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A Discrete-time Observer for Parallel Connected Battery Packs with
Nonlinear Descriptor System Dynamics

Jaffar Ali Lone, Ross Drummond, Shovan Bhaumik and Nutan Kumar Tomar

Abstract— An observer is developed for the nonlinear de-
scriptor system dynamics of parallel connected lithium-ion
battery packs. The observer estimates the states of the indi-
vidual cells in the pack with stability guarantees provided.
When evaluated on the urban dynamometer driving schedule,
the proposed observer performs well, with root mean squared
errors (RMSEs) of 0.0072 and 0.0054 in the state-of-charges
as well as 0.3A4 and 0.284 in the currents for cells 1 and
2, respectively. The results also demonstrated the value of
incorporating busbar resistances in the model. In particular,
with the inclusion of a busbar resistance of 0.02Q2, the mismatch
in currents grew by 9.69% for cell 1 and by 8.55% for cell 2.
These results highlight the potential of implementing cell-level
state estimation and control in large battery packs accounting
for cell-to-cell variability and busbar resistances.

Index Terms— Descriptor systems, Parallel connected battery
packs, State estimation, Stability analysis.

I. INTRODUCTION

Without state-estimation, we would not have technologies
such as electric vehicles (EVs). In fact, the impact of
state-estimation, especially for the state-of-charge (SOC), in
battery management systems (BMS), for alleviating driver
range anxiety is, in retrospect, perhaps a somewhat under-
appreciated aspect behind the growth of EVs seen in recent
years. The value of the BMS to electric technologies, such
as EVs, has stimulated significant amounts of research on
state-estimation for batteries, with an overview given in
[1]. However, most of these works analysed individual cells
rather than considering the specific features of the large
battery packs powering the high energy/power electrified
technologies of today. As lithium-ion battery packs get
bigger (for example, there are approximately 7,104 cells in
the 74P96S pack of the Tesla Model S), there is a growing
need for algorithms tailored to address these pack-level
considerations [2].

The next generation of electric technologies, notably elec-
tric aircraft, will require even more stringent BMS perfor-
mance, as poor state estimates or undetected cell-faults could
lead to serious consequences. These advanced applications
are pushing forward research into algorithms able to estimate
the states of every cell in the pack. The need for cell-level
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estimation is due to the fact that no two lithium-ion batteries
are the same. Growing experimental evidence (e.g. [3]) is
revealing the existence of significant variations between the
parameters of the pack’s cells, caused by differences in
manufacturing and also in usage. These cell-to-cell parameter
variations mean that every cell is unique, and so optimal
performance of the BMS can only be achieved by exploiting
this uniqueness rather than lumping the pack as a single
entity as has been previously implemented [1], [4].

To implement cell-level state-estimation, the pack topol-
ogy (as in how the cells are connected in series and parallel)
must first be understood. For the purpose of state-estimation,
parallel connections are arguably more challenging as the re-
sulting pack dynamics are described by differential-algebraic
equations (DAEs), or descriptor systems in discrete time, as
Kirchhoff’s laws must be enforced at every moment in time
[5]. The DAEs of parallel packs can generate more complex
dynamics; with current oscillations and SOC distributions
[5]-[9]. By contrast, with series connections, each cell has
the same current and so the state-estimation problem can
be decoupled. As a consequence of their added complexity,
there are still significant open research problems that need
to be addressed before cell-level estimation of parallel con-
nected packs can be implemented in the field.

Although substantial progress has been made in the ob-
server design for nonlinear descriptor systems, most of these
studies have considered continuous-time systems, such as
[10]-[12]. In contrast, the observer design for discrete-time
nonlinear descriptor systems has received relatively little
attention. Existing results include [13]-[15] but all these
methods have considered the nonlinearity only in the state
equation and not in the output equation. Handling descriptor
systems with nonlinearities present in both state and output
equations can be challenging. This underscores the need for
developing observers for nonlinear discrete-time descriptor
systems.

