,..., w + 1}} defined as follows:

Vi={veV:pW)el[ki—k,ki)}

for all i € {1,...,w}, and Vo = V11 = @. Also, define the sets L; = U;;B Vjand R; = U}’V:ﬂ_l V;j for all i. We start by
showing that we can split the instance at any V; to obtain two subinstances that are independent up to their overlap
at Vj. That is, let Z[U] = (U, C[U]) be the subinstance of Z induced by the variables in U, where C[U] is the subset of
C containing only the constraints with all variables in U. Then, the following lemma provides necessary and sufficient
conditions that allows us to transform solutions for the subinstances Z[L; U V;] and Z[V; U R;] into a solution for the whole
instance; informally the lemma allows us to split the instance at any V;.

Lemma 10. Let Z = (V, C) be an instance of CSP(Dy ), where V is equal to the disjoint union of the sets X, Y, and Z. Assume ¢
and ¢, are satisfying assignments to the subinstances Z[X U Y] and Z[Y U Z], respectively. If the following conditions hold, then Z is
satisfiable:

1. For every pair of variables x € X and z € Z, the constraint o¢(x, z) is empty or it implies z — x > k.
2. Assignments @1 and ¢; satisfy the same unit constraints over every pair of variablesin Y.

3. Thereis T1 € Q such that op1(x) < T1 < @1(y) <T1 +kforallxe Xandy €Y.

4. Thereis Ty € Q suchthat Ty < a(y) < T2 +k <@y(z) forallyeYandz e Z.

Proof. First note that the ordering of the variables in Y with respect to @1 and ¢, is the same since, otherwise, there are
two variables y and y’ that do not satisfy the same simple constraints under ¢; and ¢, and this contradicts condition 2.
Rename the variables in Y so that yq,..., y|y| is in non-decreasing order with respect to ¢ and ¢;. It is convenient to
assume, without loss of generality, that ¢1(y1) = ¢2(y1) = 0—we can arrive at such assignments by subtracting ¢;(y1) from
@i(y) for every y € Y and i € {1,2}. We show next that |¢1(y)] = [¢2(y)] for every y € Y. This clearly holds for y; so
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we arbitrarily pick another variable y € Y. Now, it holds that ¢;(y) — ¢;(y1) = ¢i(y) for every i € {1, 2}. We distinguish the
following cases:

o 01(y) —@1(y1) =i for some i €{0,...,k},
e v1(y) —@1(y1) € (i,i+ 1) for some ie{0,...,k—1}, or
e 91(y) —p1(y1) € (k, 00).

Note that the third case cannot occur because of conditions 3 or 4. Moreover, in the first case we obtain from condition 2
that @2 (y) — @2(y1) =1, which implies that ¢1(y) = ¢2(y) =i. Finally, in the second case, we obtain from condition 2 that
©2(y) —@2(y1) € (i,i4 1), which implies that [¢1(y)] = [@2(¥)].

Now we show that frac(¢;(y)) © frac(p1(y’)) if and only if frac(g(y)) © frac(p,(y')) for every y, ¥y’ €Y and © € {<,=
, >}. We distinguish the following cases. If frac(g;(y)) = frac(¢;(y’)) for some i € {1,2}, then ¢;(y) — ¢;(y¥’) is an integer
and conditions 3 and 4 imply that ¢;(y) — ¢;(¥") € {—k, ..., k}. Therefore, we obtain from condition 2 that ¢1(y) —¢1(y') =
©2(¥) —@2(¥') s0 @2(¥) —@2(¥’) is an integer and frac(gz(y)) = frac(p2(y’)), as required. Otherwise, suppose without loss of
generality that frac(¢q(y)) < frac(p1(y')) and [@1(¥)] < Le1(¥’)]. Then, using condition 3, we obtain that ¢1(y") — @1(y) €
(i,i+ 1) for some i € {0, ...,k — 1}. By condition 2, it follows that ¢,(y’) — ¢2(y) € (i,i + 1), too. Since the integer parts of
y and y’ are the same for both ¢; and ¢,, we see that frac(¢,(y)) < frac(g2(y")), as required.

We are now ready to define a common assignment ¢ for Z as follows. We keep the integer part of every variable in
XUY UZ the same as before, i.e.:

o for every x € X, we set the integer part of ¢(x) equal to the integer part of ¢ (),

o for every z € Z, we set the integer part of ¢(z) equal to the integer part of ¢,(z), and

e for every y € Y, we set the integer part of ¢(y) equal to the integer part of ¢1(y) and ¢,(y); using the property that
the integer parts of ¢1(y) and ¢,(y) are equal.

To define the fractional part of ¢(v) for every v e X UY U Z, let p; (o) be the ordered partition® of the variables in X UY
(Y U Z) ordered by non-decreasing fractional part with respect to ¢1 (¢2). Then, p1 and p, are equal if restricted to the
variables in Y and therefore we can combine them into an ordered partition p of the variables in XUY U Z. Moreover, from
p we can obtain a function o : XUY UZ — {0,...,|XUY U Z| — 1} such that for every © € {<, =, >} it holds that:

e 0(u) ©o (v) if and only if frac(¢; (u)) © frac(p;(v)) for every u,ve XUY and
e 0(u) ©®o(v) if and only if frac(g,(u)) © frac(pz(v)) for every u,veY U Z.

We now obtain the fractional part of ¢(v) by setting ¢ (v) = o (v)/n, which implies that ¢ satisfies:

e ¢(u) © @(v) if and only if frac(eq(u)) © frac(p1(v)) for every u,v e XUY and
e ¢(u) ® ¢(v) if and only if frac(gz(u)) © frac(p,(v)) for every u,veY U Z.

It now follows from Lemma 5 (applied to ¢ and @1 as well as ¢ and ¢;) that ¢ satisfies Z[X U Y] and Z[Y U Z]. Moreover,
because of condition 3 and 4, it holds that ¢(z) — ¢(x) > k for every x € X and z € Z, which together with condition 1
implies that ¢ also satisfies Z[X U Z]. Therefore, ¢ satisfies Z, as required. 0O

The above lemma shows that the instance can be split at any V; into two subinstances Z[L; U V;] and Z[V; U R;] that
are independent once we fix a certificate for the instance Z[V;]. This also means that a split at V; will only be useful if
the number of possible certificates of Z[V;], or equivalently the number of variables in V;, is not too large. That is, if V;
contains at most n/logn variables, then we say it is sparse and, otherwise, we say that it is dense. The choice of n/logn as
the threshold value is justified by the following proposition:

Proposition 11. The number of certificates for any instance Z = (V, C) of CSP(D) with at most N < n/log(n) variables can be com-
puted in time 20,

Proof. This follows immediately from Theorem 8 after observing that 20(NUogN+logk) — 20®) where k = num(C) is con-
stant. O

The next lemma is crucial for our algorithm since it allows us to show that any solution naturally splits the instance

into either two or three almost independent subinstances; we will later see how the subinstances are obtained from the
partitions identified by the lemma. Informally, case 1 in the lemma corresponds to a three-split and gives rise to the two

2 An ordered partition of a finite set S is a sequence of non-empty disjoint subsets (S, ..., S¢) such that Ule Si=S.
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instances Z[L; U V;] and Z[V; UR;] and case 2 in the lemma corresponds to a five-split and gives rise to the three instances
I[L; U Vi), Z[ViU Vi U--- U Vi1 UVj] (where i < j), and I[VjUR;].

Lemma 12. Let 7 = (V, C) be an instance of CSP(D; x), let ¢ : V — [0, kw) be an assignment of Z = (V, C), and let V;, L;, and R; be
defined as above with respect to @. If |V | > 8, then one of the following holds:

1. Thereis anindex 0 <i < w + 1 such that V; is sparse, |L;| >n/3 and |R;| > n/3.
2. There areindices 0 <i < j < w + 1 such that V; and V j are sparse, V is dense for alli < s < j, |Li| <n/3 and |R | <n/3.

Proof. If V; is sparse, then |L;| + |Ri| =|V|— |Vi| > n —n/logn. Since logn > 3, we have |L;| + |R;| > 2n/3. Thus, for every
sparse V; either |L;| >n/3 or |R;| >n/3.

Let i be the maximal index such that V; is sparse and |R;| > n/3. Similarly, let j be the minimal index such that V;
is sparse and |Lj| > n/3. Such indices always exist since Vg and V1 are sparse. If i > j, then both V; and V; meet the
conditions of Case 1. Otherwise, all V for i <s < j are dense. If neither V; nor V; fulfils the conditions of Case 1, then
ILil <n/3 and |Rj| <n/3, and we are in Case 2. O

Algorithm 1
1: procedure SOLVE(Z = (V, C))

2: if @ € C then reject

3: if |V| <8 then

4: accept if LISTCERT(Z) # & else reject
5: if THREESPLIT(Z) then accept

6: if FIVESPLIT(Z) then accept

7:  reject

8: procedure THREESPLIT(Z = (V, C))

9: for each 3-partition (X,Y,Z) of V do

10: if 1X1,1Z] > ¥ and Y| < Y- and
1:

log|V]
z—x>keoc(x,z) forxe X,ze Z then
// introduce a fresh variable y min

12: Y <Y U {ymin}

13: Ty < (Y',Cy U{0 < ¥ — Ymin <k}yey)

14: for Fy: € LISTCERT(Zy/) do

15: Iy <= (XUY',Cxuy U Fyr U{ymin — X > O}xex)
16: Io < (Y'UZ,Cyuz UFy U{Z — Ymin > k}zez)
17: if SOLVE(Z1) and SoLVE(Z;) then

18: accept

19: reject

20: procedure FIVESPLIT(Z = (V, C))
21: for each 5-partition (S1, S, S3, S4, S5) of V do

22: X < S3US4USs

230 if[S11,1Ss5] < i and [S;],1S4] < by and

24: (x—s1 >k)eoc(sy,x) for s; € Sq, xe X and

25: (55 —s3 > k) € o¢c(s3,55) fo_r S3 €53, S5 €55 then
// introduce fresh variables s3"™ and sj""

26: S =S5 U {siin}

27: Sy =S4 U {siin}

28: I, < (S5.C5, U{0 =52 — s < kg es,)

29: I, < (S, Csy U0 <54 =] < k}s,es,)

30: for Fsr2 € LISTCERT(ISrz) and

31: Fs;, € LISTCERT(Isg) do

32: Ty < ($1US), Cs,us, UFg U (P — 51 > O}ges,)

33: T < (S, US3U S}, Cs,usyusy U Fy U _{53 — SJIN > k}gres, U Fg, U {siM — 53 > Olgyes,)

34: I3 (—(SAUS5,C54USSUF53U{S5—STm>k}55€SS)

35: w <« k(log|V|+2)

36: if SOLVE(Z;) and SoLvE(Z3) and

37: SOLVEBOUNDED(W, Z) then

38: accept

39: reject

We are now ready to prove that the algorithm is correct and analyse its running time.

Theorem 13. Algorithm 1 solves instances of CSP(D5 ) in 20™108108™ time,
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Proof. Consider an arbitrary instance Z = (V, C) of CSP(D; ). We prove the claim by induction based on |V/|. If the instance
has fewer than 8 variables, the claim follows by Corollary 7. Assume henceforth that |V | > 8.

First, we prove that if the algorithm accepts an instance, then it is satisfiable. Suppose the procedure THREESPLIT accepts
7. We show that instance 7 is satisfiable since all four conditions of Lemma 10 are fulfilled. First, note that subinstances Z;
and 7, in lines 15 and 16 have at most 2n/3 + 1 < n variables. Hence, they admit satisfying assignments by the inductive
hypothesis. Condition 1 is ensured by the check on line 11. Condition 2 is ensured since both subinstances Z; and Z, satisfy
all constraints in Fy.. Conditions 3 and 4 are ensured by the introduction of yngi, and the constraints involving it.

