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We derive the asymptotic solution for the onset of steady, linear, Boussinesq convection9

in a rapidly rotating system with stress-free, fixed-flux boundary conditions. While the10

fixed-temperature (FT) case is attainable analytically with relative ease, the fixed-flux (FF)11

configuration presents greater complexity. However, in the rapidly rotating limit, the leading-12

order interior solution remains unaffected by the choice of thermal boundary conditions. We13

exploit this property by employing an asymptotic approach to characterise the differences14

between the FT and FF systems. Specifically, this involves constructing a composite boundary15

layer structure comprising an Ekman layer of thickness Ta−1/4, where Ta is the Taylor number16

(Ta ≫ 1 for rapid rotation), and a thermal boundary layer of thickness Ta−1/6, to accommodate17

the FF boundary condition. To capture both scales systematically, we introduce the small18

parameter 𝜀 = Ta−1/12, representing the ratio between the two boundary layer thicknesses,19

and use it to guide the asymptotic expansion. The asymptotic corrections capturing the20

differences between the two systems are combined with the FT system to construct the21

corresponding solution for the FF system. We find an asymptotic correction of O
(
Ta−1/2

)
to22

the critical Rayleigh number, corresponding wavenumber, vertical velocity, and temperature,23

along with a correction of O
(
Ta−1/6

)
to the vertical vorticity.24

Key words:25

MSC Codes (Optional) Please enter your MSC Codes here26

1. Introduction27

Thermal convection influenced by rotation has been extensively studied to understand key28

aspects of fluid dynamics in many geophysical and astrophysical contexts (e.g. Chandrasekhar29
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1961; Glatzmaier 2013; Zhang & Liao 2017; Ecke & Shishkina 2023). These include the30

circulation patterns within planetary atmospheres (e.g. Mitchell et al. 2021) and the motions31

in the interiors of planets (e.g. Heimpel et al. 2005; Aurnou et al. 2015) and stars (e.g.32

Miesch 2005). Rotating convection has been studied in the linear regime, where the onset33

may be steady or oscillatory, in the nonlinear regime, where motions may be laminar or34

turbulent, and has been investigated in different geometries such as planar, spherical and35

cylindrical domains, thus making it a rich subject. Our focus here is on plane-layer, steady,36

Boussinesq, linear convection in a rapidly rotating system.37

38

Mechanical and thermal boundary conditions play an important role in our ability to apply39

simplified models to real-world scenarios (e.g. Sakuraba & Roberts 2009; Long et al. 2020).40

In studies of convection, two limiting cases for thermal boundary conditions are frequently41

examined: (1) ‘perfectly conducting’ or fixed-temperature boundary conditions, where the42

temperature remains constant along the bounding surfaces, and (2) ‘perfectly insulating’43

or fixed-flux boundary conditions, where (for uniform thermal conductivity) the normal44

derivative of temperature is fixed at the boundaries. Thermal boundary conditions relevant45

to geophysical and astrophysical contexts often fall within the spectrum between these fixed-46

flux and fixed-temperature extremes. Comprehending the dynamics at these two extremes47

is therefore crucial to advancing our understanding of geophysical and astrophysical systems.48

49

Rotating Rayleigh-Bénard convection (RRBC) is the study of thermal convection in a50

horizontal fluid layer heated from below while the entire system is rotated about the vertical51

axis, thereby combining buoyancy-driven and rotational effects. For Boussinesq, linear52

RRBC under rapid rotation, the case with impermeable, stress-free and fixed-temperature53

boundaries is notable as it can be solved analytically (e.g. Chandrasekhar 1961). The case54

with fixed-flux boundaries presents greater complexity as the eigenfunctions are no longer55

simple trigonometric functions. However, since, under the constraint of rapid rotation, the56

balance between Coriolis, buoyancy and viscous terms leads to a very small preferred57

horizontal length scale, the solution in the bulk of the fluid is independent of the choice58

of boundary conditions. Thus, different mechanical and thermal boundary conditions can59

be explored through perturbative methods; this enables analytical progress beyond the60

impermeable, stress-free and fixed-temperature case. Exploiting this property, we derive61

asymptotic solutions for the linear onset of steady, Boussinesq, RRBC under rapid rotation62

with impermeable, stress-free, fixed-flux boundary conditions.63

64

In the absence of rotation, the most readily destabilised mode of linear Rayleigh-65

Bénard convection with impermeable, stress-free, fixed-temperature boundaries has a finite66

wavenumber (Chandrasekhar 1961). In contrast, for fixed-flux boundary conditions, the67

wavenumber of the most readily destabilised mode is zero, imposing large aspect ratio cells68

at onset (Hurle et al. 1967). Chapman & Proctor (1980) considered the evolution of long but69

finite wavelength perturbations in the nonlinear regime, showing that steady solutions favour70

the growth of the longest possible wavelength in large domains. These wide cells continue71

to dominate at high Rayleigh number (Hewitt et al. 1980), where the Rayleigh number Ra is72

a dimensionless measure of the thermal driving. Johnston & Doering (2009) showed using73

two-dimensional numerical simulations that the heat transport of the fixed-temperature and74

fixed-flux systems converge at Ra ≈ 5 × 106 for Pr = 1, where the Prandtl number Pr is75

the ratio of thermal diffusivity to kinematic viscosity, and the flow becomes turbulent. For76

three-dimensional simulations, the heat transport for both cases also becomes equal, but at a77

higher value of Ra (Stevens et al. 2011).78

79
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The onset of linear RRBC with impermeable, stress-free and fixed-flux boundaries has80

been studied by Dowling (1988), who determined the rotational strength required for the81

critical wavenumber 𝑘𝑐 to become non-zero. For 0 ⩽ Ta < 97.4, where Ta is the Taylor82

number, a nondimensional measure of the rotation rate, the onset of convection is steady with83

𝑘𝑐 = 0. For 97.4 < Ta < 180.15, either stationary convection with 𝑘𝑐 = 0 or overstability84

with 𝑘𝑐 ≠ 0 occurs at onset, depending on Pr. For Ta > 180.15, the system can favour steady85

or oscillatory convection, both with 𝑘𝑐 > 0. Takehiro et al. (2002) investigated both the86

weakly rotating and rapidly rotating linear systems with stress-free and fixed-flux boundary87

conditions at the onset of convection. Using a modal truncation approach, they demonstrated88

that, as Ta → ∞, the critical Rayleigh number and wavenumber for both types of thermal89

boundary conditions converge.90

91

In a related problem, Niiler & Bisshopp (1965) exploited the property of rapidly rotating92

convection being independent of the choice of boundary conditions in the bulk of the fluid93

by perturbing the stress-free, fixed-temperature solution to determine the role of no-slip94

boundary conditions. Niiler & Bisshopp (1965) focused on linear steady modes. Their work95

was extended by Heard & Veronis (1971), who considered both steady and oscillatory96

onset. The influence of the no-slip conditions is manifested through the formation of Ekman97

boundary layers at the top and bottom surfaces. The Ekman layer has thickness Ta−1/4,98

and adjusts the interior geostrophic flow to zero velocity at the bounding surfaces via99

Ekman suction. The Ekman layer also affects the temperature near the boundary. As a100

result, an additional diffusive boundary layer of thickness Ta−1/6 is needed to satisfy the101

fixed-temperature boundary condition, leading to a double boundary layer structure (Heard102

& Veronis 1971). Instead of following the classical approach of solving inner and outer103

solutions separately before matching, Heard & Veronis (1971) constructed a uniformly104

valid composite expansion from the outset by incorporating multiple scales. This approach105

yields a system of equations that simultaneously involves both boundary layer and interior106

variables, making the solution valid across the entire domain. Similarly, satisfaction of the107

boundary conditions also requires contributions from all relevant scales to be satisfied.108

109

More recently, Calkins et al. (2015) pursued an asymptotic approach for small Rossby110

number (the ratio of inertial to Coriolis forces) to investigate the nonlinear regime for111

stress-free, fixed-flux RRBC under rapid rotation. From the outset, in a similar manner to112

that of Heard & Veronis (1971), they constructed a uniformly valid composite expansion113

by incorporating multiple scales, with the velocity, temperature, vorticity and pressure114

decomposed into interior, middle and Ekman layer components. The composite expansion115

relies on the premise that the interior flow resembles that of the fixed-temperature system.116