Contributions

The main contributions of this paper are:

o A more general equivalent circuit model (ECM) of
a parallel connected Li-ion battery pack is proposed
through a nonlinear discrete-time descriptor system.
This model goes beyond just capturing the basic electri-
cal characteristics of the cells; it also explicitly accounts
for the busbar resistance, which plays a critical role in
the uneven current distribution among the cells.

o For the parallel connected battery pack, an observer
is proposed for the state estimation targeting the SOC



and local currents specifically. We also establish the
conditions for the existence and stability of the proposed
observer in terms of linear matrix inequalities (LMIs).
e The performance of the observer was evaluated on a
discharge profile generated from the urban dynamome-
ter driving schedule (UDDS) used in [16], with the
observer’s root mean squared errors (RMSEs) being
0.0072 and 0.0054 for the SOCs as well as 0.3A and
0.28A for the currents in cells 1 and 2, respectively,
being obtained.
These results highlight the potential to implement cell-level
state estimation in parallel connected packs with stability
guarantees for the nonlinear descriptor system dynamics.
Compared to existing results, such as [17], they demonstrate
the value of including the observer gains as LMIs variables
to optimise over. It is important to mention that the authors
in [17] used a DAE-based observer for the cell level esti-
mation of the pack. However, DAE observers are generally
not preferable from the practical point of view because of
their implicit nature and their need for consistent initial
conditions during simulation. Moreover, the unconstrained
observer dynamics involve derivatives of inputs and outputs
and hence lead to ill-posed problems [11]. Compared to [9],
the analysis is generalised to include bus-bar resistances as
well as stability bounds. By exploiting the complexity from
parallel pack connections, these results show how results
from nonlinear descriptor system state-estimators could be
used to implement cell-level state estimation.

II. MODEL FORMULATION OF PARALLEL CONNECTED
BATTERY PACK

A. Cell model

Fig. 1 shows the second order Thevenin ECM of the m'”
cell in a parallel connected module of n cells. In this paper,
we utilize the ECM approach over the other methods (e.g.
electrochemical models [4]) because it is relatively simple
and has been experimentally validated [9]. Using the ECM of
Fig. 1, the dynamics of the m™ cell in the parallel connected
pack of n cells are

(1a)
(1b)

Xmk+1 = Amxm,k + Bmume

Ymk = hm (xm,k) +[)mumj<a

With Xk = [Znk Vimi Vami|? being the state vector at time
step k, Z,, ;. the SOC, V1, and V5, ; the polarizing voltages
of the RC pairs. The control input u, x = I,, x is the current,
and y,, x = Vrpx is the terminal voltage of the m™ cell. The
matrices A,, and B, are parameterised by

1 0 0 o
Ap= |0 e fim 0 Bn = le(l — eifl”’)
0 0 e Ry (1 — e m)

and D,, = [Rom]. Also, hy, (xm,k) = Vocvm,k +Vimg +Vam i with
Vocv,,, being the OCV which is a nonlinear function of the
SOC. Here, 7y, = R Cm and Ty, = Rz,,,Ticm Moreover, Rom
represents the internal resistance, while Ry,;, Ram, Cim, Com
denote the polarization resistances and capacitances of the

RC pairs for the m' cell, respectively. Cp,, is the battery
capacity while Ty is the sampling time.

Ii Celll (Cell2 - =q Cellm+1 Celln
Tm I Tm1 Tn
|
Cellm

— ]
]

Fig. 1: Second order Thevenin ECM of m'" cell in a
parallel connected module of n cells.

