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Quantum Mpemba effect without global symmetries
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The Mpemba effect, where a system initially farther from equilibrium relaxes faster than one closer to
equilibrium, has been extensively studied in classical systems and recently explored in quantum settings. While
previous studies of the quantum Mpemba effect (QME) have largely focused on isolated systems with global
symmetries, we argue that the QME is ubiquitous in generic, nonintegrable many-body systems lacking such
symmetries, including U(1) charge conservation, spatial symmetries, and even energy conservation. Using
paradigmatic models such as the quantum Ising model with transverse and longitudinal fields, we show that
the QME can be understood through the energy density of initial states and their inverse participation ratio in
the energy eigenbasis. Our findings provide a unified framework for the QME, linking it with classical thermal
relaxation.
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Introduction. The approach to thermal equilibrium is the
ultimate fate of most interacting systems in nature, both clas-
sical and quantum. The rate at which this happens, however,
can vary wildly depending on the initial microscopic config-
urations and the nature of interactions. A celebrated example,
dating back to antiquity and systematically studied since the
1960s, is the classical Mpemba effect [1]: the counterintuitive
observation that a hot liquid can freeze faster than a colder
liquid under certain conditions. While similar anomalous re-
laxation behaviors have been found in a variety of classical
systems [2–6], the understanding of their origin remains an
active area of research [7–11].

In contrast, quantum counterparts of the Mpemba effect
have only recently garnered attention [12]. Much like its
classical analog, the quantum Mpemba effect (QME) can be
defined as an anomalous dynamical process where a sys-
tem, initially farther from equilibrium, relaxes faster than a
system that starts closer to equilibrium. In open quantum sys-
tems, the QME can be engineered by suppressing the slowest
eigenmode of the Liouvillean [13,14], reminiscent of classical
Markovian systems [4,8]. A variety of other mechanisms have
also been recently explored [15–36]. Quantum simulations of
the QME in the presence of Markovian dynamics have been
performed with trapped ions [14,37] and superconducting
qubits [38].

In this work we instead focus on closed quantum systems
evolving under unitary dynamics. For such systems the QME
can be conveniently probed by a global quantum quench:
the system is prepared in a pure state—one that is not an
eigenstate of the Hamiltonian—and then evolved under the
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Schrödinger equation. In this setting the process of equilibra-
tion is understood at the level of subsystems approaching the
Gibbs ensemble at late times [39–41]. Signatures of the QME
have been found in many examples of closed quantum sys-
tems, e.g., various types of spin models [42–44], free fermions
and bosons [45,46], quantum circuits [47–53], many-body
localized systems [54], and trapped ion experiments [55].
In particular, for integrable models, Ref. [56] developed a
comprehensive understanding of the QME based on the quasi-
particle picture of the spreading of correlations following the
quench [57]. Nevertheless, these studies have mainly focused
on a restricted class of models possessing a global U(1)
symmetry, such as the conservation of particle number or
spin magnetization. This raises a fundamental question: Is the
QME possible in the absence of global symmetries?

In this paper we give an affirmative answer to the previous
question by demonstrating that the QME can occur in generic
many-body systems that are nonintegrable and lack global
symmetries, such as U(1) charge, spatial symmetries, or even
energy conservation. We consider the paradigmatic quantum
Ising model in the presence of transverse and longitudinal
fields, in both its Hamiltonian and Floquet incarnations, as
well as local spin-chain models with random couplings. In all
cases we show that the QME can be succinctly explained by
taking into account (i) the energy density of the initial states,
playing the role of effective temperature and (ii) the inverse
participation ratio of the initial states in the energy eigenbasis.
Our results point to the ubiquity of the QME in generic chaotic
systems and provide a unified description that highlights the
role of energy distributions.