Suppose instead that the procedure FIVESPLIT accepts Z. First, note that subinstances Z; and Z3 in lines 32 and 34 have
at most n/3 + 1 < n variables. Hence, they admit satisfying assignments by the inductive hypothesis. Subinstance Z, is
satisfiable by Lemma 9. Observe that Lemma 10 applies to the subinstance induced by S3 US4 U S5. We see that Condition 1
is ensured by the check on line 25, Condition 2 is ensured since both subinstances Z, and Z3 satisfy all constraints in Fsgv

and Conditions 3 and 4 are ensured by the introduction of 52“" and the constraints involving it. Let X = S3 U S4U S5 and
consider the subinstance induced by S1US,;UX. Lemma 10 is applicable and we see that Condition 1 is ensured by the check
on line 24, Condition 2 is ensured since both subinstances Z; and Z, satisfy all constraints in F s and Conditions 3 and 4

are ensured by the introduction of 55““‘ and the constraints involving it. Hence, we have showed that 7 is satisfiable.

We proceed by proving the other direction: if Z is satisfiable with satisfying assignment ¢, then the algorithm accepts
it. Lemma 12 implies that ¢ splits the instance as in Case 1 or 2.

Case 1. We show that THREESPLIT accepts Z. The procedure enumerates every 3-partition of the variables, so at some step
of the algorithm X =L;, Y =V; and Z = R;, where (L;, V;, R;) is the split under the assignment ¢ according to Lemma 12
Case 1. We set ¢ (ymin) = ki —k and observe that ¢ satisfies instances in Lines 13, 15 and 16. Note that the procedure SOLVE
accepts Z1 and Z, by the inductive hypothesis.

Case 2. We show that FIveSpLIT accepts Z. The procedure enumerates every 5-partition of the variables, so at some step
of the algorithm Sy =1L;, S =V;, S3=R;NLj, S4=V; and S5 =R;, where (L;, Vi, R;NLj, Vj, Rj) is the split under the
assignment ¢ according to Lemma 12 Case 2. We set ¢(s"") = ki —k and ¢(sJ'") = kj — k and observe that ¢ satisfies the
instances in Lines 28, 29, 32, 33 and 34. Note that the procedure SoLVE accepts Z; and Z3 by the inductive hypothesis. By
Lemma 12, all subsets in R; NL; are dense. Since each of them contains at least n/logn variables, there may be at most
logn such subsets. Taking V; and V; into account, we conclude that ¢ satisfies instance 7, with span at most k(logn + 2).
This completes the correctness proof.

Time complexity. Let T(n) be the running time of Algorithm 1 on an instance of CSP(D; ) with n variables. We claim
that T(n) < c"(logn + 2)" = 20oglogn) for some constant c. If n < 8, then T(n) is constant. Otherwise, T(n) = T1(n) +
T2 (n) + poly(n), where T1 and T, are the running times of the procedures THREESPLIT and FIVESPLIT, respectively. Note that
T1(n) < To(n) for all n, so we can focus our attention on the running time of FIVESPLIT.

The running time T, (n) is bounded from above by 5" - 22" . (T(§ + 1) + (k(logn 4 2))") - poly(n), where 5" is an upper
bound on the number of 5-partitions of V, 22" comes from the upper bound on the running time of the calls to LISTCERT
in lines 30 and 31, 2T(% + 1) is an upper bound on the running time of the recursive calls in line 36, and (k(logn + 2))"
comes from the running time of the bounded-span algorithm SOLVEBOUNDED in line 37 (see Lemma 9). Observe that for
sufficiently large values of n we have (logn + 2)" > a/log (¢n)" for arbitrary @ > 0 and 0 < & < 1. Hence, (k(logn + 2))"
asymptotically dominates 2T(% + 1) by our initial hypothesis. Finally, observe that

T(n) <2-(40k)" - (logn +2)" - poly(n).

Setting ¢ = 81k completes the proof. O

4. Lower bounds on time complexity

This section contains our time complexity lower bound results for various subclasses of CSP(D). The full picture of upper
and lower bounds on time complexity is summarised in Table 3. The majority of our lower-bound results are based on
reductions from the n x n INDEPENDENT SET problem.

n x n INDEPENDENT SET

Input: A graph G = (V, E) with vertex set V ={(@i,j):1<i<n,1<j<n}
Question: Is there an independent set in G with one vertex from each row, i.e. subset of vertices
{1, j1),..., (n, jn)} where no pair of vertices is connected by an edge?

Lokshtanov et al. [56] proved the following result.

Theorem 14. n x n INDEPENDENT SET cannot be solved in 2°("1°8™) time unless the ETH fails.
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We begin by proving lower bounds for CSP(D,,0) when a > 4. Note that CSP(DiO) is trivially in P for every a > 0 so this
result cannot be extended to CSP(DiO).

Theorem 15. CSP(Dy4 o) cannot be solved in 2°¢198™) time unless the ETH fails.

Proof. We reduce from n x n INDEPENDENT SET. Given an instance G of this problem, do the following.

1. Introduce n column variables cq, ..., c, and the constraints ¢; < c;_q for all i € {2,...,n}.
2. Introduce n row variables rq, ..., ;. To ensure that each r; is equal to one of the column variables, add the following
constraints: ¢y <rj, r; <cp and (r; <cj_1) V (r; >¢cj) for all je{2,...,n}.

3. No pair of vertices (i, j) and (k, £) adjacent in G can be simultaneously included in the independent set. To ensure this
property, we add the following constraint:

(I‘,‘ < Cj) Vv (T,’ > Cj) \ (rk < C() Vv (Tk > C[).

The resulting set of constraints only use relations in CSP(D4,). The correctness of the reduction is easy to verify: If G
has an independent set I, then setting r; = ¢ for all (i, j) e I satisfies all constraints of the instance above, and vice versa.
The reduction requires polynomial time and introduces 2n variables. Thus, if CSP(D4,9) admits a 2°"'8™ algorithm, then so
does n x n INDEPENDENT SET and this contradicts the ETH by Theorem 14. 0O

A slightly weaker bound can be inferred from Theorem 11 in [48]: if the randomised ETH holds, then there is no
randomised algorithm for CSP(D4) that runs in O(c") time for any c > 0. We continue by studying CSP(D?l). We use
Sidon sets in the proof so the reader may want to skip back to Section 2.3 for a reminder.

Theorem 16. CSP(D ;) is not solvable in 2°" logn) time if the ETH holds.
Proof. The proof is by a reduction from n x n INDEPENDENT SET. Assume G = (V, E) to be an arbitrary instance of this

problem with r rows. We use the results from Section 2.3 and construct (in polynomial time) a Sidon set S = {ao, ..., ar}
where 0 =ap <a; < --- <a, and a, < 8r2. We present the rest of the reduction in three steps.

1. Introduce a, fresh variables yo, ..., y4 and use the relation y =x+ 1 for enforcing y; =i, 0 <i <a,.
2. Introduce one variable x, for each row r. We first ensure that the range of each variable is in {0, ..., y4} by adding the
constraint

Xr<ai—1VvVx=aVx>a+1
for each 1 <i < a; together with the constraints x > 0 and x < y,,. Next, we restrict the range to be in S by adding the
constraint

X<ys—1vx>ys+1

for each s€{0,...,a;}\S.
3. Let R(x, y,z) denote the relation x — y # z, i.e. R(X,y,2) =(x—y <2) V (y — x < 2). For every edge ((c,c),(d,d")) € E,
compute e =ay — ay and add the constraint R(xc, X4, Ve)-

The resulting set of constraints only use relations in CSP(D;l) This reduction can be performed in polynomial time. Steps

1. and 2. take polynomial time since a, < 8r% < 8||G||?> and step 3. can obviously be performed in polynomial time in the
size of E. Let (V’, C’) denote the resulting instance of CSP(D3,1). We see that |V'| < 8r? +r < 8|V |+ [/[V]] < 9|V|. Thus, if
(V’/, C') is satisfiable if and only if G is a yes-instance, then CSP(D3 1) is not solvable in 20(logn) time by Theorem 14. We
conclude the proof by proving this equivalence.

Forward direction. Assume f is a solution to (V’, C’). We claim that for every 1 < c #d <r, it holds that ((c, f(c)), (d, f(d)))
is not in E and G is a yes-instance. Assume to the contrary that c,d can be chosen such that ((c, f(c)), (d, f(d))) € E. This
edge implies that there is a constraint R(xc, X4, ye) € C' where e =ay ) —as(). Hence,

fxe) — fxa) # f(ye) =
A — g # Af(c) — Afd) =
ae —dg #de — g’

and we have reached a contradiction.
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Backward direction. Assume X = {vq,...,v,} €V is an independent set and v; occurs in position (i,i"), 1 <i,i <r. De-
fine the assignment f such that f(x;) =ay, 1 <i<r, and f(y;) =i, 0 <i <a,. This assignment satisfies all constraints
introduced in step 2.

Arbitrarily choose an edge ((c, ¢*), (d, d*)) € E. It gives rise to the constraint R(x., X4, ¥e) Where e = (ac+ — ag«). We know
that ((c, ), (d,d")) is a non-edge in E since (c,c’) = v¢, (d,d") = vq4, and v, vg4 are in the independent set X. The constraint
R(Xc, X4, Ye) is equivalent to x. — X4 # y.. We apply the assignment f to it:

Fxe) = f(xa) # f(Va—age) =
Q¢ — Ag 7 e — dg=
We know that ((c,c’), (d,d’)) is a non-edge in E while ((c,c*), (d,d*)) is an edge in E. Hence, ay # acx or ag # ag«.
Recall that for all wq,...,ws € S such that wy # w, and w3 # wa, w1 — wp = w3 — wy if and only if w; = w3 and

Wy = wy. Thus, if ao # ag and ac+ # ag+, then the disequality holds. If a; = ag, then ac+ # ag+ (since ((c,c’), (d,d")) € E and
((c,c*), (d,d*)) € E) and we conclude that the disequality holds. The case when ac+ = ag« is symmetric. O

Our final lower bound based on a reduction from n x n INDEPENDENT SET concerns the problem CSP(Df). Since there is
no upper bound on the coefficients in this case, the lower bound is parameterized both by the number of variables and the
maximum over the coefficients.

Theorem 17. CSP(D;) is not solvable in 20(Uogn+10gk)) time if the ETH holds.

Proof. The proof is by reduction from n x n INDEPENDENT SET. Given an instance G of this problem, we introduce a zero
variable z and two variables x;, x, for each row r. We add the following constraints:

1. \/iL X —z =i for every row r,
2. \/’1?:1 X. —x-=ni—1i and \/’17:1 X, —z=ni for every row r,
3. Xy — X € (—00,ni — j = 1]V xy = xp € [ni — j+ 1, 00) for every edge {(a.i). (b. )} in G.

Constraints of the first type restrict the domain of x; to {1,...,n}. Constraints of the second type ensure that x, = nx;.
Constraints of the third type ensure are equivalent to x, — x, # ni — j, which forbids setting x, =i and x, = j. Furthermore,
function f:{1,...,n} x{1,...,n} = {0,...,n? — 1} defined as f(i, j) =ni — j is bijective, so X, — Xp #ni — j is satisfied by
every other choice of values, i.e. whenever x, #1i or x, # j. Thus, the resulting instance of CSP(Df) has a solution if and
only if G has an independent set with one variable per row. The total number of variables in the resulting instance is 2n+1
and the absolute values of the integers appearing in the constraints do not exceed n?. Thus, an algorithm solving CSP(DZS)
in 20(logn+logh)) time can be used for solving n x n INDEPENDENT SET in

20(n(log (2n+1)+logn?)) — 20(n logn)

time and this contradicts the ETH by Theorem 14. O

Our final lower bound for CSP(D; k) relies on a modification of a result by Traxler [77]. Let d-CSP be the constraint
satisfaction problem with domain D ={1,...,d} and binary relations Rq, = (x#aVv y #b) for all a,b € D. Note that this
relation is akin to the binary relation in our reductions from (n x n) INDEPENDENT SET that is used to forbid choosing an
edge. We cannot use the same reduction here because the numerical bound k is fixed. Indeed, a 2°(°¢" Jower bound for
this problem stands in contradiction with Theorem 13 or the ETH. For our reductions, we consider a modified version of
d-CSP denoted by d-CSPX. It allows binary relations

REy=(x#aVY#D) A AccpXx#CV Y #0)

for all a, b € D. For convenience, we consider the constraints that rule out (c, ¢) tuples (i.e. the right-hand side constraints in
the definition above) separately, and assume the following rule: if an instance of d-CSPX includes a constraint (x #£aV y #b),
then it implicitly includes the required constraints (x #c Vv y #c) for all ¢ € D. Additionally, we allow unary relations x # a
for all a € D.

