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Abstract

Let (𝑀̄, 𝜔) be a compact symplectic manifold with con-

vex boundary and 𝑐1(𝑇𝑀̄) = 0. Suppose that (𝑀̄, 𝜔) is

equipped with a convex Hamiltonian 𝐺-action for some

connected, compact Lie group𝐺. We construct an action

of the pure Coulomb branch of 𝐺 on the 𝐺-equivariant

symplectic cohomology of 𝑀̄. Building on work of Tele-

man (J. Eur. Math. Soc. 23 (2021), 3497–3520), we use

this construction to characterize the Coulomb branches

of Braverman–Finkelberg–Nakajima (Adv. Theor. Math.

Phys. 22 (2018), 1071–1147) in terms of equivariant sym-

plectic cohomology.

MSC 2020

53D37, 53D40 (primary) 22E57 (secondary)

1 INTRODUCTION

Background

Fix a compact, connected Lie group 𝐺 and a quaternionic representation 𝐸 of 𝐺. Physicists asso-
ciate a 3D N = 4 supersymmetric gauge theory to such a pair. This gauge theory defines various
moduli of vacua, one of which is called the Coulomb branch, (𝐺, 𝐸). Physical considerations
predict that(𝐺, 𝐸) should have a number of remarkable properties, for example, it should be
a (possibly singular) hyper-Kähler manifold with an SU(2)-action. However, the physical defini-
tion of(𝐺, 𝐸) involves quantum corrections which are difficult to interpret mathematically. In
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[11], Braverman–Finkelberg–Nakajima proposed a definition of(𝐺, 𝐸) for cotangent type rep-
resentations 𝐸, that is, those representations which are isomorphic to 𝕍⊕ 𝕍∨ for some complex
representation𝕍. For these representations, they define(𝐺, 𝐸) to be the spectrum Spec((𝐺; 𝐸))
of certain Poisson algebras (𝐺; 𝐸). For our purposes, it will be useful to note that the algebras
(𝐺; 𝐸) naturally arise in a one-parameter family ◦(𝐺; 𝐸) over ℂ[𝜇] (of which (𝐺; 𝐸) is the zero
fiber) which incorporates the central rescaling of the representation (i.e., the diagonal weight one
ℂ∗ action on 𝕍 and weight minus one action on 𝕍∨).
The primordial example of a Coulomb branch is the pure Coulomb branch, (𝐺, 0), which

occurs when the “matter representation” 𝐸 is trivial. The ring (𝐺; 0) is by definition the “semi-
infinite” equivariant homology of the based polynomial loop space of 𝐺, 𝐻̂𝐺∗ (Ωpoly𝐺), equipped
with its Pontryagin product (see Section 4.4.4 for the comparison between polynomial loop space
and smooth loop space). An important result [8] identifies(𝐺, 0)with the universal centralizer
of the Langlands dual group 𝐺∨. The variety(𝐺, 0) is an affine group scheme over 𝐻∗(𝐵𝐺,ℂ)
which acts on all of the other Coulomb branches. Moreover, each (𝐺, 𝐸) contains a dense
free(𝐺, 0)-orbit. When the matter representation is nontrivial, the BFN construction extends
and unifies many known constructions in geometric representation theory, for example, slices in
affine Grassmannians.

Pure Coulomb branches

If (𝑀, 𝜔) is a compact (monotone) symplectic manifold with a Hamiltonian𝐺 action, then (𝐺; 0)
acts on the equivariant quantum cohomology, 𝑄𝐻∗

𝐺
(𝑀) ([20, 43]). Our first result is an analog of

this construction for compact symplectic manifolds (𝑀̄, 𝜔) with convex boundary and vanish-
ing first Chern class. Recall that having convex boundary means that in a neighborhood of the
boundary, there is a primitive 𝜃 of 𝜔 such that the 𝜔-dual of 𝜃 points outward along the bound-
ary. A Hamiltonian 𝐺-action on (𝑀̄, 𝜔) is convex if 𝜃 can be chosen 𝐺-invariant and also to have
nowhere dense spectrum.Given (𝑀̄, 𝜔)with a (convex)Hamiltonian𝐺-action, we can consider its
equivariant symplectic cohomology, 𝑆𝐻∗

𝐺
(𝑀̄), which is the direct limit of equivariantHamiltonian

Floer groups of cylindrical Hamiltonians of positive slope. We prove:

Theorem 1.1. Let (𝑀̄, 𝜔) be a compact symplectic manifold with convex boundary and 𝑐1(𝑇𝑀̄) =
0. Suppose further that (𝑀̄, 𝜔) is equipped with a convex Hamiltonian 𝐺-action. Then there is an
algebra homomorphism:

 ∶ (𝐺; 0) = 𝐻̂𝐺∗ (Ωpoly𝐺) → 𝑆𝐻∗𝐺(𝑀̄). (1)

In fact, for technical reasons discussed below, we first construct a ring homomorphism:

𝑇 ∶ 𝐻̂𝑇∗ (Ωpoly𝐺) → 𝑆𝐻∗𝑇(𝑀̄). (2)

We then show that this map is equivariant with respect to the natural Weyl group actions on both
sides. The map (1) is then obtained by passing to Weyl-invariants.

Outline of construction

We now give a brief overview of the construction of (2), a more detailed overview is provided
in Section 4.1. The starting point for our work is Seidel’s observation that for closed symplectic
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manifolds, a loop 𝛾𝑡 of Hamiltonian symplectomorphisms induces an action on Hamiltonian
Floer theory. Seidel’s construction has been extended to include (convex) 𝑆1-actions on con-
vex symplectic manifolds in [30, 36]. The new feature, compared to the closed case, is that
a Hamiltonian loop can modify the behavior of the Hamiltonian at infinity. This means that
given a Hamiltonian 𝐻 of some fixed slope, there may be no continuation map between the
Floer cohomology of the twisted Hamiltonian, 𝛾∗𝑡𝐻, and the Floer cohomology of 𝐻 due to the
failure of the maximum principle for interpolating solutions. However, under suitable geometric
assumptions, there is a well-defined continuation map to a Hamiltonian 𝐻′ of higher slope,
giving rise to an action on symplectic cohomology.
The map (2) is a “parameterized” or “family” version of Seidel’s construction over cycles in

Ω𝐺, the space of smooth based loops of 𝐺. The idea is to represent cycles in 𝐻̂𝑇∗ (Ωpoly𝐺) “geomet-
rically” by a triple (𝐵, 𝛼, 𝑓)where 𝐵 is a finite-dimensional smooth closed 𝑇-manifold, 𝛼 ∈ 𝐻∗𝑇(𝐵)
and 𝑓 ∶ 𝐵 → Ω𝐺 is a 𝑇-equivariant map. This is an equivariant version of Baum-Douglas’ “geo-
metric homology”(see [6, 26]), the details of which are explained in Section 4.4 (see in particular
Lemma 4.32). As a consequence, we can use 𝐻̂𝑇∗ (Ωpoly𝐺) and 𝐻̂

𝑇
∗ (Ω𝐺) interchangeably from now

on. Given a 𝑇-equivariant map 𝑓 ∶ 𝐵 → Ω𝐺, we construct a map (cf. (44))

𝑓 ∶ 𝐻∗𝑇(𝐵) × 𝑆𝐻∗𝑇(𝑀̄) → 𝑆𝐻∗𝑇(𝑀̄). (3)

Plugging 𝛼 into (3) defines an action of (𝐵, 𝛼, 𝑓) on 𝑆𝐻∗𝑇(𝑀̄) and the map (2) is then defined by
sending:

[𝐵, 𝛼, 𝑓] → 𝑓(𝛼, 𝑒𝑀),
where 𝑒𝑀 denotes the unit in 𝑆𝐻∗𝑇(𝑀̄). The map 𝑓 is in turn obtained as a composition of three
maps:

𝐻∗𝑇(𝐵) ⊗ 𝑆𝐻∗𝑇(𝑀̄) ≃ 𝑆𝐻
∗
𝑇×𝑇(𝐵 × 𝑀̄) → 𝑆𝐻∗𝑇(𝐵 × 𝑀̄)

𝑆𝐻∗𝑇(𝐵 × 𝑀̄) → 𝑆𝐻∗𝑇(𝐵 × 𝑀̄)

𝑆𝐻∗𝑇(𝐵 × 𝑀̄) → 𝑆𝐻∗𝑇(𝑀̄).

The first map is a Künneth type isomorphism followed by a Floer theoretic pullback, and the last
map is a Floer theoretic pushforward. We develop the necessary preliminaries on pushforward
and pullback for family Floer theory in Sections 2.3 and 2.4. The second map is a parameterized
version of the Seidel morphism, and its construction turns out to be most technical. The main
reason is that given a 𝑇-invariant 𝐵 × 𝐸𝑇-family of Hamiltonian function 𝐻̃ of some fixed slope,
the associated twisted Hamiltonian 𝑓∗𝐻̃ (see Section 4.2.1) has varying (nonconstant) slopes over
the base 𝐵 × 𝐸𝑇. As a result, the comparison map between lim

""→
𝐻𝐹𝑇(𝑓

∗(𝐻̃𝑛))(𝐻̃𝑛 is a sequence of

Hamiltonians of increasing slope) and 𝑆𝐻∗𝑇(𝐵 × 𝑀̄) will involve moduli spaces for which a 𝐶
0 a

priori estimate cannot be proved by any of the standard means (e.g., [22, 32, 36]).† To overcome
this issue, we first homotope 𝑓 (see Lemma 4.8) to another cycle for which we can prove the
required𝐶0 apriori estimate (see Section 4.2.3). Lemma4.8 is the stepwhich requires us towork𝑇-
equivariantly first and then pass to 𝐺-equivariant cohomology by taking the Weyl-invariant part.

†We also note that we cannot use Hamiltonians of quadratic growth either; see Remark 3.5.
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To show that (2) is well-defined, we use that the relations in the equivariant geometric homol-
ogy are given by bordisms and compatibility with Gysin pushforward. We then establish the
commutative diagram (107) to show that (2) is an algebra homomorphism. Both of these steps
also require careful choice of auxiliary data so that the 𝐶0 estimate can be achieved.

Remark 1.2. There is a second key difference between the proof of the ring homomorphism prop-
erty in the present work and the proof of the analogous claim for closed monotone symplectic
manifolds [20, Lemma 4.7]. There, once the map 𝐻̂𝑇∗ (Ω𝐺) → 𝑄𝐻∗𝑇(𝑀) had been constructed, we
employed a simple algebraic trick ([20, Lemma 4.6]) to reduce the argument that it is a ring homo-
morphism to the case where 𝐺 = 𝑇. This algebraic trick relied on the fact that 𝑄𝐻∗𝑇(𝑀) is free as
a module over 𝐻∗(𝐵𝑇). As this is no longer necessarily the case for symplectic cohomology, we
are forced to give a more lengthy (though very natural) argument in Section 5.

Remark 1.3. For the discussion which follows, it will be relevant to note that above, 𝑆𝐻∗
𝐺
(𝑀̄)

was defined over the Novikov field Λ with ground field ℂ. However, when (𝑀̄, 𝜔, 𝜃) is a Liouville
domain (meaning 𝜃 can be extended over all of𝑀), symplectic cohomology can be also be defined
over ℂ. The map (1) can also be defined for this version of symplectic cohomology, which we
denote by 𝑆𝐻∗

𝐺
(𝑀̄,ℂ).

Coulomb branches with matter

In [11], the Coulomb branch algebra is defined via a convolution diagram involving a certain
infinite rank vector bundle over the affine Grassmannian of the complexification of 𝐺. In [44],
Teleman gave an elegant and direct “GLSM” construction of ◦(𝐺; 𝐸) as the algebra of functions
on a scheme obtained by gluing two copies of ̊(𝐺, 0) = Spec(◦(𝐺; 0)) by group multiplica-
tion with a certain easily described “Euler” rational section 𝜖𝕍 of the Toda integrable system (see
Definition 6.3 for the precise description).
While Teleman’s construction is purely algebraic, it was motivated by heuristics concerning 2D

boundary conditions for the gauge theory with matter 𝐸 [44, sections 1 and 2]. Our second result
makes these heuristics precise, thereby providing a conceptual underpinning for this construc-
tion. Given a Liouville domain with convex 𝐺-action, it is natural to search for actions on the
ordinary cohomology as opposed to the symplectic cohomology. There is an acceleration map

ac ∶ 𝐻∗𝐺(𝑀̄,ℂ) → 𝑆𝐻∗𝐺(𝑀̄,ℂ). (4)

In cases where this map is injective, it makes sense to look for subalgebras of (𝐺; 0) which pre-
serve its image. The example relevant to Coulomb branches is the seemingly simple case where
𝑀̄ = 𝕍̄ is a unit ball inside of a complex vector space 𝕍 equipped with a unitary representation of
𝐺. In this case, we consider the 𝐺 × 𝑆1 equivariant symplectic cohomology 𝑆𝐻∗

𝐺×𝑆1
(𝕍̄), where

the additional 𝑆1-factor corresponds to the diagonal rotation action. The algebra ◦(𝐺; 0) ∶=
𝐻̂𝐺(Ω𝐺)[𝜇] is naturally a subalgebra of 𝐻̂𝐺×𝑆1(Ω(𝐺 × 𝑆

1)) and so (1) therefore induces a map:

◦(𝐺; 0) → 𝑆𝐻∗
𝐺×𝑆1

(𝕍̄,ℂ). (5)

We give the following symplectic interpretation of the ingredients in Teleman’s construction:
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Theorem 1.4. The following hold.

(1) Let𝜖𝕍 be the pushforward structure sheaf associated with the Euler Lagrangian 𝜖𝕍. There is an
algebra isomorphism

Γ(𝜖𝕍) ≅ 𝑆𝐻∗𝐺×𝑆1(𝕍̄,ℂ)
under which the ◦(𝐺; 0)-action on Γ(𝜖𝕍) agrees with action induced by (5).

(2) There is a commutative diagram:

(6)

These calculations together with the GLSM construction of the Coulomb branch allow us to
completely characterize̊(𝐺, 𝐸) in symplectic terms,̊(𝐺, 𝐸) is the universal equivariant, affine
partial compactification of the group scheme ̊(𝐺, 0) whose coordinate ring fits into (6) (see
Corollary 6.12).

Remark 1.5. Theorem 1.4 was anticipated by Teleman in [44, Remark 2.4]. The universal property
fromCorollary 6.12 is not explicitly mentioned in Teleman’s paper. However, it follows easily from
his description of the Coulomb branch and our Theorem 1.4.

We close the introduction with a short discussion of possible directions for future work.

(i) Comparison with [20] suggests a natural (and potentially easy) extension of our results
here. Namely, [20] also studies actions of the quantum Coulomb branch algebra (𝐺; 0)ℏ ∶=
𝐻̂𝑆

1×𝐺
∗ (Ω𝐺) on loop-equivariant 𝑄𝐻∗. This suggests that the module action induced by (1)

should lift to an action of(𝐺; 0)ℏ on the version of equivariant symplectic cohomologywhich
also incorporates loop equivariance, 𝑆𝐻∗

𝑆1rot×𝐺
(𝑀̄). Section 7 of [44] provides a similar char-

acterization of the quantum Coulomb branch algebras (𝐺; 𝐸)ℏ as subalgebras of the pure
quantum Coulomb branch algebra (𝐺; 0)ℏ. We remark that if𝑀 is a closed monotone sym-
plectic manifold, we can also use equivariant Floer theory as in the current paper together
with the equivariant PSS map to define the Coulomb branch algebra action on 𝑄𝐻𝐺(𝑀).
In other words, the approach given by the current paper is compatible with the construc-
tion in [20]. We note that action of the quantum Coulomb branch is used to show that the
set-theoretic support of 𝑄𝐻∗

𝐺
(𝑀) in Spec((𝐺; 0)) is an algebraic Lagrangian ([20, Corol-

lary 1.4]). The argument behind [20, Corollary 1.4] crucially used the finiteness of 𝑄𝐻∗
𝐺
(𝑀)

over 𝐻∗(𝐵𝐺). By contrast, we expect that the set-theoretic support of 𝑆𝐻∗
𝐺
(𝑀) when 𝑀 is a

𝐺-Liouville domain is no longer generally Lagrangian (see Remark 1.6).
(ii) In a different direction, constructions of Coulomb branches for representations which are

not of cotangent type have recently been proposed in [10, 45]. Theorem 1.4 raises the natural
question of whether these constructions can be interpreted in terms of quantum/symplectic
cohomology of some convex symplectic manifold associated to the representation (cf. the
discussion in [45, pp. 2–3]).
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(3) Somewhat more speculatively, we also note that Teleman develops parallel results for 𝐾-
theoretic Coulomb branches. Correspondingly, we expect an analog of Theorem 1.1 for (a
suitable genuinely equivariant version of) the 𝐾-theoretic symplectic cohomology recently
constructed by Large [28].

Remark 1.6. For a potential examplewhere the set-theoretic support of 𝑆𝐻∗
𝐺
(𝑀) is not Lagrangian,

consider 𝑇∗𝑆𝑈(2) with the natural Hamiltonian lift of the 𝑆1-action on 𝑆𝑈(2) by a maximal
torus. View (𝑆1; 0) = ℂ[𝑧±, 𝜏], where 𝜏 is the equivariant variable and 𝑧 corresponds to the
Seidel operator. Then we expect that the support of the module 𝑆𝐻∗

𝑆1
(𝑇∗𝑆𝑈(2)) as a subset of

Spec((𝑆1; 0)) = 𝑇∗ℂ∗ corresponds to the locus where 𝑧 = 1, 𝜏 = 0. The expectation that 𝜏 should
act nilpotently on 𝑆𝐻∗

𝑆1
(𝑇∗𝑆𝑈(2)) comes from the freeness of the 𝑆1-action and the fact that

the Seidel operator acts by the identity on 𝑆𝐻∗(𝑇∗𝑆𝑈(2)) (i.e., nonequivariantly) corresponds to
the fact that the 𝑆1-action extends to an 𝑆𝑈(2) action. However, verifying this expected calcula-
tion rigorously would require an equivariant version of Viterbo’s isomorphism which is suitably
compatible with the Seidel representation and would take us too far afield.

Organization of the paper

As noted earlier, the family Seidel morphism involves families of Hamiltonians with nonconstant
slopes, so special care is needed to achieve compactness of moduli spaces. Sections 2 and 3 are
devoted to explaining the Floer theory over families and the equivariant Floer theory, respectively,
for a large enough class of Hamiltonian functions.We construct themap (1) in Section 4 and prove
that it is an algebra homomorphism in Section 5. Finally, the proof of Theorem 1.4 is given in
Section 6.

2 FLOER THEORY OVER A FAMILY, PULLBACK AND
PUSHFORWARD

In this section, we explain how to define the Floer cohomology for a Hamiltonian fiber bundle
with Liouville fibers over a smooth finite-dimensional base. It is analogous to [25] and similar
ideas have been used to define equivariant Floer cohomology ([9, 29, 41, 42]).
Let (𝑀̄, 𝜔) be a compact symplectic manifold with a convex boundary (i.e., 𝑀̄ is a strong convex

filling of its boundary). Let 𝜃 be a primitive one form of 𝜔 near the boundary such that the 𝜔-dual
of 𝜃 points outward along the boundary. We will denote by𝑀 the symplectic completion of 𝑀̄. In
other words,

𝑀 = 𝑀̄ ∪𝜕𝑀̄ [1,∞) × 𝜕𝑀̄

where the Liouville one form on the cylindrical end [1,∞) × 𝜕𝑀̄ is given by 𝑟𝛼 for 𝑟 ∈ [1,∞)with
𝛼 ∶= 𝜃|𝜕𝑀̄ . Throughout this text, we will assume that 𝑐1(𝑇𝑀) = 0 so that we can put a ℤ-grading
on the Floer complexes later on (see the paragraph after Definition 2.9).
The Reeb vector field 𝑅𝛼 on (𝜕𝑀̄, 𝛼) is the unique vector field characterized by 𝛼(𝑅𝛼) = 1 and

𝜄𝑅𝛼𝑑𝛼 = 0. The flow of the Reeb vector field is called Reeb flow. The action spectrum of (𝜕𝑀̄, 𝛼),
denoted by Spec(𝜕𝑀̄, 𝛼), consists of the period of the orbits of the Reeb flow.
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Definition 2.1. A Hamiltonian function 𝐻 ∈ 𝐶∞(𝑆1 ×𝑀) is cylindrical if there is a function
𝐬 ∶ 𝑆1 × 𝜕𝑀̄ → ℝ>0 that is invariant under the Reeb flow and a function 𝑐 ∶ 𝑆1 → ℝ such that
𝐻(𝑡, (𝑟, 𝑥)) = 𝑟𝐬(𝑡, 𝑥) + 𝑐(𝑡) in the complement of a compact set for any 𝑡 ∈ 𝑆1, 𝑟 ∈ [1,∞) and
𝑥 ∈ 𝜕𝑀̄.

The function 𝐬 is called the slope of 𝐻. The space of cylindrical Hamiltonian is a vector space
over ℝ and hence convex. We define a partial ordering on the space of cylindrical Hamiltonians
by

𝐻1 ⩽𝐬 𝐻2 if 𝐬𝐻1(𝑡, 𝑥) ⩽ 𝐬𝐻2(𝑡, 𝑥) for all 𝑡, 𝑥 (7)

where 𝐬𝐻𝑖 is the slope of 𝐻𝑖 for 𝑖 = 1, 2. We say that a Hamiltonian function 𝐻 = (𝐻𝑡)𝑡∈𝑆1 ∈
𝐶∞(𝑆1 ×𝑀) is mean-normalized if ∫𝜕𝑀̄ 𝐻𝑡𝛼 ∧ 𝜔𝑛−1 = 0 for all 𝑡 ∈ 𝑆1. Unless otherwise stated,
all Hamiltonians in the rest of the paper are mean-normalized.

Definition 2.2. Let 𝐺 be a compact connected Lie group. A Hamiltonian 𝐺-action on (𝑀̄, 𝜔, 𝜃)
is called convex if

∙ 𝜃 is 𝐺-invariant and
∙ the spectrum Spec(𝜕𝑀̄, 𝛼 ∶= 𝜃|𝜕𝑀̄) is nowhere dense.

The hypothesis that 𝜃 is𝐺-invariant implies that𝜔 = 𝑑𝜃 is𝐺-invariant. Therefore, the Liouville
vector field 𝑋𝜃 (i.e., the 𝜔-dual of 𝜃) is 𝐺-equivariant. As a result, the flow of 𝑋𝜃 is 𝐺-equivariant
so the 𝐺-action on the collar (1 − 𝜖, 1] × 𝜕𝑀̄, which is defined using the flow of 𝑋𝜃, is the product
of the trivial action on (1 − 𝜖, 1] and a 𝐺-action on 𝜕𝑀̄. Therefore, we can canonically extend the
𝐺 action to𝑀 by extending this product action to [1,∞) × 𝜕𝑀̄.

Lemma 2.3. Suppose that (𝑀̄, 𝜔, 𝜃) is equipped with a convex Hamiltonian 𝐺-action.
Let 𝛾 ∈ Ω𝐺 ⊂ ΩHam(𝑀) and 𝐾𝛾 be a generating Hamiltonian function of 𝛾. Then 𝐾𝛾 is a cylin-

drical Hamiltonian function. Conversely, if 𝐻 is a cylindrical Hamiltonian function, then outside a

compact set, the Hamiltonian flow of𝐻 on the cylindrical end preserves 𝜃.

Proof. Let 𝑣 ∈ 𝔤 and𝑋𝑣 be the induced Hamiltonian vector field. Since 𝜃 is𝐺-invariant, we have

0 = 𝑋𝑣𝜃 = 𝜄𝑋𝑣𝜔 + 𝑑(𝑟𝛼(𝑋𝑣|𝑟=1)) (8)

The last equality uses that 𝑋𝑣 is independent of 𝑟 on the cylindrical end. Let

𝐬𝑣 ∶= −𝛼(𝑋𝑣|𝑟=1) ∶ 𝜕𝑀̄ → ℝ.

By (8), Hamiltonian vector field of the Hamiltonian function 𝑟𝐬𝑣 is 𝑋𝑣. Let 𝑅𝛼 be the Reeb vector
field. The function 𝐬𝑣, which is the slope of the Hamiltonian function 𝑟𝐬𝑣, is invariant under Reeb
flow because 𝑅𝛼(𝐬𝑣) = 𝑑𝐬𝑣(𝑅𝛼) = 𝜔(𝑋𝑣, 𝑅𝛼)|𝑟=1 = −𝑑𝑟(𝑋𝑣) = 0. Now, let (𝑋𝑡)𝑡∈𝑆1 be the vector
field which generates 𝛾. By the assumption that 𝛾 ∈ Ω𝐺, we know that for each 𝑡 ∈ 𝑆1, 𝑋𝑡 = 𝑋𝑣𝑡
for some 𝑣𝑡 ∈ 𝔤. Therefore, (𝐾𝛾)𝑡(𝑟, 𝑦) = 𝑟𝐬𝑣𝑡 (𝑦)up to a constant so𝐾𝛾 is a cylindricalHamiltonian
function. The converse is proved in [36, Lemma C.3]. □
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8 of 69 GONZÁLEZ et al.

Let 𝐵 be a smooth finite-dimensional closed manifold and (𝑀, 𝜔, 𝜃) has a convex Hamiltonian
𝐺-action.

Definition 2.4. We say that 𝑝 ∶ 𝑃 → 𝐵 is an admissible bundle over 𝐵 if it is a symplectic fiber
bundle with fiber (𝑀, 𝜔, 𝜃) and the structure group lies in 𝐺 (i.e., the clutching functions are in
𝐺).

Since the𝐺 action is convex,𝑝 restricts to a subbundle 𝑝̄ ∶ 𝑃̄ → 𝐵with fibers 𝑀̄.Moreover, there
is a radial coordinate function 𝑟 ∶ 𝑃 ⧵ 𝑃̄ → [1,∞) such that for any fiber 𝑝−1(𝑏), the symplectic
form near the boundary equals to 𝜔𝑏 = 𝑑(𝑟𝜃𝑏).
Let 𝜂 ∶ 𝐵 → ℝ be aMorse function, g𝜂 be aRiemannianmetric on𝐵 satisfying theMorse–Smale

condition and ∇ be a 𝐺-connection on 𝑃 such that ∇ is flat near critical points of 𝜂. The space of
such connections ∇ is nonempty and contractible. The set of critical points of 𝜂 is denoted by
critp(𝜂). For every 𝑐 ∈ critp(𝜂), we can use the flatness of ∇ near 𝑐 to obtain a neighborhood 𝑁𝑐
of 𝑐 together with a decomposition

𝑝−1(𝑁𝑐) ≃ 𝑀 × 𝑁𝑐 (9)

such that ∇ is trivial with respect to the decomposition.

Definition 2.5. We call a triple (𝜂, g𝜂, ∇) as above an “admissible base triple”.

A Hamiltonian function of 𝑃 is a function𝐻 ∶ 𝑆1 × 𝑃 → ℝ. For 𝑡 ∈ 𝑆1 and 𝑏 ∈ 𝐵, we denote its
restriction to 𝑝−1(𝑏) by𝐻𝑏 ∶ 𝑆

1 × 𝑝−1(𝑏) → ℝ.

Definition 2.6. AHamiltonian function𝐻 ∈ 𝐶∞(𝑆1 × 𝑃) is “cylindrical” if for every 𝑏 ∈ 𝐵,𝐻𝑏 ∶
𝑆1 × 𝑝−1(𝑏) → ℝ is a cylindrical Hamiltonian.

This is a well-defined notion because the structure group of 𝑃 is 𝐺 and 𝐻𝑏 being cylindrical is
a property that is invariant under 𝐺-action.

Definition 2.7. A cylindrical Hamiltonian 𝐻 is compatible with (𝜂, g𝜂, ∇) if:

∙ 𝐻𝑐 ∶= (𝐻𝑐,𝑡)𝑡∈𝑆1 is nondegenerate for every 𝑐 ∈ critp(𝜂);
∙ locally near each 𝑐 ∈ critp(𝜂), with respect to the decomposition (9), we have that𝐻𝑏 is pulled
back from the first factor;

∙ for any gradient trajectory† 𝜏 of 𝜂 and two real numbers 𝑠1 ⩽ 𝑠2, we have 𝐻𝜏(𝑠1) ⩾𝐬 𝐻𝜏(𝑠2) with
respect to the parallel transport map along 𝜏 induced by ∇ (recall ⩽𝐬 from (7));

∙ for any gradient trajectory 𝜏 of 𝜂 between two critical points 𝑐0 and 𝑐1, the parallel transport
map does not map a Hamiltonian orbit of𝐻𝑐0 to a Hamiltonian orbit of 𝐻𝑐1 .

A cylindrical Hamiltonian𝐻 is compatible with 𝜂 if it is compatible with an admissible base triple
(𝜂, g𝜂, ∇) for some g𝜂 and ∇. A cylindrical Hamiltonian 𝐻 is admissible if it is compatible with
some 𝜂.

Lemma 2.8. Given any admissible base triple (𝜂, g𝜂, ∇) and any constant 𝑎 ∈ ℝ>0 ⧵ Spec(𝜕𝑀̄, 𝛼),
there is a cylindrical Hamiltonian𝐻 that is compatible with (𝜂, g𝜂, ∇) with slope 𝐬𝐻 = 𝑎.

†A gradient trajectory 𝜏 ∶ ℝ→ 𝐵 of 𝜂 is a solution to the negative gradient flow equation 𝑑𝜏
𝑑𝑠
= −grad(𝜂)(𝜏(𝑠)).
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Proof. Let 𝑎 ∈ ℝ>0 ⧵ Spec(𝜕𝑀̄, 𝛼). For each critical point 𝑐 of 𝜂, we first choose a nondegenerate
cylindrical Hamiltonian function𝐻𝑐 on𝑀 with slope 𝑎. Using the product decomposition (9), we
can pull it back to a cylindricalHamiltonian over a neighborhood∪𝑐∈critp(𝜂)𝑁𝑐 of the critical points
of 𝜂 such that both the first and the second bullets are satisfied. The fact that𝐻𝑐 is nondegenerate
means that all Hamiltonian orbits are lying inside a compact set. Since there are only finitely
many critical points of 𝜂 (because 𝐵 is compact and 𝜂 is Morse), by a generic perturbation of each
individual𝐻𝑐 over a compact set, we can further assume that the fourth bullet is also satisfied.
We can then smoothly extend the cylindrical Hamiltonian to the rest of 𝑃 (i.e., over the comple-

ment of ∪𝑐∈critp(𝜂)𝑁𝑐) such that𝐻𝑏 has slope 𝑎 for all 𝑏 ∈ 𝐵. Such an extension is always possible
because the space of cylindrical Hamiltonian with a fixed slope is convex. Since the slope is the
same for all 𝐻𝑏, the third bullet is automatically satisfied. □

A pair 𝑥⃗ = (𝑐, 𝑥) consisting of a critical point 𝑐 of 𝜂 and a 1-periodic orbit 𝑥 of 𝐻𝑐 in 𝑝
−1(𝑐) is

called a generator of (𝜂,𝐻) if for any loop g ∶ 𝑆1 → 𝐺, the torus g ⋅ 𝑥 ∶ 𝑇2 → 𝑝−1(𝑐) defined by
(𝑟, 𝑡) ↦ g(𝑟) ⋅ 𝑥(𝑡) satisfies

∫𝑇2(g ⋅ 𝑥)∗𝜔 = 0. (10)

This is true, for example, (i) when 𝑥 is contractible in𝑀 (i.e., admits a capping), or (ii) 𝐺 is simply
connected (or more generally, 𝐺 can be extended to a group action 𝐺′ on𝑀 such that 𝐺′ is simply
connected), or (iii) 𝜔 is exact. Equation (10) will be used to control the topological energy of Floer
solutions later on (see Lemma 2.11).
Let Λ be the Novikov field

Λ ∶=

{
∞∑
𝑖=0

𝑏𝑖𝑞
𝑟𝑖 |𝑟𝑖 ∈ ℝ, lim𝑖→∞ 𝑟𝑖 = ∞, 𝑏𝑖 ∈ ℂ

}

Definition 2.9. The Floer cochain complex of (𝜂,𝐻) is defined to be

𝐶𝐹∗(𝑃,𝐻, 𝜂, Λ) ∶= ⊕Λ ⋅ 𝑥⃗ (11)

where the sum is taken over all generators 𝑥⃗ = (𝑐, 𝑥) of (𝜂,𝐻).

We often suppress the coefficient field and denote the group by 𝐶𝐹∗(𝑃,𝐻, 𝜂). We can define
a ℤ-grading on 𝐶𝐹∗(𝑃,𝐻, 𝜂) as follows. Since we assume that 𝑐1(𝑇𝑀) = 0, we can and will fix
once and for all a homotopy class of trivialization of the canonical bundle of𝑀. We then choose a
symplectomorphism identifying𝑀 with a reference fiber of 𝑃. The structure group of the bundle
𝑃 → 𝐵 is𝐺, which is connected, so it acts trivially on the homotopy class of the trivialization of the
canonical bundle. Therefore, by taking parallel transport from the reference fiber, we get a well-
defined homotopy class of trivialization of the canonical bundle on all other fibers. We define the
grading |𝑥⃗| of 𝑥⃗ = (𝑐, 𝑥) to be

|𝑥⃗| ∶= |𝑐|𝑀𝑜𝑟𝑠𝑒 + |𝑥|𝐶𝑍
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10 of 69 GONZÁLEZ et al.

where the right-hand side is the sumof theMorse grading of 𝑐 and theFloer grading of𝑥, where the
Floer grading of 𝑥 is the cohomological Conley–Zehnder index of 𝑥 with respect to the homotopy
class of trivialization of the canonical bundle of the fiber 𝑀 over 𝑐 (see [2, Definition 1.4.3 and
Remark 1.4.4]). Finally, the Novikov variable 𝑞 will be of degree zero.

Remark 2.10. The ℤ-grading on 𝐶𝐹∗(𝑃,𝐻, 𝜂) depends (only) on the homotopy class of trivial-
ization of the canonical bundle of 𝑀 as well as the symplectomorphism identifying 𝑀 with the
reference fiber of 𝑃.

Choose an 𝑆1-dependent fiberwise almost complex structure (𝐽𝑏)𝑏∈𝐵 which is compatible with
(𝜔𝑏)𝑏∈𝐵 and is of contact type in each fiber. Recall that 𝐽𝑏 is of contact type if 𝜃𝑏◦𝐽𝑏 = 𝑑𝑟 outside
a compact set of 𝑝−1(𝑏). Define the moduli space ̃(𝑥⃗0, 𝑥⃗1, (𝐽𝑏)𝑏∈𝐵) to be the space of pairs (𝜏, 𝑢)
where

∙ 𝜏 ∶ ℝ→ 𝐵 is a gradient trajectory of 𝜂 such that lim𝑠→−∞ 𝜏(𝑠) = 𝑐0 and lim𝑠→∞ 𝜏(𝑠) = 𝑐1
∙ 𝑢 ∶ ℝ × 𝑆1 → 𝑃 is a smooth map which lifts 𝜏 and solves the Floer equation

⎧
⎪⎨⎪⎩

(𝑑𝑢vert − 𝑋𝐻𝜏(𝑠) ⊗ 𝑑𝑡)0,1𝐽𝜏(𝑠)
= 0.

lim𝑠→−∞ 𝑢(𝑠, 𝑡) = 𝑥0(𝑡)

lim𝑠→∞ 𝑢(𝑠, 𝑡) = 𝑥1(𝑡)

(12)

where 𝑑𝑢vert denotes the projection of 𝑑𝑢 to the fiberwise direction 𝑇vert𝑃 under the splitting
𝑇𝑃 = 𝑇vert𝑃 ⊕ 𝑇hor𝑃 by ∇.

We let

(𝑥⃗0, 𝑥⃗1) ∶= ̃(𝑥⃗0, 𝑥⃗1)∕ℝ.

By trivializing 𝑃 over 𝜏 using the connection ∇, a solution (𝜏, 𝑢) ∈(𝑥⃗0, 𝑥⃗1) can be recast as
either:

∙ Floer trajectories in the fiber over 𝑐0 = 𝑐1 (when 𝜏 is constant) or
∙ continuation solutions for aHamiltonian (𝐻𝑠,𝑡)(𝑠,𝑡)∈ℝ×𝑆1 with respect to an𝜔-compatible almost
complex structure of contact type (𝐽𝑠,𝑡)(𝑠,𝑡)∈ℝ×𝑆1 on𝑀 (when 𝜏 is nonconstant).