Calkins et al. (2015) derived the leading-order equations governing each of the interior,117

middle, and Ekman layer regions. Focusing on stress-free mechanical boundaries, they118

show that the influence of the boundary layers on the interior is asymptotically weak, and119

therefore that, to leading order, the solutions for fixed-temperature boundaries and fixed-flux120

boundaries are equivalent within the rapidly rotating limit.121

122

In this paper, we derive asymptotic solutions for the linear onset of steady, Boussinesq123

RRBC under rapid rotation with impermeable, stress-free, fixed-flux boundary conditions;124

the large parameter allowing an asymptotic approach is the Taylor number Ta. Our approach125

centres on deriving the governing equations and corresponding solutions for the departures126

from the fixed-temperature system. Combining these departures with analytical solutions for127

the problem with fixed-temperature boundaries yields asymptotic solutions for the fixed-flux128
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system.129

130

The paper begins with a brief overview of the linear stability analysis of the RRBC system,131

presented in § 2. The governing equations for the differences between the solutions for the132

two different thermal boundary conditions are derived in § 3. Before deriving solutions133

mathematically, the structure of the solutions is evaluated numerically in § 4; the numerical134

results aid in determining the size of the small parameter used in the asymptotic expansion.135

An asymptotic expansion approach is conducted in § 5. The solutions to the fixed-flux system136

are constructed in § 6. Finally, concluding remarks are given in § 7.137

2. Mathematical formulation138

2.1. Governing equations139

We consider a layer of Boussinesq fluid of infinite horizontal extent confined between two140

horizontal planes located at 𝑧 = 0 and 𝑧 = 𝑑, heated from below. The system rotates with141

uniform angular velocity 𝜴 = 𝛺ẑ, where ẑ is the unit vector in the vertical direction on142

the Cartesian coordinate system. The acceleration due to gravity is g = −𝑔ẑ. The fluid has143

constant kinematic viscosity 𝜈, coefficient of thermal expansion 𝛼 and thermal diffusivity 𝜅.144

The basic state is hydrostatic, with a linear temperature profile in 𝑧, with the lower boundary145

at temperature 𝑇0, and the upper boundary at temperature 𝑇0 − Δ𝑇 . We denote perturbations146

to the basic state in velocity, pressure and temperature by u = (𝑢, 𝑣, 𝑤), 𝑃 and 𝜃, respectively.147

On adopting the standard scalings of length with 𝑑, time with 𝑑2/𝜅, temperature with Δ𝑇 ,148

and pressure with 𝜌0(𝜅/𝑑)2, where 𝜌0 is the (constant) reference value of the fluid density,149

the nondimensional equations governing linear perturbations from the basic state may be150

written as151

𝜕u

𝜕𝑡
+ PrTa1/2

ẑ × u = −∇𝑃 + RaPr𝜃ẑ + Pr∇2
u, (2.1)152

153

∇ · u = 0, (2.2)154
155

𝜕𝜃

𝜕𝑡
= 𝑤 + ∇2𝜃. (2.3)156

The three dimensionless parameters of the system — the Rayleigh number, Prandtl number,157

and Taylor number — are defined respectively by158

Ra =
𝑔𝛼Δ𝑇𝑑3

𝜈𝜅
, Pr =

𝜈

𝜅
, Ta =

4𝛺2𝑑4

𝜈2
. (2.4)159

The Rayleigh number can equivalently be defined in terms of 𝛽 = Δ𝑇/𝑑, the basic state160

temperature gradient (e.g. Calkins et al. 2015).161

162

In analysing equations (2.1)–(2.3), it is convenient to work with the vertical velocity 𝑤,163

the vertical vorticity 𝜁 and the temperature 𝜃. The pressure and the horizontal velocity164

components are eliminated by the standard procedure of applying the operators ẑ · ∇× and165

ẑ · ∇ × ∇× to equation (2.1), giving166

𝜕𝜁

𝜕𝑡
− Pr∇2𝜁 = PrTa1/2 𝜕𝑤

𝜕𝑧
, (2.5)167

168

𝜕

𝜕𝑡
∇2𝑤 − Pr∇4𝑤 = −PrTa1/2 𝜕𝜁

𝜕𝑧
+ RaPr∇2

𝐻𝜃, (2.6)169

where the horizontal Laplacian is defined by ∇2
𝐻
= 𝜕2

𝑥 + 𝜕2
𝑦 . Following the classical approach170

Focus on Fluids articles must not exceed this page length
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to the rotating convection problem (e.g. Chandrasekhar 1961), we seek solutions to (2.3),171

(2.5) and (2.6) of the form172

𝑤 = 𝑤̂(𝑧) 𝑓 (𝑥, 𝑦)𝑒𝑠𝑡 , 𝜃 = 𝜃 (𝑧) 𝑓 (𝑥, 𝑦)𝑒𝑠𝑡 , 𝜁 = 𝜁 (𝑧) 𝑓 (𝑥, 𝑦)𝑒𝑠𝑡 , (2.7)173

where 𝑠 = 𝜎 + 𝑖𝜔 is the complex growth rate, with 𝜎, 𝜔 ∈ R, and where the planform174

function 𝑓 (𝑥, 𝑦) satisfies ∇2
𝐻
𝑓 = −𝑘2 𝑓 , where 𝑘 is the horizontal wavenumber.175

176

We shall restrict ourselves to a regime in which steady modes of instability are preferred.177

This is guaranteed for sufficiently large Pr; an implicit expression for the critical value178

of Pr above which steady modes are preferred, for arbitrary Taylor number, is given by179

Kloosterziel & Carnevale (2003) and Hughes et al. (2022). Furthermore, we consider180

marginally stable steady modes, which are characterised by having growth rate 𝑠 = 0.181

Substituting the ansatz (2.7) (with 𝑠 = 0) into equations (2.3), (2.5) and (2.6), and dropping182

the hats, gives the following system:183 (
D2 − 𝑘2

)
𝜃 = −𝑤, (2.8)184

185 (
D2 − 𝑘2

)
𝜁 = −Ta1/2D𝑤, (2.9)186

187 (
D2 − 𝑘2

)2

𝑤 = Ta1/2D𝜁 + 𝑘2𝑅𝑎𝜃, (2.10)188

where D ≡ d/d𝑧. The onset of steady convection is independent of Pr.189

190

We impose impermeable and stress-free mechanical boundary conditions, expressed as191

𝑤 = D2𝑤 = D𝜁 = 0 on 𝑧 = 0, 1. (2.11)192

This paper focuses on the two different thermal boundary conditions, namely fixed-193

temperature (FT) and fixed-flux (FF), defined respectively as194

𝜃 = 0 on 𝑧 = 0, 1, (2.12)195

and196

D𝜃 = 0 on 𝑧 = 0, 1. (2.13)197

2.2. Linear stability analysis198

Solutions to the FT system can be determined analytically (e.g. Chandrasekhar 1961). The199

most readily excited steady mode of instability is given by200

𝑤𝑡 = sin 𝜋𝑧, 𝜃𝑡 =
1

𝜋2 + 𝑘2
sin 𝜋𝑧, 𝜁𝑡 =

𝜋Ta1/2

𝜋2 + 𝑘2
cos 𝜋𝑧, (2.14)201

where the subscript 𝑡 denotes solutions to the FT system. The Rayleigh number for marginal202

stability can be expressed as a function of the wavenumber and Taylor number as203

Ra𝑡 =

(
𝜋2 + 𝑘2

)3
𝑘2

+ 𝜋2Ta

𝑘2
. (2.15)204

The critical Rayleigh number Ra𝑐𝑡 , defined as the threshold at which convection first sets205

in, and the associated critical wavenumber 𝑘𝑐𝑡 of the most readily destabilised mode are206

determined by minimising Ra𝑡 with respect to 𝑘 . This procedure is ‘exact’, subject to the207

(numerical) solution of the cubic equation for the critical value of
(
𝑘𝑐𝑡

)2
:208

2
(
𝑘𝑐𝑡

)6 + 3𝜋2
(
𝑘𝑐𝑡

)4 − (𝜋6 + 𝜋2Ta) = 0. (2.16)209
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In the asymptotic limit of very rapid rotation (Ta → ∞), the critical values of Ra𝑡 and 𝑘𝑡210

take the form211

Ra𝑐𝑡 ∼ 3

(
1

2
𝜋2Ta

)2/3
, 𝑘𝑐𝑡 ∼

(
1

2
𝜋2Ta

)1/6
. (2.17)212

Thus, convection is inhibited as the rotation rate increases, while the horizontal scale of the213

critical mode decreases.214

215

In contrast to the FT system, solutions to the FF system cannot be expressed in216

a straightforward analytical form. Nonetheless, equations (2.8)–(2.10) with boundary217

conditions (2.11) and (2.13) can be solved numerically. We use the Matlab boundary value218

solver BVP5c, obtaining eigenfunctions 𝑤 𝑓 , 𝜃 𝑓 , and 𝜁 𝑓 , as well as the critical values 𝑅𝑎𝑐
𝑓

