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Control of Braking for Automatic Train Operation

Stephen R. Duncan, Michael Fruhnert and Ross Drummond

AbstractÐ An important function of an Automatic Train
Operation (ATO) system is to control braking to bring a train
to a standstill at a specific location in a smooth and safe manner.
To minimise journey times and to improve throughput on a rail
network, the time required for braking needs to be minimised.
This paper considers braking as an optimal, minimum time
control problem and applies the solution as a feedforward
braking traction. A feedback controller is then used to ensure
that the train speed follows the optimal solution. The feedback
is based on a PID controller to align with the existing structure
of the ATO system. By considering the controller as a Lur’e
system, the Popov criterion provides a limit on the allowable
slope of the braking curve and the optimal profile is modified
to ensure that this constraint is satisfied. The performance of
the controller is evaluated on an industry supplied simulation
of the train dynamics.

I. INTRODUCTION

Automatic train operation (ATO) systems often form part
of a wider automatic train control (ATC) system, with the
ATO focussing on the automatic stopping and starting of the
train. This paper considers the problem of bringing a train to
a standstill at a specific location, such as a station. During
braking, ATO systems typically operate by measuring the
position of the train using a series of transponders at discrete
locations along the track and adjusting the braking traction so
that the train speed follows a braking curve, which relates the
speed of the train to its location along the track. To increase
the throughput of trains and to reduce journey times, it is
desirable to minimise the time for the braking procedure,
but it is also necessary to ensure that the train stops at the
correct location. This is particularly important when stopping
at a station that has screens along the platform, where the
doors of the train need to align with doors in the screens on
the platform to allow passengers off and on, which requires
that the stopping accuracy needs to be within ±30 cm.

During braking, electric trains typically use a combination
of two modes of operation; friction braking, which uses
a pneumatic system to apply a brake block to the wheels
(this is also referred to as pneumatic or air braking) and
electric or regenerative braking, where traction is applied by
using motors to generate electricity. Electric braking is more
efficient, but has limited effect both at low speeds and at high
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speeds, so a process of brake blending is used to combine
the two modes to achieve the required traction across the full
speed range. There is also a mechanical parking brake that
is applied once the train has come to a standstill in order
to hold the train stationary when stopping on a track with a
gradient.

In principle, the braking of the train could be controlled
using model predictive control (MPC), which has already
been proposed for train operations [1]±[4], but these studies
have primarily considered minimising energy usage during
train operations. The problem of train braking is also similar
to docking ships [5], [6] and landing aircraft [7]. Although
computer based systems are increasingly common within
trains, often these systems handle a range of other func-
tions and trains do not have the computational capacity
to implement MPC, particularly over the relatively long
control horizons associated with braking. This paper takes
an alternative approach that is closer to the method of
operation of existing ATO systems, which makes it more
straightforward to implement. A braking curve, which relates
the speed of the train to its location along the track, is
obtained by solving a minimum time optimisation problem
[8] using a simplified model of the train dynamics. Feed-
back, based on a PID controller, is then used to maintain
the train speed on this profile throughout braking, despite
the presence of disturbances and model uncertainties. In
addition, the traction signal obtained from the solution to
the optimisation problem is used as a feedforward signal, so
that the PID control only applies relatively small adjustments.
By considering the braking curve as a sector bounded, static
nonlinearity, the controller can be regarded as a Lur’e system,
so that the stability of the system can be checked using the
Popov criterion [9]. To maintain stability, the optimal braking
curve is modeified to prevent large gains occurring in the
feedback loop as the train approaches the stopping point.
The performance of the control approach is evaluated on
simulations based on the simplified model of train dynamics
and on full model that more accurately describes the response
of the train during braking.

The paper is organised as follows. Section II introduces the
simplified model of the dynamics and uses this as the basis of
the minimum time optimisation problem that generates the
braking curve and the corresponding feedforward traction
signal. Section III designs a PID controller to ensure that
the train speed follows the braking curve and determines the
modification to the feedforward trajectory that is required to
maintain closed loop stability. Simulations based on both the
simplified model and a full model of the train dynamics are
described in Section IV. Section V concludes the paper.