Themoduli space(𝑥⃗0, 𝑥⃗1) is the zero locus of a Fredholm section and has a well-defined virtual
dimension given by

vdim(𝑥⃗0, 𝑥⃗1) = |𝑥⃗0| − |𝑥⃗1| − 1.
For (𝜏, 𝑢) ∈(𝑥⃗0, 𝑥⃗1), we define its topological energy to be

𝐸(𝜏, 𝑢) ∶= ∫ℝ×𝑆1(𝑑𝑢
vert)∗𝜔 + ∫

1

0
(𝐻𝑐0)𝑡(𝑥0(𝑡))𝑑𝑡 − ∫

1

0
(𝐻𝑐1)𝑡(𝑥1(𝑡))𝑑𝑡. (13)

The term (𝑑𝑢vert)∗𝜔 is defined to be the pullback of the fiberwise 2-form along the composition
𝑇(ℝ × 𝑆1) → 𝑇𝑃 → 𝑇vert𝑃. In other words, if we trivialize 𝑃 along 𝜏 by ∇ to define the symplec-
tomorphisms 𝑝𝜏,𝑠 ∶ 𝑃𝜏(𝑠) → 𝑃𝑐1 , we can identify 𝑢 with the map 𝑢

triv(𝑠, 𝑡) ∶= 𝑝𝜏,𝑠(𝑢(𝑠, 𝑡)) to 𝑃𝑐1
and 𝐸(𝜏, 𝑢) is nothing but the topological energy of 𝑢triv in the literature (cf. [3, eq. (148)]).† To

† The first term of (13) is the area of 𝑢triv .
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COULOMB BRANCH ALGEBRAS VIA SYMPLECTIC COHOMOLOGY 11 of 69

justify the name of topological energy in our context, we need to understand the (in)dependence
of 𝐸(𝜏, 𝑢) on (𝜏, 𝑢). If (𝜏, 𝑢′) ∈(𝑥⃗0, 𝑥⃗1) is another element such that 𝑢triv∗ [Σ] = (𝑢′)triv∗ [Σ] ∈
𝐻2(𝑃𝑐1 , 𝑝𝜏,−∞(𝑥0) ∪ 𝑥1), then it is clear that 𝐸(𝜏, 𝑢) = 𝐸(𝜏, 𝑢

′). However, when we vary 𝜏 in the
moduli space (𝑐0, 𝑐1) of gradient trajectory from 𝑐0 to 𝑐1 modulo ℝ, the symplectomorphism
𝑝𝜏,−∞ ∶ 𝑃𝑐0 → 𝑃𝑐1 may change up to an element of g ∈ 𝐺. To resolve this problem, we make the
following observation.

Lemma2.11. For any generator 𝑥⃗ andany path g ∶ [0, 1] → 𝐺, the cylinder g ⋅ 𝑥 ∶ [0, 1] × 𝑆1 → 𝑃𝑐
given by (𝑟, 𝑡) ↦ g(𝑟) ⋅ 𝑥(𝑡) has 𝜔-area 0.

Proof. Let

𝑐max(𝑥⃗) ∶= max

{
∫ (g ⋅ 𝑥)∗𝜔|g ∶ [0, 1] → 𝐺

}
.

The quantity 𝑐max(𝑥⃗) exists because, by Equation (10), the integral ∫ (g ⋅ 𝑥)∗𝜔 depends only on the
points g(0), g(1) and 𝐺 is compact. Suppose the contrary that 𝑐max(𝑥⃗) > 0 and 𝑐max(𝑥⃗) is achieved
by g ∶ [0, 1] → 𝐺. Let g̃ ∶ [0, 1] → 𝐺 be the concatenation of g and g(1)g(0)−1g (so g̃(0) = g(0)
and g̃(1) = g(1)g(0)−1g(1)). Clearly, ∫ (g̃ ⋅ 𝑥)∗𝜔 = 2 ∫ (g ⋅ 𝑥)∗𝜔 = 2𝑐max(𝑥⃗) > 𝑐max(𝑥⃗) so we get a
contradiction. □

Corollary 2.12. The topological energy 𝐸 ∶(𝑥⃗0, 𝑥⃗1) → ℝ is a locally constant function.

Proof. Suppose we are given a one parameter family (𝜏𝑟, 𝑢𝑟)𝑟∈[0,1]. We wish to identify the 𝜔-area
of 𝑢triv0 and 𝑢triv1 , where 𝑢triv

𝑖
is defined using the trivialization along 𝜏𝑖 . Note first that for any path

g(𝑟) ∶ [0, 1] → 𝐺 (with g(0) = id), Lemma 2.11 implies that we have an equality of 𝜔-areas for the
cylinders

(g ⋅ 𝑝𝜏0,−∞(𝑥0))#𝑢
triv
0 and 𝑢triv0 , (14)

where # denotes concatenation. The symplectomorphisms 𝑝𝜏𝑟 ,−∞ differ by elements of 𝐺, giving
rise to such a path g(𝑟). To finish the argument, we note that

[(g ⋅ 𝑝𝜏0,−∞(𝑥0))#𝑢
triv
0 ] = [𝑢triv1 ] ∈ 𝐻2(𝑃𝑐1 , 𝑝𝜏1,−∞(𝑥0) ∪ 𝑥1). (15)

To see this, it suffices by compactness to subdivide the interval [0,1] into arbitrarily small intervals
so that g is an arbitrarily short path, in which case the claim is obviously true. □

Proposition 2.13. Let𝐻 be a cylindrical Hamiltonian function compatible with 𝜂.

∙ For a generic choice of compatible 𝐽 that is of contact type, the space(𝑥⃗0, 𝑥⃗1) is a manifold of
the expected dimension for any pair of generators (𝑥⃗0, 𝑥⃗1).

∙ Moreover, if vdim(𝑥⃗0, 𝑥⃗1) ⩽ 1, then for any 𝐸 ∈ ℝ, the moduli space

⩽𝐸(𝑥⃗0, 𝑥⃗1) ∶=
{
(𝜏, 𝑢) ∈(𝑥⃗0, 𝑥⃗1)|𝐸(𝜏, 𝑢) ⩽ 𝐸

}

admits a Gromov compactification⩽𝐸(𝑥⃗0, 𝑥⃗1)making it a compact manifold with boundary.

Proof. Since𝑀 is a symplectic Calabi–Yau manifold with a convex end, the strategy of proof for
both transversality (see, e.g., [24, 31]) and compactness ([36, 46]) is standard.
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12 of 69 GONZÁLEZ et al.

To run the transversality argument, we need to avoid solutions (𝜏, 𝑢) such that 𝜏 is nonconstant
but 𝑢 is 𝑠-independent with respect to the parallel transport map along 𝜏 induced by ∇. These
solutions are ruled out exactly by the fourth bullet of Definition 2.7.
To run the argument for compactness, first note that when vdim(𝑥⃗0, 𝑥⃗1) ⩽ 1, then by gener-

icity, we can assume that 𝑢(𝑠, 𝑡) misses all 𝐽𝑠,𝑡-holomorphic spheres for all (𝑠, 𝑡) ∈ ℝ × 𝑆
1 and

𝑢 ∈(𝑥⃗0, 𝑥⃗1) because the image of the evaluation map of a 1-pointed 𝐽𝑠,𝑡-holomorphic sphere
is of real codimension 4.† In particular, we can avoid sphere bubblings. It remains to show that
we have a 𝐶0 a priori estimate and a uniform geometric energy bound of solutions (𝜏, 𝑢). The 𝐶0

a priori estimate for 𝑢 is proved in [36, Theorem C.11]. More precisely, the fact that 𝐻 is a cylin-
drical Hamiltonian implies that conditions (2) and (3) in [36, Theorem C.11] are satisfied (cf. [36,
Theorem C.6]). The condition that (𝐻𝑧, 𝐽𝑧) becomes independent of 𝑠 for large |𝑠| follows from
the second bullet of Definition 2.7. The condition 𝜕𝑠𝐻𝑧 ⩽ 0 in [36, Theorem C.11] translates to
𝜕𝑠𝐻𝜏(𝑠) ⩽ 0 in our setting, which is not necessarily true on the nose because there is a constant
term 𝐻𝜏(𝑠). But the Floer equation does not depend on the constant term in 𝐻𝜏(𝑠) so the theorem
remains valid as long as 𝜕𝑠𝐬𝐻𝜏(𝑠) ⩽ 0, which is precisely the third bullet of Definition 2.7.
To obtain the uniformgeometric energy bound on𝑢, we suppose that𝑢 lies over a given gradient

trajectory 𝜏 and trivialize 𝑃 along this trajectory. We can then apply the standard energy estimate
to give an upper bound to the geometric energy of 𝑢triv in terms of the topological energy of 𝑢triv

(i.e., 𝐸(𝜏, 𝑢)) and the Hamiltonian𝐻. □

Remark 2.14. The topological energy extends to a locally constant function on⩽𝐸(𝑥⃗0, 𝑥⃗1) and

is additive under breaking (i.e., if ((𝜏0, 𝑢0), (𝜏1, 𝑢1)) is a boundary point of ⩽𝐸(𝑥⃗0, 𝑥⃗1), then its
topological energy is the sum 𝐸(𝜏0, 𝑢0) + 𝐸(𝜏1, 𝑢1)).

Choose a generic 𝐽 and define a differential on 𝐶𝐹(𝑃,𝐻, 𝜂) by

𝜕𝐶𝐹(𝑥⃗1) ∶=
∑

𝑥⃗0,|𝑥⃗0|=|𝑥⃗1|+1

∑
(𝜏,𝑢)∈0(𝑥⃗0,𝑥⃗1)

𝑠(𝑢)𝑞𝐸(𝜏,𝑢)𝑥⃗0 (16)

where 𝑠(𝑢) ∈ {−1, 1} is the sign of (𝜏, 𝑢). The sum is well-defined because of the compactness of
the moduli (Proposition 2.24). For a discussion of how the signs are determined, see [25, sections
3 and 6].

Lemma 2.15. We have that

𝜕2𝐶𝐹 = 0

Moreover,𝐻𝐹(𝑃,𝐻, 𝜂) ∶= 𝐻(𝐶𝐹(𝑃,𝐻, 𝜂), 𝜕𝐶𝐹) is independent of the choice of 𝐽.

2.1 Continuation and invariance

We want to discuss the natural maps arising from varying𝐻 and (𝜂, g𝜂, ∇).

† For each 𝐽𝑠,𝑡 , the moduli space of 1-poined 𝐽𝑠,𝑡-holomorphic spheres in the class 𝐴 has virtual dimension 2(𝑛 − 3) +

𝑐1(𝐴) + 2 = 2𝑛 − 4.
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COULOMB BRANCH ALGEBRAS VIA SYMPLECTIC COHOMOLOGY 13 of 69

Let 𝐻′ be another cylindrical Hamiltonian on 𝑃 compatible with (𝜂, g𝜂, ∇) and such that the
slope 𝐬𝐻′

𝑏
⩾ 𝐬𝐻𝑏 for all 𝑏 ∈ 𝐵. In this case, we can define the continuation map

𝐻𝐹(𝑃,𝐻, 𝜂) → 𝐻𝐹(𝑃,𝐻′, 𝜂) (17)

as follows. A monotone homotopy from 𝐻 to 𝐻′ is a one-parameter family of cylindrical Hamil-
tonian (𝐻𝑠)𝑠∈ℝ such that 𝐻𝑠 = 𝐻

′ for 𝑠 ≪ 0, 𝐻𝑠 = 𝐻 for 𝑠 ≫ 0 and for every 𝑏 ∈ 𝐵, we have
𝜕𝑠𝐬(𝐻𝑠)𝑏 ⩽ 0. We say that a monotone homotopy is compatible with (𝜂, g𝜂, ∇) if 𝜕𝑠𝐬(𝐻𝑠)𝜏(𝑠) ⩽ 0 along
any gradient trajectory 𝜏 ∶ ℝ→ 𝐵 of 𝜂 (again, with respect to the parallel transport map along
𝜏 induced by ∇). Note that for a monotone increasing smooth function 𝜌 ∶ ℝ→ [0, 1] such that
𝜌(𝑠) = 0 for 𝑠 ≪ 0 and 𝜌(𝑠) = 1 for 𝑠 ≫ 0, the family

𝐻𝑠 = 𝜌(𝑠)𝐻 + (1 − 𝜌(𝑠))𝐻
′, (for s ∈ ℝ)

is a monotone homotopy that is compatible with (𝜂, g𝜂, ∇) if both 𝐻 and 𝐻′ are compatible with
(𝜂, g𝜂, ∇).
Let 𝑥⃗ = (𝑐, 𝑥) and 𝑥⃗′ = (𝑐′, 𝑥′) be a generator of 𝐶𝐹(𝑃,𝐻, 𝜂) and 𝐶𝐹(𝑃,𝐻′, 𝜂), respectively.

Choose a one-parameter family of 𝑆1-dependent fiberwise compatible almost complex structures
(𝐽𝑠)𝑠∈ℝ that are of contact type. Define the moduli space(𝑥⃗′, 𝑥⃗, (𝐻𝑠)𝑠∈ℝ) to be the space of pairs
(𝜏, 𝑢) where

∙ 𝜏 ∶ ℝ→ 𝐵 is a gradient trajectory of 𝜂 such that lim𝑠→−∞ 𝜏(𝑠) = 𝑐
′ and lim𝑠→∞ 𝜏(𝑠) = 𝑐;

∙ 𝑢 ∶ ℝ × 𝑆1 → 𝑃 is a smooth map which lifts 𝜏 and solves the Floer equation

⎧⎪⎨⎪⎩

(𝑑𝑢vert − 𝑋(𝐻𝑠)𝜏(𝑠) ⊗ 𝑑𝑡)0,1
(𝐽𝑠)𝜏(𝑠)

= 0.

lim𝑠→−∞ 𝑢(𝑠, 𝑡) = 𝑥
′(𝑡)

lim𝑠→∞ 𝑢(𝑠, 𝑡) = 𝑥(𝑡)

(18)

The virtual dimension of(𝑥⃗′, 𝑥⃗, (𝐻𝑠)𝑠∈ℝ) is |𝑥⃗′| − |𝑥⃗|. We can define the topological energy of
(𝜏, 𝑢) using the same formula (13) with 𝑥0 and 𝑥1 being replaced with 𝑥

′ and 𝑥, respectively.

Proposition 2.16. Let (𝐻𝑠)𝑠∈ℝ be a monotone homotopy from 𝐻 to 𝐻′ that is compatible with
(𝜂, g𝜂, ∇).

∙ For a generic choice of (𝐽𝑠)𝑠∈ℝ, the space(𝑥⃗′, 𝑥⃗, (𝐻𝑠)𝑠∈ℝ) is amanifold of the expected dimension
for any pair of generators (𝑥⃗, 𝑥⃗′).

∙ Moreover, if its virtual dimension is ⩽ 1, then for any 𝐸 ∈ ℝ,

⩽𝐸(𝑥⃗
′, 𝑥⃗, (𝐻𝑠)𝑠∈ℝ) ∶=

{
(𝜏, 𝑢) ∈(𝑥⃗′, 𝑥⃗, (𝐻𝑠)𝑠∈ℝ)|𝐸(𝜏, 𝑢) ⩽ 𝐸

}

admits a Gromov compactification ⩽𝐸(𝑥⃗
′, 𝑥⃗, (𝐻𝑠)𝑠∈ℝ) making it a compact manifold with

boundary.

The proof is similar to Proposition 2.24. The compatibility with (𝜂, g𝜂, ∇) provides us a 𝐶
0 a

priori estimate of the solutions as above. Therefore, we can define a linear map

𝜅(𝐻𝑠)𝑠∈ℝ ∶ 𝐶𝐹(𝑃,𝐻, 𝜂) → 𝐶𝐹(𝑃,𝐻′, 𝜂)

𝜅(𝐻𝑠)𝑠∈ℝ(𝑥⃗) =
∑
𝑥⃗′,|𝑥⃗′|=|𝑥⃗|

∑
(𝜏,𝑢)∈(𝑥⃗′,𝑥⃗,(𝐻𝑠)𝑠∈ℝ)

𝑠(𝜏, 𝑢)𝑞𝐸(𝜏,𝑢)𝑥⃗′
(19)

 1
7
5
3
8
4
2
4
, 2

0
2
6
, 2

, D
o
w

n
lo

ad
ed

 fro
m

 h
ttp

s://lo
n
d
m

ath
so

c.o
n
lin

elib
rary

.w
iley

.co
m

/d
o
i/1

0
.1

1
1
2
/to

p
o
.7

0
0

6
7

 b
y

 N
IC

E
, N

atio
n

al In
stitu

te fo
r H

ealth
 an

d
 C

are E
x

cellen
ce, W

iley
 O

n
lin

e L
ib

rary
 o

n
 [1

7
/0

4
/2

0
2

6
]. S

ee th
e T

erm
s an

d
 C

o
n

d
itio

n
s (h

ttp
s://o

n
lin

elib
rary

.w
iley

.co
m

/term
s-an

d
-co

n
d

itio
n
s) o

n
 W

iley
 O

n
lin

e L
ib

rary
 fo

r ru
les o

f u
se; O

A
 articles are g

o
v
ern

ed
 b

y
 th

e ap
p
licab

le C
reativ

e C
o

m
m

o
n
s L

icen
se



14 of 69 GONZÁLEZ et al.

where 𝑠(𝑢) ∈ {−1, 1} is the sign of (𝜏, 𝑢).

Lemma 2.17. The linear map 𝜅(𝐻𝑠)𝑠∈ℝ is chain map. Moreover, the induced map on cohomol-

ogy is independent of the choice of the (𝜂, g𝜂, ∇)-compatible monotone homotopy and the family of
cylindrical almost complex structure.

Proof. The fact that 𝜅(𝐻𝑠)𝑠∈ℝ is a chain map follows from looking at the boundary of the one-

dimensional moduli of (𝑥⃗′, 𝑥⃗, (𝐻𝑠)𝑠∈ℝ). The induced map on cohomology being independent
of 𝐽 can be proved by the standard homotopy argument [31]. To run the argument for the proof of
the independence of choice of monotone homotopy, we need to show that the space of monotone
homotopies that are compatible with (𝜂, g𝜂, ∇) is path connected. Indeed, the space is convex so
it is path connected. □

It is more tricky to vary 𝜂. Let 𝐻 and 𝐻′ be cylindrical Hamiltonians that are compatible with
(𝜂, g𝜂, ∇) and (𝜂

′, g ′𝜂, ∇
′), respectively. Let (𝜂𝑠)𝑠∈ℝ ∶ 𝐵 → ℝ be a family of functions such that 𝜂𝑠 =

𝜂′ for 𝑠 ≪ 0 and 𝜂𝑠 = 𝜂 for 𝑠 ≫ 0, (∇𝑠)𝑠∈ℝ be a family of connections for 𝑃 → 𝐵 such that∇𝑠 = ∇
′

for 𝑠 ≪ 0 and ∇𝑠 = ∇ for 𝑠 ≫ 0, and (𝐻𝑠)𝑠∈ℝ ∶ 𝑃 → ℝ be a family of cylindrical Hamiltonians
such that𝐻𝑠 = 𝐻

′ for 𝑠 ≪ 0 and𝐻𝑠 = 𝐻 for 𝑠 ≫ 0. We can use 𝜂𝑠 to define a chain map between
the Morse cochain of 𝜂 and 𝜂′ by counting solutions 𝜏 ∶ ℝ→ 𝐵 of

𝑑
𝑑𝑠
𝜏(𝑠) = −grad(𝜂𝑠, g𝜂𝑠 )|𝜏(𝑠).

Suppose that (𝐻𝑠)𝑠∈ℝ is a family of cylindrical Hamiltonian on 𝑃 which is compatible with
((𝜂𝑠)𝑠∈ℝ, (g𝜂𝑠 )𝑠∈ℝ, (∇𝑠)𝑠∈ℝ) in the sense that

𝜕𝑠𝐬𝐻𝜏(𝑠) ⩽ 0 along any gradient trajectory 𝜏 of 𝜂𝑠, g𝜂𝑠 with respect to (∇𝑠)𝑠∈ℝ. (20)

Then, by choosing a generic family of 𝑆1-dependent cylindrical almost complex structure of
contact type (𝐽𝑠)𝑠∈ℝ on 𝑃, we can define a chain map (the continuation map)

𝜅(𝐻𝑠)𝑠∈ℝ,(𝜂𝑠)𝑠∈ℝ ∶ 𝐶𝐹(𝑃,𝐻, 𝜂) → 𝐶𝐹(𝑃,𝐻′, 𝜂′)

𝜅(𝐻𝑠)𝑠∈ℝ,(𝜂𝑠)𝑠∈ℝ(𝑥⃗) =
∑
𝑥⃗′,|𝑥⃗′|=|𝑥⃗|

∑
(𝜏,𝑢)∈(𝑥⃗′,𝑥⃗,(𝐻𝑠)𝑠∈ℝ,(𝜂𝑠)𝑠∈ℝ)

𝑠(𝑢)𝑞𝐸(𝜏,𝑢)𝑥⃗′
(21)

where (𝑥⃗′, 𝑥⃗, (𝐻𝑠)𝑠∈ℝ, (𝜂𝑠)𝑠∈ℝ) is the moduli of rigid solutions (𝜏, 𝑢) such that 𝜏 is a gradient
trajectory of (𝜂𝑠, g𝜂𝑠 )𝑠∈ℝ and 𝑢 is a solution of (18) covering 𝜏. The term 𝐸(𝑢) and 𝑠(𝑢) ∈ {−1,−1}
are again the topological energy (13) and the sign of 𝑢, respectively. When (𝜂𝑠, g𝜂𝑠 , ∇𝑠)𝑠∈ℝ are
independent of 𝑠, it recovers 𝜅(𝐻𝑠)𝑠∈ℝ .
In general, the condition (20) is implicit and hard to verify so we introduce the following

definition.

Definition 2.18. The relation ⩽𝑃 on the space of cylindrical Hamiltonians on 𝑃 is defined by

𝐻′ ⩾𝑃 𝐻 if there is 𝑎 ∉ Spec(𝜕𝑀̄, 𝛼) such that min 𝐬𝐻′ ⩾ 𝑎 ⩾ max 𝐬𝐻 (22)

To be crystal clear, the definitions are min 𝐬𝐻′ ∶= min𝑏∈𝐵min𝜕𝑝̄−1(𝑏) 𝐬𝐻′
𝑏
and max 𝐬𝐻 ∶=

max𝑏∈𝐵max𝜕𝑝̄−1(𝑏) 𝐬𝐻𝑏 . Since Spec(𝜕𝑀̄, 𝛼) is nowhere dense, we can rewrite the condition (22)
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asmin 𝐬𝐻′ > max 𝐬𝐻 ormin 𝐬𝐻′ = max 𝐬𝐻 ∉ Spec(𝜕𝑀̄, 𝛼). Note that this relation is transitive but
not reflexive (cf. (25) and Corollary 2.20).

Lemma 2.19. Let 𝐻 and 𝐻′ be cylindrical Hamiltonians that are compatible with (𝜂, g𝜂, ∇) and
(𝜂′, g ′𝜂, ∇

′), respectively. Suppose that𝐻′ ⩾𝑃 𝐻. Then there exist (𝜂𝑠, g𝜂𝑠 , ∇𝑠)𝑠∈ℝ and (𝐻𝑠)𝑠∈ℝ as above
such that (𝐻𝑠)𝑠∈ℝ is compatible with (𝜂𝑠, g𝜂𝑠 , ∇𝑠)𝑠∈ℝ. Moreover, the induced map on cohomology

𝜅(𝐻𝑠)𝑠∈ℝ,(𝜂𝑠)𝑠∈ℝ ∶ 𝐻𝐹(𝑃,𝐻, 𝜂) → 𝐻𝐹(𝑃,𝐻′, 𝜂′) (23)

is independent of the choice of (𝜂𝑠, g𝜂𝑠 , ∇𝑠)𝑠∈ℝ, (𝐻𝑠)𝑠∈ℝ and (𝐽𝑠)𝑠∈ℝ.

Proof. For fixed (𝜂𝑠, g𝜂𝑠 , ∇𝑠)𝑠∈ℝ, the space of (𝐻𝑠)𝑠∈ℝ from 𝐻 to 𝐻′ that is compatible with
(𝜂𝑠, g𝜂𝑠 , ∇𝑠)𝑠∈ℝ is convex so by a homotopy argument as in the proof of Lemma 2.17, we conclude
that it is independent of the choice of (𝐻𝑠)𝑠∈ℝ and (𝐽𝑠)𝑠∈ℝ.
To argue that it is independent of the choice of (𝜂𝑠, g𝜂𝑠 , ∇𝑠)𝑠∈ℝ, we first consider the case that

the slopes are constant functions that are independent of 𝑏 ∈ 𝐵. In other words, we have two
real numbers 𝐬′, 𝐬 such that 𝐬𝐻′

𝑏
= 𝐬′ and 𝐬𝐻𝑏 = 𝐬 for all 𝑏 ∈ 𝐵. Moreover, we have 𝐬

′ ⩾ 𝐬 and

𝐬′, 𝐬 ∉ Spec(𝜕𝑀̄, 𝛼). In this case, we can choose a monotone decreasing function 𝑓𝐬 ∶ ℝ→ [𝐬, 𝐬′]
such that 𝑓𝐬(𝑠) = 𝐬

′ for 𝑠 ≪ 0, 𝑓𝐬(𝑠) = 𝐬 for 𝑠 ≫ 0 and a family (𝐻𝑠)𝑠∈ℝ from 𝐻 to 𝐻′ such that
𝐬(𝐻𝑠)𝑏 = 𝑓𝐬(𝑠) for all 𝑏 ∈ 𝐵. This choice of (𝐻𝑠)𝑠∈ℝ is compatible with any family (𝜂𝑠, g𝜂𝑠 , ∇𝑠)𝑠∈ℝ
from (𝜂, g𝜂, ∇) to (𝜂

′, g ′𝜂, ∇
′). Therefore, we can apply a homotopy argument with fixed (𝐻𝑠)𝑠∈ℝ

and varying (𝜂𝑠, g𝜂𝑠 , ∇𝑠)𝑠∈ℝ to conclude that (23) is independent of (𝜂𝑠, g𝜂𝑠 , ∇𝑠)𝑠∈ℝ when 𝐬𝐻′𝑏
= 𝐬′

and 𝐬𝐻𝑏 = 𝐬 for all 𝑏 ∈ 𝐵.
Now, we consider the general case. Let 𝐬̌ ∈ ℝ>0 ∉ Spec(𝜕𝑀̄, 𝛼) be such that min 𝐬𝐻′ ⩾ 𝐬̌ ⩾

max 𝐬𝐻 . Let 𝐻̌ and 𝐻̌′ be a cylindrical Hamiltonian such that 𝐬𝐻̌𝑏 = 𝐬̌ = 𝐬𝐻̌′𝑏
for all 𝑏 ∈ 𝐵 and

is compatible with (𝜂, g𝜂, ∇) and (𝜂
′, g ′𝜂, ∇

′), respectively.
We are going to show that (23) equals to the composition

𝐻𝐹(𝑃,𝐻, 𝜂) → 𝐻𝐹(𝑃, 𝐻̌, 𝜂) → 𝐻𝐹(𝑃, 𝐻̌′, 𝜂′) → 𝐻𝐹(𝑃,𝐻′, 𝜂′) (24)

where the first and last maps are independent of choices by Lemma 2.17 and the second map is
independent of choices by above.
First of all, by gluing the auxiliary data defining these three maps, we can show the existence

of (𝐻𝑠)𝑠∈ℝ that is compatible with (𝜂𝑠, g𝜂𝑠 , ∇𝑠)𝑠∈ℝ.
Conversely, let (𝜂𝑠, g𝜂𝑠 , ∇𝑠)𝑠∈ℝ and (𝐻𝑠)𝑠∈ℝ be a choice of data used to define (23). By the inde-

pendent of choice of (𝐻𝑠)𝑠∈ℝ, we can assume that it satisfies the following property: there exists
𝑅1 > 𝑅2 > 0 such that

∙ 𝜂𝑠 = 𝜂
′ and ∇𝑠 = ∇

′ for 𝑠 < −𝑅2, and 𝜂𝑠 = 𝜂 and ∇𝑠 = ∇ for 𝑠 > 𝑅2;
∙ 𝐻−𝑅1 = 𝐻̌

′,𝐻𝑅1 = 𝐻̌;
∙ for 𝑠 ∈ [−𝑅1, 𝑅1], 𝐬(𝐻𝑠)𝑏 is a constant independent of 𝑏 ∈ 𝐵 and 𝜕𝑠𝐬𝐻𝑠 ⩽ 0.

We have shown that the map𝐻𝐹(𝑃, 𝐻̌, 𝜂) → 𝐻𝐹(𝑃, 𝐻̌′, 𝜂′) does not depend on auxiliary choices.
In particular, we can use (𝜂𝑠, g𝜂𝑠 , ∇𝑠)𝑠∈ℝ to define it. Therefore, by choosing 𝑅1 ≫ 𝑅2 ≫ 0, we can
make (𝜂𝑠, g𝜂𝑠 , ∇𝑠)𝑠∈ℝ and (𝐻𝑠)𝑠∈ℝ coincide with the glued data coming the composition of the
three maps in (24), where the firs map corresponds to 𝑠 < −𝑅1, the second map corresponds to
−𝑅1 < 𝑠 < 𝑅1 and the third map corresponds to 𝑠 > 𝑅1. It shows that (23) equals to (24). □
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Even though we denote the Floer cohomology as 𝐻𝐹(𝑃,𝐻, 𝜂), it also depends on (g𝜂, ∇). For
the collection of data {(𝐻, 𝜂, g𝜂, ∇)} such that 𝐻 is cylindrical and compatible with (𝜂, g𝜂, ∇), we
define a reflexive and transitive relation on it by

(𝐻′, 𝜂′, g ′𝜂, ∇
′) ⩾𝑃 (𝐻, 𝜂, g𝜂, ∇) if 𝐻

′ ⩾𝑃 𝐻 or the quadruples are identical (25)

Clearly, there is an upper bound for any two elements so it forms a directed set.

Corollary 2.20. The collection of cohomology groups

{𝐻𝐹(𝑃,𝐻, 𝜂) ∶ 𝐻 is cylindrical and compatible with (𝜂, g𝜂, ∇)}

together with the continuation maps forms a direct system with respect to ⩾𝑃 .

In particular, when 𝐬𝐻𝑏 is a constant independent of 𝑏 ∈ 𝐵, then 𝐻𝐹(𝑃,𝐻, 𝜂) is independent of
the choice of 𝜂 such that𝐻 is compatible with 𝜂.

Sketch of proof of Corollary 2.20. For 𝑖 = 0, 1, 2, let 𝐇𝑖 ∶= 𝐻𝐹(𝑃,𝐻𝑖 , 𝜂𝑖) be elements in the col-
lection such that 𝐻0 ⩽𝑃 𝐻1 ⩽𝑃 𝐻2. Let 𝜅𝑖𝑗 be the continuation map from 𝐇𝑖 to 𝐇𝑗 for 𝑖 ⩽ 𝑗. By
gluing the auxiliary data defining 𝜅01 and 𝜅12, we can express the composition 𝜅12◦𝜅01 as a map
given by counting rigid solutions with respect to the glued auxiliary data. Since themap𝐇0 → 𝐇2

is independent of choices (Lemma 2.19), it shows that 𝜅01◦𝜅12 = 𝜅02. □

As a consequence of Corollary 2.20, for each 𝑎 ∈ ℝ>0 ⧵ Spec(𝜕𝑀̄, 𝛼), the Floer cohomology

𝐻𝐹(𝑃, 𝑎) ∶= 𝐻𝐹(𝑃,𝐻, 𝜂)

is independent of admissible 𝐻 having 𝐬𝐻𝑏 = 𝑎 up to natural isomorphisms. Let

𝑆𝐻∗(𝑃) ∶= lim
""→
𝑎

𝐻𝐹(𝑃, 𝑎).

2.2 Product structure on 𝑺𝑯∗(𝑷)

We are going to define a product structure on 𝑆𝐻∗(𝑃). Roughly speaking, it comes from counting
Floer pair of pants lying over a Morse gradient tree with two inputs and one output. To ensure
that the perturbation term in the Floer equation is smooth, we need to pay special attention at the
trivalent point of the Morse gradient tree. The details are given in the section.
Let 𝑇2,1 be the unique trivalent Stasheff tree with three external edges, two of which are incom-

ing and one which is outgoing. We parameterize the outgoing edge by 𝑒0 ∶ (−∞, 0] → 𝑇2,1, and
the two incoming edges by 𝑒1 ∶ [0,∞) → 𝑇2,1 and 𝑒2 ∶ [0,∞) → 𝑇2,1, respectively.We identify the
edges with (−∞, 0] and [0,∞), respectively, using the parameterizations.
The classical approach to achieving transversality for these operations involves equipping each

edgewith a differentMorse function. Rather than doing this, we achieve transversality of gradient
flow solutions for maps from 𝑇2,1 by perturbing the gradient flow equation (for a single Morse
function). The main definition is the following [1, Definition 2.6]:

 1
7
5
3
8
4
2
4
, 2

0
2
6
, 2

, D
o
w

n
lo

ad
ed

 fro
m

 h
ttp

s://lo
n
d
m

ath
so

c.o
n
lin

elib
rary

.w
iley

.co
m

/d
o
i/1

0
.1

1
1
2
/to

p
o
.7

0
0

6
7

 b
y

 N
IC

E
, N

atio
n

al In
stitu

te fo
r H

ealth
 an

d
 C

are E
x

cellen
ce, W

iley
 O

n
lin

e L
ib

rary
 o

n
 [1

7
/0

4
/2

0
2

6
]. S

ee th
e T

erm
s an

d
 C

o
n

d
itio

n
s (h

ttp
s://o

n
lin

elib
rary

.w
iley

.co
m

/term
s-an

d
-co

n
d

itio
n
s) o

n
 W

iley
 O

n
lin

e L
ib

rary
 fo

r ru
les o

f u
se; O

A
 articles are g

o
v
ern

ed
 b

y
 th

e ap
p
licab

le C
reativ

e C
o

m
m

o
n
s L

icen
se



COULOMB BRANCH ALGEBRAS VIA SYMPLECTIC COHOMOLOGY 17 of 69

Definition 2.21. Agradient flow perturbation datum on𝑇2,1 is a choice, for each edge 𝑒 ∈ 𝐸(𝑇2,1)
of a smoothly varying family of vector fields,

𝑋𝑒 ∶ 𝑒 → 𝐶∞(𝑇𝐵)

vanishes away from a bounded subset of 𝑒.

Given a gradient flow perturbation datum as above, for each edge 𝑒 ∈ 𝐸(𝑇2,1) and any map
𝜏 ∶ 𝑒 → 𝐵, one can ask for 𝜏 to solve the perturbed gradient flow equation (for 𝜂 with respect to
𝑋𝑒):

𝑑
𝑑𝑠
𝜏(𝑠) = (− grad(𝜂) + 𝑋𝑒(𝑠))|𝜏(𝑠) for all 𝑠 ∈ 𝑒. (26)

Definition 2.22. Let 𝜂 ∶ 𝐵 → ℝ, be a Morse function and fix gradient flow perturbation data
{𝑋𝑒}𝑖=0,1,2 as above. Suppose that 𝑐0, 𝑐1, 𝑐2 lie in critp(𝜂). With respect to these data, let

(𝑐0, 𝑐1, 𝑐2) (27)

denote the moduli space of continuous maps 𝜏 ∶ 𝑇2,1 → 𝐵 whose restriction to each edge is a
solution to (26).

Note that near the vertex, the perturbation data can be arbitrary. It is not difficult to show that
for a generic choice of perturbation data, our moduli spaces are cut out transversally. Somewhat
informally, this corresponds to the fact that infinitesimally, solutions to the perturbed gradient
flow equations correspond to intersections of the unstable and stable manifolds under perturba-
tions by the diffeomorphisms 𝜙𝑒 given by integrating the vector fields 𝑋𝑒. As the vector fields 𝑋𝑒
can be chosen arbitrarily, these diffeomorphisms are essentially arbitrary (for a complete proof,
see [1, section 7]). Furthermore, when our data are chosen generically, the zero-dimensional com-
ponents of the moduli spaces above induce maps between orientation lines as before, hence an
operation on Morse complexes.
Let Σ = ℙ1 ⧵ {0, 1, 2}. For 𝑖 = 1, 2, let 𝜖𝑖 ∶ [0,∞) × 𝑆

1 → Σ be a holomorphic embedding such
that lim𝑠→∞ 𝜖𝑖(𝑠, 𝑡) = 𝑖 ∈ ℙ

1. Also let 𝜖0 ∶ (−∞, 0] × 𝑆
1 → Σ be a holomorphic embedding such

that lim𝑠→−∞ 𝜖𝑖(𝑠, 𝑡) = 0 ∈ ℙ
1. In other words, 𝜖𝑖 is a positive cylindrical end and 𝜖0 a negative

cylindrical end. We require that the images of 𝜖𝑖 are pairwise disjoint. Let 𝜋Σ ∶ Σ → 𝑇2,1 be the
continuous map such that 𝜋Σ(𝜖𝑖(𝑠, 𝑡)) = 𝑒𝑖(𝑠) for all 𝑖 = 0, 1, 2, and it maps the complement of
the cylindrical ends of Σ to the trivalent vertex of 𝑇2,1. Let 𝑎0, 𝑎1, 𝑎2 ∈ ℝ>0 ⧵ Spec(𝜕𝑀̄, 𝛼) be such
that 𝑎0 > 𝑎1 + 𝑎2. Let (𝜂, g𝜂, ∇) be an admissible base triple as before, and 𝐻𝑖 be a cylindrical
Hamiltonian of 𝑃 that is compatible with (𝜂, g𝜂, ∇) and has a constant slope 𝑎𝑖 (cf. Lemma 2.8).We
choose perturbation data which consist of a domain and time dependent cylindrical Hamiltonian
𝐻 = (𝐻𝑧)𝑧∈Σ of 𝑃 (i.e., 𝐻𝑧 is a 𝑆

1-dependent cylindrical Hamiltonian of 𝑃) and 𝛽 ∈ Ω1(Σ) such
that

∙ there is a constant 𝑎′ ∈ (𝑎1 + 𝑎2, 𝑎0) such that if 𝑧 ∉ 𝜖𝑖([1,∞) × 𝑆
1) for all 𝑖, then 𝐻𝑧 the slope

of (𝐻𝑧)𝑏 is 𝑎
′ for all 𝑏 ∈ 𝐵;

∙ for each 𝑖 = 0, 1, 2, there is 𝑅 ≫ 0 such that𝐻𝜖𝑖(𝑠,𝑡) = 𝐻𝑖 when |𝑠| > 𝑅;
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18 of 69 GONZÁLEZ et al.