219

and 𝑘𝑐
𝑓

across a range of Taylor numbers, where the subscript 𝑓 denotes solutions to the FF220

system. The BVP5c solver, which is a finite difference method that implements the 4-stage221

Lobatto IIIa formula (Shampine & Kierzenka 2008), provides the option to incorporate a222

free parameter, making it a suitable choice for solving eigenvalue problems. Furthermore,223

the BVP5c solver is particularly suited to this problem, since it selects the appropriate number224

of mesh points to ensure that all fine-scale structures are resolved.225

226

Figure 1 shows 𝑤, 𝜃 and 𝜁 for both the FT and FF systems, with Ta = 1010. The chosen227

Taylor number is sufficiently large to be within the rapidly rotating regime, while still228

allowing for the visualisation of most small-scale flow structures on the plot. It can be229

seen that on this global scale the solutions are essentially identical within the bulk of the230

fluid, yet they diverge noticeably near the top and bottom boundaries for 𝜃 and 𝜁 . A closer231

examination of the region near the 𝑧 = 0 boundary is depicted in the inset figures, illustrating232

the boundary layers occurring in this region for the FF system. The influence of the boundary233

layers is small but clearly visible in the insets in figures 1(b, c) but not in 1(a). (Looking234

ahead, the precise structure of the boundary layers will be made clearer in figure 3 in § 4.)235

At this stage, the crucial point to note is that the similarity of the solutions within the bulk236

of the fluid suggests that analytical headway may be made by expressing the FF system as a237

small departure from the FT system.238

239

Figure 2 presents the critical Rayleigh number and critical wavenumber versus Taylor240

number for both the FT and FF systems. The critical values are scaled via the asymptotic241

relations (2.17), valid as Ta → ∞. Accordingly, the scaled critical Rayleigh number and242

wavenumber are Ra𝑐Ta−2/3 and 𝑘𝑐Ta−1/6, respectively. Figure 2 also incorporates the243

analytical findings of Dowling (1988), who examined the opposite limit of the steady linear244

instability of a weakly rotating system, via a perturbation approach. Figure 2 shows that the245

critical values of the FF system converge towards those of the FT system as Ta → ∞.246

To illustrate the convergence of critical values more precisely, their respective relative247

differences, |Ra𝑐
𝑓
/Ra𝑐𝑡 −1| and |𝑘𝑐

𝑓
/𝑘𝑐𝑡 −1| are presented in figure 2(c). The relative difference248

for both critical values tends towards zero as the Taylor number is increased, with a scaling249

of Ta−1/2.250

3. Derivation of the ‘departure system’251

We express solutions to the FF system as perturbations from the FT system as252

𝑤 𝑓 = 𝑤𝑡 +𝑊, 𝜃 𝑓 = 𝜃𝑡 + Θ, 𝜁 𝑓 = 𝜁𝑡 + 𝑍, Ra 𝑓 = Ra𝑡 + R, (3.1)253
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Figure 1: Eigenfunctions of (a) vertical velocity, (b) temperature and (c) vertical vorticity,
for FT boundary conditions (dashed blue) and FF boundary conditions (solid red), with

Ta = 1010; the inset figures show a magnified view of the boundary layers within the
boxed region near 𝑧 = 0. The eigenfunctions are normalised so that max(𝑤) = 1.
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Figure 2: Numerically computed, asymptotically scaled critical (a) Rayleigh number and
(b) wavenumber as functions of Taylor number for FT and FF boundary conditions. The
dashed lines with open circles show the values calculated from the explicit formula of
Dowling (1988). (c) The relative difference, as a function of Ta, of the critical Rayleigh
number (solid) and wavenumber (dashed) between solutions with FT and FF boundary

conditions. The relative difference for both critical values scales as Ta−1/2.

where 𝑊 , Θ, 𝑍 , and R represent the departures from the FT system. For a fixed Taylor254

number, we aim to find solutions for 𝑊 , Θ and 𝑍 , as well as the corresponding marginal255

values of R as a function of 𝑘 .256

257

We first consider the heat equation (2.8), which, for both sets of thermal boundary258

conditions, takes the form259 (
D2 − 𝑘2

)
𝜃{ 𝑓 ,𝑡 } + 𝑤{ 𝑓 ,𝑡 } = 0. (3.2)260

On subtracting the FT variant of equation (3.2) from its FF counterpart, and using (3.1), we261

obtain262 (
D2 − 𝑘2

)
Θ +𝑊 = 0. (3.3)263

Repeating this process for equations (2.9) and (2.10) yields,264 (
D2 − 𝑘2

)
𝑍 + Ta1/2D𝑊 = 0, (3.4)265

266 (
D2 − 𝑘2

)2

𝑊 − Ta1/2D𝑍 − 𝑘2𝑅𝑎 𝑓Θ − 𝑘2(𝑅𝑎 𝑓 − 𝑅𝑎𝑡 )𝜃𝑡 = 0. (3.5)267
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In seeking solutions for Θ, 𝑍 and 𝑊 , it is convenient to exploit the Boussinesq symmetry268

of the problem, which allows us to solve equations (3.3), (3.4) and, (3.5) on the domain269

𝑧 = [0, 1/2], with appropriate symmetry conditions imposed at 𝑧 = 1/2. The complete270

solutions on the interval 𝑧 = [0, 1] are readily obtained from the symmetry relations271

Θ(𝑧) = Θ(1 − 𝑧), 𝑊 (𝑧) = 𝑊 (1 − 𝑧), 𝑍 (𝑧) = −𝑍 (1 − 𝑧), (3.6)272

for 𝑧 ∈ [1/2, 1], as confirmed by figure 1. The symmetry conditions (3.6), together with the273

normalisation condition of 𝑤 = 1 at 𝑧 = 1/2, provide the mid-point boundary conditions:274

𝑊 = 𝑍 = D𝑊 = DΘ = 0 at 𝑧 = 1/2. (3.7)275

Impermeable and stress-free mechanical boundary conditions on 𝑧 = 0 for the FT and FF276

systems, given by equation (2.11), imply that the departure solutions must satisfy277

𝑊 = D2𝑊 = D𝑍 = 0 on 𝑧 = 0. (3.8)278

The thermal boundary condition at 𝑧 = 0 is given by279

DΘ(0) = D𝜃 𝑓 (0) − D𝜃𝑡 (0) = − 𝜋

𝜋2 + 𝑘2
, (3.9)280

where D𝜃 𝑓 (0) is specified by the boundary condition in (2.13), and D𝜃𝑡 (0) is obtained from281

the solution of the FT system, as given in expression (2.14). At this stage, equations (3.3)–282

(3.5), with boundary conditions (3.7)–(3.9), are still exact. Henceforth, solving the governing283

equations will involve some degree of approximation.284

285

Figure 2 shows that for large Taylor numbers, the critical values of Ra and 𝑘 for the FT286

and FF problems agree at leading-order. It is therefore helpful to express the marginal values287

sufficiently close to critical for both the FT and FF systems as: Ra{ 𝑓 ,𝑡 } = Ta2/3𝑅𝑎{ 𝑓 ,𝑡 } and288

𝑘 = Ta1/6 𝑘̃ . Note that variables denoted with a tilde represent scaled quantities throughout.289

290

Since, guided by the numerical solutions, the marginal Rayleigh number (sufficiently close291

to critical) for the two thermal boundary conditions differ only at O
(
Ta−1/2

)
(see figure 2),292

we may write293

𝑅𝑎 𝑓 = 𝑅𝑎𝑡 + Ta−1/2R̃. (3.10)294

Substituting (3.10) into equation (3.5) yields295 (
D2 − Ta1/3 𝑘̃2

)2

𝑊 − Ta1/2D𝑍 − Ta𝑘̃2
(
𝑅𝑎𝑡 + Ta−1/2R̃

)
Θ − Ta1/2 𝑘̃2R̃𝜃𝑡 = 0. (3.11)296

At leading order, the FT solutions (2.14) become297

𝑤𝑡 = sin 𝜋𝑧, 𝜃𝑡 =
1

𝑘̃2
Ta−1/3 sin 𝜋𝑧, 𝜁𝑡 =

𝜋

𝑘̃2
Ta1/6 cos 𝜋𝑧. (3.12)298

Substituting from (3.12) into equations (3.3), (3.4) and (3.11), and retaining only the dominant299

