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Free theories are landmarks in the landscape of quantum field theories: their exact solvability serves as a
pillar for perturbative constructions of interacting theories. Fuzzy sphere regularization, which combines
quantum Hall physics with state-operator correspondence, has recently been proposed as a promising
framework for simulating three-dimensional conformal field theories (CFTs), but so far it has not provided
access to free theories. We overcome this limitation by designing a bilayer quantum Hall system that hosts
an Ising tricritical point—a nontrivial fixed point where first-order and second-order transitions meet—
which flows to the conformally coupled scalar theory in the infrared. The critical energy spectrum and
operator structure match those at the Gaussian fixed point, providing nonperturbative evidence for the
emergence of a free scalar CFT. Our results expand the landscape of CFTs realizable on the fuzzy sphere
and demonstrate that even free bosonic theories—previously inaccessible—can emerge from interacting
electrons in this framework.
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Introduction—Understanding quantum field theories
(QFTs) in dimensions higher than two remains a central
challenge in theoretical physics, especially in the confor-
mally invariant regime where perturbative methods often
fail [1–3]. The fuzzy sphere regularization, which combines
state-operator correspondence [4] with insights from quan-
tum Hall physics [5], has recently emerged as a powerful
framework for simulating three-dimensional (3D) con-
formal field theories (CFTs) [6]. This approach enables
the computation of operator-product expansion coefficients
and correlators [7,8], conformal generators [9,10], entropic
F functions [11], and study of defects and surface CFTs
[12–15]. It has successfully captured a range of interacting
theories, including the 3D Ising and OðNÞ Wilson-Fisher
models [6,16–18], deconfined quantum critical points
[19–22], the pseudocritical Potts model [23], nonunitary
Yang-Lee models [24–26], and other new classes of
CFTs [27].
One glaring exception in the set of theories realized on

the fuzzy sphere are free CFTs. As exactly solvable models,
free CFTs are reference points for elucidating the funda-
mental structural features of QFTs and analyzing strongly
interacting systems. Therefore, they not only play a
foundational role in QFT as well as many-body physics
more broadly. The realization of free theories on the fuzzy

sphere would not only be a step toward establishing the
completeness of the fuzzy sphere regularization but would
also offer conceptual insights into its mechanism.
In this Letter, we show how to realize the simplest free

CFT—the conformally coupled scalar, which we refer to as
the free scalar throughout this Letter. At first glance, it may
seem unlikely that a free bosonic theory could emerge from
a system of strongly interacting electrons in the lowest
Landau level (LLL), which the fuzzy sphere method
utilizes. The key insight comes from the nature of Ising
tricriticality, described by the Euclidean Lagrangian,
LE ¼ ð∂ϕÞ2 þ gϕ6, in flat space. In 3D, the ϕ6 interaction
is marginally irrelevant at the Gaussian fixed point, so a
system at tricriticality will flow toward the free scalar CFT
in the deep infrared (IR) [28,29]. This perspective provides
a natural route to the free scalar: tune a quantum Hall Ising
ferromagnetic transition to its tricritical point.
Specifically, we design a bilayer quantum Hall system

that realizes both an Ising transition line and a first-order
transition line, and most importantly, Ising tricriticality at
their intersection point. Our two-component model is
conceptually different from the standard one of tricriticality
based on spin-1 degrees of freedom [30,31]. With appro-
priate fine-tuning, our model at the tricritical point is
characterized by a free scalar CFT up to small residual
interactions, which we demonstrate by the matching of the
low-energy spectra and the emergence of the characteristic
free-boson algebra.
The model—Consider a quantumHall bilayer on a sphere

[32]. Setting the filling factor and magnetic length to unity,
the number of flux quanta Nϕ, the number of electrons N,
and the radius R are related by Nϕ ¼ N − 1 ¼ 2R2.
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Let ca¼↑;↓ðrÞ denote the LLL-projected electron annihila-
tion operators for the two pseudospin species in real space.
The Hamiltonian reads

H ¼ Hinter þ λHintra − h
Z �

c†↑ðrÞc↓ðrÞ þ H:c:
�
d2r;

Hinter ¼ 2

Z
Vðr1 − r2Þn↑ðr1Þn↓ðr2Þd2r1d2r2;

