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We develop a microscopic theory for nonlinear optical response of moiré exciton polaritons in bilayers of
transition metal dichalcogenides (TMDs). Our theory allows us to study the tunnel-coupled intralayer and
interlayer excitonic modes for a wide range of twist angles (), external electric field, and light-matter
coupling, providing insights into the hybridization regime inaccessible before. Specifically, we account for
the umklapp scattering processes of two exciton polaritons responsible for enhanced nonlinearity, and show
that it is crucial for describing interactions at strong hybridization. We reveal a regime of attractive
nonlinearity for moiré polaritons, stemming from the anisotropic Coulomb interactions, which can explain
some of experimental features of optical response in TMD bilayers. Furthermore, within our theory we
demonstrate that the attractive nonlinearity can be tuned into repulsive by applying an external electric
field. Our findings show that nonlinear moiré polaritons offer a controllable platform nonlinear polaritonic

devices.

DOI: 10.1103/gr72-szwg

Introduction—Moiré superlattices formed in twisted
bilayers of atomically thin crystals represent a unique
platform for studying strongly correlated physics [1-3],
with emergent superconductivity in moiré bilayers of
graphene serving as a prominent example [4]. The essence
of moiré engineering is to generate the band mixing
between monolayer crystals by forming a moiré pattern
with reduced crystal translational symmetry. At small twist
angles, as the folded band energies come closer together,
the interlayer tunneling induces a strong band hybridization
that profoundly changes low energy states of materials,
manifested in flatbands and unique transport properties
[5-7]. Moiré engineering is also an effective tool for tuning
the optical properties [8—11]. This was demonstrated in
TMD bilayers, revealing their stacking- and twist-depen-
dent optics [12-17].

Moiré excitons, represented by electron-hole bound
states spread over several layers of material, lead to a
pronounced optical response of 2D bilayers [18,19], and
offer a platform for quantum optical applications [20,21].
Their linear properties demonstrate a dipolar response and
electrical tunability [22-26]. Similar hybridized intra—
interlayer excitons appear in homobilayer systems for
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selected stacking [27-30]. When embedded into a micro-
cavity, hybridized moiré excitons can couple strongly to
photons and form polaritons [30-32]. Nonlinear optical
response of hybridized excitons and polaritons in TMDs
revealed enhancement as compared to the monolayer
response [30-34] and suggested electric field dependence
[35,36]. The presence of nonlinearity is important for the
emergence of exotic correlated phases [37—41] and under-
pins strong photonic nonlinearity [31,42,43] important for
driving the system into a quantum regime [44-46].
However, despite significant advances, the theoretical
description of nonlinear interaction for hybridized moiré-
type excitons and polaritons has been limited to specific
stackings (thus not twist-dependent), considering simpli-
fied mode wave functions, and treating fixed (top-bottom)
excitonic configurations.

In this Letter, we develop a microscopic theory of
twisting-dependent optical response of 2D bilayers, taking
into account a rich structure of moiré modes. Solving a
Wannier equation within the multi-Gaussian basis expan-
sion, we resolve excitonic modes emerging from hybridi-
zation of interlayer and intralayer states at varying twisting
angles and external bias. Crucially, this allows calculating
nonlinear scattering for different modes without simplify-
ing their structure, as well as describing strong light-matter
coupling. We observe that the umklapp scattering involving
neighboring mini Brillouin zones (mBZ) of the moiré
lattice play an important role for nonlinearity, leading to
its enhancement for nonzero €. For bilayers with small

Published by the American Physical Society
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twisting we reveal an attractive nonlinearity driven by
exchange processes, and recover a conventional dipolar
repulsion for large (> 3°) twists. Our results can offer
microscopic insights into nonlinear redshifts measured
experimentally [30,47], and open avenues for quantitative
studies of quantum moiré polaritons.