Lemma 18. For any r € N and any instance of d-CSPX with n variables, there exists an equivalent instance of d"-CSPX with [n/r]
variables.

Proof. Let Z = (V,(C) be an instance of d-CSPX with |V | =n. Augment V with at most r — 1 extra variables so that its new
size n’ becomes a multiple of r. Partition V into ¢ =n'/r = [n/r] disjoint subsets V1,...,V; of equal size and index the
elements of each subset arbitrarily.
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The set of tuples D" represents all assignments to the variables in a subset V;. For convenience, we use the tuples
directly as the domain of d"-CSPX. Define an instance Z’ = (V’, C’) of d"-CSP as follows. For each subset V; in the partition
introduce a variable z; to V’'. Note that |V'| = ¢.

First, consider a unary constraint x # a in C. Assume x € V; and iy is the index of x in V;. Add constraints z; #t to C’/
for all t € D" such that t;, = a. Now consider a binary constraint (x#a) v (y #b) in C. Assume x € V;, y € V; and iy, jy are
the indices of x, y in the respective subsets. If i # j, then add constraints (z; # sV zj # t) for all tuples s,t € D" such that
siy=a and tj =b. If i = j (index of y is iy), add unary constraints z; # ¢ for all t such that t;, =a and t;, = b.

Observe that the required constraints (x # ¢ Vv y #¢) for all c € D are converted into (z; # sV z; #t) for every pair of
tuples s,t € D" that coincide in at least one position. Clearly, this includes the case when s and t are equal. Hence, Z’ is an
instance of d"-CSPX. Proving the equivalence of Z and Z’ is analogous to the proof of Lemma 1 in [77]. O

We are now ready to prove the lower bound.

Theorem 19. If we assume that the ETH holds, then for arbitrary m > 0 there is an integer k such that any algorithm solving CSP(D; )
requires at least 0*(m™) time.

Proof. We start by proving that the time complexity of d-CSPX increases with d assuming the ETH. Let

cg =inf{c e R :there is a 2“"-time algorithm solving d-CSPX }.

We show that limgy_, ., cq4 = co. The 3-COLOURABILITY problem cannot be solved in subexponential time assuming the
ETH [46]. 3-CSPX is a generalisation of 3-COLOURABILITY so c3 > 0. By Lemma 18, for any r € N we have c3r > c3 - 1.
Observe that lim,_, o, c3 - 7= 00, so limy_, o, g = 0.

Next, we show that for any instance of d-CSPX with n variables there is an equivalent instance of CSP(Dik) with n+1

variables and k € 0(d?). Let Z be an instance of d-CSPX with n variables. Construct an instance Z' of CSP(D, ) as follows.
Choose k so that {—k,...,k} contains a Sidon set of order d as a subset. One can choose such a k to be in 0(d?) by
Section 2.3. Denote the corresponding Sidon set by Gg4. Associate each integer in {1,...,d} with a unique element of G4 via
the bijection p :{1,...,d} — Gq4. Introduce zero variable z to express unary relations. For each variable x in Z introduce a
new variable vy. Define Ex = {o(c) : (x # c¢) € C}. Restrict the domain of vy to Dy = G4 \ Ex by the constraint \/ier Vx—ZE€
{i}. Any constraint (x#aV y #b) can be expressed by enforcing vy — vy, # § where § = p(a) — p(b). This is done by adding
the constraint

Vy—Vy€(=00,6 —1]Vvy—vye[d+1,00).

By the properties of Sidon sets, this constraint is satisfied if and only if x # p(a) or y # p(b).
The reduction introduces only one extra variable and the lower bound on d-CSPX carries over to CSP(D2S - O

5. Parameterized upper bounds

The results in Section 4 imply that most subproblems of CSP(D) cannot be solved in subexponential time under the ETH.
This is a strong motivation for analysing the problems from a parameterized perspective. A highly successful approach for
identifying tractable fragments of CSPs is to restrict variable-constraint interactions via the underlying primal and incidence
graphs. The primal graph has the variables as its vertices with any two joined by an edge if they occur together in a
constraint. The incidence graph is the bipartite graph with two disjoint sets of vertices corresponding to the variables and
the constraints, respectively, and a constraint vertex and a variable vertex are joined by an edge if the variable occurs in the
scope of the constraint. The treewidth of such graphs has been used extensively and it has been successfully employed for
many application areas. In particular, it has been used for problems such as SAT, CSP, and ILP [11,13,34,40,41,45,70]. Formal
definitions and some auxiliary results are collected in Section 5.1.

The results in this section (together with the lower bound results that will be proved in Section 6) are summarised in
Table 4. The main result is an XP-algorithm for CSP(D k), k < 0o, where the parameter is the treewidth of the incidence
graph. This algorithm is presented in Section 5.2. The treewidth of the incidence graph cannot be larger than the treewidth
of the primal graph plus one so tractability results are more general if they hold for incidence treewidth and hardness
results are more general if they hold for primal treewidth.

5.1. Treewidth

Treewidth is based on tree decompositions [8,69]: a tree decomposition (T, x) of an undirected graph G = (V, E) consists
of a rooted tree T and a mapping x from nodes V(T) of the tree to subsets of V. The subsets x(t) are called bags.
T: denotes the sub-tree rooted at t, while x (T;) denotes the set of all vertices occurring in the bags of T, i.e. x(Ty) =

Usevm) X (s). A tree decomposition has the following properties:
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Fig. 1. A graph (left) and an optimal tree decomposition of the graph (right).

Fig. 2. A tree decomposition (left) and a corresponding nice tree decomposition (right).

1. for every {u, v} € E, there is a node t € V(T) such that u, v € x (t), and
2. for every v € V, the set of bags of T containing v forms a non-empty sub-tree of T.

An example is given in Fig. 1. The width of a tree decomposition T is max{|x (t)| —1:t € T}. The treewidth of a graph
G, denoted by tw(G), is the minimum width of a tree decomposition of G. It is NP-complete to determine if a graph has
treewidth at most w [4] but when w is fixed, the graphs with treewidth w can be recognised and corresponding tree
decompositions can be constructed in linear time [16].

We simplify the presentation by using restricted tree decompositions. A tree decomposition is nice if (1) x (r) = @ for
the root r and |x (I)] =1 and for all leaf nodes I in T, and (2) every non-leaf node in T is of one of the following types:

e An introduce node: a node t with exactly one child tg such that x (t) = x (to) U {v} for some v € V.
e A forget node: a node t with exactly one child tp such that x (t) = x (to) \ {v} for some v € V.
e A join node: a node t with exactly two children t; and t; such that x (t) = x (t1) = x (t2).

Nice tree decompositions are illustrated in Fig. 2. Note that nice tree decompositions are merely a structured type of tree
decomposition and their only purpose is to simplify the presentation of dynamic programming algorithms. It is NP-complete
to determine if a graph has treewidth at most w [4], but when w is fixed, then graphs with treewidth w can be recognised
and corresponding tree decompositions can be constructed in linear time.

Proposition 20 (Bodlaender & Kloks [17]; Kloks [51]). Let G = (V, E) be a graph. For fixed w, if G has treewidth at most w, then a
nice tree decomposition of width at most w with O (|V|) nodes can be computed in linear time.

20



K.K. Dabrowski, P. Jonsson, S. Ordyniak et al. Journal of Computer and System Sciences 159 (2026) 103780

Let Z = (V, C) be an instance of CSP(A). The primal graph of Z, denote by P(Z), is the graph with vertices V having an
edge between two variables if both appear together in the scope of one constraint. The incidence graph of Z, denote by
1(Z), is the bipartite graph with V on one side and C on the other side having an edge between a variable and a constraint
if the variable appears in the scope of the constraint. It is well known that the treewidth of the incidence graph is at most
equal to the treewidth of the primal graph plus one [52] and that the incidence treewidth can be arbitrary smaller than the
primal treewidth. This means that tractability results are more general if they hold for incidence treewidth and hardness
results are more general if they hold for primal treewidth.

We continue with a few observations concerning treewidth. We discussed in Section 2.2 that zero variables can be
used for simulating unary constraints, and that they do not affect the time complexity with more than a multiplicative
factor. We have a similar situation in the parameterized setting: adding a zero variable can increase the treewidth of the
incidence graph by at most 1 so algorithmic results (such as the forthcoming Theorem 22) are still valid for this extended
formalism. We will use a related observation when we argue about the treewidth of the graphs obtained in our hardness
result (Theorem 33).

Proposition 21 (Bodlaender [16]). Let G be a graph and B € V (G). Then the treewidth of G is at most |B| 4+ tw(G — B).
5.2. XP-algorithm for CSP(D k)

We are now ready to present our dynamic programming algorithm for CSP(Dy )-

Theorem 22. CSP(Dq ) can be solved in (nk)OW) time, where w is the treewidth of the incidence graph and n is the number of
variables.

Note that the bound implies that CSP(D) is in XP whenever the numeric values are bounded by a polynomial in the
input size. Proposition 20 implies that the computation of a nice tree decomposition of the incidence graph does not incur
an additional run-time overhead. We may thus assume that a nice tree decomposition is provided in the input, and it is
hence sufficient to show the following.

Theorem 23. CSP(D, ) can be solved in time (nk)O™ provided that a nice tree decomposition of the incidence graph of width at
most w is given as part of the input.

Let Z = (V, C) be an instance of CSP(Dy k) with n variables and assume (T, ) is a nice tree decomposition of the inci-
dence graph of Z of width w. Bags of this decomposition contain vertices corresponding to both variables and constraints.
To distinguish between them, we use vary (t) to denote all variables in the bag x (t) and cony (t) to denote all constraints in
X (t). These definitions naturally extend to the subsets of V (T). Note that by Theorem 6, we may assume that every solution
for Z maps the variables into the set CD = CD(n, k).

Intuitively, the algorithm behind Theorem 22 works as follows. It uses bottom-up dynamic programming on the nodes
of T starting from the leaves and finishing at the root. It computes a compact representation, represented by a set of valid
records, of all solutions to Z restricted to the variables and constraints in y (T;) for every node t € V(T).

A record for t € V(T) is a pair («, 8) where

e «:vary (t) — CD is an assignment of values in CD to the variables in vary (t), and
e fB:cony(t) — Dp, where Dp ={S,U}U{(v,d)|v eV and d € CD} such that for every constraint ¢ € cony (t) either:
- B(c) = S signalling that the constraint c is already satisfied,
- B(c) = U signalling that the constraint c is not yet satisfied,
- B(c) = (v,d), where v e scope(c) N (vary (T¢) \ vary (t)) and d € CD, signalling that c is not yet satisfied, but satisfying
¢ can use the assumption that v is set to d. This also means that ¢ will be satisfied by satisfying a simple constraint
on v and some variable in V \ vary (T¢).

Note that there are at most [CD| possible choices for every variable in vary (t) and at most |V |[|CD| + 2 possible choices for
every constraint in cony (t). Therefore, the total number of valid records for t is at most (|V|[|CD| + 2wl
For X € {S, U}, define the inverse 8~1(X) as {c cony (t) | B(c) = X} and let

B~1(F)=cony )\ (B~ (SH)U B~ U),
i.e. B(c) = (v,d) for some v eV and d € CD for all c € B~1(F).
The semantic of a record is defined as follows. We say that a record (o, 8) is valid for t if there is an assignment
T :vary (T¢) — CD such that:
(R1) 7 does not satisfy any constraint in Y = cony (t) \ B~1(S) and satisfies all constraints in cony (Te) \ 'Y,
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(R2) T(v) =a(v) for every v e vary (t), and
(R3) 7(v) =d holds for every constraint ¢ € cony (t) with g(c) = (v, d).