Mixed-field Ising model. As our first example, we consider
the one-dimensional mixed-field Ising model,

HMFIM = Jzz

N−1∑
i=1

σ z
i σ z

i+1 + hx

N∑
i=1

σ x
i + hz

N−1∑
i=2

σ z
i , (1)
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FIG. 1. QME in the mixed field Ising model, Eq. (1). (a) Energy
density of tilted ferromagnetic states in Eq. (2) as a function of
angles θ , φ, with isothermal levels marked by the contours. States
with increasing energy (Type 1) and states at the same temperature
(Type 2) are marked by the orange and green stars, respectively. As a
guide to the eye, we also indicated the average energy (black curve).
(b) Dynamics of trace distance, Eq. (3), for the subsystem density
matrix ρA following the quench from Type 1 initial states, with Type
2 states shown in the inset. The lines correspond to the star symbols
in panel (a). The QME is visible for states of Type 1 but it is absent
for states of Type 2. Results are for system size N = 14 obtained by
exact diagonalization. The subsystem A is chosen to be one half of
the chain.

where σ x,z
j denote standard Pauli matrices on jth site and hx,

hz are the transverse and longitudinal fields, respectively. We
assume an open chain and include boundary fields, δhz

1 =
0.25 and δhz

N = −0.25, to break reflection symmetry. The
Hamiltonian (1) then lacks any symmetries except energy
conservation. We fix the coupling strengths to (Jzz, hz, hx ) =
(1, (1 + √

5)/4, (
√

5 + 5)/8), for which the model is chaotic
and shows ballistic growth of entanglement and diffusive en-
ergy transport [58], although we expect the results described
here to hold for generic parameter choices for which the
model is chaotic.

To reveal the QME, we consider translation-invariant prod-
uct states:

|θ, φ〉 =
N⊗

i=1

[cos(θ/2)|↑〉i + eiφ sin(θ/2)|↓〉i], (2)

where each spin points at the same angle (θ, φ) on the
Bloch sphere. In isolated systems energy is conserved, hence
we can assign a temperature to a state |�〉 via its energy,
E� = 〈�|H |�〉 = 1

Z Tr(He−βH ), where β = 1/T is the in-
verse temperature in units kB = 1 and Z = Tr(e−βH ). Infinite
temperature or β = 0 corresponds to a uniform average of the
eigenenergies, while energies away from the middle of the
spectrum correspond to β �= 0, i.e., finite (either positive or
negative) temperatures.

The energy density of |θ, φ〉 states admits a simple form
[59], which we plot as a function of (θ, φ) in Fig. 1(a).
The color scale marks the effective temperature of the states;
energies close to the edges of the spectrum are depicted in
blue color, corresponding to low (positive or negative) tem-
peratures, while the temperature progressively rises towards
the middle of the spectrum, with the average energy corre-
sponding to infinite temperature (red color). Among the states
in Eq. (2), we consider two special types. Type 1 denotes

ferromagnetic states with φ = 0 that are rotated around the
y axis, which progressively decreases their energy density.
States of Type 2 are initial states degenerate in energy and
away from the middle of the spectrum, thus at a fixed finite
temperature.

Next, in Fig. 1(b) we quench the system from Type 1 and
2 initial states and monitor the evolution of trace distance
[14,37] as a diagnostic of the QME:

	(ρA)(t ) = 1
2 ||ρA(t ) − ρDE(ρA)||1. (3)

Here ρA = TrB[ρ(t )] denotes the reduced density matrix
for the bipartition of the system into two halves A and B,
ρDE(ρA) = ∑

E 〈E |ρ(0)|E〉TrB(|E〉〈E |) is the diagonal en-
semble [60] for the initial state ρ(0), restricted to A via partial
trace, and |E〉 are the energy eigenstates. The partial trace is
required in Eq. (3) as the full state of the system—assumed
to be pure initially—cannot evolve to a mixed state under
unitary dynamics otherwise. Note that many previous studies
used a different diagnostic of the QME, the “entanglement
asymmetry” [12,42,61], but we employ a more general metric
that does not rely on the presence of any global symmetry. In
the Supplemental Material (SM) [59] we show that 	(ρA) is
a good diagnostic of the QME for U(1)-conserving systems,
along with other measures, such as the Frobenius distance
[12], which yield qualitatively similar conclusions.

