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1 | INTRODUCTION
Background

Fix a compact, connected Lie group G and a quaternionic representation E of G. Physicists asso-
ciate a 3D N = 4 supersymmetric gauge theory to such a pair. This gauge theory defines various
moduli of vacua, one of which is called the Coulomb branch, M(G, E). Physical considerations
predict that M(G, E) should have a number of remarkable properties, for example, it should be
a (possibly singular) hyper-Kéhler manifold with an SU(2)-action. However, the physical defini-
tion of M(G, E) involves quantum corrections which are difficult to interpret mathematically. In

© 2026 The Author(s). Journal of Topology is copyright © London Mathematical Society. This is an open access article under the terms of
the Creative Commons Attribution License, which permits use, distribution and reproduction in any medium, provided the original work
is properly cited.
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20f 69 | GONZALEZ ET AL.

[11], Braverman-Finkelberg—Nakajima proposed a definition of M(G, E) for cotangent type rep-
resentations E, that is, those representations which are isomorphic to V @ VV for some complex
representation V. For these representations, they define M(G, E) to be the spectrum Spec(C(G; E))
of certain Poisson algebras C(G;E). For our purposes, it will be useful to note that the algebras
C(G; E) naturally arise in a one-parameter family C°(G; E) over C[u] (of which C(G; E) is the zero
fiber) which incorporates the central rescaling of the representation (i.e., the diagonal weight one
C* action on V and weight minus one action on VV).

The primordial example of a Coulomb branch is the pure Coulomb branch, M(G, 0), which
occurs when the “matter representation” E is trivial. The ring C(G;0) is by definition the “semi-
infinite” equivariant homology of the based polynomial loop space of G, HY (Qpo1yG), equipped
with its Pontryagin product (see Section 4.4.4 for the comparison between polynomial loop space
and smooth loop space). An important result [8] identifies M(G, 0) with the universal centralizer
of the Langlands dual group GV. The variety M(G, 0) is an affine group scheme over H*(BG, C)
which acts on all of the other Coulomb branches. Moreover, each M(G, E) contains a dense
free M(G, 0)-orbit. When the matter representation is nontrivial, the BFN construction extends
and unifies many known constructions in geometric representation theory, for example, slices in
affine Grassmannians.

Pure Coulomb branches

If (M, ) is a compact (monotone) symplectic manifold with a Hamiltonian G action, then C(G; 0)
acts on the equivariant quantum cohomology, QHZ(M ) ([20, 43]). Our first result is an analog of
this construction for compact symplectic manifolds (M, w) with convex boundary and vanish-
ing first Chern class. Recall that having convex boundary means that in a neighborhood of the
boundary, there is a primitive 6 of w such that the w-dual of 8 points outward along the bound-
ary. A Hamiltonian G-action on (M, ) is convex if 6 can be chosen G-invariant and also to have
nowhere dense spectrum. Given (M, w) with a (convex) Hamiltonian G-action, we can consider its
equivariant symplectic cohomology, SH},(M), which is the direct limit of equivariant Hamiltonian
Floer groups of cylindrical Hamiltonians of positive slope. We prove:

Theorem 1.1. Let (M, w) be a compact symplectic manifold with convex boundary and ¢,(TM) =
0. Suppose further that (M, w) is equipped with a convex Hamiltonian G-action. Then there is an
algebra homomorphism:

S :C(G;0)=H%Q

pOlyG) - SHE(M) )

In fact, for technical reasons discussed below, we first construct a ring homomorphism:
Sy HI(Q

ponG) - SH;(M) 2)

We then show that this map is equivariant with respect to the natural Weyl group actions on both
sides. The map (1) is then obtained by passing to Weyl-invariants.

Outline of construction

We now give a brief overview of the construction of (2), a more detailed overview is provided
in Section 4.1. The starting point for our work is Seidel’s observation that for closed symplectic
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COULOMB BRANCH ALGEBRAS VIA SYMPLECTIC COHOMOLOGY | 3 of 69

manifolds, a loop y; of Hamiltonian symplectomorphisms induces an action on Hamiltonian
Floer theory. Seidel’s construction has been extended to include (convex) S!'-actions on con-
vex symplectic manifolds in [30, 36]. The new feature, compared to the closed case, is that
a Hamiltonian loop can modify the behavior of the Hamiltonian at infinity. This means that
given a Hamiltonian H of some fixed slope, there may be no continuation map between the
Floer cohomology of the twisted Hamiltonian, y; H, and the Floer cohomology of H due to the
failure of the maximum principle for interpolating solutions. However, under suitable geometric
assumptions, there is a well-defined continuation map to a Hamiltonian H’ of higher slope,
giving rise to an action on symplectic cohomology.

The map (2) is a “parameterized” or “family” version of Seidel’s construction over cycles in
QG, the space of smooth based loops of G. The idea is to represent cycles in H I(onlyG) “geomet-
rically” by a triple (B, a, f) where B is a finite-dimensional smooth closed T-manifold, « € H;.(B)
and f : B - QG is a T-equivariant map. This is an equivariant version of Baum-Douglas’ “geo-
metric homology”(see [6, 26]), the details of which are explained in Section 4.4 (see in particular
Lemma 4.32). As a consequence, we can use H] (Q,,,,G) and H (QG) interchangeably from now
on. Given a T-equivariant map f : B - QG, we construct a map (cf. (44))

S; + Hi(B) X SHA(M) — SHi(M). 3)

Plugging « into (3) defines an action of (B, a, f) on SH;(M ) and the map (2) is then defined by
sending:

[B,C(,f] d Sf(oc’eM);

where e); denotes the unit in SH;(M). The map Sy is in turn obtained as a composition of three
maps:

H:(B) ® SH;(M) ~ SH;. (B Xx M) — SH:(B x M)
SHZ(B x M) — SH;(B X M)

SH(B x M) — SH(M).

The first map is a Kiinneth type isomorphism followed by a Floer theoretic pullback, and the last
map is a Floer theoretic pushforward. We develop the necessary preliminaries on pushforward
and pullback for family Floer theory in Sections 2.3 and 2.4. The second map is a parameterized
version of the Seidel morphism, and its construction turns out to be most technical. The main
reason is that given a T-invariant B X ET-family of Hamiltonian function H of some fixed slope,
the associated twisted Hamiltonian f*H (see Section 4.2.1) has varying (nonconstant) slopes over
the base B X ET. As a result, the comparison map between h_n)l HF(f*(H,))(H, is a sequence of
Hamiltonians of increasing slope) and SH;.(B X M) will involve moduli spaces for which a C° a
priori estimate cannot be proved by any of the standard means (e.g., [22, 32, 36]).” To overcome
this issue, we first homotope f (see Lemma 4.8) to another cycle for which we can prove the
required C° a priori estimate (see Section 4.2.3). Lemma 4.8 is the step which requires us to work T-
equivariantly first and then pass to G-equivariant cohomology by taking the Weyl-invariant part.

T We also note that we cannot use Hamiltonians of quadratic growth either; see Remark 3.5.
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4 of 69 | GONZALEZ ET AL.

To show that (2) is well-defined, we use that the relations in the equivariant geometric homol-
ogy are given by bordisms and compatibility with Gysin pushforward. We then establish the
commutative diagram (107) to show that (2) is an algebra homomorphism. Both of these steps
also require careful choice of auxiliary data so that the C° estimate can be achieved.

Remark 1.2. There is a second key difference between the proof of the ring homomorphism prop-
erty in the present work and the proof of the analogous claim for closed monotone symplectic
manifolds [20, Lemma 4.7]. There, once the map H I(QG) — QH7.(M) had been constructed, we
employed a simple algebraic trick ([20, Lemma 4.6]) to reduce the argument that it is a ring homo-
morphism to the case where G = T. This algebraic trick relied on the fact that QH (M) is free as
a module over H*(BT). As this is no longer necessarily the case for symplectic cohomology, we
are forced to give a more lengthy (though very natural) argument in Section 5.

Remark 1.3. For the discussion which follows, it will be relevant to note that above, SHZ(M )
was defined over the Novikov field A with ground field C. However, when (M, w, 6) is a Liouville
domain (meaning 6 can be extended over all of M), symplectic cohomology can be also be defined
over C. The map (1) can also be defined for this version of symplectic cohomology, which we
denote by SH},(M, C).

Coulomb branches with matter

In [11], the Coulomb branch algebra is defined via a convolution diagram involving a certain
infinite rank vector bundle over the affine Grassmannian of the complexification of G. In [44],
Teleman gave an elegant and direct “GLSM” construction of C°(G; E) as the algebra of functions
on a scheme obtained by gluing two copies of M(G,0) = Spec(C°(G;0)) by group multiplica-
tion with a certain easily described “Euler” rational section ¢, of the Toda integrable system (see
Definition 6.3 for the precise description).

While Teleman’s construction is purely algebraic, it was motivated by heuristics concerning 2D
boundary conditions for the gauge theory with matter E [44, sections 1 and 2]. Our second result
makes these heuristics precise, thereby providing a conceptual underpinning for this construc-
tion. Given a Liouville domain with convex G-action, it is natural to search for actions on the
ordinary cohomology as opposed to the symplectic cohomology. There is an acceleration map

¢ : H3(M,C) - SH},(M,C). 4)

In cases where this map is injective, it makes sense to look for subalgebras of C(G;0) which pre-
serve its image. The example relevant to Coulomb branches is the seemingly simple case where
M = Vis a unit ball inside of a complex vector space V equipped with a unitary representation of

G. In this case, we consider the G x S! equivariant symplectic cohomology SHé>< - (V), where

the additional S'-factor corresponds to the diagonal rotation action. The algebra C°(G;0) :=
H;(QG)[u] is naturally a subalgebra of H,.¢1(Q(G x S1)) and so (1) therefore induces a map:

C°(G;0) » SH*

GxS1 (\7’ C) (5)

We give the following symplectic interpretation of the ingredients in Teleman’s construction:
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COULOMB BRANCH ALGEBRAS VIA SYMPLECTIC COHOMOLOGY 50f 69

Theorem 1.4. The following hold.

(1) Let O be the pushforward structure sheaf associated with the Euler Lagrangian €. There is an
algebra isomorphism

I(0,,) = SH, (V,C)

under which the C°(G; 0)-action on P((ﬂev) agrees with action induced by (5).
(2) There is a commutative diagram:

C°(G;E) —— H}, ,(V,C)

| I Q

C(G;0)[u] —= SH (V).

These calculations together with the GLSM construction of the Coulomb branch allow us to
completely characterize M(G, E) in symplectic terms, M(G, E) is the universal equivariant, affine
partial compactification of the group scheme M(G, 0) whose coordinate ring fits into (6) (see
Corollary 6.12).

Remark 1.5. Theorem 1.4 was anticipated by Teleman in [44, Remark 2.4]. The universal property
from Corollary 6.12 is not explicitly mentioned in Teleman’s paper. However, it follows easily from
his description of the Coulomb branch and our Theorem 1.4.

We close the introduction with a short discussion of possible directions for future work.

(i) Comparison with [20] suggests a natural (and potentially easy) extension of our results
here. Namely, [20] also studies actions of the quantum Coulomb branch algebra C(G;0);, :=
H leG(QG) on loop-equivariant QH™. This suggests that the module action induced by (1)
should lift to an action of C(G; 0);, on the version of equivariant symplectic cohomology which
also incorporates loop equivariance, SH;1 (M). Section 7 of [44] provides a similar char-

acterization of the quantum Coulomb branch algebras C(G; E);, as subalgebras of the pure
quantum Coulomb branch algebra C(G; 0);,. We remark that if M is a closed monotone sym-
plectic manifold, we can also use equivariant Floer theory as in the current paper together
with the equivariant PSS map to define the Coulomb branch algebra action on QH(M).
In other words, the approach given by the current paper is compatible with the construc-
tion in [20]. We note that action of the quantum Coulomb branch is used to show that the
set-theoretic support of QHZ(M) in Spec(C(G;0)) is an algebraic Lagrangian ([20, Corol-
lary 1.4]). The argument behind [20, Corollary 1.4] crucially used the finiteness of QH},(M)
over H*(BG). By contrast, we expect that the set-theoretic support of SH,(M) when M is a
G-Liouville domain is no longer generally Lagrangian (see Remark 1.6).

(ii) In a different direction, constructions of Coulomb branches for representations which are
not of cotangent type have recently been proposed in [10, 45]. Theorem 1.4 raises the natural
question of whether these constructions can be interpreted in terms of quantum/symplectic
cohomology of some convex symplectic manifold associated to the representation (cf. the
discussion in [45, pp. 2-3]).
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6 of 69 | GONZALEZ ET AL.

(3) Somewhat more speculatively, we also note that Teleman develops parallel results for K-
theoretic Coulomb branches. Correspondingly, we expect an analog of Theorem 1.1 for (a
suitable genuinely equivariant version of) the K-theoretic symplectic cohomology recently
constructed by Large [28].

Remark1.6. For a potential example where the set-theoretic support of SH(,(M) is not Lagrangian,
consider T*SU(2) with the natural Hamiltonian lift of the S'-action on SU(2) by a maximal
torus. View C(S';0) = C[z*, 1], where 7 is the equivariant variable and z corresponds to the
Seidel operator. Then we expect that the support of the module SH;I(T*S U(2)) as a subset of
Spec(C(S';0)) = T*C* corresponds to the locus where z = 1,7 = 0. The expectation that r should
act nilpotently on SH;1 (T*SU(2)) comes from the freeness of the S'-action and the fact that
the Seidel operator acts by the identity on SH*(T*SU(2)) (i.e., nonequivariantly) corresponds to
the fact that the S'-action extends to an SU(2) action. However, verifying this expected calcula-
tion rigorously would require an equivariant version of Viterbo’s isomorphism which is suitably
compatible with the Seidel representation and would take us too far afield.

Organization of the paper

As noted earlier, the family Seidel morphism involves families of Hamiltonians with nonconstant
slopes, so special care is needed to achieve compactness of moduli spaces. Sections 2 and 3 are
devoted to explaining the Floer theory over families and the equivariant Floer theory, respectively,
for a large enough class of Hamiltonian functions. We construct the map (1) in Section 4 and prove
that it is an algebra homomorphism in Section 5. Finally, the proof of Theorem 1.4 is given in
Section 6.

2 | FLOER THEORY OVER A FAMILY, PULLBACK AND
PUSHFORWARD

In this section, we explain how to define the Floer cohomology for a Hamiltonian fiber bundle
with Liouville fibers over a smooth finite-dimensional base. It is analogous to [25] and similar
ideas have been used to define equivariant Floer cohomology ([9, 29, 41, 42]).

Let (M, w) be a compact symplectic manifold with a convex boundary (i.e., M is a strong convex
filling of its boundary). Let 6 be a primitive one form of w near the boundary such that the w-dual
of 6 points outward along the boundary. We will denote by M the symplectic completion of M. In
other words,

M=MU5M [l,OO)XaM

where the Liouville one form on the cylindrical end [1, co) X M is given by ra for r € [1, co) with
a := 6|y- Throughout this text, we will assume that ¢; (TM) = 0 so that we can put a Z-grading
on the Floer complexes later on (see the paragraph after Definition 2.9).

The Reeb vector field R, on (M, «) is the unique vector field characterized by a(R,) = 1 and
LRadoc = 0. The flow of the Reeb vector field is called Reeb flow. The action spectrum of (M, a),
denoted by Spec(dM, a), consists of the period of the orbits of the Reeb flow.
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COULOMB BRANCH ALGEBRAS VIA SYMPLECTIC COHOMOLOGY | 7 of 69

Definition 2.1. A Hamiltonian function H € C®(S' X M) is cylindrical if there is a function
s : S' XM — R, that is invariant under the Reeb flow and a function ¢ : S' — R such that
H(t,(r,x)) = rs(t,x) + c(t) in the complement of a compact set for any ¢ € S, r € [1, o) and
X € M.

The function s is called the slope of H. The space of cylindrical Hamiltonian is a vector space
over R and hence convex. We define a partial ordering on the space of cylindrical Hamiltonians
by

H, < H, if sHl(t, x) < sHZ(t, x)forallt,x @)

where sy is the slope of H; for i =1,2. We say that a Hamiltonian function H = (H,),cq1 €
C®(S' x M) is mean-normalized if [; H,a A"~ =0 for all ¢t € S'. Unless otherwise stated,
all Hamiltonians in the rest of the paper are mean-normalized.

Definition 2.2. Let G be a compact connected Lie group. A Hamiltonian G-action on (M, w, 6)
is called convex if

* 0 is G-invariant and
* the spectrum Spec(dM, & := 0,35;) is nowhere dense.

The hypothesis that 6 is G-invariant implies that w = df is G-invariant. Therefore, the Liouville
vector field X (i.e., the w-dual of 8) is G-equivariant. As a result, the flow of X, is G-equivariant
so the G-action on the collar (1 — ¢, 1] X M, which is defined using the flow of X, is the product
of the trivial action on (1 — ¢, 1] and a G-action on M. Therefore, we can canonically extend the
G action to M by extending this product action to [1, co) X M.

Lemma 2.3. Suppose that (M, w, ) is equipped with a convex Hamiltonian G-action.

Lety € QG c QHam(M) and K, be a generating Hamiltonian function of y. Then K, is a cylin-
drical Hamiltonian function. Conversely, if H is a cylindrical Hamiltonian function, then outside a
compact set, the Hamiltonian flow of H on the cylindrical end preserves 6.

Proof. Letv € g and X, be the induced Hamiltonian vector field. Since 6 is G-invariant, we have
0=_"Lyx 6 =15 w+dralX,l,-1) (8)
The last equality uses that X, is independent of r on the cylindrical end. Let

s, :=—aX,l,=1) : 6M - R.

-
By (8), Hamiltonian vector field of the Hamiltonian function rs, is X,,. Let R, be the Reeb vector
field. The function s, which is the slope of the Hamiltonian function rs,, is invariant under Reeb
flow because R, (s,) = ds,(R,) = w(X,,R,)|,=; = —dr(X,) = 0. Now, let (X;);cs1 be the vector
field which generates y. By the assumption that y € QG, we know that for each t € S, X, = X o,
forsome v; € g. Therefore, (K},)t(r, y) = ISy, (¥) up to a constant so K,isa cylindrical Hamiltonian
function. The converse is proved in [36, Lemma C.3]. O
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8 of 69 | GONZALEZ ET AL.

Let B be a smooth finite-dimensional closed manifold and (M, w, 6) has a convex Hamiltonian
G-action.

Definition 2.4. We say that p : P — B is an admissible bundle over B if it is a symplectic fiber
bundle with fiber (M, w, ) and the structure group lies in G (i.e., the clutching functions are in
G).

Since the G action is convex, p restricts to asubbundle p : P — Bwith fibers M. Moreover, there
is a radial coordinate function r : P\ P — [1, o) such that for any fiber p~!(b), the symplectic
form near the boundary equals to w, = d(r6}).

Letn : B — RbeaMorse function, g, be a Riemannian metric on B satisfying the Morse-Smale
condition and V be a G-connection on P such that V is flat near critical points of 7. The space of
such connections V is nonempty and contractible. The set of critical points of 7 is denoted by
critp(n). For every c € critp(n), we can use the flatness of V near c to obtain a neighborhood N,
of c together with a decomposition

pT'(N) =M XN, ©)

such that V is trivial with respect to the decomposition.

Definition 2.5. We call a triple (7, g,, V) as above an “admissible base triple™.

A Hamiltonian function of P is a function H : S! X P — R.Fort € S! and b € B, we denote its
restriction to p~!(b) by Hy, : S' X p~1(b) — R.

Definition 2.6. A Hamiltonian function H € C®(S! x P) is “cylindrical” if for every b € B, H, :
S x p~1(b) — R is a cylindrical Hamiltonian.

This is a well-defined notion because the structure group of P is G and Hj, being cylindrical is
a property that is invariant under G-action.

Definition 2.7. A cylindrical Hamiltonian H is compatible with (#, [ V) if:

* H. :=(H,;)cs is nondegenerate for every c € critp();

* locally near each c € critp(n), with respect to the decomposition (9), we have that Hy, is pulled
back from the first factor;

« for any gradient trajectory’ 7 of 7 and two real numbers s, < s,, we have H(5)) 25 Hy(s,) With
respect to the parallel transport map along 7 induced by V (recall < from (7));

- for any gradient trajectory t of 7 between two critical points ¢, and c;, the parallel transport
map does not map a Hamiltonian orbit of H, to a Hamiltonian orbit of H,. .

A cylindrical Hamiltonian H is compatible with 7 if it is compatible with an admissible base triple
(1, g,, V) for some g, and V. A cylindrical Hamiltonian H is admissible if it is compatible with
some 7).

Lemma 2.8. Given any admissible base triple (1, g,, V) and any constant a € R \ Spec(dM, ),
there is a cylindrical Hamiltonian H that is compatible with (1, g,, V) with slope sy; = a.

T A gradient trajectory 7 : R — B of 7 is a solution to the negative gradient flow equation % = —grad(n)(z(s)).
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COULOMB BRANCH ALGEBRAS VIA SYMPLECTIC COHOMOLOGY | 9 of 69

Proof. Leta € R, \ Spec(dM, a). For each critical point ¢ of 5, we first choose a nondegenerate
cylindrical Hamiltonian function H, on M with slope a. Using the product decomposition (9), we
can pullitback to a cylindrical Hamiltonian over a neighborhood U,¢ i) N, of the critical points
of 77 such that both the first and the second bullets are satisfied. The fact that H, is nondegenerate
means that all Hamiltonian orbits are lying inside a compact set. Since there are only finitely
many critical points of 7 (because B is compact and 7 is Morse), by a generic perturbation of each
individual H, over a compact set, we can further assume that the fourth bullet is also satisfied.
We can then smoothly extend the cylindrical Hamiltonian to the rest of P (i.e., over the comple-
ment of U.critp(;)Ne) such that Hy, has slope a for all b € B. Such an extension is always possible
because the space of cylindrical Hamiltonian with a fixed slope is convex. Since the slope is the
same for all H, the third bullet is automatically satisfied. O

A pair X = (c, x) consisting of a critical point ¢ of 7 and a 1-periodic orbit x of H, in p~(c) is
called a generator of (1, H) if for any loop g : S! — G, the torus g - x : T?> — p~'(c) defined by
(r,t) & g(r) - x(t) satisfies

/ (g-x)*w = 0. 10)
T2

This is true, for example, (i) when x is contractible in M (i.e., admits a capping), or (ii) G is simply
connected (or more generally, G can be extended to a group action G’ on M such that G’ is simply
connected), or (iii) w is exact. Equation (10) will be used to control the topological energy of Floer
solutions later on (see Lemma 2.11).