Let R(t) be the set of all valid records for t. Note that Z has a solution if and only if R(r) # @ for the root r of T since
the records in R(r) represent solutions for the whole instance. Moreover, once we have computed the set of records for
all nodes, a straightforward application of standard techniques [29] can be used to obtain a solution for Z using a second
top-to-bottom run through the tree decomposition.

Next, we will show that R(t) can be computed via a dynamic programming algorithm on (T, x) in a bottom-up manner.
The algorithm starts by computing the set of all valid records for the leaves of T and then proceeds by computing the set
of all valid records for the other three types of nodes of a nice tree decomposition (always selecting nodes all of whose
children have already been processed). The following lemmas show how this is achieved for the different types of nodes of

(T, x).

Lemma 24 (variable leaf node). Let t € V (T) be a leaf node with x (t) = {v} for some variable v € V. Then, R(t) can be computed in
O (|CDJ) time.

Proof. R(t) consists of all records (o, #) for every assignment « : {v} — CD, so R(t) can be computed by enumerating all
assignments « : {v} — CD for v in O(|CD|) time. Correctness follows immediately from the definition of valid records. O

Lemma 25 (constraint leaf node). Let t € V(T) be a leaf node with x (t) = {c} for some constraint ¢ € C. Then, R(t) can be computed
in O (1) time.

Proof. R(t) consists of the record (4, 8), where B : {c} — Dp is defined by setting B(c) = U. Thus, R(t) can be computed
in constant time and correctness follows immediately from the definition of valid records. O

Lemma 26 (variable introduce node). Let t € V (T) be an introduce node with child to such that x (t) \ x (to) = {v} for some variable
v € V. Then, R(t) can be computed in O (|R(to)| - |CD| - |Z|) time.

Proof. Informally, the set R(t) is obtained from R(tp) by extending every record Rg = (cp, Bo) in R(tp) with an assignment
oy : {v} — CD for the variable v and then updating the record (i.e. updating fBo) if o, causes additional constraints to be
satisfied. More formally, for every (ag, Bo) € R(tp) and every assignment «, : {v} — CD, the set R(t) contains the record
(a, B), where:

e a(u) =ap(u) for all u € x(tp) and a(v) = oy (v),
e B(c) =S for every constraint ¢ € /30‘1 (S)UU’'UF', where:

- U’ is the set of all constraints ¢ € ﬁo_l(U) that are satisfied by the (partial) assignment « and

- F' is the set of all constraints ¢ € ,BO‘1 (F) that are satisfied by setting v to o, (v) and u to d, where (u,d) = Bo(c).
e B(c) = Po(c) for every other constraint c, i.e. every constraint ¢ € cony () \ (/30‘1(5) UU UF).

Towards showing correctness of the definition for R(t), we first show that every valid record R = («, 8) for t is added
to R(t). Because R is valid, there is an assignment 7 : var, (T;) — CD satisfying (R1)-(R3). Let g be the restriction of « to
vary (to) and let 7o be the restriction of 7 to vary (Ty,). Let Z be the set of all constraints in con, (t) = cony (to) that are
satisfied by 7 but not satisfied by 7p. Moreover, let X C Z contain the constraints that are satisfied by o and set Y = Z \ X.
Then, for every constraint ¢ € Y, there is (at least one) variable, denoted by y(c), in vary (T¢) \ vary (t) such that the partial
assignment setting y(c) to t(y(c)) and setting v to «(v) satisfies c. This implies that the record Ro = (xg, Bo) defined by
setting Bo(c) = B(c) for every c e cony (tg) \ (XUY), Bo(c) =U for every c € X, and Bo(c) = (y(c), T(y(c))) for every ce Y
is contained in R(tp). Finally, U' = X and F’ =Y holds for the record Rg, so R is added to R(t).

It remains to show that if a record R = (&, B8) is added to R(t), then R is valid for t. Suppose that R is obtained from
the record Rg = (ap, o) € R(to). There is an assignment Tg : vary (T¢,) — CD satisfying (R1)-(R3) since Rq is valid for to.
Now it is straightforward to verify that the extension t of tg obtained by setting T(v) = a(v) witnesses that R is a valid
record.

Finally, the run-time of the procedure follows because there are |R(tp)| - |CD| pairs of records in R(tp) and assign-
ments oy for v. Computing the record for one such combination requires evaluating the constraints in cony (t) for partial
assignments and thus takes O (|Z]) time. O

Lemma 27 (constraint introduce node). Let t € V (T) be an introduce node with child to such that x (t) \ x (to) = {c} for some con-
straint ¢ € C. Then, R(t) can be computed in O (|R(to)||Z]|) time.
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Proof. Informally, the set R(t) is obtained from R(tg) by checking, for every record (ag, Bo) € R(to), whether o satisfies
the constraint ¢ and if so, extending Bog by setting ¢ to being satisfied, and if not, extending By by setting c¢ to being
unsatisfied. More formally, for every record (g, Bo) € R(to):

e if the constraint c is satisfied by the partial assignment ¢, then R(t) contains the record (cg, 8), where g is the
extension of By that sets c to S.

e otherwise, i.e. if ap does not satisfy c, then R(t) contains the record («g, 8), where g is the extension of By that sets
ctoU.

Towards showing correctness of the definition for R(t), we first show that every valid record R = (&, B) for t is added to
R(t). Because R is valid, there is an assignment 7 : vary (T;) — CD satisfying (R1)-(R3). Because (T, x) is a tree decompo-
sition, it follows that the scope of ¢ does not contain any variable from vary (T;) \ vary (t); otherwise the edge between c
and the variable in vary (T¢) \ vary (t) in the incidence graph is not contained in any bag of T. Therefore, 8(c) € {S, U} so if
B(c) =S, then c is already satisfied by the partial assignment «. It follows that T witnesses that the record (&, Bo), where
Bo is the restriction of 8 to cony (t), is in R(tp) and R is added to R(t).

It remains to show that if a record R = (&, 8) is added to R(t), then R is valid for t. Assume that R is obtained
from the record Ro = (&, fo) € R(to). We know that Rg is valid for to so there is an assignment 7o : vary (T¢,) — CD
satisfying (R1)-(R3). Because (T, x) is a tree decomposition, it follows that the scope of ¢ does not contain any variable
from var, (T;) \ vary (t). Hence, B(c) € {S, U} so if B(c) =S, then c is already satisfied by the partial assignment «. Therefore,
T witnesses that R is valid.

Finally, the run-time follows because we have to consider every record (¢, Bo) in R(tgp) and we can check in O(|Z|)
time whether « satisfies ¢ or not. O

Lemma 28 (variable forget node). Let t € V (T) be a forget node with child to such that x (to) \ x (t) = {v} for some variable v € V.
Then, R(t) can be computed in O (|R(tg)|2" w) time.

Proof. Informally, R(t) is obtained from R(tg) by restricting ag of every record (ao, Bo) € R(to) to vary (t), but allowing the
assignment that sets v to ao(v) to satisfy any set of yet unsatisfied constraints in g, 1(U) that have v in their scope. More

formally, for every record (oo, Bo) € R(to) and every subset U’ of ﬁo_l(U) N{ceC|vescope(c)}, the set R(t) contains the
record (o, B), where « is the restriction of o to vary (t) and 8 is defined by setting B(c) = Bo(c) for every c € cony (t) \ U’
and B(c) = (v, ag(v)) for every c € U'.

Towards showing the correctness of the definition for R(t), we first show that every valid record R = («, 8) for t is
added to R(t). Because R is valid, there is an assignment 7 : vary (T¢) — CD satisfying (R1)-(R3). Let X be the set of all
constraints ¢ in cony (t) such that g(c) = (v,d). We know that 7 satisfies (R3) so d = 7(v) for all constraints in X. Then, t
witnesses validity of the record Ry = (xp, Bo), Where o is the extension of o setting v to t(v) and S is obtained from 8
by setting Bo(c) = U for every c € X. Now, the record R( together with the set U’ = X shows that R is added to R(t).

It remains to show that if a record R = («, 8) is added to R(t), then R is valid for t. Assume that R is obtained from
the record Ro = (o, Bo) € R(to). Then, because Rq is valid for tg, there is an assignment 7 : vary (T¢,) — CD satisfying
(R1)-(R3). Moreover, the assignment Ty witnesses the validity of R. Finally, the run-time follows because there are at most
|R(to)|2W pairs of a record in R(tp) and a subset U’ and the time required to compute a record for such a pair is at most
o(w). O

Lemma 29 (constraint forget node). Let t € V (T) be a forget node with child to such that x (to) \ x (t) = {c} for some constraint c € C.
Then, R(t) can be computed in O (|R(to)||x (t)|) time.

Proof. Informally, R(t) is obtained from R(tp) by taking all records (g, Bo) in R(tp) that satisfy ¢ and restricting By to
cony (t). More formally, for every record (ag, Bo) € R(to) such that Bo(c) =S, R(t) contains the record (ao, 8), where g is
the restriction of Bo to cony (t).

Towards showing the correctness of the definition for R(t), we first show that every valid record R = (&, 8) for t is
added to R(t). Because R is valid, there is an assignment t : vary (T;) — CD satisfying (R1)-(R3). Because 7 satisfies (R1), it
also satisfies the constraint c. Therefore the record Rg = (&, Bo), where g is the extension of 8 to ¢ by setting Bo(c) =S, is
valid and hence Ry € R(tg). Therefore, R is added to R(t).

It remains to show that if a record R = («, B) is added to R(t), then R is valid for t. Assume that R is obtained from
the record Ro = (o, fo) € R(to). Then, because Rg is valid for to, there is an assignment 7o : vary (T¢,) — CD satisfying
(R1)-(R3). Moreover, from the definition of R(t), we obtain that 7y satisfies ¢ so 79 witnesses that R is valid.

Finally, the run-time estimate is correct because it takes O (]x (t)|) time to check whether Bo(c) = S and to compute the
restriction of B to cony (t) for a record (oo, Bo) in R(tg). O

Lemma 30 (join node). Let t € V (T) be a join node with children t1 and tp, where x (t) = x (t1) = x (t2). Then, R(t) can be computed
in O (IR(tDIIR(t2)1IZ]) time.
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Proof. Informally, R(t) is obtained from R(t;) and R(tz) by combining all pairs of records (¢j, 8;) in R(t;) that agree
on the assignments «; to a new record and updating the set of satisfied constraints. More formally, we say that two
records (a1, B1) € R(t1) and (a2, B2) € R(tz) are compatible if oy = oz and for every constraint ¢ € cony (t) such that for
i €{1,2}, Bi(c) = (v;,d;), and the partial assignment setting v; to d; satisfies c. Then, for every pair of compatible records
(a1, B1) € R(t1) and (a2, B2) € R(ty), the set R(t) contains the record (&, 8), where:

o 0 =01 =0 and
e B(c) =S if either:
- Bi(c)=S or Ba(c) =S or
- B1(c) = (v1,dq) and B, (c) = (v3,d>) and the (partial) assignment setting v{ to d; and v, to d; satisfies c.
e B(o)=Uif p1(c)=U and Ba(c) =U,
e B(c) = (v,d) if either:
- B1(c) =(v,d) and B2(c) =U or
- p1(c) =U and B(c) = (v,d)

We will now show the correctness of the definition of R(t). We first show that every valid record R = (o, 8) for t is
added to R(t). Because R is valid, there is an assignment t : vary (T;) — CD satisfying (R1)-(R3). Let 7; be the restriction
of T to vary (Ty,). Note first that every constraint ¢ € cony (T¢) \ cony (t), is either satisfied by 71 or by 2. This is because
(T, x) is a tree decomposition so scope(c) < vary (Ty;) for some i € {1,2}. Moreover, every constraint ¢ € cony (t) that is
satisfied by 7 is either (1) already satisfied by t; (for some i € {1,2}) or (2) it is satisfied by a simple constraint involving
two variables v; € vary (T;) \ vary (t) assigned according to 7. We set i(c) = S if c is satisfied by 7;. Otherwise, we set
Bi(c)=U if B(c) =U or B(c) =S, and t3_; satisfies c. Finally, we set Bi(c) = (vi, T(v;)) if either B(c) = (vi, T(v;)) and
vi € vary (T;) \ vary (t), or B(c) = S but neither 71 nor 7 satisfy ¢ and setting v; to d; satisfies c. Then, the records
R; = («, B;) are valid for t; as witnessed by t;, so («, B;) € R(t;). Moreover, Ry and R, are compatible and R is the result
of combining Ry and R3, showing that R is added to R(t).