∙ for all 𝑧 ∈ Σ, 𝐬(𝑧) ∶= 𝐬𝐻𝑧 is a constant function on 𝜕𝑀̄;
∙ for each 𝑖 = 0, 1, 2, we have 𝜕𝑠𝐬𝐻𝜖𝑖 (𝑠,𝑡)

⩽ 0 over all (𝑠, 𝑡);

∙ 𝛽 = 𝑑𝑡 over the cylindrical ends; and
∙ 𝑑(𝐬(𝑧)𝛽) ⩽ 0.

The condition that 𝑎0 > 𝑎1 + 𝑎2 guarantees the existence of𝐻 and 𝛽 satisfying all the conditions.
We can view𝐻 ⊗ 𝛽 ∈ Ω1(Σ, 𝐶∞(𝑆1 × 𝑃)) and it will give us a perturbation term in the upcoming
Floer equation we consider.
We also choose a domain and time dependent contact type fiberwise compatible almost

complex structure 𝐽 = (𝐽𝑧)𝑧∈Σ of 𝑃 such that

∙ for each 𝑖 = 0, 1, 2, there is 𝑅 ≫ 0 such that 𝐽𝜖𝑖(𝑠,𝑡) = 𝐽𝑖 when |𝑠| > 𝑅, where 𝐽𝑖 is an almost
complex structure defining 𝐶𝐹(𝑃,𝐻𝑖 , 𝜂).

For 𝑖 = 0, 1, 2, let 𝑥⃗𝑖 ∶= (𝑐𝑖 , 𝑥𝑖) a generator in 𝐶𝐹(𝑃, 𝐬𝑖). We define(𝑥⃗0, 𝑥⃗1, 𝑥⃗2) to be the moduli
space of pairs (𝜏, 𝑢) such that 𝜏 ∈(𝑐0, 𝑐1, 𝑐2) and 𝑢 ∶ Σ → 𝑃 satisfies the following statements:

∙ 𝑢(𝑧) ∈ 𝑃𝜏(𝜋Σ(𝑧)).

∙ (𝑑𝑢vert − 𝑋(𝐻𝑧)𝜏(𝜋Σ(𝑧))
⊗ 𝛽)0,1

(𝐽𝑠)𝜏(𝜋Σ(𝑧))
= 0.

∙ lim|𝑠|→∞ 𝑢(𝜖𝑖(𝑠, 𝑡)) = 𝑥𝑖(𝑡).

In the second bullet, 𝑑𝑢vert is defined with respect to the connection on 𝑃 → 𝐵 along 𝜏.
The virtual dimension of(𝑥⃗0, 𝑥⃗1, 𝑥⃗2) is |𝑥⃗0| − |𝑥⃗1| − |𝑥⃗2|.

Remark 2.23. If 𝑥1, 𝑥2 satisfies Equation (10) and 𝑢 is a pair of pants asymptotic to 𝑥1, 𝑥2 and
another loop 𝑥′0 in a fiber of 𝑃, then it will imply that 𝑥

′
0 also satisfies Equation (10). In other

words, the condition (10) is compatible with the pair of pants product.

For (𝜏, 𝑢) ∈(𝑥⃗0, 𝑥⃗1, 𝑥⃗2), we define its topological energy as follow (cf. (13) and the para-
graph afterward). For each 𝑒𝑖 ∈ 𝑇2,1 and each (𝑠, 𝑡), we apply the parallel transport from 𝜏(𝑒𝑖(𝑠))
to 𝜏(𝑒𝑖(0)) along 𝜏(𝑒𝑖) to move 𝑢(𝜖𝑖(𝑠, 𝑡)) to the fiber over 𝜏(𝑒0(0)) = 𝜏(𝑒1(0)) = 𝜏(𝑒2(0)). This gives
us a map 𝑢triv ∶ Σ → 𝑃𝜏(𝑒𝑖(0)) with asymptotes being the parallel transport of 𝑥𝑖 from 𝑃𝑐𝑖 to 𝑃𝜏(𝑒𝑖(0))
along 𝜏(𝑒𝑖). The topological energy of (𝜏, 𝑢) is defined to be the topological energy of 𝑢

triv , which
is

𝐸(𝜏, 𝑢) = ∫Σ(𝑑𝑢
vert)∗𝜔 + ∫

1

0
(𝐻𝑐0)𝑡(𝑥0(𝑡))𝑑𝑡 −

2∑
𝑖=1

∫
1

0
(𝐻𝑐𝑖 )𝑡(𝑥𝑖(𝑡))𝑑𝑡

Note that the first term equals to ∫Σ(𝑑𝑢triv)∗𝜔. Reasoning as in Corollary 2.12 implies that the
topological energy 𝐸 ∶(𝑥⃗0, 𝑥⃗1, 𝑥⃗2) → ℝ is a locally constant function.

Proposition 2.24. The following statements hold.

∙ For a generic choice of compatible 𝐽 that is of contact type, the space(𝑥⃗0, 𝑥⃗1, 𝑥⃗2) is a manifold
of the expected dimension for any triple of generators (𝑥⃗0, 𝑥⃗1, 𝑥⃗2).

∙ Moreover, if the virtual dimension is ⩽ 1, then for any 𝐸 ∈ ℝ, the moduli space

(𝑥⃗0, 𝑥⃗1, 𝑥⃗2) ∶=
{
(𝜏, 𝑢) ∈(𝑥⃗0, 𝑥⃗1, 𝑥⃗2)|𝐸(𝜏, 𝑢) ⩽ 𝐸

}

admits aGromov compactification⩽𝐸(𝑥⃗0, 𝑥⃗1, 𝑥⃗2)making it a compactmanifoldwith boundary.
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Proof. The main point is again to employ a maximum principle to give a priori 𝐶0 estimates of
the solutions. The maximum principle we need is in [36, Remark C.10]. The 𝐻 in [36, Remark

C.10] corresponds to
(𝐻𝑧)𝜏(𝜋Σ(𝑧))

𝐬(𝑧)
, which equals to 𝑟 (up to adding a constant) over the cylindri-

cal end, and the 𝛽 in [36, Remark C.10] corresponds to our 𝐬(𝑧)𝛽. Since 𝐻𝑧 is time independent
away from the cylindrical end, 𝜕𝑠𝐬𝐻𝜖𝑖 (𝑠,𝑡)

⩽ 0 over all (𝑠, 𝑡) and 𝑑(𝐬(𝑧)𝛽) ⩽ 0, [36, Remark C.10]

applies. □

For any pair of generators, define a product

𝑥⃗1 ⋅ 𝑥⃗2 ∶=
∑

𝑥⃗0,|𝑥⃗0|=|𝑥⃗1|+|𝑥⃗2|

∑
(𝜏,𝑢)∈(𝑥⃗0,𝑥⃗1,𝑥⃗2)

𝑠(𝑢)𝑞𝐸(𝑢)𝑥⃗0 (28)

where 𝑠(𝑢) ∈ {−1, 1} is the sign of (𝜏, 𝑢). We extend it multi-linearly to the Floer complexes.

Proposition 2.25. Let 𝑎0 > 𝑎1 + 𝑎2.

∙ The product structure 𝐶𝐹(𝑃,𝐻1, 𝜂) × 𝐶𝐹(𝑃,𝐻2, 𝜂) → 𝐶𝐹(𝑃,𝐻0, 𝜂) descends to a product struc-
ture on cohomology.

∙ The cohomological level product structure is independent of the auxiliary choices made in the con-

struction, namely, cylindrical ends, 𝐻 = (𝐻𝑧)𝑧∈Σ, 𝐽 = (𝐽𝑧)𝑧∈Σ, and the perturbation vector field
𝑋𝑒 on 𝑇2,1.

∙ Moreover, it is compatible with continuation maps so it induces a (graded-)commutative and

associative product structure on 𝑆𝐻∗(𝑃).

Sketch of Proof. Denote the product structure by

𝜇2 ∶ 𝐶𝐹(𝑃,𝐻1, 𝜂) × 𝐶𝐹(𝑃,𝐻2, 𝜂) → 𝐶𝐹(𝑃,𝐻0, 𝜂).

By considering the boundary of one-dimensional strata of(𝑥⃗0, 𝑥⃗1, 𝑥⃗2), we get

𝜇2(𝑑(𝑥⃗1), 𝑥⃗2) + 𝜇
2(𝑥⃗1, 𝑑(𝑥⃗2)) = 𝑑𝜇

2(𝑥⃗1, 𝑥⃗2)

so 𝜇2 descends to cohomology [𝜇2] ∶ 𝐻𝐹(𝑃,𝐻1, 𝜂) × 𝐻𝐹(𝑃,𝐻2, 𝜂) → 𝐻𝐹(𝑃,𝐻0, 𝜂).
To see that [𝜇2] is independent of choice, we apply a cobordism argument. In other words, we

choose a one-parameter family of auxiliary data connecting the two ends (it is possible because the
space of auxiliary data is weakly contractible) and form the corresponding parameterized moduli
space. Counting the rigid elements in the parameterized moduli space gives us a chain homo-
topy we need. It is important that the one-parameter family of auxiliary data is chosen such that
maximum principle applies as in the proof of Proposition 2.24.
Once we know that it is independent of auxiliary choices, together with the standard gluing

argument we can prove the (graded-)commutativity and associativity because they correspond to
interpolating two different choices.
The compatibility with continuation map means that

𝜅𝑎0,𝑎′0
([𝜇𝑎0,𝑎1,𝑎2](𝜅𝑎′1,𝑎1

(𝑥⃗1), 𝜅𝑎′2,𝑎2
(𝑥⃗2))) = [𝜇𝑎′0,𝑎

′
1,𝑎

′
2
](𝑥⃗1, 𝑥⃗2)
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20 of 69 GONZÁLEZ et al.

where 𝜅𝑗,𝑘 ∶ 𝐻𝐹(𝑃, 𝑗) → 𝐻𝐹(𝑃, 𝑘) is the continuation map when 𝑗 ⩽ 𝑘 and [𝜇𝑙,𝑗,𝑘] ∶ 𝐻𝐹(𝑃, 𝑗) ×
𝐻𝐹(𝑃.𝑘) → 𝐻𝐹(𝑃, 𝑙) is the product structure when 𝑙 > 𝑗 + 𝑘. This compatibility follows from the
gluing argument and independence of auxiliary choices. □

The product operation can be defined not only for cylindrical Hamiltonians with constant
slopes, it can also be defined as long as the maximum principle can be achieved. The analog of
Lemma 2.19 for the product operation is as follow.

Lemma2.26. For 𝑖 = 0, 1, 2, let𝐻𝑖 be a cylindricalHamiltonians that is compatible with 𝜂𝑖 . Suppose
thatmax 𝐬𝐻1 +max 𝐬𝐻2 ⩽ min 𝐬𝐻0 . After making an appropriate auxiliary choice, we can define a
product operation

𝐶𝐹(𝑃,𝐻1, 𝜂1) × 𝐶𝐹(𝑃,𝐻2, 𝜂2) → 𝐶𝐹(𝑃,𝐻0, 𝜂0).

Moreover, the induced map on cohomology

𝐻𝐹(𝑃,𝐻1, 𝜂1) × 𝐻𝐹(𝑃,𝐻2, 𝜂2) → 𝐻𝐹(𝑃,𝐻0, 𝜂0) (29)

is independent of the auxiliary choice in the construction.

2.3 Pullback

Wewant to discuss the functoriality between two admissible bundles with the same fiber (𝑀, 𝜔, 𝜃)
but different bases 𝐵 and 𝐵′ (both 𝐵 and 𝐵′ are smooth closed manifolds). Let ℎ ∶ 𝐵′ → 𝐵 be a
smooth map and 𝑝′ ∶ 𝑃′ → 𝐵′ be the fiber bundle obtained by pulling back 𝑝 along ℎ. Let ℎ̃ ∶
𝑃′ → 𝑃 be the induced map covering ℎ. Let 𝜂 and 𝜂′ beMorse functions on 𝐵 and 𝐵′, respectively,
and assume that 𝐻 and 𝐻′ are Hamiltonians on 𝑃 and 𝑃′ that are compatible with (𝜂, g𝜂, ∇) and
(𝜂′, g ′𝜂, ∇

′), respectively.
Let (𝐻𝑠)𝑠∈ℝ⩾0 and (𝐻

′
𝑠)𝑠∈ℝ⩽0 be two families of cylindrical Hamiltonians, on 𝑃 and 𝑃

′, respec-

tively, such that 𝐻𝑠 = 𝐻 for 𝑠 ≫ 0, 𝐻′𝑠 = 𝐻
′ for 𝑠 ≪ 0 and ℎ̃∗𝐻𝑠 = ℎ̃

∗𝐻0 = 𝐻
′
0 = 𝐻

′
𝑠 for 𝑠 in an

open neighborhood of 0. Choose one-parameter families of 𝑆1-dependent fiberwise compatible
almost complex structures (𝐽𝑠)𝑠∈ℝ⩾0 and (𝐽

′
𝑠)𝑠∈ℝ⩽0 that are of contact type on 𝑃 and 𝑃

′, respectively.
They are chosen such that 𝐽𝑠 is independent of 𝑠 for 𝑠 ≫ 0, 𝐽′𝑠 is independent of 𝑠 for 𝑠 ≪ 0, and
ℎ̃∗𝐽𝑠 = ℎ̃

∗𝐽0 = 𝐽
′
0 = 𝐽

′
𝑠 for 𝑠 in an open neighborhood of 0. Note that ℎ̃

∗𝐽𝑠 is well-defined because
𝐽𝑠 is fiberwise and the restriction of ℎ̃ to fibers are isomorphisms.
Given a generator 𝑥⃗ = (𝑐, 𝑥) of 𝐻 and 𝑥⃗′ = (𝑐′, 𝑥′) of 𝐻′, we can consider the moduli space

𝑝𝑏(𝑥⃗
′, 𝑥⃗, (𝐻′𝑠)𝑠∈ℝ⩽0 , (𝐻𝑠)𝑠∈ℝ⩾0) which consists of (𝜏

−, 𝜏+, 𝑢−, 𝑢+) such that

∙ 𝜏− ∶ (−∞, 0] → 𝐵′ is a gradient trajectory of 𝜂′ with lim𝑠 𝜏
−(𝑠) = 𝑐′,

∙ 𝜏+ ∶ [0,∞) → 𝐵 is a gradient trajectory of 𝜂 with lim𝑠 𝜏
+(𝑠) = 𝑐,

∙ 𝜏+(0) = ℎ(𝜏−(0)),
∙ 𝑢− ∶ (−∞, 0] × 𝑆1 → 𝑃′ is covering 𝜏− and satisfies the Floer equation

(𝑑𝑢vert − 𝑋(𝐻′𝑠)𝜏−(𝑠) ⊗ 𝑑𝑡)0,1
(𝐽′𝑠)𝜏−(𝑠)

= 0

with lim𝑠→−∞ 𝑢
−(𝑠, 𝑡) = 𝑥′(𝑡),
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∙ 𝑢+ ∶ [0,∞) × 𝑆1 → 𝑃 is covering 𝜏+ and satisfies the Floer equation

(𝑑𝑢vert − 𝑋(𝐻𝑠)𝜏+(𝑠) ⊗ 𝑑𝑡)0,1
(𝐽𝑠)𝜏+(𝑠)

= 0

with lim𝑠→∞ 𝑢
+(𝑠, 𝑡) = 𝑥(𝑡),

∙ 𝑢+(0, 𝑡) = ℎ̃(𝑢−(0, 𝑡)).

Notice that 𝜏(𝑠) ∶= (𝜏−(−𝑠), 𝜏+(𝑠)) for 𝑠 ∈ ℝ⩾0 is a gradient trajectory of the function 𝐵
′ ×

𝐵 → ℝ given by (𝑏′, 𝑏) ↦ 𝜂(𝑏) − 𝜂′(𝑏′) starting at a point on graph(ℎ) ⊂ 𝐵′ × 𝐵. Similarly,
let 𝜋𝑃 ∶ 𝑃

′ × 𝑃 → 𝑃 and 𝜋𝑃′ ∶ 𝑃
′ × 𝑃 → 𝑃′ be the projection to the factors, then 𝑢(𝑠, 𝑡) ∶=

(𝑢−(−𝑠, 𝑡), 𝑢+(𝑠, 𝑡)) ∈ 𝑃′ × 𝑃 for (𝑠, 𝑡) ∈ ℝ⩾0 × 𝑆
1 is a solution to the Floer equation

(𝑑𝑢vert − 𝑋𝜋∗𝑃(𝐻𝑠)𝜏+(𝑠)−𝜋
∗
𝑃′
(𝐻′−𝑠)𝜏−(−𝑠)

⊗ 𝑑𝑡)0,1
−(𝐽−𝑠)𝜏−(−𝑠)⊕(𝐽𝑠)𝜏+(𝑠)

= 0 (30)

covering 𝜏with fiberwise Lagrangian boundary condition graph(ℎ̃) ⊂ 𝑃′ × 𝑃 over 𝜏(0) along {0} ×
𝑆1 ⊂ ℝ⩾0 × 𝑆

1.
From this perspective (so-called ‘folding’ in [48]), we can apply the standard Fredholm theory

package to study𝑝𝑏(𝑥⃗
′, 𝑥⃗, (𝐻′𝑠)𝑠∈ℝ⩽0 , (𝐻𝑠)𝑠∈ℝ⩾0).

Lemma 2.27. For generic choice of (𝐽𝑠)𝑠∈ℝ⩾0 and (𝐽
′
𝑠)𝑠∈ℝ⩽0 as above, every element in the moduli

space𝑝𝑏(𝑥⃗
′, 𝑥⃗, (𝐻′𝑠)𝑠∈ℝ⩽0 , (𝐻𝑠)𝑠∈ℝ⩾0) is regular so it is a manifold of the expected dimension.

Proof. By our assumptions on 𝐻𝑠 and 𝐻
′
𝑠, when 𝑠 is close to 0 and (𝑝, 𝑝

′) ∈ graph(ℎ̃), we have
𝐻𝑠,𝑡(𝑝) − 𝐻

′
−𝑠,𝑡(𝑝

′) = 0 because ℎ̃∗𝐻𝑠 = ℎ̃
∗𝐻0 = 𝐻

′
0 = 𝐻

′
𝑠 for 𝑠 in an open neighborhood of 0. In

other words, the Hamiltonian perturbation term

𝑋𝜋∗𝑃𝐻𝑠,𝑡−𝜋
∗
𝑃′
𝐻′−𝑠,𝑡

𝑑𝑡|𝑇vert graph(ℎ̃)

is zero along the fiberwise Lagrangian boundary condition graph(ℎ̃) so it falls into the standard
Floer theory package (see [40, (8.6)], [48, section 5], and [14, (4.70)]). Therefore, the standard
transversality proof applies. □

Next, we want to impose conditions on (𝐻𝑠)𝑠∈ℝ⩾0 and (𝐻
′
𝑠)𝑠∈ℝ⩽0 to ensure compactness of

moduli. As before, we define the topological energy 𝐸(𝑢−, 𝑢+) of (𝜏−, 𝜏+, 𝑢−, 𝑢+) to be

𝐸(𝑢−, 𝑢+) = 𝐸(𝜏−, 𝑢−) + 𝐸(𝜏+, 𝑢+) (31)

𝐸(𝜏−, 𝑢−) = ∫(−∞,0]×𝑆1((𝑑𝑢
−)vert)∗𝜔 + ∫

1

0
(𝐻𝑐′)𝑡(𝑥

′(𝑡))𝑑𝑡

𝐸(𝜏+, 𝑢+) = ∫[0,∞)×𝑆1((𝑑𝑢
+)vert)∗𝜔 − ∫

1

0
(𝐻𝑐)𝑡(𝑥(𝑡))𝑑𝑡

It only depends on the relative homology class of its folding 𝑢 ∶ [0,∞) × 𝑆1 → 𝑃′ × 𝑃, relative to
the fiberwise Lagrangian boundary condition and the asymptotic orbit (cf. (30)).
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Lemma 2.28. Suppose that 𝜕𝑠𝐬(𝐻𝑠)𝜏+(𝑠) ⩽ 0 and 𝜕𝑠𝐬(𝐻′𝑠)𝜏−(𝑠) ⩽ 0 for all 𝑠, and for all gradi-

ent trajectory 𝜏+ and 𝜏− of 𝜂+ and 𝜂−, respectively. If the virtual dimension of the moduli

space 𝑝𝑏(𝑥⃗
′, 𝑥⃗, (𝐻′𝑠)𝑠∈ℝ⩽0 , (𝐻𝑠)𝑠∈ℝ⩾0) is ⩽ 1, then for any 𝐸 ∈ ℝ, the subspace of solutions

with topological energy at most 𝐸 admits a Gromov compactification to a compact manifold

with boundary.

Proof. It suffices to prove an a priori 𝐶0 bound for the solutions. By trivializing 𝑃′ over 𝜏− using
∇′, trivializing 𝑃 over 𝜏+ using ∇ and identifying fibers of 𝑃′ to fibers of 𝑃 using ℎ̃, we can regard
𝑢− and 𝑢+ as smooth maps to a fiber (𝑀, 𝜔, 𝜃), say the fiber 𝑃′

𝜏−(0)
≃ 𝑃𝜏+(0). The map 𝑢

−#𝑢+ ∶

ℝ × 𝑆1 → 𝑀 defined by

(𝑢−#𝑢+)(𝑠, 𝑡) ∶=

{
𝑢−(𝑠, 𝑡) for 𝑠 ⩽ 0

𝑢+(𝑠, 𝑡) for 𝑠 ⩾ 0
(32)

is piecewise smooth and hence Lipschitz. Therefore, the first weak derivative exist [18, 5.8.2b].
Recall that ℎ̃∗𝐻𝑠 = ℎ̃

∗𝐻0 = 𝐻
′
0 = 𝐻

′
𝑠 and ℎ̃

∗𝐽𝑠 = ℎ̃
∗𝐽0 = 𝐽

′
0 = 𝐽

′
𝑠 for 𝑠 in an open neighborhood

of 0. Therefore, 𝑢−#𝑢+ satisfies a Floer equation with smooth auxiliary data (both 𝐻 and 𝐽).
The existence of the first weak derivative of 𝑢−#𝑢+ allows us to apply elliptic bootstrapping [31,
Theorem B.4.1], so it is actually smooth. The required 𝐶0 estimate now follows from maximum
principle [36, Theorem C.11] (cf. proof of Proposition 2.24). □

The virtual dimension of𝑝𝑏(𝑥⃗
′, 𝑥⃗, (𝐻′𝑠)𝑠∈ℝ⩽0 , (𝐻𝑠)𝑠∈ℝ⩾0) is |𝑥⃗′| − |𝑥⃗|. To see this, since we are

using cohomological convention, the virtual dimension of the moduli of pairs of gradient trajec-
tory (𝜏−, 𝜏+)with ℎ(𝜏−(0)) = 𝜏+(0) is precisely |𝑐′| − |𝑐|, where | ⋅ | is theMorse index. Therefore,
by trivializing over 𝜏− and 𝜏+, we see that the virtual dimension of (𝑢−, 𝑢+) for a given (𝜏−, 𝜏+) is
|𝑥′| − |𝑥|. Therefore, the virtual dimension is |𝑐′| − |𝑐| + |𝑥′| − |𝑥| = |𝑥⃗′| − |𝑥⃗|.

Lemma 2.29. Suppose that 𝜕𝑠𝐬(𝐻𝑠)𝜏+(𝑠) ⩽ 0 and 𝜕𝑠𝐬(𝐻′𝑠)𝜏−(𝑠) ⩽ 0 for all 𝑠, and for all gradient

trajectory 𝜏+ and 𝜏− of 𝜂+ and 𝜂−, respectively. The pullback defined by

𝐶𝐹∗(𝑃,𝐻, 𝜂) → 𝐶𝐹∗(𝑃′, 𝐻′, 𝜂′)

𝑥⃗ ↦
∑

𝑥⃗′,|𝑥⃗′|=|𝑥⃗|

∑
(𝑢−,𝑢+)∈𝑝𝑏(𝑥⃗′,𝑥⃗,(𝐻

′
𝑠)𝑠∈ℝ⩽0 ,(𝐻𝑠)𝑠∈ℝ⩾0 )

𝑠(𝑢−, 𝑢+)𝑞𝐸(𝑢
−,𝑢+)𝑥⃗′ (33)

is a degree preserving chain map, where 𝑠(𝑢−, 𝑢+) ∈ {−1, 1} is the sign.

Lemma 2.30. Suppose that 𝐻′ ⩾𝑃′ ℎ̃
∗𝐻. Then there exist (𝐻′𝑠)𝑠∈ℝ⩽0 and (𝐻𝑠)𝑠∈ℝ⩾0 as above such

that the assumption of Lemma 2.29 is satisfied (and hence the pullback map (33) is well-defined).

Moreover, the induced map on cohomology is independent of the choice of (𝐻′𝑠)𝑠∈ℝ⩽0 , (𝐻𝑠)𝑠∈ℝ⩾0 ,
(𝐽𝑠)𝑠∈ℝ⩾0 and (𝐽

′
𝑠)𝑠∈ℝ⩽0 .

Proof. The arguments are in parallel with the proof of Lemma 2.19, so we will omit them. □

The following is the analog of Corollary 2.20.
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Corollary 2.31. Suppose that ℎ′ ∶ 𝐵′′ → 𝐵′ is another smooth map between smooth compact man-
ifolds, and 𝑃′′ → 𝐵′′ is the pullback of 𝑃′ → 𝐵′ along ℎ′. Let ℎ̃′ ∶ 𝑃′′ → 𝑃′ be the induced map
covering ℎ′. Suppose that 𝐻′′ ⩾𝑃′′ (ℎ̃

′)∗𝐻′ and 𝐻′ ⩾𝑃′ ℎ̃
∗𝐻. Then the composition of the pullback

maps 𝐻𝐹∗(𝑃,𝐻, 𝜂) → 𝐻𝐹∗(𝑃′, 𝐻′, 𝜂′) and 𝐻𝐹∗(𝑃′, 𝐻′, 𝜂′) → 𝐻𝐹∗(𝑃′′, 𝐻′′, 𝜂′′) is the pullback
map𝐻𝐹∗(𝑃,𝐻, 𝜂) → 𝐻𝐹∗(𝑃′′, 𝐻′′, 𝜂′′).

Example 2.32. Let ℎ ∶ 𝐵′ → 𝐵 (and hence ℎ̃ ∶ 𝑃′ → 𝑃) be an embedding. Let (𝜂, g𝜂, ∇) be chosen
such that there is no gradient trajectory 𝜏 of 𝜂 connecting two critical points with lim𝑠→−∞ 𝜏(𝑠) ∈
𝐵′ and lim𝑠→∞ 𝜏(𝑠) ∉ 𝐵

′, and every gradient trajectory of 𝜂 connecting two critical points in
𝐵′ is completely lying inside 𝐵′. Let 𝐻 be a cylindrical Hamiltonian that is compatible with
(𝜂, g𝜂, ∇). Suppose that (𝜂

′, g ′𝜂, ∇
′) and𝐻′ are the restriction of (𝜂, g𝜂, ∇) and𝐻 to 𝑃′ and 𝐵′. Then

𝐶𝑀(𝐵′, 𝜂′, g ′𝜂) is naturally a quotient complex of 𝐶𝑀(𝐵, 𝜂, g𝜂) and the induced map on cohomol-
ogy coincide with the Morse theoretic pullback. Similarly, 𝐶𝐹(𝑃′, 𝐻′, 𝜂′) is naturally a quotient
complex of 𝐶𝐹(𝑃,𝐻, 𝜂) and the induced map on cohomology coincide with the Floer theoretic
pullback introduced above.

Lemma 2.33. Let 𝐸1 ⊂ 𝐸2 ⊂ … be a sequence of smooth compact manifolds. Let 𝑃𝑛 ∶= 𝐸𝑛 ×𝑀
and view the projection to the first factor as an admissible bundle over 𝐸𝑛. Then lim←""𝑛

𝐻𝐹∗(𝑃𝑛, 𝑎) =

lim
←""𝑛

(𝐻∗(𝐸𝑛) ⊗ 𝐻𝐹∗(𝑀, 𝑎)) = (lim
←""𝑛

𝐻∗(𝐸𝑛)) ⊗ 𝐻𝐹∗(𝑀, 𝑎).

Proof. Let𝐻𝑀 be a nondegenerate cylindrical Hamiltonian of𝑀 with constant slope 𝑎. Let 𝜋𝑀 ∶
𝑃𝑛 → 𝑀 be the projection so 𝜋∗𝑀𝐻𝑀 is a cylindrical Hamiltonian of 𝑃𝑛. Choose a Morse function
𝜂 ∶ 𝐸𝑛 → ℝ and take ∇ to be the trivial connection. Let 𝐻 be a 𝐶2 small perturbation of 𝜋∗𝑀𝐻𝑀
in a compact set so that it is a still cylindrical Hamiltonian of 𝑃𝑛 with constant slope 𝑎 and it is
compatible with (𝜂, g𝜂, ∇) such that𝐻𝑐 = 𝐻𝑀 for every critical point 𝑐 of 𝜂.
Suppose that (𝜏, 𝑢) is a solution contributing to the differential. Then 𝜋𝑀◦𝑢 satisfies the Floer

equation

(𝑑(𝜋𝑀◦𝑢) − 𝑋𝐻𝜏(𝑠) ⊗ 𝑑𝑡)0,1𝐽𝜏(𝑠)
= 0

When the perturbation is sufficiently small (so that 𝐻𝜏(𝑠) is very close to 𝐻𝑀 for all 𝑠), the vir-
tual dimension of 𝜋𝑀◦𝑢 must be at least 0, and when it is 0, the input and the output are the
same orbit. This identifies 𝐶𝐹∗(𝑃𝑛, 𝐻, 𝜂) with 𝐶𝑀

∗(𝐸𝑛, 𝜂) ⊗ 𝐶𝐹∗(𝑀,𝐻𝑀) as a cochain complex
so𝐻𝐹∗(𝑃𝑛, 𝑎) = 𝐻

∗(𝐸𝑛) ⊗ 𝐻𝐹∗(𝑀, 𝑎).
When we consider 𝑃𝑛 ⊂ 𝑃𝑛+1, we can choose 𝜂 on 𝐸𝑛+1 such that the critical points of 𝜂 out-

side 𝐸𝑛 forms a subcomplex, and any gradient trajectory connecting two critical points in 𝐸𝑛
is contained in 𝐸𝑛. Then the pullback map 𝐶𝐹(𝑃𝑛+1, 𝐻, 𝜂) → 𝐶𝐹(𝑃𝑛, 𝐻|𝑃𝑛 , 𝜂|𝐸𝑛 ) can be iden-
tified with restricting to the quotient complex obtained by killing the generators outside 𝑃𝑛.
When the perturbation is sufficiently small, it can in turn be identified with the natural map
𝐶𝑀∗(𝐸𝑛+1, 𝜂) ⊗ 𝐶𝐹∗(𝑀,𝐻𝑀) → 𝐶𝑀∗(𝐸𝑛, 𝜂|𝐸𝑛 ) ⊗ 𝐶𝐹∗(𝑀,𝐻𝑀) so the result follows. □

Lemma 2.34. The pullback map 𝑆𝐻∗(𝑃) → 𝑆𝐻∗(𝑃′) is an algebra map.

Sketch of proof. The proof of Lemma 2.34 combines the ideas in Section 2.2 and this section. The
moduli spaceweneed to construct consists of solutions (𝜏, 𝑢) of a coupled equation. The domain of
𝜏 is 𝑇2,1 and the target is 𝐵 ⊔ 𝐵

′. There is 𝑟 ∈ ℝ such that 𝜏({𝑠 ⩽ 𝑟}) ⊂ 𝐵′ and 𝜏({𝑠 ⩾ 𝑟}) ⊂ 𝐵, where
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𝑠 ∶ 𝑇2,1 → ℝ is the coordinate function on the edges of𝑇2,1. Themap 𝜏 is a negative (𝑋𝑒-perturbed)
gradient trajectory over any edge and it satisfies the matching condition ℎ(𝜏𝐵′({𝑠 = 𝑟})) = 𝜏𝐵({𝑠 =
𝑟}), where 𝜏𝐵′ ∶= 𝜏|{𝑠⩽𝑟} and 𝜏𝐵 ∶= 𝜏|{𝑠⩾𝑟}. On the other hand, 𝑢 ∶ Σ = ℙ1 ⧵ {0, 1, 2} → 𝑃′ ⊔ 𝑃 is
a lift of 𝜏 that satisfies an appropriate Floer equation. We can compactify this moduli space. If
we consider the boundary of the compactification of the one-dimensional moduli space, then the
limit when 𝑟 goes to −∞ corresponds to taking the product in 𝑆𝐻∗(𝑃) and then pulling back
to 𝑆𝐻∗(𝑃′). Similarly, the limit when 𝑟 goes to ∞ corresponds to pulling back two classes from
𝑆𝐻∗(𝑃) to 𝑆𝐻∗(𝑃′) and then taking the product in 𝑆𝐻∗(𝑃′). □

Lemma 2.35. Suppose that ℎ ∶ 𝐵′ → 𝐵 is a fiber bundle with fibers 𝐹 such that𝐻0(𝐹;ℂ) = ℂ, and

𝐻∗(𝐹;ℂ) = 0 otherwise. Then the pullback map induces an isomorphism𝐻𝐹∗(𝑃, 𝑎) ≃ 𝐻𝐹∗(𝑃′, 𝑎).