B. Pack model

Now, consider a module of n cells connected in parallel. In
this analysis, we introduce an additional resistance, rj, j=
1,2,---,n, which accounts for the busbar resistance across
the cells, as illustrated in Fig. 1. Incorporating this busbar
resistance is crucial, as its variation can also lead to uneven
current distribution among the cells, thereby providing a
more accurate representation of the battery pack’s real-world
operational conditions [18]. This inclusion also distinguishes
our model from the one presented in [17]. The dynamics
of parallel connected packs are subject to Kirchhoff’s laws,
which enforce the conservation of current and voltage across
the pack. Specifically, Kirchhoff’s voltage law means that all
the cells in the parallel pack have the same voltage with

Vocv, +Vipk+Vap i+ Roplp i

=Vocv,, +Vigk +Vagk + Rogla i +rglg k (2a)

for all p,q € {1,2,...,n}. Kirchhoff’s current law imposes
the total current flowing into each cell, with the notation
I; () referring to the current flowing into cell j at time-step
k, equals that applied to the pack, referred to as I, as in

Y Lix=1
j=1

Note that (2) defines n algebraic constraints that the pack
model must satisfy at each point in time. It is these algebraic
equations that give rise to descriptor dynamics

(2b)

EXk+1 = AXk —i—Buk + l)@(Xk)7 (3a)

Vi = HXj + ®(X;), (3b)

where X = [Xyx Xax)T € R™, Xy € R¥ represents the
differential states and X, ; € R" represents the algebraic states
with Xd,k = [xlvk X2k «-- )ka]T, and Xa,k = []17/( 127[( e In_’k]T.



yi is the set of output vectors for n cells in parallel and is
given by yx = [V1 4 Y2x --- Yuik)! € R", and the control input
u; = I, where I is the total applied input current.

As the parallel pack dynamics include both algebraic,
(2), and dynamic, (1), equations the matrix E is singular.
Specifically, matrices £ and A are structured as

I3, O3uxn Al Ap
E - A =
[Onx3n 0n><n:| L\n Azz] ’
with [, being the identity matrix of dimension m and Ay =
diag(A~17 A~23 7A~ﬂ)9 A12 :diag(gly EZ? 7311)7
G & 0 - 0
G 0 G - 0
Am=| 1 11 o1 | ERU
G 0 0 - &
o o0 o0 - 0
Ci=[0-1-1andG=[0 1 1],
—Ro1  (m2+Ro2) 0 - 0
—Ro1 0 (r3 +R03) 0
An= : : : ' :
—Ro1 0 0 (rn +R0n)
1 1 1 1
0 03"!
B= [ 4"]},andD: |
~1 0

Function ©(X}) contains the nonlinear part of system (3),
which is imposed from Kirchhoff’s laws and is given by

Vocv, , — Vocv,
O(Xy) = :

Vocv,, —Vocv,,

The output (3b) models the voltage of each cell of a
parallel connected battery pack with H = [H;  Hl,
where H; = diag(C;, &, -, C,) € R™3" and
H, = diag(—Rm, —R()n) e R™, CD(Xk) =
[Vocvl’k Vocvn.k]T. Note Ay is a full-rank matrix, and so
the linear part of the descriptor system (3) is regular and
impulse-free.

Assumption 1: The nonlinear functions ®(X;) and ®(Xj)
are assumed to be globally Lipschitz with respect to X; with
Lipschitz constants, ¥ >0, and yp > 0, i.e,

_R027"'7

10(X1) —0(X2)|| < vol|Xi — X2, VX1, X2 € R",  (4a)

|2(X1) — P(X0)[| < 1o|[X1 — Xof|, VX1, X2 €R". (4b)
Moreover, since the matrix E is rank deficient, i.e., rank(E) =

3n < 4n, there always exists a full row rank matrix Et e
R**#" such that E-E = 0. In light of this, (3) becomes

[E;{Buk} _ {E;A} X+ [E(l)D ]EJ [gglzﬂ )

III. STATE OBSERVER DESIGN

We consider the following observer for estimating the
states of system (3)

[—ELBw,] [ELD 0] [0X)]
5H1:N@+F< | - <f>>

v | |0 I |®PXk)
+Jug +TDO(Xy), (6a)
A [—E*Buw| [E*D 0] [0(X)]
Xy =PE+M — 5 ,
k ék (_ Vi ] I 0 ]In_ _@( k)_
(6b)

where & € R% is the observer state, and X € R* is the
estimate of X;. N, F, J, T, P and M are the unknown ma-
trices of appropriate dimension, which must be determined
such that X, converges asymptotically to X;.