It remains to show that if a record R = (&, B) is added to R(t), then R is valid for t. Assume that R is obtained from two
compatible records R; = (a, B;) € R(t;). Then, because R; is valid for t;, there is an assignment t; : vary (Ty;) — CD satisfying
(R1)-(R3). It is now straightforward to verify that the assignment 7 obtained by combining 7; and 7, witnesses that R is
valid for .

Finally, the run-time follows because there are at most |R(t1)||R(t2)| compatible pairs of records and for every such
pair it takes time at most O (|Z|) to compute the combined record for R(t). O

We can now conclude the results in this section.

Proof of Theorem 22. The algorithm computes the set of all valid records R(t) for every node t of T using a bottom-up
dynamic programming algorithm starting in the leaves of T. It then solves Z by checking whether R(r) # @. The correct-
ness of the algorithm follows from Lemmas 24-30. The run-time of the algorithm is at most the number of nodes of T,
which can be assumed to be bounded from above by O (|Z]) (Proposition 20), times the maximum time required to com-
pute R(t) for any of the node types of a nice tree decomposition, which is obtained for join nodes with a run-time of
O (IR(t)||R(t2)|IZ]). 1t follows that

0((VIICD| + 2D (Z])?) e (nk) 0™

is the total run-time because |R(t)| < (|V||CD| +2)"*1. O
6. Parameterized lower bounds

This section contains two main results: we show that CSP(D; ) is pNP-hard (Section 6.1) and that CSP(Dy 1) is
W[1]-hard (Section 6.3) when parameterized by primal treewidth. These results indicate that there is no fpt algorithm
for CSP(Dy k), k € {1,2,...} U {oco}, under standard complexity-theoretic assumptions. The pNP-hardness result is proved by
a direct reduction from SuBSET SUM while the W[1]-hardness result is based on a reduction from a variant of the SUBSET
SuMm problem that we call MULTI-DIMENSIONAL PARTITIONED SUBSET SUM. W[1]-hardness for the latter problem is proved in
Section 6.2. The full picture of parameterized upper and lower bounds is summarised in Table 4.

To present our results, we need some additional technical machinery. A parameterized problem is, formally speaking, a
subset of ¥* x N where X is the input alphabet. Reductions between parameterized problems need to take the parameter
into account. To this end, we will use parameterized reductions (or fpt-reductions). Let L1 and L, denote parameterized
problems with L1 € X7 x N and L, € X3 x N. A parameterized reduction from L1 to Ly is a mapping P: 2] x N — ¥ x N
such that

(1) (x,k) €Ly if and only if P((x,k)) € Ly,
(2) the mapping can be computed by an fpt-algorithm with respect to the parameter k, and
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(3) there is a computable function g : N — N such that for all (x,k) € Ly if (X', k') = P((x,k)), then k' < g(k).

The class W[1] contains all problems that are fpt-reducible to INDEPENDENT SET parameterized by the size of the solution,
i.e. the number of vertices in the maximum independent set. Showing W[1]-hardness (by an fpt-reduction) for a problem
rules out the existence of a fixed-parameter algorithm under the standard assumption FPT £ W[1]. The class pNP contains
all parameterized problems that can be solved by a nondeterministic algorithm in time f (k) - |x||°" for some computable
function f. It is known that FPT = pNP if and only if P = NP. A problem is pNP-hard if it is NP-hard for a constant value
of the parameter.

6.1. pNP-hardness for CSP(D2,oc)
We show that if there is no upper bound on the size of the numbers used in the constraints, then CSP(D2 ) is NP-hard,

even for instances whose primal graph has constant treewidth. In other words, we prove that CSP(D; ) is pNP-hard. This
result is based on the NP-hard problem SuBSET Sum [36].

SUBSET SUM
Input: A set of integers S and an integer N.

Question:  Is there a set S’ € S such that N=3)" ¢/ s?

Theorem 31. CSP(D3, ) is NP-hard, even for instances whose primal graph has treewidth at most 2.

Proof. We present a polynomial-time reduction from the SUBSET SuMm problem to CSP(D; ). Let (S, N) be an instance of
SUBSET SUM with S ={sq,...,s;}. We construct an equivalent instance Z of CSP(D, ) as follows. Introduce n + 1 variables
X0, ...,Xn. For every i with 1 <i <n, introduce the constraint x; — x;_1 = 0 Vv x; — xj_1 = s;. Finally, add the constraint
Xn — Xo = N. Note that the primal graph of Z is a cycle, so its treewidth is at most 2. Given a solution to Z, selecting
those s; for which x; — x;_1 = s; yields a subset of S that sums up to N. In the opposite direction, a solution to Z can be
constructed from the subset S’ C S that sums up to N by setting x; — x;_1 =s; if s; € S’ and x; — x;_1 = 0 otherwise. O

6.2. W[1]-hardness for MULTI-DIMENSIONAL PARTITIONED SUBSET SUM

Our parameterized hardness result for CSP(D, ) is based on a variant of SUBSET SUM; we note here that similar but
slightly different variants of SUBSET Sum have been considered before [33,35]. Let k denote a natural number and let v
denote a vector of dimension K = (’;) We sometimes refer to the coordinates of v by a pair (a, b) of natural numbers with
1 <a <b <k; here, we implicitly use an arbitrary bijection between the K pairs (a, b) satisfying the inequality and the K
coordinates of the vector v. We say that v is uniform if every non-zero coordinate of v has the same value s(v). Finally, for
an integer N, we let N denote the K-dimensional vector that is equal to N at every coordinate.

MULTI-DIMENSIONAL PARTITIONED SUBSET SUM (MPSS)
Input: Integers k and N, and sets V1,...,Vy and Eq, ..., Ex of uniform K-dimensional vectors over the nat-
ural numbers such that:
e Every vector v € V; is non-zero at all coordinates (a, b) such that a =i or b =i and zero elsewhere.
e Every vector v € E; is non-zero only at the coordinate r.

Parameter: k
Question:  Are there v',..., v and &', ...,eX with ¥ € V; and & € E, such that (XX, v) + (XK, &) =N?

Theorem 32. MPSS is strongly W[1]-hard (i.e. it is W[1]-hard even if all numbers are encoded in unary).

Proof. We prove the lemma by a parameterized reduction from MuLTICOLOURED CLIQUE, which is well known to be
W][1]-complete [67]. Given an integer k and a k-partite graph G with partition Uy, ..., Uy, the MULTICOLOURED CLIQUE prob-
lem asks whether G contains a k-clique (note that since the sets U; are independent, any k-clique must contain exactly one
vertex from each set U;). We let W; j, denote the set of all edges in G with one endpoint in U; and the other endpoint in
Uj, for every i and j with 1 <i < j <k. To show the lemma, we construct an instance

1= (k, N, (Vi)l§i§k7 (Er)lgrgl()y

of MPSS in polynomial time where all integers in Z are bounded by a polynomial in |V (G)| and K = (’;) Our construction
yields an instance Z such that G contains a k-clique if and only if Z has a solution.
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1 1 2 2 3 K K v Vi _ GV 1% Vi _ JE E E E
by by=by by =by by b 2 &vy=&" &° &vu=8& &g &" 8iEx|
J J . o \ J
N N N M < TV] < Tvk < TE1 < TEK
Buckets Gap Garbage for V; Garbage for E;,

Fig. 3. The board consisting of the bucket part and the garbage part defined in the proof of Theorem 33. Here, Tq = ) ;.,5@) for A e
{(Vi,..., Vi, E1,..., Ex}.

Fig. 4. Possible ways to place the variables x}/‘c and yZ’[ corresponding to the non-zero coordinate ¢ = (i, j) of the ¢-th vector v, in V;.

We will employ Sidon sets from Section 2.3 in the reduction. Namely, we need a Sidon set containing |V (G)| natural
numbers, i.e. one number for each vertex of G. Since the numbers in the Sidon set will be used as numbers in Z, we need
to ensure that the largest of these numbers is bounded by a polynomial in |V (G)|. We know from Section 2.3 that such a set
(where the bound on the largest element is 8|V |?) can be computed in polynomial time. In the following, we will assume
that we are given such a Sidon sequence S and we let S(i) denote the i-th element of S for 1 <i <|V(G)|. Let max(S) and
maxy(S) denote the largest element of S and the maximum sum of any two distinct elements in S, respectively. We will
furthermore assume that the vertices of G are identified with the numbers from 1 to |V (G)| and therefore S(v) is properly
defined for every v € V(G).

We are now ready to construct the instance Z. We set N = max,(S) + 1 and proceed to the construction of the sets
V1i,..., Vi and the sets Eq,..., Eg. For every i with 1 <i <k and every u € Uj, the set V; contains the vector u with
s(u) = S(u) being non-zero at all coordinates (a,b) such that either a =i or b =i. Moreover, for every 1 <r < K and
every e = (u, v) € W, the set E; contains the vector e with s(e) = (maxz(S) +1) — (S(u) + S(v)), and the non-zero value
appearing only at coordinate r.

This completes the construction of Z. It is clear that Z can be constructed in polynomial time and that every integer in
7 is at most max,(S) + 1 so Z is polynomially bounded in |V (G)|. Intuitively, the construction relies on the fact that since
the sum of each pair of vertices is unique, we can uniquely associate each pair with an edge between these vertices, whose
value will then be the global upper bound of max,(S) + 1 minus the unique sum.

It remains to show that G contains a k-clique if and only if Z has a solution.

Forward direction. Let C be a k-clique in G with vertices u1, ..., u, such that u; € U; for every i with 1 <i < k. Choose
the vector u; from V;, 1 <i <k, and the vector e j, from E j), where € j is the edge with endpoints u; and uj for
every i and j with 1 <i < j <k. We claim that this choice is a solution for Z. Let t be the vector (ZL] u;) + (Z;‘K:1 €;).
For every coordinate (i, j) with 1 <i < j <k, the vectors u;, uj, and e j, are the only vectors that are non-zero at the
coordinate (i, j). Therefore, t[(i, j)] = s(i1;) +s(uj) +s(eg, j)). Moreover, using the identities s(u;) = S(u;), s(iij) = S(uj), and
s(eg,jy) = (maxa(S) + 1) — (S(u;) + S(u;j)), we obtain that

t, HN1=Si) + Suj) + (maxz(S) + 1) — (S(u;) + S(uj)) = maxa(S) + 1= N,

as required.

Backward direction. Assume i; € V;, 1 <i <k together with ej € Ej, 1 < j <K is a solution for Z. We claim that
{ug,...,u,} forms a k-clique in G, ie. e jy = {u;,u;} is an edge of G for every i and j with 1 <i < j <k. Note that
the only vectors in the solution for Z that have a non-zero contribution towards the (i, j)-th coordinate of the sum
vector are the vectors u;, i1j, and e; ;. Since s(u;) = S(u;), ij = S(uj), and N = max(S) + 1, we see that s(eg, j)) =
(maxz(S) + 1) — (S(u;) + S(uj)). Moreover, S is a Sidon sequence so the sum (S(u;) + S(uj)) is unique. It follows that
e, j) = {uj, uj} as required. O
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6.3. W[1]-hardness for CSP(D2 1)

We provide a parameterized reduction from MPSS, which together with Theorem 32 establishes the result. To simplify
the reduction, we provide it in two stages. First we show how to construct an equivalent instance Z” of CSP(D;) and then
we show how to obtain the desired instance Z' of CSP(D 1) from Z”.