Proof. We pick an admissible base triple (𝜂, g𝜂, ∇) for 𝑃 → 𝐵. Let g ′ be a Riemannian metric on
𝐵′ such that ℎ is a Riemannian submersion. Let 𝑁 be a neighborhood of the critical points of
𝜂 such that ∇ is flat over 𝑁. So, the bundle 𝑃′ over ℎ−1(𝑁) can be identified with 𝑃′|ℎ−1(𝑁) =
𝑀 × ℎ−1(𝑁) = 𝑀 × 𝐹 × 𝑁. Let 𝜂′ ∶ 𝐵′ → ℝ be aMorse function obtained by perturbingℎ∗𝜂 inside
ℎ−1(𝑁). We pick 𝜂′ such that (𝜂′, g ′, ℎ∗∇) is an admissible base triple.
We define a descending filtration on the chain complex 𝐶𝐹∗(𝑃, 𝑎) and 𝐶𝐹∗(𝑃′, 𝑎) by taking

𝐹𝑝𝐶𝐹∗(𝑃, 𝑎) and 𝐹𝑝𝐶𝐹∗(𝑃′, 𝑎) to be the subcomplex generated by 𝑥⃗ = (𝑐, 𝑥) such that |𝑐| ⩾ 𝑝,
and the subcomplex generated by 𝑥⃗′ = (𝑐′, 𝑥′) such that |ℎ(𝑐′)| ⩾ 𝑝, respectively. By our choice
of admissible base triples, the pullback map respects the fibration (i.e., it maps 𝐹𝑝𝐶𝐹∗(𝑃, 𝑎) to
𝐹𝑝𝐶𝐹∗(𝑃′, 𝑎)). It induces a homomorphism of the corresponding spectral sequences.
The 𝐸1-page of 𝐶𝐹

∗(𝑃, 𝑎) is given by (⊕𝑐∈critp(𝜂)𝐻𝐹
∗−|𝑐|(𝑀, 𝑎), 𝑑1), where the restriction of

𝑑1 to the group 𝐻𝐹(𝑀, 𝑎) over 𝑐 is the sum of the continuation map over each rigid gradient
trajectory with input 𝑐. On the other hand, by Lemma 2.33, the 𝐸1-page of 𝐶𝐹

∗(𝑃′, 𝑎) is given
by (⊕𝑐∈critp(𝜂)𝐻

∗(𝐹) ⊗ 𝐻𝐹∗−|𝑐|(𝑀, 𝑎), 𝑑′1). By our assumption on 𝐻∗(𝐹;ℂ), we have 𝐻∗(𝐹) ⊗
𝐻𝐹∗−|𝑐|(𝑀, 𝑎) = 𝐻𝐹∗−|𝑐|(𝑀, 𝑎).
The homomorphism between the components of the 𝐸1-pages can be identified with

𝐻∗(point) ⊗ 𝐻𝐹∗−|𝑐|(𝑀, 𝑎) → 𝐻∗(𝐹) ⊗ 𝐻𝐹∗−|𝑐|(𝑀, 𝑎) so it is an isomorphism. This finishes the
proof. □

2.4 Pushforward

We now explain how to define the pushforward map in this setup by simply reversing the
𝑠-direction. To clarify, we follow the notation set up in the first paragraph of the previous section.
This time we let (𝐻𝑠)𝑠∈ℝ⩽0 and (𝐻

′
𝑠)𝑠∈ℝ⩾0 be two families of cylindrical Hamiltonians, on 𝑃

and 𝑃′, respectively, such that𝐻𝑠 = 𝐻 for 𝑠 ≪ 0,𝐻′𝑠 = 𝐻
′ for 𝑠 ≫ 0 and ℎ̃∗𝐻𝑠 = ℎ̃

∗𝐻0 = 𝐻
′
0 = 𝐻

′
𝑠

for 𝑠 in an open neighborhood of 0. Choose one-parameter families of 𝑆1-dependent fiberwise
compatible almost complex structures (𝐽𝑠)𝑠∈ℝ⩽0 and (𝐽

′
𝑠)𝑠∈ℝ⩾0 that are of contact type on 𝑃 and 𝑃

′,
respectively. They are chosen such that 𝐽𝑠 is independent of 𝑠 for 𝑠 ≫ 0, 𝐽′𝑠 is independent of 𝑠 for
𝑠 ≪ 0, and ℎ̃∗𝐽𝑠 = ℎ̃

∗𝐽0 = 𝐽
′
0 = 𝐽

′
𝑠 for 𝑠 in an open neighborhood of 0.

Given a generator 𝑥⃗ = (𝑐, 𝑥) of 𝐻 and 𝑥⃗′ = (𝑐′, 𝑥′) of 𝐻′, we can consider the moduli space
𝑝𝑓(𝑥⃗; 𝑥⃗

′, (𝐻𝑠)𝑠∈ℝ⩽0 , (𝐻
′
𝑠)𝑠∈ℝ⩾0) which consists of (𝜏

−, 𝜏+, 𝑢−, 𝑢+) such that

∙ 𝜏− ∶ (−∞, 0] → 𝐵 is a gradient trajectory of 𝜂 with lim𝑠 𝜏
−(𝑠) = 𝑐,

∙ 𝜏+ ∶ [0,∞) → 𝐵′ is a gradient trajectory of 𝜂′ with lim𝑠 𝜏
+(𝑠) = 𝑐′,
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∙ ℎ(𝜏+(0)) = 𝜏−(0),
∙ 𝑢− ∶ (−∞, 0] × 𝑆1 → 𝑃 is covering 𝜏− and satisfies the Floer equation

(𝑑𝑢vert − 𝑋(𝐻𝑠)𝜏−(𝑠) ⊗ 𝑑𝑡)0,1
(𝐽𝑠)𝜏−(𝑠)

= 0

with lim𝑠→−∞ 𝑢
−(𝑠, 𝑡) = 𝑥(𝑡),

∙ 𝑢+ ∶ [0,∞) × 𝑆1 → 𝑃′ is covering 𝜏+ and satisfies the Floer equation

(𝑑𝑢vert − 𝑋(𝐻′𝑠)𝜏+(𝑠) ⊗ 𝑑𝑡)0,1
(𝐽′𝑠)𝜏+(𝑠)

= 0

with lim𝑠→∞ 𝑢
+(𝑠, 𝑡) = 𝑥′(𝑡),

∙ ℎ̃(𝑢+(0, 𝑡)) = 𝑢−(0, 𝑡).

The analog of Lemmas 2.27 and 2.28 are true. Moreover, the virtual dimension of the mod-
uli space 𝑝𝑓(𝑥⃗; 𝑥⃗

′, (𝐻𝑠)𝑠∈ℝ⩽0 , (𝐻
′
𝑠)𝑠∈ℝ⩾0) is |𝑥⃗| − |𝑥⃗′| − dim(𝐵) + dim(𝐵′) because the virtual

dimension of (𝜏−, 𝜏+) is |𝑐| − dim(𝐵) + |𝑐′| − dim(𝐵′) this time. It leads to the following analog
of Lemmas 2.29, 2.30 and Corollary 2.31.

Lemma 2.36. Suppose that 𝜕𝑠𝐬(𝐻′𝑠)𝜏+(𝑠) ⩽ 0 and 𝜕𝑠𝐬(𝐻𝑠)𝜏−(𝑠) ⩽ 0 for all 𝑠, and for all gradient

trajectory 𝜏+ and 𝜏− of 𝜂+ and 𝜂−, respectively. The pushforward defined by

𝐶𝐹∗(𝑃′, 𝐻′, 𝜂′) → 𝐶𝐹∗+dim(𝐵)−dim(𝐵
′)(𝑃,𝐻, 𝜂)

𝑥⃗′ ↦
∑

𝑥⃗,|𝑥⃗|=|𝑥⃗′|+dim(𝐵)−dim(𝐵′)

∑
(𝑢−,𝑢+)∈𝑝𝑓(𝑥⃗,𝑥⃗′,(𝐻𝑠)𝑠∈ℝ⩽0 ,(𝐻

′
𝑠)𝑠∈ℝ⩾0 )

𝑠(𝑢−, 𝑢+)𝑞𝐸(𝑢
−,𝑢+)𝑥⃗ (34)

is a chain map of degree dim(𝐵) − dim(𝐵′), where 𝐸(𝑢−, 𝑢+) is defined by (31) and 𝑠(𝑢−, 𝑢+) is
the sign.

Lemma 2.37. Suppose that ℎ̃∗𝐻 ⩾𝑃′ 𝐻
′. Then there exist (𝐻𝑠)𝑠∈ℝ⩽0 and (𝐻

′
𝑠)𝑠∈ℝ⩾0 as above such

that the assumption of Lemma2.36 is satisfied (and hence the pushforwardmap (34) is well-defined).

Moreover, the induced map on cohomology is independent of the choice of (𝐻𝑠)𝑠∈ℝ⩽0 , (𝐻
′
𝑠)𝑠∈ℝ⩾0 ,

(𝐽𝑠)𝑠∈ℝ⩽0 and (𝐽
′
𝑠)𝑠∈ℝ⩾0 .

Corollary 2.38. Suppose that ℎ′ ∶ 𝐵′′ → 𝐵′ is another smooth map between smooth com-

pact manifolds, and 𝑃′′ → 𝐵′′ is the pullback of 𝑃′ → 𝐵′ along ℎ′. Let ℎ̃′ ∶ 𝑃′′ → 𝑃′ be the
induced map covering ℎ′. Suppose that (ℎ̃′)∗𝐻′ ⩾𝑃′′ 𝐻

′′ and ℎ̃∗𝐻 ⩾𝑃′ 𝐻
′. Then the com-

position of the pushforward maps 𝐻𝐹∗(𝑃′′, 𝐻′′, 𝜂′′) → 𝐻𝐹∗+dim(𝐵
′)−dim(𝐵′′)(𝑃′, 𝐻′, 𝜂′) and

𝐻𝐹∗(𝑃′, 𝐻′, 𝜂′) → 𝐻𝐹∗+dim(𝐵)−dim(𝐵
′)(𝑃,𝐻, 𝜂) is the pushforward map 𝐻𝐹∗(𝑃′′, 𝐻′′, 𝜂′′) →

𝐻𝐹∗+dim(𝐵)−dim(𝐵
′′)(𝑃,𝐻, 𝜂).

The analog of Lemma 2.34 is the following.

Lemma 2.39. Denote the pushforward and pullback by ℎ∗ ∶ 𝑆𝐻
∗(𝑃′) → 𝑆𝐻∗+dim(𝐵)−dim(𝐵

′)(𝑃)
and ℎ∗ ∶ 𝑆𝐻∗(𝑃) → 𝑆𝐻∗(𝑃′), respectively. Then we have ℎ∗(𝑥⃗

′ℎ∗(𝑥⃗)) = ℎ∗(𝑥⃗
′)𝑥⃗ for all 𝑥⃗′ ∈

𝑆𝐻∗(𝑃′) and 𝑥⃗ ∈ 𝑆𝐻∗(𝑃).
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26 of 69 GONZÁLEZ et al.

Proof. It is the same as Lemma 2.34 except that one of the two inputs and the output of the
elements in the moduli space are swapped. □

3 EQUIVARIANT FLOER THEORY

Let 𝐾 be a closed subgroup of a compact connected Lie group 𝐺.† Let 𝐸𝐾1 ⊂ 𝐸𝐾2 ⊂ … be a
𝐾-equivariant smooth finite-dimensional approximation of a classifying space 𝐸𝐾. In particu-
lar, each 𝐸𝐾𝑛 is a compact smooth manifold, ∪𝑛𝐸𝐾𝑛 = 𝐸𝐾 and the connectivity of 𝐸𝐾𝑛 goes to
infinity as 𝑛 goes to infinity. Let 𝐵𝐾𝑛 ∶= 𝐸𝐾𝑛∕𝐾. For a manifold 𝑋 with a 𝐾 action, we denote
(𝑋 × 𝐸𝐾𝑛)∕𝐾 by 𝑋borel,𝑛 and (𝑋 × 𝐸𝐾)∕𝐾 by 𝑋borel.
Let 𝑃 → 𝐵 be an admissible bundle as in the previous section (see Definition 2.4). We say that

a 𝐾-action on 𝑃 is compatible with the admissible structure if it covers a 𝐾-action on 𝐵 and the
induced map 𝑃borel,𝑛 → 𝐵borel,𝑛 is an admissible bundle (so the structure group lies in 𝐺) for all 𝑛.
Notice that a choice of a symplectomorphism between𝑀 and a reference fiber of 𝑃 → 𝐵 induces
a symplectomorphism between𝑀 and a reference fiber of 𝑃borel,𝑛 → 𝐵borel,𝑛 that is well-defined
up to an element in 𝐺. As a result, it induces a well-defined homotopy class of trivialization of the
canonical bundle of the reference fiber so a choice of ℤ-grading on 𝐶𝐹(𝑃) determines a choice of
ℤ-grading on 𝐶𝐹(𝑃borel,𝑛). For the rest of the paper, we will only use 𝐾-manifolds 𝐵 that admit
𝐾-orientations‡.

Example 3.1. If 𝑃 = 𝑀 and 𝐵 is a point, then a 𝐾-action on 𝑃 is compatible with the admissible
structure if and only if 𝑀borel,𝑛 → 𝐵𝐾𝑛 is admissible for all 𝑛. This will hold if and only if the 𝐾
action on 𝑃(= 𝑀) factors through the convex 𝐺 action on𝑀.

Definition 3.2. Let 𝑎 ∈ ℝ>0 ⧵ Spec(𝜕𝑀̄, 𝛼). Suppose that𝑃 has a𝐾-action that is compatible with
the admissible structure. Then we define

𝐻𝐹∗𝐾(𝑃, 𝑎) ∶= lim←""
𝑛

𝐻𝐹∗(𝑃borel,𝑛, 𝑎) (35)

where the inverse limit is defined with respect to pullback induced by the inclusion 𝑃borel,𝑛 →
𝑃borel,𝑛+1 for all 𝑛.

This definition is well-defined thanks to Corollaries 2.20 and 2.31.

Lemma 3.3. The collection {𝐻𝐹∗𝐾(𝑃, 𝑎) ∶ 𝑎 ∈ ℝ>0 ⧵ Spec(𝜕𝑀̄, 𝛼)} forms a direct system.

Proof. It is a consequence of Corollaries 2.20 and 2.31. □

Definition 3.4. The 𝐾-equivariant symplectic cohomology of 𝑃 is defined to be

𝑆𝐻∗𝐾(𝑃) ∶= lim""→
𝑎

𝐻𝐹∗𝐾(𝑃, 𝑎)

†We mainly consider 𝐾 to be a maximal torus 𝑇 or 𝐾 = 𝐺 or 𝐾 = 𝑁(𝑇) the normalizer of a maximal torus in the paper.

‡ In other words, 𝐵 admits a 𝐾-invariant volume form.
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Continuing with Example 3.1, if 𝑃 = 𝑀, then 𝑆𝐻∗𝐾(𝑀) is the 𝐾-equivariant symplectic
cohomology of𝑀. It is the main object of interest in Section 4.
For our later applications, wemainly consider the case 𝑃 = 𝐵 ×𝑀 and𝐾 is the diagonal action.

However, some results we need use 𝑃 that are not of product type (e.g., Proposition 3.6 and
Lemma 3.8).

Remark 3.5. An alternative possible definition of equivariant symplectic cohomology of𝑀 would
be to use families of Hamiltonians of quadratic growth as opposed to the directed system consid-
ered in Definition 3.4. We caution the reader that this would produce an inequivalent theory from
the version considered here, the difference essentially arising from the algebraic fact that limits
and colimits do not commute in general. This difference is crucial for the set of examples con-
sidered in Section 6. The “quadratic version” of symplectic cohomology vanishes identically for
these examples, whereas the definition we employ is interesting enough to allow us to construct
Coulomb branches. Closely related phenomena are considered in [49].

3.1 Useful properties

3.1.1 Free actions

Proposition 3.6. Suppose that 𝐾 acts on 𝑃 in a way compatible with the admissible structure such
that its action on 𝐵 is free. Then 𝑃′ ∶= 𝑃∕𝐾 is an admissible bundle over 𝐵′ ∶= 𝐵∕𝐾. Moreover, for
any 𝑎 ∈ ℝ>0 ⧵ Spec(𝜕𝑀̄, 𝛼), there is an isomorphism

𝐻𝐹∗(𝑃′, 𝑎) ≃ 𝐻𝐹∗𝐾(𝑃, 𝑎) (36)

Proposition 3.6 is a consequence of the following:

Proposition 3.7. Let 𝑃′ → 𝐵′ be an admissible bundle. Let 𝐵1 ⊂ 𝐵2 ⊂ … be a sequence of closed

smooth manifolds such that there is a sequence ℎ𝑛 ∶ 𝐵𝑛 → 𝐵′ making 𝐵𝑛 a 𝐸𝐾𝑛-bundle over
𝐵′ and ℎ𝑛+1|𝐵𝑛 = ℎ𝑛. Let 𝑃𝑛 → 𝐵𝑛 be the admissible bundle obtained by pulling back along ℎ𝑛.
Then for any 𝑎 ∈ ℝ>0 ⧵ Spec(𝜕𝑀̄, 𝛼), the pullback map 𝐻𝐹∗(𝑃′, 𝑎) → 𝐻𝐹∗(𝑃𝑛, 𝑎) induces an
isomorphism

𝐻𝐹∗(𝑃′, 𝑎) ≃ lim
←""
𝑛

𝐻𝐹∗(𝑃𝑛, 𝑎). (37)

Proof of Proposition 3.6 assuming Proposition 3.7. For each 𝑛, 𝑃borel,𝑛 is the pullback of 𝑃′ →
𝐵′ along the 𝐸𝐾𝑛-bundle map ℎ𝑛 ∶ 𝐵borel,𝑛 → 𝐵′. The result directly follows from Proposi-
tion 3.7. □

Proof of Proposition 3.7. The strategy of proof is similar to Lemma 2.35. We can set up the admissi-
ble base triples (𝜂𝑛, g𝑛, ∇𝑛) and (𝜂

′, g ′, ∇′) for 𝑃𝑛 → 𝐵𝑛 and 𝑃
′ → 𝐵′ as in the proof of Lemma 2.35

so we get a homomorphism of the respective 𝐸1-page

⊕𝑐′∈critp(𝜂′)𝐻𝐹
∗−|𝑐′|(𝑀, 𝑎) → ⊕𝑐′∈critp(𝜂′)𝐻

∗(𝐸𝐾𝑛) ⊗ 𝐻𝐹∗−|𝑐′|(𝑀, 𝑎) (38)
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Recall from the paragraph after Definition 2.9 that we have a ℤ-grading on the Floer complexes.
With 𝑎 being fixed, there is 𝑁 > 0 such that 𝐻𝐹𝑘(𝑀, 𝑎) = 0 for all |𝑘| > 𝑁 and all 𝑐′ ∈ critp(𝜂′).
We can take 𝑛 large enough such that 𝐻𝑘(𝐸𝐾𝑛) = 0 for 1 ⩽ 𝑘 ⩽ 2𝑁 + dim(𝐵

′). It ensures that
as a spectral sequence, the right-hand side of (38) has a direct summand given by 𝐻0(𝐸𝐾𝑛) ⊗
𝐻𝐹∗−|𝑐′|(𝑀, 𝑎). The map (38) gives an isomorphism between the left-hand side and this direct
summand. When we take inverse limit over 𝑛 (cf. Lemma 2.33), only this summand survives so it
gives the desired isomorphism (37). □

3.1.2 Classifying models

Lemma 3.8. The definition𝐻𝐹∗𝐾(𝑃, 𝑎) is independent of the choice of the classifying space 𝐸𝐾 and

the finite smooth approximation {𝐸𝐾𝑛}𝑛.

Proof. Let 𝐸′𝐾 be another classifying space with finite smooth approximation {𝐸′𝐾𝑛′ }𝑛′ . For
a 𝐾-manifold 𝑀, we denote (𝑀 × 𝐸𝐾𝑛 × 𝐸

′𝐾𝑛′)∕𝐾 by 𝑀borel,𝑛,𝑛′ . We use the convention that
𝑀borel,0,𝑛′ = (𝑀 × 𝐸′𝐾𝑛′)∕𝐾 and𝑀borel,𝑛,0 = (𝑀 × 𝐸𝐾𝑛)∕𝐾.
In particular, we have the projection map ℎ𝑛 ∶ 𝐵borel,𝑛,𝑛′ → 𝐵borel,0,𝑛′ . The admissible bundle

𝑃borel,𝑛,𝑛′ → 𝐵borel,𝑛,𝑛′ is precisely the pullback of the admissible bundle 𝑃borel,0,𝑛′ → 𝐵borel,0,𝑛′
along ℎ𝑛. Therefore, by Proposition 3.7, we have

𝐻𝐹∗(𝑃borel,0,𝑛′ , 𝑎) ≃ lim←""
𝑛

𝐻𝐹∗(𝑃borel,𝑛,𝑛′ , 𝑎)

for any 𝑛′. As a result, we have

lim
←""
𝑛′
𝐻𝐹∗(𝑃borel,0,𝑛′ , 𝑎) = lim←""

𝑛′
lim
←""
𝑛

𝐻𝐹∗(𝑃borel,𝑛,𝑛′ , 𝑎) = lim←""
𝑛

𝐻𝐹∗(𝑃borel,𝑛,0, 𝑎)

showing the independence of the choice of the classifying space and finite smooth
approximation. □

3.1.3 Product structure

Another important property of 𝑆𝐻∗𝐾(𝑃) is that it admits a product structure. To see this, note that
we have the following commutative diagram

(39)

when 𝑎0 > 𝑎1 + 𝑎2, where the rows are the product operations from Proposition 2.25. The com-
mutativity of (39) comes from the compatibility between pullbackmaps and the product structure,
which can be proved in the sameway as Lemma 2.34 andwe leave the details to readers. Therefore,
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by taking the inverse limit in 𝑛, we get a product operation

𝐻𝐹𝐾(𝑃, 𝑎1) × 𝐻𝐹𝐾(𝑃, 𝑎2) → 𝐻𝐹𝐾(𝑃; 𝑎0).

The compatibility with continuation maps (see Proposition 2.25) imply that we can take
direct limit and get a product structure on 𝑆𝐻∗𝐾(𝑃). The product structure on 𝑆𝐻∗𝐾(𝑃) is
graded-commutative and associative.

3.1.4 Weyl group action

Recall that 𝐺 is a connected compact Lie group which acts on𝑀 (see Section 2). Let 𝑇 ⊂ 𝐺 be a
maximal torus and 𝑁(𝑇) be the normalizer of 𝑇. Let𝑊 = 𝑁(𝑇)∕𝑇 be the Weyl group. Let 𝑃 → 𝐵
be an admissible bundle with a compatible 𝐺 action.

Lemma 3.9. For any constant 𝑎 ∈ ℝ>0 ⧵ Spec(𝜕𝑀̄, 𝛼), we have

𝐻𝐹∗𝐺(𝑃, 𝑎) ≃ 𝐻𝐹
∗
𝑁(𝑇)

(𝑃, 𝑎) (40)

Proof. For each 𝑛, the map (𝑃 × 𝐸𝐺𝑛)∕𝑁(𝑇) → (𝑃 × 𝐸𝐺𝑛)∕𝐺 is a fiber bundle with fiber 𝐺∕𝑁(𝑇).
Since𝐻∗(𝐺∕𝑁(𝑇);ℂ) = 𝐻∗(point;ℂ), we can apply Lemma 2.35 to get the isomorphism𝐻𝐹∗((𝑃 ×
𝐸𝐺𝑛)∕𝐺, 𝑎) ≃ 𝐻𝐹

∗((𝑃 × 𝐸𝐺𝑛)∕𝑁(𝑇), 𝑎). The result follows from passing to inverse limit. □

Lemma 3.10. For any constant 𝑎 ∈ ℝ>0 ⧵ Spec(𝜕𝑀̄, 𝛼), we have

𝐻𝐹∗𝑇(𝑃, 𝑎)
𝑊 ≃ 𝐻𝐹∗

𝑁(𝑇)
(𝑃, 𝑎) (41)

Proof. The map

(𝑃 × 𝐸𝐺𝑛)∕𝑇 → (𝑃 × 𝐸𝐺𝑛)∕𝑁(𝑇)

is a covering map which covers the corresponding covering map of their bases (𝐵 × 𝐸𝐺𝑛)∕𝑇 →
(𝐵 × 𝐸𝐺𝑛)∕𝑁(𝑇). We can use an admissible base triple and Floer data on (𝑃 × 𝐸𝐺𝑛)∕𝑇 → (𝐵 ×
𝐸𝐺𝑛)∕𝑇 that come from pulling back an admissible base triple and a compatible Floer data on
(𝑃 × 𝐸𝐺𝑛)∕𝑁(𝑇) → (𝐵 × 𝐸𝐺𝑛)∕𝑁(𝑇). The compatibility of Floer data on (𝑃 × 𝐸𝐺𝑛)∕𝑁(𝑇) → (𝐵 ×
𝐸𝐺𝑛)∕𝑁(𝑇) implies that the pullback data on (𝑃 × 𝐸𝐺𝑛)∕𝑇 → (𝐵 × 𝐸𝐺𝑛)∕𝑇 are also compatible.
Moreover, there is an isomorphism of

𝐶𝐹∗((𝑃 × 𝐸𝐺𝑛)∕𝑇, 𝑎)
𝑊 ≃ 𝐶𝐹∗((𝑃 × 𝐸𝐺𝑛)∕𝑁(𝑇), 𝑎) (42)

coming from sending (𝑐, 𝑥) ∈ 𝐶𝐹∗((𝑃 × 𝐸𝐺𝑛)∕𝑁(𝑇), 𝑎) to the sum over its lifts divided by
|𝑊|. It induces an isomorphism on the cohomology 𝐻(𝐶𝐹∗((𝑃 × 𝐸𝐺𝑛)∕𝑇, 𝑎)

𝑊) ≃ 𝐻𝐹∗((𝑃 ×
𝐸𝐺𝑛)∕𝑁(𝑇), 𝑎). Moreover, since Λ has characteristic 0, we have

𝐻(𝐶𝐹∗((𝑃 × 𝐸𝐺𝑛)∕𝑇, 𝑎)
𝑊) = 𝐻𝐹∗((𝑃 × 𝐸𝐺𝑛)∕𝑇, 𝑎)

𝑊

By passing to the inverse limit, we get the result. □
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4 EQUIVARIANT SEIDELMORPHISM

Let 𝑇 ⊂ 𝐺 be a maximal torus. In this section, we are going to construct an equivariant Seidel
map:

 ∶ 𝐻̂𝑇∗ (Ωpoly𝐺) ⊗ 𝑆𝐻∗𝑇(𝑀) → 𝑆𝐻∗𝑇(𝑀). (43)

The papers [15, 20, 38] consider similar constructions in the context of quantum cohomology for
closed monotone, symplectic manifolds, and [16] uses an algebraic approach to give a similar
construction for quantum 𝐾-theory of 𝐺∕𝑃. As explained in the introduction, a crucial techni-
cal difference for 𝑆𝐻∗𝑇(𝑀) is to achieve the maximum principle for the cylindrical Hamiltonians
obtained by pulling back along a family of loops (cf. the discussion after (46) below).

4.1 Overview

As the construction of (43) involves a number of steps, we devote this subsection to providing
an overview of our work. The actual construction is obtained by a smooth finite-dimensional
approximation of the overview here.
We work with an alternative model for 𝐻̂𝑇∗ (Ωpoly𝐺), namely 𝐻

geo,𝑇
∗ (Ω𝐺), which represents

cycles as tuples (𝐵, 𝛼, 𝑓) such that 𝐵 is a smooth oriented, closed manifold with 𝑇-action, 𝛼 ∈
𝐻∗𝑇(𝐵,ℤ), and 𝑓 ∶ 𝐵 → Ω𝐺 is a smooth, 𝑇-equivariant map (see Section 4.4). These cycles are
considered up to an appropriate notion of equivalence. To construct (43), it suffices to construct,
for any 𝑇-equivariant smooth map 𝑓 ∶ 𝐵 → Ω𝐺, a map:

𝑓 ∶ 𝐻∗𝑇(𝐵) × 𝑆𝐻∗𝑇(𝑀) → 𝑆𝐻∗𝑇(𝑀) (44)

which respects the various equivalence relations imposed in geometric homology. Let

𝑃𝐵 ∶= (𝐵 ×𝑀)borel = (𝐵 × 𝐸𝑇 ×𝑀)∕𝑇.

For a cylindrical Hamiltonian 𝐻 ∈ 𝐶∞(𝑆1 × 𝑃𝐵), let 𝐻̃ ∶ 𝑆1 × 𝐵 × 𝐸𝑇 ×𝑀 → ℝ be its lift. We
define

𝑓∗𝐻̃ ∶ 𝑆1 × 𝐵 × 𝐸𝑇 ×𝑀 → ℝ

𝑓∗𝐻̃𝑡(𝑏, 𝑦,𝑚) = 𝐻̃𝑡(𝑏, 𝑦, (𝑓(𝑏)(𝑡)) ⋅𝑚) − 𝐾𝑓(𝑏),𝑡((𝑓(𝑏)(𝑡)) ⋅𝑚)
(45)

where 𝐾𝑓(𝑏) ∶ 𝑆
1 ×𝑀 → ℝ is the mean-normalized Hamiltonian (see the definition after (7))

generating the based loop 𝑓(𝑏) ∈ Ω𝐺 ⊂ ΩHam(𝑀). The Hamiltonian 𝑓∗𝐻̃ is 𝑇-invariant and it
descends to a cylindrical Hamiltonian, denoted by 𝑓∗𝐻, on 𝑃𝐵.
The key ingredient (beyond those already introduced) needed for (44) is the tautological

isomorphism

 ∶𝐻𝐹∗(𝑃𝐵; 𝑓∗𝐻) ≃ 𝐻𝐹∗(𝑃𝐵; 𝐻). (46)

A priori, even if 𝐻 is compatible with 𝜂 ∶ 𝐵borel → ℝ, this does not imply that 𝑓∗𝐻 is compatible
with 𝜂. This is because even if 𝐻 has a constant slope 𝐬𝐻𝑏 ≡ 𝑎 ∈ ℝ⩾0 ⧵ Spec(𝜕𝑀̄, 𝛼) for all 𝑏 ∈
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𝐵borel, 𝑓
∗𝐻 does not have to have constant slope due to the second term in (45). However, we

will show in Sections 4.2.2 and 4.2.3 that there are sufficiently many 𝐻 such that both 𝐻 and
𝑓∗𝐻 are compatible with some 𝜂, and both 𝐬𝐻 and 𝐬𝑓∗𝐻 are bounded functions even though 𝑃𝐵
is infinite-dimensional.
Let𝐻′ be a cylindrical Hamiltonian on 𝑃𝐵 with constant slope 𝑎

′ such that

𝐻′ ⩽𝑃𝐵 𝑓
∗𝐻.

We can define a map

𝐻∗𝑇(𝐵) × 𝐻𝐹
∗
𝑇(𝑀; 𝑎

′) → 𝐻𝐹∗𝑇(𝑃𝐵; 𝑓
∗𝐻) (47)

by composing the acceleration map from𝐻′ to 𝑓∗𝐻 with the Floer theoretic pullback

𝐻∗𝑇(𝐵) × 𝐻𝐹
∗
𝑇(𝑀; 𝑎

′) → 𝐻𝐹∗(𝑃𝐵; 𝐻
′) (48)

More precisely, the map (48) is the composition of the Floer theoretic pullback map induced by
(𝐵 × 𝐸𝑇 ×𝑀 × 𝐸𝑇)∕𝑇 → 𝐵borel ×𝑀borel and the isomorphism induced by the pullback along the
map (𝐵 × 𝐸𝑇 ×𝑀 × 𝐸𝑇)∕𝑇 → 𝑃𝐵.
On the other hand, let𝐻′′ be a cylindrical equivariant Hamiltonian on 𝑃𝐵 with constant slope

𝑎′′ such that

𝐻 ⩽𝑃𝐵 𝐻
′′.

We can define a map

𝐻𝐹∗(𝑃𝐵; 𝐻) → 𝐻𝐹∗𝑇(𝑀; 𝑎
′′) (49)

by composing the acceleration map from𝐻 to𝐻′′ and the Floer theoretic pushforward

𝐻𝐹∗(𝑃𝐵; 𝐻
′′) → 𝐻𝐹∗𝑇(𝑀; 𝑎

′′) (50)

The map (50) is induced by pushing forward along the composition map 𝑃𝐵 → (Ω𝐺 ×𝑀)borel →
𝑀borel. By composing (47), (46) and (49), we get

𝐻∗𝑇(𝐵) × 𝐻𝐹
∗
𝑇(𝑀; 𝑎

′) → 𝐻𝐹∗𝑇(𝑀; 𝑎
′′). (51)

Letting 𝑎′ and 𝑎′′ go to infinity, (51) becomes (44).

Remark 4.1. We emphasize that some of the maps above do not preserve gradings. The necessary
grading shifts for these maps are discussed in the subsequent subsections.

4.2 Tautological isomorphism

In this subsection, we are going to prove the isomorphism (46).
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4.2.1 Identifying Hamiltonian loops

We start with some basic properties. The following lemma is standard. A proof can be found in,
for example, [34, section 2.3].

Lemma 4.2. Let𝐻,𝐻′ ∶ 𝑆1 ×𝑀 → ℝ be Hamiltonian functions. Denote their time 𝑡 Hamiltonian
flow by 𝜙𝑡𝐻 and 𝜙𝑡

𝐻′
, respectively. Then

(1) (𝜙𝑡𝐻◦𝜙
𝑡
𝐻′
)𝑡∈𝑆1 is generated by (𝐻#𝐻

′)𝑡(𝑥) ∶= 𝐻𝑡(𝑥) + 𝐻
′
𝑡((𝜙

𝑡
𝐻)
−1(𝑥));

(2) (𝜙−𝑡𝐻 )𝑡∈𝑆1 is generated by𝐻𝑡(𝑥) ∶= −𝐻𝑡(𝜙
𝑡
𝐻(𝑥));

(3) for any 𝜓 ∈ Symp(𝑀), 𝜓−1◦𝜙𝑡𝐻◦𝜓 is generated by𝐻𝑡(𝜓(𝑥)).

Let 𝐻̃ ∶ 𝑆1 × 𝐵 × 𝐸𝑇 ×𝑀 → ℝ be a Hamiltonian function. We define 𝑓∗𝐻̃ ∶ 𝑆1 × 𝐵 × 𝐸𝑇 ×
𝑀 → ℝ by (45).
Notice that if 𝐻̃ is a 𝑇-equivariant Hamiltonian function (i.e., 𝐻̃𝑡(g𝑏, g𝑦, g𝑚) = 𝐻̃𝑡(𝑏, 𝑦,𝑚) for

all g ∈ 𝑇), then so is 𝑓∗𝐻̃ because

(𝑓∗𝐻̃)𝑡(g𝑏, g𝑦, g𝑚) = 𝐻̃𝑡(g𝑏, g𝑦, (𝑓(g𝑏)(𝑡))g𝑚) − 𝐾𝑓(g𝑏),𝑡((𝑓(g𝑏)(𝑡))g𝑚)

= 𝐻̃𝑡(g𝑏, g𝑦, (g𝑓(𝑏)(𝑡)g
−1)g𝑚) − 𝐾

g𝑓(𝑏)g−1,𝑡((g𝑓(𝑏)(𝑡)g
−1)g𝑚)

= 𝐻̃𝑡(g𝑏, g𝑦, g(𝑓(𝑏)(𝑡))𝑚) − 𝐾𝑓(𝑏),𝑡(g
−1(g𝑓(𝑏)(𝑡)g−1)g𝑚)

= (𝑓∗𝐻̃)𝑡(𝑏, 𝑦,𝑚)

Lemma 4.3 cf. [39], Lemma 2.3. Let 𝐻̃ ∶ 𝑆1 × 𝐵 × 𝐸𝑇 ×𝑀 → ℝ be a Hamiltonian function.

For any (𝑏, 𝑦) ∈ 𝐵 × 𝐸𝑇, if (𝑥(𝑡))𝑡∈𝑆1 is a Hamiltonian orbit of 𝐻̃(𝑏, 𝑦, ⋅), then the loop (𝑡 ↦
(𝑓(𝑏)(𝑡))−1𝑥(𝑡))𝑡∈𝑆1 is a Hamiltonian orbit of (𝑓

∗𝐻̃)(𝑏, 𝑦, ⋅) = 𝐻̃(𝑏, 𝑦, 𝑓(𝑏)(𝑡)⋅) − 𝐾𝑓(𝑏),𝑡(𝑓(𝑏)(𝑡)⋅).
Moreover, it defines a bijective correspondence between the Hamiltonian orbits.

Proof. Let 𝛾(𝑡) = 𝑓(𝑏)(𝑡). By Lemma 4.2(2), 𝛾(𝑡)−1 is generated by

(𝑡,𝑚) ↦ −𝐾𝛾,𝑡(𝛾(𝑡) ⋅𝑚) (52)

By applying Lemma 4.2(1) to the composition of 𝛾(𝑡)−1 and 𝜙𝑡
𝐻̃
, we know that 𝛾(𝑡)−1𝜙𝑡

𝐻̃
is

generated by 𝐻̃(𝑏, 𝑡, 𝑓(𝑏)(𝑡)⋅) − 𝐾𝑓(𝑏),𝑡(𝑓(𝑏)(𝑡)⋅). It follows that

𝜙𝑡
𝐻̃(𝑏,𝑡,𝑓(𝑏)(𝑡)⋅)−𝐾𝑓(𝑏),𝑡(𝑓(𝑏)(𝑡)⋅)

𝑥(0) = 𝛾(𝑡)−1𝜙𝑡
𝐻̃
(𝑥(0)) = 𝛾(𝑡)−1𝑥(𝑡) (53)

and hence the loop 𝛾(𝑡)−1𝑥(𝑡) is a Hamiltonian orbit of 𝐻̃(𝑏, 𝑡, 𝑓(𝑏)(𝑡)⋅) − 𝐾𝑓(𝑏),𝑡(𝑓(𝑏)(𝑡)⋅).
The other direction of the bijective correspondence can be proved analogously. □

Let𝑚 ∈ 𝑀, 𝑏 ∈ 𝐵 and consider the loop 𝑐 = (𝑡 ↦ (𝑓(𝑏)(𝑡))−1𝑚)𝑡∈𝑆1 . As discussed in the para-
graph after Definition 2.9, we have chosen a homotopy class of trivialization of the canonical
bundle of𝑀.
Let 𝜄(𝑓) be the Conley–Zehnder index of the linearization of (𝑓(𝑏)(𝑡))−1 along the loop 𝑐

with respect to the homotopy class of trivialization (more precisely, since 𝐷(𝑓(𝑏)(1))−1 is the
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identity, 𝜄(𝑓) is defined as two times the Maslov index, see [37, section 2.4]). By continuity, 𝜄(𝑓) is
independent of 𝑏 ∈ 𝐵 and the point𝑚 ∈ 𝑀.