Θ term in (3.11), yields the governing equations for the departures from the FT system,300

expressed as301 (
D2 − Ta1/3 𝑘̃2

)
Θ +𝑊 = 0. (3.13)302

303 (
D2 − Ta1/3 𝑘̃2

)
𝑍 + Ta1/2D𝑊 = 0, (3.14)304

305 (
D2 − Ta1/3 𝑘̃2

)2

𝑊 − Ta1/2D𝑍 − Ta𝑘̃2𝑅𝑎𝑡Θ = Ta1/6R̃ sin 𝜋𝑧. (3.15)306
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Note that in equation (3.15), 𝑅𝑎𝑡 is known analytically as a function of the wavenumber 𝑘̃ ,307

given in (2.15). It is also important to note that although the Taylor number dependence of308

Ra𝑡 and 𝑘 has been taken into account in (3.13)–(3.15) (in the scaled parameters 𝑅𝑎𝑡 and309

𝑘̃), we have not, at this stage, determined the Taylor number scalings for Θ, 𝑊 and 𝑍 .310

311

It is worth striking a note of caution here about any approximations made in which small312

terms are neglected, such as those in (3.12). The very essence of this paper is to determine313

the small differences between the FT and FF systems. As such, we must be careful to check314

for later consistency when, as in (3.12), our derivation proceeds by neglecting small terms315

of O
(
Ta−2/3

)
in 𝜃𝑡 and O

(
Ta−1/6

)
in 𝜁𝑡 .316

4. Guidance from the numerical solutions317

Before tackling equations (3.13)–(3.15) via an asymptotic approach, which is the main goal318

of the paper and which we do in § 5, we examine the numerical solutions for the two sets319

of boundary conditions, thereby allowing us to obtain valuable insights into the structure320

and form of the differences between the FT and FF systems. Solutions for the departures321

from the FT solutions are determined simply from the difference between the numerical FF322

solutions and the exact FT solutions.323

324

Figure 3 presents the numerically calculated solutions for 𝑊 , Θ and 𝑍 at Ta = 1010, with325

the wavenumber equal to the critical wavenumber for the FF system: 𝑘̃ = 1.3038. On this326

scale it is clear, especially in figure 3(a), that the deviations span much of the domain, not just327

a region close to the boundary at 𝑧 = 0. Three spatial scales are present in figure 3: a narrow328

boundary layer close to 𝑧 = 0, seen in figure 3(a); an intermediate scale, seen in figure 3(b);329

and an interior scale (domain size), seen in figure 3(c). Figures 4(a-c) illustrate the balance330

of terms close to 𝑧 = 0 for equations (3.13)–(3.15), with Ta = 1010. Very close to the331

boundary (0 ⩽ 𝑧 ≲ 0.02), figure 4(c) shows a dominant balance in equation (3.15) between332

the viscous term D4𝑊 , the Coriolis term −Ta1/2D𝑍 , and the buoyancy term −Ta𝑘̃2𝑅𝑎𝑡Θ,333

with the buoyancy term varying only weakly with 𝑧, indicating the existence of an Ekman334

boundary layer (e.g. Greenspan 1968). In this very narrow region, figure 4(b) shows a335

dominant balance in the vorticity equation (3.14) between D2𝑍 and Ta1/2D𝑊 . At larger (yet336

still small) values of 𝑧 (0.02 ≲ 𝑧 ≲ 0.15), figure 4(a) shows a dominant balance in the heat337

equation (3.13) between D2Θ and −Ta1/3 𝑘̃2Θ, thereby classifying it as a purely diffusive338

layer. In this region, figure 4(b) shows a dominant balance in the vorticity equation (3.14)339

between D2𝑍 and −Ta1/3 𝑘̃2𝑍 , and figure 4(c) shows a dominant balance in equation (3.15)340

between the Coriolis term −Ta1/2D𝑍 and the buoyancy term −Ta𝑘̃2𝑅𝑎𝑡Θ. The balance341

of terms within the bulk of the domain (0.15 ≲ 𝑧 ⩽ 0.5) in equations (3.13)–(3.15) is342

depicted in figures 4(d-f). Departure solutions spread, beyond the boundary layers, into343

the bulk of the domain, although with a significantly smaller amplitude. It is instructive to344

compare the standard rotating Rayleigh-Bénard terms with the ‘additional’ term given by the345

right-hand side term in equation (3.15), identifiable by its sin 𝜋𝑧 dependence. In figure 4(c),346

this additional term, depicted by a dashed line, is insignificant. However, in the bulk of the347

fluid, it is of comparable magnitude to other terms, as shown by figure 4(f).348

349

These numerical results suggest that there exist three distinct regions of importance: an350

Ekman boundary layer, a diffusive thermal boundary layer, and the bulk region outside the351

boundary layers. The thickness of the Ekman boundary layer, 𝛿𝐸 , is established by equating352
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Figure 3: Numerical solutions of (a) vertical velocity, (b) temperature, and (c) vertical

vorticity of the difference between the FT and FF systems, with Ta = 1010 and 𝑘̃ = 1.3038.

the magnitudes of the dominant terms in equation (3.14) very close to the boundary at353

𝑧 = 0, namely D2𝑍 and Ta1/2D𝑊 , and by making use of the fact that, also very close to the354

boundary, the D4𝑊 and −Ta1/2D𝑍 terms in equation (3.15) are of comparable magnitude.355

Letting D ∼ 1/𝛿𝐸 , the balance from each equation gives the scalings356

𝑍

𝛿2
𝐸

∼ Ta1/2 𝑊

𝛿𝐸
and

𝑊

𝛿4
𝐸

∼ Ta1/2 𝑍

𝛿𝐸
, (4.1)357

and hence358

𝛿𝐸 = Ta−1/4, (4.2)359

corresponding to the scaling of a classical Ekman layer (Greenspan 1968).360

361

The thickness of the diffusive thermal boundary layer, 𝛿𝑇 , is established by equating the362

sizes of the dominant terms in the heat equation (3.13). Figure 4(a) indicates that the balance363

close to the boundary is between D2Θ and −Ta1/3 𝑘̃2Θ. Letting D ∼ 1/𝛿𝑇 , this dominant364

balance leads to the scaling365

Θ

𝛿2
𝑇

∼ Ta1/3
Θ, (4.3)366

and hence367

𝛿𝑇 = Ta−1/6. (4.4)368

5. Asymptotic determination of the departure solutions369

In this section, we shall derive asymptotic solutions to the system of equations (3.13)–(3.15),370

with boundary conditions (3.7)–(3.9). We begin by determining the inner solutions within371

the two boundary layers — Ekman and thermal. We then determine the outer solutions, valid372

within the bulk of the domain. Finally, we match the inner and outer solutions. It is helpful373

to introduce374

𝜀 =
𝛿𝐸

𝛿𝑇
= Ta−1/12 (5.1)375

as the small parameter in the asymptotic analysis, since it allows both boundary layer scales376

to be captured in terms of integer powers of 𝜀.377

Rapids articles must not exceed this page length
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Figure 4: Balance of terms close to the boundary 𝑧 = 0 (top row) and within the bulk
(0.15 ≲ 𝑧 < 0.5) (bottom row). The columns correspond to the heat equation (3.13) (left),

vorticity equation (3.14) (middle) and equation (3.15) (right), with Ta = 1010 and

𝑘̃ = 1.3038. The legends given for (a), (b) and (c) also correspond to (d), (e) and (f),
respectively. Solid lines indicate standard rotating Rayleigh-Bénard terms. The dashed

line depicts the ‘additional’ term, given by the final term in equation (3.15), identifiable by
its multiplication with sin 𝜋𝑧, to the standard rotating Rayleigh-Bénard terms.