Let A be the Novikov field

o)
A= {Zbiqrim S R,il_i}gri =o00,b; € C}

i=0

Definition 2.9. The Floer cochain complex of (5, H) is defined to be
CF*(P,H,n,A) := ®A-X 11)
where the sum is taken over all generators X = (c, x) of (n, H).

We often suppress the coefficient field and denote the group by CF*(P, H,n). We can define
a Z-grading on CF*(P, H,n) as follows. Since we assume that ¢;(TM) = 0, we can and will fix
once and for all a homotopy class of trivialization of the canonical bundle of M. We then choose a
symplectomorphism identifying M with a reference fiber of P. The structure group of the bundle
P — Bis G, which is connected, so it acts trivially on the homotopy class of the trivialization of the
canonical bundle. Therefore, by taking parallel transport from the reference fiber, we get a well-
defined homotopy class of trivialization of the canonical bundle on all other fibers. We define the
grading |X| of X = (c, x) to be

|)_5| '= lelporse + 1Xlcz
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10 of 69 | GONZALEZ ET AL.

where the right-hand side is the sum of the Morse grading of c and the Floer grading of x, where the
Floer grading of x is the cohomological Conley-Zehnder index of x with respect to the homotopy
class of trivialization of the canonical bundle of the fiber M over c¢ (see [2, Definition 1.4.3 and
Remark 1.4.4]). Finally, the Novikov variable q will be of degree zero.

Remark 2.10. The Z-grading on CF*(P, H,n) depends (only) on the homotopy class of trivial-
ization of the canonical bundle of M as well as the symplectomorphism identifying M with the
reference fiber of P.

Choose an S!-dependent fiberwise almost complex structure (J}, ),z Which is compatible with
(wp)pep and is of contact type in each fiber. Recall that J, is of contact type if 6, 0J, = dr outside
a compact set of p~1(b). Define the moduli space ./\7(550, X1, (Tp)pep) to be the space of pairs (7, u)
where

* 7 : R — Bis a gradient trajectory of 7 such that lim,_,_  7(s) = ¢y and limg_, ., 7(s) = ¢;
* u : RxS! — Pisasmooth map which lifts 7 and solves the Floer equation

vert _ 0.1 _
(du Xy ® dt)]T(s) 0.
limg_, _ u(s, t) = xy(t) (12)
limg_,  u(s, t) = x,(t)
where du'®'t denotes the projection of du to the fiberwise direction TV®''P under the splitting
TP =T"""P @ T"P by V.
We let
M(Xy, %)) 1= M(%p, %,)/R.
By trivializing P over 7 using the connection V, a solution (z,u) € M(X,, X;) can be recast as
either:

* Floer trajectories in the fiber over ¢, = ¢; (when 7 is constant) or
* continuation solutions for a Hamiltonian (H ;)5 erxst With respect to an w-compatible almost
complex structure of contact type (J; )5 )erxst 00 M (When 7 is nonconstant).

The moduli space M(X,, X, ) is the zero locus of a Fredholm section and has a well-defined virtual
dimension given by

vdim M(Xy, %) = |Xo| — |%,| — 1.

For (t,u) € M(X,, X,), we define its topological energy to be

1 1
B(r,u) := /R @y /0 (He )i Cro(0)dt — /0 (H,,),Cxr, (D). 13)

The term (du"*")*w is defined to be the pullback of the fiberwise 2-form along the composition
T(R x S') - TP — TV*"P. In other words, if we trivialize P along 7 by V to define the symplec-
tomorphisms p. : P — P, , we can identify u with the map u™(s, 1) 1= p,  (u(s, 1)) to P,
and E(t,u) is nothing but the topological energy of u'™" in the literature (cf. [3, eq. (148)])." To

T The first term of (13) is the area of u'V.
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COULOMB BRANCH ALGEBRAS VIA SYMPLECTIC COHOMOLOGY | 11 of 69

justify the name of topological energy in our context, we need to understand the (in)dependence
of E(t,u) on (r,u). If (r,u’) € M(X,,X,) is another element such that u"V[Z] = (" )"V[Z] €
Hz(Pcl » Dz —o(Xp) U X7), then it is clear that E(r,u) = E(z,u’). However, when we vary 7 in the
moduli space M(c, c;) of gradient trajectory from ¢, to ¢; modulo R, the symplectomorphism
Pr—o : P, = P may change up to an element of g € G. To resolve this problem, we make the
following observation.

Lemma 2.11. Forany generator X and any path g : [0,1] — G, thecylinderg - x : [0,1] X S — P,
given by (r,t) — g(r) - x(t) has w-area 0.

Proof. Let

Crax (%) ::max{/(g-x)*co|g 1 [0,1] = G}.

The quantity ¢, (¥) exists because, by Equation (10), the integral /(g - x)*w depends only on the
points g(0), g(1) and G is compact. Suppose the contrary that ¢, (X) > 0 and c,,,,(X) is achieved
by g : [0,1] = G. Let § : [0,1] = G be the concatenation of g and g(1)g(0)~'g (so §(0) = g(0)
and §(1) = g(1)g(0)~1g(1)). Clearly, /(7 - x)*w =2 [(g - x)*® = 2, (X) > € (X) SO We get a
contradiction. O
Corollary 2.12. The topological energy E : M(X,,X;) — R is a locally constant function.

Proof. Suppose we are given a one parameter family (7, u,),¢[o,1]- We wish to identify the w-area
of u™ and u"™, where u"™" is defined using the trivialization along 7;. Note first that for any path
g(r) : [0,1] — G (with g(0) = id), Lemma 2.11 implies that we have an equality of w-areas for the
cylinders

(g - pTO’_m(xo))ahfuBriV and u(t)ri", 14)

where # denotes concatenation. The symplectomorphisms p, _, differ by elements of G, giving
rise to such a path ¢(r). To finish the argument, we note that

[(9 - Pey —oo oD AU = [u™] € Hy(P,,, Py, —oo(0) U X)), 1)

To see this, it suffices by compactness to subdivide the interval [0,1] into arbitrarily small intervals
so that g is an arbitrarily short path, in which case the claim is obviously true. O

Proposition 2.13. Let H be a cylindrical Hamiltonian function compatible with .
* For a generic choice of compatible J that is of contact type, the space M(X,, X,) is a manifold of
the expected dimension for any pair of generators (X, X;).
* Moreover, if vdim M(X, X;) < 1, then for any E € R, the moduli space
MSE(';C)O’ )_C)l) = {(T’ u) € M(£O7 )_51)|E(T7 u) S E}

admits a Gromov compactification ﬂgE()_c’O, X,) making it a compact manifold with boundary.

Proof. Since M is a symplectic Calabi-Yau manifold with a convex end, the strategy of proof for
both transversality (see, e.g., [24, 31]) and compactness ([36, 46]) is standard.
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12 of 69 | GONZALEZ ET AL.

To run the transversality argument, we need to avoid solutions (7, u) such that 7 is nonconstant
but u is s-independent with respect to the parallel transport map along 7 induced by V. These
solutions are ruled out exactly by the fourth bullet of Definition 2.7.

To run the argument for compactness, first note that when vdim M(X,, X;) < 1, then by gener-
icity, we can assume that u(s, t) misses all J; ,-holomorphic spheres for all (s, ) € R x S1 and
u € M(X,, X;) because the image of the evaluation map of a 1-pointed J. s,r-holomorphic sphere
is of real codimension 4. In particular, we can avoid sphere bubblings. It remains to show that
we have a C? a priori estimate and a uniform geometric energy bound of solutions (z, ). The C°
a priori estimate for u is proved in [36, Theorem C.11]. More precisely, the fact that H is a cylin-
drical Hamiltonian implies that conditions (2) and (3) in [36, Theorem C.11] are satisfied (cf. [36,
Theorem C.6]). The condition that (H,,J,) becomes independent of s for large |s| follows from
the second bullet of Definition 2.7. The condition d,H, < 0 in [36, Theorem C.11] translates to
d;H,(5) < 0 in our setting, which is not necessarily true on the nose because there is a constant
term H. ). But the Floer equation does not depend on the constant term in H( so the theorem
remains valid as long as d;sy;_ o S0, which is precisely the third bullet of Definition 2.7.

To obtain the uniform geometric energy bound on u, we suppose that u lies over a given gradient
trajectory 7 and trivialize P along this trajectory. We can then apply the standard energy estimate
to give an upper bound to the geometric energy of u'™ in terms of the topological energy of u™
(i.e., E(t,u)) and the Hamiltonian H. O

Remark 2.14. The topological energy extends to a locally constant function on ﬂsE(J_c'o, X;) and
is additive under breaking (i.e., if ((z, uy), (t;,141)) is a boundary point of HsE()_C)O’ X,), then its
topological energy is the sum E(t, u,) + E(tq, u;)).

Choose a generic J and define a differential on CF(P, H, ) by

dcp(X) 1= Y Y swg" TR, (16)

Xo»|Xo|=1%1 |+1 (T,u)EM (X9, %7)

where s(u) € {—1, 1} is the sign of (7, u). The sum is well-defined because of the compactness of
the moduli (Proposition 2.24). For a discussion of how the signs are determined, see [25, sections
3 and 6].

Lemma 2.15. We have that

2
aCF

Moreover, HF(P,H,n) := H(CF(P,H,1),0cF) is independent of the choice of J.

2.1 | Continuation and invariance

We want to discuss the natural maps arising from varying H and (7, g,, V).

T For each J;, the moduli space of 1-poined J, -holomorphic spheres in the class A has virtual dimension 2(n — 3) +
c(A)+2=2n-4.
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COULOMB BRANCH ALGEBRAS VIA SYMPLECTIC COHOMOLOGY | 13 of 69

Let H’ be another cylindrical Hamiltonian on P compatible with (7, 9y, V) and such that the
slope st’; > Sy, for all b € B. In this case, we can define the continuation map

HF(P,H,n) - HF(P,H',n) (17)

as follows. A monotone homotopy from H to H' is a one-parameter family of cylindrical Hamil-
tonian (Hj),cr such that H; = H' for s < 0, H; = H for s > 0 and for every b € B, we have
9s8(z1,), < 0. We say that a monotone homotopy is compatible with (1), g,,, V) if 95S(s1,). o S 0 along
any gradient trajectory 7 : R — B of 7 (again, with respect to the parallel transport map along
7 induced by V). Note that for a monotone increasing smooth function p : R — [0, 1] such that
p(s) = 0 for s <« 0 and p(s) = 1 for s > 0, the family

H, = p(s)H + (1 — p(s))H', (fors € R)

is a monotone homotopy that is compatible with (7, g,, V) if both H and H " are compatible with
(1, 955 V).

Let X = (¢,x) and X' = (¢/,x") be a generator of CF(P,H,7) and CF(P,H’,n), respectively.
Choose a one-parameter family of S'-dependent fiberwise compatible almost complex structures
(J5)ser that are of contact type. Define the moduli space M(X’, X, (H,)scr ) to be the space of pairs
(7, u) where

* 7 : R —> Bisa gradient trajectory of ) such that lim,_,_ . 7(s) = ¢’ and lim_, , 7(s) = ¢;
* u : RxS' — Pisasmooth map which lifts 7 and solves the Floer equation
vert _ 0,1 —
(du Xty ® dt)(fs)f(s) 0
limg_,_ u(s,t) = x'(t) (18)

lim,_, . u(s,t) = x(t)
The virtual dimension of M(X', X, (H,)scg) is |X’| — |X|. We can define the topological energy of
(r, u) using the same formula (13) with x, and x, being replaced with x” and x, respectively.

Proposition 2.16. Let (H,),crp be a monotone homotopy from H to H' that is compatible with
(777 g?}’ V)'

* Fora generic choice of (J;)cp, the space M(X', X, (H,)scr) is @ manifold of the expected dimension
for any pair of generators (X, X").
* Moreover, if its virtual dimension is < 1, then forany E € R,

Mp(®, %, (Hy)ser) i= {(,u) € MEF, %, (Hy)yer)|E(t,u) < E}

admits a Gromov compactification ﬂgE(f’ , X, (Hy)ser) making it a compact manifold with
boundary.

The proof is similar to Proposition 2.24. The compatibility with (, g,, V) provides us a C%a
priori estimate of the solutions as above. Therefore, we can define a linear map

K(HS)SER : CF(P’H’ 77) - CF(P, H,,n)

Kt ) = Tt 13712181 e M@ 5001, )sem) ST WX

19)
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14 of 69 | GONZALEZ ET AL.

where s(u) € {—1, 1} is the sign of (7, u).

Lemma 2.17. The linear map K(H,)oen 1S chain map. Moreover, the induced map on cohomol-
ogy is independent of the choice of the (1, g,, V)-compatible monotone homotopy and the family of
cylindrical almost complex structure.

Proof. The fact that x4,  is a chain map follows from looking at the boundary of the one-

-

dimensional moduli of M(¥', %, (H s)ser)- The induced map on cohomology being independent
of J can be proved by the standard homotopy argument [31]. To run the argument for the proof of
the independence of choice of monotone homotopy, we need to show that the space of monotone
homotopies that are compatible with (, g,, V) is path connected. Indeed, the space is convex so
it is path connected. O

It is more tricky to vary 7. Let H and H’ be cylindrical Hamiltonians that are compatible with
(1, g,, V) and (o', gé, V'), respectively. Let (7),)scg : B — R be a family of functions such that 7, =
n for s < 0and 7, = 7 for s > 0, (V,),cg be a family of connections for P — B such that V, = V/
for s <0 and Vg =V for s > 0, and (H,),cg : P — R be a family of cylindrical Hamiltonians
such that H, = H' for s < 0 and H, = H for s > 0. We can use 7, to define a chain map between
the Morse cochain of 7 and 7’ by counting solutions 7 : R — B of

d
%T(S) = —grad(n;, gns)lf(s)'

Suppose that (H,),cr is a family of cylindrical Hamiltonian on P which is compatible with
((M5)ser> (g )sers (Vi)ser) in the sense that

958y ) S Oalong any gradient trajectory 7 of 75, g, With respect to (V)ep. (20)

Then, by choosing a generic family of S'-dependent cylindrical almost complex structure of
contact type (Jg);cg On P, we can define a chain map (the continuation map)

Kt )sen e * CFPH. 1) — CFP.H'. ') 21
K ()_C)) = Z» o Z ) o S(u)qE(T,u))‘C’l 2D
(HS)SER’(WX)SE[R x| X =|x] (Tsu)EM(x,’xa(Hs)xe[Rv(ns)seua)

-

where M(X', X, (Hy)ser> (s)ser) is the moduli of rigid solutions (7, u) such that 7 is a gradient
trajectory of (7;, gﬂg)SER and u is a solution of (18) covering 7. The term E(u) and s(u) € {—1, -1}
are again the topological energy (13) and the sign of u, respectively. When (7, g, , Vy)ser are
independent of s, it recovers K(H,)sen

In general, the condition (20) is implicit and hard to verify so we introduce the following
definition.

Definition 2.18. The relation < on the space of cylindrical Hamiltonians on P is defined by
H >p H if there is a & Spec(6M, o) such that mins; > a > max sy (22)

To be crystal clear, the definitions are mins, := min,cg ming,-1() Swy and maxsy =
Max,ep MaXy5-1(y) Sy, - Since Spec(0M, «) is nowhere dense, we can rewrite the condition (22)
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COULOMB BRANCH ALGEBRAS VIA SYMPLECTIC COHOMOLOGY | 15 of 69

as mins;p > max sy or mins; = max sy & Spec(6M, a). Note that this relation is transitive but
not reflexive (cf. (25) and Corollary 2.20).

Lemma 2.19. Let H and H' be cylindrical Hamiltonians that are compatible with (7, 9y, V) and
0, gé, V"), respectively. Suppose that H' >p H. Then there exist (1), g, , V )ser and (Hy) e as above
such that (Hy)ser, is compatible with (1), g, , V)ser. Moreover, the induced map on cohomology

Kt )er nen - HEP,H,m) » HE(P,H', 1) (23)
is independent of the choice of (0, g, , Vs)ser, (Hy)ser and (Jg)ep-

Proof. For fixed (1, g, , Vs)ser» the space of (Hy)er from H to H' that is compatible with
(s 9y, Vs)ser is convex so by a homotopy argument as in the proof of Lemma 2.17, we conclude
that it is independent of the choice of (H),cg and (J;)scp-

To argue that it is independent of the choice of (7, g, , V,)scr, We first consider the case that
the slopes are constant functions that are independent of b € B. In other words, we have two
real numbers §', s such that Syt = s’ and sy, =s for all b € B. Moreover, we have s’ > s and
s’,s & Spec(6M, a). In this case, we can choose a monotone decreasing function f : R — [s,s']
such that f(s) = s’ for s < 0, f (s) = s for s > 0 and a family (H,),cg from H to H’ such that
Sr,), = Jfs(8) for all b € B. This choice of (Hy) ey is compatible with any family (7, g, , Vi)ser
from (1, g, V) to (', g};, V’). Therefore, we can apply a homotopy argument with fixed (H,),cr
and varying (7, g, , V)sep to conclude that (23) is independent of (7, g, , V)ser When Sy = s/
and sy, =sforallb € B.

Now, we consider the general case. Let § € R, & Spec(8M, a) be such that minsy, > § >
max sy. Let H and H' be a cylindrical Hamiltonian such that Sy, =8 = St for all b € B and
is compatible with (n, g, V) and (', g;), V'), respectively.

We are going to show that (23) equals to the composition

HF(P,H,n) - HF(P,H,n) - HF(P,H',n') - HF(P,H',n") (24)

where the first and last maps are independent of choices by Lemma 2.17 and the second map is
independent of choices by above.

First of all, by gluing the auxiliary data defining these three maps, we can show the existence
of (H)sep that is compatible with (77, g, , V)sep-

Conversely, let (9, g, , V)ser and (H,)sep be a choice of data used to define (23). By the inde-
pendent of choice of (Hy),cr, We can assume that it satisfies the following property: there exists
R, > R, > Osuch that

* n,=n"and Vg = V' fors < —R,,andn, = pand V; = V for s > R,;
® H_R1 =I:I,,HR1 =I:I;
* fors € [-R,,R,], s, is a constant independent of b € B and 6,8y < 0.

We have shown that the map HF (P, H,n) — HF(P,H’,n’) does not depend on auxiliary choices.
In particular, we can use (7, g, , V)sep to define it. Therefore, by choosing R; > R, >> 0, we can
make (7, g, , Vy)ser and (Hy)segr coincide with the glued data coming the composition of the
three maps in (24), where the firs map corresponds to s < —R;, the second map corresponds to
—R, < s < R, and the third map corresponds to s > R;. It shows that (23) equals to (24). O
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16 of 69 | GONZALEZ ET AL.

Even though we denote the Floer cohomology as HF(P, H,7), it also depends on (g, V). For
the collection of data {(H, , 9> V)} such that H is cylindrical and compatible with (7, 9> V), we
define a reflexive and transitive relation on it by

H,7/, 97;’ V) >p (H,7, 9> V) if H' >, H or the quadruples are identical (25)
Clearly, there is an upper bound for any two elements so it forms a directed set.
Corollary 2.20. The collection of cohomology groups
{HF(P,H,n) : H is cylindrical and compatible with (1, g,, V)}

together with the continuation maps forms a direct system with respect to >p.
In particular, when sy, is a constant independent of b € B, then HF(P, H,7) is independent of
the choice of 1) such that H is compatible with 7).

Sketch of proof of Corollary 2.20. Fori =0,1,2, let H; := HF(P, H;,n;) be elements in the col-
lection such that H, <p H; <p H,. Let x;; be the continuation map from H; to H; for i < j. By
gluing the auxiliary data defining x,; and x;,, we can express the composition x;,0%,, as a map
given by counting rigid solutions with respect to the glued auxiliary data. Since the map H, — H,
is independent of choices (Lemma 2.19), it shows that x,; ox;, = %g;. O

As a consequence of Corollary 2.20, for each a € R, \ Spec(8M, «), the Floer cohomology
HF(P,a) := HF(P,H,n)
is independent of admissible H having s;; = a up to natural isomorphisms. Let

SH*(P) := lim HF(P, a).

a

2.2 | Product structure on SH*(P)

We are going to define a product structure on SH*(P). Roughly speaking, it comes from counting
Floer pair of pants lying over a Morse gradient tree with two inputs and one output. To ensure
that the perturbation term in the Floer equation is smooth, we need to pay special attention at the
trivalent point of the Morse gradient tree. The details are given in the section.

Let T, ; be the unique trivalent Stasheff tree with three external edges, two of which are incom-
ing and one which is outgoing. We parameterize the outgoing edge by ¢, : (—o0,0] — T, ;, and
the two incoming edges by e; : [0,00) = T,; ande, : [0,c0) — T, ;, respectively. We identify the
edges with (—o0, 0] and [0, ), respectively, using the parameterizations.

The classical approach to achieving transversality for these operations involves equipping each
edge with a different Morse function. Rather than doing this, we achieve transversality of gradient
flow solutions for maps from T, ; by perturbing the gradient flow equation (for a single Morse
function). The main definition is the following [1, Definition 2.6]:
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COULOMB BRANCH ALGEBRAS VIA SYMPLECTIC COHOMOLOGY | 17 of 69

Definition 2.21. A gradient flow perturbation datum on T, ; is a choice, for each edge e € E(T, ;)
of a smoothly varying family of vector fields,

X

e

i e > C®(TB)
vanishes away from a bounded subset of e.