Lemma 4.4 cf. [39], Lemma 2.6. Let (𝑥(𝑡))𝑡∈𝑆1 be a Hamiltonian orbit of 𝐻̃(𝑏, 𝑦, ⋅). The grading of
(𝑡 ↦ (𝑓(𝑏)(𝑡))−1𝑥(𝑡))𝑡∈𝑆1 is the sum of the grading of (𝑥(𝑡))𝑡∈𝑆1 and 𝜄(𝑓).

Proof. This follows from the loop property of the Conley–Zehnder index (see [37, section 2.4]).
It can be proved by noticing that (𝑡 ↦ (𝑓(𝑏)(𝑡))−1𝑥(𝑡))𝑡∈𝑆1 is homotopic to the concatenation of
(𝑡 ↦ 𝑥(𝑡))𝑡∈𝑆1 and (𝑡 ↦ (𝑓(𝑏)(𝑡))−1𝑥(0)), so the result follows from the additivity of the Conley–
Zehnder index for a path of symplectic matrices and a loop of symplectic matrices. □

4.2.2 A good class of admissible base triples

Let 𝐵 be a finite-dimensional closed smooth 𝑇-manifold. A continuousmap 𝑓 ∶ 𝐵 → Ω𝐺 is called
smooth if the map 𝐵 × 𝑆1 → 𝐺 given by (𝑏, 𝑡) ↦ (𝑓(𝑏))(𝑡) is smooth. Let 𝑓 ∶ 𝐵 → Ω𝐺 be a 𝑇-
equivariant smooth map. Let 𝑃𝐵,𝑛 ∶= (𝐵 ×𝑀)borel,𝑛 = (𝐵 × 𝐸𝑇𝑛 ×𝑀)∕𝑇 and 𝐵𝑛 ∶= 𝐵borel,𝑛. We
want to consider a good class of admissible base triple (𝜂𝑛, g𝑛, ∇𝑛) of 𝑃𝐵,𝑛 → 𝐵𝑛 as follows.
Let 𝜂𝐵𝑇 ∶ 𝐵𝑇 → ℝ be a Morse function (i.e., a sequence of Morse functions 𝜂𝐵𝑇,𝑛 ∶ 𝐵𝑇𝑛 → ℝ

such that 𝜂𝐵𝑇,𝑛+1|𝐵𝑇𝑛 = 𝜂𝐵𝑇,𝑛 and critp(𝜂𝐵𝑇,𝑛+1) ∩ 𝐵𝑇𝑛 = critp(𝜂𝐵𝑇,𝑛) for all 𝑛). Let g𝐵𝑇 be a Rie-
mannian metric on 𝐵𝑇 (i.e., a sequence of Riemannian metrics g𝐵𝑇,𝑛 of 𝐵𝑇𝑛 that is compatible
under embeddings 𝐵𝑇𝑛 → 𝐵𝑇𝑛+1). We can choose 𝜂𝐵𝑇 and g𝐵𝑇 such that any gradient trajectory
of 𝜂𝐵𝑇,𝑛 which starts in 𝐵𝑇𝑘 ⊂ 𝐵𝑇𝑛 and tangent to 𝐵𝑇𝑘, for some 𝑘 < 𝑛, coincides with the gra-
dient trajectory of 𝜂𝐵𝑇,𝑘 in 𝐵𝑇𝑘 for all time. Moreover, there is no gradient trajectory which goes
from a critical point of 𝜂𝐵𝑇,𝑛 in 𝐵𝑇𝑘 to a critical point of 𝜂𝐵𝑇,𝑛 in 𝐵𝑇𝑛 ⧵ 𝐵𝑇𝑘 for all 𝑛 > 𝑘 (cf.
Example 2.32).
Let∇𝑇 be a connection of the principal𝑇-bundle𝐸𝑇 → 𝐵𝑇 (i.e., a sequence of connections∇𝑇,𝑛

of 𝐸𝑇𝑛 → 𝐵𝑇𝑛 that is compatible under embeddings 𝐸𝑇𝑛 → 𝐸𝑇𝑛+1) such that it is flat near criti-
cal points of 𝜂𝐵𝑇 . It defines a decomposition of the tangent space 𝑇(𝐸𝑇𝑛) = 𝑇

vert𝐸𝑇𝑛 ⊕ 𝑇hor𝐸𝑇𝑛,
where 𝑇vert𝐸𝑇𝑛 is the kernel of 𝑇(𝐸𝑇𝑛) → 𝑇(𝐵𝑇𝑛) and 𝑇

hor𝐸𝑇𝑛 is the horizontal subbundle deter-
mined by ∇𝑇,𝑛. The connection ∇𝑇,𝑛 induces a connection for the associated bundle 𝐵𝑛 → 𝐵𝑇𝑛
with the holonomy group in 𝑇, and the horizontal subbundle 𝑇hor𝐵𝑛 is given by the projection of
𝑇hor𝐸𝑇𝑛 to 𝑇𝐵𝑛 under 𝑇(𝐵 × 𝐸𝑇𝑛) → 𝑇𝐵𝑛 (it is well-defined because g ⋅ 𝑇hor𝑥 𝐸𝑇𝑛 = 𝑇

hor
g𝑥 𝐸𝑇𝑛 for

all g ∈ 𝑇). We choose a Riemannian metric g𝑛 on 𝐵𝑛 such that 𝑇
hor𝐵𝑛 is orthogonal to the verti-

cal subbundle, (𝐵𝑛, g𝑛) → (𝐵𝑇𝑛, g𝐵𝑇) is a Riemannian submersion, and over the region 𝑈 ⊂ 𝐵𝑇
where the connection is flat, g𝑛 is the product of a 𝑇-invariantmetric g𝐵 on 𝐵 and themetric g𝐵𝑇|𝑈
on 𝑈.
We use ∇𝑇 again to induce a connection ∇𝑛 of 𝑃𝐵,𝑛 → 𝐵𝑛 by requiring that the horizontal

subbundle is the projection of 𝑇𝐵 ⊕ 𝑇hor𝐸𝑇𝑛 to 𝑇𝑃𝐵,𝑛 under

𝑇(𝐵 × 𝐸𝑇𝑛 ×𝑀) → 𝑇𝑃𝐵,𝑛

Lemma 4.5. Let 𝑐 ∶ ℝ∕ℤ→ 𝐵𝑇𝑛 be a loop, 𝑐
′ ∶ [0, 1] → 𝐵𝑛 be a horizontal lift of 𝑐 and 𝑐

′′ ∶
[0, 1] → 𝑃𝐵,𝑛 be a horizontal lift of 𝑐

′ with respect to ∇𝑛. Let (𝐵 × 𝑀)𝑐(0) be the fiber of the natural
map 𝑃𝐵,𝑛 → 𝐵𝑇𝑛 over 𝑐(0) = 𝑐(1). Then 𝑐

′′(0), 𝑐′′(1) ∈ (𝐵 ×𝑀)𝑐(0) lie in the same 𝑇-orbit, where 𝑇
acts diagonally.
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34 of 69 GONZÁLEZ et al.

Proof. Consider the connection ∇ of 𝑃𝐵,𝑛 → 𝐵𝑇𝑛 whose horizontal subbundle is given by the
projection of 𝑇hor𝐸𝑇𝑛 to 𝑇𝑃𝐵𝑛 under 𝑇(𝐵 × 𝐸𝑇𝑛 ×𝑀) → 𝑇𝑃𝐵,𝑛. The holonomy group for this con-
nection is 𝑇. It is easy to check that 𝑐′′ is a horizontal lift of 𝑐 with respect to ∇ because both the
connections of 𝐵𝑛 → 𝐵𝑇𝑛 and 𝑃𝐵,𝑛 → 𝐵𝑛 are induced by∇𝑇 . As a result, 𝑐

′′(0) and 𝑐′′(1) lie in the
same 𝑇-orbit. □

Let 𝜂′𝑛 be the pullback of 𝜂𝐵𝑇,𝑛 under the Riemannian submersion 𝐵𝑛 → 𝐵𝑇𝑛. Gradient
trajectories of 𝜂′𝑛 are horizontal lifts of gradient trajectories of 𝜂𝐵𝑇,𝑛.

Lemma 4.6. Let 𝑓 ∶ 𝐵 → Ω𝐺 be a 𝑇-equivariant map and 𝐾𝑓,𝑛 ∶ 𝑆
1 × 𝑃𝐵,𝑛 → ℝ be the generat-

ing Hamiltonian function. Let 𝜏′ ∶ ℝ→ 𝐵𝑛 be a gradient trajectory of 𝜂
′
𝑛. Then 𝐾𝑓,𝑛 is covariantly

constant along 𝜏′ with respect to the connection ∇𝑛

Proof. Let 𝜏′′ ∶ ℝ→ 𝑃𝐵,𝑛 be a horizontal lift of 𝜏
′ with respect to ∇𝑛. We need to show that

𝐾𝑓,𝑛(𝑡, 𝜏
′′(𝑠)) is independent of 𝑠.

Recall that the 𝑇-invariant lift 𝐾𝐹,𝑛 ∶ 𝑆
1 × 𝐵 × 𝐸𝑇𝑛 ×𝑀 of 𝐾𝑓,𝑛 is defined by

𝐾𝐹,𝑛(𝑡, 𝑏, 𝑥,𝑚) ∶= 𝐾𝑓(𝑏),𝑡((𝑓(𝑏)(𝑡))𝑚)

and the 𝑇-invariance means

𝐾𝐹,𝑛(𝑡, g𝑏, g𝑥, g𝑚) = 𝐾𝑓(g𝑏),𝑡((𝑓(g𝑏)(𝑡))g𝑚)

= 𝐾
g𝑓(𝑏)g−1,𝑡(g(𝑓(𝑏)(𝑡))g

−1
g𝑚) = 𝐾𝑓(𝑏),𝑡(g

−1
g(𝑓(𝑏)(𝑡))g−1g𝑚)

= 𝐾𝐹,𝑛(𝑡, 𝑏, 𝑥,𝑚)

Note that 𝐾𝐹,𝑛 also 𝑇-invariant along the 𝐸𝑇𝑛 direction (i.e., 𝐾𝐹,𝑛(𝑡, 𝑏, 𝑥,𝑚) = 𝐾𝐹,𝑛(𝑡, 𝑏, g𝑥,𝑚)),
which is an additional feature that is not due to coming from lifting from 𝑃𝐵,𝑛. Combining both,
we have 𝐾𝐹,𝑛(𝑡, 𝑏, 𝑥,𝑚) = 𝐾𝐹,𝑛(𝑡, g𝑏, 𝑥, g𝑚) for all g ∈ 𝑇.
By Lemma 4.5, 𝜏′′ is actually a horizontal lift of a gradient trajectory 𝜏 ∶ ℝ→ 𝐵𝑇𝑛 of 𝜂𝐵𝑇,𝑛. Since

𝐾𝐹,𝑛 is independent of 𝐸𝑇𝑛 and invariant under the diagonal 𝑇 action on 𝐵 ×𝑀, together with
the fact that the diagonal 𝑇 action is precisely the holonomy group of 𝑃𝐵,𝑛 → 𝐵𝑇𝑛, we conclude
that 𝐾𝑓,𝑛(𝑡, 𝜏

′′(𝑠)) is independent of 𝑠. □

Note that 𝜂′𝑛 is only a Morse–Bott function so (𝜂
′
𝑛, g𝑛, ∇𝑛) is not an admissible base triple. We

want to Morsify 𝜂′𝑛 to 𝜂𝑛 so that we get an admissible base triple, and at the same time still have
some control on the derivative of𝐾𝑓,𝑛 along gradient trajectory of 𝜂𝑛with respect to the connection
∇𝑛.
Before we explain this, we need to introduce the notion of a good pair.

Definition 4.7. Let𝑓 ∶ 𝐵 → Ω𝐺 be a𝑇-equivariantmap and 𝜂′𝐵 ∶ 𝐵 → ℝ be a𝑇-invariantMorse–
Bott function. We call (𝑓, 𝜂′𝐵) a good pair if 𝑓 is a constant function near each connected critical
submanifold of 𝜂′𝐵.

Lemma 4.8. Given a 𝑇-equivariant smooth map 𝑓 ∶ 𝐵 → Ω𝐺, we can homotope 𝑓 to another

𝑇-equivariant smooth map 𝑓′ ∶ 𝐵 → Ω𝐺 such that there is a 𝑇-invariant Morse–Bott function 𝜂′𝐵
making (𝑓′, 𝜂′𝐵) a good pair.
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Proof. Let 𝜂′𝐵 ∶ 𝐵 → ℝ be a 𝑇-invariant Morse–Bott function such that every connected compo-
nent of its critical Morse–Bott submanifolds is isomorphic to 𝑇∕𝐻 for some closed subgroup𝐻 of
𝑇 (see [47, Lemma 4.8] for its existence and genericity).
Let 𝐶 ≃ 𝑇∕𝐻 be one of the connected components. Note that 𝑓|𝑇∕𝐻 factors throughΩ𝐶0𝐺(𝐻) ⊂

Ω𝐺, where 𝐶0
𝐺
(𝐻) is the identity component of the centralizer 𝐶𝐺(𝐻) of 𝐻 in 𝐺. Note also that

𝐶𝐺(𝑇) = 𝑇 ⊂ 𝐶
0
𝐺
(𝐻) is a maximal torus in 𝐶0

𝐺
(𝐻). Therefore, 𝜋1(𝑇) surjects onto 𝜋1(𝐶

0
𝐺
(𝐻)). Let

𝑝 ∈ 𝑇∕𝐻 so 𝑓(𝑝) ∈ Ω𝐶0
𝐺
(𝐻). We can find a smoothmap 𝐹𝑝 ∶ [0, 1] → Ω𝐶0

𝐺
(𝐻) such that 𝐹𝑝(0) =

𝑓(𝑝) and 𝐹𝑝(1) ∈ Ω𝐶𝐺(𝑇) = Ω𝑇 because of the surjectivity of 𝜋1(𝑇) → 𝜋1(𝐶
0
𝐺
(𝐻)). Let 𝐹 ∶

[0, 1] × 𝑇∕𝐻 → Ω𝐶0
𝐺
(𝐻) be the 𝑇-equivariant map given by 𝐹(𝑠, g ⋅ 𝑝) ∶= g𝐹𝑝(𝑠)g

−1 ∈ Ω𝐶0
𝐺
(𝐻)

for all g ∈ 𝑇 and 𝑠 ∈ [0, 1]. In other words, 𝐹 is a 𝑇-equivariant homotopy from 𝐹(0, ⋅) = 𝑓 to the
map 𝐹(1, ⋅) which lands in Ω𝑇. In particular, 𝐹(1, g ⋅ 𝑝) = 𝐹(1, 𝑝) for all g ∈ 𝑇. We want to use
this homotopy to homotope 𝑓 to another 𝑇-equivariant map such that it is constantly equal to
𝐹(1, 𝑝) in a neighborhood of 𝐶.
To do that, let𝑁 be a 𝑇-invariant neighborhood of𝐶. By choosing a 𝑇-invariant metric on 𝐵 and

using the exponential map, we can identify𝑁 as the total space of a 𝑇-equivariant normal bundle
over 𝐶. Let 𝜋𝑁 ∶ 𝑁 → 𝐶 be the projection map. Let 𝑟 ∶ 𝑁 → ℝ⩾0 be the distance function from
𝐶. Let 𝜌𝜖 ∶ ℝ⩾0 → ℝ⩾0 be a smooth function such that 𝜌𝜖(𝑠) = 0 near 𝑠 = 0 and 𝜌𝜖(𝑠) = 𝑠 when
𝑠 > 𝜖 > 0. For 𝜖 > 0 being sufficiently small, we define a 𝑇-equivariant smooth map 𝑐𝜖 ∶ 𝑁 → 𝑁
by 𝑏 ↦ 𝜌𝜖(𝑟(𝑏))𝑏. Thismap collapses a small neighborhood of𝐶 to𝐶.We define𝑓𝑐 ∶= 𝑓◦𝑐, which
is a 𝑇-equivariant smooth map that is 𝑇-equivariant homotopic to 𝑓. Moreover, by definition, we
know that 𝑓𝑐 factors through 𝜋𝑁 in a small neighborhood 𝑁𝐶 of 𝐶. Let 𝜌

𝐶
𝛿
∶ [0, 𝛿] → [0, 1] be a

smooth function such that 𝜌𝐶
𝛿
(𝑠) = 1 near 𝑠 = 0 and 𝜌𝐶

𝛿
(𝑠) = 0 near 𝑠 = 𝛿. For 𝛿 being sufficiently

small, we define 𝑓′ ∶ 𝐵 → Ω𝐺 by 𝑓′(𝑏) ∶= 𝑓𝑐(𝑏) if 𝑟(𝑏) ⩾ 𝛿, and 𝑓
′(𝑏) ∶= 𝐹(𝜌𝐶

𝛿
(𝑟(𝑏)), 𝜋𝑁(𝑏)) if

𝑟(𝑏) ⩽ 𝛿. Clearly, 𝑓′ is 𝑇-equivariant homotopic to 𝑓, and 𝑓′ is a constant near 𝐶.
By applying this procedure to every connected component of the critical submanifolds of 𝜂′𝐵,

we get a good pair (𝑓′, 𝜂′𝐵) as desired. □

Let (g𝑛, ∇𝑛) be as above. We are now ready to introduce 𝜂𝑛, which is a special form of
Morsification of 𝜂′𝑛 that makes use of (𝑓, 𝜂

′
𝐵).

Since (𝑓, 𝜂′𝐵) is a good pair, we can find a 𝑇-invariant neighborhood 𝑁𝜂 of critp(𝜂
′
𝐵) such that

𝑓|𝑁𝜂 is locally constant. Let 𝜂𝐵 ∶ 𝐵 → ℝ be a Morsification of 𝜂′𝐵 such that 𝜂𝐵(𝑏) = 𝜂
′
𝐵(𝑏) if 𝑏 ∉

𝐼𝑛𝑡(𝑁𝜂).
Let 𝑈𝐵𝑇,𝑛 be a small neighborhood of the critical points of 𝜂𝐵𝑇,𝑛 where ∇𝑇 is flat. Let 𝑈𝑛 ⊂

𝐵𝑛 be the preimage of 𝑈𝐵𝑇,𝑛 under 𝐵𝑛 → 𝐵𝑇𝑛. Since ∇𝑛 and the connection of 𝐵𝑛 → 𝐵𝑇𝑛 are
both induced by ∇𝑇 , we can identify 𝑈𝑛 as 𝐵 × 𝑈𝐵𝑇,𝑛 and trivialize the bundle 𝑃𝐵,𝑛 over 𝑈𝑛 as
𝐵 ×𝑀 × 𝑈𝐵𝑇,𝑛.
Let 𝜂′𝑛 be the Morse–Bott function on 𝐵𝑛 above. The critical submanifolds of 𝜂

′
𝑛 are contained

in 𝑈𝑛 = 𝐵 × 𝑈𝐵𝑇,𝑛, and are of the form 𝐵 × critp(𝜂𝐵𝑇,𝑛). Note that, there is a choice in the identi-
fication of 𝐵 coming from the choice of trivialization, and it is canonical only up to an element in
𝑇. Our argument below works for any such choice. WeMorsify 𝜂′𝑛 inside𝑈𝑛 by adding a function
of the form 𝜖𝜒(𝑢)𝜂𝐵(𝑏) for (𝑏, 𝑢) ∈ 𝐵 × 𝑈𝐵𝑇,𝑛, where 0 < 𝜖 ≪ 1, 𝜒 is a bump function and 𝜂𝐵 is
theMorse function constructed above.We can choose𝜒 ∶ 𝑈𝐵𝑇,𝑛 → [0, 1] such that over each con-
nected component of𝑈𝐵𝑇,𝑛, it only depends on the distance from the corresponding critical point
of 𝜂𝐵𝑇,𝑛, the only critical values are {0, 1} and 𝜒

−1(1) = critp(𝜂𝐵𝑇,𝑛). Denote the Morse function
𝜂′𝑛 + 𝜖𝜒(𝑢)𝜂𝐵(𝑏) by 𝜂𝑛. In the next subsection, we will use the admissible base triple (𝜂𝑛, g𝑛, ∇𝑛).
We end this subsection with the following observation.
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36 of 69 GONZÁLEZ et al.

Lemma 4.9. Let (𝑓, 𝜂′𝐵) be a good pair and 𝜂𝐵, g𝐵 be defined as above. For any constant 𝑐 ∈ ℝ, there
is a𝑇-invariant function 𝐬 ∈ 𝐶∞(𝑆1 × 𝐵) such that 𝐬 > 𝑐, 𝐬(𝑏) ∉ Spec(𝜕𝑀̄, 𝛼) for any 𝑏 ∈ critp(𝜂𝐵),
and for any gradient trajectory 𝜏𝐵 of 𝜂𝐵 with respect to g𝐵, we have

𝑑
𝑑𝑠
𝐬(𝑡, 𝜏𝐵(𝑠)) ⩽ − max

𝑚∈𝜕𝑀̄

||||
𝑑
𝑑𝑠
𝐬𝐾𝑓(𝜏𝐵(𝑠)),𝑡

(𝑚)
|||| (54)

for all 𝑡 ∈ 𝑆1.

Proof. To see that 𝐬 exists even though 𝜂𝐵 is not 𝑇-invariant, we argue as follows. Recall that
(𝑓, 𝜂′𝐵) is a good pair and 𝑓|𝑁𝜂 is locally constant. It implies that 𝐾𝑓(𝑏),𝑡(𝑚) is locally independent
of 𝑏 ∈ 𝑁𝜂. Therefore, the right-hand side of (57) is 0 when 𝜏𝐵(𝑠) ∈ 𝑁𝜂. When 𝜏𝐵(𝑠) ∉ 𝑁𝜂, 𝜏𝐵(𝑠) is
also a gradient trajectory of 𝜂′𝐵, and 𝜂

′
𝐵 is 𝑇-invariant. Therefore, it suffices to find a 𝑇-invariant

function 𝐬 ∈ 𝐶∞(𝑆1 × 𝐵) such that it is locally constant in 𝑁𝜂, 𝐬 > 𝑐, 𝐬(𝑏) ∉ Spec(𝜕𝑀̄, 𝛼) for any
𝑏 ∈ critp(𝜂𝐵), and for any gradient trajectory 𝜏

′
𝐵 of 𝜂

′
𝐵, we have

𝑑
𝑑𝑠
𝐬(𝑡, 𝜏′𝐵(𝑠)) ⩽ − max

𝑚∈𝜕𝑀̄

||||
𝑑
𝑑𝑠
𝐬𝐾𝑓(𝜏′

𝐵
(𝑠)),𝑡

(𝑚)
|||| (55)

but this is easy because 𝜂′𝐵 is 𝑇-invariant, 𝑁𝜂 is 𝑇-invariant and g𝐵 is also 𝑇-invariant. □

4.2.3 A good class of admissible Hamiltonians

Let 𝑓∗0 be the Hamiltonian function on 𝑃𝐵 given by (45) with 𝐻 = 0. It is descended from
−𝐾𝐹,𝑛(𝑡, 𝑏, 𝑦,𝑚) and 𝐾𝐹,𝑛(𝑡, 𝑏, 𝑦,𝑚) ∶= 𝐾𝑓(𝑏),𝑡((𝑓(𝑏)(𝑡))𝑚) is independent of 𝐸𝑇𝑛. Therefore, for
any 𝑏 ∈ 𝐵borel, there is 𝑏

′ ∈ 𝐵 such that

max
(𝑡,𝑚)∈𝑆1×𝜕𝑀̄

|𝐬(𝑓∗0)𝑏 (𝑚)| = max
(𝑡,𝑚)∈𝑆1×𝜕𝑀̄

|𝐬𝐾𝑓(𝑏′),𝑡 (𝑚)|

Since 𝑆1 × 𝐵 × 𝜕𝑀̄ is compact, the value

𝑐𝑓,𝐾 ∶= sup
𝑏∈𝐵borel

max
(𝑡,𝑚)∈𝑆1×𝜕𝑀̄

|𝐬(𝑓∗0)𝑏 (𝑚)| = sup
𝑏′∈𝐵

max
(𝑡,𝑚)∈𝑆1×𝜕𝑀̄

|𝐬𝐾𝑓(𝑏′),𝑡 (𝑚)| (56)

is finite.
Given a 𝑇-invariant function 𝐬 ∈ 𝐶∞(𝑆1 × 𝐵), we can pull it back to get a 𝑇-invariant function

on 𝑆1 × 𝐵 × 𝐸𝑇. It descends to a function on 𝑆1 × 𝐵borel which we denote by 𝐬borel.

Proposition 4.10. Let (𝑓, 𝜂′𝐵) be a good pair. Then there is a constant 𝐶𝑓 > 0 depending only on
(𝑓, 𝜂′𝐵) with the following property. There is an admissible base triple (𝜂, g , ∇) of 𝑃𝐵 → 𝐵borel (i.e., a
sequence of admissible base triples (𝜂𝑛, g𝑛, ∇𝑛) of 𝑃𝐵,𝑛 → 𝐵𝑛) such that for any 𝑐 ∈ ℝ>0, there is a
cylindrical Hamiltonian𝐴𝑓 ∈ 𝐶

∞(𝑆1 × 𝑃𝐵) (i.e a sequence of cylindrical Hamiltonian𝐴𝑓,𝑛 on 𝑃𝐵,𝑛
such that 𝐴𝑓,𝑛+1|𝑃𝐵,𝑛 = 𝐴𝑓,𝑛) and a 𝑇-invariant function 𝐬 obtained by Lemma 4.9 such that
∙ 𝐬 > 𝑐𝑓,𝐾 + 𝑐,
∙ 𝐬(𝐴𝑓)𝑏 = 𝐬borel(𝑏) for all 𝑏 ∈ 𝐵borel,
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∙ both 𝑓∗𝐴𝑓,𝑛 and 𝐴𝑓,𝑛 are compatible with (𝜂𝑛, g𝑛, ∇𝑛) for all 𝑛, and
∙ 𝑐 ⩽ 𝐬𝐴𝑓 , 𝐬𝑓∗𝐴𝑓 ⩽ 𝑐 + 𝐶𝑓 .

Proof. Recall that g𝐵 is a 𝑇-invariant metric on 𝐵 such that g𝑛|𝑈𝑛 = g𝐵 + g𝐵𝑇|𝑈𝐵𝑇,𝑛 . By Lemma 4.9,
we can pick a 𝑇-invariant function 𝐬 ∈ 𝐶∞(𝑆1 × 𝐵) such that 𝐬 > 𝑐𝑓,𝐾 + 𝑐, and for any gradient
trajectory 𝜏𝐵 of 𝜂𝐵 with respect to g𝐵, we have

𝑑
𝑑𝑠
𝐬(𝑡, 𝜏𝐵(𝑠)) ⩽ − max

𝑚∈𝜕𝑀̄

||||
𝑑
𝑑𝑠
𝐬𝐾𝑓(𝜏𝐵(𝑠)),𝑡

(𝑚)
|||| (57)

for all 𝑡 ∈ 𝑆1.
Since 𝐬 is 𝑇-invariant, it induces a function 𝐬borel ∈ 𝐶

∞(𝑆1 × 𝐵borel). We claim that

𝑑
𝑑𝑠
𝐬borel(𝑡, 𝜏(𝑠)) ⩽ − max

𝑚∈𝜕𝑀̄

||||
𝑑
𝑑𝑠
𝐬(𝑓∗0)𝜏(𝑠)(𝑡,𝑚)

|||| (58)

for all gradient trajectory 𝜏 ∶ ℝ→ 𝐵𝑛 of 𝜂𝑛, for all 𝑡 ∈ 𝑆
1, and for all𝑛. To seewhy, note that outside

𝑈𝑛, 𝜏 is also a gradient trajectory of 𝜂
′
𝑛 because 𝜖𝜒(𝑢)𝜂𝐵(𝑏) is supported inside 𝑈𝑛. Moreover,

gradient trajectories of 𝜂′𝑛 are horizontal lifts of gradient trajectory of 𝜂𝐵𝑇,𝑛. By Lemma 4.6, the
right-hand side is 0. The left-hand side is also 0 because 𝐬borel is also covariantly constant. Inside
𝑈𝑛, we use the trivialization 𝑈𝑛 = 𝐵 × 𝑈𝐵𝑇,𝑛 so for (𝑏, 𝑢) ∈ 𝐵 × 𝑈𝐵𝑇,𝑛, we have

𝐬borel(𝑡, (𝑏, 𝑢)) = 𝐬(𝑡, 𝑏) (59)

and

𝐬(𝑓∗0)(𝑏,𝑢)(𝑡,𝑚) = 𝐬𝐾𝑓(𝑏),𝑡 (𝑚) (60)

Both of them are independent of 𝑢 ∈ 𝑈𝐵𝑇,𝑛. On the other hand, we have

𝑑𝜂𝑛 = 𝑑𝜂
′
𝑛(𝑢) + 𝜖𝜒(𝑢)𝑑𝜂𝐵(𝑏) + 𝜖𝑑𝜒(𝑢)𝜂𝐵(𝑏)

The gradient g𝑟𝑎𝑑(𝜂𝑛) of 𝜂𝑛 is therefore lying inside 𝜖𝜒(𝑢)g𝑟𝑎𝑑(𝜂𝐵(𝑏)) + 𝑇𝑈𝐵𝑇,𝑛. By (57), (59) and
(60), we conclude that (58) is true.
Now, we would like to choose𝐴𝑓 such that 𝐬(𝐴𝑓)𝑏 (𝑚) = 𝐬borel(𝑏) for all𝑚 ∈ 𝜕𝑀̄. This choice of

𝐴𝑓 trivially satisfies the second bullet of the proposition.
For the last bullet, note that

𝑐𝑓,𝐾 + 𝑐 ⩽ min𝐵
𝐬 ⩽ 𝐬𝐴𝑓 ⩽ max𝐵

𝐬

Therefore, we have

𝑐 ⩽ 𝐬𝑓∗𝐴𝑓 ⩽ max𝐵
𝐬 + 𝑐𝑓,𝐾

So, the last bullet is satisfied with 𝐶𝑓 = max𝐵 𝐬 + 𝑐𝑓,𝐾 − 𝑐. Recall that, 𝑐𝑓,𝐾 is a constant which
only depends on (𝑓, 𝜂′𝐵). Therefore, in order to find a 𝐶𝑓 which depends only on (𝑓, 𝜂

′
𝐵) we need

to give a uniformupper bound formax𝐵 𝐬 − 𝑐 that is independent of 𝑐, and only depends on (𝑓, 𝜂
′
𝐵).
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38 of 69 GONZÁLEZ et al.

This uniform upper bound exists because, if 𝐬 > 𝑐𝑓,𝐾 + 𝑐 is obtained fromLemma 4.9, then for any
other 𝑐′ > 0, 𝐬 − 𝑐 + 𝑐′ > 𝑐𝑓,𝐾 + 𝑐

′ almost satisfy all the conditions in Lemma 4.9 except possibly
that (𝐬 − 𝑐 + 𝑐′)(𝑏)might lie in the spectrum Spec(𝜕𝑀̄, 𝛼) for some 𝑏 ∈ critp(𝜂𝐵). Therefore, one
can 𝑇-equivariantly perturb 𝐬 − 𝑐 + 𝑐′ to get a 𝑇-invariant function 𝐬′ > 𝑐𝑓,𝐾 + 𝑐

′ which satisfy
all the conditions in Lemma 4.9. The perturbation can be as small as we want somax𝐵 𝐬 − 𝑐 and
max𝐵 𝐬

′ − 𝑐′ can be made as close to each other as we want. This implies that there is a uniform
upper bound formax𝐵 𝐬 − 𝑐 that is independent of 𝑐, which in turn implies that we can find a 𝐶𝑓
we want which depends only on (𝑓, 𝜂′𝐵).
It remains to show that it also fulfills the third bullet. Recall the condition of compatibility with

(𝜂𝑛, g𝑛, ∇𝑛) from Definition 2.7. Our choice of 𝐬 is intentionally chosen such that the third bullet
of Definition 2.7 is satisfied for both 𝐴𝑓 and 𝑓

∗𝐴𝑓 (see (58)).
The first bullet of Definition 2.7 can be achieved because 𝐬 ∶ 𝑆1 × 𝐵 → ℝ is chosen such that

over the critical points of 𝜂𝐵, 𝐬 does not lie in the spectrum of the Reeb flow, so a generic choice
of cylindrical 𝐴𝑓 with 𝐬(𝐴𝑓)𝑏 = 𝐬borel(𝑏) will be nondegenerate over the critical points of 𝜂.
When 𝐬(𝐴𝑓)𝑏 is nondegenerate over the critical points of 𝜂, so is true for 𝐬(𝑓∗𝐴𝑓)𝑏 .
The second bullet of Definition 2.7 can be achieved because 𝐬borel is locally constant in 𝑁𝜂 ×

𝑈𝐵𝑇,𝑛 ⊂ 𝐵 × 𝑈𝐵𝑇,𝑛 = 𝑈𝑛, so we can pick 𝐴𝑓,𝑛 which is locally constant over 𝑁𝜂 × 𝑈𝐵𝑇,𝑛, which
contains all the critical points of 𝜂𝑛. Since 𝑓 is also locally constant over 𝑁𝜂, 𝑓

∗𝐴𝑓,𝑛 will also be
locally constant over 𝑁𝜂 × 𝑈𝐵𝑇,𝑛.
The last bullet of Definition 2.7 can be achieved by generic fiberwise-compactly supported

perturbation of 𝐴𝑓 outside 𝑈𝑛. It will imply that so is true for 𝑓
∗𝐴𝑓 . □

We have the following tautological isomorphism.

Proposition 4.11. Let 𝐵 be a finite-dimensional closed smooth 𝑇-manifold. Let 𝐻 be a cylindrical

Hamiltonian of 𝑃𝐵 such that both 𝑓
∗𝐻 and 𝐻 are compatible with (𝜂𝑛, g𝑛, ∇𝑛). Then we have an

isomorphism

𝑓 ∶ 𝐻𝐹∗(𝑃𝐵,𝑛, 𝑓∗𝐻) ≃ 𝐻𝐹∗−𝜄(𝑓)(𝑃𝐵,𝑛; 𝐻) (61)

By taking inverse limit in 𝑛, we get the isomorphism (46).

Remark 4.12. In fact, Proposition 4.11 is true even if 𝐻 is compatible with (𝜂𝑛, g𝑛, ∇𝑛) but 𝑓
∗𝐻 is

not. The only difference is that when 𝑓∗𝐻 is not compatible with (𝜂𝑛, g𝑛, ∇𝑛), we cannot apply
Lemma 2.15 to get the well-definedness of 𝐻𝐹(𝑃𝐵,𝑛, 𝑓

∗𝐻). But as we shall see from the proof
below, the identification 𝐶𝐹(𝑃𝐵,𝑛, 𝑓

∗𝐻) ≃ 𝐶𝐹(𝑃𝐵,𝑛; 𝐻) proves that𝐻𝐹(𝑃𝐵,𝑛, 𝑓
∗𝐻) is well-defined

in a posteriori.

Proof of Proposition 4.11. The strategy to prove (61) is to establish a cochain level isomorphism
with respect to appropriate auxiliary data. Let Φ̃𝑡 ∶ 𝐵 × 𝐸𝑇 ×𝑀 → 𝐵 × 𝐸𝑇 ×𝑀 be Φ̃𝑡(𝑏, 𝑦,𝑚) =
(𝑏, 𝑦, 𝑓(𝑏)(𝑡)𝑚). It satisfies

Φ̃𝑡(g𝑏, g𝑦, g𝑚) = (g𝑏, g𝑦, 𝑓(g𝑏)(𝑡)g𝑚) = (g𝑏, g𝑦, g𝑓(𝑏)(𝑡)𝑚) (62)

so it descends to a map Φ𝑡 ∶ 𝑃𝐵 → 𝑃𝐵 for all 𝑡 ∈ 𝑆
1.