For small tilt angles θ , Type 1 states are close to the edge of
the spectrum and show almost no dynamics in Fig. 1(b). Upon
increasing θ , the initial trace distance progressively increases,
along with its rate of decay. This eventually leads to a crossing
between successive states around t ≈ 4 in Fig. 1(b). This is
a manifestation of the QME, wherein hotter states relax to
equilibrium faster than colder states. Note that in a chaotic
system, 	(ρA)(t → ∞) is expected to approach 0 for the ini-
tial state at a finite energy density as the system size N → ∞.
The deviation seen in Fig. 1(b) is attributed to a finite-size
effect; we perform a system-size scaling in the SM [59]. At
the same time, we observe that the states of Type 2, which
are degenerate in average energy, show little variation in their
trace distance dynamics, with essentially identical initial trace
distance and decay rates [inset of Fig. 1(b)]. This is consistent
with the classical intuition where the Mpemba effect requires
two initial states at different temperatures.

The role of energy distributions. In integrable systems,
the QME arises due to states that are simultaneously more
out-of-equilibrium and have larger overlaps with the fastest
quasiparticle modes [56]. Similar mechanisms have been used
to explain the effect in systems coupled to external reservoirs
[62,63]. However, our model (1) is chaotic and lacks a quasi-
particle description at high energies. In the absence of such a
description, we instead look at the eigenstates themselves to
understand the conditions for the QME.

Consider our initial pure state |�〉 ≡ |θ, φ〉. In the energy
eigenbasis, the time-evolved density matrix can be decom-
posed into off-diagonal and diagonal components:

|�(t )〉〈�(t )| = ρDE +
∑
n �=m

cnc∗
me−i(En−Em )t |En〉〈Em|, (4)

where ρDE is the diagonal ensemble and cn = 〈En|�〉 encodes
the energy overlaps of the initial state. Partial tracing both
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FIG. 2. Origin of the QME in the mixed field Ising model,
Eq. (1). (a) Initial trace distance from the diagonal ensemble and
(b) logarithm of the inverse participation ratio (IPR) of |(θ, φ)〉 states,
Eq. (2). IPR anticorrelates with the initial trace distance: states with
smaller IPR have larger initial trace distances and vice versa. Results
are for N = 14.

sides to restrict to a subsystem, we get

	(ρA)(t ) = 1

2

∣∣∣∣∣∣

∣∣∣∣∣∣
∑
n �=m

cnc∗
me−i(En−Em )t TrB(|En〉〈Em|)

∣∣∣∣∣∣

∣∣∣∣∣∣
1

. (5)

The QME requires two conditions to be met: two states should
have unequal initial trace distances, and the state with the
larger initial trace distance must relax to thermal equilibrium
faster than the other state. By Eq. (5), the trace distance at
t = 0 is equal to 1/2||∑m �=n cnc∗

mTrB(|En〉〈Em|)||1, which is
a sum over O(D2) eigenstate pairs, each weighed by the
off-diagonal energy overlaps, where D denotes the Hilbert
space dimension. If the initial state is an eigenstate, 	(ρA)
remains constant at all times and dynamics is frozen. If the
initial state involves more eigenstates, a larger number of
overlaps cn contribute to the sum, which can lead to a larger
initial trace distance. At the same time, a larger energy spread
implies that a wider range of frequencies En − Em enter the
exponent in Eq. (5), leading to faster dephasing and eventual
thermalization. We expect this dephasing process to be the
fastest at infinite temperature, wherein an O(D2) frequencies
enter the exponent.

Delocalization in the energy eigenbasis can then correlate
with both conditions required for the QME. A simple quantity
that quantifies this delocalization is the inverse participation
ratio (IPR) [64],

IPR(|�〉) =
∑

E

|〈E |�〉|4, (6)

where we assumed the state |�〉 is normalized. The IPR
takes values between [1/D, 1], where the limits correspond
to a fully delocalized state (infinite temperature) and a sin-
gle energy eigenstate, respectively. Since smaller IPR values
correspond to more delocalized states, we expect an anticorre-
lation between IPR values and the initial trace distance, along
with the speed of its decay.