Hintra ¼
X
a¼↑;↓

Z
Uðr1 − r2Þ∶naðr1Þnaðr2Þ∶d2r1d2r2; ð1Þ

where naðrÞ ¼ c†aðrÞcaðrÞ and ∶∶ denotes normal order-
ing. The intralayer and interlayer interactions,U and V, to
be specified below, are assumed to be predominantly
repulsive and we parametrize them by the Haldane
pseudopotentials, UJ and VJ [32]. We keep charge
degrees of freedom gapped and let the pseudospins
undergo a transition.
Compared to the 3D Ising fuzzy sphere model [6], our

Hamiltonian (1) contains an extra intralayer interaction
term, which plays a crucial role in realizing the first-
order transition. This can be understood at the mean-field
level via a Hartree-Fock approximation. As shown in
Supplemental Material (SM) [33], the phase boundary is
given by h ¼ 2ð1 − λÞPJðV2Jþ1 −U2Jþ1Þ. Fixing V and
U, the system is ferromagnetic at small values of λ and h,
and paramagnetic otherwise. The transition is second order
for all h > 0 and becomes first order only at h ¼ 0.
Although the mean-field analysis does not capture the
tricritical point on the phase boundary, it highlights the
necessity of including intralayer interactions to realize first-
order behavior. Below, we will see that fluctuations beyond
mean field qualitatively modify the critical behavior near
h ¼ 0, giving rise to richer phase structures that do contain
a tricritical point.
Phase diagram and tricritical point—Unlike in two

dimensions, where imposing the Kramers-Wannier duality
reduces the number of Z2-even relevant perturbations from
two to one, no such counterpart exists in 3D [34–36]. As a
result, reaching the tricritical point requires careful tuning
of parameters. Moreover, because the equivalence to the
free scalar theory emerges only asymptotically in the IR,
additional fine tuning is necessary to suppress finite-size
effects, particularly those stemming from the marginal ϕ6

and irrelevant operators.
In our case, we first fix λ ¼ 1 and use gradient descent in

the residual parameter space to identify a point whose
energy spectrum closely matches that of the free scalar. We
then perform two consistency checks: (1) vary λ and h to
map out the full phase diagram and confirm that the
identified point is at a tricritical juncture, and (2) explicitly
demonstrate that the spectrum at this point is well approxi-
mated by a free scalar CFT, even in system sizes beyond
those for which the optimization was performed.

We use gradient descent optimization over five param-
eters: two intralayer pseudopotentials ðU3; U5Þ, two inter-
layer ones ðV0; V2Þ, and the transverse field h. As a
consequence of fermionic exchange statistics, we can fix
U0¼U2¼U4¼0; moreover, we fix U1¼V1¼1 to avoid
overfitting and accidental symmetries [33]. Importantly, we
also impose an additional constraint to avoid spurious local
minima, where the spectrum seems conformal but the
ground state wave function is actually gapped [33].
Performing the described optimization for N ¼ 10, we
arrive at fU1; U3; U5g ≈ f1; 0.07;−0.13g; fV0; V1; V2g≈
f2.35; 1; 0.37g; h ≈ 0.23. We emphasize that these param-
eter values will be used for all system sizes considered
below. Note that the short range and negative pseudopo-
tentials make this interaction quite different from the
standard quantum Hall bilayers [37]. With these parame-
ters, the low-energy spectra for different system sizes match
the free scalar theory, as we discuss in detail below, and the
energy gap vanishes as 1=

ffiffiffiffi
N

p
[33].

Fixing the optimized parameters, we vary the overall
intralayer interaction strength λ and transverse field h to
map out the two-dimensional phase diagram shown in
Fig. 1(a). At large h, mean-field analysis predicts a second-
order transition, which is expected to fall into the Ising

(a)

(b) (c)

FIG. 1. Phase diagram and representative energy spectra. (a) The
line of 3D Ising transitions (black dashed line) meets the line of
first-order transitions (blue line) at a tricritical point ðλ; hÞ ≈
ð1.0; 0.23Þ (red dot). The shaded regions correspond to ordered
and disordered phases according to the value of the magnetization
hM2i. (b) The energy spectrum as a function of angular momentum
l at a representative point ðλ; hÞ ¼ ð0.4; 2Þ along the 3D Ising line.
Data are for several system sizes shown in the legend, while red
and blue symbols indicateZ2-even and odd states, respectively. We
rescale the spectrum so that the first spin-2, Z2-even state lies at
energy 3. (c) Same as (b) but taken at the tricritical point. While the
spectrum in (b) shows good agreement with 3D Ising CFT [6], the
spectrum in (c) is consistent with free scalar theory, with (half-)
integral energies alternating in Z2 parity.
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universality class upon including fluctuations. Here, we
estimate the location of the Ising critical line by leveraging
state-operator correspondence. Specifically, we define a
cost function that compares the low-energy spectrum at
each ðλ; hÞ to that of the 3D Ising CFT. At a fixed system
size N ¼ 12, we find the cost function exhibits a minimum
along a line in parameter space [33], which defines the
black dashed line in Fig. 1(a). Following this line toward
smaller h, we find the ground state energy density as a
function of λ starts to develop a kink, suggesting that a
continuous phase transition gives way to a first-order line
[blue line in Fig. 1(a)], with the optimized parameter sitting
in between as the putative tricritical point [red dot in
Fig. 1(a)].
Before presenting the supporting numerical analysis of