Given a gradient flow perturbation datum as above, for each edge e € E(T, ;) and any map
T : e — B, one can ask for 7 to solve the perturbed gradient flow equation (for  with respect to
X,):

%T(S) = (—grad(n) + X,(s))| () forall s € e. (26)

Definition 2.22. Let 7 : B — R, be a Morse function and fix gradient flow perturbation data
{X.}i=0.1.2 as above. Suppose that c, ¢;, ¢, lie in critp(n). With respect to these data, let

M(cp, ¢y5¢5) 27)

denote the moduli space of continuous maps 7 : T,; — B whose restriction to each edge is a
solution to (26).

Note that near the vertex, the perturbation data can be arbitrary. It is not difficult to show that
for a generic choice of perturbation data, our moduli spaces are cut out transversally. Somewhat
informally, this corresponds to the fact that infinitesimally, solutions to the perturbed gradient
flow equations correspond to intersections of the unstable and stable manifolds under perturba-
tions by the diffeomorphisms ¢, given by integrating the vector fields X,. As the vector fields X,
can be chosen arbitrarily, these diffeomorphisms are essentially arbitrary (for a complete proof,
see [1, section 7]). Furthermore, when our data are chosen generically, the zero-dimensional com-
ponents of the moduli spaces above induce maps between orientation lines as before, hence an
operation on Morse complexes.

Let = = P!\ {0,1,2}. Fori =1,2, let¢; : [0,00) X S' — = be a holomorphic embedding such
that lim,_,  €;(s,t) =i € PL. Also let ¢, : (—00,0] X S! — X be a holomorphic embedding such
that lim,_,_  €;(s,t) = 0 € PL. In other words, ¢; is a positive cylindrical end and ¢, a negative
cylindrical end. We require that the images of ¢; are pairwise disjoint. Let 7y : £ — T, be the
continuous map such that 75(¢;(s, t)) = e;(s) for all i =0,1,2, and it maps the complement of
the cylindrical ends of T to the trivalent vertex of T, ;. Let ay, a;, a, € R, \ Spec(dM, a) be such
that a; > a; + a,. Let (7, g,, V) be an admissible base triple as before, and H; be a cylindrical
Hamiltonian of P that is compatible with (), g,, V) and has a constant slope a; (cf. Lemma 2.8). We
choose perturbation data which consist of a domain and time dependent cylindrical Hamiltonian
H = (H,),cs of P (i.e., H, is a S'-dependent cylindrical Hamiltonian of P) and 8 € Q!(Z) such
that

« there is a constant @’ € (a; + a,, a,) such thatif z & ¢;([1, 00) x S!) for all i, then H, the slope
of (H,), is a’ for all b € B;
e foreachi =0,1,2, there is R > 0 such that Hei(s,t) = H; when |s| > R;
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forallz € Z,s(z) := S, is a constant function on 6M;
» foreachi =0,1,2, we have 6SsHEi(S’[) < Oover all (s, 1);
* 8 = dt over the cylindrical ends; and

d(s(z)B) < 0.

The condition that a, > a; + a, guarantees the existence of H and g satisfying all the conditions.
We can view H @ § € Q!(Z,C®(S! x P)) and it will give us a perturbation term in the upcoming
Floer equation we consider.

We also choose a domain and time dependent contact type fiberwise compatible almost
complex structure J = (J,),c5 of P such that

* for each i =0, 1,2, there is R > 0 such that J. () =J; when |s| > R, where J; is an almost
complex structure defining CF(P, H;, n).

Fori=0,1,2,letX; := (¢;, ;) a generator in CF(P, s;). We define M(X,, X;, X,) to be the moduli
space of pairs (z, u) such that € M(c,, c;,¢c,) and u : ¥ — P satisfies the following statements:

° M(Z) S P‘[(T[E(z))'

. t_ 0,1
(duver X(Hz)f(nz(z)) ® B)

=0
. Us)e(zs(2)
® hmlsl_)oo u(ei(s, t)) = xl'(t).
In the second bullet, du¥®" is defined with respect to the connection on P — B along 7.
The virtual dimension of M(X,, X;,X,) is |X,| — |X;| — |X,]-

Remark 2.23. If x,, x, satisfies Equation (10) and u is a pair of pants asymptotic to x;,x, and
another loop x(’) in a fiber of P, then it will imply that x(’) also satisfies Equation (10). In other
words, the condition (10) is compatible with the pair of pants product.

For (t,u) € M(X,, X,,X,), we define its topological energy as follow (cf. (13) and the para-
graph afterward). For each ¢; € T, and each (s, t), we apply the parallel transport from z(e;(s))
to 7(e;(0)) along t(e;) to move u(e;(s, t)) to the fiber over 7(e;(0)) = t(e;(0)) = t(e,(0)). This gives
usamapu™ : X — P (e.(0y) With asymptotes being the parallel transport of x; from P, to P,y
along 7(e;). The topological energy of (z, u) is defined to be the topological energy of u™", which
is

1 2 1
E(t,u) = /Z (du’*™y w + / (Hy, ) (xo(t)dt = Y / (H,,),(x,()dt
0 i=1 40

Note that the first term equals to /Z(dutri")*co. Reasoning as in Corollary 2.12 implies that the
topological energy E : M(X,, X;,X,) — R is a locally constant function.

Proposition 2.24. The following statements hold.

* For a generic choice of compatible J that is of contact type, the space M(X,, X;,X,) is a manifold
of the expected dimension for any triple of generators (X, X1, X5).
* Moreover, if the virtual dimension is < 1, then for any E € R, the moduli space

M(£05£1’£2) = {(T’ u) (S M(';C)O’;C)l’;éZ)lE(Ta u) S E}

admits a Gromov compactification H< £ (X0, X1, X,) making it a compact manifold with boundary.
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Proof. The main point is again to employ a maximum principle to give a priori C° estimates of

the solutions. The maximum principle we need is in [36, Remark C.10]. The H in [36, Remark

#, Z)f(ﬂz(z))

C.10] corresponds to , which equals to r (up to adding a constant) over the cylindri-

cal end, and the 3 in [36, Remark C.10] corresponds to our s(z)S. Since H, is time independent
away from the cylindrical end, assHe. o S < 0 over all (s,t) and d(s(z)B) <0, [36, Remark C.10]

applies. O

For any pair of generators, define a product

X% =Y Y swe"x (28)

X0l Xo|=1X1 |+1%; | (T0)EM(X,X1.X)
where s(u) € {—1, 1} is the sign of (7, u). We extend it multi-linearly to the Floer complexes.

Proposition 2.25. Let a, > a; + a,.

* The product structure CF(P,H,,n) X CF(P,H,,n) — CF(P, H,,n) descends to a product struc-
ture on cohomology.

* The cohomological level product structure is independent of the auxiliary choices made in the con-
struction, namely, cylindrical ends, H = (H,),c5, J = (J,),es, and the perturbation vector field
XeonT,;.

* Moreover, it is compatible with continuation maps so it induces a (graded-)commutative and
associative product structure on SH*(P).

Sketch of Proof. Denote the product structure by
u? : CE(P,H;,n) X CF(P,H,,n) = CF(P,Hy, 7).
By considering the boundary of one-dimensional strata of M(¥,, X,, X,), we get
PA(A(X)), X,) + pP (3, (X)) = dpP (%, %)

so u? descends to cohomology [u?] : HF(P,H,,n) x HF(P,H,,n) - HF(P,H,,n).

To see that [u?] is independent of choice, we apply a cobordism argument. In other words, we
choose a one-parameter family of auxiliary data connecting the two ends (it is possible because the
space of auxiliary data is weakly contractible) and form the corresponding parameterized moduli
space. Counting the rigid elements in the parameterized moduli space gives us a chain homo-
topy we need. It is important that the one-parameter family of auxiliary data is chosen such that
maximum principle applies as in the proof of Proposition 2.24.

Once we know that it is independent of auxiliary choices, together with the standard gluing
argument we can prove the (graded-)commutativity and associativity because they correspond to
interpolating two different choices.

The compatibility with continuation map means that

Kao,a(’)([/'tao,al,az](Kai,al ()_C)l)’ Kaé’az ()_52))) = [Maé,ai,a;](-—zla -7_52)
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20 of 69 | GONZALEZ ET AL.

where x; : HF(P, j) - HF(P, k) is the continuation map when j < k and [y, ; ;| : HF(P, j) X
HF(P.k) - HF(P,1) is the product structure when [ > j + k. This compatibility follows from the
gluing argument and independence of auxiliary choices. O

The product operation can be defined not only for cylindrical Hamiltonians with constant
slopes, it can also be defined as long as the maximum principle can be achieved. The analog of
Lemma 2.19 for the product operation is as follow.

Lemma2.26. Fori = 0,1, 2, let H; be a cylindrical Hamiltonians that is compatible with 1. Suppose
that max sy +mMax sy, < Minsgy . After making an appropriate auxiliary choice, we can define a
product operation

CF(P,H,,n,) X CF(P,H,,n,) - CF(P,H,, ).
Moreover, the induced map on cohomology
HF(P,H,,n,) X HF(P,H,,n,) - HF(P,H,1) (29)

is independent of the auxiliary choice in the construction.

2.3 | Pullback

We want to discuss the functoriality between two admissible bundles with the same fiber (M, w, 6)
but different bases B and B’ (both B and B’ are smooth closed manifolds). Let h : B - Bbe a
smooth map and p’ : P’ — B’ be the fiber bundle obtained by pulling back p along h. Let h :
P’ — P be the induced map covering h. Let n and 5’ be Morse functions on B and B, respectively,
and assume that H and H’ are Hamiltonians on P and P’ that are compatible with (7, 9y, V) and
@, g;;, V'), respectively.

Let (Hy)sep,, and (H g)SERsO be two families of cylindrical Hamiltonians, on P and P’, respec-
tively, such that H; = H for s > 0, H, = H' for s < 0 and h*H; = h*H, = H)) = H] for s in an
open neighborhood of 0. Choose one-parameter families of S'-dependent fiberwise compatible
almost complex structures (J)sep,, and (J ;)SER@ that are of contact type on P and P/, respectively.
They are chosen such that J; is independent of s for s > 0, J/ is independent of s for s < 0, and
h*J; = h*J, = J, = J! for s in an open neighborhood of 0. Note that 7*J is well-defined because
J, is fiberwise and the restriction of & to fibers are isomorphisms.

Given a generator X = (c,x) of H and X’ = (c/,x’) of H’, we can consider the moduli space
Mpp(¥', X, (HYser_,» (Hy)ser,,) Which consists of (7, 7%, u™, u*) such that

* 77 : (—0,0] —» B’ is a gradient trajectory of n” with lim; 7= (s) = ¢/,

+ 7t : [0,00) — B is a gradient trajectory of  with limg 7% (s) = c,

* 74(0) = h(z™(0)),

* u” : (—00,0] x S! — P’ is covering 7~ and satisfies the Floer equation

vert _ , 0.1 =
(du Xt~ @ dt)(fé)f—(s) 0

with lim u=(s,t) = x'(¢),

§—>—00
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COULOMB BRANCH ALGEBRAS VIA SYMPLECTIC COHOMOLOGY 21 of 69

« ut :[0,00) x S! — Piscovering t+ and satisfies the Floer equation

vert __ 0.1 =
(du X(Hs)f+<s) ® d[)(Js)r+(S) =0

with limg_, . u* (s, t) = x(2),
« ut(0,t) = h(u=(0,1)).

Notice that 7(s) := (t7(=s),7*(s)) for s € R, is a gradient trajectory of the function B’ x
B — R given by (b’,b) » n(b) —n/(b’) starting at a point on graph(h) C B’ x B. Similarly,
let 7p : PP XP — P and 7p : P X P — P’ be the projection to the factors, then u(s,t) :=
(u=(=s,t),u*(s,t)) € P’ x P for (s,t) € Ry X S! is a solution to the Floer equation

® d)™! 0 (30)

vert __ N -
(du X”P(HS) _(J—s)r*(—s)ea(]s).l#(s)

r+(s)_7T;/(H,—s)T_(—S>
covering T with fiberwise Lagrangian boundary condition graph(/2) C P’ x P over 7(0) along {0} X
St Ry xSt

From this perspective (so-called ‘folding’ in [48]), we can apply the standard Fredholm theory
package to study M, (X', X, (H))ser_» (Hy)ser. -

Lemma 2.27. For generic choice of (J)sep,, and (J §)seR@ as above, every element in the moduli
space M, X' x,(H ;)S€R<O, (Hy)ser.,) is regular so it is a manifold of the expected dimension.

Proof. By our assumptions on Hg and H/, when s is close to 0 and (p, p’) € graph(h), we have
Hg,(p)—H'(p") = 0 because h*H, = h*H,, = H) = H, for s in an open neighborhood of 0. In

—S,t
other words, the Hamiltonian perturbation term

Xﬂ;HS,I—T[;, H, dt|pvert graph(h)

is zero along the fiberwise Lagrangian boundary condition graph(h) so it falls into the standard
Floer theory package (see [40, (8.6)], [48, section 5], and [14, (4.70)]). Therefore, the standard
transversality proof applies. O

Next, we want to impose conditions on (H)ser_, and (H, ;)SER«) to ensure compactness of
moduli. As before, we define the topological energy E(u~,ut) of (t7, 7", u~,u") to be

Ew ,ut)=E( ,u”)+Ex",u") (31)
1
— N —yvertyx !
Fea= [ @y [ oo
1
Bt ut) = / ()t — / (L), (x())dt
[0,00)xS1 0

It only depends on the relative homology class of its folding u : [0, 00) X S! — P’ X P, relative to
the fiberwise Lagrangian boundary condition and the asymptotic orbit (cf. (30)).
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Lemma 2.28. Suppose that ;8¢ iy S <0 and d SS(HD— () S <0 for all s, and for all gradi-
ent trajectory ™ and v~ of nt and 5, respectively. If the virtual dimension of the moduli
space Mpb()_c”,)?, (H;)seu@go’(Hs)seRw) is <1, then for any E € R, the subspace of solutions
with topological energy at most E admits a Gromov compactification to a compact manifold
with boundary.

Proof. 1t suffices to prove an a priori C° bound for the solutions. By trivializing P’ over 7~ using
V/, trivializing P over t* using V and identifying fibers of P’ to fibers of P using &, we can regard
u~ and u™ as smooth maps to a fiber (M, w, 6), say the fiber P; =~ P+ (). The map u™#u* :
R x S — M defined by

~(0)

u(s,t) fors <
ut(s,t) fors>

0
w #ut)(s,t) := { 0 (32)

is piecewise smooth and hence Lipschitz. Therefore, the first weak derivative exist [18, 5.8.2b].

Recall that 7i*Hy = h*H, = H) = H/ and h*J; = h*J, = J = J/ for 5 in an open neighborhood
of 0. Therefore, u~#u* satisfies a Floer equation with smooth auxiliary data (both H and J).
The existence of the first weak derivative of u~#u* allows us to apply elliptic bootstrapping [31,
Theorem B.4.1], so it is actually smooth. The required CO estimate now follows from maximum
principle [36, Theorem C.11] (cf. proof of Proposition 2.24). O
The virtual dimension of M ,, (X', X, (H] Dser_y» Hyser,,) is |¥'| — |X|. To see this, since we are
using cohomological convention, the virtual dimension of the moduli of pairs of gradient trajec-
tory (77, %) with h(z=(0)) = t+(0) is precisely |¢’| — |c|, where | - | is the Morse index. Therefore,
by trivializing over 7~ and 7+, we see that the virtual dimension of (u™,u™") for a given (7, t%) is
|x’| — |x|. Therefore, the virtual dimension is |¢/| — |c| + |x/| — |x| = |¥/| — |X].

Lemma 2.29. Suppose that aSS(Hs)T+(s) <0 and ass(Hé)T_(S) <0 for all s, and for all gradient
trajectory Tt and t~ of nt and 1, respectively. The pullback defined by

CF*(P,H,n) — CF*(P',H',n’)
X 2 2 su™, ut)gfw Dy (33)
XX = 1X] (u ut)EMpp (X X A(HY s o (Hydsers )

is a degree preserving chain map, where s(u™,u*) € {—1, 1} is the sign.
Lemma 2.30. Suppose that H' >p h*H. Then there exist (H))ser_ o and (H, )be[R as above such

that the assumption of Lemma 2.29 is satisfied (and hence the pullback map (33) is well-defined).
Moreover, the induced map on cohomology is independent of the choice of (H)ser_,, (Hy)ser.,»

(]s)seR20 and (];)SERSO'

Proof. The arguments are in parallel with the proof of Lemma 2.19, so we will omit them. O

The following is the analog of Corollary 2.20.
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Corollary 2.31. Suppose that h' : B" — B’ is another smooth map between smooth compact man-
ifolds, and P"" — B'' is the pullback of P' — B’ along h'. Let h’ : P — P’ be the induced map
covering h'. Suppose that H" >p» (h')*H' and H' >p h*H. Then the composition of the pullback
maps HF*(P,H,n) - HF*(P',H',n') and HF*(P',H',n') -» HF*(P",H" ,n"") is the pullback
map HF*(P,H,n) — HF*(P",H" ,n").

Example 2.32. Leth : B’ — B(and hence i : P’ — P)be an embedding. Let (7, 9> V) be chosen
such that there is no gradient trajectory 7 of 7 connecting two critical points with lim,_,_  7(s) €
B’ and lim,_, ., 7(s) ¢ B’, and every gradient trajectory of 7 connecting two critical points in
B’ is completely lying inside B’. Let H be a cylindrical Hamiltonian that is compatible with
(. g,» V). Suppose that (', g};, V') and H' are the restriction of (7, g,, V) and H to P’ and B’. Then
CM(B',n’, gé) is naturally a quotient complex of CM(B, 7, g,) and the induced map on cohomol-
ogy coincide with the Morse theoretic pullback. Similarly, CF(P’, H’,n’) is naturally a quotient
complex of CF(P, H,n) and the induced map on cohomology coincide with the Floer theoretic
pullback introduced above.

Lemma 2.33. Let E; C E, C ... be a sequence of smooth compact manifolds. Let P,, := E, XM
and view the projection to the first factor as an admissible bundle over E,,. Then l(iEn HF*(P,,a) =
lim (H*(E,) ® HF"(M,a)) = (lim_H*(E,)) ® HF*(M, @)

Proof. Let Hy; be a nondegenerate cylindrical Hamiltonian of M with constant slope a. Let 7, :
P, — M be the projection so 7y H,, is a cylindrical Hamiltonian of P,,. Choose a Morse function
n : E, - R and take V to be the trivial connection. Let H be a C* small perturbation of 7 H,,
in a compact set so that it is a still cylindrical Hamiltonian of P,, with constant slope a and it is
compatible with (», g,, V) such that H, = H, for every critical point ¢ of 7.

Suppose that (7, u) is a solution contributing to the differential. Then 7,,0u satisfies the Floer
equation

(d(myou) = Xy, @A)y =0
When the perturbation is sufficiently small (so that H, is very close to H,, for all s), the vir-
tual dimension of 7,,0u must be at least 0, and when it is 0, the input and the output are the
same orbit. This identifies CF*(P,, H,n) with CM*(E,,,n) ® CF*(M, H,;) as a cochain complex
so HF*(P,,a) = H*(E,) ® HF*(M, a).

When we consider P,, C P, ,, we can choose 7 on E, ,; such that the critical points of 7 out-
side E, forms a subcomplex, and any gradient trajectory connecting two critical points in E,,
is contained in E,,. Then the pullback map CF(P, ,,H,n) = CF(P,,H| Pl Eﬂ) can be iden-
tified with restricting to the quotient complex obtained by killing the generators outside P,,.
When the perturbation is sufficiently small, it can in turn be identified with the natural map
CM*(Ep11,m) ® CF*(M, Hy) > CM*(E,,, 1|, ) ® CF*(M, Hy) so the result follows. O

Lemma 2.34. The pullback map SH*(P) — SH*(P') is an algebra map.
Sketch of proof. The proof of Lemma 2.34 combines the ideas in Section 2.2 and this section. The

moduli space we need to construct consists of solutions (7, u) of a coupled equation. The domain of
Tis T, and the targetis B LI B’. There is r € R such that 7({s < r}) ¢ B’ and 7({s > r}) C B, where
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s : T,; — Risthe coordinate function on the edges of T, ;. The map 7 is a negative (X,-perturbed)
gradient trajectory over any edge and it satisfies the matching condition h(tz ({s = r})) = t5({s =
r}), where T 1= 7|,y and 7p 1= T,y On the other hand, u @ £ = P!\ {0,1,2} > P'UP is
a lift of 7 that satisfies an appropriate Floer equation. We can compactify this moduli space. If
we consider the boundary of the compactification of the one-dimensional moduli space, then the
limit when r goes to —oco corresponds to taking the product in SH*(P) and then pulling back
to SH*(P'). Similarly, the limit when r goes to co corresponds to pulling back two classes from
SH*(P) to SH*(P') and then taking the product in SH*(P’). O

Lemma 2.35. Suppose that h : B’ — B is a fiber bundle with fibers F such that H(F; C) = C, and
H*(F; C) = 0 otherwise. Then the pullback map induces an isomorphism HF*(P,a) ~ HF*(P', a).

Proof. We pick an admissible base triple (7, g,, V) for P — B. Let ¢’ be a Riemannian metric on
B’ such that h is a Riemannian submersion. Let N be a neighborhood of the critical points of
7 such that V is flat over N. So, the bundle P’ over h~'(N) can be identified with P’| h-1(N) =
M xh™'(N) =M x F x N.Lety’ : B - RbeaMorse function obtained by perturbing h*7 inside
h~1(N). We pick n’ such that (3/, ¢/, h*V) is an admissible base triple.

We define a descending filtration on the chain complex CF*(P, a) and CF*(P’, a) by taking
FPCF*(P,a) and FPCF*(P’,a) to be the subcomplex generated by X = (c, x) such that |c| > p,
and the subcomplex generated by X’ = (¢/, x") such that |h(c’)| > p, respectively. By our choice
of admissible base triples, the pullback map respects the fibration (i.e., it maps FPCF*(P,a) to
FPCF*(P', a)). It induces a homomorphism of the corresponding spectral sequences.