II. FEEDFORWARD DESIGN

A. System Model

The (normalised) dynamics of the train can be approxi-
mated by a first order response of the form

v̇(t) = −a(i)v(t) + b(i)u(t− τ)− g sin θ(x(t)), (1)

where v(t) is the train speed, u(t) is the applied traction, g
is the acceleration due to gravity and θ(x(t)) is the gradient
of the track, with x(t) being the distance along the track.
There is a time delay τ due to a delay within the control
system and a delay associated with applying the traction to
the motor. The values of the constants a(i) and b(i) depend
on whether the train is driving or braking, as denoted by
i ∈ {D,B}, with u(t) > 0 when driving and u(t) < 0
when braking. The gradient of the track is assumed to be a
piecewise constant function of distance.

Denoting the jerk applied to the train by j(t), the train
dynamics can be expressed as




u̇(t)
v̇(t)
ẋ(t)



 =





0 0 0
b(i) −a(i) 0
0 0 1









u(t)
v(t)
x(t)



+





j(t− τ)
0
0





−





0
g θ(x(t))

0



 . (2)

The nominal values of the parameters a(i) and b(i) and the
time delay τ used in this study are given in Table I. Although
these parameters are taken to be constants, in practice,
there is considerable variation of these values both between
different trains and during braking for an individual train, as
the braking mode switches between regenerative electrical
braking and combined regenerative and pneumatic braking.
The model in (1) is a simplified version of the dynamics, so
it is also likely that there are additional unmodeled dynamics.
The system will also be subject to disturbance, particularly in
the applied traction, for example due to wheel slip resulting
from wet rails or leaves on the line. For this reason, any
control strategy for braking must be designed so that it is
robust to model uncertainties, disturbances and variations in
the parameters.

aD (s−1) bD (m.s−2) aB (s−1) bB (m.s−2) τ (s)
2.2×10−3 1.0 2.6×10−4 1.13 0.3

TABLE I: Values of model parameters used in simulations.

B. Constraints

The traction that is applied to the train during braking is
subject to the following constraints.

• The train cannot reverse while braking, so v(t) ≥ 0.
• During the braking phase, the traction must be negative

and it is not permitted to switch between braking and
driving, so that u(t) must be negative or zero. In
addition, there is a limit on the braking traction −u
that can be applied to the train, so that

−u ≤ u(t) ≤ 0. (3)

• To prevent damage to the electric motor and to ensure
passenger comfort, there is an input constraint that
limits the rate of change of traction

−j ≤ j(t) ≤ j̄. (4)

The values used for the constraints in this study are given in
Table II.

u (m.s−2) j (m.s−3) j̄ (m.s−3)
0.96 0.20 0.05

TABLE II: Values of constraints.

C. Optimal Control Problem

To take account of the delay within the system, define
û(t) = u(t − τ), so that the response of the train in (1)
becomes

v̇(t) = −a(i)v(t) + b(i)û(t)− g sin θ(x(t)), (5)

Similarly, defining ĵ(t) = j(u(t − τ), then ˙̂u(t) = ĵ(t).
Once the optimal profile for û(t) has been found, the optimal
traction can be recovered using u(t) = û(t+ τ).

The aim is to bring the train from an initial constant speed
v0 at time t0, to a standstill at a specific location, xf , in the
minimum time. Taking t0 = 0, the initial state of the system
is [û0 v0 x0]

T. Since the initial train speed is constant, then
from (5),

û0 =
a(D)v0 + g sin θ(x0)

b(D)
. (6)

Because the train is brought to a standstill, the final state is
[ûf 0 xf ]

T and without loss of generality, it can be assumed
that xf = 0, which means that the initial position of the train
satisfies x0 < 0. It is assumed that the track has zero gradient
at the desired stopping point for the train, so that θ(xf) = 0.
This is a reasonable assumption when the train stops at a
station because the track is aligned with the platform, which
is usually flat. When the train comes to a standstill at the
stopping point, then v̇(tf) = 0 and v(tf) = 0, so that from
(5), û(tf) = 0. This means that the stopping point is an
equilibrium of the system. If the track is not flat at the
stopping point, then a finite traction is required to hold the
train stationary, although in practice, the external mechanical
brake is applied once the train has stopped to avoid this.

Since the gradient is modeled as piecewise constant, the
system is piecewise linear, with switches occurring at the
points where the gradient changes. Because the aim is to
minimise the time required to bring the train to a standstill,
this is a minimum time problem [8] and the optimal solution
is to apply the maximum braking traction −u. However, the
jerk constraints in (4) limit the braking traction that can be
applied at the beginning and end of the braking trajectory,
so within each section of the piecewise linear system, one
of the constraints will be active and the solution reduces to
identifying the points where the system switches between
these active constraints.