the phase diagram, we point out one subtlety at h ¼ 0. In
this regime, the particle number of each pseudospin
component is conserved and increasing λ leads to a first-
order transition at λ≳ 1, from one of the layers being
fully filled, ν↑ ¼ 1, ν↓ ¼ 0 (or vice versa) to ðν↑; ν↓Þ ¼
ð1=2; 1=2Þ [33]. While this occurs as a level crossing,
consistent with our Fig. 1(a), the state ðν↑;ν↓Þ¼ð1=2;1=2Þ
describes two charge-gapless composite fermion Fermi
seas rather than a gapped paramagnet [38]. To avoid this,
our phase diagram in Fig. 1(a) starts from a small but
nonzero value of h ¼ 0.01, which is sufficient to open up a
gap near λ ¼ 1 [33].
Along the dashed black line in Fig. 1(a), the low-energy

spectrum closely matches that of the 3D Ising CFT [6].
Figure 1(b) shows the spectrum at a representative point
ðλ; hÞ ¼ ð0.40; 2.0Þ, whose location is refined via finite-
size scaling beyond the system size for the optimization.
By contrast, the energy spectrum at the optimized

parameter values closely matches that of the free scalar
CFT, as shown in Fig. 1(c). It is easiest to verify this
matching via the state-operator correspondence. Recall the
Euclidean Lagrangian of the free scalar LE ¼ ð∂ϕÞ2=2 in
R3. The field ϕ is a scalar primary with the scaling
dimension Δ ¼ 1=2. All other local operators are built
from powers of ϕ and its derivatives, such as ϕn, ∂μϕn, etc.,
which thus have integral or half-integral scaling dimensions
[33]. This is indeed consistent with Fig. 1(c). A more
detailed inspection reveals additional fingerprints of the
free scalar theory. For example, since ϕ satisfies the
equation of motion □ϕ ¼ 0, the level-2 scalar descendant
□ϕ vanishes. Consequently, we expect only a single state at
Δ ¼ 5=2—precisely as observed in the numerical result. In
contrast, for composite operators like ϕ2,□ϕ2 ≠ 0, and we
indeed observe two scalar states near Δ ¼ 3, with the other
being the primary ϕ6. Similarly, two spin-2 states appear
at Δ ¼ 3, corresponding to the stress-energy tensor and
the spin-2 descendant of ϕ2, in full agreement with the
expected operator content of the free scalar CFT. These
results strongly suggest that our model at the optimized
parameter is well approximated by the tricritical Ising point

with negligible corrections from the ϕ6 interaction, i.e., the
free scalar CFT.
To confirm the nature of Ising and tricritical Ising

transitions, in Fig. 2 we perform detailed finite-size scaling
analysis of the squared magnetization hM2i in three ways:
by taking a slice through the tricritical point along either
horizontal (λ) direction [Fig. 2(a)] or vertical (h) direction
[Fig. 2(b)], and by crossing the 3D Ising line at a fixed
h ¼ 2 by varying λ [Fig. 2(c)]. In the first two cases, we
rescale the data using 1=N2−Δϕ , with Δϕ ¼ 1=2 corre-
sponding to the Gaussian universality class, as logarithmic
corrections are typically negligible at the system sizes
accessible in numerics. In the last case we use the
conformal bootstrap value Δσ for the 3D Ising [3]. We
observe a clear crossing in Figs. 2(a) and 2(b), consistent
with ðλ; hÞ ≈ ð1; 0.23Þ being a tricritical point. Similarly,
the data in Fig. 2(c) are in agreement with 3D Ising
universality class along the black dashed line in Fig. 1(a).
To diagnose the first-order transition, we fix h and

examine the behavior of the first derivative of the ground
state energy density ε0 ¼ E0=N with respect to λ, Fig. 2(d).
The discontinuity in ε00 at the critical point is in sharp
contrast with the smooth behavior across the Ising