The E;-page of CF*(P,a) is given by (& ccritp(HF /(M. ), d,), where the restriction of
d, to the group HF(M, a) over c is the sum of the continuation map over each rigid gradient
trajectory with input c. On the other hand, by Lemma 2.33, the E;-page of CF*(P’, a) is given
by (DcecritpeH*(F) ® HF*~I€l(M, ), d!). By our assumption on H*(F;C), we have H*(F) ®
HF*7l{(M, a) = HF*7I°l(M, a).

The homomorphism between the components of the E;-pages can be identified with
H*(point) ® HF*~Il{(M, a) — H*(F) ® HF*~Il(M, a) so it is an isomorphism. This finishes the
proof. O

2.4 | Pushforward

We now explain how to define the pushforward map in this setup by simply reversing the
s-direction. To clarify, we follow the notation set up in the first paragraph of the previous section.

This time we let (Hy);cg_, and (H ;)SER;o be two families of cylindrical Hamiltonians, on P
and P’, respectively, such that H; = H for s < 0, H, = H' for s > 0 and h*H, = h*H, = H(’) =H,
for s in an open neighborhood of 0. Choose one-parameter families of S'-dependent fiberwise
compatible almost complex structures (J)sep_, and (J ;)SERzo that are of contact type on P and P/,
respectively. They are chosen such that J; is independent of s for s > 0, J! is independent of s for
s < 0,and h*J; = h*J, = J{, = J} for s in an open neighborhood of 0.

Given a generator X = (c,x) of H and X’ = (c/,x") of H’, we can consider the moduli space
M, (X5 %, (Hy)ser,» (H;)SERzo) which consists of (t7, 7%, u~, u*) such that

* 77 : (—0,0] — B is a gradient trajectory of # with lim, 77(s) = c,
* 77 1 [0,00) — B’ is a gradient trajectory of n” with lim, 77 (s) = ¢/,
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h(z*(0)) = 77(0),
e u” : (—00,0] x S! — P is covering 7~ and satisfies the Floer equation

vert _ —
(du X(H Je=(s) ® t)(f )e=(s) =0
with limg_,_  u=(s, t) = x(t),
e ut :[0,00) x S' — P’ is covering t+ and satisfies the Floer equation

vert —
(d X(H ) +(s) ® )(],)1-4'(5) —_ 0

with limg_, , u™(s,t) = x'(¢t),
o A(ut(0,1)) = u=(0,1).

The analog of Lemmas 2.27 and 2.28 are true. Moreover, the virtual dimension of the mod-
uli space M, ((X; ¥/, (Hy)ser,» (H;)S€R>O) is |X| — |X'| — dim(B) + dim(B’) because the virtual
dimension of (t7,7%) is |c| — dim(B) + |¢’| — dim(B’) this time. It leads to the following analog
of Lemmas 2.29, 2.30 and Corollary 2.31.

Lemma 2.36. Suppose that 6SS(H§)T e <0 and d;s¢y ) o S 0 for all s, and for all gradient
trajectory T+ and t~ of nt and n~, respectively. The pushforward defined by

CF*(P/’ H,, 77/) - CF*+ dim(B)—dim(B')(P, H, 77)

2/

X' Z Z su™,ut)gE@ IR (34)
R |= ¥ [ dim(B)—dim(B') (u= )M (57 (Hy Do (Hl e

is a chain map of degree dim(B) — dim(B’), where E(u~,u") is defined by (31) and s(u™,u™") is
the sign.

Lemma 2.37. Suppose that h*H >p, H'. Then there exist (H )SGR< and (H )SE[R as above such
that the assumption of Lemma 2.36 is satisfied (and hence the pushforward map (. 34) is well- -defined).
Moreover, the induced map on cohomology is independent of the choice of (Hy)ep_ (H' $seR. g0

(Js)seR@ and (Jg)seRzo'

Corollary 2.38. Suppose that h' : B” — B’ is another smooth map between smooth com-
pact manifolds, and P — B' is the pullback of P’ — B’ along h'. Let i’ : P’ — P’ be the
induced map covering h'. Suppose that (h')*H' >pn H"” and h*H >p H'. Then the com-
position of the pushforward maps HF*(P",H",n'"") —» HF*+dm®)~dim@B")(p/ 1’ ) qnd
HF*(P’,H’,}?,)—>HF*+dim(B)_dim(B,)(P,H,??) is the pushforward map HF*(PH’HN’nH)_)
HEF*t dim(B)—dim(B”)(P’ H, 77)

The analog of Lemma 2.34 is the following.
Lemma 2.39. Denote the pushforward and pullback by h, : SH*(P') - SH**+dim(B)~dim(8")(p)

and h* : SH *(P) — SH*(P’), respectively. Then we have h,(X'h*(X)) = h, (X)X for all X' €
SH*(P") and X € SH*(P).
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26 of 69 | GONZALEZ ET AL.

Proof. 1t is the same as Lemma 2.34 except that one of the two inputs and the output of the
elements in the moduli space are swapped. O

3 | EQUIVARIANT FLOER THEORY

Let K be a closed subgroup of a compact connected Lie group G." Let EK; C EK, C ... be a
K-equivariant smooth finite-dimensional approximation of a classifying space EK. In particu-
lar, each EK,, is a compact smooth manifold, U,EK, = EK and the connectivity of EK,, goes to
infinity as n goes to infinity. Let BK,, := EK,, /K. For a manifold X with a K action, we denote
(X X EK,))/K by Xyore1, and (X X EK)/K by Xy,

Let P — B be an admissible bundle as in the previous section (see Definition 2.4). We say that
a K-action on P is compatible with the admissible structure if it covers a K-action on B and the
induced map Py,e1 , = Bporel, 1S an admissible bundle (so the structure group lies in G) for all n.
Notice that a choice of a symplectomorphism between M and a reference fiber of P — B induces
a symplectomorphism between M and a reference fiber of Py, = Bporel,, that is well-defined
up to an element in G. As a result, it induces a well-defined homotopy class of trivialization of the
canonical bundle of the reference fiber so a choice of Z-grading on CF(P) determines a choice of
Z-grading on CF (P ) For the rest of the paper, we will only use K-manifolds B that admit
K-orientations*.

Example 3.1. If P = M and B is a point, then a K-action on P is compatible with the admissible
structure if and only if My , = BK,, is admissible for all n. This will hold if and only if the K

action on P(= M) factors through the convex G action on M.

Definition 3.2. Leta € R, \ Spec(6M, a). Suppose that P has a K-action that is compatible with
the admissible structure. Then we define

HFy(P,a) := im HF*(Pyre) 1, @) (35)

n

where the inverse limit is defined with respect to pullback induced by the inclusion Py, —
Phorel nt1 for all n.

This definition is well-defined thanks to Corollaries 2.20 and 2.31.
Lemma 3.3. The collection {HFI*<(P, a) : a € Ry \ Spec(8M, a)} forms a direct system.
Proof. 1t is a consequence of Corollaries 2.20 and 2.31. O
Definition 3.4. The K-equivariant symplectic cohomology of P is defined to be

SHy(P) = lim HF (P, )

a

T We mainly consider K to be a maximal torus T or K = G or K = N(T) the normalizer of a maximal torus in the paper.

#In other words, B admits a K-invariant volume form.
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Continuing with Example 3.1, if P =M, then SHz(M) is the K-equivariant symplectic
cohomology of M. It is the main object of interest in Section 4.

For our later applications, we mainly consider the case P = B X M and K is the diagonal action.
However, some results we need use P that are not of product type (e.g., Proposition 3.6 and
Lemma 3.8).

Remark 3.5. An alternative possible definition of equivariant symplectic cohomology of M would
be to use families of Hamiltonians of quadratic growth as opposed to the directed system consid-
ered in Definition 3.4. We caution the reader that this would produce an inequivalent theory from
the version considered here, the difference essentially arising from the algebraic fact that limits
and colimits do not commute in general. This difference is crucial for the set of examples con-
sidered in Section 6. The “quadratic version” of symplectic cohomology vanishes identically for
these examples, whereas the definition we employ is interesting enough to allow us to construct
Coulomb branches. Closely related phenomena are considered in [49].

3.1 | Useful properties
311 | Free actions

Proposition 3.6. Suppose that K acts on P in a way compatible with the admissible structure such
that its action on B is free. Then P’ := P /K is an admissible bundle over B’ := B /K. Moreover, for
any a € Ry, \ Spec(8M, @), there is an isomorphism

HF*(P',a) ~ HF(P, a) (36)
Proposition 3.6 is a consequence of the following:

Proposition 3.7. Let P’ — B’ be an admissible bundle. Let B; C B, C ... be a sequence of closed
smooth manifolds such that there is a sequence h, : B, —» B’ making B, a EK,-bundle over
B’ and h,_,| B, = hyn. Let P, > B, be the admissible bundle obtained by pulling back along h,.
Then for any a € R, \ Spec(6M, a), the pullback map HF*(P',a) - HF*(P,,a) induces an
isomorphism

HF*(P',a) ~ lim HF*(P,,a). (37)

n

Proof of Proposition 3.6 assuming Proposition 3.7. For each n, Py , is the pullback of P’ —
B’ along the EK,-bundle map h, : Byo, = B’. The result directly follows from Proposi-
tion 3.7. Ll

Proof of Proposition 3.7. The strategy of proof is similar to Lemma 2.35. We can set up the admissi-
ble base triples (3,,, 9,, V,,) and (', ¢’, V') for P, — B, and P’ — B’ asin the proof of Lemma 2.35

so we get a homomorphism of the respective E,-page

EBc’€critp(7)’)I_IF*_lc,l(Ms a) - @c’ecritp(n/)H*(EKn) ® HF*_|CI|(Ma a) (38)
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28 of 69 | GONZALEZ ET AL.

Recall from the paragraph after Definition 2.9 that we have a Z-grading on the Floer complexes.
With a being fixed, there is N > 0 such that HF¥(M, a) = 0 for all |k| > N and all ¢’ € critp(y’).
We can take n large enough such that H k(EKn) =0 for 1 < k < 2N + dim(B’). It ensures that
as a spectral sequence, the right-hand side of (38) has a direct summand given by H°(EK,,)) ®
HF **|C/|(M ,a). The map (38) gives an isomorphism between the left-hand side and this direct
summand. When we take inverse limit over n (cf. Lemma 2.33), only this summand survives so it
gives the desired isomorphism (37). O

3.1.2 | Classifying models

Lemma 3.8. The definition HF (P, a) is independent of the choice of the classifying space EK and
the finite smooth approximation {EK,},.

Proof. Let E'K be another classifying space with finite smooth approximation {E’K,,},,. For
a K-manifold M, we denote (M X EK,, X E'K,;/)/K by My, »- We use the convention that
Myorelon = (M X E/Kn’)/K and Mporelno = (M X EK,,)/K.

In particular, we have the projection map h,, : Bygrel n.nr = Bporel0,n7- The admissible bundle
Phorelnn’ = Bporelny 18 precisely the pullback of the admissible bundle Pyrej 0,7 = Bporel,0.n
along h,,. Therefore, by Proposition 3.7, we have

HF*(Pborel,O,n” a) = l(iEHF*(Pborel,n,n” a)

n

for any n’. As a result, we have

l(iEHF*(Pborel,O,n” a)= l(iEI(iEHF*(Pborel,n,n” a)= l(iEHF*(Pborel,n,O’ a)

n' n' n n

showing the independence of the choice of the classifying space and finite smooth
approximation. O

3.1.3 | Product structure

Another important property of SH(P) is that it admits a product structure. To see this, note that
we have the following commutative diagram

HF(P,.,,a;) X HF(P,,1,a,) —— HF(P,,1;0)

1 1 39

HF(Pn’al) XHF(Pn;aZ) % HF(Pn;aO)

when a, > a; + a,, where the rows are the product operations from Proposition 2.25. The com-
mutativity of (39) comes from the compatibility between pullback maps and the product structure,
which can be proved in the same way as Lemma 2.34 and we leave the details to readers. Therefore,
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COULOMB BRANCH ALGEBRAS VIA SYMPLECTIC COHOMOLOGY 29 of 69

by taking the inverse limit in n, we get a product operation
HFy(P,a;) x HF(P,a,) = HF¢(P; a,).

The compatibility with continuation maps (see Proposition 2.25) imply that we can take
direct limit and get a product structure on SH(P). The product structure on SH(P) is
graded-commutative and associative.

3.1.4 | Weyl group action

Recall that G is a connected compact Lie group which acts on M (see Section 2). Let T C G be a
maximal torus and N(T') be the normalizer of T. Let W = N(T)/T be the Weyl group. Let P — B
be an admissible bundle with a compatible G action.

Lemma 3.9. For any constanta € R, \ Spec(8M, ), we have

HF}(P,a) ~ HF}, (P, ) (40)

Proof. For each n, the map (P X EG,)/N(T) - (P X EG,)/G is a fiber bundle with fiber G/N(T).
Since H*(G /N(T); C) = H*(point; C), we can apply Lemma 2.35 to get the isomorphism HF*((P X
EG,)/G,a) ~ HF*((P X EG,))/N(T), a). The result follows from passing to inverse limit. O

Lemma 3.10. For any constant a € R, \ Spec(6M, o), we have
HF;:(P,a)" =~ HF}, (P, ) (41)
Proof. The map
(PXEG,)/T —» (PXEG,)/N(T)
is a covering map which covers the corresponding covering map of their bases (B X EG,)/T —
(B X EG,))/N(T). We can use an admissible base triple and Floer data on (P X EG,)/T — (B X
EG,)/T that come from pulling back an admissible base triple and a compatible Floer data on
(P XEG,)/N(T) - (B X EG,)/N(T). The compatibility of Floer data on (P X EG,,)/N(T) — (B X

EG,)/N(T) implies that the pullback data on (P X EG,,)/T — (B X EG,,)/T are also compatible.
Moreover, there is an isomorphism of

CF*((P X EG,)/T,a)" ~ CF*((P x EG,)/N(T),a) (42)
coming from sending (c,x) € CF*((P X EG,,)/N(T),a) to the sum over its lifts divided by
|[W|. It induces an isomorphism on the cohomology H(CF*((P X EG,)/T,a)"V) ~ HF*((P X
EG,)/N(T), a). Moreover, since A has characteristic 0, we have

H(CF*((P X EG,)/T,a)) = HF*((P X EG,)/T,a)"

By passing to the inverse limit, we get the result. O
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30 of 69 | GONZALEZ ET AL.

4 | EQUIVARIANT SEIDEL MORPHISM

Let T C G be a maximal torus. In this section, we are going to construct an equivariant Seidel
map:
S:HI(Q

polyG) ® SH;:(M) - SH;(M) (43)

The papers [15, 20, 38] consider similar constructions in the context of quantum cohomology for
closed monotone, symplectic manifolds, and [16] uses an algebraic approach to give a similar
construction for quantum K-theory of G/P. As explained in the introduction, a crucial techni-
cal difference for SH7.(M) is to achieve the maximum principle for the cylindrical Hamiltonians
obtained by pulling back along a family of loops (cf. the discussion after (46) below).

4.1 | Overview

As the construction of (43) involves a number of steps, we devote this subsection to providing
an overview of our work. The actual construction is obtained by a smooth finite-dimensional
approximation of the overview here.

We work with an alternative model for g(onlyG), namely H. feO’T(QG), which represents
cycles as tuples (B, «, f) such that B is a smooth oriented, closed manifold with T-action, o €
H7(B,Z), and f : B — QG is a smooth, T-equivariant map (see Section 4.4). These cycles are
considered up to an appropriate notion of equivalence. To construct (43), it suffices to construct,
for any T-equivariant smooth map f : B — QG, a map:

Sy 1 Hj(B) X SH{(M) — SH7(M) (44)
which respects the various equivalence relations imposed in geometric homology. Let
Pp :=(BXM)yoe1 = (BXET XM)/T.

For a cylindrical Hamiltonian H € C®(S! X Pg), let H : S' X BX ET X M — R be its lift. We
define

f*A : S'xBXETXM - R

[T H (b, y,m) = Hy(b,y, (f(b)(1) - m) = K ,(f (D)D) - m)

(45)

where Ky : S!x M — R is the mean-normalized Hamiltonian (see the definition after (7))
generating the based loop f(b) € QG c Q Ham(M). The Hamiltonian f*H is T-invariant and it
descends to a cylindrical Hamiltonian, denoted by f*H, on Pp.

The key ingredient (beyond those already introduced) needed for (44) is the tautological
isomorphism

C :HF*(Pg; f*H) ~ HF*(Py; H). (46)

A priori, even if H is compatible with 7 : By, — R, this does not imply that f*H is compatible
with 7. This is because even if H has a constant slope sy, =a € Ry, \ Spec(dM, a) for all b €
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Byorel» fH does not have to have constant slope due to the second term in (45). However, we
will show in Sections 4.2.2 and 4.2.3 that there are sufficiently many H such that both H and
f*H are compatible with some 7, and both s;; and s.;; are bounded functions even though Py
is infinite-dimensional.
Let H’ be a cylindrical Hamiltonian on Py with constant slope a’ such that
4 *
H' <p, f*H.
We can define a map
H;(B) X HF;(M;a') - HF(Pg; f*H) 47)
by composing the acceleration map from H' to f*H with the Floer theoretic pullback
H;(B) X HF;(M;a') - HF*(Pg;H') (48)
More precisely, the map (48) is the composition of the Floer theoretic pullback map induced by
(BXET XM X ET)/T — Bygre] X Mpore; and the isomorphism induced by the pullback along the
map (BXET XM XET)/T — Pg.
On the other hand, let H"” be a cylindrical equivariant Hamiltonian on Py with constant slope
a’ such that
H<p, H”.
We can define a map
HF*(Pg; H) —» HF:(M;d") (49)
by composing the acceleration map from H to H”” and the Floer theoretic pushforward

HF*(Pg;H") - HF;(M;a") (50)

The map (50) is induced by pushing forward along the composition map Pz — (QG X M)orel =
M,ore1- By composing (47), (46) and (49), we get

H;(B)X HF;(M;a') » HF(M;a"). (51)
Letting a’ and a’’ go to infinity, (51) becomes (44).
Remark 4.1. We emphasize that some of the maps above do not preserve gradings. The necessary
grading shifts for these maps are discussed in the subsequent subsections.
4.2 | Tautological isomorphism

In this subsection, we are going to prove the isomorphism (46).
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421 | Identifying Hamiltonian loops

We start with some basic properties. The following lemma is standard. A proof can be found in,
for example, [34, section 2.3].

Lemmad4.2. LetH,H' : S' XM — R be Hamiltonian functions. Denote their time t Hamiltonian
flow by ¢, and ¢;I,, respectively. Then

) ($y;08%, )iest is generated by (H#H'),(x) := H,(x) + H]((¢;,) " (x));

(2) (¢ )ies! is generated by H,(x) := —H,(¢},(x));
(3) foranyyp € Symp(M), z/)‘lqu‘Hoz,b is generated by H,(1(x)).

Let H : S'XBXET XM — R be a Hamiltonian function. We define f*H : S' X B x ET X
M — R by (45).

Notice that if H is a T-equivariant Hamiltonian function (i.e., H,(gb, gy, gm) = H,(b, y, m) for
all g € T), then so is f*H because

(f*H)(gb, gy, gm) = H,(gb, gy, (f(gb)())gm) — Ky (4),«((f (gb)(1))gm)
= H,(gb, 9, (gf 0)O)g™gm) = K spy,-1,((g f(BY()g™ ) gm)
= H,(gb, gy, g(f D)O)M) = K 54, (97 (g f (b)()g™ ) gm)

= (f*H),(b,y,m)

Lemma 4.3 cf. [39], Lemma 2.3. Let H : S' X BXET XM — R be a Hamiltonian function.
For any (b,y) € BXET, if (x(t));es: is a Hamiltonian orbit of H(b,y,-), then the loop (t —

(FOYO) " x(1))es1 is @ Hamiltonian orbit of (f*H)(b, y,-) = H(b,y, f(b)(t)-) = Ky, (f (D)(1)-).
Moreover, it defines a bijective correspondence between the Hamiltonian orbits.

Proof. Lety(t) = f(b)(t). By Lemma 4.2(2), y(¢)~! is generated by

(t,m) = =K, (y(t) - m) (52)

By applying Lemma 4.2(1) to the composition of y(t)~! and ¢%{, we know that y(t)_1¢§q is
generated by H(b, t, f(b)(t)-) — Kf(b),t(f(b)(t)-). It follows that

t — =1 4t — -1
B 4. 0)0)—K oy F )0y X0 = V(O 9 (x(0)) = y ()" x(1) (53)

and hence the loop y(t)~'x(t) is a Hamiltonian orbit of A (b, t, f(b)(t)-) — Kf(b),,(f(b)(t)-).
The other direction of the bijective correspondence can be proved analogously. O

Letm € M, b € B and consider the loop ¢ = (¢t —~ (f(b)(t))~'m),cq:. As discussed in the para-
graph after Definition 2.9, we have chosen a homotopy class of trivialization of the canonical
bundle of M.

Let «(f) be the Conley-Zehnder index of the linearization of (f(b)(t))~! along the loop ¢
with respect to the homotopy class of trivialization (more precisely, since D(f(b)(1))~! is the
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COULOMB BRANCH ALGEBRAS VIA SYMPLECTIC COHOMOLOGY | 33 of 69

identity, t(f) is defined as two times the Maslov index, see [37, section 2.4]). By continuity, «(f) is
independent of b € B and the point m € M.

Lemma 4.4 cf. [39], Lemma 2.6. Let (x(t)),cs: be a Hamiltonian orbit of H(b, y, -). The grading of
(t = (F)D)1x(1)),eq is the sum of the grading of (x(t)),es1 and «(f).

Proof. This follows from the loop property of the Conley-Zehnder index (see [37, section 2.4]).
It can be proved by noticing that (t = (f(b)(t))"1x(t)),es: is homotopic to the concatenation of
(t = x(t));est and (¢t = (f(b)(t))~1x(0)), so the result follows from the additivity of the Conley-
Zehnder index for a path of symplectic matrices and a loop of symplectic matrices. O

422 | A good class of admissible base triples

Let B be a finite-dimensional closed smooth T-manifold. A continuous map f : B — QG is called
smooth if the map B x S! — G given by (b,t) = (f(b))(¢) is smooth. Let f : B — QG be a T-
equivariant smooth map. Let Py , := (B X M)yope1, = (B X ET,, X M)/T and B,, := By ,,- We
want to consider a good class of admissible base triple (,,, g,,, V,,) of Py, — B, as follows.