We plot the initial trace distance 	(ρA)(t = 0) and the
logarithm of IPR for |θ, φ〉 states in Figs. 2(a) and 2(b). We
observe a clear anticorrelation between the two, with regions
corresponding to low IPR values showing large initial trace
distances and vice versa. In particular, this explains the trace

FIG. 3. QME in the random model, Eq. (7). (a) Overlap of
|(θi, φi )〉 states with energy eigenstates as a function of their energy.
The overlaps are averaged over 100 realizations of the angles. Dif-
ferent colors represent different values of f (see text), resulting in
average energies given in the legend. (b) Trace distance dynamics
for |(θi, φi )〉 states. The crossing associated with the QME is visible
as the effective temperature of the state is tuned. The inset shows the
IPR for the same states as a function of f . All data are for system
size N = 10 and fixed disorder window W = 1.

distance dynamics observed in Fig. 1. The initial 	(ρA) for
Type 1 states increases while the IPR monotonically decreases
with increasing θ , leading to the QME. By contrast, Type 2
states, which are degenerate in energy, have almost constant
IPR values; this reflects in the almost-similar trace distance
dynamics and the absence of the QME in the inset of Fig. 1(b).

QME in random Hamiltonians. To reveal the significance of
energy distributions in the QME, we now construct a random
model that allows us to tune the energy density and the IPR
of an ensemble of initial states. We consider states in Eq. (2)
with random angles on each site, i.e., θi, φi are independently
drawn from the uniform distribution over a fraction f of its
full domain. For a small f , the ensemble is close to a polar-
ized state at a fixed energy, whereas f = 1 corresponds to an
infinite temperature ensemble.

If the spins roughly all point in the same direction, any
local term of the form (σ i × σ i+1) · v̂ has a zero expectation
value, where v̂ is the unit vector along the three spin direc-
tions. In fact, the spectrum of this term is centered around
zero, making all polarized states infinite temperature states
for such Hamiltonians. To tune their energy density, we need
to add terms that assign them a constant energy, e.g., an
isotropic Heisenberg term of the form σ i · σ i+1. Finally, a
desired Hamiltonian is

HR =
N−1∑
i=1

(σ i × σ i+1) · v̂i + JH

N−1∑
i

σ i · σ i+1, (7)

where the three components vi = (vx, vy, vz )i are real num-
bers drawn uniformly from the window [−1, 1] and we set
JH = −4. The random vectors v̂i ensure that the model breaks
all global symmetries and it is nonintegrable, as confirmed
by its average level spacing ratio matching the Wigner-Dyson
prediction [65].

In Fig. 3(a) we show the overlaps of random states |(θi, φi )〉
with energy eigenstates of HR, averaged over 100 realizations
of the angles. For small f , the overlap peaks near the ground
state, while in the limit f → 1, the overlap is evenly dis-
tributed across the spectrum, moving the state toward infinite
temperature. This coincides with a flattening of the distribu-
tion, as reflected in the decreasing IPR shown in the inset
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of Fig. 3(b), marking delocalization over a larger number of
eigenstates. Indeed, the QME is evident in the trace distance
dynamics in Fig. 3(b), where increasing f leads simultane-
ously to higher initial 	(ρA) values and faster decay rates,
resulting in a crossing.

Floquet systems. Up to this point, we have focused on
Hamiltonian systems with energy conservation. However, our
previous considerations based on the IPR can be directly
generalized to the Floquet eigenstates of a periodically driven
system. To demonstrate the QME in the absence of en-
ergy conservation, we consider a Floquet version of Eq. (1),
the kicked Ising model, with the Floquet operator given by
[66–68]

UKI = exp

⎡
⎣−iT1

⎛
⎝Jzz

∑
j

σ z
j σ

z
j+1 + hz

∑
j

σ z
j

⎞
⎠

⎤
⎦

× exp

⎡
⎣−iT2 hx

∑
j

σ x
j

⎤
⎦, (8)

where we set the periods T1 = T2 = 1/2 for simplicity.
For hz �= 0, UKI describes a chaotic model. Due to “Floquet

heating” [69], for a generic initial condition, the state of the
subsystem A then approaches the infinite-temperature thermal
ensemble at late times, σ A = 1/DA, where DA is the Hilbert
space dimension of A. This simplification in the Floquet case
allows us to consider the relative entropy S(ρA(t )||σ A) [12] as
a diagnostic of the QME, as the latter reduces to the entangle-
ment entropy, SE = −TrρA(t ) ln ρA(t ), up to an unimportant
constant factor involving DA.