Lemma 1: The observer (6) asymptotically estimates X in
system (3) if there exist a matrix 7 of appropriate dimension
such that the following conditions hold:

E+A

(a) NTE—i—F[ . } =TA,

1
(b) PTE+M {E A} L,

H
(¢) J=TB,
(d) The following descriptor system is asymptotically sta-
ble:

Engs1 = Ane+BJ, (7
where, n; = m , 8= {ig], A® = O(Xy) — O(Xy),
AD = D(X;) — D(Xy),

E = [g 8}, A = I; _O]J and B =
F E;D —TD F|:]I(1:|
w7l

Proof: Let e = X; — X, be the estimation error and &, =
& — TEX; be the transformation error. Then the dynamics
of g is given by,

E*+A
&1 =Neg+(J—TB)uy+ | NTE+F g~ TA | X,
0 A®

2 o)) el

(3)
From the definition of &, (6b) can be written as,

5 L L 0 A®
R = Pe,+ (PTE—i—M {EHA] )Xk—i- (M {EOD} % {L‘] ) {M)} .
)

If the conditions, (a) — (c) of Lemma 1 are satisfied, then
we obtain system (7), which must be asymptotically stable.
This completes the proof. [ ]

0

il
F{E D} —TD




A. Observer Parameterization

Define,
r E
Y= |EtA|and ¥ = |ELtA]|,
H H

where T € R%*#" s a full row rank matrix such that Y is of
full rank. From condition (b) of Lemma 1, we have

TE
[P M]|ETA| =14,
H

(10)

which has a solution if and only if

TET
rank |ETA| = 4n.
L H -
r [ TE |
Let rank |[E-A| = rank |EA| = 4n, then there always
H H

exists a matrix # € R%*" such that:

L
TEH{{E A] T, ()
H
which can be rewritten as,
T X|¥=T, (12)
and since rank Lﬂ} = rank(¥), the solution of (12) is
T ] =T, (13)

where W' denotes the Moore-Penrose (MP) inverse of .
Therefore,

r—rwt || and o —rw+ |0 (14)

0| I,

Also, from (11), we have
TA ]
ELA {%)'E%}Y. (15)
H | n
Consequently, by using (15) and (10), we obtain
I -

[P M] [30 I }Y— Liy. (16)

The general solution of (16) is given by:

I H
(Yt _ vt 90
[P M] - (T YZ[]In 1Y ]) |:0 ]In:| 5
where Y, is an arbitrary matrix of appropriate dimension.
Without loss of generality, assume that ¥» = 0, then the value
of P and M are obtained as

P::Y*{%?], (17)
M:T*{f}. (18)

On the other hand, by using (11), condition (a) of Lemma
1 can be rewritten as:

1
NPHF—M%ﬁif}:DL (19)
or,
[N A|Y=TA, (20)

where Z = F —N.# . The general solution of (20) is given
by

[N A7) =TAY" —Yi(Iypn — YY), 1)

where Y] is a matrix of appropriate dimension. From (21),
the matrix N and .#" are obtained as

N=N, —YIN,,

(22)
(23)

where, N; = TAY* [Hg)‘)} s No = (Iggsn — YY) [H(q)o} , =

TAY+ []IO} ,and o5 = (Lgy4n— YY) [;} . Using the values
n n

of N and 7 from (22) and (23), the value of matrix F is
obtained as
F=X+NX
=S =Y+ (N —YIN) A,