Let ngr : BT — R be a Morse function (i.e., a sequence of Morse functions 9gr, : BT, = R
such that ngr 1|7, = Npr,, and critp(npr ,41) N BT, = critp(npr ,) for all n). Let gpr be a Rie-
mannian metric on BT (i.e., a sequence of Riemannian metrics ggr, of BT, that is compatible
under embeddings BT,, — BT,,, ;). We can choose 11 and ggr such that any gradient trajectory
of ngr ,, which starts in BT} C BT, and tangent to BT}, for some k < n, coincides with the gra-
dient trajectory of 7y, in BT, for all time. Moreover, there is no gradient trajectory which goes
from a critical point of g, in BT to a critical point of gy, in BT, \ BT} for all n > k (cf.
Example 2.32).

Let V1 be a connection of the principal T-bundle ET — BT (i.e., a sequence of connections Vr ,
of ET,, — BT, that is compatible under embeddings ET,, — ET,_ ;) such that it is flat near criti-
cal points of 7). It defines a decomposition of the tangent space T(ET,,) = T"*"'ET,, & T"'ET,,,
where TV*"ET, is the kernel of T(ET,) — T(BT,) and T""ET,, is the horizontal subbundle deter-
mined by V. The connection V; , induces a connection for the associated bundle B, — BT,
with the holonomy group in T, and the horizontal subbundle T"°'B,, is given by the projection of
T''ET, to TB, under T(B X ET,,) — TB,, (it is well-defined because g - T?'ET,, = T"'ET, for
all g € T). We choose a Riemannian metric g, on B, such that TP°'B, is orthogonal to the verti-
cal subbundle, (B,,, g,) = (BT,, ggr) is a Riemannian submersion, and over the region U C BT
where the connection is flat, g, is the product of a T-invariant metric gz on B and the metric ggr |y
onU.

We use V; again to induce a connection V,, of Py, — B, by requiring that the horizontal
subbundle is the projection of TB @ T'"ET,, to TPy, under

T(B X ET, x M) — TPy,

Lemma 4.5. Letc : R/Z — BT, be a loop, ¢’ : [0,1] — B,, be a horizontal lift of ¢ and "' :
[0,1] — Py, be a horizontal lift of ¢’ with respect to V,,. Let (B X M), be the fiber of the natural
map Py , — BT, over c(0) = c(1). Then c¢"(0),c” (1) € (B x M), lie in the same T-orbit, where T
acts diagonally.
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34 of 69 | GONZALEZ ET AL.

Proof. Consider the connection V of Py, — BT, whose horizontal subbundle is given by the
projection of TP"ET, to TPp under T(B X ET, X M) — TPg ,. The holonomy group for this con-
nection is T. It is easy to check that ¢/’ is a horizontal lift of ¢ with respect to V because both the
connections of B, — BT, and Py, — B,, are induced by V. As aresult, ¢/(0) and ¢’(1) lie in the
same T-orbit. O

Let 7/ be the pullback of 7pr, under the Riemannian submersion B, — BT,. Gradient
trajectories of 7)), are horizontal lifts of gradient trajectories of npr .

Lemma 4.6. Let f : B — QG be a T-equivariant map and K ,, : St x Pg , = R be the generat-
ing Hamiltonian function. Let T’ : R — B,, be a gradient trajectory of ;. Then K 7. Is covariantly
constant along T’ with respect to the connection V.,

Proof. Let 7" : R — Py, be a horizontal lift of 7/ with respect to V,. We need to show that
Ky ,(t,7"(s)) is independent of s.
Recall that the T-invariant lift K, ,, : ' X Bx ET,, X M of K , is defined by

KF,n(t’ b5 X, m) = Kf(b),t((f(b)(t))m)

and the T-invariance means

Kpa(t, gb, 9%, gm) = K ;.1 (F(gb)())gm)
= K, 0y (9 YO gm) = K5, (97 9(F(D)(D)g ™" gm)

= KF,n(ts b’ X, m)

Note that K. , also T-invariant along the ET,, direction (i.e., Kr. ,(¢, b, x, m) = Kp ,(¢, b, gx, m)),
which is an additional feature that is not due to coming from lifting from Py ,,. Combining both,
we have K. ,(t,b, x,m) = K ,(t, gb, x, gm) forall g € T.

By Lemma 4.5, 7" is actually a horizontal lift of a gradient trajectory 7 : R — BT, of gy ,. Since
Ky , is independent of ET, and invariant under the diagonal T action on B X M, together with
the fact that the diagonal T action is precisely the holonomy group of P, — BT,,, we conclude
that K ,,(¢,7(s)) is independent of s. O

Note that 7/, is only a Morse-Bott function so (3}, g,, V,,) is not an admissible base triple. We
want to Morsify 77:1 to 7,, so that we get an admissible base triple, and at the same time still have
some control on the derivative of K ; ,, along gradient trajectory of,, with respect to the connection
V.

Before we explain this, we need to introduce the notion of a good pair.

Definition4.7. Let f : B - QG be a T-equivariant map and 77]’3 : B > RbeaT-invariant Morse-
Bott function. We call (f, 77]’3) a good pair if f is a constant function near each connected critical
submanifold of 7},.

Lemma 4.8. Given a T-equivariant smooth map f : B — QG, we can homotope f to another
T-equivariant smooth map f' : B — QG such that there is a T-invariant Morse-Bott function 77)’3
making (f',n},) a good pair.
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COULOMB BRANCH ALGEBRAS VIA SYMPLECTIC COHOMOLOGY | 35 of 69

Proof. Let 77;3 : B — R be a T-invariant Morse-Bott function such that every connected compo-
nent of its critical Morse-Bott submanifolds is isomorphic to T /H for some closed subgroup H of
T (see [47, Lemma 4.8] for its existence and genericity).

Let C =~ T /H be one of the connected components. Note that f|;/;; factors through QC%(H )C
QG, where Cg(H ) is the identity component of the centralizer C;(H) of H in G. Note also that
Cg(T) = T C CR(H) is a maximal torus in C¢,(H). Therefore, 7, (T) surjects onto 7;(Cg(H)). Let
p € T/H so f(p) € QCY(H). We can find a smooth map F,, : [0,1] = QC2(H) such that F,(0) =
f(p) and Fp(l) € QC4(T) = QT because of the surjectivity of 7(T) — nl(Cg(H)). Let F :
[0,1] X T/H — QCp(H) be the T-equivariant map given by F(s, g - p) := gF,(s)g~" € QCL(H)
forall g € T and s € [0, 1]. In other words, F is a T-equivariant homotopy from F(0, -) = f to the
map F(1,-) which lands in QT. In particular, F(1, ¢ - p) = F(1, p) for all ¢ € T. We want to use
this homotopy to homotope f to another T-equivariant map such that it is constantly equal to
F(1, p) in a neighborhood of C.

To do that, let N be a T-invariant neighborhood of C. By choosing a T-invariant metric on B and
using the exponential map, we can identify N as the total space of a T-equivariant normal bundle
over C. Let ry, : N — C be the projection map. Let r : N — R, be the distance function from
C. Let p. : Ryy — Ry be a smooth function such that p.(s) = 0 near s = 0 and p.(s) = s when
s > ¢ > 0. For € > 0 being sufficiently small, we define a T-equivariant smooth mapc, : N - N
by b — p.(r(b))b. This map collapses a small neighborhood of C to C. We define f, := foc,which
is a T-equivariant smooth map that is T-equivariant homotopic to f. Moreover, by definition, we
know that f, factors through 7, in a small neighborhood N of C. Let pg :[0,8] = [0,1] be a
smooth function such that pac(s) = lnears = 0and pac(s) = O near s = &. For § being sufficiently
small, we define f’ : B — QG by f/(b) := f.(b) if r(b) = 6, and f'(b) := F(pg(r(b)), (b)) if
r(b) < 8. Clearly, f’ is T-equivariant homotopic to f, and f’ is a constant near C.

By applying this procedure to every connected component of the critical submanifolds of ng,
we get a good pair (f7, 77]’9) as desired. O

Let (g,,V,) be as above. We are now ready to introduce 7,, which is a special form of
Morsification of 7)), that makes use of (f, 7).

Since (f, ng) is a good pair, we can find a T-invariant neighborhood N, of critp(né) such that
fl N, is locally constant. Let gz : B — R be a Morsification of 77;; such that nz(b) = né(b) ifb¢g
I nt(Nn).

Let Ugr ,, be a small neighborhood of the critical points of ng; , where V; is flat. Let U, C
B, be the preimage of Uy, under B, — BT,. Since V, and the connection of B, — BT, are
both induced by V, we can identify U, as B X Ugr, and trivialize the bundle Py, over U, as
BXM X Ugy,.

Let 7/, be the Morse-Bott function on B, above. The critical submanifolds of 7/, are contained
in U, = B X Upr,, and are of the form B X critp(npr ,). Note that, there is a choice in the identi-
fication of B coming from the choice of trivialization, and it is canonical only up to an element in
T. Our argument below works for any such choice. We Morsify 7/, inside U,, by adding a function
of the form €y (u)ny(b) for (b,u) € B X Ugr ,, where 0 < € < 1, x is a bump function and 7 is
the Morse function constructed above. We can choose y : Ugr, — [0, 1] such that over each con-
nected component of Uy ,,, it only depends on the distance from the corresponding critical point
of 9gr ., the only critical values are {0,1} and y~*(1) = critp(npr,,). Denote the Morse function
1), + € x(wnp(b) by 7,. In the next subsection, we will use the admissible base triple (7),,, g,,, V).

We end this subsection with the following observation.
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Lemmad4.9. Let(f, ng) be a good pair and g, gz be defined as above. For any constant c € R, there
is a T-invariant functions € C*®(S* x B) such thats > ¢, s(b) & Spec(6M, a) forany b € critp(np),
and for any gradient trajectory Ty of ng with respect to gg, we have

d
fhadl < —
dss(t, 75(8)) < ;7%%}1\{4

d
&st(TB(s))’[(m)‘ (54)

forallt € S'.

Proof. To see that s exists even though 75 is not T-invariant, we argue as follows. Recall that
(f, 771’3) is a good pair and f| N, is locally constant. It implies that K ¢, ,(m) is locally independent
of b € N,. Therefore, the right-hand side of (57) is 0 when 75(s) € N,. When 75(s) & N, , 75(s) is
also a gradient trajectory of né, and 77% is T-invariant. Therefore, it suffices to find a T-invariant
function s € C*®(S! x B) such that it is locally constant in N,,s>c,s(b) & Spec(8M, a) for any
b € critp(np), and for any gradient trajectory ‘['g of 77;, we have

d /

—s(t,7,(s)) £ — max |—s m 55

ds (&, 75() mean | ds Kt ( )‘ (55)
but this is easy because 77;; is T-invariant, N, is T-invariant and g is also T-invariant. O

4.2.3 | A good class of admissible Hamiltonians

Let f*0 be the Hamiltonian function on Py given by (45) with H = 0. It is descended from
—Kp ,(t,b,y,m) and K, ,,(¢,b,y,m) := Kf(b),,((f(b)(t))m) is independent of ET,,. Therefore, for
any b € By, there is b’ € B such that

max _ [Spg. (M) = max s, (m)]
(tmyesixont I O (t.m)ESIxoN X0

Since S X B X dM is compact, the value

Crp = su max IS e (m) = sup  max s m s
I bEBbErcl (t,m)eS!xoM 5770, (m) b " Kf(b’),z( ) (56)

b'eB (t,m)eSIxdM
is finite.

Given a T-invariant function s € C®(S! x B), we can pull it back to get a T-invariant function
on S! x B x ET. It descends to a function on S* X B, .., which we denote by s;;-

Proposition 4.10. Let (f, ng) be a good pair. Then there is a constant Cy > 0 depending only on
(f, ng) with the following property. There is an admissible base triple (1), g, V) of Py — Bpore) (i€, @
sequence of admissible base triples (1, g,,V,) of Pg,, — B,,) such that for any ¢ € R, there is a
cylindrical Hamiltonian Ay € C (St x Pp) (i.e a sequence of cylindrical Hamiltonian A fnOnPg,
suchthat Ag 411p, = A ) and a T-invariant function s obtained by Lemma 4.9 such that

*s>cip e
° S(Af)b = sborel(b)for allb e Bborel’
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* both f*Ay , and A¢ , are compatible with (1, g,, V) for all n, and
* CSSy,8py, S c+Cy.

Proof. Recall that gp is a T-invariant metric on B such that g, |y = gp + gprly,, - By Lemma 4.9,

we can pick a T-invariant function s € C*(S* x B) such that s > ¢ ¢k ¢ and for any gradient
trajectory 7 of np with respect to gz, we have

d
—_ S —_
2556 75(8)) < — max.

d
ast(TB(s))’[(m)‘ (57)

forallt € S'.
Since s is T-invariant, it induces a function s, € C®(S* X Byye;)- We claim that

d
_S(f*o)r(s) (t, m)‘ (58)

d
—S t,7(s)) < — max
porel (15 7(5)) < medM | ds

ds

for all gradient trajectoryz : R — B, ofn,,forallt € S!,and for all n. To see why, note that outside
U, 7 is also a gradient trajectory of 7/ because €y(u)nz(b) is supported inside U,. Moreover,
gradient trajectories of 7/, are horizontal lifts of gradient trajectory of 77 ,,. By Lemma 4.6, the
right-hand side is 0. The left-hand side is also O because s, is also covariantly constant. Inside
U,,, we use the trivialization U, = B X Uy, so for (b,u) € B X Upr ,, we have

Sbore](t5 (b’ u)) = S(t’ b) (59)
and
S(f*o)(b,u)(t’ m) = SKf(b),t(m) (60)
Both of them are independent of u € Ugy ,,. On the other hand, we have
dn,, = dnl,(w) + exwdn(b) + edx Wyp(b)
The gradient grad(»,,) of n,, is therefore lying inside € y (u)grad(ny(b)) + TUgr ,. By (57), (59) and
(60), we conclude that (58) is true.
Now, we would like to choose A such that s APy (M) = Spoper(b) for all m € M. This choice of
Ay trivially satisfies the second bullet of the proposition.
For the last bullet, note that
crrte< rrgns <8y, < max s
Therefore, we have

Cc < Sf*Af < mngS+ Cf7K

So, the last bullet is satisfied with C; = maxgs + ¢y ¢ — c. Recall that, ¢, ¢ is a constant which
only depends on (f, 77}’3). Therefore, in order to find a C; which depends only on (f, 77]’9) we need
to give a uniform upper bound for maxy s — c thatis independent of ¢, and only depends on (f, 77]’3).
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This uniform upper bound exists because, ifs > ¢ rkt+e is obtained from Lemma 4.9, then for any
other¢’ >0,s—c+c¢' >¢ rkt ¢’ almost satisfy all the conditions in Lemma 4.9 except possibly
that (s — ¢ + ¢’)(b) might lie in the spectrum Spec(dM, ) for some b € critp(#p). Therefore, one
can T-equivariantly perturb s —c + ¢’ to get a T-invariant function s’ > ¢ x + ¢’ which satisfy
all the conditions in Lemma 4.9. The perturbation can be as small as we want so maxy s — ¢ and
maxy 8’ — ¢’ can be made as close to each other as we want. This implies that there is a uniform
upper bound for maxg s — ¢ that is independent of ¢, which in turn implies that we can find a C
we want which depends only on (f, 77}’9).

It remains to show that it also fulfills the third bullet. Recall the condition of compatibility with
(1> 9n» V,,) from Definition 2.7. Our choice of s is intentionally chosen such that the third bullet
of Definition 2.7 is satisfied for both A rand frA f (see (58)).

The first bullet of Definition 2.7 can be achieved because s : S' X B — R is chosen such that
over the critical points of 5z, s does not lie in the spectrum of the Reeb flow, so a generic choice
of cylindrical A, with s, o= Sporel(D) Will be nondegenerate over the critical points of 7.

When s, ) is nondegenerate over the critical points of 7), so is true for s« R

The second bullet of Definition 2.7 can be achieved because sy, is locally constant in N, X
Uprn € BX Ugr,, = Uy, so we can pick Ay, which is locally constant over N, X Ugy ,, which
contains all the critical points of 7,,. Since f is also locally constant over N,, f*A; , will also be
locally constant over N, X Ugr ;.

The last bullet of Definition 2.7 can be achieved by generic fiberwise-compactly supported
perturbation of A, outside U,,. It will imply that so is true for f*A;. O

We have the following tautological isomorphism.

Proposition 4.11. Let B be a finite-dimensional closed smooth T-manifold. Let H be a cylindrical
Hamiltonian of Py such that both f*H and H are compatible with (,,, g,, V,,). Then we have an
isomorphism

Cy o HF*(Py,, f*H) = HF*(Py ,; H) (61)
By taking inverse limit in n, we get the isomorphism (46).

Remark 4.12. In fact, Proposition 4.11 is true even if H is compatible with (1,,, g,, V,,) but f*H is
not. The only difference is that when f*H is not compatible with (1, g,, V,,), we cannot apply
Lemma 2.15 to get the well-definedness of HF(Py ,, f*H). But as we shall see from the proof
below, the identification CF(Py ,, f*H) ~ CF(Pg ,; H) proves that HF(Py ,,, f*H) is well-defined
in a posteriori.

Proof of Proposition 4.11. The strategy to prove (61) is to establish a cochain level isomorphism
with respect to appropriate auxiliary data. Let ®, : BX ET X M — B X ET X M be ®,(b,y, m) =
(b,y, f(b)(t)m). 1t satisfies

®,(gb, gy, gm) = (gb, gy, f(gb)(t)gm) = (gb, gy, gf (b)(t)m) (62)

so it descends to a map ®, : Py — Py forallt € S'.
By Lemma 4.3, ®, provides a bijection between the generators of CF(Py,,f"H) and
CF(PB,n’H)'
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Let (J,)pep, be a generic S'-dependent fiberwise almost complex structure on Py ,, that is com-
patible with the fiberwise symplectic form and is of contact type. The differential in the Floer
complex CF(Pg ,; H) is defined by counting solutions of coupled equations with gradient trajec-
tories on BT, with respect to (3, g,)), and Floer solution liftings of the gradient trajectories with
respect to (V,,, H,J).

If we use (®;J},),ep, to define the Floer differential of CF(Pg ,, f*H), then we will have a bijec-
tive correspondence between the solutions contributing to the differential of CF(Py ,, f*H) and
solutions contributing to the differential of CF(Py ,,; H). More precisely, if (z(s), u(s, t)) is a solu-
tion contributing to the differential of CF(Pg ,, H), then (z(s), (®,) Lou(s, 1)) will be a solution
contributing to the differential of CF(Pg ,, f*H).

Moreover, by trivializing Py along 7 and applying the Lemma 4.13, we see that the correspon-
dence preserves the topological energy E(z,(®,) tou(s, t)) = E(t, u(s, t)). Therefore, we get the
isomorphism (see Lemma 4.4 for the grading shift). O

Lemma 4.13. Let u : RxS' — M be a Floer solution with respect to H = (H ;) nerxs! €
C®(R x St x M). Lety € QG and v(s,t) = y(t)'u(s, t). Then E(v) = E(u).

Proof. We have

d,u(s, t) = (Dy ()~ d,us, 1)

d,u(s,t) = (Dy(t))_latu(s, t)+ Xy(,)_l(v(s, 1))

where X,,;-1 is the Hamiltonian vector field generating y~! at time ¢ (recall from Lemma 4.2(2)
the generating Hamiltonian of y~1). Therefore,

/ IN)
RxS1
I3 1
:/ / a)((Dy(t))_lasu(s, t), (Dy(t))_latu(s, t) +X},(,)_1(v(s, t))dtds
—o0 JO
[ 1
_ / W+ / / (8,15, £), (DY(E)X -1 (0(s, D)deds
RxS1 —00 JO
0 1
:/ u*co+/ / d(—Ky’[(u(s, £)))(Ou(s, t))dtds
RxS1 -0 JO

! 1
=/|R<><sl u co+/0 Ky,t(”(—OO,t))dt —/0 Ky,[(u(oo,t))dt

where u(+co,t) :=limg_ ., u(s,t). As a result,

E(v)

1 1
- / oo + / (H_o,, — K, )p(00(—c0, ))dt — / (Ho, — K, )(p(D0(co, £))dt
RxS1 0 0
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40 of 69 | GONZALEZ ET AL.

1 1
:/ u*co+/ H_Do,[(u(—oo,t))dt—/ H, (u(co,t))dt

RxS1 0 0
=E(u) m

The isomorphism (61) is compatible with the product structure as follows.

Proposition 4.14. Let B be a finite-dimensional closed smooth T-manifold. Let H be a cylindrical
Hamiltonian of Py such that both f*H and H are compatible with (1,,, g, V). Let H' be another
cylindrical Hamiltonian of Py that is of constant slope s'. Let H" be a cylindrical Hamiltonian of P
such that both f*H' and H" are compatible with (1,,, g,, V,,), max sy + max s,y < minsy» and
Max 8 . + Max sy < Minsy. . Then the following diagram commutes

HF(Py,, f*H) X HF(Py ,,H') —— HF(Pg,; f*H")

! ¢

HF(Py,, H) X HF (P ,, H') ———% HF(Py ,;H")

where the horizontal maps are pair-of-pants products, and vertical maps are continuation maps.