5.1. Inner solutions378

To describe the boundary layer structure close to 𝑧 = 0, which involves both an Ekman layer379

and a thermal layer, we introduce the stretched coordinates S and Z, defined by380

𝑧 = 𝛿𝐸S = 𝜀3S and 𝑧 = 𝛿𝑇Z = 𝜀2Z. (5.2)381

382

383

In the heat equation (3.13), the relevant boundary layer length scale is 𝛿𝑇 = 𝜀2. In terms384

of the stretched coordinate Z, equation (3.13) becomes385

d2Θ

dZ2
− 𝑘̃2

Θ + 𝜀4𝑊 = 0. (5.3)386

Since we do not yet know the magnitudes of Θ and 𝑊 , we cannot at this stage pin down the387

definitive dominant balance in (5.3). We proceed by neglecting the third term
(
O

(
𝜀4𝑊

) )
, but388

must be aware to check the resulting solutions for self-consistency. Under these assumptions,389

equation (5.3) is approximated by390

d2Θ

dZ2
− 𝑘̃2

Θ = 0, (5.4)391
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with general solution392

Θ = 𝐴exp
(
−𝑘̃Z

)
+ 𝐵exp

(
𝑘̃Z

)
, (5.5)393

where 𝐴 and 𝐵 are constants. On moving out of the boundary layer (Z → ∞), the394

inner solution must remain finite: thus, 𝐵 = 0. For large Taylor numbers, the boundary395

condition (3.9) on Θ at 𝑧 = 0 can be asymptotically expanded in powers of 𝑘̃−2 and is, to396

leading-order, given by397

dΘ

dZ (0) = −𝜀6 𝜋

𝑘̃2
. (5.6)398

Ensuring thatΘ, given by expression (5.5) (with 𝐵 = 0), satisfies the boundary condition (5.6),399

yields 𝐴 = 𝜀6𝜋/𝑘̃3. Hence, the leading-order solution for Θ across the entire thermal400

boundary layer is given by401

Θ = 𝜀6 𝜋

𝑘̃3
exp

(
−𝑘̃Z

)
. (5.7)402

403

404

We next determine the velocity within the boundary layer region. The relevant length scale405

is now the thickness of the Ekman layer, 𝛿𝐸 = 𝜀3, and so we work in terms of the stretched406

coordinate S. Equations (3.14) and (3.15) become407 (
d2

dS2
− 𝜀2 𝑘̃2

)
𝑍 + 𝜀−3 d𝑊

dS = 0, (5.8)408

409 (
d2

dS2
− 𝜀2 𝑘̃2

)2

𝑊 − 𝜀3 d𝑍

dS = 𝑘̃2𝑅𝑎𝑡Θ + 𝜀10R̃ sin(𝜋𝜀3S). (5.9)410

By differentiating equation (5.8) with respect toS and applying the operator
(
d2/dS2 − 𝜀2 𝑘̃2

)
411

to (5.9), the vorticity 𝑍 can be eliminated between these two equations to give the following412

sixth order equation for 𝑊 :413 (
d2

dS2
− 𝜀2 𝑘̃2

)3

𝑊 + d2𝑊

dS2
= 𝑘̃2𝑅𝑎𝑡

(
d2

dS2
− 𝜀2 𝑘̃2

)
Θ + 𝜀10R̃

(
d2

dS2
− 𝜀2 𝑘̃2

)
sin(𝜋𝜀3S).

(5.10)414

On substituting the inner solution of Θ from expression (5.7), with Z replaced by 𝜀S, the415

first term on the right-hand side of (5.10) becomes zero, thereby removing any dependence416

on the inner solution for the temperature. Equation (5.10) then becomes417

d6𝑊

dS6
− 3𝜀2 𝑘̃2 d4𝑊

dS4
+ 3𝜀4 𝑘̃4 d2𝑊

dS2
− 𝜀6 𝑘̃6𝑊 + d2𝑊

dS2
= −𝜀12R̃

(
𝜋2𝜀4 + 𝑘̃2

)
sin(𝜋𝜀3S). (5.11)418

Proceeding under the assumption that 𝑊 > O
(
𝜀12

)
(which will be confirmed later), the419

leading order terms of equation (5.11) give420

d6𝑊

dS6
+ d2𝑊

dS2
= 0. (5.12)421

The solution that remains bounded as it exits the boundary layer (i.e. as S → ∞) and that422

satisfies the boundary conditions (3.8)(a,b) (i.e. 𝑊 = D2𝑊 = 0 on S = 0) is thus423

𝑊 = 𝐴

[
1 − exp

(
−S
√

2

)
cos

(
S
√

2

)]
. (5.13)424
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425

426

The inner solution for the vorticity 𝑍 is obtained by substituting for d𝑊/dS from (5.13)427

into (5.8), resulting in428 (
d2

dS2
− 𝜀2 𝑘̃2

)
𝑍 = −𝜀−3 𝐴

√
2

exp

(
−S
√

2

) [
cos

(
S
√

2

)
+ sin

(
S
√

2

)]
, (5.14)429

where all terms in (5.14) are needed to solve for 𝑍 . The inner solution that remains bounded430

on leaving the boundary layer (S → ∞) and that satisfies the boundary condition D𝑍 = 0431

on S = 0 is therefore432

𝑍 = 𝜀−4 𝐴

𝑘̃
exp(−𝜀𝑘̃S) + 𝜀−3 𝐴

√
2

exp

(
−S
√

2

) [
sin

(
S
√

2

)
− cos

(
S
√

2

)]
. (5.15)433

434

435

Finally, the constant 𝐴 in the expressions for𝑊 and 𝑍 from (5.13) and (5.15) is determined436

by substituting for the inner solutions from (5.7), (5.13), and (5.15) into (5.9), yielding437

𝐴 = 𝜀6 𝜋𝑅𝑎

𝑘̃
. (5.16)438

Consequently, the boundary layer solutions for 𝑊 and 𝑍 take the form:439

𝑊 = 𝜀6 𝜋𝑅𝑎

𝑘̃

[
1 − exp

(
−S
√

2

)
cos

(
S
√

2

)]
, (5.17)440

441

𝑍 = 𝜀2 𝜋𝑅𝑎

𝑘̃2
exp(−𝜀𝑘̃S) + 𝜀3 𝜋𝑅𝑎√

2 𝑘̃
exp

(
−S
√

2

) [
sin

(
S
√

2

)
− cos

(
S
√

2

)]
. (5.18)442

Note that, although the second term in expression (5.18) is asymptotically smaller than the443

first, their derivatives are of the same magnitude — and hence the inclusion of both terms is444

essential to satisfy the boundary condition D𝑍 = 0 on S = 0.445

446

Having determined the leading order inner solutions for Θ, 𝑊 and 𝑍 , it can be shown447

that the assumptions made en route are indeed self-consistent. From expression (5.17) we448

know that 𝑊 = O
(
𝜀6
)
. Therefore, the 𝜀4𝑊 term in equation (5.3) is O

(
𝜀10

)
, whereas the449

other terms in the equation are O
(
𝜀6
)
. Hence, neglecting the 𝜀4𝑊 term in (5.3) is justified.450

Furthermore, in equation (5.11), we assumed that the magnitude of𝑊 is greater than O
(
𝜀12

)
,451

which is also a valid assumption.452

5.1.1. Summary of inner solutions453

From (5.17), (5.7), and (5.18), the inner solutions — which satisfy the boundary conditions454

at 𝑧 = 0 and which remain finite on exiting the boundary layer — are expressed as455

𝑊𝑖𝑛 = 𝜀6 𝜋𝑅𝑎𝑡

𝑘̃

[
1 − exp

(
−𝜀−3𝑧
√

2

)
cos

(
𝜀−3𝑧
√

2

)]
, (5.19)456

457

Θ𝑖𝑛 = 𝜀6 𝜋

𝑘̃3
exp

(
−𝜀−2 𝑘̃ 𝑧

)
, (5.20)458

459

𝑍𝑖𝑛 = 𝜀2 𝜋𝑅𝑎𝑡

𝑘̃2
exp

(
−𝜀−2 𝑘̃ 𝑧

)
+ 𝜀3 𝜋𝑅𝑎𝑡√

2𝑘̃
exp

(
−𝜀−3𝑧
√

2

) [
sin

(
𝜀−3𝑧
√

2

)
− cos

(
𝜀−3𝑧
√

2

)]
. (5.21)460
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It is important to note that the inner solutions are already fully determined, with no free461

parameters.462

5.2. Outer solutions463

We now turn to the evaluation of the outer solutions, which are valid in the bulk of the domain464

and satisfy the mid-point (symmetry) conditions (3.7). Since length scales in the bulk are465

O (1), the terms involving D2 are negligible compared to Ta1/3 𝑘̃2 in equations (3.13)–(3.15).466