By Lemma 4.3, Φ𝑡 provides a bijection between the generators of 𝐶𝐹(𝑃𝐵,𝑛, 𝑓
∗𝐻) and

𝐶𝐹(𝑃𝐵,𝑛, 𝐻).
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Let (𝐽𝑏)𝑏∈𝐵𝑛 be a generic 𝑆
1-dependent fiberwise almost complex structure on 𝑃𝐵,𝑛 that is com-

patible with the fiberwise symplectic form and is of contact type. The differential in the Floer
complex 𝐶𝐹(𝑃𝐵,𝑛; 𝐻) is defined by counting solutions of coupled equations with gradient trajec-
tories on 𝐵𝑇𝑛 with respect to (𝜂𝑛, g𝑛), and Floer solution liftings of the gradient trajectories with
respect to (∇𝑛, 𝐻, 𝐽).
If we use (Φ∗𝑡 𝐽𝑏)𝑏∈𝐵𝑛 to define the Floer differential of 𝐶𝐹(𝑃𝐵,𝑛, 𝑓

∗𝐻), then we will have a bijec-
tive correspondence between the solutions contributing to the differential of 𝐶𝐹(𝑃𝐵,𝑛, 𝑓

∗𝐻) and
solutions contributing to the differential of 𝐶𝐹(𝑃𝐵,𝑛; 𝐻). More precisely, if (𝜏(𝑠), 𝑢(𝑠, 𝑡)) is a solu-
tion contributing to the differential of 𝐶𝐹(𝑃𝐵,𝑛, 𝐻), then (𝜏(𝑠), (Φ𝑡)

−1◦𝑢(𝑠, 𝑡)) will be a solution
contributing to the differential of 𝐶𝐹(𝑃𝐵,𝑛, 𝑓

∗𝐻).
Moreover, by trivializing 𝑃𝐵 along 𝜏 and applying the Lemma 4.13, we see that the correspon-

dence preserves the topological energy 𝐸(𝜏, (Φ𝑡)
−1◦𝑢(𝑠, 𝑡)) = 𝐸(𝜏, 𝑢(𝑠, 𝑡)). Therefore, we get the

isomorphism (see Lemma 4.4 for the grading shift). □

Lemma 4.13. Let 𝑢 ∶ ℝ × 𝑆1 → 𝑀 be a Floer solution with respect to 𝐻 = (𝐻𝑠,𝑡)(𝑠,𝑡)∈ℝ×𝑆1 ∈
𝐶∞(ℝ × 𝑆1 ×𝑀). Let 𝛾 ∈ Ω𝐺 and 𝑣(𝑠, 𝑡) = 𝛾(𝑡)−1𝑢(𝑠, 𝑡). Then 𝐸(𝑣) = 𝐸(𝑢).

Proof. We have

𝜕𝑠𝑣(𝑠, 𝑡) = (𝐷𝛾(𝑡))
−1𝜕𝑠𝑢(𝑠, 𝑡)

𝜕𝑡𝑣(𝑠, 𝑡) = (𝐷𝛾(𝑡))
−1𝜕𝑡𝑢(𝑠, 𝑡) + 𝑋𝛾(𝑡)−1(𝑣(𝑠, 𝑡))

where 𝑋𝛾(𝑡)−1 is the Hamiltonian vector field generating 𝛾
−1 at time 𝑡 (recall from Lemma 4.2(2)

the generating Hamiltonian of 𝛾−1). Therefore,

∫ℝ×𝑆1 𝑣
∗𝜔

=∫
∞

−∞ ∫
1

0
𝜔((𝐷𝛾(𝑡))−1𝜕𝑠𝑢(𝑠, 𝑡), (𝐷𝛾(𝑡))

−1𝜕𝑡𝑢(𝑠, 𝑡) + 𝑋𝛾(𝑡)−1(𝑣(𝑠, 𝑡))𝑑𝑡𝑑𝑠

=∫ℝ×𝑆1 𝑢
∗𝜔 + ∫

∞

−∞ ∫
1

0
𝜔(𝜕𝑠𝑢(𝑠, 𝑡), (𝐷𝛾(𝑡))𝑋𝛾(𝑡)−1(𝑣(𝑠, 𝑡))𝑑𝑡𝑑𝑠

=∫ℝ×𝑆1 𝑢
∗𝜔 + ∫

∞

−∞ ∫
1

0
𝑑(−𝐾𝛾,𝑡(𝑢(𝑠, 𝑡)))(𝜕𝑠𝑢(𝑠, 𝑡))𝑑𝑡𝑑𝑠

=∫ℝ×𝑆1 𝑢
∗𝜔 + ∫

1

0
𝐾𝛾,𝑡(𝑢(−∞, 𝑡))𝑑𝑡 − ∫

1

0
𝐾𝛾,𝑡(𝑢(∞, 𝑡))𝑑𝑡

where 𝑢(±∞, 𝑡) ∶= lim𝑠→±∞ 𝑢(𝑠, 𝑡). As a result,

𝐸(𝑣)

=∫ℝ×𝑆1 𝑣
∗𝜔 + ∫

1

0
(𝐻−∞,𝑡 − 𝐾𝛾,𝑡)(𝛾(𝑡)𝑣(−∞, 𝑡))𝑑𝑡 − ∫

1

0
(𝐻∞,𝑡 − 𝐾𝛾,𝑡)(𝛾(𝑡)𝑣(∞, 𝑡))𝑑𝑡
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=∫ℝ×𝑆1 𝑢
∗𝜔 + ∫

1

0
𝐻−∞,𝑡(𝑢(−∞, 𝑡))𝑑𝑡 − ∫

1

0
𝐻∞,𝑡(𝑢(∞, 𝑡))𝑑𝑡

=𝐸(𝑢) □

The isomorphism (61) is compatible with the product structure as follows.

Proposition 4.14. Let 𝐵 be a finite-dimensional closed smooth 𝑇-manifold. Let 𝐻 be a cylindrical

Hamiltonian of 𝑃𝐵 such that both 𝑓
∗𝐻 and 𝐻 are compatible with (𝜂𝑛, g𝑛, ∇𝑛). Let 𝐻

′ be another

cylindrical Hamiltonian of 𝑃𝐵 that is of constant slope 𝐬
′. Let𝐻′′ be a cylindrical Hamiltonian of 𝑃𝐵

such that both 𝑓∗𝐻′′ and 𝐻′′ are compatible with (𝜂𝑛, g𝑛, ∇𝑛), max 𝐬𝐻 +max 𝐬𝐻′ ⩽ min 𝐬𝐻′′ and
max 𝐬𝑓∗𝐻 +max 𝐬𝐻′ ⩽ min 𝐬𝑓∗𝐻′′ . Then the following diagram commutes

where the horizontal maps are pair-of-pants products, and vertical maps are continuation maps.

Sketch of proof. Similar to the proof of Proposition 4.11, we want to construct Φ = (Φ𝑧,𝑡 ∶ 𝑃𝐵 →
𝑃𝐵)𝑧∈Σ,𝑡∈𝑆1 to give a chain level identification of the product operation on the first row and on the
second row. More precisely, over the first positive cylindrical end and the negative cylindrical end
of Σ, we choose Φ̃𝑧,𝑡 ∶ 𝐵 × 𝐸𝑇 ×𝑀 → 𝐵 × 𝐸𝑇 ×𝑀 to be Φ̃𝜖𝑖(𝑠,𝑡),𝑡(𝑏, 𝑦,𝑚) = (𝑏, 𝑦, 𝑓(𝑏)(𝑡)𝑚). Over
the second positive cylindrical end, we choose Φ̃𝜖2(𝑠,𝑡),𝑡(𝑏, 𝑦,𝑚) = (𝑏, 𝑦,𝑚). There is no homotopi-
cal obstruction to extends the definition of Φ̃𝑧,𝑡 over the complement of cylindrical ends and at the
same time having Φ̃𝑧,𝑡 to be 𝑇-equivariant for all 𝑧, 𝑡. For example, we can start with a 𝑠-invariant
Φ̃ over a cylinder and then isotope it such that it is the identity in some 𝑠-invariant neighborhood.
Adding a puncture in this 𝑠-invariant neighborhood and introducing a cylindrical end 𝜖2 near
the puncture will give what we want. The 𝑇-equivariant Φ̃ descends to Φ. We can choose all the
auxiliary data in the definition of the two product operations to be intertwined by Φ. □

Definition 4.15. Let (𝑓, 𝜂′𝐵) be a good pair. For each 𝑎 ∈ ℝ>0 ⧵ Spec(𝜕𝑀̄, 𝛼), we can apply
Proposition 4.10 to find an 𝐴𝑓 with the listed properties. Together with Proposition 4.11 and the
continuation maps 2.19, we define the following composition map

𝑎,𝑓,𝐴𝑓 ∶𝐻𝐹(𝑃𝐵, 𝑎) → 𝐻𝐹(𝑃𝐵, 𝑓
∗𝐴𝑓) ≃ 𝐻𝐹(𝑃𝐵; 𝐴𝑓) → 𝐻𝐹(𝑃𝐵; 𝑎 + 𝐶𝑓 + 𝜖𝑎) (63)

where 𝜖𝑎 ⩾ 0 is a small number such that 𝑎 + 𝐶𝑓 + 𝜖𝑎 ∈ ℝ>0 ⧵ Spec(𝜕𝑀̄, 𝛼).

In Equation 63, the first map exists becausemin𝑓∗𝐴𝑓 ⩾ 𝑎. The secondmap is the isomorphism
in Proposition 4.11. The last map exists becausemax 𝐴𝑓 ⩽ 𝑎 + 𝐶𝑓 + 𝜖𝑎.

4.2.4 Independence of choice and functoriality

Lemma 4.16. Let (𝑓0, 𝜂
′
𝐵,0) and (𝑓1, 𝜂

′
𝐵,1) be good pairs. Suppose that 𝑐 ∶ ℝ × 𝐵 → Ω𝐺 is a 𝑇-

equivariant smooth map such that 𝑐(𝑠, ⋅) = 𝑓0 for 𝑠 ≪ 0 and 𝑐(𝑠, ⋅) = 𝑓1 for 𝑠 ≫ 0. For 𝑖 = 0, 1,
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let 𝐶𝑓𝑖 be as in Proposition 4.10. For 𝑎1 ∈ ℝ>0 ⧵ Spec(𝜕𝑀̄, 𝛼) and 𝑎1 + 𝐶𝑓1 + 𝜖𝑎1 < 𝑎2 ∈ ℝ>0 ⧵
Spec(𝜕𝑀̄, 𝛼), we let 𝐴𝑓1 and 𝐴𝑓0 be as in Proposition 4.10 such that

𝑎1 ⩽ 𝐬𝐴𝑓1
, 𝐬𝑓∗1𝐴𝑓1

⩽ 𝑎1 + 𝐶𝑓1 , 𝑎2 ⩽ 𝐬𝐴𝑓0
, 𝐬𝑓∗0𝐴𝑓0

⩽ 𝑎2 + 𝐶𝑓0

Then we have

𝜅𝑎1+𝐶𝑓1+𝜖𝑎1 ,𝑎2+𝐶𝑓0+𝜖𝑎2
◦𝑎1,𝑓1,𝐴𝑓1 = 𝑎2,𝑓0,𝐴𝑓0◦𝜅𝑎1,𝑎2

Proof. The content of the lemma is that the following diagram commutes

In the first row, we are using admissible base triple coming from applying Proposition 4.10
to (𝑓1, 𝜂

′
𝐵,1) and in the second row, we are using admissible base triple coming from applying

Proposition 4.10 to (𝑓0, 𝜂
′
𝐵,0).

Note that, we have

𝑓∗1𝐴𝑓1 ⩽𝑃𝐵 𝑓
∗
0𝐴𝑓0 and 𝐴𝑓1 ⩽𝑃𝐵 𝐴𝑓0

so the second the third vertical maps are well-defined (see Lemma 2.19).
The left and right squares commute because of the functoriality of compatible Hamiltonians

(Lemma 2.19 and Corollary 2.20). The middle square commutes because the two vertical maps
can be tautologically identified by identifying the respective moduli spaces as in the proof of
Proposition 4.11. □

As a consequence of Lemma 4.16, we obtain the following corollary

Corollary 4.17. Suppose that (𝑓, 𝜂′𝐵) is a goodpair. Then themaps {𝑐,𝑓,𝐴𝑓 }𝑐∈ℝ induce awell-defined
map

𝑓 ∶ 𝑆𝐻∗(𝑃𝐵) → 𝑆𝐻∗(𝑃𝐵). (64)

which is independent of the choice of admissible base triples, 𝐴𝑓 and the representative in the 𝑇-
equivariant homotopy class of 𝑓.

Proof. Recall that 𝑆𝐻∗(𝑃𝐵) ∶= lim""→𝑎
𝐻𝐹(𝑃𝐵, 𝑎). To define the map, we take 𝑓0 = 𝑓1 = 𝑓 in

Lemma 4.16. We can take a sequence (𝑎𝑘)𝑘∈ℕ such that 𝑎𝑘+1 > 𝑎𝑘 + 𝐶𝑓 + 𝜖𝑎𝑘 for all 𝑘. Applying
Lemma 4.16 to 𝑎𝑘 for all 𝑘, we get a sequence of commutative diagrams which induces a map 𝑓
on the direct limit (64). To see that 𝑓 is independent of choices, we use the fact that Lemma 4.16 is
true for any 𝑎2 > 𝑎1 + 𝐶𝑓 + 𝜖𝑎1 . Therefore, we can apply Lemma 4.16 to compare 𝑓 with respect
to two different choices. The commutativity of the diagrams and the functoriality of continuation
maps (Lemma 2.19 and Corollary 2.20) imply that 𝑓 is independent of choices as claimed. □
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Lemma 4.18. For any 𝑧1, 𝑧2 ∈ 𝑆𝐻
∗(𝑃𝐵), we have 𝑓(𝑧1𝑧2) = 𝑓(𝑧1)𝑧2.

Proof. It follows from Proposition 4.14 and the compatibility with continuation maps. □

4.3 Construction over a 𝑻-equivariant cycle

The goal of this section is to complete the construction of (44) following the outline in Section 4.1.
Themain ingredients are Proposition 4.11 and the pullback/pushforwardmaps in Sections 2.3 and
2.4.

4.3.1 Pullback

To define the pullback (48), the commutative diagram to keep in mind is

We first consider the square on the left-hand side. By applying Proposition 3.6 to the admissible
bundle 𝐵 × 𝐸𝑇𝑛 ×𝑀 with respect to the diagonal 𝑇 action, we have

𝐻𝐹(𝑃𝐵,𝑛, 𝑎) ≃ 𝐻𝐹
∗
𝑇(𝐵 × 𝐸𝑇𝑛 ×𝑀, 𝑎) (65)

Now we consider the square on the right-hand side. For each 𝑛′ ∈ ℕ, we have a commutative
diagram

(66)

Let 𝐇𝑛 ∶= 𝐻𝐹((𝐵 × 𝐸𝑇𝑛 ×𝑀)borel,𝑛′ , 𝑎). By the commutative diagram (66) and the functoriality
of pullback (see Corollary 2.31), the following diagram commutes

Passing to the inverse limit over 𝑛′, we get a map

𝐻∗(𝐵borel,𝑛) ⊗ 𝐻𝐹∗𝑇(𝑀, 𝑎) → 𝐻𝐹∗𝑇(𝐵 × 𝐸𝑇𝑛 ×𝑀, 𝑎) (67)
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By composing it with (65) and passing to the inverse limit over 𝑛, we get a map

𝐻∗𝑇(𝐵) ⊗ 𝐻𝐹∗𝑇(𝑀, 𝑎) → 𝐻𝐹(𝑃𝐵, 𝑎) (68)

Composing it with the acceleration map, it gives the desired map in Equation (48).
Another commutative diagram which can be easily verified is

(69)

when 𝑎0 ⩽ 𝑎1. As a result, we have

𝐻∗𝑇(𝐵) ⊗ 𝑆𝐻∗𝑇(𝑀) → 𝑆𝐻∗(𝑃𝐵) (70)

4.3.2 Pushforward

On the other hand, as explained in the overview, we consider the Floer theoretic pushforward
associated to the following diagram

Note that both the square on the left and right are fiber product squares so the outer square is also
a fiber product square and Lemma 2.36 gives us the pushforward map

𝐻𝐹(𝑃𝐵,𝑛; 𝑎) → 𝐻𝐹(𝑀borel,𝑛, 𝑎). (71)

Lemma 4.19. The following diagram commutes

Proof. The first vertical map is induced by a chain level short exact sequence

0 → 𝑆𝑃 → 𝐶𝐹(𝑃𝐵,𝑛+1; 𝑎) → 𝐶𝐹(𝑃𝐵,𝑛; 𝑎) → 0

where 𝑆𝑃 is the subcomplex of 𝐶𝐹(𝑃𝐵,𝑛+1; 𝑎) generated by generators of 𝐶𝐹(𝑃𝐵,𝑛+1; 𝑎) that do not
lie inside 𝑃𝐵,𝑛. Similarly, the other vertical map is induced by a chain level short exact sequence

0 → 𝑆𝑀 → 𝐶𝐹(𝑀borel,𝑛+1; 𝑎) → 𝐶𝐹(𝑀borel,𝑛; 𝑎) → 0
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where 𝑆𝑀 is the subcomplex of𝐶𝐹(𝑀borel,𝑛+1; 𝑎) generated by generators of𝐶𝐹(𝑀borel,𝑛+1; 𝑎) that
does not lie inside𝑀borel,𝑛. Therefore, to prove the result, it suffices to show that the chain level
pushforward maps sit inside the following commutative diagram

In other words, we need two results. The first result is that the image of 𝑆𝑃 is in 𝑆𝑀 . It in
turn follows easily from the fact that for our choice of Morse data on the bases, if the positive
asymptote (i.e., input) of the underlying gradient trajectory of a solution which contributes to
the pushforward map is lying in 𝐵𝑛+1 ⧵ 𝐵𝑛, then its negative asymptote (i.e., output) is lying in
𝐵𝑇𝑛+1 ⧵ 𝐵𝑇𝑛.
The second result we need is that if the input is in 𝑃𝐵,𝑛 and the output is not in𝑀borel,𝑛, then

the moduli space of solutions computed with respect to 𝑃𝐵,𝑛+1 → 𝑀borel,𝑛+1 and with respect to
𝑃𝐵,𝑛 → 𝑀borel,𝑛 are the same. This is true because the underlying gradient trajectory of a solution
with input in 𝐵𝑛 and output in 𝐵𝑇𝑛 is entirely contained in 𝐵𝑛 and 𝐵𝑇𝑛. It allows us to choose
auxiliary data such that the two moduli spaces completely coincide. □

By Lemma 4.19, we can take to the inverse limit with respect to 𝑛, then we obtain the
pushforward map

𝐻𝐹(𝑃𝐵; 𝑎) → 𝐻𝐹(𝑀borel, 𝑎) (72)

Another commutative diagram which can be easily verified is

(73)

when 𝑎0 ⩽ 𝑎1. As a result, we have

𝑆𝐻∗(𝑃𝐵) → 𝑆𝐻∗−dim(𝐵)𝑇 (𝑀) (74)

The map 𝑓 (see (44)) is defined to be the composition of (70), (64), and (74).
Lemma 4.20. Let (𝑓, 𝜂′𝐵) be a good pair. For any 𝑎0, 𝑎1 ∈ 𝑆𝐻

∗
𝑇(𝑀) and 𝛼 ∈ 𝐻̂

∗
𝑇(𝐵), we have

𝑓(𝛼, 𝑎0)𝑎1 = 𝑓(𝛼, 𝑎0𝑎1) (75)

Proof. Denote the pullback (70) and pushforward map (74) by ℎ∗ and ℎ∗, respectively. We have

𝑓(𝛼, 𝑎0𝑎1) = ℎ∗(𝑓(ℎ∗(𝛼, 𝑎0𝑎1)))
= ℎ∗(𝑓(ℎ∗(𝛼, 𝑎0)ℎ∗(𝑒𝐵, 𝑎1)))
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= ℎ∗(𝑓(ℎ∗(𝛼, 𝑎0))ℎ∗(𝑒𝐵, 𝑎1))
= ℎ∗(𝑓(ℎ∗(𝛼, 𝑎0)))𝑎1
= 𝑓(𝛼, 𝑎0)𝑎1

The first and last equality follow from the definition of 𝑓 . The second equality uses that pullback
maps are algebra maps (Lemma 2.34). The third equality comes from Lemma 4.18. The fourth
equality uses Lemma 2.39 and the fact that ℎ∗(𝑒𝐵, 𝑎1) equals to the pullback of 𝑎1 to 𝑆𝐻

∗(𝑃𝐵). □

4.4 Equivariant geometric homology and semi-infinite homology

In this subsection, we first construct an equivariant version of the geometric homology theory
developed in [6, 26]. Then we recall the definition of semi-infinite homology and prove a com-
parison result between these two theories. Closely related results have been obtained in [7, 23].
Throughout this section, we let 𝐾 denote a compact, connected Lie group.

4.4.1 Equivariant geometric homology

Definition 4.21. We say that a smooth, closed manifold 𝐵 is 𝐾-oriented if it is oriented and
equipped with a smooth (necessarily orientation-preserving) 𝐾-action. We let cMan𝐾 denote the
collection of closed 𝐾-oriented manifolds.

Let𝑁 be a topological space with 𝐾-action. We consider triples (𝐵, 𝛼, 𝑓) such that 𝐵 ∈ cMan𝐾 ,
𝛼 ∈ 𝐻∗𝐾(𝐵,ℤ), and 𝑓 ∶ 𝐵 → 𝑁 is a continuous, 𝐾-equivariant map. Two such triples (𝐵, 𝛼, 𝑓) and
(𝐵′, 𝛼′, 𝑓′) are called equivalent if there is an orientation preserving, 𝐾-equivariant diffeomor-
phism 𝜙 ∶ 𝐵′ → 𝐵 such that 𝜙∗𝛼 = 𝛼′ and 𝑓′ = 𝑓◦𝜙. Let 𝑍geo,𝐾(𝑁) denote the free abelian group
generated by equivalence classes of triples.

Definition 4.22. The geometric homology𝐻geo,𝐾∗ (𝑁) is the quotient of𝑍geo,𝐾(𝑁) by the following
relations.

(1) If 𝐵 = 𝐵1 ⊔ 𝐵2, then (𝐵, 𝛼, 𝑓) = (𝐵1, 𝛼|𝐵1 , 𝑓|𝐵1) + (𝐵2, 𝛼|𝐵2 , 𝑓|𝐵2).
(2) (𝐵, 𝛼1 + 𝛼2, 𝑓) = (𝐵, 𝛼1, 𝑓) + (𝐵, 𝛼2, 𝑓).
(3) Suppose there is a 𝐾-equivariant map 𝐹 ∶ 𝐵 × [0, 1] → 𝑁 then

(𝐵, 𝛼, 𝐹𝐵×{0}) = (𝐵, 𝛼, 𝐹𝐵×{1}).

(4) Let𝐵0, 𝐵1 be in cMan𝐾 and 𝑗 ∶ 𝐵0 → 𝐵1 be a smooth, equivariant embedding. Let𝑓 ∶ 𝐵1 → 𝑁
be an equivariant map and 𝛼 ∈ 𝐻𝑖𝐾(𝐵0). Then

(𝐵0, 𝛼, 𝑓|𝐵0) = (𝐵1, 𝑗!(𝛼), 𝑓), (76)

where 𝑗! denotes the equivariant Gysin morphism ([4] or (86) below).
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We denote the class of (𝐵, 𝛼, 𝑓) by [𝐵, 𝛼, 𝑓].

Remark 4.23. The reader may notice that compared to the axioms of [26], we have weakened
Axiom (3) but strengthenedAxiom (4). This is because the product cobordisms fromAxiom (3) are
especially easy to incorporate into our setup (though we could also allow for general cobordisms
without toomuch difficulty). On the other hand, concerning Axiom (4), the special sphere bundle
suspensions from [26] do not play a special role in our Floer theoretic setup.

Geometric homology is covariantly functorial. It is also homotopy invariant:

Lemma 4.24. If ℎ0, ℎ1 ∶ 𝑁0 → 𝑁1 are 𝐾-homotopic (equivariant) maps between 𝐾-spaces, then
ℎ0∗ = ℎ

1
∗ ∶ 𝐻

geo,𝐾
∗ (𝑁0) → 𝐻geo,𝐾∗ (𝑁1).

Proof. Let ℎ𝑡 ∶ 𝑁0 × [0, 1] → 𝑁1 denote the homotopy between ℎ
0 and ℎ1. Suppose we have a

tuple (𝐵, 𝛼, 𝑓) representing a class in 𝐻geo,𝐾∗ (𝑁0). We then push it forward by ℎ0, ℎ1 to obtain
𝑍0 ∶= (𝐵, 𝛼, ℎ

0◦𝑓), 𝑍1 ∶= (𝐵, 𝛼, ℎ
1◦𝑓) representing classes in𝐻geo,𝐾∗ (𝑁1). Then ℎ

𝑡◦𝑓 ∶ 𝐵 × [0, 1]
gives a homotopy ℎ0◦𝑓 and ℎ1◦𝑓. Thus, by Axiom (3) above of geometric homology, 𝑍0 = 𝑍1 ∈
𝐻geo,𝐾∗ (𝑁1). □

There is also an Eilenberg–Zilber map:

geo ∶ 𝐻geo,𝐾∗ (𝑁0) ⊗ 𝐻geo,𝐾∗ (𝑁1) → 𝐻geo,𝐾×𝐾∗ (𝑁0 × 𝑁1) (77)

[𝐵0, 𝛼0, 𝑓0] ⊗ [𝐵1, 𝛼1, 𝑓1] → [𝐵0 × 𝐵1, 𝜋
∗
0(𝛼0) ∪ 𝜋

∗
1(𝛼1), 𝑓0 × 𝑓1]

where 𝜋𝑖 ∶ 𝐵0 × 𝐵1 → 𝐵𝑖 is the projection map for 𝑖 = 0, 1.
Finally, we let 𝑇 ⊂ 𝐾 be a maximal torus inside 𝐾 and let𝑊 = 𝑁(𝑇)∕𝑇 denote the Weyl group

of 𝑇. Given a 𝐾- space𝑁, we want to construct a Weyl-group action on𝐻geo,𝑇∗ (𝑁). To this end, let
𝜌𝑁 ∶ 𝑇 × 𝑁 → 𝑁 denote the induced 𝑇-action on 𝑁 and let

𝜙𝑤 ∶ 𝑇 → 𝑇 (78)

𝑡 → 𝑤𝑡𝑤−1

denote the homomorphism associated to someWeyl group element. Then 𝜌𝑁◦𝜙
−1
𝑤 (shorthand for

𝜌𝑁◦(𝜙
−1
𝑤 × 1𝑁)) gives a new 𝑇-action on 𝑁. Given (𝐵, 𝛼, 𝑓) representing a class in 𝐻

geo,𝑇(𝑁), we
set

𝜙∗𝑤[𝐵, 𝛼, 𝑓] = [𝐵𝜌𝐵◦𝜙−1𝑤 , 𝜙
∗
𝑤(𝛼), 𝑓] ∈ 𝐻

geo,𝑇(𝑁𝜌𝑁◦𝜙−1𝑤 ). (79)

Here 𝐵𝜌𝐵◦𝜙−1𝑤 denotes 𝐵 with the 𝑤-twisted group action (so that 𝑓 remains equivariant) and
𝜙∗𝑤(𝛼) ∈ 𝐻

∗
𝑇(𝐵𝜌𝐵◦𝜙−1𝑤 ) is the pullback of 𝛼 along

(𝐵 × 𝐸𝑇)∕𝑇 → (𝐵 × 𝐸𝑇)∕𝑇 (80)

(𝑏, 𝑦) → (𝑏,𝑤−1𝑦).
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Next, we note that multiplication by (a representative of) a Weyl group element 𝑤 induces a
map

𝑤∗ ∶ 𝐻
geo,𝑇(𝑁𝜌𝑁◦𝜙−1𝑤 ) → 𝐻geo,𝑇(𝑁)

We define the Weyl group action on 𝐻geo,𝑇(𝑁) by

𝑤∗◦𝜙
∗
𝑤 ∶ 𝐻

geo,𝑇(𝑁) → 𝐻geo,𝑇(𝑁). (81)

At the level of cycles we have:

𝑤 ⋅ (𝐵, 𝛼, 𝑓) = (𝐵𝜌𝐵◦𝜙−1𝑤 , 𝜙
∗
𝑤(𝛼), 𝑤◦𝑓). (82)

4.4.2 Semi-infinite homology

Unless otherwise stated, all homology groups in this subsection are taken with ℤ-coefficients.

Definition 4.25. A closed 𝐾-equivariant subspace 𝑁 of a finite-dimensional 𝐾-representation 𝕍
is said to be a 𝐾-ENR if there is an equivariant open set 𝑈 ⊂ 𝕍 which equivariantly retracts onto
𝑁. We let cENR𝐾 denote the collection of compact 𝐾-ENRs.

Remark 4.26. Using the main result of [19], the property of being a compact𝐾-ENR can be shown
to be independent of the representation 𝕍 in the sense that if 𝑁′ is a 𝐾-equivariant subspace of
another 𝐾-representation 𝕍′ and 𝑁 is 𝐾-equivariantly homeomorphic to 𝑁′, then 𝑁′ also admits
an equivariant open set 𝑈′ ⊂ 𝕍′ which equivariantly retracts onto 𝑁′ (see [27, pp. 143–144] for
discussion and a sharper result). By combining the results of [27, Theorem 2.1] and [33], any finite
𝐾-CW complex is a compact 𝐾-ENR.

For any𝑁 ∈ cENR𝐾 , we let 𝐻̂
𝐾
∗ (𝑁) denote the semi-infinite homology [13, 17, 21]. Let us recall

the definitions, which are given in terms of finite-dimensional approximations to classifying
spaces of compact Lie groups. A unitary embedding 𝐾 ↪ 𝑈(𝑛) gives a model 𝐸𝐾 for the clas-
sifying space of 𝐾. These models come with finite-dimensional approximations 𝐸𝐾𝑛 and we let
𝐵𝐾𝑛 ∶= 𝐸𝐾𝑛∕𝐾 to be the corresponding finite-dimensional approximations of 𝐵𝐾.
Let 𝑁borel,𝑛 ∶= (𝑁 × 𝐸𝐾𝑛)∕𝐾 be the finite-dimensional approximations to the Borel mixing

space 𝑁borel ∶= (𝑁 × 𝐸𝐾)∕𝐾. The semi-infinite homology of 𝑁 is defined to be the limit

𝐻̂𝐾∗ (𝑁) ∶= lim←""
𝑛

𝐻dim𝐵𝐾𝑛+∗(𝑁borel,𝑛) (83)

where the maps in the inverse system are defined using certain Gysin pullback maps (see [20,
section 3]).

Remark 4.27. One can also consider homology groupswith coefficients in a field𝕂.Wewill denote
these by 𝐻̂𝐾∗ (𝑁,𝕂).
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In any fixed degree, the inverse limit (83) stabilizes (see, e.g., [13, p. 79] or [21, p. 601]). This
implies that, if 𝑁0, 𝑁1 ∈ cENR𝐾 , there are Eilenberg–Zilber maps:

 ∶ 𝐻̂𝐾∗ (𝑁0) ⊗ 𝐻̂𝐾∗ (𝑁1) → 𝐻̂𝐾×𝐾∗ (𝑁0 × 𝑁1) (84)

which come from their nonequivariant counterparts on the finite-dimensional
approximations.
Let us briefly discuss the case of a closed, compact 𝐾-oriented manifold 𝐵. In this case,

𝐻̂𝐾∗ (𝐵) carries an equivariant fundamental class [𝐵]𝐾 ∈ 𝐻̂
𝐾
dim(𝐵)

(𝐵) and there is a Poincaré duality

isomorphism:

𝑃𝐷𝐵 ∶ 𝐻
dim(𝐵)−∗
𝐾 (𝐵) ≅ 𝐻̂𝐾∗ (𝐵). (85)

If 𝑗 ∶ 𝐵0 → 𝐵1 is an equivariant map between closed, compact K-oriented manifolds, the
Gysin map on equivariant cohomology 𝑗! ∶ 𝐻

𝑖
𝐾(𝐵

0) → 𝐻𝑖+𝑟𝐾 (𝐵1) (𝑟 = dim(𝐵1) − dim(𝐵0)) can be
expressed as:

𝛼 → 𝑃𝐷−1𝐵1 (𝑗∗(𝑃𝐷𝐵0(𝛼))). (86)

We will need to consider certain infinite-dimensional spaces as well. The precise definition is
as follows:

Definition 4.28. A topological space 𝑁 will be called an infinite type 𝐾-ENR if 𝑁 is an
ascending union of compact K-ENRs. Namely, we require that𝑁 = colim𝑖 𝑁𝑖 where𝑁𝑖 ∈ cENR𝐾
and

𝑁1 ⊂ 𝑁2 ⊂⋯𝑁𝑖 ⊂ ⋯ (87)

are all closed 𝐾-equivariant inclusions. We let ENR∞𝐾 denote the collection of all infinite type
𝐾-ENRs.

For any 𝑁 ∈ ENR∞𝐾 , we define

𝐻̂𝐾∗ (𝑁) ∶= colim𝑖 𝐻̂
𝐾
∗ (𝑁𝑖). (88)

Note that, this definition is independent of the choice of 𝑁𝑖 because if 𝑁
′
𝑖
∈ cENR𝐾 is another

sequence such that 𝑁 = colim𝑖 𝑁
′
𝑖
and

𝑁′1 ⊂ 𝑁
′
2 ⊂ ⋯𝑁′𝑖 ⊂ ⋯ (89)

are all closed𝐾-equivariant inclusions, then for each 𝑖, by the compactness of𝑁𝑖 we can find a𝑁
′
𝑗

such that 𝑁𝑖 ⊂ 𝑁
′
𝑗
. Therefore, we have an induced map colim𝑖 𝐻̂

𝐾
∗ (𝑁𝑖) → colim𝑖 𝐻̂

𝐾
∗ (𝑁

′
𝑖
) and an

inducedmap in the opposite direction. These twomaps are inverse of each other by the naturality
of induced maps by inclusions.
The Eilenberg–Zilber map (84) also exists when both spaces are infinite type 𝐾-ENRs.
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4.4.3 Comparison

There is a natural transformation 𝜓 ∶ 𝐻geo,𝐾∗ (−) → 𝐻̂𝐾∗ (−) which for any 𝑁 ∈ cENR𝐾 is defined
by

𝜓 ∶ 𝐻geo,𝐾∗ (𝑁) → 𝐻̂𝐾∗ (𝑁) (90)

𝜓 ∶ [𝐵, 𝛼, 𝑓] ↦ 𝑓∗(𝑃𝐷
−1
𝐵 (𝛼)).

It follows easily from the definition that this is well-defined. For example, to see that this map
respects (76), we have that

𝑓∗(𝑃𝐷𝐵1(𝑗!(𝛼)) = 𝑓∗◦𝑃𝐷𝐵1◦𝑃𝐷
−1
𝐵1
◦𝑗∗◦𝑃𝐷𝐵0(𝛼) = 𝑓|𝐵0(𝑃𝐷𝐵0(𝛼)) (91)

Also note that𝐻geo,𝐾∗ (𝑁) also commuteswith direct limits and thuswe can define a comparison
map 𝜓 extending (90) for any 𝑁 ∈ ENR∞𝐾 . We will need the following observation in our main
argument.

Lemma 4.29 [7, Lemma 2.1]. Let𝑁 be in cENR𝐾 , then𝑁 is an equivariant retract of𝑀 ∈ cMan𝐾 .

Proof. Let 𝑈 be an equivariant open subset of the representation 𝕍 which retracts on to 𝑁. Fix a
𝐾-invariant metric on 𝕍 and let 𝑓 ∶ 𝑈 → ℝ be a 𝐶0-close𝐾-equivariant smoothing of the distance
function to𝑁. A suitable level set of𝑓 bounds a smooth compactmanifoldwith boundary 𝑈̄which
retracts onto 𝑁. By doubling 𝑈̄, we obtain our manifold𝑀. □

The main result of this section is the following:

Theorem 4.30. For any𝑁 ∈ ENR∞𝐾 , the canonical map

𝜓 ∶ 𝐻geo,𝐾∗ (𝑁) → 𝐻̂𝐾∗ (𝑁) (92)

is an isomorphism.

Proof. It clearly suffices to consider the case𝑁 ∈ cENR𝐾 whichwe do for the rest of the argument.
Surjectivity: In view of Lemma 4.29, it suffices to prove surjectivity when 𝑁 ∈ cMan𝐾 . In this

case, consider cycles of the form (𝑁, 𝛼, 𝑖𝑑). These surject onto homology by Poincare duality.
Injectivity: Again we can suppose that 𝑁 is a closed oriented smooth manifold. Now fix a

(𝐵, 𝛼, 𝑓) representing a class of𝐻geo,𝐾∗ (𝑁) so that 𝑓∗(𝑃𝐷𝐵(𝛼)) = 0. By taking the representation 𝕍
in the proof of Lemma 4.29 sufficiently large (i.e., to include sufficiently many irreducible repre-
sentations with high enough multiplicity), [47, Corollary 1.10] implies that we may embed𝑁 as a
retract of a higher dimensional manifold𝑁′ so that 𝑓 ∶ 𝐵 → 𝑁′ is 𝐾-homotopic to an equivariant
embedding 𝑓′ ∶ 𝐵 → 𝑁′. In view of (76), the fact that 𝑓′∗(𝑃𝐷𝐵(𝛼)) = 0 implies that

[𝐵, 𝛼, 𝑓] = [𝐵, 𝛼, 𝑓′] = [𝑁′, 0, 𝑖𝑑] = 0 ∈ 𝐻geo,𝐾(𝑁′). (93)

It follows that [𝐵, 𝛼, 𝑓] = 0 ∈ 𝐻geo,𝐾(𝑁). □
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Lemma 4.31. The comparison map satisfies the following additional properties.