Sketch of proof. Similar to the proof of Proposition 4.11, we want to construct ® = (®,, : P —
Pp),esest to give a chain level identification of the product operation on the first row and on the
second row. More precisely, over the first positive cylindrical end and the negative cylindrical end
of T, we choose ®,, : BXET XM — BXET XM tobe &, ( (b, y,m) = (b, y, f(b)(t)m). Over
the second positive cylindrical end, we choose éEZ(S,t),t(b, y,m) = (b, y, m). There is no homotopi-
cal obstruction to extends the definition of &, , over the complement of cylindrical ends and at the
same time having CTJZ,I to be T-equivariant for all z, t. For example, we can start with a s-invariant
® over a cylinder and then isotope it such that it is the identity in some s-invariant neighborhood.
Adding a puncture in this s-invariant neighborhood and introducing a cylindrical end €, near
the puncture will give what we want. The T-equivariant ® descends to ®. We can choose all the
auxiliary data in the definition of the two product operations to be intertwined by ®. O

Definition 4.15. Let (f, 77]’3) be a good pair. For each a € R, \ Spec(8M, a), we can apply
Proposition 4.10 to find an A, with the listed properties. Together with Proposition 4.11 and the
continuation maps 2.19, we define the following composition map

Cop.a, *HF(Pg,a) - HF(Pg, f*Ay) ~ HF(Pg; Ay) —» HF(Pg;a + Cy +¢,) (63)
where €, > 0 is a small number such thata + C; +¢, € R, \ Spec(dM, a).

a. The second map is the isomorphism

In Equation 63, the first map exists because min f*A ¢ >
rsa+ (o r+eEg

in Proposition 4.11. The last map exists because max A

4.2.4 | Independence of choice and functoriality

Lemma 4.16. Let (fo,n;a o) and (f1,771,; 1) be good pairs. Suppose that ¢ : RXxB - QG is a T-
equivariant smooth map such that c(s,-) = f, for s <0 and c(s,-) = f; for s> 0. For i =0, 1,
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COULOMB BRANCH ALGEBRAS VIA SYMPLECTIC COHOMOLOGY | 41 of 69

let Cy. be as in Proposition 4.10. For a; € R, \ Spec(dM, a) and a; + Cy +¢€, < a; € Ry \
Spec(dM, ), we let A 1, and Ay be as in Proposition 4.10 such that

a; <S4, ,Sp <a;+Cr, a,<S,, ,S¢= <a,+C
1= %450 flAfl =M1 frr B2 Ago foAfo =2 fo
Then we have

Ka, +Cp +eq) 0 +Cy +eq, OCal SrAp T Caz,fo,AfO °Xa, ,a,
Proof. The content of the lemma is that the following diagram commutes

HF(Pg,a;) — HF(Pg, f{Af) — HF(Pg;A;)) — HF(Pg;a; +Cy, +¢,)

| y 1 y

HF(Py,ay) — HF(Py, f3A;,) —> HF(Py; A;) —> HF(Pg;a +Cp, +6,)

In the first row, we are using admissible base triple coming from applying Proposition 4.10
to (f 1,7)%,1) and in the second row, we are using admissible base triple coming from applying
Proposition 4.10 to (fy, 7723,0)'

Note that, we have

fiFAf1 <PB f;;Afo andAfl <PB Afo

so the second the third vertical maps are well-defined (see Lemma 2.19).

The left and right squares commute because of the functoriality of compatible Hamiltonians
(Lemma 2.19 and Corollary 2.20). The middle square commutes because the two vertical maps
can be tautologically identified by identifying the respective moduli spaces as in the proof of
Proposition 4.11. O

As a consequence of Lemma 4.16, we obtain the following corollary

Corollary 4.17. Suppose that (f, 1) is a good pair. Then the maps{C, s 4 ; }eer induce a well-defined
map

C; : SH*(Py) — SH*(Pp). (64)

which is independent of the choice of admissible base triples, Ay and the representative in the T-
equivariant homotopy class of f.

Proof. Recall that SH*(Pg) := li_n)la HF(Pg,a). To define the map, we take f, = f; = f in
Lemma 4.16. We can take a sequence (a; ey such that ai,; > aj + Cy + €, for all k. Applying
Lemma 4.16 to a; for all k, we get a sequence of commutative diagrams which induces a map Cy
on the direct limit (64). To see that C ris independent of choices, we use the fact that Lemma 4.16 is
true for any a, > a; + Cy + ¢, . Therefore, we can apply Lemma 4.16 to compare C; with respect
to two different choices. The commutativity of the diagrams and the functoriality of continuation
maps (Lemma 2.19 and Corollary 2.20) imply that C; is independent of choices as claimed.  []
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42 of 69 | GONZALEZ ET AL.

Lemma 4.18. Forany z,,z, € SH*(Pg), we have C¢(2,2,) = Cy(2)z,.

Proof. 1t follows from Proposition 4.14 and the compatibility with continuation maps. O

4.3 | Construction over a T-equivariant cycle

The goal of this section is to complete the construction of (44) following the outline in Section 4.1.
The main ingredients are Proposition 4.11 and the pullback/pushforward maps in Sections 2.3 and
2.4.

43.1 | Pullback

To define the pullback (48), the commutative diagram to keep in mind is

PB,n % (B X ETn X M X ET)/T _> (B X ETn)/T X (M X ET)/T = Bborel,n X Mborel

! ! |

B, «——— (BXET, XET)/T ———— (BXET,)/T XET/T = Byge1n X BT

We first consider the square on the left-hand side. By applying Proposition 3.6 to the admissible
bundle B X ET,, X M with respect to the diagonal T action, we have

HF(Py,,a) ~ HF (B X ET, X M, @) (65)

Now we consider the square on the right-hand side. For each n’ € N, we have a commutative
diagram

(B X ETn XM X ETn’)/T —> Bborel,n X Mborel,n’

! ! ©)

(B X ETn XM X ETn’+l)/T H Bborel,n X Mborel,n’+l

Let H, := HF((B X ET,, X M)pye) > @). By the commutative diagram (66) and the functoriality
of pullback (see Corollary 2.31), the following diagram commutes

Hn’ % H*(Bborel,n) X HF(Mborel,n” a)

T T

Hn’+l % H*(Bborel,n) X HF(Mborel,n’+1’ Cl)
Passing to the inverse limit over n’, we get a map

H*(Bporern) ® HF (M, a) — HF:(B X ET, X M, a) (67)
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By composing it with (65) and passing to the inverse limit over n, we get a map
H:(B) ® HF;:(M,a) - HF(Pg,a) (68)

Composing it with the acceleration map, it gives the desired map in Equation (48).
Another commutative diagram which can be easily verified is

H;(B) ®HF;(M’ aO) H HF(PB’ aO)

! i ©9)

H;‘(B) ®HF;‘(M5 al) H HF(PB’al)
when g, < a;. As aresult, we have

H:(B) ® SH:(M) — SH*(Pp) (70)

4.3.2 | Pushforward

On the other hand, as explained in the overview, we consider the Floer theoretic pushforward
associated to the following diagram

Py, = (BXET, x M)/T — (QG XM X ET,)/T — (M X ET,)/T = Mygrain

! ! |

B, S (QG X ET,)/T S BT,

Note that both the square on the left and right are fiber product squares so the outer square is also
a fiber product square and Lemma 2.36 gives us the pushforward map

HF(Pg ,; a) = HF (Myye) 5 @) (71)

Lemma 4.19. The following diagram commuites

HF(PB,n+1; Cl) H HF(Mborel,n+17 a)

! !

HF(PB,n; a) —> HF(Mborel,naa)
Proof. The first vertical map is induced by a chain level short exact sequence
0— Sp —» CF(Pg ,4;a) » CF(Pg ,;a) = 0

where Sp is the subcomplex of CF(Pg ., ;; @) generated by generators of CF(Pg ,,.1; @) that do not
lie inside P ,,. Similarly, the other vertical map is induced by a chain level short exact sequence

0— SM - CF(Mborel,n+1; a) - CF(Mborel,n; a) -0
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44 of 69 | GONZALEZ ET AL.

where S, is the subcomplex of CF(Myqye) 415 @) generated by generators of CF(Mye 415 @) that
does not lie inside M, ,- Therefore, to prove the result, it suffices to show that the chain level
pushforward maps sit inside the following commutative diagram

0 > Sp > CF(Pg4150) —— CF(Pg50) —— 0

! y !

0 —> SM —> CF(Mborel,n+1;a) —> CF(Mborel,n;a) —> 0

In other words, we need two results. The first result is that the image of Sp is in S),. It in
turn follows easily from the fact that for our choice of Morse data on the bases, if the positive
asymptote (i.e., input) of the underlying gradient trajectory of a solution which contributes to
the pushforward map is lying in B,,; \ B,, then its negative asymptote (i.e., output) is lying in
BTn+1 \BTn'

The second result we need is that if the input is in Py, and the output is not in My ,,, then
the moduli space of solutions computed with respect to Py, = My »41 and with respect to
Py, = My, are the same. This is true because the underlying gradient trajectory of a solution
with input in B, and output in BT, is entirely contained in B, and BT,,. It allows us to choose
auxiliary data such that the two moduli spaces completely coincide. O

By Lemma 4.19, we can take to the inverse limit with respect to n, then we obtain the
pushforward map

HF(Py;a) = HF (Mg, @) (72)
Another commutative diagram which can be easily verified is

HF(PB;CLO) H HF(MboreI’aO)

! 1 73

HF(Pg;a;) — HF(Mygrel, a1)
when q; < a,. As a result, we have
SH*(P) — SH™ P () (74)
The map S ¢ (see (44)) is defined to be the composition of (70), (64), and (74).
Lemma 4.20. Let (f, 771’3) be a good pair. For any a, a; € SH7.(M) anda € H;(B), we have
Sf(oc, ag)a, = Sf(oc, aya,) (75)
Proof. Denote the pullback (70) and pushforward map (74) by h* and h,, respectively. We have

Sf(a’ apa;) = h*(cf(h*(a’ aya1)))

= h,(Cr(h*(a, ag)h*(eg, ay)))
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COULOMB BRANCH ALGEBRAS VIA SYMPLECTIC COHOMOLOGY 45 of 69

= h,(Cs(h*(a, ap))h*(ep, a,))
= I’lx(Cf(l’li(OC, aO)))al

= Sy(a, ap)ay

The first and last equality follow from the definition of S;. The second equality uses that pullback
maps are algebra maps (Lemma 2.34). The third equality comes from Lemma 4.18. The fourth
equality uses Lemma 2.39 and the fact that h*(eg, a;) equals to the pullback of a; to SH*(Pg). [

4.4 | Equivariant geometric homology and semi-infinite homology

In this subsection, we first construct an equivariant version of the geometric homology theory
developed in [6, 26]. Then we recall the definition of semi-infinite homology and prove a com-
parison result between these two theories. Closely related results have been obtained in [7, 23].
Throughout this section, we let K denote a compact, connected Lie group.

441 | Equivariant geometric homology

Definition 4.21. We say that a smooth, closed manifold B is K-oriented if it is oriented and
equipped with a smooth (necessarily orientation-preserving) K-action. We let cMany denote the
collection of closed K-oriented manifolds.

Let N be a topological space with K-action. We consider triples (B, a, f) such that B € cMang,
o € Hy(B,Z),and f : B — N is a continuous, K-equivariant map. Two such triples (B, «, f) and
(B',a’, f') are called equivalent if there is an orientation preserving, K-equivariant diffeomor-
phism ¢ : B’ — Bsuch that ¢*a = a’ and f’ = fo¢. Let Z8*K(N) denote the free abelian group
generated by equivalence classes of triples.

Definition 4.22. The geometric homology H' feo’K(N )is the quotient of Z&°K (N by the following
relations.

(1) IfB = Bl [l B2, thel’l (B, Ol,f) = (Bl’ alBl,lel) + (Bz, 0(|BZ, leZ).
(2) (B,Cfl+0(2,f)=(B,O(1,f)+(B,O(2,f).
(3) Suppose there is a K-equivariant map F : B X [0,1] — N then

(B, a, FBX{O}) = (Ba a, FBX{I})'

(4) LetBy, B, beincMang and j : B, — B; be asmooth, equivariant embedding. Let f : B; - N
be an equivariant map and o € H%(BO). Then

(Bo» &, f1p,) = By, ji(@), ), (76)

where j, denotes the equivariant Gysin morphism ([4] or (86) below).
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We denote the class of (B, «, f) by [B, «, f].

Remark 4.23. The reader may notice that compared to the axioms of [26], we have weakened
Axiom (3) but strengthened Axiom (4). This is because the product cobordisms from Axiom (3) are
especially easy to incorporate into our setup (though we could also allow for general cobordisms
without too much difficulty). On the other hand, concerning Axiom (4), the special sphere bundle
suspensions from [26] do not play a special role in our Floer theoretic setup.

Geometric homology is covariantly functorial. It is also homotopy invariant:

Lemma 4.24. If h° h' : N, — N, are K-homotopic (equivariant) maps between K-spaces, then
KO = h! : HEOR(N,) — HEOF ().

Proof. Let h' : N, x [0,1] — N; denote the homotopy between h° and h'. Suppose we have a
tuple (B, «, f) representing a class in ero’K(NO). We then push it forward by h°, h! to obtain
Zy :=(B,a,h%f),Z, := (B,a, h'of) representing classes in ero’K(Nl). Then hiof : Bx[0,1]
gives a homotopy h%f and h'of. Thus, by Axiom (3) above of geometric homology, Z, = Z, €
ero,K ( Nl)- 0

There is also an Eilenberg-Zilber map:
250+ HE"(No) ® Y™ (Ny) — HE ™ (Ng x Ny) (77)
[Bo, a9, fol ® [By, ay, f1] = [By X By, () U i (), fo X f1]
where 7; : By X B; — B; is the projection map fori =0, 1.
Finally, we let T C K be a maximal torus inside K and let W = N(T)/T denote the Weyl group

of T. Given a K- space N, we want to construct a Weyl-group action on H feo’T(N ). To this end, let
Py : T XN — N denote the induced T-action on N and let

¢, T—>T (78)
t - wtw™!
denote the homomorphism associated to some Weyl group element. Then p Nogb;vl (shorthand for

pNo(qb;l X 1y)) gives a new T-action on N. Given (B, a, ) representing a class in H&*T(N), we
set

BB,k f1= B, o, $5(@). F1 € HEOT(N, ). (79)

Here B, 4-1 denotes B with the w-twisted group action (so that f remains equivariant) and
¢, (a) € HL.(B pB°¢_1) is the pullback of ¢ along

(BXET)/T — (BXET)/T (80)

(b,y) = (b,w™'y).
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Next, we note that multiplication by (a representative of) a Weyl group element w induces a
map

w, : HEOT( proqb,;l) — HEOT(N)
We define the Weyl group action on H&%T(N) by

w,op* 1 HET(N) - HET(N). (81)
At the level of cycles we have:

w-(B,a, f)= (BpBO%hc}SL*U(oc),wof). (82)

442 | Semi-infinite homology
Unless otherwise stated, all homology groups in this subsection are taken with Z-coefficients.

Definition 4.25. A closed K-equivariant subspace N of a finite-dimensional K-representation V
is said to be a K-ENR if there is an equivariant open set U C V which equivariantly retracts onto
N. We let cENR denote the collection of compact K-ENRs.

Remark 4.26. Using the main result of [19], the property of being a compact K-ENR can be shown
to be independent of the representation V in the sense that if N’ is a K-equivariant subspace of
another K-representation V' and N is K-equivariantly homeomorphic to N’, then N’ also admits
an equivariant open set U’ C V' which equivariantly retracts onto N’ (see [27, pp. 143-144] for
discussion and a sharper result). By combining the results of [27, Theorem 2.1] and [33], any finite
K-CW complex is a compact K-ENR.

For any N € cENRy, we let H f (N) denote the semi-infinite homology [13, 17, 21]. Let us recall
the definitions, which are given in terms of finite-dimensional approximations to classifying
spaces of compact Lie groups. A unitary embedding K & U(n) gives a model EK for the clas-
sifying space of K. These models come with finite-dimensional approximations EK, and we let
BK, := EK, /K to be the corresponding finite-dimensional approximations of BK.

Let Nyorer, = (N X EK,)/K be the finite-dimensional approximations to the Borel mixing
space Ny = (N X EK)/K. The semi-infinite homology of N is defined to be the limit

H*K(N) L= l(iEHdimBKn+>:<(Nborel,n) (83)

n

where the maps in the inverse system are defined using certain Gysin pullback maps (see [20,
section 3]).

Remark 4.27. One can also consider homology groups with coefficients in a field K. We will denote
these by HX(N, K).

A ‘T 9T0T ‘PTHSESLI

U9[[99XE] 2180 PUE YI{ERH] 10§ AININSU] [PUONEN “HDIN A9 £L900L 0dOVT I [ 101 /10p/wooKapim'A.

wio g, 21 20 “[920Z/40/L1] U0 AIBIQIT UIUQ Ao[1AY *09

sdiy) suonIpuoy) pue s

ook

10§ AIRIqE] AUIUQ ASJIA UO

sa]

jo

sapIIE YO s

oo a1y a[qeordde o Aq pawarod e

2017 s



48 of 69 | GONZALEZ ET AL.

In any fixed degree, the inverse limit (83) stabilizes (see, e.g., [13, p. 79] or [21, p. 601]). This
implies that, if Ny, N; € cENRg, there are Eilenberg-Zilber maps:

£Z : AX(Ny) @ AX(N}) — AXK (N, x Ny) (84)

which come from their nonequivariant counterparts on the finite-dimensional
approximations.

Let us briefly discuss the case of a closed, compact K-oriented manifold B. In this case,
HX(B) carries an equivariant fundamental class [B]y € H (Ifim(B)(B) and there is a Poincaré duality
isomorphism:

PDg : HY"®™(B) = AX(B). (85)
If j:By— By is an equivariant map between closed, compact K-oriented manifolds, the
Gysin map on equivariant cohomology j, : Hy(B) — H?’ (BY) (r = dim(B') — dim(B°)) can be
expressed as:

a - PDEll( J.(PDg (@))). (86)

We will need to consider certain infinite-dimensional spaces as well. The precise definition is
as follows:

Definition 4.28. A topological space N will be called an infinite type K-ENR if N is an

ascending union of compact K-ENRs. Namely, we require that N = colim; N; where N; € cENRy
and

N, CN,C--N;C - (87)

are all closed K-equivariant inclusions. We let ENR denote the collection of all infinite type
K-ENRs.

For any N € ENRY, we define
A%(N) := colim; AX(N). (88)

Note that, this definition is independent of the choice of N; because if N| € cENRy is another
sequence such that N = colim; N} and

N/ CNjC NI C o (89)

are all closed K-equivariant inclusions, then for each i, by the compactness of N; we can find a N ;

such that N; C N ; Therefore, we have an induced map colim; HX(N;) — colim; HX(N {)and an
induced map in the opposite direction. These two maps are inverse of each other by the naturality
of induced maps by inclusions.

The Eilenberg-Zilber map (84) also exists when both spaces are infinite type K-ENRs.
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COULOMB BRANCH ALGEBRAS VIA SYMPLECTIC COHOMOLOGY 49 of 69

4.43 | Comparison

There is a natural transformation ¢ : H** (=) - H¥X(=) which for any N € cENRy is defined
by

¥ HEN (V) = BX (V) (90)

Y i [B,a, fl = f.(PD5 ().

It follows easily from the definition that this is well-defined. For example, to see that this map
respects (76), we have that

f.(PDg (j)(@)) = f,oPDg, °PD§11°j* oPDg (a) = f|p,(PDp () (9D

Also note that H' feO’K (N) also commutes with direct limits and thus we can define a comparison

map ¥ extending (90) for any N € ENR. We will need the following observation in our main
argument.

Lemma 4.29 [7, Lemma 2.1]. Let N be in cENR, then N is an equivariant retract of M € cMany.

Proof. Let U be an equivariant open subset of the representation V which retracts on to N. Fix a
K-invariant metricon Vandlet f : U — R be a C°-close K-equivariant smoothing of the distance
function to N. A suitable level set of f bounds a smooth compact manifold with boundary U which
retracts onto N. By doubling U, we obtain our manifold M. O

The main result of this section is the following:
Theorem 4.30. For any N € ENR?, the canonical map
¥ HER ) - BE (V) (92)
is an isomorphism.

Proof. It clearly suffices to consider the case N € cENR which we do for the rest of the argument.

Surjectivity: In view of Lemma 4.29, it suffices to prove surjectivity when N € cMang. In this
case, consider cycles of the form (N, «, id). These surject onto homology by Poincare duality.

Injectivity: Again we can suppose that N is a closed oriented smooth manifold. Now fix a
(B, a, f) representing a class of H feo’K(N ) so that f, (PDg(«)) = 0. By taking the representation V
in the proof of Lemma 4.29 sufficiently large (i.e., to include sufficiently many irreducible repre-
sentations with high enough multiplicity), [47, Corollary 1.10] implies that we may embed N as a
retract of a higher dimensional manifold N’ so that f : B — N’ is K-homotopic to an equivariant
embedding f’ : B — N’. In view of (76), the fact that f/ (PDg(a)) = 0 implies that

[B,a, f]1 = [B,a, f'] = [N’,0,id] = 0 € HZ*K(N"). (93)

It follows that [B, a, f] = 0 € HE&>K(N). O
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50 of 69 | GONZALEZ ET AL.

Lemma 4.31. The comparison map satisfies the following additional properties.

(1) The comparison map is compatible with Eilenberg—Zilber maps. More precisely, the following
diagram commutes

HEeO’K(N()) ® erO’K(Nl) & H{,{(No) ® I:IaIf(Nl)

ezge“l \Lez

HERFE(N Ny —E s ARE(N, xN)

(2) Let A : K C K XK be the diagonal subgroup. Then the following diagram commutes:

HERK (N % Ny —2s ARK(Ng X Ny)

geo
rZ“\L \LVA

K P A
HE""(Ng X Ny) —— HEX(Ny X Ny)

where rieo and r, denote the restriction to the diagonal subgroup.
(3) Forany N € ENRY and T C K a maximal torus, the comparison map 1 intertwines the Weyl
K P P

group action on H feO’T(N ) from (81) with the natural action on HI (N).

Proof. Claim (1): We again take N € cENR. We need to check that

(fo X f1)«(PDp xp (ag U ay)) = EZ((f()(PDp (a9) @ (f1).(PDp, (1)) (94)

In view of the naturality of £Z(— ® —) in the two arguments (which can be proved on finite-
dimensional approximations), it suffices to prove

PDg g (ay U ay)) = EZ(PDp, (a) ® (PDg (a1)) (95)

which also can be checked on finite-dimensional approximations.

Claim (2): Immediate from the definitions.