This is confirmed by figures 4(d–f). Therefore, the dominant terms of (3.13)–(3.15) within467

the outer regions satisfy, respectively,468

Θ = 𝜀4 𝑘̃−2𝑊, (5.22)469
470

𝑍 = 𝜀−2 𝑘̃−2D𝑊, (5.23)471
472

𝜀4 𝑘̃4𝑊 − 𝜀6D𝑍 − 𝑘̃2𝑅𝑎𝑡Θ = 𝜀10R̃ sin 𝜋𝑧. (5.24)473

Since the derivative terms D4 and D2 have been neglected in the simplification from474

(3.13)–(3.15) to (5.22)–(5.24), there is freedom to impose only two boundary conditions.475

By imposing the mid-point conditions on 𝑊 and D𝑊 — i.e. 𝑊 = D𝑊 = 0 at 𝑧 = 1/2 — the476

ansatzes for Θ and 𝑍 , (5.22) and (5.23), are (critically) self-consistent in that their mid-point477

conditions are also satisfied — i.e. DΘ = 𝑍 = 0 at 𝑧 = 1/2.478

479

On substituting for Θ from (5.22) and for 𝑍 from (5.23), equation (5.24) becomes480

D2𝑊 + 𝑘̃2
(
𝑅𝑎𝑡 − 𝑘̃4

)
𝑊 = −𝜀6 𝑘̃2R̃ sin 𝜋𝑧. (5.25)481

The term 𝑘̃2
(
𝑅𝑎𝑡 − 𝑘̃4

)
in (5.25) can be evaluated asymptotically via the relation (2.15)482

linking 𝑅𝑎𝑡 and 𝑘̃ . When rewritten in terms of the scaled variables, (2.15) becomes483

𝑅𝑎𝑡 =

(
𝑘̃2 + 𝜀4𝜋2

)3

𝑘̃2
+ 𝜋2

𝑘̃2
. (5.26)484

To leading order, (5.26) reduces to485

𝑘̃2
(
𝑅𝑎𝑡 − 𝑘̃4

)
= 𝜋2. (5.27)486

On substituting for 𝑘̃2(𝑅𝑎𝑡 − 𝑘̃4) from (5.27), equation (5.25) becomes487

D2𝑊 + 𝜋2𝑊 = −𝜀6 𝑘̃2R̃ sin 𝜋𝑧. (5.28)488

The solution of (5.28) satisfying the mid-point conditions 𝑊 (1/2) = D𝑊 (1/2) = 0 is thus489

given by490

𝑊𝑜𝑢𝑡 = 𝜀6 𝑘̃
2

4𝜋
R̃ (2𝑧 − 1) cos 𝜋𝑧. (5.29)491

The outer solutions for Θ and 𝑍 are then obtained by substituting expression (5.29) into492

equations (5.22) and (5.23), respectively, yielding493

Θ𝑜𝑢𝑡 = 𝜀10 1

4𝜋
R̃ (2𝑧 − 1) cos 𝜋𝑧, (5.30)494

495

𝑍𝑜𝑢𝑡 = 𝜀4 1

4𝜋
R̃ [2 cos 𝜋𝑧 + 𝜋 (1 − 2𝑧) sin 𝜋𝑧] . (5.31)496

Note that the (scaled) departure of the Rayleigh number, R̃, has not yet been determined.497
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5.3. Matching the inner and outer solutions498

To complete the solution, and hence determine R̃, we match the inner and outer solutions499

at the edge of the relevant boundary layer. We employ Prandtl’s matching technique, which500

stipulates that the inner limit of the outer solution must match the outer limit of the inner501

solution (e.g. Van Dyke 1964). For 𝑊 , this requirement can be expressed as502

lim
𝑧→0

𝑊𝑜𝑢𝑡 = lim
S→∞

𝑊𝑖𝑛. (5.32)503

Applying the matching condition (5.32) to the inner and outer solutions given by (5.17) and504

(5.29) determines R̃ as a function of 𝑘̃ from the O
(
𝜀6
)

terms as505

R̃ = −4𝜋2𝑅𝑎𝑡

𝑘̃3
. (5.33)506

From (5.7), Θ𝑖𝑛 = O
(
𝜀6
)
, whereas from (5.30), Θ𝑜𝑢𝑡 = O

(
𝜀10

)
. Since Θ𝑖𝑛 → 0 as Z → ∞,507

matching at the largest order (O
(
𝜀6
)
) is immediately satisfied. Matching of the leading order508

vorticity 𝑍 is achieved similarly, since 𝑍𝑖𝑛 = O
(
𝜀2
)

with 𝑍𝑖𝑛 → 0 as Z → ∞ (from (5.21)),509

whereas 𝑍𝑜𝑢𝑡 = O
(
𝜀4
)

(from (5.31)).510

5.4. Composite solutions511

Combining the inner solutions (5.19)–(5.21) with the outer solutions (5.29)–(5.31) and512

substituting for R̃ from equation (5.33) yields the following composite solutions, valid513

across the entire domain:514

𝑊 = 𝜀6 𝜋𝑅𝑎𝑡

𝑘̃

[
(1 − 2𝑧) cos 𝜋𝑧 − exp

(
−𝜀−3𝑧
√

2

)
cos

(
𝜀−3𝑧
√

2

)]
, (5.34)515

516

Θ = 𝜀6 𝜋

𝑘̃3

[
exp

(
−𝜀−2 𝑘̃ 𝑧

)
+ 𝜀4𝑅𝑎𝑡 (1 − 2𝑧) cos 𝜋𝑧

]
, (5.35)517

𝑍 = 𝜀2 𝜋𝑅𝑎𝑡

𝑘̃2

[
exp

(
−𝜀−2 𝑘̃ 𝑧

)
+ 𝜀

𝑘̃
√

2
exp

(
−𝜀−3𝑧
√

2

) (
sin

(
𝜀−3𝑧
√

2

)
− cos

(
𝜀−3𝑧
√

2

))
518

+𝜀2 1

𝑘̃
(𝜋(2𝑧 − 1) sin 𝜋𝑧 − 2 cos 𝜋𝑧)

]
. (5.36)519

It should be noted that expressions (5.35)–(5.36) contain only the leading order inner and520

outer solutions. Thus for the temperature, for example, we have retained the O
(
𝜀10

)
outer521

solution (the leading order term), but have neglected the sub-dominant O
(
𝜀10

)
correction to522

the inner solution.523

524

Figure 5 compares the asymptotic expressions (5.34)–(5.36) with the numerically de-525

termined results for 𝑊 , Θ and 𝑍 , close to the boundary 𝑧 = 0 and within the bulk526

(0.15 ≲ 𝑧 < 0.5), with Ta = 1010 and 𝑘̃ = 1.3038, demonstrating the strong agreement527

between the composite solutions and the numerical results. This agreement is further528

validated in figure 6, which presents the maximum absolute error over the 𝑧-domain between529

the numerical (subscript 𝑁) and asymptotic (subscript 𝐴) solutions for𝑊 ,Θ and 𝑍 , evaluated530

across a range of Taylor numbers. Furthermore, from figure 6, we can deduce that the absolute531

errors in 𝑊 , Θ and 𝑍 scale as Ta−0.69 ≈ 𝜀8, Ta−0.86 ≈ 𝜀10, and Ta−0.44 ≈ 𝜀5, suggesting532

that the next terms in their respective expansions are O
(
𝜀8
)
, O

(
𝜀10

)
, and O

(
𝜀5
)
. We note533

that numerical solutions remain reliable up to Ta ≈ 1011. At higher Ta, resolving small534
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Figure 5: Dashed black lines show the numerical results, while the red solid lines show the

composite solutions of 𝑊 , Θ and 𝑍 , as given by expressions (5.34)–(5.36), where 𝑘̃ and

𝑅𝑎𝑡 are determined numerically. Columns correspond to 𝑊 , Θ, and 𝑍 , with Ta = 1010 and

𝑘̃ = 1.3038. Rows correspond to the solutions close to the boundary 𝑧 = 0 (top) and within
the bulk (0.15 ≲ 𝑧 < 0.5) (bottom).
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Figure 6: The maximum absolute error over the 𝑧-domain between numerical (subscript
𝑁) and asymptotic (subscript 𝐴) solutions of (a) 𝑊 , (b) Θ, (c) 𝑍 , evaluated across a range

of Taylor numbers. The asymptotic solutions of 𝑊 , Θ, and 𝑍 are given by
expressions (5.34)–(5.36). The absolute error exhibits a gradient of approximately −0.69

for 𝑊 , −0.86 for Θ, and −0.44 for 𝑍 .