(1) The comparison map is compatible with Eilenberg–Zilber maps. More precisely, the following
diagram commutes

(2) Let Δ ∶ 𝐾 ⊂ 𝐾 × 𝐾 be the diagonal subgroup. Then the following diagram commutes:

where 𝑟geoΔ and 𝑟Δ denote the restriction to the diagonal subgroup.
(3) For any 𝑁 ∈ ENR∞𝐾 and 𝑇 ⊂ 𝐾 a maximal torus, the comparison map 𝜓 intertwines the Weyl

group action on𝐻geo,𝑇∗ (𝑁) from (81) with the natural action on 𝐻̂𝑇∗ (𝑁).

Proof. Claim (1):We again take 𝑁 ∈ cENR𝐾 . We need to check that

(𝑓0 × 𝑓1)∗(𝑃𝐷𝐵0×𝐵1(𝛼0 ∪ 𝛼1)) = ((𝑓0)∗(𝑃𝐷𝐵0(𝛼0) ⊗ (𝑓1)∗(𝑃𝐷𝐵1(𝛼1)). (94)

In view of the naturality of (− ⊗ −) in the two arguments (which can be proved on finite-
dimensional approximations), it suffices to prove

𝑃𝐷𝐵0×𝐵1(𝛼0 ∪ 𝛼1)) = ((𝑃𝐷𝐵0(𝛼0) ⊗ (𝑃𝐷𝐵1(𝛼1)) (95)

which also can be checked on finite-dimensional approximations.
Claim (2): Immediate from the definitions.
Claim (3): The comparison map 𝜓 is natural and it therefore suffices to show that it inter-

twines 𝜙∗𝑤 ∶ 𝐻
geo,𝑇
∗ (𝑁) → 𝐻geo,𝑇∗ (𝑁) with the corresponding map 𝜙∗𝑤 ∶ 𝐻̂

𝑇
∗ (𝑁) → 𝐻̂𝑇∗ (𝑁) on

semi-infinite homology. Without a loss of generality, we can assume that 𝑁 ∈ cMan𝐾 and that
geometric cycles are represented by (𝑁, 𝛼, 𝑖𝑑). The claim then follows from the fact that the pull-
back map 𝜙∗𝑤 ∶ 𝐻̂

𝑇
∗ (𝑁) → 𝐻̂𝑇∗ (𝑁) induced by the automorphism coincides with the induced map

on equivariant cohomology under Poincare duality. □

4.4.4 Based loop spaces

Let 𝐺 be a compact connected Lie group and letΩ𝐺 denote the space of smooth loops in 𝐺 based
at id ∈ 𝐺. This admits a natural action of 𝐺 given by

𝐺 × Ω𝐺 → Ω𝐺 (96)

g ⋅ 𝛾(𝑡) = g𝛾(𝑡)g−1.
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The space Ω𝐺 also admits a Pontryagin product given by pointwise multiplication:

𝑚Ω𝐺 ∶ Ω𝐺 × Ω𝐺 → Ω𝐺. (97)

This map (97) is manifestly 𝐺-equivariant if Ω𝐺 × Ω𝐺 is given the diagonal 𝐺-action. Thus, for
any connected, closed subgroup 𝐾 ⊂ 𝐺, it therefore induces a map

𝑚𝐾 ∶ 𝐻
geo,𝐾
∗ (Ω𝐺) ⊗ 𝐻geo,𝐾∗ (Ω𝐺) → 𝐻geo,𝐾∗ (Ω𝐺) (98)

where 𝑚𝐾 is the composition of 𝑚Ω𝐺,∗ with the restriction along the diagonal subgroup and the

Eilenberg–Zilber map. This product equips 𝐻geo,𝐾∗ (Ω𝐺) with the structure of an associative (in
fact commutative) algebra.
Now let Ωpoly𝐺 ⊂ Ω𝐺 denote the space of based loops 𝑆1 → 𝐺 which extend to an algebraic

map ℂ∗ → 𝐺ℂ, where 𝐺ℂ is the complexification of 𝐺 ([35, 3.5] or [5, Definition 2.1]). We have
that Ωpoly𝐺 is a colimit of finite-dimensional 𝐺ℂ-projective varieties Ωpoly𝐺⩽𝜆 each of which is a
compact 𝐺-ENR by [27, Theorem 2.1]. The 𝐺-action (96) and Pontryagin product (97) restrict to
Ωpoly𝐺. As a consequence, we have a product

𝑚𝐾 ∶ 𝐻̂
𝐾
∗ (Ωpoly𝐺) ⊗ 𝐻̂𝐾∗ (Ωpoly𝐺) → 𝐻̂𝐾∗ (Ωpoly𝐺). (99)

We have the following comparison result:

Lemma 4.32. For any connected, closed subgroup 𝐾 ⊆ 𝐺, there is a natural isomorphism of rings

𝐻geo,𝐾∗ (Ω𝐺) ≅ 𝐻̂𝐾∗ (Ωpoly𝐺).

Proof. Note that the Pontryagin product also gives 𝐻geo,𝐾∗ (Ωpoly𝐺) the structure of an associa-
tive algebra. The inclusionΩpoly𝐺 → Ω𝐺 is a 𝐺-equivariant homotopy equivalence (see, e.g., [20,

Lemma 2.6]). Hence, by Lemma 4.24, 𝐻geo,𝐾∗ (Ωpoly𝐺) ≅ 𝐻
geo,𝐾
∗ (Ω𝐺). Finally, because Ωpoly𝐺 ∈

ENR∞𝐾 , Theorem 4.30 and Lemma 4.31 (1)-(2) imply that 𝐻geo,𝐾∗ (Ωpoly𝐺) ≅ 𝐻̂
𝐾
∗ (Ωpoly𝐺) as rings

as well. □

4.5 Concluding the construction

Given [𝐵, 𝛼, 𝑓] ∈ 𝐻geo,𝑇∗ (Ω𝐺), we define

([𝐵, 𝛼, 𝑓], ⋅) ∶ 𝑆𝐻∗𝑇(𝑀) → 𝑆𝐻∗𝑇(𝑀)

([𝐵, 𝛼, 𝑓], 𝑧) ∶= 𝑓(𝛼, 𝑧) (100)

Proposition 4.33. The map  ∶ 𝐻geo,𝑇∗ (Ω𝐺) × 𝑆𝐻∗𝑇(𝑀) → 𝑆𝐻∗𝑇(𝑀) given by (100) is well-defined.

Proof. Weneed to check that is independent of the four equivalence relations in Definition 4.22.
The independence of the first two is obvious. The independence of the third follows from a
cobordism argument.
For the last relation, let 𝐵0, 𝐵1 be in cMan𝐾 and 𝑗 ∶ 𝐵0 → 𝐵1 be a smooth, equivariant embed-

ding. Using 𝑗, we identify 𝐵0 as a submanifold of 𝐵1. Let 𝑓 ∶ 𝐵1 → 𝑁 be an equivariant map and

 1
7
5
3
8
4
2
4
, 2

0
2
6
, 2

, D
o
w

n
lo

ad
ed

 fro
m

 h
ttp

s://lo
n
d
m

ath
so

c.o
n
lin

elib
rary

.w
iley

.co
m

/d
o
i/1

0
.1

1
1
2
/to

p
o
.7

0
0

6
7

 b
y

 N
IC

E
, N

atio
n

al In
stitu

te fo
r H

ealth
 an

d
 C

are E
x

cellen
ce, W

iley
 O

n
lin

e L
ib

rary
 o

n
 [1

7
/0

4
/2

0
2

6
]. S

ee th
e T

erm
s an

d
 C

o
n

d
itio

n
s (h

ttp
s://o

n
lin

elib
rary

.w
iley

.co
m

/term
s-an

d
-co

n
d

itio
n
s) o

n
 W

iley
 O

n
lin

e L
ib

rary
 fo

r ru
les o

f u
se; O

A
 articles are g

o
v
ern

ed
 b

y
 th

e ap
p
licab

le C
reativ

e C
o

m
m

o
n
s L

icen
se



52 of 69 GONZÁLEZ et al.

𝛼 ∈ 𝐻𝑖𝑇(𝐵0). Let 𝜂
′
𝐵1
∶ 𝐵1 → ℝ be a 𝑇-invariant Morse–Bott function and g𝐵1 be a 𝑇-invariant Rie-

mannian metric such that any gradient trajectory from a Morse–Bott manifold in 𝐵0 to another
Morse–Bott manifold in 𝐵0 stays in 𝐵0 for all time, and there is no gradient trajectory which starts
from aMorse–Bottmanifold in𝐵1 ⧵ 𝐵0 to aMorse–Bottmanifold in𝐵0. In other words, in terms of
Morse–Bott complex, we want the generators from 𝐵0 forms a subcomplex that can be identified
with the Morse–Bott complex of 𝐵0. Moreover, we require that every connected critical subman-
ifold of 𝜂′𝐵1

is of the form 𝑇∕𝐻. By Lemma 4.8, at the cost of possibly a 𝑇-equivariant homotopy

of 𝑓 to another map, we can assume that (𝑓, 𝜂′𝐵1
) is a good pair (and hence (𝑓|𝐵0 , 𝜂′𝐵1 |𝐵0) is also a

good pair).
Let 𝑘 ∶= dim(𝐵1) − dim(𝐵0). The commutative diagram we want is

(101)
With our setup, the chain level groups in the first row are subcomplexes of the ones in the second
row up to grading shifts. These induce the vertical maps in the diagram. Equivalently, these can
also be identified with the pushforwardmaps. The commutativity of the diagram follows from the
fact that the chain level maps send the subcomplexes to the subcomplexes. Applying the compo-
sition of maps in the first row to (𝛼, 𝑎) gives 𝑓|𝐵0 (𝛼, 𝑎), while applying the composition of maps
on the other side of the diagram gives 𝑓(𝑗!(𝛼), 𝑎). This finishes the proof. □

4.6 Weyl-equivariance

Proposition 4.34. The map (⋅, 𝑒) ∶ 𝐻geo,𝑇∗ (Ω𝐺) → 𝑆𝐻∗𝑇(𝑀) is Weyl-equivariant.

Proof. Let 𝐸𝐺 be a classifying space of 𝐺. For any𝑤 ∈ 𝑁(𝑇), we define 𝜙𝑤 ∶ 𝑇 → 𝑇 to be 𝜙𝑤(g) =
𝑤g𝑤−1. Let (𝐵, 𝛼, 𝑓) be a cycle in𝐻geo,𝑇∗ (Ω𝐺). At the cost of possibly homotoping 𝑓 (Lemma 4.8),
we assume that there is an 𝜂′𝐵 making (𝑓, 𝜂

′
𝐵) a good pair. We denote the 𝑇 action on 𝐵, 𝑀 and

𝐸𝐺 by 𝜌𝐵, 𝜌𝑀 and 𝜌𝐸 , respectively. We define𝑤
∗𝜌𝐵 ∶= 𝜌𝐵◦𝜙𝑤, and similarly for𝑤

∗𝜌𝑀 and𝑤∗𝜌𝐸 .
Recall that the class 𝑤(𝐵, 𝛼, 𝑓) is represented by (𝐵, 𝜙∗𝑤𝛼,𝑤𝑓) with the 𝜌𝐵◦𝜙

−1
𝑤 action (82).

The map 𝑀 → 𝑀 given by 𝑚 ↦ 𝑤 ⋅𝑚 is (𝜌𝑀 , 𝑤
∗𝜌𝑀)-equivariant (i.e., it is equivariant with

respect to the 𝜌𝑀 action on the domain and the 𝑤∗𝜌𝑀 action on the target). Similarly, the map
𝐸𝐺 → 𝐸𝐺 given by 𝑦 ↦ 𝑤 ⋅ 𝑦 is (𝜌𝐸 , 𝑤

∗𝜌𝐸)-equivariant. For a space𝑋 and a 𝑇-action 𝜌𝑋 on𝑋, we
denote the quotient 𝑋∕𝑇 by 𝑋∕𝜌𝑋 to emphasize the action of 𝑇 on 𝑋. For two 𝑇 actions 𝜌𝑋1 and
𝜌𝑋2 , we use 𝜌𝑋1 ⊗ 𝜌𝑋2 to denote the diagonal action by 𝑇.
Fix 𝑤 ∈ 𝑁(𝑇), we consider the following commutative diagram

(102)
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where the first vertical map sends ((𝑏, 𝑦1), (𝑚, 𝑦2)) to ((𝑏, 𝑤𝑦1), (𝑤𝑚,𝑤𝑦2)), the second vertical
map sends (𝑏, 𝑦1, 𝑚, 𝑦2) to (𝑏, 𝑤𝑦1, 𝑤𝑚,𝑤𝑦2) and the horizontal maps are the natural maps.
Let 𝐴𝑓 ∈ 𝐶

∞(𝑆1 × (𝐵 × 𝐸𝐺 ×𝑀 × 𝐸𝐺)∕(𝜌𝐵 ⊗ 𝜌𝐸 ⊗ 𝜌𝑀 ⊗ 𝜌𝐸)) be a Hamiltonian given by
Proposition 4.10 and

𝐴̃𝑓 ∶ 𝑆
1 × 𝐵 × 𝐸𝐺 ×𝑀 × 𝐸𝐺 → ℝ

be its lift. We define

𝐴̃𝑤𝑓 ∶𝑆
1 × 𝐵 × 𝐸𝐺 ×𝑀 × 𝐸𝐺 → ℝ

(𝑡, 𝑏, 𝑦1, 𝑚, 𝑦2) ↦ 𝐴̃𝑓(𝑡, 𝑏, 𝑤
−1𝑦1, 𝑤

−1𝑚,𝑤−1𝑦2)

which is 𝜌𝐵 ⊗𝑤∗𝜌𝐸 ⊗𝑤∗𝜌𝑀 ⊗𝑤∗𝜌𝐸-invariant. As a result, 𝐴̃𝑤𝑓 descends to a function, denoted
by 𝐴𝑤𝑓 , on 𝑆

1 × (𝐵 × 𝐸𝐺 ×𝑀 × 𝐸𝐺)∕(𝜌𝐵 ⊗𝑤∗𝜌𝐸 ⊗𝑤∗𝜌𝑀 ⊗𝑤∗𝜌𝐸). It is direct to check that

((𝑤𝑓)∗𝐴̃𝑤𝑓)𝑡(𝑏, 𝑤𝑦1, 𝑤𝑚,𝑤𝑦2)

=(𝐴̃𝑤𝑓)𝑡(𝑏, 𝑤𝑦1, 𝑤𝑓(𝑏)(𝑡)𝑤
−1𝑤𝑚,𝑤𝑦2) − 𝐾𝑤𝑓(𝑏)𝑤−1,𝑡(𝑤𝑓(𝑏)(𝑡)𝑤

−1𝑤𝑚)

=(𝑓∗𝐴̃𝑓)𝑡(𝑏, 𝑦1, 𝑚, 𝑦2).

Moreover, both 𝐴𝑤𝑓 and (𝑤𝑓)
∗𝐴𝑤𝑓 are cylindrical Hamiltonians compatible with the admissible

base triple on (𝐵 × 𝐸𝐺 × 𝐸𝐺)∕(𝜌𝐵 ⊗𝑤∗𝜌𝐸 ⊗𝑤∗𝜌𝐸) obtained by pushing forward the admissible
base triple on (𝐵 × 𝐸𝐺 × 𝐸𝐺)∕(𝜌𝐵 ⊗ 𝜌𝐸 ⊗ 𝜌𝐸).
As a result, we can use the commutative diagram (102) to deduce the following commutative

diagram

(103)

where 𝑃𝑤𝐵 ∶= (𝐵 × 𝐸𝐺 ×𝑀 × 𝐸𝐺)∕(𝜌𝐵 ⊗𝑤∗𝜌𝐸 ⊗𝑤∗𝜌𝑀 ⊗𝑤∗𝜌𝐸). Note that (𝑀 ×
𝐸𝐺)∕(𝑤∗𝜌𝑀 ⊗𝑤∗𝜌𝐸) is canonically the same as (𝑀 × 𝐸𝐺)∕(𝜌𝑀 ⊗ 𝜌𝐸) so the second factor
in the top left and bottom left tensor products in (103) can be canonically identified and we just
denote it by 𝐻𝐹∗𝑇(𝑀, 𝑎0). Moreover, the map on 𝐻𝐹

∗
𝑇(𝑀, 𝑎0) is precisely the action by 𝑤 so we

denote it by 𝑤∗. On the other hand, the map between the first factor in the top left and bottom
left tensor products is precisely the 𝜙∗𝑤 described in (80).
Similarly, we also have the following commutative diagram of maps between spaces

(104)
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where the first vertical map sends (𝑏, 𝑦1, 𝑚, 𝑦2) to (𝑏, 𝑤𝑦1, 𝑤𝑚,𝑤𝑦2) and the second vertical map
sends (𝑦1, 𝑚, 𝑦2) to (𝑤𝑦1, 𝑤𝑚,𝑤𝑦2). The corresponding commutative diagram of maps between
cohomology is

(105)

In the last column, we use the canonical isomorphism between (𝐸𝐺 ×𝑀 × 𝐸𝐺)∕(𝜌𝐸 ⊗ 𝜌𝑀 ⊗
𝜌𝐸) and (𝐸𝐺 ×𝑀 × 𝐸𝐺)∕(𝑤∗𝜌𝐸 ⊗𝑤∗𝜌𝑀 ⊗𝑤∗𝜌𝐸) again. Moreover, the last vertical map 𝑤∗ is
precisely the action on𝐻𝐹𝑇(𝑀, 𝑎1) by 𝑤.
By combining (103), (105) and passing to the direct limit, we show that 𝑤∗𝑓(𝛼, 𝑒) (the output

of (𝛼, 𝑒) under the composition of the maps in the first row and the last vertical map) equals to
𝑤𝑓(𝜙∗𝑤𝛼,𝑤∗𝑒) (the output of (𝛼, 𝑒) under the composition of the first vertical map and the maps
in the second row).Moreover, we know that𝑤𝑓(𝜙∗𝑤𝛼,𝑤∗𝑒) = 𝑤𝑓(𝜙∗𝑤𝛼, 𝑒) so it proves that(⋅, 𝑒)
is Weyl-equivariant. □

5 AN ALGEBRAHOMOMORPHISM

In this section, we are going to show that (⋅, 𝑒) ∶ 𝐻geo,𝑇∗ (Ω𝐺) → 𝑆𝐻∗𝑇(𝑀) is an algebra
homomorphism as promised in (2).
First note that for [𝐵1, 𝛼1, 𝑓1], [𝐵2, 𝛼2, 𝑓2] ∈ 𝐻

geo,𝑇
∗ (Ω𝐺), their product is represented by (𝐵2 ×

𝐵1, 𝜋
∗
2𝛼2 ∪ 𝜋

∗
1𝛼1, 𝑓), where 𝑓 ∶ 𝐵2 × 𝐵1 → Ω𝐺 is given by 𝑓(𝑏2, 𝑏1) = 𝑓2(𝑏2)𝑓1(𝑏1) (see (77)).

Proposition 5.1. For 𝑖 = 1, 2, let (𝑓𝑖 ∶ 𝐵𝑖 → Ω𝐺, 𝜂′𝐵𝑖
) be a good pair. Let 𝐵 ∶= 𝐵2 × 𝐵1, 𝐹𝑖 ∶

𝐵 → ℝ be 𝐹𝑖(𝑏2, 𝑏1) = 𝑓𝑖(𝑏𝑖) and 𝐹 ∶ 𝐵 → ℝ be 𝐹(𝑏2, 𝑏1) = 𝑓2(𝑏2)𝑓1(𝑏1). Let 𝜂
′ ∶ 𝐵 → ℝ be

𝜂′𝐵2×𝐵1
(𝑏2, 𝑏1) = 𝜂

′
𝐵1
(𝑏1) + 𝜂

′
𝐵2
(𝑏2) Then (𝐹𝑖 , 𝜂

′) and (𝐹, 𝜂′) are good pairs, 𝐹∗1𝐹
∗
2𝐻 = 𝐹∗𝐻 for any

cylindrical Hamiltonian𝐻 ∈ 𝐶∞(𝑆1 × 𝑃𝐵) and

𝐹 ≃ 𝐹2◦𝐹1 ∶ 𝐻𝐹(𝑃𝐵, 𝐹∗𝐻) → 𝐻𝐹(𝑃𝐵, 𝐻) (106)

Proof. Clearly, 𝜂′𝐵2×𝐵1
is 𝑇-invariant (in fact, 𝑇 × 𝑇-invariant). A critical submanifold of 𝜂′ is a

product of critical submanifolds of 𝜂′𝐵1
and 𝜂′𝐵2

. Let𝑁𝜂𝑖 be a𝑇-invariant neighborhood of critp(𝜂
′
𝐵𝑖
)

such that 𝑓𝑖 is locally constant. Then 𝐹𝑖 and 𝐹 are locally constant near the 𝑇-invariant set𝑁𝜂1 ×
𝑁𝜂2 so (𝐹𝑖 , 𝜂

′
𝐵2×𝐵1

) and (𝐹, 𝜂′𝐵2×𝐵1
) are good pairs.

Let 𝐻̃ ∶ 𝑆1 × 𝐵1 × 𝐵2 × 𝐸𝑇 ×𝑀 → ℝ be the lift of𝐻. Now we check that

𝐹∗1𝐹
∗
2 𝐻̃𝑡(𝑏1, 𝑏2, 𝑦,𝑚)

= 𝐹∗2 𝐻̃𝑡(𝑏1, 𝑏2, 𝑦, (𝑓1(𝑏1)(𝑡)) ⋅𝑚) − 𝐾𝑓1(𝑏1),𝑡((𝑓1(𝑏1)(𝑡)) ⋅𝑚)

= 𝐻̃𝑡(𝑏1, 𝑏2, 𝑦, (𝑓2(𝑏2)(𝑡))(𝑓1(𝑏1)(𝑡)) ⋅𝑚) − 𝐾𝑓2(𝑏2),𝑡((𝑓2(𝑏2)(𝑡))(𝑓1(𝑏1)(𝑡)) ⋅𝑚)

− 𝐾𝑓1(𝑏1),𝑡((𝑓1(𝑏1)(𝑡)) ⋅𝑚)
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= 𝐻̃𝑡(𝑏1, 𝑏2, 𝑦, (𝑓2(𝑏2)(𝑡))(𝑓1(𝑏1)(𝑡)) ⋅𝑚) − 𝐾𝑓2(𝑏2)𝑓1(𝑏1),𝑡((𝑓2(𝑏2)(𝑡))(𝑓1(𝑏1)(𝑡)) ⋅𝑚)

= 𝐹∗𝐻̃𝑡(𝑏1, 𝑏2, 𝑦,𝑚)

Here the third equality follows from Lemma 4.2(1).
To see (106), we simply observe that in the proof of Proposition 4.11, the Φ̃ associated to 𝐹 is the

composition of the Φ̃ associated to 𝐹2 and 𝐹1. □

The commutative diagram we want to establish is the following, and Proposition 5.1 gives the
commutativity of the triangle in the middle.

(107)
The rest of the subsection is devoted to explaining all the maps in the commutative diagram and
proving their commutativity.
Once the commutativity of the diagram is proved and after passing to the direct limit with

respect to slopes, the composition of the maps in the first row and last column is (𝛼2, 𝛼1, 𝑧) ↦𝑓2(𝛼2,𝑓1(𝛼1, 𝑧)), while the composition of the maps on ‘the other side’ is (𝛼2, 𝛼1, 𝑧) ↦𝐹(𝜋∗2𝛼2 ∪ 𝜋∗1𝛼1, 𝑧). When 𝑧 is the unit 𝑒 ∈ 𝑆𝐻∗𝑇(𝑀), we obtain

𝐹(𝜋∗2𝛼2 ∪ 𝜋∗1𝛼1, 𝑒) = 𝑓2(𝛼2,𝑓1(𝛼1, 𝑒)) = 𝑓2(𝛼2, 𝑒)𝑓1(𝛼1, 𝑒)
so (⋅, 𝑒) is an algebra map. Here, the second equality comes from Lemma 4.20.
Our first task is to explain themaps𝑄3 and𝑄4. To fix the ideas, themaps𝑄3 and𝑄4 are pullback

maps (in the sense of Section 2.3) with respect to the following fiber product diagram.

(108)

However, the slopes of the Hamiltonians are not constant functions so we have to be careful with
the auxiliary choices so that 𝐶0 a priori estimates can be achieved to give well-defined pullback
maps. The auxiliary choices are explained below.
For 𝑖 = 1, 2, let (𝜂𝑖 , g𝑖 , ∇𝑖) be the admissible base triple obtained by applying Proposition 4.10 to

the good pairs (𝑓𝑖 , 𝜂
′
𝐵𝑖
). We assume that the connections on (𝐵𝑖 × 𝐸𝑇)∕𝑇 → 𝐵𝑇 for both 𝑖 = 1, 2

are induced by the same connection ∇𝑇 for the bundle 𝐸𝑇 → 𝐵𝑇. In particular, over the region
𝑈 where ∇𝑇 is flat, we have ((𝐵𝑖)borel|𝑈 , g𝑖) ≃ (𝐵𝑖 × 𝑈, g𝐵𝑖 ⊕ g𝐵𝑇|𝑈), where g𝐵𝑖 is a 𝑇-equivariant
metric on 𝐵𝑖 . However, for regularity reason, we do not want to build 𝜂𝑖 using the same Morse
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function 𝜂𝐵𝑇 ∶ 𝐵𝑇 → ℝ. Instead, let 𝜂𝐵𝑇,𝑖 ∶ 𝐵𝑇 → ℝ be a Morse function that is a small perturba-
tion of 𝜂𝐵𝑇 so that it satisfies the properties as required in Section 4.2.2. Let 𝜂

′
𝑖
∶ (𝐵𝑖 × 𝐸𝑇)∕𝑇 → ℝ

be the pullback of the Morse function 𝜂𝐵𝑇,𝑖 . We assume that 𝜂𝑖 = 𝜂
′
𝑖
+ 𝜖𝑖𝜒𝑖(𝑢)𝜂𝐵𝑖 (𝑏𝑖), where

𝜂𝐵𝑖 ∶ 𝐵𝑖 → ℝ is a Morsification of 𝜂′𝐵𝑖
as in Section 4.2.2.

It is easy to check that the following diagram is a fiber product diagram

Themap from the top-left to bottom-right, the second horizontalmap and the second verticalmap
are 𝑇 × 𝑇-bundles with fibers 𝑇 × 𝐵2 × 𝐵1, 𝑇 and 𝐵2 × 𝐵1, respectively. We equip all of them with
the connection induced by ∇𝑇 ⊕∇𝑇 .
We choose a Riemannian metric g𝐵𝐵𝑇 on (𝐸𝑇 × 𝐸𝑇)∕𝑇 such that the map to ((𝐸𝑇)∕𝑇 ×

(𝐸𝑇)∕𝑇, g𝐵𝑇 ⊕ g𝐵𝑇) is a Riemannian submersion, and the orthogonal complement of the fibers
argees with the horizontal subspace 𝑇hor ⊂ 𝑇((𝐸𝑇 × 𝐸𝑇)∕𝑇) of the connection. The second verti-
cal map is also a Riemannian submersion, where the source is equipped with the metric g2 ⊕ g1.
Themetric g𝐵𝐵𝑇 and g2 ⊕ g1 together induces a Riemannianmetric g21 on (𝐵2 × 𝐸𝑇 × 𝐵1 × 𝐸𝑇)∕𝑇
such that all the fourmaps areRiemannian submersions. Indeed, the tangent spaces of (𝐵2 × 𝐸𝑇 ×
𝐵1 × 𝐸𝑇)∕𝑇, (𝐵2 × 𝐸𝑇)∕𝑇 × (𝐵1 × 𝐸𝑇)∕𝑇 and (𝐸𝑇 × 𝐸𝑇)∕𝑇 are given by 𝑇(𝑇) ⊕ 𝑇(𝐵2 × 𝐵1) ⊕
𝑇hor, 𝑇(𝐵2 × 𝐵1) ⊕ 𝑇hor and 𝑇(𝑇) ⊕ 𝑇hor, respectively, and the Riemannian metrics g𝐵𝐵𝑇 and
g2 ⊕ g1 respect the product decomposition and agree on 𝑇hor. Therefore, they uniquely deter-
mine a metric g21 making all the four maps Riemannian submersions. Moreover, if we equip the
first vertical map the connection induced by ∇𝑇 , then its horizontal subspaces agree with the
g21-orthogonal complement of the fibers.
Let 𝜂′𝐵𝐵𝑇 ∶ (𝐸𝑇 × 𝐸𝑇)∕𝑇 → ℝ be the pullback of 𝜂𝐵𝑇 . Over the flat region 𝑈, we have ((𝐸𝑇 ×

𝐸𝑇)∕𝑇|𝑈 , g𝐵𝐵𝑇) ≃ (𝑇 × 𝑈, g𝑇 × g𝐵𝑇|𝑈). To Morsify 𝜂′𝐵𝐵𝑇 , we choose a Morse function 𝜂𝑇 ∶ 𝑇 → ℝ

and define 𝜂𝐵𝐵𝑇 = 𝜂
′
𝐵𝐵𝑇 + 𝜒(𝑢)𝜂𝑇(g). Let 𝜂

′
21 ∶ (𝐵2 × 𝐸𝑇 × 𝐵1 × 𝐸𝑇)∕𝑇 → ℝ be the pullback of

𝜂𝐵𝐵𝑇 and define its Morsification 𝜂21 ∶= 𝜂
′
21 + 𝜒(𝑢)(𝜂𝐵1(𝑏1) + 𝜂𝐵2(𝑏2)).

Let∇21 be the connection for the first vertical map in (108) induced by∇𝑇 . Then (𝜂21, g21, ∇21)
is an admissible base triple, and is of the form obtained by applying Proposition 4.10 to
(𝑓2𝑓1, 𝜋

∗
1𝜂
′
𝐵1
+ 𝜋∗2𝜂

′
𝐵2
).

Following Proposition 4.10, let 𝐴𝑓𝑖 ∈ 𝐶
∞(𝑆1 × 𝑃𝐵𝑖 ) be a cylindrical Hamiltonian such that

both 𝐴𝑓𝑖 and 𝑓
∗
𝑖
𝐴𝑓𝑖 are compatible with (𝜂𝑖 , g𝑖 , ∇𝑖) and 𝐴𝑓𝑖 has slope 𝐬𝐴𝑓𝑖

= (𝐬𝑖)borel. Here, 𝐬𝑖 ∈

𝐶∞(𝑆1 × 𝐵𝑖) is a 𝑇-invariant function such that it is locally constant on 𝑁𝜂𝑖 , 𝐬𝑖 > 𝑐𝑓𝑖 ,𝐾 and (57) is
satisfied (𝜂𝐵, 𝜏𝐵 and 𝑓 are replacedwith 𝜂𝐵𝑖 , 𝜏𝐵𝑖 and 𝑓𝑖 , respectively).We assume furthermore that
𝐴𝑓𝑖 are chosen such that there are constants 𝑎0, 𝑎1, 𝑎2 with

0 < 𝑎0 ⩽ 𝐬𝑓∗1𝐴𝑓1
, 𝐬𝐴𝑓1

⩽ 𝑎1 ⩽ 𝐬𝑓∗2𝐴𝑓2
, 𝐬𝐴𝑓2

⩽ 𝑎2 (109)

The maps in the first row and last column of (107) are precisely those maps introduced in
Sections 4.2 and 4.3 to define 𝑓𝑖 .
Similarly, we are going to pick a cylindrical Hamiltonian 𝐴𝐹 ∈ 𝐶

∞(𝑆1 × 𝑃𝐵2×𝐵1) such that 𝐴𝐹 ,
𝐹∗2𝐴𝐹 and𝐹

∗𝐴𝐹 are all compatible with (𝜂21, g21, ∇21). To do that, let 𝐬
′
2 ∈ 𝐶

∞(𝑆1 × 𝐵2) be another
𝑇-invariant function such that it is locally constant in 𝑁𝜂2 , 𝐬

′
2 > 𝑐𝑓2,𝐾 and (57) is satisfied. The
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following lemma explains the choice of cylindrical Hamiltonians we use for the target of themaps
𝑄3 and 𝑄4.

Lemma 5.2. If the values of (𝜋∗1𝐬1 + 𝜋
∗
2𝐬
′
2)|𝑁𝜂2×𝑁𝜂1 do not lie in the action spectrum of the con-

tact boundary 𝜕𝑀̄, then there is a cylindrical Hamiltonian𝐴𝐹 ∈ 𝐶
∞(𝑆1 × 𝑃𝐵2×𝐵1) with slope 𝐬𝐴𝐹 =

(𝜋∗1𝐬1 + 𝜋
∗
2𝐬
′
2)borel such that 𝐴𝐹 , 𝐹

∗
2𝐴𝐹 and 𝐹

∗𝐴𝐹 are all compatible with (𝜂21, g21, ∇21).

Proof. The proof is in parallel to the proof of Proposition 4.10. The key statement to check
is 𝑑

𝑑𝑠
𝐬𝐹∗𝐴𝐹 (𝑡, 𝜏(𝑠)),

𝑑
𝑑𝑠
𝐬𝐹∗2𝐴𝐹

(𝑡, 𝜏(𝑠)) ⩽ 0 for any gradient trajectory 𝜏 ∶ ℝ→ (𝐵2 × 𝐸𝑇𝑛2 × 𝐵1 ×

𝐸𝑇𝑛1)∕𝑇. Note that, before taking the Borel construction, for any gradient trajectory 𝜏𝐵2×𝐵1 =
(𝜏𝐵2 , 𝜏𝐵1) ∶ ℝ→ 𝐵2 × 𝐵1, we have

𝑑
𝑑𝑠
(𝜋∗1𝐬1 + 𝜋

∗
2𝐬
′
2)(𝑡, 𝜏𝐵2×𝐵1(𝑠)) ⩽

𝑑
𝑑𝑠
𝐬1(𝑡, 𝜏𝐵1(𝑠)) +

𝑑
𝑑𝑠
𝐬′2(𝑡, 𝜏𝐵2(𝑠))

⩽ − max
𝑚∈𝜕𝑀̄

||||
𝑑
𝑑𝑠
𝐬𝐾𝑓1(𝜏𝐵1 (𝑠)),𝑡

(𝑚)
|||| − max

𝑚∈𝜕𝑀̄

||||
𝑑
𝑑𝑠
𝐬𝐾𝑓2(𝜏𝐵2 (𝑠)),𝑡

(𝑚)
||||

⩽ − max
𝑚∈𝜕𝑀̄

||||
𝑑
𝑑𝑠
𝐬𝐾𝑓2𝑓1(𝜏𝐵2×𝐵1 (𝑠)),𝑡

(𝑚)
||||

where the last inequality comes from Lemma 4.2(1).
It in turn follows that the analog of (58) is true in our case. More precisely, we have

𝑑
𝑑𝑠
(𝜋∗1𝐬1 + 𝜋

∗
2𝐬
′
2)borel(𝑡, 𝜏(𝑠)) ⩽ − max

𝑚∈𝜕𝑀̄

||||
𝑑
𝑑𝑠
𝐬(𝐹∗0)𝜏(𝑠)(𝑡,𝑚),

||||, and

𝑑
𝑑𝑠
(𝜋∗1𝐬1 + 𝜋

∗
2𝐬
′
2)borel(𝑡, 𝜏(𝑠)) ⩽ − max

𝑚∈𝜕𝑀̄

||||
𝑑
𝑑𝑠
𝐬(𝐹∗20)𝜏(𝑠)

(𝑡,𝑚),
||||

which show that 𝑑
𝑑𝑠
𝐬𝐹∗𝐴𝐹 (𝑡, 𝜏(𝑠)),

𝑑
𝑑𝑠
𝐬𝐹∗2𝐴𝐹

(𝑡, 𝜏(𝑠)) ⩽ 0. □

For a fixed 𝑎′2 as in Lemma 5.2, by possibly choosing a larger 𝑎1 and 𝑎2, we can assume that

𝑎0 ⩽ 𝐬𝐹∗𝐴𝐹 , 𝐬𝐹∗2𝐴𝐹
, 𝐬𝐴𝐹 ,⩽ 𝑎1 (110)

This is not needed at the moment to define the maps 𝑄3 and 𝑄4, but it will be needed when we
define Π2 and Π3 in (107).
We are now ready to define 𝑄3 and 𝑄4.