Before giving the formal proof in Theorem 33, let us provide an informal overview of the main ideas behind the proof.
Let Z= (k, N, (Vi)1<i<k, (Er)1<r<k) be an instance of MPSS. We let our playing board be the real line; please refer to Fig. 3

for an illustration. First, for every vector v in VE = (Ui-‘:1 Viu (U,K:1 E;) and every non-zero coordinate ¢ of v, we introduce
a segment on the board represented by two variables x and y at distance exactly s(v) from each other. We divide our board
into two main parts: the bucket part and the garbage part. While the bucket part provides placeholders for the segments of
the vectors chosen to be in a solution for Z, the garbage part provides placeholders for all other segments. Crucial for the
idea is a gadget that ensures that a segment can only be in one of two places, i.e. either its place inside the bucket part or
its place inside the garbage part. To illustrate the idea behind this gadget, suppose one wants to ensure that a variable x is
either equal to a variable a or equal to a variable b. This can be achieved by the ternary constraint x =a Vv x = b. However,
since we are only allowed to use binary constraints, it becomes more complicated. The idea is that we additionally ensure
that the distance between a and b is between M and 2M — 1 for some number M. Then we can ensure that x is either
equal to a or equal to b by using the constraints x=avx—a>M and x=bVvb—x> M.

With this in mind, let us provide some details on the bucket part and the garbage part. The main idea behind the bucket
part is that it provides placeholders for the segments representing the non-zero coordinates of all vectors that are in the
solution for Z. More specifically, consider a solution for Z choosing exactly one vector ¥ from each V; and exactly one
vector " from each E,. Then for every coordinate r = (i, j), the solution contains exactly three vectors that are non-zero at
coordinate r, i.e. the vector ¥, the vector ¥/, and the vector &". Thus, the bucket part will provide three placeholders. This
is achieved by introducing four variables b}, ..., b} for every coordinate r with the idea that, the place between b} and b},
is a placeholder for the r-th coordinate of ¥/, the place between b}, and b} is a placeholder the r-th coordinate of v, and
the place between b} and b, is a placeholder for the r-th coordinate of é,. Finally, to verify that the sum of all vectors in
the solution is equal to N at each coordinate r, we introduce the constraint b} — b} = N.

The main function of the garbage part is to ensure two things: (1) if a segment representing a non-zero coordinate of
some vector v in VE is chosen to be in the bucket part, then all segments representing non-zero coordinates of v are chosen
to be in the bucket part and (2) the segments of at least one vector from every set V; and every set E, are chosen to be
in the bucket part. To achieve this, the garbage part consists of k + K parts, i.e. one part for every set V; and one part for
every set E,.. Moreover, the part for a set A € {V1,...,Vy, E1,..., Ex}, has one placeholder for every vector a € A, which
can hold all segments representing non-zero coordinates of the vector a. This is achieved by introducing |A| 4+ 1 variables
4. ... gfy such that the place between g/ | and g is reserved to hold all segments of the i-th vector in A. Here, it is
important to recall that every non-zero coordinate of every vector v in VE has the same value s(v). Finally, we ensure (2)
by adding the constraint g":‘ql — gf;‘ < Y zeas(@) = Ta, which ensures that not all vectors of A can fit into the garbage part.
We are now ready to provide the formal proof.

Theorem 33. CSP(D;,1) is strongly W[1]-hard parameterized by primal treewidth.

Proof. Let 7 = (k, N, (Vi)1<i<k, (Er)1<r<k) be an arbitrary instance of MPSS. We start by introducing the board consisting
of the bucket part and the garbage part; see Fig. 3 for an illustration.

The bucket part. For every coordinate r (of the vectors in Z), where 1 <r < K, we introduce 4 bucket variables b}, ..., b}

and ensure that these appear consecutively in any solution by using the constraints bj e bj = 0 for every | with 1<1<4.

We introduce a constraint that ensures that the distance between b} and b), is exactly N, i.e. the constraint b} — b} = N.
Finally, we arrange the bucket variables for different coordinates in the natural order by introducing the constraints b}, =

b1 for every r with 1 <r <K.

The garbage part (for the sets V;). For every set V; = {v1,...,V)y,}, we introduce |V;| + 1 garbage variables g(‘)/", .. .g“(}il
and ensure that these appear consecutively in any solution by using the constraints gl‘:jl - glv i >0 for every | with 0 <I <
|Vil. We introduce a constraint that ensures that the distance between g(\)/ I and gl‘(}'i‘ is smaller than T = Zvev,- s(v), ie.
the constraint g“(}il — g(‘)/ ! < T. Additionally, we arrange the garbage variables for different sets V; in the natural order by
i+1

introducing the constraints g(‘)/ = g|‘(/ii| for every i with 1 <i <k.

The garbage part (for the sets E;). For every set E; = {V1,..., V|g,}, we introduce |E;| 4+ 1 garbage variables gg", . ..glEEfiI
and ensure that these appear consecutively in any solution by using the constraints gli‘1 - glEi > 0 for every | with 0 <
| < |Ej|. We introduce a constraint that ensures that the distance between gg" and g‘EE"” is smaller than T = 21—,651_ s(v), i.e.
the constraint gﬁfi,-\ — ggi < T. Additionally, we arrange the garbage variables for different sets E; in the natural order by
i+1

introducing the constraints gg = gIEEi.'I for every i with 1 <i < K.
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We ensure that the garbage variables of the sets E; are placed after the garbage variables of the sets V; by adding the
constraint gW | = g0 Finally, to make the later arguments simpler, we make sure that the last bucket variable bff has

sufficient distance to the first garbage variable g'v‘ We let M=K-N+ ) ;. s(V) and add the constraint gW1| bff =M

The vector variables for the sets V;. For every set V; = {vy,...,Vy,}, every £ with 1 <¢ <|V;], and every non-zero
coordinate ¢ of V¢, we introduce two variables xZ"C and yZ"C and the constraint yZ"C —xZ"C = s(V,) ensuring that the distance
between yX"C and XX‘C is exactly s(v¢). We associate one bucket variable, denoted by B(XZiC) and B(yZ‘C), respectively, and
one garbage variable, denoted by G(XX"C) and G(XX"C) respectively, with x}/"c and yZ"C as follows. If ¢ = (i, j) (for some j > i),
we set B(x ') =b{ and B(y ') = b5. Otherwise, ie. if c = (j,i) (for some j < i), we set B(x ') =b5 and B(y ') = bs.
Moreover, we set G(x“) = g£—1 and G(y“) = gf. We add constraints that ensure that x“ is elther equal to B(X/z,c) or
G(xZiC) (see Fig. 4). As we will show later this can be guaranteed by the constraints:

ox,_,C_B(x )vx B(x ')>M and
.x“_G(x )\/G(x )—x’>M

Similarly, we add constraints so that yX’C is either equal to B(yZ"C) or G(yZ"C), i.e. we add the constraints:

.yXiC:B(ny)VyV,- B(yvi)>Mand
o V=G VG, )—yX’CzM

Let XYy denote the set of all vector variables for the sets Vj, i.e. the set
{xZ"C, ych |1<i<kA1<¢t<]|Vi|] Acisanon-zero coordinate of \72 }.

The Vector Variables for the sets E;. For every set E; = {é1,...,eg,} and every £ with 1 < /£ < |E;|, we introduce two
variables xf" and yff and the constraint yf‘ - xff = s(é,;) ensuring that the distance between yf‘ and xf" is exactly s(ey).
Similarly, to the vector variables for the sets V;, we associate a bucket variable and a garbage variable with xE " and yE',
defined by setting: B(xl’) =bt, G(xf") = gfil, B(y iy =bi, and G(y "y =g,'. We add constraints that ensure that Xe is
either equal to B(x[‘) or G(xe'). As we will show later, this is guaranteed by the constraints:

. Xz _B(xz')\/x —B(xfi)>M and
° X/z _G(xe’)vG(xl’)—x > M.

Finally, we add constraints that imply that yfi is either equal to B(yf") or G(yfi):

o yi' =B(y;)Vy; - B(y;)> M and
o ¥, =Gy VG -y =M.

We will verify that these constraints have the required properties later on. Let XY denote the set of all vector variables for
the sets E;, i.e. the set

Ky i<i<kat<e<ivily
and let XY = XYy U XYE.

This completes the construction of the instance Z” of CSP(D;). We first show that the primal treewidth of Z” is at most
4K + 3 and consequently bounded by a function of the parameter k only. Let B = {bf: 1<i<KA1<I<4} be the set of
all 4K bucket variables and let G be the primal graph of Z” after removing the variables in B. It is straightforward to verify
that G has treewidth at most 3 and we obtain, from Proposition 21, that the primal graph of Z” has treewidth at most
|B| +3=4K +3.

We now show the equivalence of the instances Z and Z”.

Forward direction. Let 171 vfk and él. _ﬁ.(K with \7‘?
idea to obtain a solution for 7" is to set the variables x,V c and ylv“C equal to their respective bucket variables, i.e. the

€ Vy and é‘jl € E¢ be a solution for Z. Informally, the main

variables B(x ) and B(yl ZC) and similarly for the variables x ¢ and y . All other variables in XY are then set to be equal

: Sk e
to their respectlve garbage variables. Since vl.1 R vl.k and e].1 ,...,e% s a solution for Z (and Zg 1 Vl[ + Zz 1€ )

ik
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this ensures that the distance between b} and b}, is exactly N for every coordinate/bucket r and the distance between gg
and ga‘ is less than the sum of all vectors in the set A e {Vq,..., V¢, E1, ..., Ex}.

14

v
More formally, we set X'

and yxec equal to B(xxfc) and B(yi‘;‘c), respectively, for every ¢ with 1 < £ <k and every
non-zero coordinate c of \716. Similarly, we set x]EZ and yJEj equal to B(x]E.f) and B(yff), respectively, for every ¢ with
1 < ¢ < K. For every other variable v in XY, we set v equal to G(v). Finally, we set g,.‘Z‘_1 equal to gi‘gf for every ¢ with

1<¢<k and gi‘_l equal to g]Ef for every ¢ with 1 < ¢ <k. Note that because of the distances between the variables

in XY, this already fixes the position (value) of each variable (up to an additive constant). Note also that all constraints

are satisfied. In particular, the constraints b§ — b{ = N are satisfied because Y, \'/fz +3K, éf.[ = N. Similarly, for every

set Ae{Vy,..., Vi Eq,..., Eg} the constraints glf““ — 88 <Y jeas(v) are satisfied since gl")“ -8 = (Cyemcs(¥) and
ANC#P, where C={] ..., v} &} ,....e ).

Backward direction. Let « be an arbitrary solution to Z”. We start by showing the following claim.
Claim 33.1. For every v € XY either a(v) = a(B(v)) or a(v) = a(G(v)).
Proof of claim: Suppose to the contrary that this is not the case. Because v € XY, v appears in the two constraints:

e v=B(v)Vvv—B(v)>M and
e v=G(v)VG(V)—v>M.