It is convenient to solve the optimisation problem back-
wards in time. Define t̃ = tf − t and denoting differentiation
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(a) Optimal traction applied to train.
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Fig. 1: Solution to minimum time optimisation problem.

with respect to t̃ by (.)′, then the optimal state trajectory
satisfies




û′(t̃)
v′(t̃)
x′(t̃)



 =





0 0 0
−b(i) a(i) 0
0 0 −1









û(t̃)
v(t̃)
x(t̃)



−





ĵ(t̃)
0
0





+





0
g θ(x(t̃)))

0



 . (7)

for t̃ ∈ [0, tf ], which is divided into the following segments.

1) Over the time period t̃ ∈ [0, t̃1], the traction is limited
by the jerk constraint in (4), so that ĵ = −j̄ and û(t̃) =
−j̄ t̃. During this time interval, the traction changes
from û(0) = 0 to û(t1) = −u, where t̃1 = u/j̄.

2) For t̃ ∈ [t̃1, t̃2], the maximum braking traction is
applied, so that û(t̃) = −u.

3) t̃ ∈ [t̃2, t̃3], the jerk constraint in (5) is active with
ĵ = j, taking the braking traction from û(t̃2) = −u
to û(t̃3) = −û0 where û0 i given in (6). Since û0
depends upon the track gradient, which in turn, is a
function of x(t̃3), then the trajectory is the solution to
a two-point boundary problem, where t̃3 are unknowns,
and v(t̃3) = v0, while v(t̃2) and x(t̃2) are determined
from the previous segment of the trajectory.

Because the system is piecewise linear, analytic solutions can
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Fig. 2: Speed plotted against distance to stopping point for
optimal trajectory (blue) and modified, sub-optimal trajectory
(red). Inset shows curves for low speeds when close to
stopping point.

be obtained for the first two segment of the trajectory by
solving (7) between changes in the track gradient. However,
the two-point boundary problem in the third segment of the
trajectory needs to be solved numerically. Fig. 1a shows the
optimal traction when braking from 126 kph (35 m.s−1)
and Fig. 1b shows the corresponding speed during braking.
Denoting the distance to the stopping point by e(t), where
e(t) = xf − x(t) then Fig. 2 plots the braking curve,
v = ψ(e), which relates the speed to the distance to the
stopping point. For simplicity, it has been assumed that the
track is flat, so that θ(x(t)) = 0 throughout braking.

III. FEEDBACK CONTROL

A. PID Controller

The control system applies the traction profile obtained
from the minimum time optimisation problem described in
Section II-C as a feedforward input and feedback is used
to ensure that the speed follows this desired trajectory. As
shown in Figure 3, the reference signal for the inner feedback
loop is obtained using the distance of the train from the
desired stopping point to determine the desired speed from
the braking curve in Fig. 2. The effect of the track gradient
on the train is compensated within the feedforward traction
signal u(t) and any mismatch between the modeled gradient
and the actual gradient is considered as an input disturbance.

From (1), the transfer function during braking between the
traction u(t) and the train speed v(t) is

P (s) =
bB

s+ aB
e−τs. (8)

The speed is regulated by a PID controller that includes a
filter on the derivative term with transfer function

C(s) = K

(

1 +
1

TIs
+

TDs

TFs+ 1

)

(9)

where K is the controller gain and TI, TD and TF are the time
constants of the integral, derivative and filter terms. Using a
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Fig. 3: Block diagram of controlled system.

first order Pade approximation for the delay term in (8), the
design of the controller is based on an approximate transfer
function

P a(s) =
bB

s+ aB
1− τs/2

1 + τs/2
. (10)

Lambda tuning is used to design the PID controller [10],
where the transfer function of the controller cancels both
the pole at s = −aB associated with the train dynamics
and the pole at s = −2/τ from the Pade approximation of
the delay. Following the procedure in [11], for the system
parameters in Table I, placing the closed loop poles at s =
−3.5/τ , leads to the controller whose terms are given in
Table III. For this controller, the gain margin of the inner
closed loop is GM = 10.11 at ωG = 6.29 rad.s−1, while
the phase margin is PM = 83.53◦ at ωP = 0.50 rad.s−1,
indicating that the controller is robust to uncertainties in both
the system dynamics and the time delay. Although lambda
tuning provides good tracking of the desired speed obtained
from the braking curve, because the train dynamics are lag
dominated, there is a risk that the pole-zero cancellation can
make the controller slow to respond to traction disturbances
[10], although from simulations, this was not found to be an
issue.