=F—-Y1F, (24)

where F; = TAY™"

n 40
Now, by using the values of matrices N, F, P, and M, the

descriptor system given by (7) can be written as,

Ny —Y|N: 0 F,—-YF
Eﬂk+1=[ ! Pl 2 ]14;1} k+[ ! Ml 2] o, (25

H H
I } , and B = (Igp4n — XTT) {I[ ]‘

1
]Fl = Fl E-D —TD F] 0 s ]F2 =
0 I,

L e e A I o

The problem is now reduced to finding the matrix ¥; such
that the descriptor system given by (25) is asymptotically
stable.

where

B. Stability Analysis

Theorem 1: Under Assumption 1, there exists a matrix
Y; and a constant g > 0, such that the descriptor system
given by (25) is asymptotically stable if there exists a positive

0
a
0
such that the following LMI is satisfied

definite matrix %) = and a symmetric matrix %»

H11 * *
0 —ul x| <0,
I3 I3 —Q
%, 0
here Q = % —ETE-, T [“ }
where 1 5 1 0 7yl
_ [%N,—YN, | 0

I3y (26)

- w)P | U]



and
EL'D

~UTD+(UaF1 —V1F) |~

= 0
‘ (%aFl *YIFZ) H:J

I3 =
| 0

- m |F |
27)

Proof:  Consider a Lyapunov function candidate

Y = NJETQEN,, where Q = 2% — BT EL, 24 =
U, O
0 %

(7), the rate of variation AY" of this Lyapunov function

candidate is given by
AV = Vi1 — W
=L ETQEN 1 —n{ ET QEn,
= (Ane+B8) QA +BS) — ] ET QEn
=nf ATQAN +n] ATOBS + 8" BT QAN

>0 and %, be a symmetric matrix. Then, using

+8"BTQBS — ) ETQEn; + 6" ud — 6T us.  (28)
From the Lipschitz condition (4), we have
8T us = AOT uA® + ADT uAD
< UYpef ek + 1Yaef ek
0 o0
<n! ; 29
S Mg |:0 ')/]I4n:| Nk (29)

where i > 0 is a scaler and Y= (¥ +75)- Using (29), (28)
can be rewritten as

AV <y (ATQA ~E'QE + [g y]& ] ) Me+n{ ATQBS
+8"BT QAN + 8T (BT QB — ul)§,
(30)

which can further be rewritten as,

T
Nk Nk
AV<{4 nb}7 (1)
ATQA —ETQE + 0 0 ATQOB
where I1 = 0 7l
BT QA BT QB — ul

If the LMI, IT < 0, then A? < 0. Taking Schur complement
of the LMI, IT, we get

—ETQE-F[S }/](I)} 0 ATQ
4n
0 a1 el <0 OY
QA OB —-Q

By putting the value of Q in (32), we find the values of the

individual terms of Toas f(())ll WS: - 0
I;; = -ETQE + =—1 ,
! 0 ﬂj {o ﬂJ
My = QA = (% —ET 755t [N - 12 O
P H4n
3 = OB = (% — BT %EL) Fi _N)J{IE , which on fur-

ther simplifying, reduces to (26) and (27), respectively. The
matrix, Y] is then obtained as Y| = OZ/a’lYl. This completes
the proof. [ ]

| (%—%ﬂq |

IV. RESULTS AND DISCUSSION
To simplify the presentation of results, and without loss of
generality, we consider two cells connected in parallel for the
simulations. While the cells differ in their model parameters,
they share the same SOC-OCYV relationship, given by
Vocy (Zumx) =3.6844-0.175Z,, 4 +0.068 Z,, 4> +0.048 Z,, ;>
—0.010Z,,* —0.006Z,,>. (33)

The model parameters for both cells are listed in Table I,
with the busbar resistance set to 0.02Q.