Thus, o(v) — a(B(v)) > M and o (G(v)) — a(v) > M. However, this is only possible if «(G(v)) — a(B(v)) > 2M, which, as
we will show now, is not the case. It follows from the relation between the bucket and garbage variables and the definition
of B(v) and G(v) that a(B(v)) > b} and a(G(v)) < ngKKl. Hence, ¢ (G(v)) — a(B(v)) < a(ngKKl) — oc(b%). Because of the
constraints on the bucket variables and the garbage variables, i.e. the constraints:

. bi—bilzNforeveryiwithlgigl{,
o b1 = b}, for every i with 1 <i <K,
. gl’j‘M —gé < jeas(v) forevery Ae{Vy,..., Vi, Eq,..., Ex},

o g(‘)/“r1 :gl‘(}i‘ for every i with 1 <i <k,
o gg"“ :g‘EE"I_‘ for every i with 1 <i <K,

Vv E
8V =&
. g(‘)/] —b!f:M.

we obtain that:

E
@ (G() — a(B() < a(gff ) —ab)
<NK+M+ ) s(¥)
veS
<NK+) s@W)+M
veS
<2M
We see that «(G(v)) — a(B(v)) < 2M. This contradiction concludes the proof of Claim 33.1. ¢
We say that a vector 172 € V; is in the bucket if oz(xZic) = ot(B(xZic)) and oz(yZ"C) = oz(B(yZic)) for every non-zero co-
ordinate ¢ of 172. Moreover, we say that 172 € Vi is in the garbage if oz(xZ"C) = a(G(xZic)) and a(yZic) = a(G(yZ‘C)) for
every non-zero coordinate c¢ of \72. Similarly, we say that a vector éz € E; is in the bucket if a(xf") = ot(B(xf")) and
ot(yf‘) :a(B(yfi)) and we say that éz € E; is in the garbage if a(xf‘) :a(G(xf")) and a(yf") :ot(G(yf")).
Based on Claim 33.1, we will now show that for every set V; and every set E; exactly one vector is in the bucket and all
other vectors (of the set) are in the garbage. We start by showing the claim for the sets V;.

Claim 33.2. For every V; there is exactly one vector \72 € V; such that ‘_’iz is in the bucket, and all other vectors in V; are in the garbage.

Proof of claim: We first show that at least one vector \72 is in the bucket. Suppose to the contrary that this is not the case.
Claim 33.1 implies that for every ¢ there is a non-zero coordinate c of ‘7; such that a(xZ’C) =o(G (xg"c)) and, consequently,
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a(yZ"C) = a(G(yXiC)). Thus, the distance between g;/il and gX" is exactly s(\‘/z) so the distance between g(‘)/" and g“(}il equals
Z\‘/evi s(v). This violates the constraint gl‘(/i.-l — g(‘]/" < Z\‘/ev,- s(v) and consequently contradicts our assumption that « is a
solution for Z”. We conclude that there is at least one vector v} in the bucket.

It remains to show that all other vectors 172, € V; for £ # ¢ are in the garbage, i.e. oz(x)z/,’;c) = (x(G(x)Z/,’;C)) and a(yg/’;c) =
a(G(yZiC)) for every ¢’ # £ and every non-zero component ¢ of \72,. Suppose this is not the case and assﬁme that the claim
is violated for ¢’ and c. Then, by Claim 33.1, it follows that a(foc) = oc(B(xX,‘;C)) (and therefore also oz(yzl,‘;c) = ot(B(nyc))).
This implies that the distance between B(x,‘_,/,ic) and B(y}/,’;c) is equal to s(f/z,). However, since o:(xZ"C) = a(B(xZiC)) and
a(yZiC) = a(B(yX‘C)), we obtain that the distance between B(XZ{C) = B(XZiC) and B(yzl,ic) = B(yzl_‘c) is equal to s(v}). How-
ever, this is not possible because no two vectors in V; agree on s(v) and hence s(\_/ll,) #s(Vy). o

An analogous proof shows the statement of Claim 33.2 for the sets E; (instead of the sets V;).

Claim 33.3. For every E; there is exactly one vector é% € E; such that éi is in the bucket, and all other vectors in E; are in the garbage.

We continue by showing that the vectors that are in the bucket form a solution for Z. Let ¥ € V; and &/ ¢ E; with
1<i<kand 1< j<K be the vectors that are in the bucket; these vectors exist due to Claims 33.2 and 33.3. The constraints
bl, — b\ = N imply that

() ()¢

for every 1 <1< K. Hence, the vectors ¥!,..., v and !, ...,eX indeed form a solution for Z.

The proof so far shows that Z has a solution if and only if Z” has a solution. In the final part of the proof, we show how
to transform the instance Z” into the equivalent instance Z’' of CSP(D; 1). To achieve this we first replace every constraint of
the form a — b © n (for variables a and b, natural number n with n > 1, and © € {<, <, =, >, >}) by a ‘path’ on n auxiliary

variables. More formally, to replace the constraint C =a—b © n, we add n auxiliary variables hS, ..., h,f and the constraints
hi—b O 1, hl.CH — hic ® 1 for every i with 1 <i <n, and h,f =b. This allows us to replace the following constraints of Z":

the constraints b, — b} = N for every i with 1 <i <K,

e the constraints gl’%‘ — gl <Y yeas(v) for every Ae{Vy,..., Vi, Eq, ..., Ex},
o the constraint gy' —bX = M,
e the constraints yf" —xf" = s(éﬂz), for every i and ¢ with 1 <i <K and 1 <¢ < |E{|, and

e the constraints yZ"C — XXIC = s(\'/i;), for every i and ¢ with 1 <i <k, 1 <¢ < |Ej|, and every non-zero component ¢ of 172.

Note that this reduction is polynomial since the numbers in the instance Z can be assumed to be polynomially bounded
in the input size because MPSS is strongly W[1]-hard. Also note that this replacement does not increase the treewidth of
the primal graph by more than 1 since the new primal graph can be obtained by subdividing edges of the original primal
graph and it is well known that subdividing edges can only increase the treewidth of a graph by at most 1. Let Z" be the
instance obtained from Z” after replacing all of the constraints as described above.

It now only remains to replace the remaining constraints for the variables in XY. Recall that these constraints are of the
form z=B(z) Vv z—B(z) > M and z=G(z) v G(z) —z > M for some z € XY. As we saw in Claim 33.1, the effect of these
two constraints is that for every variable z € XY and every solution « for Z”, either «(z) = (B(2)) or a(z) = a(G(2)). To
replace these constraints, we first introduce a gadget U(a, b, Z), where a and b are variables and Z is a natural number,
which ensures that either a=b or b —a > Z. The gadget U(a, b, Z) has 2Z + 1 auxiliary variables hg,...,hyz and the
following constraints:

(C1) ho =a, hjx1 — h; € [0, 1] for every i with 0 <i < 2Z, and hyz =b,
(C2) hiyp —hj=0Vv hj;p —h; > 1 for every i with 0 <i<2Z —1.

Claim 33.4. Consider the instance U(a, b, Z) for variables a and b and natural number Z. Then:

e every solution B for U(a, b, Z) satisfies either 8(a) = B(b) or B(b) — B(a) € (Z,2Z], and
o for every number Z' € {0} U (Z, 2Z], there is a solution 8 for U(a, b, Z) such that B(b) — B(a) = Z'.

Proof of claim: Let B be a solution for U(a, b, Z). The constraints in (C1) imply that g(b) — B(a) € [0, 2Z]. If B(a) = B(b), then
there is nothing to show. Hence, assume that g(a) < 8(b). Now, there is an i with 0 <i <2Z — 1 such that h;;» —h; > 0.
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We first show that hj; — h; > 0 for every i with 0 <i <2Z — 1. Suppose that this is not the case and let i be an index
such that hj;, — h; > 0 but either hjy3 — hj;1 =0 or hj;1 — hj—1 = 0. In both cases it follows from the constraints in (C2)
that h;y» — h; > 1. Consequently, the constraints in (C1) imply that h;11 —h; > 0 and h;4» — h;j11 > 0. However, this implies
that hjy3 — hj;1 > 0 (since i <2Z — 2) and h;11 — hj—1 > 0 (since i > 0) so we obtain a contradiction. Hence, h;j;, —h; >0
for every i with 0 <i <2Z — 1, which together with the constraints in (C2) implies that h;;; — h; > 1 for every i with
0<i<2Z-1.Since

VA
Bb) — B(@) = Y Bha) — B(hai2)

i=1

z
>Z]
i=1
=7

it follows that g(b) — B(a) > Z. This completes the proof of the first statement of the claim.
We continue with the second statement of the claim. Arbitrarily choose Z’ € {0} U (Z,2Z]. If Z' =0, then we set

B(@) = B(ho) = B(h1) =--- = B(h2z—1) = B(h2z) = B(b)

and this assignment clearly satisfies all constraints in (C1) and (C2). If Z’' € (Z,2Z), then we set B(a) = B(ho), B(hit+1) —
B(hi) = 0.5+ € for every i with 0 <i <2Z, and B(hyz) = B(b), where € = (Z' — Z)/2Z. 1t is straightforward to verify that
this assignment satisfies the constraints in (C1) and (C2). This completes the proof of Claim 33.4. o

We are now ready to show how to replace the constraints z=B(z) Vz—B(z) > M and z=G(z) vV G(z) —z > M for every
variable z € XY. That is, for z € XY, we replace the constraint z= B(z) vV z— B(z) > M with the gadget U(z, B(z), M) and we
replace the constraint z= G(z) v G(z) — z> M with the gadget U(G(2), z, M).

Then, Z’ is obtained from Z" after replacing all the remaining constraints of the variables in XY as described above.
Clearly, Z’ is an instance of CSP(D5 ;). Furthermore, the treewidth of the primal graph of Z’ is at most the treewidth of the
primal graph of Z” plus 2. This is because the treewidth of the primal graph of Z'” is at most the treewidth of Z” plus 1 (as
we already argued above). Furthermore, the primal graph for Z’ is obtained from the primal graph of Z" by replacing the
edges between x and B(x) as well as between x and G(x) with the primal graph of the gadget U(a, b, Z) for every x € XY.
The result now follows because the treewidth of the primal graph of U(a, b, Z) is at most 2. Because the treewidth of the
primal graph of Z” is at most 4K + 3, we obtain that the treewidth of the primal graph of 7’ is at most 4K +5. O

Since all variables in the proof of Theorem 33 are only assigned integers, we can replace every constraint L < R that
uses < in the construction, i.e. the constraints of the form gK/iﬂ — ggi < T and g‘EE"” — ggi < T, by L <R — 1. Therefore, we
obtain the following corollary from Theorem 33.

Corollary 34. CSP(Di 1) is strongly W[1]-hard parameterized by primal treewidth.

7. Generalisations

The results that we have proved in Sections 3-6 are restricted in two ways: (1) formulas are assumed to be in conjunctive
normal form and (2) the variable domains are assumed to be the set of rationals. We consider the satisfiability problem
for DL without these restrictions in the following two sections. Thus, we discuss DL with general formulas (i.e. the DL-SAT
problem from Section 2.1) in Section 7.1 and we discuss DL with integer variable domains in Section 7.2.

Our generalisation to DL-SAT is based on replacing clauses with more complex subformulas. This can be done by viewing
CSP instances as primitive positive sentences over suitable structures (as explained in Section 2.2), and restricting the
subformulas so that the resulting formulas can be analysed with respect to computational and parameterized complexity
using the results from Sections 3-6. Proposition 36 shows that many of our results are still valid under this generalisation.
When switching to integer domains instead of rational domains, we use a well-known fact: a solvable set of constraints of
the form x — y < c with c € Z always has an integral solution. This has been observed in many different contexts, see [28,
Section 3] and [64, Section 13.2]. The very definition of DL now allows us to transfer results for rational domains into
integer domains in a uniform way, and this shows that, for instance, all results in Tables 3 and 4 hold in the integer case.

7.1. General formulas

Every DL formula can be converted into a logically equivalent formula that is in CNF by using well-known laws of logic.
We use this fact for proving the following result.
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Theorem 35. DL-SAT is solvable in 20 "10gn+108K) time where n is the number of variables in the given formula ¢ and k = num(¢).
DL-SAT is not solvable in 20M{0gn+logk) if the ETH holds.