Lemma/Definition 5.3. Let 𝐴𝑓1 and 𝐴𝐹 be as above. Then there are well-defined pullback maps

𝑄3 ∶ 𝐻
∗
𝑇(𝐵2) ⊗ 𝐻𝐹∗(𝑃𝐵1 , 𝑓

∗
1𝐴𝑓1) → 𝐻𝐹∗(𝑃𝐵2×𝐵1 , 𝐹

∗𝐴𝐹) (111)

𝑄4 ∶ 𝐻
∗
𝑇(𝐵2) ⊗ 𝐻𝐹∗(𝑃𝐵1 , 𝐴𝑓1) → 𝐻𝐹∗(𝑃𝐵2×𝐵1 , 𝐹

∗
2𝐴𝐹) (112)

such that 𝐹1◦𝑄3 = 𝑄4◦(𝑖𝑑 ⊗ 𝑓1).
Proof. We are going to explain the definition of 𝑄3. The definition of 𝑄4 is similar.
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Following Section 2.3, for 𝑛1, 𝑛2 ∈ ℕ, let 𝐵′ = (𝐵2 × 𝐸𝑇𝑛2 × 𝐵1 × 𝐸𝑇𝑛1)∕𝑇, 𝐵 =
(𝐵2 × 𝐸𝑇𝑛2)∕𝑇 × (𝐵1 × 𝐸𝑇𝑛1)∕𝑇 and ℎ ∶ 𝐵′ → 𝐵 be the obvious map. We also let
𝑃′ = (𝐵2 × 𝐸𝑇𝑛2 × 𝐵1 ×𝑀 × 𝐸𝑇𝑛1)∕𝑇, 𝑃 = (𝐵2 × 𝐸𝑇𝑛2)∕𝑇 × (𝐵1 ×𝑀 × 𝐸𝑇𝑛1)∕𝑇 and ℎ̃ ∶ 𝑃′ → 𝑃
be the obvious map. Note that 𝑃′ is the pullback of 𝑃 → 𝐵 along ℎ.
Let 𝜌 ∶ (−∞, 0] → [0, 1] be a smooth monotone increasing function that is 0 for 𝑠 ≪ 0 and

equals to 1 near 𝑠 = 0.We define𝐻𝑠 ∶= 𝑓
∗
1𝐴𝑓1 for all 𝑠 ⩾ 0, and𝐻

′
𝑠 ∶= (1 − 𝜌(𝑠))𝐹

∗𝐴𝐹 + 𝜌(𝑠)ℎ̃
∗𝐻0

for 𝑠 ⩽ 0. We claim that the condition in Lemma 2.29 is satisfied so that the pullback is well-
defined. To see this, note that ℎ̃∗𝐻0 = ℎ̃

∗𝑓∗1𝐴𝑓1 = 𝐹
∗
1 (ℎ̃

∗𝐴𝑓1) and 𝐬ℎ̃∗𝐴𝑓1
= (𝜋∗1𝐬1)borel. Recall that

𝐬𝐴𝐹 = (𝜋
∗
1𝐬1 + 𝜋

∗
2𝐬
′
2)borel and 𝐹

∗𝐴𝐹 = 𝐹
∗
1𝐹

∗
2𝐴𝐹 so

𝐻′𝑠 = 𝐹
∗
1 ((1 − 𝜌(𝑠))𝐹

∗
2𝐴𝐹 + 𝜌(𝑠)ℎ̃

∗𝐴𝑓1) = 𝐹
∗
1 (ℎ̃

∗𝐴𝑓1 + (1 − 𝜌(𝑠))(𝐹
∗
2𝐴𝐹 − ℎ̃

∗𝐴𝑓1)).

Let 𝐻′′𝑠 ∶= ℎ̃
∗𝐴𝑓1 + (1 − 𝜌(𝑠))(𝐹

∗
2𝐴𝐹 − ℎ̃

∗𝐴𝑓1). For a gradient trajectory 𝜏
− ∶ (−∞, 0] → 𝐵′, we

denote its projection to (𝐵𝑖 × 𝐸𝑇𝑛𝑖 )∕𝑇 by 𝜏
−
𝑖
for 𝑖 = 1, 2. Then we have

𝑑
𝑑𝑠
(𝐬(𝐻′𝑠)𝜏−(𝑠),𝑡(𝑚))

⩽max
𝑚

𝑑
𝑑𝑠
(𝐬(𝐻′′𝑠 )𝜏−(𝑠),𝑡(𝑚)) + max𝑚

||||
𝑑
𝑑𝑠
𝐬(𝐹∗10)𝜏−(𝑠)

(𝑡,𝑚)
||||

⩽max
𝑚

𝑑
𝑑𝑠
(𝐬(ℎ̃∗𝐴𝑓1 )𝜏−(𝑠),𝑡

(𝑚)) + max
𝑚

𝑑
𝑑𝑠
(𝐬((1−𝜌(𝑠))(𝐹∗2𝐴𝐹−ℎ̃∗𝐴𝑓1 ))𝜏−(𝑠),𝑡

(𝑚)) + max
𝑚

||||
𝑑
𝑑𝑠
𝐬(𝐹∗10)𝜏−(𝑠)

(𝑡,𝑚)
||||

⩽

(
𝑑
𝑑𝑠
(𝐬1)borel(𝑡, 𝜏

−
1 (𝑠)) + max𝑚

||||
𝑑
𝑑𝑠
𝐬(𝐹∗10)𝜏−(𝑠)

(𝑡,𝑚)
||||
)

+ (1 − 𝜌(𝑠))

(
𝑑
𝑑𝑠
(𝐬′2)borel(𝑡, 𝜏

−
2 (𝑠)) + max𝑚

||||
𝑑
𝑑𝑠
𝐬(𝐹∗20)𝜏−(𝑠)

(𝑡,𝑚)
||||
)

− 𝜌′(𝑠)
(
(𝐬′2)borel(𝑡, 𝜏

−
2 (𝑠)) − max𝑚

|||𝐬(𝐹∗20)𝜏−(𝑠)(𝑡,𝑚)
|||
)
.

On the right-hand side, the first term and the second term are nonpositive because 𝐬1 and 𝐬2 are
chosen to satisfy this property (see (58)). The third term is also nonpositive because 𝜌′ ⩾ 0 and 𝐬′2 >

𝑐𝑓2,𝐾 = 𝑐𝐹2,𝐾 ⩾ max𝑚
|||𝐬𝐹∗20(𝑡,𝑚)

||| for all 𝑡 ∈ 𝑆1 (see (56)). As a result, we have
𝑑
𝑑𝑠
(𝐬(𝐻′𝑠)𝜏−(𝑠),𝑡(𝑚)) ⩽

0 so the condition in Lemma 2.29 is satisfied.
The definition of 𝑄4 is similar. Moreover, if we use the same cutoff function 𝜌(𝑠) for both 𝑄3

and 𝑄4 and appropriate almost complex structures, then they are tautologically identified with
each other via the map Φ in Proposition 4.11. This gives the commutativity 𝐹1◦𝑄3 = 𝑄4◦(𝑖𝑑 ⊗𝑓1). □

Lemma 5.3 gives us the commutativity of the upper middle square in (107). Now we turn to the
upper left square.

Lemma 5.4. The following diagram commutes

(113)
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Proof. The commutativity of

and the naturality (Corollary 2.31) imply a commutative diagram of the corresponding pullback
maps. By passing to the inverse limit and using the independence of the model of the classifying
space (Lemma 3.8), we obtain the result. □

Note that, the Hamiltonians in the domain and the target of the second vertical map of (113)
have constant slopes so the groups and the map are independent of the model of the classifying
space (cf. Lemma 3.8). To complete the upper left square in (107). We need to show the following
commutativity.

Lemma 5.5. The following diagram commutes

(114)

Proof. We use the admissible base triple (𝜂1, g1, ∇1) for𝐻
∗(𝑃𝐵1 , 𝑎0) and𝐻𝐹

∗(𝑃𝐵1 , 𝑓
∗
1𝐴𝑓1), and the

admissible base triple (𝜂21, g21, ∇21) for𝐻𝐹(𝑃𝐵2×𝐵1 , 𝑎0) and𝐻𝐹
∗(𝑃𝐵2×𝐵1 , 𝐹

∗𝐴𝐹).
Similar to Lemmas 2.17 and 2.19, it suffices to find a homotopy between the Floer data corre-

sponding to the two different compositions such that the maximum principle can be achieved.
The Hamiltonian (𝐻𝑠)𝑠∈ℝ defining𝐻

∗(𝑃𝐵1 , 𝑎0) → 𝐻𝐹∗(𝑃𝐵1 , 𝑓
∗
1𝐴𝑓1) is of the form

𝐻𝑠 = (1 − 𝜌(𝑠))𝑓
∗
1𝐴𝑓1 + 𝜌(𝑠)𝐴𝑎0

for some Hamiltonian 𝐴𝑎0 ∈ 𝐶
∞(𝑆1 × 𝑃𝐵1) that is of constant slope 𝑎0, and some mono-

tone increasing function 𝜌 ∶ ℝ→ [0, 1] such that 𝜌(𝑠) = 0 for 𝑠 ≪ 0 and 𝜌(𝑠) = 1 for 𝑠 ≫
0.† We can regard (𝐻𝑠)𝑠∈ℝ as a family of elements in 𝐶∞(𝑆1 × (𝐵2)borel × 𝑃𝐵1) which defines
𝐻∗𝑇(𝐵2) ⊗ 𝐻∗(𝑃𝐵1 , 𝑎0) → 𝐻∗𝑇(𝐵2) ⊗ 𝐻𝐹∗(𝑃𝐵1 , 𝑓

∗
1𝐴𝑓1). The Hamiltonian defining 𝑄3 is explained

in Lemma/Definition 5.3.
On the other side, the Hamiltonians (𝐻′𝑠)𝑠∈ℝ⩽0 and (𝐻𝑠)𝑠∈ℝ⩾0 defining𝐻

∗
𝑇(𝐵2) ⊗ 𝐻∗(𝑃𝐵1 , 𝑎0) →

𝐻𝐹(𝑃𝐵2×𝐵1 , 𝑎0) are family of Hamiltonians of constant slope 𝑎0 in 𝐶
∞(𝑆1 × 𝑃𝐵2×𝐵1) and 𝐶

∞(𝑆1 ×
(𝐵2)borel × 𝑃𝐵1), respectively. Finally, the Hamiltonian (𝐻𝑠)𝑠∈ℝ defining 𝐻𝐹(𝑃𝐵2×𝐵1 , 𝑎0) →
𝐻𝐹∗(𝑃𝐵2×𝐵1 , 𝐹

∗𝐴𝐹) is of the form

𝐻𝑠 = (1 − 𝜌(𝑠))𝐹
∗𝐴𝐹 + 𝜌(𝑠)𝐴𝑎0

for some Hamiltonian 𝐴𝑎0 ∈ 𝐶
∞(𝑆1 × 𝑃𝐵2×𝐵1) that is of constant slope 𝑎0, and some monotone

increasing function 𝜌 ∶ ℝ→ [0, 1] such that 𝜌(𝑠) = 0 for 𝑠 ≪ 0 and 𝜌(𝑠) = 1 for 𝑠 ≫ 0.

†More precisely, we need to use the restriction of 𝐻𝑠 to the finite approximations to define the continuation maps and

then pass to direct limit.
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Let 𝜌+ ∶ ℝ⩾0 → [0, 1], 𝜌− ∶ ℝ⩽0 → [0, 1] and 𝜌 ∶ ℝ→ [0, 1] be monotone increasing functions
such that 𝜌+(𝑠), 𝜌−(𝑠), 𝜌(𝑠) = 0 when 𝑠 near the left end, and 𝜌+(𝑠), 𝜌−(𝑠), 𝜌(𝑠) = 1 when 𝑠 near
the right end. To construct a homotopy between the two concatenation of Floer data coming from
the two compositions, we consider (𝐻𝑠,𝑟)𝑠∈ℝ⩾0,𝑟∈ℝ ∈ 𝐶

∞(𝑆1 × 𝑃𝐵1) of the form

𝐻𝑠,𝑟 = (1 − 𝜌(𝑟))𝐴𝑎0 + 𝜌(𝑟)
(
(1 − 𝜌+(𝑠))𝑓∗1𝐴𝑓1 + 𝜌

+(𝑠)𝐴𝑎0

)

and (𝐻′𝑠,𝑟)𝑠∈ℝ⩽0,𝑟∈ℝ ∈ 𝐶
∞(𝑆1 × 𝑃𝐵2×𝐵1) of the form

𝐻′𝑠,𝑟 = 𝜌
−(𝑠)

(
(1 − 𝜌(𝑟)ℎ̃∗𝐴𝑎0 + 𝜌(𝑟)ℎ̃

∗𝑓∗1𝐴𝑓1

)
+ (1 − 𝜌−(𝑠))𝐹∗𝐴𝐹

where ℎ̃ ∶ 𝑃𝐵2×𝐵1 → 𝑃𝐵1 is the obvious map (as in Lemma/Definition 5.3). Notice that for any
fixed 𝑟, 𝐻𝑠,𝑟 = 𝐴𝑎0 when 𝑠 ≫ 0, 𝐻′𝑠,𝑟 = 𝐹

∗𝐴𝐹 when 𝑠 ≪ 0, and ℎ̃∗𝐻𝑠,𝑟 = 𝐻
′
𝑠,𝑟 when 𝑠 is close to 0.

It is straightforward to check that for all 𝑟, the slope of 𝐻𝑠,𝑟 and 𝐻
′
𝑠,𝑟 along any gradient trajec-

tory is decreasing. Therefore, the maximum principle can be applied. Moreover, for appropriate
𝜌+, 𝜌−, 𝜌, the limit as 𝑟 → ±∞ can be made arbitrarily close to the glued Floer data of the two
compositions, respectively. Therefore, the rigid count of the moduli space associated to the pair
(𝐻𝑠,𝑟)𝑠∈ℝ⩾0,𝑟∈ℝ and (𝐻

′
𝑠,𝑟)𝑠∈ℝ⩽0,𝑟∈ℝ defines a homotopy between the two chain level compositions

and hence induces the comutativity of (114). This finishes the proof. □

Our next task is to define Π2 and Π3. The pullback diagram we use this time is

(115)

Let ℎ̃2 ∶ 𝑃𝐵2×𝐵1 → 𝑃𝐵2 be the obviousmap. The bundle in the second column is equippedwith the
admissible base triple (𝜂2, g2, ∇2). We can choose a Riemannianmetric on (𝐵2 × 𝐵1 × 𝐸𝑇)∕𝑇 such
that the second horizontal map is a Riemannian submersion. By doing the same Morsification
procedure as above to the pullback of 𝜂2 on (𝐵2 × 𝐵1 × 𝐸𝑇)∕𝑇, we can obtain an admissible base
triple for the bundle in the first column such that the pushforward maps

𝐻𝐹∗(𝑃𝐵2×𝐵1 , ℎ̃
∗
2𝑓

∗
2𝐴𝑓2) → 𝐻𝐹∗(𝑃𝐵2 , 𝑓

∗
2𝐴𝑓2)

and

𝐻𝐹∗(𝑃𝐵2×𝐵1 , ℎ̃
∗
2𝐴𝑓2) → 𝐻𝐹∗(𝑃𝐵2 , 𝐴𝑓2)

are well-defined. Moreover, we have the following tautological commutative diagram (as in the
proof of Proposition 4.11)

(116)
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Recall the bounds from (109) and (110). By Lemma 2.19, we have the following commutative
diagram

(117)

By Lemma 3.8, for the second vertical map, we can use either the Borel model (𝐵2 × 𝐸𝑇 × 𝐵1 ×
𝑀 × 𝐸𝑇)∕𝑇 or (𝐵2 × 𝐵1 ×𝑀 × 𝐸𝑇)∕𝑇 for 𝑃𝐵2×𝐵1 . For the square on the left, we picked the former
choice when we define 𝐹2 . However, for the square on the right, we can use the latter model
to make it consistent with (116) Now, by combining (116) and (117), we get Π2, Π3 as well as the
commutativity of the middle right square in (107).
By Lemmas 2.19, 2.30, and 2.37, we obtain the commutative diagram

(118)
which gives the commutativity of the top right square in (107).
By Lemmas 2.19, 2.37 and Corollary 2.38, we obtain the commutative diagram

(119)

which gives the commutativity of the bottom right triangle in (107).

Theorem 5.6. The map

𝐻̂𝑇∗ (Ω𝐺) → 𝑆𝐻∗𝑇(𝑀)

[𝐵, 𝛼, 𝑓] ↦ 𝑓(𝛼, 𝑒𝑀)
is an algebra homomorphism (cf. (2)).

Proof. As explained in the paragraph after (107), it suffices to verify the commutativity of (107)
and the compatibility with passing to the direct limit with respect to slope. The commutativity of
(107) follows from Proposition 5.1, Lemmas 5.4, 5.5, and Equations (116), (117), (118), and (119). The
compatibility of this commutative diagram with respect to increasing the slope is straightforward
and left to the readers. □

Theorem 5.7 (= Theorem 1.1). There is a ring homomorphism:

 ∶ 𝐻̂𝐺∗ (Ωpoly𝐺) → 𝑆𝐻∗𝐺(𝑀̄). (120)
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Proof. There is a natural isomorphism ([11, Lemma 5.3]):

𝐻̂𝑇∗ (Ωpoly𝐺,ℂ)
𝑊 ≅ 𝐻̂𝐺∗ (Ωpoly𝐺,ℂ). (121)

By Theorem 5.6, there is a ring map

 ∶ 𝐻̂𝑇∗ (Ωpoly𝐺) → 𝑆𝐻∗𝑇(𝑀̄). (122)

Note that, by Lemmas 3.9 and 3.10, we have

𝐻𝐹∗𝐺(𝑃, 𝑎) ≃ 𝐻𝐹
∗
𝑇(𝑃, 𝑎)

𝑊

so by the taking direct limit, we have

𝑆𝐻∗𝐺(𝑀) = 𝑆𝐻
∗
𝑇(𝑀)

𝑊 .

By Proposition 4.34, this map (122) is 𝑊-equivariant and hence taking 𝑊- invariants induces a
map of the form (120). □

6 COULOMB BRANCHES AND SYMPLECTIC COHOMOLOGY

6.1 Background on Coulomb branches

In this section, we recall some relevant facts about Coulomb branch algebras. As in previous
sections, we let 𝑇 ⊂ 𝐺 be a maximal torus and𝑊 denote the Weyl group 𝑁(𝑇)∕𝑇.

6.1.1 Pure Coulomb branches

Definition 6.1. The algebra (𝐺; 0) is defined to be the vector space 𝐻̂𝐺∗ (Ωpoly𝐺,ℂ) equipped
with the Pontryagin product.

The two basic geometric facts concerning Spec((𝐺; 0)) are the following ([8]).
(1) 𝐻̂𝐺∗ (Ωpoly𝐺,ℂ) is a Hopf algebra over 𝐻

∗(𝐵𝐺,ℂ). As a consequence, Spec((𝐺; 0)) has the
structure of a group scheme over Spec(𝐻∗(𝐵𝐺,ℂ)).

(2) The spectrum Spec((𝐺; 0)) is a smooth holomorphic symplectic manifold. Moreover the
“Toda projection”

𝜋𝑇𝑜𝑑𝑎 ∶ Spec((𝐺; 0)) → Spec(𝐻∗(𝐵𝐺,ℂ)) (123)

defines a completely integrable system.

A root 𝛼 is given by a homomorphism 𝔱ℂ → ℂ. We let 𝐷𝔱 ⊂ 𝔱ℂ denote the union of the kernels
of the root homomorphisms. Similarly, for a co-root 𝛼∨, its exponential defines a homomorphism
𝑇∨
ℂ
→ ℂ∗. We let 𝐷𝑇∨ ⊂ 𝑇

∨
ℂ
denote the union of the kernels of these co-root homomorphisms.

There is an isomorphism:

𝐻̂𝑇∗ (Ωpoly𝐺,ℂ) ≅ ̃(𝐺; 0), (124)
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where ̃(𝐺; 0) is the “affine blowup” of 𝑇∗𝑇∨
ℂ
with discriminant locus 𝐷𝑇∨ × 𝐷𝔱 ⊂ 𝑇

∗𝑇∨
ℂ
from [8,

section 2.5]. Combining this with the isomorphism (121), we obtain that

𝐻̂𝐺∗ (Ωpoly𝐺,ℂ) ≅ ̃(𝐺; 0)𝑊 . (125)

Note that the isomorphism (125) gives rise to a birational map

𝜋𝑇,𝑊 ∶ Spec((𝐺; 0)) → Spec(𝐻̂𝑇∗ (Ωpoly𝑇,ℂ)
𝑊) ≅ 𝑇∗𝑇∨ℂ∕𝑊, (126)

which is an isomorphism away from theWeyl quotient of pre-image of the root hyperplanes under
𝜋𝑇𝑜𝑑𝑎.

Example 6.2. Let 𝐺 = 𝑆𝑈(2) and 𝑇 be its maximal torus. Take (𝑇, 0) with coordinates 𝑧±1, 𝜏.
Following the calculations from [8, section 3.2], we adjoin two more variables:

𝑢 =
𝑧 − 1
𝜏

, 𝑣 =
1 − 1∕𝑧

𝜏
(127)

to (𝑇, 0) to obtain the ring ̃(𝐺; 0). By a simple calculation, we have
̃(𝐺; 0) = ℂ[𝜏, 𝑢, 𝑣]∕(𝑢 − 𝑣 − 𝜏𝑢𝑣).

The Weyl group 𝑊 ∶= ℤ∕2ℤ acts on this ring by 𝑢 → 𝑣, 𝜏 → −𝜏. The pure Coulomb branch is
then isomorphic to the Weyl invariants:

(𝐺; 0) ≅ ̃(𝐺; 0)𝑊 = ℂ[𝜎, 𝑥, 𝑦]∕(𝑥2 − 𝜎𝑦2 − 2𝑦). (128)

where 𝜎 = 𝜏2, 𝑥 = (𝑢 + 𝑣)∕2 and 𝑦 = 𝑢𝑣∕2.

6.1.2 Teleman’s construction

We next review Teleman’s description ([44]) of the Coulomb branch associated to a “cotan-
gent type” representation 𝐸 of 𝐺ℂ. Being of cotangent type means that it comes with a (fixed)
decomposition of the form

𝐸 ∶= 𝕍⊕ 𝕍∨. (129)

To describe the Coulomb branches, it is convenient to introduce an additional parameter 𝜇. The
Coulomb branch (𝐺; 𝐸) arises as the fiber over 𝜇 = 0 in a flat family ◦(𝐺; 𝐸) over ℂ[𝜇]. We set
◦(𝐺; 0) ∶= (𝐺; 0)[𝜇] and denote the parameterized (or “massive”) version of (123) by

𝜋̊𝑇𝑜𝑑𝑎 ∶ Spec(◦(𝐺; 0)) → Spec(𝐻∗(𝐵𝐺,ℂ)[𝜇]). (130)

Let 𝜈 ∈ 𝔱∨ be a weight of 𝕍 under the action of 𝑇. We let 𝜓𝜈 ∶ 𝔱ℂ × ℂ→ ℂ denote the linear
function

𝜓𝜈(𝜂, 𝜇) = 𝜇 + ⟨𝜈|𝜂⟩. (131)
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64 of 69 GONZÁLEZ et al.

Let (𝔱ℂ × ℂ)
𝑜 denote the complements of the hyperplanes cut out by 𝜓𝜈(𝜂, 𝜇) = 0. For any𝑤 ∈ ℂ

∗

and a weight 𝜈, we let 𝑤𝜈 ∶= exp(𝜈 log(𝑤)) ∈ 𝑇∨
ℂ
. Consider the following map: (𝔱ℂ × ℂ)

𝑜 → 𝑇∨
ℂ
,

(𝜂, 𝜇) →
∏
𝜈

(𝜓𝜈(𝜂, 𝜇))
𝜈. (132)

Over (𝔱ℂ × ℂ)
𝑜, this defines a𝑊-equivariant section, 𝜖pre

𝕍
, of

𝜋̊𝑇𝑇𝑜𝑑𝑎 ∶ Spec(◦(𝑇; 0)) → Spec(𝐻∗(𝐵𝑇,ℂ)[𝜇]).

It therefore descends to a rational section 𝜖̂𝕍 of

𝑇∗𝑇∨ℂ∕𝑊 × ℂ→ 𝔱ℂ∕𝑊 × ℂ.

Definition 6.3. We define 𝜖𝕍 to be the proper transform of 𝜖̂𝕍 to Spec(◦(𝐺; 0)). For each 𝜇 ∈ ℂ,
𝜖𝕍 is a rational section of the Toda integrable system and thus defines a family of holomorphic
Lagrangians. We refer to 𝜖𝕍 as the Euler Lagrangian.

Remark 6.4. Equivalently,we can first take the proper transformof the rational section 𝜖pre
𝕍

defined

by (132) to the blow-up Spec( ˜◦(𝐺; 0)) ∶= Spec(̃(𝐺; 0)[𝜇]) and then take𝑊-invariants.

Let 𝑈 ∶= 𝜋̊−1
𝑇𝑜𝑑𝑎

((𝔱ℂ × ℂ)
𝑜). Translation by 𝜖𝕍 using the group scheme structure on

Spec(◦(𝐺; 0)) defines a rational fiberwise symplectomorphism

𝜀+𝕍 ∶ ◦(𝐺; 0)|𝑈 ≅ ◦(𝐺; 0)|𝑈 . (133)

Theorem 6.5 ([44, Theorem 1]). Let 𝕍 denote the scheme given by gluing two copies of

Spec(◦(𝐺; 0)) by 𝜀+
𝕍
. Then

◦(𝐺; 𝐸) ≅ Γ(𝕍). (134)

In purely algebraic terms, the description of ◦(𝐺; 𝐸) from Theorem 6.5 is equivalent to say-
ing that ◦(𝐺; 𝐸) ⊂ ◦(𝐺; 0) is the subring of ◦(𝐺; 0) which remain regular after applying the
translation (133).

Example 6.6 ([44, Example 5.2]). Let𝐺 = 𝑈(1) and𝕍 = ℂ2 be a rank 2 representationwithweight
(1, −1). Let 𝑧±1, 𝜇, 𝜏 be the coordinates on Spec(◦(𝐺; 0)). The rational automorphism given by
translation is:

𝜀+𝕍 ∶ 𝑧 → 𝑧

(
𝜇 + 𝜏

𝜇 − 𝜏

)
. (135)

The subring of functions which remain regular after this translation is generated by

𝜇, 𝜏, 𝑥 = 𝑧(𝜇 − 𝜏), 𝑦 = 𝑧−1(𝜇 + 𝜏). (136)

The ring ◦(𝐺; 𝐸) is therefore given by

◦(𝐺; 𝐸) ≅ ℂ[𝜇, 𝜏, 𝑥, 𝑦]∕(𝑥𝑦 = 𝜇2 − 𝜏2). (137)

Note that after setting 𝜇 = 0, we see that Spec((𝐺; 𝐸)) has an 𝐴1 singularity.
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Example 6.7 ([44, Example 5.3]). Let 𝐺 = 𝑆𝑈(2) and 𝕍 = ℂ2 be the standard representation. The
restriction of this representation to the maximal torus 𝑇 gives the previous example. The pure
Coulomb branches ◦(𝐺; 0) and ˜◦(𝐺; 0) have been computed in Example 6.2 (up to adjoining
the formal variable 𝜇). On the Weyl-cover, ˜◦(𝐺; 𝐸), the relevant automorphism is still given by
(135) and the subring ˜◦(𝐺; 𝐸) ⊂ ˜◦(𝐺; 0) which remains regular after translation by the rational
section is generated by

𝑥 ∶= 𝜇𝑢 − 𝑧, 𝑦 = 𝜇𝑣 − 𝑧−1, 𝑤 ∶=
𝑥 − 𝑦

𝜏
. (138)

In this case, we again have ◦(𝐺; 𝐸) = ˜◦(𝐺; 𝐸)
𝑊
.

Under the gluing construction, the rational section 𝜖𝕍 is identified with an open subset of the
unit section ·𝑖𝑑 in the other copy of Spec(◦(𝐺; 0)) (“chart”). Note that the image of this unit
section ·𝑖𝑑 in Teleman’s scheme𝕍 remains a section of the Toda projection (130) and hence its
image is automatically closed inside of the affinization Spec(◦(𝐺; 𝐸)) (because functions pulled
back along the Toda projection restrict surjectively and both schemes in question are affine). It
follows that the closure of the subvariety 𝜖𝕍 inside of Spec(◦(𝐺; 𝐸)) coincides with the image of
·𝑖𝑑 and hence defines a section 𝜖̄𝕍 ⊂ Spec(◦(𝐺; 𝐸)) of the projection (130) (cf. [44, Theorem 3]).
Conversely, this property characterizes Spec(◦(𝐺; 𝐸)) as follows:

Corollary 6.8. Let be an𝐻∗(𝐵𝐺)[𝜇] algebra such that Spec() is a Spec(◦(𝐺; 0))-equivariant
partial compactification of Spec(◦(𝐺; 0)) which compactifies 𝜖𝕍 to a section 𝜖̄𝕍 of the massive Toda
projection. Then is a subalgebra of ◦(𝐺; 𝐸).

Proof. The orbit of 𝜖̄𝕍 under the group defines a second chart Spec(◦(𝐺; 0)) → Spec(). Together
our two orbits/charts give a map from Teleman’s scheme to Spec():

𝕍 ∶= Spec(◦(𝐺; 0)) ∪ Spec(◦(𝐺; 0)) → Spec(). (139)

There is a pullback on global functions→ Γ(𝕍) = ◦(𝐺; 𝐸) which must be injective. In other
words, is a subalgebra of ◦(𝐺; 𝐸). □

We conclude this section by mentioning a few further properties of Coulomb branches which
are important, but not needed for our immediate purposes.

(1) TheCoulomb branch (𝐺; 𝐸) (and indeed the entire family ◦(𝐺; 𝐸)) can be shown to be inde-
pendent of the decomposition (129). However, this requires further analysis (see [11, section
6(viii)]).

(2) Note that in Example 6.6, the Coulomb branch at 𝜇 = 0 is singular as it is in general a singu-
lar (Poisson affine) variety. Canonical (partial) resolutions of Coulomb branches have been
studied in [12].

6.2 Proof of Theorem 1.4

Let (𝑀̄, 𝜔, 𝜃) be a Liouville domain with a convex Hamiltonian 𝐺-action. Recall from Remark 1.3
that 𝑆𝐻∗

𝐺
(𝑀̄,ℂ) denotes the version of symplectic cohomology defined over ℂ. We have the

following obvious variant of Theorem 5.7:
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66 of 69 GONZÁLEZ et al.

Corollary 6.9. Let (𝑀̄, 𝜔, 𝜃) be a Liouville domain with a convex Hamiltonian𝐺-action. Then there
is a ring homomorphism:

 ∶ 𝐻̂𝐺∗ (Ωpoly𝐺) → 𝑆𝐻∗𝐺(𝑀̄,ℂ). (140)

Next, let 𝕍 ∶= ℂ𝑛 be a unitary representation of 𝐺. Introduce complex coordinates 𝑧𝑖 on ℂ
𝑛 as

well as corresponding polar coordinates (𝑟𝑖 , 𝜃𝑖). Equip this with the standard symplectic form

𝜔ℂ𝑛 ∶=
∑
𝑖

𝑟𝑖𝑑𝑟𝑖 ∧ 𝑑𝜃𝑖 . (141)

The Hamiltonian 𝐾 = 𝜋|𝑧|2 generates the diagonal circle action 𝑆1 × ℂ𝑛 → ℂ𝑛

𝑒𝑖𝑡 ⋅ (𝑧1, … , 𝑧𝑛) = (𝑒
2𝜋𝑖𝑡𝑧1, … , 𝑒

2𝜋𝑖𝑡𝑧𝑛). (142)

The unit ball 𝕍̄ is a Liouville domain with contact boundary 𝑆2𝑛−1. We consider the 𝐺 × 𝑆1

equivariant symplectic cohomology 𝑆𝐻∗
𝐺×𝑆1

(𝕍̄,ℂ) (as well as 𝑆𝐻∗
𝑇×𝑆1

(𝕍̄,ℂ)), where the additional

𝑆1-factor corresponds to the diagonal rotation (142). The diagonal rotation defines a Seidel oper-
ator 𝑠Δ which acts on 𝐻∗

𝑇×𝑆1
(𝕍̄,ℂ). This Seidel operator determines symplectic cohomology as

follows:

Lemma 6.10 (Localization). There is an isomorphism:

𝑆𝐻∗
𝑇×𝑆1

(𝕍̄,ℂ) ≅ 𝐻∗
𝑇×𝑆1

(𝕍̄,ℂ)[𝑠−1Δ ]. (143)

Proof. See [36] for the nonequivariant version and [30, section 5.1] for the equivariant version. □

Next, view ◦(𝐺; 0) ∶= 𝐻̂𝐺∗ (Ωpoly𝐺)[𝜇] as a subalgebra of 𝐻̂𝐺×𝑆
1

∗ (Ωpoly(𝐺 × 𝑆
1)) ≅

𝐻̂𝐺∗ (Ωpoly𝐺)[𝜇, 𝑤
±] given by those elements which are constant in 𝑤. There is therefore a

ring homomorphism:

◦(𝐺; 0) → 𝑆𝐻∗
𝐺×𝑆1

(𝕍̄,ℂ). (144)

Theorem 6.11 (= Theorem 1.4). The following hold.

(1) There is a ℂ-algebra isomorphism Γ(𝜖𝕍) ≅ 𝑆𝐻∗𝐺×𝑆1(𝕍̄,ℂ). Moreover, the inclusion 𝜖𝕍 corre-
sponds to the homomorphism (144).

(2) There is a commutative diagram:

(145)

Proof. Proof of Claim (1): We first calculate the Seidel operator for the diagonal circle action (142)
viewed as an operation on𝐻∗

𝑇×𝑆1
(𝕍̄,ℂ). Suppose first that 𝕍 ∶= ℂ𝜈, a rank-one representation of 𝑇

withweight 𝜈. The diagonal action acts by theHamiltonian loop 𝑡 → 𝑒2𝜋𝑖𝑡𝑧. Then by the argument
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of [30, Theorem 5.6]† the Seidel operator for this loop is given by 𝜓𝜈(𝜂, 𝜇) ∶= 𝜇 + ⟨𝜈|𝜂⟩ viewed as
an element of𝐻2

𝑇×𝑆1
(𝕍̄). Here, we identify𝐻2

𝑇×𝑆1
(𝕍̄) with Hom(𝔱ℂ × ℂ,ℂ).

In general, our representation of 𝑇 decomposes as a direct sum of these one-dimensional rep-
resentations, and the Seidel operator 𝑠Δ for the diagonal circle action is clearly the product of the
Seidel operators for these representations. In other words, we have

𝑠Δ =
∏
𝜈

𝜓𝜈(𝜂, 𝜇). (146)

By Lemma 6.10, it follows that

(𝔱ℂ × ℂ)
𝑜 ≅ 𝑆𝐻∗

𝑇×𝑆1
(𝕍̄,ℂ). (147)

Now trivialize 𝑇 ≅ (𝑆1)𝑟. The 𝑖th circle will act on each of the one-dimensional representations
with some weight 𝜈𝑖 and the corresponding Seidel operator 𝑠𝑖 will be

𝑠𝑖 ∶=
∏
𝜈

𝜓𝜈(𝜂, 𝜇)
𝜈𝑖 . (148)

It follows that the homomorphism (𝑇, 0)[𝜇] → 𝑆𝐻∗
𝑇×𝑆1

(𝕍̄,ℂ) is given by (132). By (the
𝑇-equivariant version of) Corollary 6.9, this homomorphism extends to

˜◦(𝐺; 0) ∶= 𝐻̂𝑇∗ (Ωpoly𝐺)[𝜇] → 𝑆𝐻∗
𝑇×𝑆1

(𝕍̄,ℂ). (149)

As the subscheme corresponding to (132) is irreducible and does not lie entirely in the blowup
locus, the subscheme corresponding to (149) must coincide with its proper transform. By
Remark 6.4, taking Weyl invariants gives the homomorphism (144) as claimed.
Proof of Claim (2): As in Corollary 6.8, we let 𝜖̄𝕍 denote the compactified section. The image of

the pullback of Γ(𝜖̄𝕍) ≅ 𝐻∗(𝐵𝐺)[𝜇] is characterized intrinsically as the free rank-one𝐻∗(𝐵𝐺)[𝜇]
submodule of Γ(𝜖𝕍) containing the unit. Under the isomorphism Γ(𝜖𝕍) ≅ 𝑆𝐻∗𝐺×𝑆1(𝕍̄,ℂ) from
Theorem 6.11, this corresponds to the inclusion𝐻∗

𝐺×𝑆1
(𝕍̄,ℂ) → 𝑆𝐻∗

𝐺×𝑆1
(𝕍̄,ℂ). □

Corollary 6.12. Let be an𝐻∗(𝐵𝐺)[𝜇] algebra such that Spec() is a Spec(◦(𝐺; 0))-equivariant
partial compactification of Spec(◦(𝐺; 0)) where  fits into (145). Then  is a subalgebra of

◦(𝐺; 𝐸).

Proof. This is a direct reinterpretation of Corollary 6.8 in view of Theorem 6.11. □
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