TABLE I: ECM Parameters used in Simulation Study

Cell 1 Cell 2  Units
Ro 0.040 0.030 Q]
Ry 0.095 0.090 Q]
C; 30000 25000 [F]
R, 0.075 0.070 Q]
C, 50000 45000 [F]
Cp 2.6 2.4 [Ah]

As shown in Fig. 2, the total current (a) is unevenly
distributed between the cells due to inherent cell hetero-
geneities, a behaviour further detailed in Fig. 2(b). However,
when the busbar resistance is included in the model, the
current mismatch between the two cells becomes even more
pronounced, as seen in Fig. 2(c). In particular, with the
inclusion of busbar resistance of 0.02Q, the mismatch in
currents grew by 9.69% for cell 1 and by 8.55% for cell 2.
This increased current disparity is a direct consequence of the
voltage drops across the busbar, which further exacerbates
the impact of cell-to-cell variations. Without accounting
for busbar resistance, the model underestimates the degree
of current mismatch, potentially leading to an inaccurate
representation of the operational stress on each cell. In-
cluding the busbar resistance highlights the importance of
considering interconnection resistances within the pack, as
they significantly influence current sharing and can lead to
uneven degradation over time if neglected.

Now, we proceed to apply our proposed observer to this
two-cell pack. We begin by fixing the order of the observer
as go = 5 and selecting matrix

1 1100 1 10
011001 10O0
'=fr o1 0 1 1 0 0f,
00 0T1TO0OO0O0O
1 01 1 1 1 01

such that Y is full column rank matrix. Then, solving LMI
(32), we obtain the matrix Y; as follows:

0.042 —0.253 —1.642 —0.243 —1.488 —0.343 0.384 0.104 0.448
0.142 0.054 —0.213 —0.094 —0.306 0.008 0.043 0.037 0.029
Y = {-0.097 —0.306 —1.432 —0.150 —1.188 —0.351 0.341 0.068 0.420 | .

0.108 0.332 1.547 0.161 1.280 0.381
—0.135

—0.368
—-0.072

—-0.073
—0.043

—0.454
~0.064

—0.028 0.334 0.107 0.407 0.021

This matrix is then used to calculate the other observer
matrices, as discussed in detail in Section III-A.

In order to estimate the SOC and local currents of the two-
cell pack considered in the simulation study, we initialize
the observer as & = [0.5 0 0 0.55 0 0 —3 —3]7. Figs.
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Fig. 2: (a) Total current, (b) current  Fig. 3: Comparison of true SOC with  Fig. 4: Comparison of true current
distribution without busbar resistance its estimated value with its estimated value

and (c) with busbar resistance

3 and 4 show the true and estimated values of SOC and [6]
the local currents for both cells 1 and 2. As evident from

these figures, the observer effectively recovers the states
quickly, even when starting from large initial errors. This [71
rapid convergence to accurate estimates confirms the the-
oretical predictions of asymptotic zero error convergence,

as established in Theorem 1. These results highlight the [8]
effectiveness of the observer in accurately estimating the
states of the battery pack, underscoring its practical utility 9]
in real-world applications.

V. CONCLUSION [10]

In this paper, an observer for a parallel-connected lithium-
ion battery was proposed. The observer was defined for the
nonlinear descriptor dynamics of the pack, and stability con-
ditions for the estimation error were stated. When evaluated
on the UDDS discharge cycle, the observer was shown to per-  [12]
form well with RMSEs of 0.0072 and 0.0054 for the SOCs
as well as 0.3A and 0.28A for the currents in cells 1 and 13
2, respectively. Moreover, the results also demonstrated the
importance of including busbar resistances into the model,

(11]

as a busbar resistance of 0.02Q was shown to increase the 14l
current mismatch by 9.69% for cell 1 and by 8.55% for cell
2. The goal of these results is to demonstrate the potential [15]
of cell-level state estimation for battery management systems
designed to control every cell in the large packs powering 6]

the next generation of electric technologies.
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