For any pure and unentangled initial state, the initial rela-
tive entropy from σ A is the same. Hence, to observe the QME
in the Floquet case, we go beyond product states and consider
weakly entangled initial states in the class of translation-
invariant infinite matrix product states (iMPS) of the form
|�(A)〉 = ∑

s(· · · A[si−1]A[si]A[si+1] · · · )|s〉, where |s〉 denotes
the basis states [70]. For our purposes, it is sufficient to con-
sider a single-parameter family of 2 × 2 MPS matrices A:

A[↓](θ ) =
(

cos θ 0
sin θ 0

)
, A[↑](θ ) =

(
0 −i
0 0

)
. (9)

This parametrization yields a normalized iMPS, and it has
been used to describe quench dynamics in a constrained Ising
model arising in Rydberg atom arrays [71,72].

Since entanglement growth is unbounded in an infinite
Floquet system, the QME dynamics can be achieved if states
with higher initial entanglement show a slower rate of en-
tropy growth than states with smaller initial entanglement.
To test this, we time evolve the states in Eq. (9) using the
infinite time-evolving block decimation algorithm (iTEBD)
[73] and evaluate the entanglement entropy dynamics for var-
ious values of θ in Fig. 4(a). With increasing θ , the initial
entanglement in the state grows while its rate of growth si-
multaneously decreases, leading to multiple crossings in the
SE curves. This exemplifies the QME dynamics through the
lens of entanglement entropy. To test the role of quasienergy
distributions, we truncate the initial states to a finite chain of
length N , and calculate their IPR in the Floquet eigenbasis
in Fig. 4(b). The IPR behavior indeed correlates with the

FIG. 4. QME in the kicked Ising model, Eq. (8). (a) Entangle-
ment entropy dynamics of iMPS states (9) in integer multiples of the
Floquet period T = T1 + T2 = 1 for several values of θ . The QME
occurs as θ is increased. Data are obtained using iTEBD for the
same parameters as specified below Eq. (1), and the bond dimension
is χ = 128. (b) Logarithm of IPR for a finite version of MPS states
against the Floquet eigenstates obtained via exact diagonalization for
the system size N = 10 with open boundary conditions.

crossings in entropy similar to previous results, e.g., Fig. 3(b)
of the random model.

Conclusions. We demonstrated the ubiquity of the QME
in a wide class of isolated quantum systems without special
symmetries hitherto assumed. We elucidated a common origin
of the QME based on energy distributions of initial states.
This not only reproduces the earlier results for systems with
global symmetries, but it also allows us to construct the QME
in systems without such symmetries, including chaotic and
random models. In the SM [59] we further demonstrate the
generality of our conclusions by considering different choices
of norms, initial states, and other measures. In particular, our
findings show that previous observations of “strong” versus
“weak thermalization” [74,75] in the same model can be now
interpreted as an instance of the QME.

One interesting open question is: What is the universal
diagnostic of the QME? In the SM [59], we confirm that
simple spectral measures, such as energy variance and higher
moments, generally do not account for our observations [59].
On the other hand, while the IPR is a good diagnostic for
|θ, φ〉 product states as well as MPS states (9) considered
above, the IPR diagnostic may break down for more highly
entangled states. As a counterexample, it is enough to consider
two initially low-entangled states that undergo time evolution
after trace distance crossing. During subsequent evolution,
they will no longer exhibit the QME; yet their IPR remains
the same as it was at t = 0. We thus conjecture that, as a
diagnostic of the QME, the IPR is limited to weakly entangled
initial states. Formulating a precise general criterion remains
an interesting open question.
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