Claim (3): The comparison map @ is natural and it therefore suffices to show that it inter-
twines ¢* : H. &0l (N) > H%*"(N) with the corresponding map ¢ HI(N) > HI'(N) on
semi-infinite homology. Without a loss of generality, we can assume that N € cMang and that
geometric cycles are represented by (N, «, id). The claim then follows from the fact that the pull-
back map ¢* : HI(N) — HI(N) induced by the automorphism coincides with the induced map
on equivariant cohomology under Poincare duality. O

4.4.4 | Based loop spaces

Let G be a compact connected Lie group and let QG denote the space of smooth loops in G based
atid € G. This admits a natural action of G given by

G x QG — QG (96)

g-y(@®) = gy()g™t.
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COULOMB BRANCH ALGEBRAS VIA SYMPLECTIC COHOMOLOGY 51 of 69

The space QG also admits a Pontryagin product given by pointwise multiplication:
Mog - QG X QG — QG. 97)

This map (97) is manifestly G-equivariant if QG x QG is given the diagonal G-action. Thus, for
any connected, closed subgroup K C G, it therefore induces a map

my © HEX(Q6) ® HEF (Q6) —» HE X (Q06) (98)

where my is the composition of mg , with the restriction along the diagonal subgroup and the

Eilenberg-Zilber map. This product equips H feo’K(QG) with the structure of an associative (in
fact commutative) algebra.

Now let Q,,;,G C QG denote the space of based loops S! — G which extend to an algebraic
map C* — G, where G is the complexification of G ([35, 3.5] or [5, Definition 2.1]). We have
that QG is a colimit of finite-dimensional G.-projective varieties Q,,, G, each of which is a
compact G-ENR by [27, Theorem 2.1]. The G-action (96) and Pontryagin product (97) restrict to
onlyG. As a consequence, we have a product

my @ HE (QpoyG) @ HX(Q,0,G) - HX(Q,0,0). (99)

poly poly

We have the following comparison result:

Lemma 4.32. For any connected, closed subgroup K C G, there is a natural isomorphism of rings

K A
HE™M(QG) = HX Q0 6).

Proof. Note that the Pontryagin product also gives ero’K(Q
tive algebra. The inclusion Q

oty G) the structure of an associa-

polyG — QG is a G-equivariant homotopy equivalence (see, e.g., [20,

Lemma 2.6]). Hence, by Lemma 4.24, H feo’K(onlyG) = ero’K(QG). Finally, because Q,,,G €
ENR?, Theorem 4.30 and Lemma 4.31 (1)-(2) imply that H feo’K(onlyG) = AX(Qp01yG) as rings
as well. O
4.5 | Concluding the construction
Given [B, a, f] € H¥*"(QG), we define

S(B,a, f1,-) : SHE(M) — SH.(M)

S([Ba a’f]rz) = Sf(aaz) (100)

Proposition 4.33. Themap S : H feo’T(QG) X SH7.(M) — SH7(M) given by (100) is well-defined.

Proof. We need to check that S is independent of the four equivalence relations in Definition 4.22.
The independence of the first two is obvious. The independence of the third follows from a
cobordism argument.

For the last relation, let By, B; be in cMang and j : B, — B; be a smooth, equivariant embed-
ding. Using j, we identify B, as a submanifold of B;. Let f : B; — N be an equivariant map and
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52 0f 69 | GONZALEZ ET AL.

a€H iT(BO). Let 7;1’3] : By — RbeaT-invariant Morse-Bott function and g be a T-invariant Rie-
mannian metric such that any gradient trajectory from a Morse-Bott manifold in B, to another
Morse-Bott manifold in B, stays in B, for all time, and there is no gradient trajectory which starts
from a Morse-Bott manifold in B; \ B, to a Morse-Bott manifold in B,,. In other words, in terms of
Morse-Bott complex, we want the generators from B, forms a subcomplex that can be identified
with the Morse-Bott complex of B,. Moreover, we require that every connected critical subman-
ifold of ngl is of the form T /H. By Lemma 4.8, at the cost of possibly a T-equivariant homotopy
of f to another map, we can assume that (f, 771’31) is a good pair (and hence (f]| By ngl | Bo) isalso a
good pair).
Let k := dim(B;) — dim(B,)). The commutative diagram we want is

v se—1(f)—di
H;(By) ® HF;(M, ay) ——= HF*(Py, (f)*Alp, ) —= HF*D(Py , Aglp, ) — HF; T, ay)

| | |

H;**(B,) ® HF (M, ag) — HF**(Py , f*A;) ——= HF***(D(Py | A;) — HF, ™" (pp )

(101)
With our setup, the chain level groups in the first row are subcomplexes of the ones in the second
row up to grading shifts. These induce the vertical maps in the diagram. Equivalently, these can
also be identified with the pushforward maps. The commutativity of the diagram follows from the
fact that the chain level maps send the subcomplexes to the subcomplexes. Applying the compo-
sition of maps in the first row to («, a) gives S fls, (o, a), while applying the composition of maps
on the other side of the diagram gives S(jj(c), a). This finishes the proof. O

4.6 | Weyl-equivariance
Proposition 4.34. The map S(-,e) : H¥>"(QG) — SH}(M) is Weyl-equivariant.

Proof. Let EG be a classifying space of G. For any w € N(T), we define ¢,, : T — T tobe ¢, (g) =
wgw~!. Let (B, a, f) be a cycle in H feO’T(QG). At the cost of possibly homotoping f (Lemma 4.8),
we assume that there is an 771’; making (f, 77]’3) a good pair. We denote the T action on B, M and
EG by pg, pp and pg, respectively. We define w*pp : = pgo¢,,, and similarly for w*p,, and w*pg.
Recall that the class w(B, «, f) is represented by (B, ¢ a, w f) with the pp oqb;1 action (82).

The map M — M given by m — w - m is (p;, W*py,)-equivariant (i.e., it is equivariant with
respect to the p,, action on the domain and the w*p,, action on the target). Similarly, the map
EG - EGgivenbyy » w - yis (pop, W*pp)-equivariant. For a space X and a T-action py on X, we
denote the quotient X /T by X /px to emphasize the action of T on X. For two T actions px, and
px,> We use px, ® px, to denote the diagonal action by T.

Fix w € N(T), we consider the following commutative diagram

(BXEG)/(p5 ® pp) X (M x EG)/(py ® pg) (BXEGXMXEG)/(ps ® pr ® o ® pr)
(BXEG)/(pg @ w*pp) X (M X EG)/(w"py ® w*pp) <—— (BXEG XM X EG)/(pp @ w*pp @ w*poy @ w*pg)
(102)
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where the first vertical map sends ((b, y,), (m,y,)) to ((b, wy,), (wm,wy,)), the second vertical
map sends (b, y;, m,y,) to (b, wy,, wm, wy,) and the horizontal maps are the natural maps.

Let A; € C®(S'x (BXEG XM XEG)/(pg ® pr ® py; ® pr)) be a Hamiltonian given by
Proposition 4.10 and

Ap i S'XBXEGXMXEG - R
be its lift. We define

Ayp :S'XBXEGXMXEG - R

(t,b,y1,m,y,) — Af(t’ bw y,wmwy,)

which is pp ® W*pp ® W*pyr ® W*pp-invariant. As a result, A, descends to a function, denoted
by A, on S!x (BXEG XM XEG)/(pp ® W pp @ w*p,, ® w*pp). It is direct to check that

((wf)*Awf)t(ba wyy, Wm, wy,)
=(Ay )i (b, 0y, W FBYOW™ 0, WY5) = Koy 5701, BYOW™ wm)

=(f*Af)t(b’y1’ m, )’2)-

Moreover, both A, r and (wf)*A,, s are cylindrical Hamiltonians compatible with the admissible
base triple on (B X EG X EG) /(pg ® w*pr ® w*pg) obtained by pushing forward the admissible
base triple on (B X EG X EG) /(o5 ® pr ® PE)-

As a result, we can use the commutative diagram (102) to deduce the following commutative
diagram

H((BX EG)/(pp ® pr)) @ HF (M, ay) — HF (P, (f)*Ay)

i%@w* L (103)
H((BXEG)/(pp ® w*pp)) @ HF7(M, ay) — HF (P, (wf)"Ayy)

where Py :=(BXEG XM XEG)/(pp ® w'pr ® w*py ® w*pp). Note  that (M X
EG)/(w*pp ® w*pp) is canonically the same as (M X EG)/(pop; ® pg) so the second factor
in the top left and bottom left tensor products in (103) can be canonically identified and we just
denote it by HF7.(M, a,). Moreover, the map on HF7.(M, a,) is precisely the action by w so we
denote it by w,. On the other hand, the map between the first factor in the top left and bottom
left tensor products is precisely the ¢ described in (80).

Similarly, we also have the following commutative diagram of maps between spaces

(BXEGXM XEG)/(p ® pr ® pu ® PE) (EGXM XEG)/(pg ® pu ® PE)
(BXEG XM XEG)/(pp ® w*pr @ wpy @ w'pp) — (EGXM X EG)/(w*pr @ w*py @ w*pr)
(104)
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54 of 69 | GONZALEZ ET AL.

where the first vertical map sends (b, y;, m, y,) to (b, wy;, wm, wy,) and the second vertical map
sends (y;, m, y,) to (wy;, wm, wy,). The corresponding commutative diagram of maps between
cohomology is

HF(Py, (f)*A;) —= HF(Py, A;) —> HF (M, a,)

| | . .

HF(PY,(Wf)*Ayy) —= HF(PY, A,) — HFp(M, ;)

In the last column, we use the canonical isomorphism between (EG X M X EG)/(pr ® pp ®
pp) and (EG X M X EG)/(w*pr ® w*pys @ w*pgp) again. Moreover, the last vertical map w, is
precisely the action on HF (M, a;) by w.

By combining (103), (105) and passing to the direct limit, we show that w, S f(oc, e) (the output
of (a, e) under the composition of the maps in the first row and the last vertical map) equals to
Swr(¢,a, w,.e) (the output of (a, e) under the composition of the first vertical map and the maps
in the second row). Moreover, we know that Swf(dafvcx, w.e) = Swf(gbzzoc, e) so it proves that S(-,e)
is Weyl-equivariant. O

5 | AN ALGEBRA HOMOMORPHISM

In this section, we are going to show that S(-e) : HE*'(QG) — SH}(M) is an algebra
homomorphism as promised in (2).

First note that for [B, ay, f1],[B,, @y, f,] € H:  (QG), their product is represented by (B, X
By, mia, Uniay, ), where f @ B, X By — QG is given by f(b,, b;) = f,(b,)[f1(b;) (see (77)).

geo,T
E

Proposition 5.1. For i=1,2, let (f; : B; - QG,ng_) be a good pair. Let B :=B, X By, F; :
nl’gszl(bz, b)) = ngl(bl) + 77]’32(b2) Then (F;,n') and (F,n') are good pairs, F;F;H = F*H for any

cylindrical Hamiltonian H € C*®(S! x Py) and
Cp = Cp,oCp, : HF(Pgz,F*H) » HF(Pg, H) (106)

Proof. Clearly, 771,32><Bl is T-invariant (in fact, T X T-invariant). A critical submanifold of #’ is a

product of critical submanifolds of r)gl and 77)’52. Let N, bea T-invariant neighborhood of critp(ny, )
such that f; is locally constant. Then F; and F are locally constant near the T-invariant set N, X
N, so (F;, ’71,3sz]) and (F, ’71,3sz1) are good pairs.
Let H : S X B; X B, X ET X M — R be the lift of H. Now we check that
FTF;FI[(bl’ b,,y,m)
= F3H,(by, by, y, (f1(b1)(£)) - m) = K ) ((f1(b1)(2)) - m)
= H;(by, by, y, (f2(b)O)(f1(b)(1)) - m) = K1 ) (f2(0)O)(f1 (b)) - m)

- Kfl(bl)x[((fl(bl)(t)) : m)
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= H,(by, by, y, (F5(b)O) 1)) - m) = Ky 51 o) o ((F2BONF 1 (B)(W)) - m)

= F*FI[(bl’ b2, y, Wl)
Here the third equality follows from Lemma 4.2(1).
To see (106), we simply observe that in the proof of Proposition 4.11, the & associated to F is the

composition of the ® associated to F, and F;. O

The commutative diagram we want to establish is the following, and Proposition 5.1 gives the
commutativity of the triangle in the middle.

. id®Q ] N id®C, ) id®TT . ’
H;(B,) ® Hy(B,) ® HF;(M, ) —> Hy(By) ® HF*(Py,, fAy,) — > Hy(By) ® HF*(Py,, Ay,) > H;(B,) ® HF (M, a;)

le@id le lQ“ Qs
. Q ) Cr, I .

H;(By X B)) ® HF (M, ap) — HF*(Pg xp,, F*Ap) —————= HF*(Pp 5 , Fi Ar) 2 HF*(Py,, f3As)
\ ‘LC,‘-Z c,

. 1, .

HF*(Py,xp,, Ap) ———— HF*(Py,, Ay,)

I,
HF}(M, ay)
(107)

The rest of the subsection is devoted to explaining all the maps in the commutative diagram and
proving their commutativity.

Once the commutativity of the diagram is proved and after passing to the direct limit with
respect to slopes, the composition of the maps in the first row and last column is («,, a;,z) —
sz(ocz, St (01, 2)), while the composition of the maps on ‘the other side’ is (o, ay,z) —
Sp(m5a, Umiay, z). When z is the unit e € SH (M), we obtain

SF(ﬂ';O‘z U ”T“pe) = sz(“zasfl(“l,e)) = 5f2(“2,€)5f1(“1,e)

s0 S(-,e) is an algebra map. Here, the second equality comes from Lemma 4.20.
Our first task is to explain the maps Q5 and Q,. To fix the ideas, the maps Q5 and Q, are pullback
maps (in the sense of Section 2.3) with respect to the following fiber product diagram.

(B, XET XBy XM XET)/JT ——> (B, XET)/T X (By XM XET)/T

l l (108)

(B XET X By XET)/T ———> (B, XET)/T x (B, XET)/T

However, the slopes of the Hamiltonians are not constant functions so we have to be careful with
the auxiliary choices so that C° a priori estimates can be achieved to give well-defined pullback
maps. The auxiliary choices are explained below.

Fori =1,2,let(#;, g;, V;) be the admissible base triple obtained by applying Proposition 4.10 to
the good pairs (f;, 7y ). We assume that the connections on (B; x ET)/T — BT for both i = 1,2
are induced by the same connection V for the bundle ET — BT. In particular, over the region
U where V7 is flat, we have ((B))yoreily> 9) = (B; X U, gg, @ gprly), Where gp is a T-equivariant
metric on B;. However, for regularity reason, we do not want to build 7, using the same Morse
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function ngy : BT — R.Instead, letngr; : BT — R be a Morse function that is a small perturba-
tion of gy so that it satisfies the properties as required in Section 4.2.2. Let 77{ (B, XET)/T - R
be the pullback of the Morse function gy ;. We assume that 7; = ni’ +€.x;(wng (b;), where
np,  B; = Ris a Morsification of ngl_ as in Section 4.2.2.

It is easy to check that the following diagram is a fiber product diagram

(B XET X By XET)/T —— (B, XET)/T X (B;y XET)/T

! !

(ET X ET)/JT ————% (ET)/T X (ET)/T

The map from the top-left to bottom-right, the second horizontal map and the second vertical map
are T X T-bundles with fibers T X B, X By, T and B, X B, respectively. We equip all of them with
the connection induced by V; @ V7.

We choose a Riemannian metric gggr on (ET X ET)/T such that the map to ((ET)/T X
(ET)/T, ggr ® gpr) is a Riemannian submersion, and the orthogonal complement of the fibers
argees with the horizontal subspace Thor « T((ET X ET)/T) of the connection. The second verti-
cal map is also a Riemannian submersion, where the source is equipped with the metric g, @ ¢;.
The metric ggr and g, @ ¢, together induces a Riemannian metric g,; on (B, X ET X By X ET)/T
such that all the four maps are Riemannian submersions. Indeed, the tangent spaces of (B, X ET X
B, X ET)/T, (B, X ET)/T X (B, X ET)/T and (ET x ET)/T are given by T(T) ® T(B, X B,) ®
Thor T(B,xXB;)® Thor and T(T) @ Ther, respectively, and the Riemannian metrics ggpr and
9, ® g, respect the product decomposition and agree on T"°". Therefore, they uniquely deter-
mine a metric g,; making all the four maps Riemannian submersions. Moreover, if we equip the
first vertical map the connection induced by V;, then its horizontal subspaces agree with the
g1 -orthogonal complement of the fibers.

Let 771,3BT : (ET X ET)/T — R be the pullback of 5. Over the flat region U, we have ((ET X
ET)/T\y, ggpr) = (T X U, gr X ggrly)- To MorsifynéBT,we choose a Morse functionzy : T — R
and define ngpy = ngBT + y(wnr(g). Let 77;1 : (B, XET X B, XET)/T — R be the pullback of
nppr and define its Morsification 1, := 15, + x(W)(np, (by) + 1, (b,)).

Let V,, be the connection for the first vertical map in (108) induced by V. Then (9,1, ¢21, V1)
is an admissible base triple, and is of the form obtained by applying Proposition 4.10 to
(f2f1, ”fﬂgl + ”;77;;2)-

Following Proposition 4.10, let A, € C(St X P ) be a cylindrical Hamiltonian such that
both Ay and f; Ay, are compatible with (7;, g;, V;) and Ay, has slope s, gy = (8i)porel- Here, s; €
C*®(S! X B;) is a T-invariant function such that it is locally constant on N. 08> Crk and (57) is
satisfied (g, T and f are replaced with 7 B,» Tp, and fi, respectively). We assume furthermore that
Ay, are chosen such that there are constants a,, a;, a, with

O<a0<szAfl,sAfl<a1<sf;Af2,sAf2<a2 (109)

The maps in the first row and last column of (107) are precisely those maps introduced in
Sections 4.2 and 4.3 to define Sy .

Similarly, we are going to pick a cylindrical Hamiltonian A € C®(S* x Pg xp,) such that A,
F;Ap and F* A, are all compatible with (1), g, V). To do that, let s, € C*(S' X B,) be another
T-invariant function such that it is locally constant in N, " s; >cpk and (57) is satisfied. The
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following lemma explains the choice of cylindrical Hamiltonians we use for the target of the maps
Q5 and Q,.

Lemma 5.2. If the values of (7}s; + 7;8})| Ny XNy, do not lie in the action spectrum of the con-

tact boundary M, then there is a cylindrical Hamlltonlan Ap € C®(S! x Pp xp,) with slopes, =
(sy + 7058) Dporer SUch that Ap, F3 Ap and F* Af are all compatible with (11, g51, Va1)-

Proof. The proof is in parallel to the proof of Proposition 4.10. The key statement to check
is %SF*AF(I, 7(s)), %SF;AF(L 7(s)) < 0 for any gradient trajectory 7 : R — (B, X ET,, X B X
ET, )/T. Note that, before taking the Borel construction, for any gradient trajectory 7 .z =

(g, Tp,) * R = B, X By, we have

(7'[ 81+ T3S T, (5)) < d Lot 75, () + & d L4t 75,(5)

ax | & d
s—-m max |-—s m
S 7 mea | ds Kt 0 (m)| = eom | ds Kfz(rsz(s»f( )
S~ max Sk o0 (m)

meoM | ds S 2/10Byx; ()

where the last inequality comes from Lemma 4.2(1).
It in turn follows that the analog of (58) is true in our case. More precisely, we have

, and

d d
2Lt 85 borel (£ T(8)) < ~ max ’%S(F*O),(S)(t’m)’

d sk Eo
—(m;8y + 7,8 t,7(s)) < — max
ds( B 282 )borel (1, T(8)) < meoM

d
75 S50), ¢ (£, ‘
which show that < Z5SF* AF(t r(s)), ZSSE2 AF(t 7(5)) < O
For a fixed a) as in Lemma 5.2, by possibly choosing a larger a; and a,, we can assume that
ao < SF*AF’ SF;AF’ SAF’ < a1 (110)
This is not needed at the moment to define the maps Q; and Q,, but it will be needed when we
define II, and II; in (107).
We are now ready to define Q5 and Q,.
Lemma/Definition 5.3. Let A; and Ay be as above. Then there are well-defined pullback maps
Q; : Hy(By) @ HF*(Py, f1Ay)) > HF*(Pg ., F* Ap) (1)
H;(Bz)®HF*(PBl,Af1) - HF*(PBszl,F;‘AF) (112)
such that Cp, 0Q3 = Q4o(id ® Cy, ).

Proof. We are going to explain the definition of Q;. The definition of Q, is similar.
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58 of 69 | GONZALEZ ET AL.

Following Section 23, for n;,n, €N, let B'=(B,xET, XByxET,)/T, B=
(B, XET,,)/T X (B; XET,)/T and h:B'— B be the obvious map. We also let
P' = (ByXET,, X By XM XET, )/T, P = (B, XET, )/T x (B x M XET, )/T and h:P —P
be the obvious map. Note that P’ is the pullback of P — B along h.

Let p : (—o0,0] = [0,1] be a smooth monotone increasing function that is 0 for s <« 0 and
equalstolnears = 0. Wedefine H, := ffAf1 foralls > 0,and H] := (1 — p(s))F*Af + p(s)h*H,
for s < 0. We claim that the condition in Lemma 2.29 is satisfied so that the pullback is well-
defined. To see this, note that A*H, = h* ffA; = F;(h*A; ) and sj. 45, = (T{S1)porer- Recall that

SA;.‘ = (ﬂfsl + ﬂ;s;)borel and F*AF = FTF;AF S0
H{ = F{((1 = p(s)F; Ap + p()h*Ap)) = FY(R*Ap, + (1= p()(F3 Ap = B*Af,).