differences between the FT and FF systems becomes increasingly challenging. For example,535

when Ta = 1010, the small parameter is 𝜀 = 0.15, giving 𝜀10 = 4.6 × 10−9. Consequently,536

when computing FT and FF eigenfunctions, the accuracy of the numerical solutions must537

exceed ten significant figures.538
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6. Fixed-flux solutions539

The final step is to construct the solutions for the FF system using the relations given in (3.1).540

By combining the FT solutions with the solutions for the departures from expressions (5.34)541

– (5.36), and substituting for 𝑅𝑎𝑡 using equation (5.26), we obtain the FF solutions for the542

velocity, temperature, and vorticity as543

𝑤 𝑓 = 𝑤𝑡 + 𝜀6

(
𝜋𝑘̃3 + 𝜋3

𝑘̃3

) [
(1 − 2𝑧) cos 𝜋𝑧 − exp

(
−𝜀−3𝑧
√

2

)
cos

(
𝜀−3𝑧
√

2

)]
, (6.1)544

545

𝜃 𝑓 = 𝜃𝑡 + 𝜀6 𝜋

𝑘̃3
exp

(
−𝜀−2 𝑘̃ 𝑧

)
+ 𝜀10

(
𝜋𝑘̃ + 𝜋3

𝑘̃5

)
(1 − 2𝑧) cos 𝜋𝑧, (6.2)546

𝜁 𝑓 = 𝜁𝑡 + 𝜀2

(
𝜋𝑘̃2 + 𝜋3

𝑘̃4

)
exp

(
−𝜀−2 𝑘̃ 𝑧

)
547

+ 𝜀3 𝜋
√

2

(
𝑘̃3 + 𝜋2

𝑘̃3

)
exp

(
−𝜀−3𝑧
√

2

) [
sin

(
𝜀−3𝑧
√

2

)
− cos

(
𝜀−3𝑧
√

2

)]
548

+ 𝜀4

(
𝜋𝑘̃ + 𝜋3

𝑘̃5

)
[𝜋(2𝑧 − 1) sin 𝜋𝑧 − 2 cos 𝜋𝑧] , (6.3)549

where, from (2.14), and using Ta = 𝜀−12,550

𝑤𝑡 = sin 𝜋𝑧, 𝜃𝑡 =
1

𝜋2 + 𝑘2
sin 𝜋𝑧, 𝜁𝑡 = 𝜀−6 𝜋

𝜋2 + 𝑘2
cos 𝜋𝑧. (6.4)551

To obtain an asymptotic ordering, we must also expand 𝜃𝑡 and 𝜁𝑡 , giving552

𝑤 𝑓 = sin 𝜋𝑧 + 𝜀6

(
𝜋𝑘̃3 + 𝜋3

𝑘̃3

) [
(1 − 2𝑧) cos 𝜋𝑧 − exp

(
−𝜀−3𝑧
√

2

)
cos

(
𝜀−3𝑧
√

2

)]
+ O

(
𝜀8
)
, (6.5)553

𝜃 𝑓 = 𝜀4 1

𝑘̃2
sin 𝜋𝑧 + 𝜀6 𝜋

𝑘̃3
exp

(
−𝜀−2 𝑘̃ 𝑧

)
− 𝜀8 𝜋

2

𝑘̃4
sin 𝜋𝑧554

+ 𝜀10

(
𝜋𝑘̃ + 𝜋3

𝑘̃5

)
(1 − 2𝑧) cos 𝜋𝑧+ O

(
𝜀10

)
, (6.6)555

𝜁 𝑓 = 𝜀−2 𝜋

𝑘̃2
cos 𝜋𝑧 + 𝜀2

[(
𝜋𝑘̃2 + 𝜋3

𝑘̃4

)
exp

(
−𝜀−2 𝑘̃ 𝑧

)
− 𝜋3

𝑘̃4
cos 𝜋𝑧

]
556

+ 𝜀3 𝜋
√

2

(
𝑘̃3 + 𝜋2

𝑘̃3

)
exp

(
−𝜀−3𝑧
√

2

) [
sin

(
𝜀−3𝑧
√

2

)
− cos

(
𝜀−3𝑧
√

2

)]
557

+ 𝜀4

(
𝜋𝑘̃ + 𝜋3

𝑘̃5

)
[𝜋(2𝑧 − 1) sin 𝜋𝑧 − 2 cos 𝜋𝑧] + O

(
𝜀5
)
, (6.7)558

where we have also included estimates of the error terms. The magnitudes of the error terms559

for 𝑤 𝑓 and 𝜁 𝑓 are those suggested by the numerical results of figure 6; we have not carried560

out the formal asymptotic analysis to these higher orders. By contrast, in (6.6), the error in 𝜃 𝑓561

is (strictly) O
(
𝜀10

)
, since, although we have retained the (dominant) O

(
𝜀10

)
outer solution,562

we have neglected the (sub-dominant) O
(
𝜀10

)
correction to the inner solution, which would563

be necessary for satisfaction of the boundary condition (2.13) at O
(
𝜀10

)
.564

The marginal Rayleigh number of the FF system is given by 𝑅𝑎 𝑓 = 𝑅𝑎𝑡 +𝜀6R̃. Substituting565
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for 𝑅𝑎𝑡 using (5.26) and for R̃ using (5.33) gives the following expression for 𝑅𝑎 𝑓 as a566

function of the wavenumber 𝑘̃:567

𝑅𝑎 𝑓 =
©­­
«

(
𝑘̃2 + 𝜀4𝜋2

)3

𝑘̃2
+ 𝜋2

𝑘̃2

ª®®
¬
(
1 − 𝜀6 4𝜋2

𝑘̃3

)
. (6.8)568

The critical Rayleigh number 𝑅𝑎
𝑐

𝑓 is determined by minimising equation (6.8) with respect569

to 𝑘̃ , which leads to the following equation for 𝑘̃𝑐
𝑓
:

2
(
𝑘̃𝑐𝑓

)9

+ 3𝜋2𝜀4
(
𝑘̃𝑐𝑓

)7

− 2𝜋2𝜀6
(
𝑘̃𝑐𝑓

)6

+ 6𝜋4𝜀10
(
𝑘̃𝑐𝑓

)4

570

− 𝜋2
(
1 + 𝜋4𝜀12

) (
𝑘̃𝑐𝑓

)3

+ 18𝜋6𝜀14
(
𝑘̃𝑐𝑓

)2

+ 10𝜋4𝜀6
(
1 + 𝜋4𝜀12

)
= 0. (6.9)571

Since 𝜀 occurs only in powers of 𝜀2, the critical wavenumber may be expressed as572

𝑘̃𝑐𝑓 = 𝑘̃0 + 𝑘̃2𝜀
2 + 𝑘̃4𝜀

4 + 𝑘̃6𝜀
6 + 𝑘̃8𝜀

8 + O
(
𝜀10

)
. (6.10)573

Substituting the expansion (6.10) into equation (6.9) and equating terms at each order of 𝜀574

gives:575

O (1) : 2𝑘̃6
0 − 𝜋2

= 0, (6.11a)576

O
(
𝜀2
)

: 18𝑘̃8
0 𝑘̃2 − 3𝜋2 𝑘̃0 𝑘̃2 = 0, (6.11b)577

O
(
𝜀4
)

: 6𝑘̃6
0 𝑘̃4 − 𝜋2 𝑘̃4 + 𝜋2 𝑘̃5

0 = 0, (6.11c)578

O
(
𝜀6
)

: 18𝑘̃8
0 𝑘̃6 − 3𝜋2 𝑘̃2

0 𝑘̃6 − 2𝜋2 𝑘̃6
0 + 10𝜋4

= 0, (6.11d)579

O
(
𝜀8
)