(a)

(c)

(b)

(d)

FIG. 2. Finite-size scaling across different parts of the phase
diagram. (a) Scaled magnetization, hM2i=N2−Δϕ with Δϕ ¼ 1=2,
as λ is varied through the tricritical point at fixed h ¼ 0.23. The
inset magnifies the crossing around λ ¼ 1. (b) Same as (a) but
fixing λ ¼ 1 and varying h. (c) Similar to (a) but crossing the 3D
Ising line at a fixed h ¼ 2 by varying λ and rescaling via
Δσ ¼ 0.518 148 9. (d) The derivative of the ground state energy
density ε00 with respect to λ at fixed h ¼ 0.05. The curves have
been shifted by λ̃ ¼ λþ 0.57=N and ε̃0ðλ̃Þ ¼ ε0ðλ̃Þ þ 5.8=N [33].
The developing discontinuity is in sharp contrast with the smooth
behavior of the (nonrescaled) ε00 across the Ising transition at
λ ≈ 0.4, shown in the inset. The system sizes shown are color
consistent in all the panels.

PHYSICAL REVIEW LETTERS 136, 056503 (2026)

056503-3



transition line shown in the inset of Fig. 2(d), pointing to a
clear change in behavior around the tricritical point. This is
also witnessed by the behavior of second derivative ε000ðλÞ,
see SM [33].
Free-boson algebra—Further evidence for the free scalar

theory comes from the realization of the free boson algebra.
In canonical quantization, the free scalar field ϕ on a sphere
of radius R has the following mode expansion [33]:

ϕðΩÞ ¼ 1ffiffiffiffi
R

p
X
l;m

1ffiffiffiffiffiffiffiffiffiffiffiffiffiffi
2lþ 1

p ðYl;mðΩÞϕl;m þ H:c:Þ; ð2Þ

where Yl;mðΩÞ are the spherical harmonics, ϕl;m are
annihilation operators corresponding to bosonic modes
with angular momentum ðl; mÞ that satisfy ½ϕl;m;ϕ

†
l0;m0 � ¼

δl;l0δm;m0 . The full Hilbert space of the free scalar can thus
be constructed as a Fock space of these modes. For
instance, the scalar primaries jϕni correspond to states
with n bosons in the l ¼ 0 mode. To probe this Fock
space structure, we can study how pseudospin operators
encode the boson creation and annihilation operators. Let
us write the total pseudospin operator Nz ¼

R ðn↑ðΩÞ −
n↓ðΩÞÞd2Ω via the boson operators in the following
symmetry-allowed form:

Ñz ¼
Nz

ð ffiffiffiffi
N

p Þ2−Δϕ
¼ a1ϕ0;0 þ

a3ffiffiffiffi
N

p ϕ3
0;0 þ h:c:þ � � � ; ð3Þ

where ellipsis are higher order terms, and we introduced a
rescaling factor so that a1, a3 do not depend on the system
size. In a strict free scalar CFT, matrix elements of Nz
between Fock states satisfy

pðnÞ ¼ hϕnjÑn
z j0i ¼

ffiffiffiffiffi
n!

p
an1 þOðR−1Þ; ð4Þ

where the subleading corrections account for mixing with
higher-order terms like ϕ3

0.
We numerically computed pðnÞ and plot the result for

pðnÞ= ffiffiffiffiffi
n!

p
in Fig. 3. At a finite size, deviations do appear at

large n. After a finite-size scaling using Eq. (4), we obtain
the values shown as crosses in Fig. 3(a), which fall on a
straight line—consistent with the prediction. By contrast,
repeating the same calculation at a 3D Ising point, one
can see a clear breakdown of Eq. (4) [33]. Similarly,
the Z2-even total pseudospin operator takes the form
Nx ¼ a0 þ a2

P
l;m ϕ†

l;mϕl;m þ � � �, which can be used
to measure the boson number in each energy eigenstate.
As shown in SM [33], the measured expectation values in
each eigenstate are indeed close to integers. This not only
provides evidence for the realization of the free boson
algebra, but also offers a practical diagnostic to distinguish
certain primary states from descendants.
Conformal perturbations—More rigorously, the system

at the optimized parameter is a free scalar theory perturbed

by small but finite interactions. We can quantitatively
characterize it by the following effective description of
the microscopic Hamiltonian [18,39]