K (s−1) TI (s) TD (s) TF (s)
0.44 3.8×103 0.075 0.075

TABLE III: Values of controller parameters.

Remark 1. In practice, positive traction cannot be applied
during the braking phase, so the traction is limited to u(t) ≤
0. As a result, it is necessary to include anti-windup in the
PID controller to avoid integral windup [10].

Remark 2. Although the feedforward traction profile is
designed to accommodate the constraint on the maximum
braking traction in (3), the actual limit on the magnitude
of the braking traction needs to be higher than ū to allow
for corrections to the traction from the PID controller to be
applied. In this study, ū is set to 80% of the hard limit.

B. Outer Feedback Loop

As shown in Fig. 3, the speed set point for the inner
feedback loop is determined from the braking curve v =
ψ(e) in Fig. 2. Because the train cannot reverse during
the braking phase, when the train goes past the stopping
point, which means that the distance to the stopping point
is negative, the speed set point is zero, so that ψ(e) = 0
for e ≤ 0. The braking curve, ψ(.), is a memoryless, static
nonlinearity [9], which is sector bounded with ψ(.) belonging

to the sector [0,∞], so that the outer feedback loop can be
considered as a Lur’e system [9]. The stability of the closed
loop system can be determined using the Popov criterion [9].
Define

G(s) =
1

s

P a(s)C(s)

1 + P a(s)C(s)
(11)

and using a Lyapunov function of the form V =
(1/2)qTPq + λ

∫ q

0
ψ(σ)dσ, where q is a state of G(s),

P = PT is a positive definite matrix and λ > 0, then the
closed loop system will be absolutely stable if (1+ sλ)G(s)

is positive real [9]. If G(s) ∼

[

A B
C 0

]

is a minimal

realisation of G(s), then the system is absolutely stable [9]
if there exists P , λ and M > 0, such that [9], [12]
[

ATP + PA PB − CT −ATCTλ
BTP − λCA− C −2M − λCB −BTCTλ

]

< 0

(12)
provided that the braking curve belongs to the sector ψ ∈
[0, β], where β = 1/M . For the values of the system
parameters in Table I and the controller parameters in Table
III, β = 4.32 and λ = 1.80.

C. Modified Feedforward Traction

The criterion for stability based on the Popov criterion
shows that the closed loop system will be stable if the static,
memoryless nonlinearity associated with speed distance pro-
file in Fig. 2 belongs to the sector [0, β]. However, because
dv/de → ∞ as e → 0, the profile belongs to the sector
[0,∞], the criterion for stability cannot be guaranteed. To
satisfy the criterion, the optimal feedforward policy can be
modified by identifying the point eβ at which

dv/de|e=eβ
= β (13)

and then changing the optimal traction to ensure that the
slope of the speed distance profile is constant for all values
of x below this value. Because this is the limiting value of β
to ensure stability, in practice, the limiting value of the slope
is set to 0 < β̃ < β and for this study, a value of β̃ = 0.1β.
Since e(t) = xf − x(t), then the condition can be expressed
as dv/dx = −β̃, which will be satisfied when v(t) = Ae−β̃t,
where A > 0 is a constant, so that x(t) = −(A/β̃)e−β̃t. Note
that when xf is taken as zero, then x(t) ≤ 0. Using (5), the
feedforward traction û(t) can be obtained. This has the effect
of adding an ªexponential tail" to the optimal solution, which
modifies the feedforward trajectory as the train comes to a
standstill, as shown by the red curves in Figs. 1 and 2. The
effect of the modification is most clearly seen in the inset in
Fig. 2, which shows that the slope of the modified braking
curve is limited to β̃ as the speed approaches zero. The
constant A is chosen to match ˙̂u(t) the jerk limit j̄ to ensure
a jerk free transition between the optimal trajectory and the
exponential tail. Because the speed follows an exponential
decay, then technically the train will not come to a standstill,
but in practice, when the magnitudes of the traction and the
speed are small, an external mechanical brake is applied,
bringing the train to a halt.