: 6𝑘̃7
0 𝑘̃8 − 𝜋2 𝑘̃0 𝑘̃8 + 24𝑘̃6

0 𝑘̃
2
4 + 7𝜋2 𝑘̃6

0 𝑘̃4 − 𝜋2 𝑘̃2
4 = 0. (6.11e)580

Manipulation of (6.11a)–(6.11e) yields the following expression for the FF critical wavenum-581

ber:582

𝑘̃𝑐𝑓 =

(
𝜋2

2

)1/6
− 1

2

(
𝜋2

2

)5/6
𝜀4 − 3

(
𝜋2

2

)2/3
𝜀6 + 3

8

(
𝜋2

2

)3/2
𝜀8. (6.12)583

Substituting for 𝑘̃𝑐
𝑓

using (6.12) into equation (6.8) then gives the following expression for584

the FF critical Rayleigh number:585

𝑅𝑎
𝑐

𝑓 = 3

(
𝜋2

2

)2/3
+ 6

(
𝜋2

2

)4/3
𝜀4 − 24

(
𝜋2

2

)7/6
𝜀6 + 9

(
𝜋2

2

)2

𝜀8. (6.13)586

To distinguish which terms in the expansions of 𝑘̃𝑐
𝑓

and 𝑅𝑎
𝑐

𝑓 originate from the FT system587

and which are a result of the departures from the FT system to the FF system, we compare588

equation (6.9) with equation (2.16). From this, we see that the terms 2
(
𝑘̃𝑐
𝑓

)9

, 3𝜋2𝜀4
(
𝑘̃𝑐
𝑓

)7

589

and −𝜋2
(
1 + 𝜋4𝜀12

) (
𝑘̃𝑐
𝑓

)3

in (6.9) originate from the FT system, while the remaining terms590

arise from the FF system. Therefore, the terms in both 𝑘̃𝑐
𝑓

and 𝑅𝑎
𝑐

𝑓 of O (1), O
(
𝜀4
)
, and591

O
(
𝜀8
)

stem from the FT system, whose expansion progresses in powers of 𝜀4. In contrast,592

the terms of O
(
𝜀6
)

represent a combination of contributions from both the FT and FF593



19

10
6

10
9

10
12

8.7

8.9

9.1
(a)

10
6

10
9

10
12

1.28

1.29

1.3

1.31
(b)

10
6

10
9

10
12

10
-6

10
-4

10
-2

(c)

10
6

10
9

10
12

10
-10

10
-8

10
-6

10
-4 (d)

Figure 7: Numerical (dashed black) and asymptotic (solid red) solutions of the (a) critical
Rayleigh number and (b) critical wavenumber of the FF system. Asymptotic solutions of
the critical Rayleigh number and wavenumber are given in expressions (6.12) and (6.13),

respectively. The absolute error between the numerical (subscript 𝑁) and asymptotic
(subscript 𝐴) solutions of the (c) critical Rayleigh number and (d) critical wavenumber of
the FF system. The absolute errors for the critical Rayleigh number and wavenumber scale

as Ta−0.81 ≈ 𝜀10 and Ta−0.82 ≈ 𝜀10, respectively.

systems. In equation (6.11d), the first and second terms originate from the FT system, while594

the third and fourth terms result from the FF system. An explicit expansion of equation (6.9),595

using (6.10), reveals that the next order corrections in the expansions of 𝑘̃𝑐
𝑓

and 𝑅𝑎
𝑐

𝑓 are596

O
(
𝜀10

)
, with contributions arising from both systems.597

598

Figures 7(a,b) demonstrate the strong agreement between the asymptotic expressions (6.13)599

and (6.12) and the numerically determined values of the critical Rayleigh number 𝑅𝑎
𝑐

𝑓 and600

critical wavenumber 𝑘̃𝑐
𝑓

of the FF system, respectively. Figures 7(c,d) illustrate the absolute601

error between the numerical (subscript 𝑁) and asymptotic (subscript 𝐴) critical values. As602

noted earlier, numerical validation is possible only up to Ta ≈ 1011; beyond this, resolving603

small-scale structures becomes challenging, as shown in figure 7(d). The absolute errors604

for 𝑅𝑎
𝑐

𝑓 and 𝑘̃𝑐
𝑓

scale as Ta−0.81 ≈ 𝜀10 and Ta−0.82 ≈ 𝜀10, respectively, indicating that, as605

expected, the next term in their expansions is O
(
𝜀10

)
.606
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7. Discussion607

We have demonstrated that for linear, rapidly rotating Rayleigh-Bénard convection with608

impermeable, stress-free boundaries, the FF system can be approximated by combining609

the FT system with a small departure from the FT system. This formulation hinges on610

the observation that, to leading-order, the interior solutions of the FF and FT systems611

are equivalent. At the boundaries of the FF system, an Ekman layer of thickness Ta−1/4
612

develops, which, in turn, modifies the temperature profile near the bounding surfaces. To613

accommodate the FF boundary condition, an additional thermal boundary layer of thickness614

Ta−1/6 is required. Rather than directly solving for the full FF system, we have determined615

asymptotic solutions for the departures from the FT system. These departures over the616

domain 𝑧 ∈ [0, 1/2] are governed by equations (3.13)–(3.15) (with boundary conditions617

given by (3.7)–(3.9)), with solutions given by (5.34)–(5.36), while the difference in the618

marginal Rayleigh number for a given wavenumber 𝑘̃ is provided by (5.33). Finally, these619

asymptotic departure solutions are combined with the FT system to obtain solutions for620

the FF system; the final asymptotic solutions are given by expressions (6.5)–(6.7), with621

the corresponding critical values for the wavenumber and Rayleigh number provided in622

(6.12) and (6.13). The terms in (6.12) and (6.13) of O (1), O
(
Ta−1/3

)
, and O

(
Ta−2/3

)
623

originate from the FT system, whose expansion progresses in powers of Ta−1/3. In contrast,624

the O
(
Ta−1/2

)
terms contain mixed contributions from both the FT and FF systems. The625

next terms in the expansions of 𝑘̃𝑐
𝑓

and 𝑅𝑎
𝑐

𝑓 will appear at O
(
Ta−5/6

)
, and will also involve626

contributions from both systems. This is consistent with the numerical predictions. Further627

analysis would be required to determine explicitly the higher order terms in the expansions628

of 𝑅𝑎
𝑐

𝑓 and 𝑘̃𝑐
𝑓
.629

630

The asymptotic solutions are compared with numerical results obtained using Matlab’s631

boundary value solver BVP5c. While capturing finer-scale structures at large Taylor numbers632

is numerically challenging, solutions can still be computed for sufficiently high Taylor633

numbers to verify the accuracy of the asymptotic theory conclusively. It is important to note634

that difficulties in verifying the asymptotic solution at high Ta do not lie with the asymptotic635

solution, but with obtaining accurate numerical solutions of the extremely small differences636

between the FT and FF systems. This highlights the value of the asymptotic approach:637

it provides reliable insights without recourse to numerical methods, which can become638

inaccurate or even fail in the rapidly rotating regime.639

640

An important progression of the present work is to investigate how the different thermal641

boundary conditions influence the onset of oscillatory instabilities in the rapidly rotating642

regime, which occur for sufficiently small Prandtl number. The approach would be similar643

to that pursued here, although with the added complications of dealing with complex644

eigenfunctions and of also determining the departure in frequency. A further natural direction645

to pursue is to investigate the influence of other choices of boundary conditions. Heard &646

Veronis (1971) considered different mechanical boundary conditions (stress free and no slip)647

for the FT system, and showed that the two small length scales that emerge are the same as648

in our problem, namely S and Z defined in (5.2). However, the asymptotic expansions of649

the variables are markedly different; for example, in our problem, the departure between the650

velocities of the FT and FF systems is O
(
𝜀6
)
, whereas in the problem considered by Heard651

& Veronis (1971), the departure between the velocities of the stress-free and no-slip systems652

is O (𝜀). One could thus envisage addressing a general problem, in which there are changes653
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in both the mechanical and thermal boundary conditions. Although more complicated, we654

anticipate that, in this case, one would find the same boundary layer structure involving655

the two small length scales S and Z. Furthermore, as noted in the introduction, we have656

considered the extreme cases of FT and FF; however, the conditions that fall within these657

two limits are also of interest, particularly in geophysical applications (Clarté et al. 2021). To658

date, the influence of thermal Robin boundary conditions in a Cartesian geometry has been659

mainly studied in a non-rotating system (Sparrow et al. 1964) or a weakly rotating system660

(Falsaperla & Mulone 2010). However, a recent study by Clarté et al. (2021) has shown that,661

at reasonably high rotation rates, convection in a spherical shell geometry is independent of662

the thermal boundary conditions.663

A further extension of the present work is to go beyond the Cartesian model through the664

introduction of a spherical shell geometry, which would provide a more realistic physical665

representation, particularly in global geophysical and astrophysical contexts, where such666

geometries are essential. The configuration we have considered is representative of the polar667

region of a spherical shell. It is well established that spherical shell geometries exhibit668

distinct dynamical behaviour inside and outside the tangent cylinder (e.g. Gastine & Aurnou669

2023). Extending the analysis to a full spherical shell would therefore enable more accurate670

modelling of natural phenomena, though this is going to be challenging.671
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