Let H! := fz*Af1 +Q = p($NFSAR — fz*Afl). For a gradient trajectory 7~ : (—o0,0] — B/, we
denote its projection to (B; X ET,, )/T by ;” fori = 1,2. Then we have

d
g(S(Hﬁ)T—(s)vt(m))

d
< max a(s(HS//)T_(S)J(m)) + max

d
%s(FTO)T—(s) @ m)‘

d
35 5 0), o (1)

d d
SMAX (S, ), 0 (M) + MAX (81— p() (3 Ap—h* A, ), £ (M) + MAX

d _ d
< <$(Sl)bore1(t9 T () + mr?l.X %S(Ffo)r*(s)(t’ m)'>

+ (1= p(s) (%(s;)bm]a, )+ max| L, 0]

- p'(s)<(s'2)borel(t, 75, (8)) — max |S(F§0)T—(s)(t’ m)| )

On the right-hand side, the first term and the second term are nonpositive because s, and s, are
chosen to satisfy this property (see (58)). The third term is also nonpositive because p’ > 0 and s’2 >
Cr, Kk = Cp,x > Max,, |sF;0(t, m)| forallt € S (see (56)). As a result, we have %(S(Hé)f_“)’t(m)) <
0 so the condition in Lemma 2.29 is satisfied.

The definition of Q, is similar. Moreover, if we use the same cutoff function p(s) for both Q;
and Q, and appropriate almost complex structures, then they are tautologically identified with
each other via the map @ in Proposition 4.11. This gives the commutativity Cp, 0Q3 = Q40(id ®

Cfl)' 0

Lemma 5.3 gives us the commutativity of the upper middle square in (107). Now we turn to the
upper left square.

Lemma 5.4. The following diagram commutes

HZ(B,) @ Hi(By) ® HF (M, ag) —> H;(B;) ® H*(Pp,, a,)

l l (113)

HF7.(By X B)) ® HF (M, a9) ————— HF (P x5, a)
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COULOMB BRANCH ALGEBRAS VIA SYMPLECTIC COHOMOLOGY 59 of 69

Proof. The commutativity of

(By XET,,)/T X (B; XET,)/T Xx(M X ET,,)/T <—— (By XET,,)/T X (B; X ET,, XM X ET,,)/T

! |

(ByXET,, x By XET,)/T X (M XET,,)/T <—— (B XET,,, X By X ET,, X M X ET,,,)/T

and the naturality (Corollary 2.31) imply a commutative diagram of the corresponding pullback
maps. By passing to the inverse limit and using the independence of the model of the classifying
space (Lemma 3.8), we obtain the result. O

Note that, the Hamiltonians in the domain and the target of the second vertical map of (113)
have constant slopes so the groups and the map are independent of the model of the classifying
space (cf. Lemma 3.8). To complete the upper left square in (107). We need to show the following
commutativity.

Lemma 5.5. The following diagram commauites
HZ.(By) ® HF*(Py,,a9) — Hp(By) ® HF*(Py,, f1Ay)

l Qsl (114)

HF(Pp,xp,,a9) ———— HF*(Pp,xp,,F*Af)

Proof. We use the admissible base triple (1, g;, V) for H*(Pp , ay) and HF*(Pg , f{ Ay, ), and the
admissible base triple (7)1, g2, V21) for HF(Pp ., ag) and HF*(Py, 5 , F* Ap).

Similar to Lemmas 2.17 and 2.19, it suffices to find a homotopy between the Floer data corre-
sponding to the two different compositions such that the maximum principle can be achieved.
The Hamiltonian (Hj)cp defining H*(Pg , ay) > HF*(Py , f{ Ay ) is of the form

Hy =1 —p()fiAf +p($)A,,

for some Hamiltonian A, € C(S! x Pp ) that is of constant slope a;, and some mono-
tone increasing function p : R — [0,1] such that p(s) =0 for s <0 and p(s) =1 for s>
0. We can regard (H),cr as a family of elements in C®(S! X (By)porel X Pg ) which defines
Hi(B)) ® H*(PBI, ay) = Hp(By) ® HF*(PB1 , f;‘Afl). The Hamiltonian defining Q; is explained
in Lemma/Definition 5.3.

On the other side, the Hamiltonians (H ;)SGR@ and (H S)SE[R{>0 defining H}.(B,) ® H*(Pp , ay) —
HF (PBszl, a,) are family of Hamiltonians of constant slope a, in C*(S* x PBszl) and C*®(S! x
(Bo)vorel X Pp,), respectively. Finally, the Hamiltonian (H,)ep defining HF(Pp .p ,0a) =
HF*(Pg,yp,, F*Ap) is of the form

H, = (1 - p(s))F*Ap + p(s)Aq,

for some Hamiltonian A, € C®(S x Pp «p,) that is of constant slope a;, and some monotone
increasing function p : R — [0, 1] such that p(s) = 0 for s < 0 and p(s) = 1 for s > 0.

" More precisely, we need to use the restriction of Hy to the finite approximations to define the continuation maps and
then pass to direct limit.
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Letp™ : Ryy — [0,1],p7 : Ry — [0,1] and p : R — [0, 1] be monotone increasing functions
such that p*(s), p~(s), p(s) = 0 when s near the left end, and p*(s), p~(s), p(s) = 1 when s near
the right end. To construct a homotopy between the two concatenation of Floer data coming from
the two compositions, we consider (H,)ser,, rer € C®(St x Py, ) of the form

H,, = (1= p()Aq, + p0)((1 = p* ) Ap, +p*(9)Aq,)

and (H],)ser_, rer € C¥(S! X Py g ) of the form

H], = p~(5)((1 = PR Ag, + PR [ Ay, ) + (1 = p~(SDF* Ay

where h : Pp v, — Pp, is the obvious map (as in Lemma/Definition 5.3). Notice that for any
fixedr,Hy, = A, when s> 0,H;, = F*Ap whens <0, and h*Hg, = H! when s is close to 0.
It is stralghtforward to check that for all r, the slope of H;, and H along any gradient trajec-
tory is decreasing. Therefore, the maximum principle can be apphed Moreover, for appropriate
et,p7, p, the limit as r — +o0o can be made arbitrarily close to the glued Floer data of the two
compositions, respectively. Therefore, the rigid count of the moduli space associated to the pair
(H sr)serygrer and (H ;,r)seleo,reR defines a homotopy between the two chain level compositions
and hence induces the comutativity of (114). This finishes the proof. O

Our next task is to define IT, and I1;. The pullback diagram we use this time is

P yp, = (B, X By XM X ET)/T —% (By X ET X M)/T = Py,

l l (115)

(B, X B, X ET)/T S (B, XET)/T

Leth, : Pp w5, — Pp, be the obvious map. The bundle in the second column is equipped with the
admissible base triple (1,, g,, V,). We can choose a Riemannian metric on (B, X B; X ET)/T such
that the second horizontal map is a Riemannian submersion. By doing the same Morsification
procedure as above to the pullback of 7, on (B, X B; X ET)/T, we can obtain an admissible base
triple for the bundle in the first column such that the pushforward maps

HF*(Py yp , 15 f3A;) = HF* (P, f3A;)
and
HF*(Pp yp ,h5A;) - HF*(Py , Ap)

are well-defined. Moreover, we have the following tautological commutative diagram (as in the
proof of Proposition 4.11)

o~ y i3 * *
HF*(Py 3, h3f3A;) ——> HF*(Pg,, f3Ay)

l ) l (116)

~ i
HF*(Pyyp,, WAp) ———> HF*(Py,Ayp)
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Recall the bounds from (109) and (110). By Lemma 2.19, we have the following commutative
diagram

HF*(Pp,up,,F3Ap) —> HF*(Ppyp,,a;) — HF*(Pyyp . h;f3Ap)

C”Zl l l 117)

HF*(Pp s, Ar) —> HF*(Ppxs,,a1) —> HF*(Py,up,, h3A;)

By Lemma 3.8, for the second vertical map, we can use either the Borel model (B, X ET X By X
M XET)/T or (B, X By X M X ET)/T for Py, . For the square on the left, we picked the former
choice when we define CFz‘ However, for the square on the right, we can use the latter model
to make it consistent with (116) Now, by combining (116) and (117), we get II,, IT; as well as the
commutativity of the middle right square in (107).

By Lemmas 2.19, 2.30, and 2.37, we obtain the commutative diagram

H7(B,) ® HF*(Py,, Af,) — H;(B,;) ® HF*(Pg,, a,) — H;(B,) ® HF;(M, a;)

| i LT

HF*(Py ., FiAp) ———— HF*(Py .5 ,a;) —> HF*(Py,, ;) —— HF*(Py, f1A;))

(118)
which gives the commutativity of the top right square in (107).
By Lemmas 2.19, 2.37 and Corollary 2.38, we obtain the commutative diagram

HF*(Py,xp,, Ap) — HF*(Pg , A},

| S

HF*(Pp,xp,, ;) —> HF*(Pg,,a,) — HF;(M, a,)
which gives the commutativity of the bottom right triangle in (107).
Theorem 5.6. The map
alQG) » SHi(M)
[B,a, 1~ Spa ey)
is an algebra homomorphism (cf. (2)).

Proof. As explained in the paragraph after (107), it suffices to verify the commutativity of (107)
and the compatibility with passing to the direct limit with respect to slope. The commutativity of
(107) follows from Proposition 5.1, Lemmas 5.4, 5.5, and Equations (116), (117), (118), and (119). The
compatibility of this commutative diagram with respect to increasing the slope is straightforward
and left to the readers. O

Theorem 5.7 (= Theorem 1.1). There is a ring homomorphism:
S A%Q

polyG) = SH{,(M). (120)
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Proof. There is a natural isomorphism ([11, Lemma 5.3]):

A (Qpo1y G, ©)" = HZ (Q1 G, C). (121)
By Theorem 5.6, there is a ring map
S @ H (QpoyyG) — SH;(M). (122)

Note that, by Lemmas 3.9 and 3.10, we have
HF}(P,a) ~ HF;(P,a)"
so by the taking direct limit, we have
* _ w

SH; (M) = SHi(M)" .
By Proposition 4.34, this map (122) is W-equivariant and hence taking W- invariants induces a
map of the form (120). O
6 | COULOMBBRANCHES AND SYMPLECTIC COHOMOLOGY
6.1 | Background on Coulomb branches
In this section, we recall some relevant facts about Coulomb branch algebras. As in previous
sections, we let T C G be a maximal torus and W denote the Weyl group N(T)/T.

6.1.1 | Pure Coulomb branches

Definition 6.1. The algebra C(G;0) is defined to be the vector space Hf(Q
with the Pontryagin product.

poly G> C) equipped

The two basic geometric facts concerning Spec(C(G; 0)) are the following ([8]).

1) Hf(onlyG,C) is a Hopf algebra over H*(BG, C). As a consequence, Spec(C(G;0)) has the
structure of a group scheme over Spec(H*(BG, C)).

(2) The spectrum Spec(C(G;0)) is a smooth holomorphic symplectic manifold. Moreover the
“Toda projection”

Troda - SPeC(C(G;0)) — Spec(H*(BG, C)) (123)

defines a completely integrable system.

A root « is given by a homomorphism t- — C. We let D; C t. denote the union of the kernels
of the root homomorphisms. Similarly, for a co-root &V, its exponential defines a homomorphism
T{ — C*. We let D;v C T/ denote the union of the kernels of these co-root homomorphisms.
There is an isomorphism:

G,C) = C(G;0), (124)

a 3: (only
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where C(G;0) is the “affine blowup” of T*Tg with discriminant locus Dyv X Dy C T*TG\:’ from [8,
section 2.5]. Combining this with the isomorphism (121), we obtain that

A — W
HS(Q01 G, C) = C(G;0) . (125)

Note that the isomorphism (125) gives rise to a birational map

Trw & Spec(C(G;0)) — Spec(H L (o, T, O) = T*TY /W, (126)

poly

which is an isomorphism away from the Weyl quotient of pre-image of the root hyperplanes under

TToda-

Example 6.2. Let G = SU(2) and T be its maximal torus. Take C(T, 0) with coordinates z*!, .
Following the calculations from [8, section 3.2], we adjoin two more variables:

— 1-1/z
u:Z 1,U= / (127)
T T

to C(T, 0) to obtain the ring C(G;0). By a simple calculation, we have
C(G;0) = C[t,u,v]/(u — v — Tuv).

The Weyl group W := Z/2Z acts on this ring by u — v,7 - —1. The pure Coulomb branch is
then isomorphic to the Weyl invariants:

C(G:0) = €(G;0) = Clo,x,y]/(x* — 0y? — 2)). (128)

where 0 =72, x = (u+v)/2and y = uv/2.

6.1.2 | Teleman’s construction

We next review Teleman’s description ([44]) of the Coulomb branch associated to a “cotan-
gent type” representation E of G.. Being of cotangent type means that it comes with a (fixed)
decomposition of the form

E:=veVv. (129)

To describe the Coulomb branches, it is convenient to introduce an additional parameter u. The
Coulomb branch C(G; E) arises as the fiber over u = 0 in a flat family C°(G; E) over C[u]. We set
C°(G;0) := C(G;0)[u] and denote the parameterized (or “massive”) version of (123) by

Rroda * SPEC(C*(G;0) — Spec(H*(BG, O)[ul). (130)

Let v € t¥ be a weight of V under the action of T. We let ¢, : t- X C — C denote the linear
function

Y, (M, 1) = 1+ (v|n). (131
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64 of 69 | GONZALEZ ET AL.

Let (t x C)° denote the complements of the hyperplanes cut out by ¢,,(1, ) = 0. For any w € C*
and a weight v, we let w” : = exp(v log(w)) € Tg. Consider the following map: (t. X C)° — Té,

@, 1) = [0, )" (132)

Over (t x C)°, this defines a W-equivariant section, €}, of

o

7t : Spec(C°(T;0)) — Spec(H*(BT, C)[u]).

T
Toda
It therefore descends to a rational section &, of

T*T!/W X C = tc/W XC.

Definition 6.3. We define ¢, to be the proper transform of ¢, to Spec(C°(G;0)). For each u € C,
€y is a rational section of the Toda integrable system and thus defines a family of holomorphic
Lagrangians. We refer to ¢, as the Euler Lagrangian.

Remark 6.4. Equivalently, we can first take the proper transform of the rational section e@re defined
by (132) to the blow-up Spec(C°(G;0)) := Spec(C(G;0)[u]) and then take W-invariants.

Let U :=7°r;; 1ot X ©)%). Translation by e, using the group scheme structure on
Spec(C°(G; 0)) defines a rational fiberwise symplectomorphism

ey 1 C°(G;0)y = C°(G;0)y. (133)

Theorem 6.5 ([44, Theorem 1]). Let A, denote the scheme given by gluing two copies of
Spec(C°(G;0)) by €. Then

C°(G;E) 2 T(Ay). (134)

In purely algebraic terms, the description of C°(G; E) from Theorem 6.5 is equivalent to say-

ing that C°(G; E) C C°(G;0) is the subring of C°(G;0) which remain regular after applying the
translation (133).

Example 6.6 ([44, Example 5.2]). Let G = U(1) and V = C? be arank 2 representation with weight
(1,-1). Let z*!, u, T be the coordinates on Spec(C°(G;0)). The rational automorphism given by
translation is:

+
&y :z—>z<Z_z>. (135)

The subring of functions which remain regular after this translation is generated by
wt, x=z(u—-1),y=2"u+1). (136)
The ring C°(G; E) is therefore given by
C°(G:E) = Clu, 7, x,y]/(xy = > = 7°). (137)

Note that after setting u = 0, we see that Spec(C(G; E)) has an A, singularity.
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Example 6.7 ([44, Example 5.3]). Let G = SU(2) and V = C? be the standard representation. The
restriction of this representation to the maximal torus T gives the previous example. The pure
Coulomb branches C°(G;0) and C"’_(E;_()) have been computed in Example 6.2 (up to adjoining
the formal variable u). On the Weyl-cover, C°(G; E), the relevant automorphism is still given by
(135) and the subring Cm) C C°(G;0) which remains regular after translation by the rational
section is generated by

x_
x:=/,m—z,y=,uv—z_1,w:: y. (138)
T

— W
In this case, we again have C°(G; E) = C°(G;E) .

Under the gluing construction, the rational section ¢, is identified with an open subset of the
unit section L;; in the other copy of Spec(C°(G;0)) (“chart”). Note that the image of this unit
section L;4 in Teleman’s scheme A, remains a section of the Toda projection (130) and hence its
image is automatically closed inside of the affinization Spec(C°(G; E)) (because functions pulled
back along the Toda projection restrict surjectively and both schemes in question are affine). It
follows that the closure of the subvariety €, inside of Spec(C°(G; E)) coincides with the image of
L,4 and hence defines a section &, C Spec(C°(G; E)) of the projection (130) (cf. [44, Theorem 3]).
Conversely, this property characterizes Spec(C°(G; E)) as follows:

Corollary 6.8. Let R be an H*(BG)[u] algebra such that Spec(R) is a Spec(C°(G; 0))-equivariant
partial compactification of Spec(C°(G; 0)) which compactifies €, to a section &, of the massive Toda
projection. Then R is a subalgebra of C°(G; E).

Proof. The orbit of &, under the group defines a second chart Spec(C°(G; 0)) — Spec(R). Together
our two orbits/charts give a map from Teleman’s scheme to Spec(R):

Ay 1= Spec(C°(G;0)) U Spec(C°(G;0)) — Spec(R). (139)

There is a pullback on global functions R — I'(A,) = C°(G; E) which must be injective. In other
words, R is a subalgebra of C°(G; E). O

We conclude this section by mentioning a few further properties of Coulomb branches which
are important, but not needed for our immediate purposes.

(1) The Coulomb branch C(G; E) (and indeed the entire family C°(G; E)) can be shown to be inde-
pendent of the decomposition (129). However, this requires further analysis (see [11, section
6(viii)]).

(2) Note that in Example 6.6, the Coulomb branch at u = 0 is singular as it is in general a singu-
lar (Poisson affine) variety. Canonical (partial) resolutions of Coulomb branches have been
studied in [12].

6.2 | Proof of Theorem 1.4

Let (M, w, 0) be a Liouville domain with a convex Hamiltonian G-action. Recall from Remark 1.3
that SH7, (M, C) denotes the version of symplectic cohomology defined over C. We have the
following obvious variant of Theorem 5.7:
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Corollary 6.9. Let (M, w, 6) be a Liouville domain with a convex Hamiltonian G-action. Then there
is a ring homomorphism:

St AY(Qp1yG) — SH(M, C). (140)

Next, let V : = C" be a unitary representation of G. Introduce complex coordinates z; on C" as
well as corresponding polar coordinates (r;, 8;). Equip this with the standard symplectic form

i

The Hamiltonian K = 7|z|? generates the diagonal circle action S x C"* — C"

el (zy,..,2,) = (ez,,...,e* 7). (142)

The unit ball V is a Liouville domain with contact boundary S2"~!. We consider the G x S!
equivariant symplectic cohomology SH (*}x - (V,C) (as well as SH;>< - (V, ©)), where the additional

S!-factor corresponds to the diagonal rotation (142). The diagonal rotation defines a Seidel oper-
ator s, which acts on H;X Gl (V, C). This Seidel operator determines symplectic cohomology as
follows:

Lemma 6.10 (Localization). There is an isomorphism:

SH? o(V,©) = H . (V, O)lsy'l (143)

Proof. See [36] for the nonequivariant version and [30, section 5.1] for the equivariant version. []
Next, view C°(G;0) :=H%(Q,qyG)[u] as a subalgebra of fosl(only(G x S1)) =

HE(Qpo1yG)[u, w*] given by those elements which are constant in w. There is therefore a
ring homomorphism:

o . * \ /
C°(G10) » SH, ,(V,C). (144)

Theorem 6.11 (= Theorem 1.4). The following hold.

(1) There is a C-algebra isomorphism F(Oe\/) = SH;;X Sl(\_/, C). Moreover, the inclusion e, corre-
sponds to the homomorphism (144).
(2) There is a commutative diagram:

C°(G;E) —>— H}, ,(V,0)

i \Lac (145)

C(G:0)[u] —=5 SHy,(V,C).

Proof. Proof of Claim (1): We first calculate the Seidel operator for the diagonal circle action (142)
viewed as an operation on H ;X - (V, C). Suppose first that V : = C,,, a rank-one representation of T

with weight v. The diagonal action acts by the Hamiltonian loop ¢ — ¢! z. Then by the argument
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of [30, Theorem 5.6]" the Seidel operator for this loop is given by ¢,,(, u) := u + (v|n) viewed as
an element of H %X . (V). Here, we identify H. ;X a (V) with Hom(t. X C, C).

In general, our representation of T decomposes as a direct sum of these one-dimensional rep-
resentations, and the Seidel operator s, for the diagonal circle action is clearly the product of the
Seidel operators for these representations. In other words, we have

Sp = H%(m#)- (146)

By Lemma 6.10, it follows that
0 ~ * 7
(tc XC)* = SH_,(V,0). 147)

Now trivialize T = (S')". The ith circle will act on each of the one-dimensional representations
with some weight v; and the corresponding Seidel operator s; will be

NS H%bv(naﬂ)vi- (148)

It follows that the homomorphism C(T,0)[u] —>SH;X$1(\7, C) is given by (132). By (the

T-equivariant version of) Corollary 6.9, this homomorphism extends to

C°(G;0) := H](QpoyG)[K] = SH, ,(V,C). (149)

As the subscheme corresponding to (132) is irreducible and does not lie entirely in the blowup
locus, the subscheme corresponding to (149) must coincide with its proper transform. By
Remark 6.4, taking Weyl invariants gives the homomorphism (144) as claimed.

Proof of Claim (2): As in Corollary 6.8, we let &, denote the compactified section. The image of
the pullback of F(Oév) =~ H*(BG)[u] is characterized intrinsically as the free rank-one H*(BG)[u]
submodule of P(Oe\v) containing the unit. Under the isomorphism F((De\v) ~ SH* _(V,C) from

_ -\ GxS1
Theorem 6.11, this corresponds to the inclusion H*__ (V,C) —» SH* _ (V,C). O

GxS1 GxSt
Corollary 6.12. Let R be an H*(BG)[u] algebra such that Spec(R) is a Spec(C°(G; 0))-equivariant
partial compactification of Spec(C°(G;0)) where R fits into (145). Then R is a subalgebra of
C°(G;E).

Proof. This is a direct reinterpretation of Corollary 6.8 in view of Theorem 6.11. O
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