Proof. The lower bound is an immediate consequence of Theorem 17 since every instance of CSP(Df) can be viewed as a
DL formula (as was discussed in Section 2.2). To show the upper bound, we let ¢ denote an arbitrary instance of DL-SAT.
Assume ¢ contains n variables and that k = num(Z). Every existential sentence ¢ admits a logically equivalent existential
sentence ¢’ such that ¢’ is in CNF, ¢ and ¢’ contains the same number of variables, and k = num(¢’). The formula ¢’ may
be viewed as an instance Z = (V, C) of CSP(D) where |V| =n and num(Z) = k. Theorem 6 implies that ¢’ is satisfiable if
and only if it has a solution f:V — CD(n, k). Since ¢ and ¢’ are logically equivalent formulas, the same holds for ¢. The
upper bound follows immediately since CD(n, k) contains 20®(egn+10gk) elements (as was proved in Corollary 7). O

The conversion of a DL formula into CNF can obviously lead to an exponentially larger formula and the conversion
process may thus take exponential time. Note, however, that we do not need to compute the CNF formula explicitly in the
proof of Theorem 35.

Theorem 35 is closely connected to Satisfiability Modulo Theories (SMT), i.e. the decision problem for logical sentences with
respect to a given background theory, where logical formulas are expressed in classical first-order logic with equality. Let
SMT(T) be the problem of determining whether a first-order sentence is true with respect to a background theory 7, and
let SMT3(7") be the subproblem where universal quantifiers are not allowed. If we let 7gifr denote the background theory
for difference constraints, then DL-SAT and SMT3(7gjsf) are the same computational problems. Jonsson and Lagerkvist [49,
Theorem 9] prove bounds valid for any background theory: SMT3(#) is solvable in 20UVI1°8IVD time but it cannot be solved
in 200VIoglVD) time unless the ETH is false. Theorem 35 thus implies that SMT5(7gir) is only marginally harder than SMT3(%).

Applying the restricted time complexity results and the parameterized results to DL-SAT directly is, unfortunately, not
possible. The clause arity parameter is obviously not well-defined for an arbitrary existential formula ¢ since it is not
required to be in CNF. Similarly, the primal and incidence graphs are not well-defined in this case. Converting the formula
into CNF is typically not a viable option since this process may take exponential time and it may produce a formula that
is exponentially larger than the original formula. A simple (but sometimes sufficiently powerful) workaround is based on
generalising the results to more complex subformulas than clauses. We present one possible way of doing this. Recall from
Section 2.2 that we can always view a CSP instance as a primitive positive sentence over some structure. We have used this
perspective throughout the article: we view an existential formula in CNF as a CSP instance where the structure contains
the relations that describe the allowed clauses. Clearly, we can instead consider relations that describe other subformulas
than clauses. This must be done with care, though. These relations cannot use auxiliary variables in their definitions since
this introduces a time complexity dependency on the number of subformulas and not only on the number of variables
and the magnitude of the coefficients. Furthermore, the definitions of the subformulas must (in a certain sense) be easy to
compute. We circumvent this problem by restricting ourselves to a finite number of subformula types; this restriction can
often be lifted but it needs a careful analysis based on the chosen relations and the representation of them. We arrive at
the following result.

Proposition 36. If A is a finite structure that is quantifier-free definable in S, then the following hold.

1. CSP(A) is solvable in 20 (108" time.

2. If the relations in A have arity at most 2, then CSP(A) is solvable in 20 (10g1ogn) tjme,

3. If the relations in A have arity at most 3 and num(A) = 0, then CSP(A) is solvable in 2°™ time.
4. CSP(A) is in XP when parameterized by the treewidth of the incidence graph.

Proof. The structure A is finite and every relation in A has a quantifier-free definition in S. We may without loss of gen-
erality assume that the defining formulas are in CNF. This implies that every relation can be viewed as a conjunction of
relations in Dy where a, k < co. Since A is finite, we may assume that we have access to a table containing the defining
CNF formulas for each relation in A.

Let Z = (V, C) denote an instance of CSP(A) and arbitrarily choose a constraint R(x1,...,x,) in C. The relation R has a
definition

p
R(x1,...,%) = /\ Ri(xi1, ..., Xiar(R;))
i=1

where Ry,...,Rp €Dy and {x; j:1<i<p,1<j<max{ar(Ry):1<m < p}} C{x1,...,xy}. This constraint in Z can be
replaced by p constraints

Ri(X1,1, -+, X1,ar(Ry))s - s Rp(Xp,15 - Xp ar(R)))
and this transformation does not affect the solvability of the instance since it preserves the set of solutions. Let 7 = (V’, C’)

denote the instance that results from applying this transformation to each constraint in C. We note that Z’ can be computed
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in polynomial time, V' =V, num(C) = num(C’), and Z’ has a solution if and only if Z has a solution. Now, item 1 follows
from Corollary 7, item 2 follows from Theorem 13, and item 3 follows from Theorem 1. Finally, we claim that item 4 follows
from Theorem 22 together with the observation that tw(I(Z')) <q - tw(I(Z)), where q is the smallest integer such that any
constraint in Z is replaced by at most q constraints in Z’; note that q can be considered constant because A is finite. The
last observation follows because any tree decomposition of I(Z) can be transformed into a tree decomposition of I(Z') by
replacing any vertex corresponding to a constraint ¢ in Z by the at most g vertices corresponding to the constraints that
replace cin Z’. 0O

7.2. Integer domains

We show that the complexity results presented in this article also hold if we restrict DL to integer variable domains.
Henceforth, we let DZk denote the set of relations in D, restricted to the integers. Let A and B be two structures. We
write CSP(A) <o CSP(B) if there exists a polynomial-time reduction F from CSP(A) to CSP(B) that introduces no additional
variables, i.e. if (V,C) is an instance of CSP(A), then F((V,C)) = (V, C’). The existence of such a reduction implies the

following.

1. If CSP(A) is not solvable within a time bound f(]V|), then CSP(B) is not solvable within f(|V]), either.
2. If CSP(B) is solvable within a time bound f(|V|), then CSP(A) is solvable within f(|V|), too.

We continue by presenting a number of reductions.

Lemma 37. CSP(D=,) <o CSP(DZ,) <o CSP(D=

a,k a,k a, k+1)

Proof. We first verify that if an instance Z of CSP(D=) has a solution, then it has a solution over Z, too. Let Z = (V, C)
with C ={cy, ..., cp} denote an arbitrary satisfiable instance of CSP(D=). Since Z is satisfiable, we can pick one literal /; out
of the definition of every constraint c1,...,cp such that {l1,...,Ip} is satisfiable. This set of constraints admits an integer
solution since the literals are of the form x — y < ¢ and the bound c is an integer: this follows from the original algorithm
for solving STPs by Dechter et al. [28, Section 3] but it is also a consequence of the theory of total unimodularity [64,
Section 13.2]. Consequently, Z admits an integer solution

We begin with the reduction CSP(Da © <o CSP(D )~ Let R denote a relation in Da « and let Rz have the same definition
as R but with domain Z instead of Q. Let Z = (V, C) denote an arbitrary instance of CSP(D ) and let 7y = (V, Cz) where
Cz ={Rz(x1,...,X) : R(x1,...,%¢) € C}. If Z is not satisfiable, then Z is not satisfiable since Z C R. If 7 is satisfiable,
then Zy is satisfiable as pointed out earlier.

We continue with the reduction CSP(D(%k) <o CSP(DikH). Let Ry denote a relation in Dt%k. We define a relation R
over Q as follows: R has the same definition as Ry but every literal that is a strict inequality x — y < c is replaced by
X —y <c—1. Observe that Rz C R and R is a member of Da k1- Let Iz = (V,Cz) denote an arbitrary instance of ka
and let Z = (V, C) where C = {R(x1, .. xk) Rz (x1,...,x) € Cz}. If Tz has a solution fy, then this solution is a solution
to Z, too, since Rz, C R for every Ry € Da If Z is satisfiable, then it has an integer solution (as discussed earlier) and this
solution witnesses the satisfiability of Zy. O

Lemma 38. CSP(Dq,0) <o CSP(DZ) <o CSP(Dq,0)

Proof. We first verify that if an instance I of CSP(D, ) has a solution, then it has a solution over Z, too. Arbitrarily choose
a satisfiable instance Z of CSP(Dg). Assume that f:V — Q is a solution to Z. Observe that the function f-(x) =c- f(x)
is a solution to Z whenever ¢ # 0. We assume that V = {x1,...,x;} and f(x;) =a;/b;, 1 <i <n, where q; and b; # 0 are
integers. Let c =bj -...- b, and note that f; is a function from V to Z. Thus, a satisfiable instance Z of CSP(Dgq o) always
has an integer solution.

Let us now consider the reduction CSP(Dq,0) <o CSP(DZ ). Given a relation R € Dy, we let Rz denote R restricted to
the integers. Let Z, denote an arbitrary instance of DZO and let Z=(V, C) where C ={R(X1,...,Xx) : Rz (X1,...,x) €Cz}.
If Z has a solution, then Z has a solution, too. If Z has a solution, then Z has a solution as pomted out earher The other
reduction is analogous. O

These reductions imply that all results in Table 3 hold for DZ Similarly, the results in Table 4 hold since the reductions
do not change the primal and incidence graphs of a given mstance The results for DL-SAT (Theorem 35) also hold in the
integer case. The reductions show that CSP(DZ) is solvable in 20®(ogn+logh)) time but not in 20¢1(ogn+logh)) (ynder the
ETH). The proof of Theorem 35 shows that these results immediately carry over to DL-SAT over the integers.
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8. Conclusion and future work

We have initiated a fine-grained complexity analysis of the satisfiability problem for DL. We have studied the time com-
plexity of CSP(Dgqx) and obtained closely matching bounds for almost all choices of a,k € N U {co}. We have studied the
parameterized complexity of CSP(Dg ) (with parameters primal and incidence treewidth) and obtained an almost compre-
hensive picture for all choices of a and k. We have considered generalisations where arbitrary formulas are allowed and
where variable domains are the integers; many of our results survive such generalisations.

A future research direction is to close the gaps between lower bounds and upper bounds for time complexity. This boils
down to a better understanding of the time complexity of CSP(D, y). There is a lack of natural problems that can be solved
in 20@loglogn time but do not admit a single-exponential time algorithm. This may point in the direction that CSP(Dy k) is
solvable in single-exponential time but it may equally well indicate a need for new lower bound techniques. We remark that
the running time of the bounded-span algorithm (Lemma 9) is the dominant term in the time complexity of our algorithm
for CSP(Dy k) so improving this part would reduce the overall time complexity.

Our work on parameterized complexity has focused on the parameters primal and incidence treewidth; here we only
leave open the question of the exact parameterized complexity of CSP(Do, o) parameterized by incidence treewidth (which
could be either in FPT or W[1]-hard). One possible way forward is to study other structural parameters. The notion of
treewidth captures the fact that trees are structurally simple, but fails to do this for cliques since the treewidth of an
n-clique is n — 1. An alternative graph decomposition with a corresponding quality measure (known as clique-width) was
introduced and analysed in a series of articles [23,24,81]. This decomposition captures the structure of both sparse graphs
(such as trees) and dense graphs (such as cliques), and it is known to have algorithmic properties that are similar to those
of bounded treewidth graphs. It may thus be highly relevant in connection with DL.

Algorithms for deciding the truth of DL formulas containing universal quantifiers are a natural step forward. Theorem 6
suggests a straightforward but incorrect approach. Consider a formula Q1x; ... QnX;.¢ where Q; € {V, 3} and ¢ is quantifier-
free. Let D = CD(n, k) be the set of values needed for ¢ via Lemma 6. If Q; =V, then we assign the values from D
to variable x; and recursively check that all assignments lead to satisfiability. If Q1 = 3, then we check that at least one
assignment leads to satisfiability. However, such an algorithm does not work as intended: the formula Vx3y.y —x > 1 is false
when interpreted over any finite D C Q while it is true when interpreted over Q. This implies that another algorithmic
approach is needed for handling quantified DL formula.
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