H ¼ v
R
HCFT þ

Z
ðg2ϕ2ðΩÞ þ g4ϕ4ðΩÞ þ g6ϕ6ðΩÞÞd2Ω;

ð5Þ

where HCFT is the free scalar CFT Hamiltonian, v is a
nonuniversal speed of light, and irrelevant perturbations are
ignored. While the numerically obtained spectrum exhibits
slight deviations from the exact CFT predictions, these
discrepancies are well accounted for at linear order using
Eq. (5). Figure 4(a) shows the extracted effective couplings
of the relevant terms are generally nonzero but sufficiently
small, rendering the free scalar CFTan accurate description

(a) (b)

FIG. 3. Emergence of the free-boson algebra at the tricritical
point. (a) pðnÞ= ffiffiffiffiffi

n!
p

for different system sizes. The extrapolated
values (crosses) follow a linear dependence with n on a log
scale (dashed line), consistent with Eq. (4). (b) The extrapo-
lated values shown in panel (a), obtained up to quadratic order
in 1=

ffiffiffiffi
N

p
.

(a) (b)

FIG. 4. Effective couplings near the tricritical point. We
determine the effective coupling using six excited states that
correspond to ϕ;ϕ2;ϕ3;ϕ4 and ∂ϕ; ∂ϕ2. The normalization is
chosen such that the matrix elements of the operators ϕ2n are
independent of system size. (a) g2 < 0, g6 > 0 across all the
system sizes, g4 < 0 at N ¼ 8 and g4 > 0 for N > 8. (b) g6 > 0
near the back dot and g6 < 0 deeper inside the ferromagnetic
phase (bulk of the blue region).
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for moderate system sizes (N ⩽ 16). In larger systems, we
observe that the energy gap vanishes linearly with 1=

ffiffiffiffi
N

p
,

and the two-point function continues to display the
expected algebraic decay at long distances, as confirmed
by density matrix renormalization group calculation up to
N ¼ 54 [33]. These results suggest that the relevant
couplings may remain negligible in the thermodynamic
limit and the system at the optimized parameter still flows
toward the free scalar.
We also apply Eq. (5) in the vicinity of the optimized

parameter, Fig. 4(b). The optimized point lies near the
intersection where both g2 and g4 change sign. The second-
order Ising transition line aligns closely with the region
where g4 > 0 and g2 changes sign, and the first-order
transition line lies within the yellow regime, close to the
boundary where g2 changes sign. This motivates a com-
parison between the phase diagram from our nonperturba-
tive analysis in Fig. 2 and one obtained by treating Eq. (5)
within Ginzburg-Landau theory [40] using these couplings.
The later is a mean-field calculation based on an
assumption that the effective couplings in the thermody-
namic limit coincide with those extracted on the finite-size
sphere in Fig. 4(b). The alignment of the optimized point
and transition lines indicates broad consistency between the
two—further evidence for the small finite-size effects and
weak coupling nature of our theory. The small discrepan-
cies may come from the assumptions of the second
calculation or residual finite-size effect. A more interesting
possibility, especially for the first-order transition, is that
the discrepancy comes from the positive coupling between
ϕ2 and the background curvature [18]—a new feature in
the fuzzy-sphere-regularized QFT, which we reserve for
future study.
Conclusions—In this Letter, we used Ising tricriticality to

realize the free scalar CFT on the fuzzy sphere. The access
to a free theory provides the minimal setting for under-
standing several aspects of the fuzzy sphere regularization.
While CFTs are characterized by the conformal algebra,
charge-neutral excitations in the LLL are governed by the
Girvin-MacDonald-Platzman (GMP) algebra [41]. It is
therefore natural to ask how the GMP algebra, when
projected onto the low-energy subspace, encodes the
conformal algebra [42,43]. Another question is how to
extract all universal CFT data only from the LLL since the
higher Landau levels are conceptually part of the ultraviolet
degrees of freedom within the fuzzy sphere regularization
scheme. For example, the free theory might have an
efficient variational wave function description that would
allow us to understand the universal data in the orbital-cut
entanglement and better extract the F function [11,44].
Finally, an obvious next step is to explore how to realize the
free fermion CFT, which, together with the current result,
could provide a proof of principle that the fuzzy sphere
regularization can potentially encompass all renormaliz-
able QFTs.

Computational portions of this research have made use
of DiagHam [45] and FuzzifiED [46] software libraries.

Note added—Recently, we became aware of a related
work [47], which directly approaches the free scalar by
drawing insights from its Euclidean action.
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