IV. RESULTS

A. Simulated Model

The response of the system is simulated using Simulink
for P (s) described by (2) with the parameters in Tab. I and
the PID controller C(s) in (9) with the parameters in Tab. III.
The blue line in Fig. 4a shows the optimal, minimum time
feedforward traction when braking from 35 m.s−1 (126 kph)
at 10 s. The red line in the plot shows the applied traction
and the difference between the two signals is the correction
applied by the PID controller. Fig. 4b shows the reference
speed (blue) and the actual speed (red) and although the
actual speed closely follows the reference speed, there is
some error, as shown by the inset in Fig. 4b. During the
period from about 15 s to 35 s, when the traction is constant,
the reference speed has a constant slope, which can be
followed by the actual speed due to the integrator in outer
feedback loop. However, as the train approaches the stopping
point, the slope of the braking curve that determines the
reference speed becomes unbounded, leading to oscillations
in the applied traction, which results in an increase in the
speed error as the train comes to a standstill.
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(a) Optimal traction profile (blue) and actual traction applied
to train (red).
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(b) Reference train speed (blue) and actual train speed (red).
Inset shows error in speed.

Fig. 4: Simulated response for minimum time optimal re-
sponse without reduced gain at low speeds.

Fig. 5 shows the corresponding plots associated with the
sub-optimal feedforward trajectory that limits the slope of the

braking curve at low speeds. From Fig. 5a, the ªexponential"
decrease in the feedforward braking traction as the train
comes to a standstill can be seen and unlike the optimal
trajectory in Fig. 4a, the applied traction closely follows the
feedforward signal without oscillations, leading to smoother
braking without large jerks. The magnitude of error in the
speed in the inset in Fig. 4b is also smaller. Although the
ªexponential" section increases the length of the sub-optimal
trajectory by about 5 s, this is offset in the actual response as
the sub-optimal trajectory does not need to settle following
the oscillations in the actual traction observed in Fig. 4a, so
in practice, the braking time for the sub-optimal trajectory
is not increased.

0 10 20 30 40 50 60 70 80

Time, t (s)

-1

-0.8

-0.6

-0.4

-0.2

0

0.2

T
ra

c
ti
o

n
, 

u
(t

) 
(m

.s
-2

)

Traction profile

(a) Optimal traction profile (blue) and actual traction applied
to train (red).
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Fig. 5: Simulated response for sub-optimal response with
reduced gain at low speeds.

B. Simulation of Industrial Model

Although the simplified model of the train dynamics
in (1) captures the dominant behavior of the system, the
actual response is more complicated. To evaluate whether the
combination of a feedforward strategy and the PID controller
that is based on a simplified model is sufficiently robust
to be applied to a real train, the system was evaluated on
a simulation that used a more accurate model of the train
dynamics provided by Siemens Mobility GmbH. This sim-
ulation includes the change in the dynamics associated with



the switches between regenerative and pneumatic braking,
as well as the effects of the discrete measurements of the
train position taken by the individual sensors along the track
and the deadzone that limits the magnitude of the smallest
traction that can be applied to the train. Fig. 6 shows the
results of the simulation when using the PID controller
with the sub-optimal feedforward trajectory in Fig. 5 when
braking from 35 m.s−1. From the traction profile in Fig. 6a,
it can be seen that the response of the full model is more
complicated than the response of the simplified model and
changes in the dynamics associated with different modes of
braking can be observed around 40 s and 50 s. The effect
of the quantisation due to the discrete sampling introduces a
sawtooth signal on the traction signal. Despite this, the PID
controller is able to ensure that the applied traction follows
the feedforward traction curve, so that the magnitude of the
error in the speed does not exceed 0.4 m.s−1. Although the
braking takes place over a distance of 639 m, the stopping
error is only 13 cm.
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Fig. 6: Response of industry supplied model for sub-optimal
response with reduced gain at low speeds.

V. CONCLUSIONS

This paper has presented a method of braking a train
so that it stops at a specific location in minimum time.

The system forms a component of an ATO system. The
approach is based on applying braking traction obtained
by solving a minimum time optimisation problem as a
feedforward signal and then using feedback to ensure that
the train speed follows the desired braking curve, which
relates the speed to the distance from the stopping point. To
reduce the computational load and to align with the existing
system, the feedback uses a PID controller, which is designed
to be robust to uncertainties in the train dynamics. The
braking curve is a sector bounded, static nonlinearity, so the
controller can be considered as a Lur’e system, and using the
Popov criterion, the limit on the slope of the braking curve
can be found that ensures that the system is absolutely stable.
The optimal solution is modified to satisfy this condition
and simulations demonstrate that this avoids oscillations in
the braking traction as the train approaches the stopping
point. Current research is evaluating the performance of
the controller for a range of trains over different operating
conditions.
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