Model—We consider a bilayer Hamiltonian H = Hy+
Hin + H,;, consisting of the free energy terms, Coulomb
interaction term, and the tunneling term, respectively. The
free energy for electrons (e) and hole (%) in different layers
reads as 7_{0 = Zko’Zf:LZ [S;ﬂ(k)aitjaﬁo‘+8;(y(k)bi§bia]’
where a crystal momentum k is measured from the I" point
in each layer labeled as £ =1, 2, and 6 =1, is the
spin index. The density-density interaction term reads
Hin = (1/2L7) Zt’f’,q Uff’(‘l)/)fqpf’,—q’ where L? is a
sample area. Since only the low-energy e-h pairs are
relevant for forming the exciton-bound state [48,49], we
expand the dispersion near the valleys at K, (band edge) as
e (k) =AY + (k — K,)?/(2mb) with b = ¢, v being the
conduction and valence band index, and m‘} being the
b-band mass in layer . We let the energy offset for the
b-band edge as AP that is measured from the topmost

valence band [see Fig. 1(c)]. In the Coulomb term, p,q =
Zkg(a“q Sahs + bk+q ,bt,) is the charge density, oper-

ator, and the screened potential between electrons is of the
Keldysh-Rytova form [50],

:2_” Kt’f’(q) (1)
q(1+r1q)(1 + rq) — rirg*e™’

bottom s=(2,2)
Intralayer exciton

ey

PRI
7\

A

FIG. 1. (a) Sketch of a bilayer system, showing two types of
interlayer and intralayer excitons. (b) Brillouin zones of top (blue)
and bottom (red) monolayer. Mini Brillouin zones (mBZ) of the
moiré bilayer. (c) Sketch of interlayer exciton in momentum
space. (d) Diagram of exciton-exciton Coulomb interaction
where electron and hole layer indices ¢ do not change, and
same-layer identical particles can be exchanged.

where € is the dielectric constant of the environment, r, is
the screening length of the material, and d is the interlayer
distance [see Fig. 1(a)]. Here, k»(q) = Ky (q) = ™94,
ki (g) =1+ rg(1—e?9), and  Ky(q)=1+rg(1-
e 244). The interlayer hopping Hamiltonian in the con-
tinuum limit reads as

H, = ZZ[T (k' k

¢¢ KK

v 7,
K)al al, + 0, (k' k)bk,jbio}

(2)

with interband hoppings being omitted [51].

Exciton bound states—The Coulomb interaction descri-
bed by H;,, gives rise to an exciton bound state described
by a linear combination

XHQ) = Y k0@ b, (3)

K.k,

where «a is the exciton principal quantum number, and
excitonic wave function is described by separated vari-
ables corresponding to the center-of-mass motion with
total momentum Q = k. —k,, and the relative motion
with momentum p = [m;T(kC — K,g(_) + mgc(k@, — Kfv)]/
(mg +my ). s=(¢.,¢,) is the double index
labeling the exciton species [intralayer or interlayer, see
Fig. 1(a)]. The relative motion wave function satisfies the
Wannier equation

{ Q- 2Ky
2u; oM,

= E},(Q)$i(p). (4)

with AK =K, - K, , & =47 —A} , and E5.(Q)
being the exciton energy. The total mass and reduced mass
are Mg = m$ +mj , and u; = mg m) /M.

Here,

+ sé} $2e(P) Zv )P + @)

Hybridized moiré exciton—Because of the interlayer
hopping, the exciton in the moiré bilayer becomes a
hybridized state between different excitonic modes in
Eq. (3) with (s, @, Q). To find the hybridized moiré exciton,
we approximate the interlayer hopping constant in the
vicinity of the valleys K, in both layers as [51,52]

T,,(k'. k) = Z 1" (Ks + G¢)dw-x 6,6, %> (5)
é.G.

where G, is the monolayer reciprocal lattice vector in layer
¢. The matrix 7{;, =13, =0 and 7, = 73, = 1. This
interlayer scattering reduces the translational crystal sym-
metry of the monolayer lattice into the moiré superlattice.
As indicated by the delta function in Eq. (5), this scattering
preserved the momentum up to G, — G, =ib; + jb,
where i, j are integers and b , are the primitive reciprocal

036901-2
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lattice vectors of the moiré bilayer [52] [see Fig. 1(b)]. Asa
result, the momentum within the moiré mini Brillouin zone
Q is a conserved quantity. Therefore, this Q-preserving
interlayer scattering leads to the formation of a hybridized
moiré exciton as

X (Q) = Y Cl(@Xia( (6)

where we have used the shorthand index v = (s,a,g) to
represent exciton species s, exciton state @, and reciprocal
lattice vector g = ib; + jb, to lighten our notation
[Fig. 1(d)]. Also, we let X/,(Q) = X5(Q +g). The
hybridized moiré exciton can be obtained by solving

[E,0(Q) - £4(Q)IC5,(Q) = Zwy/p Q)i (Q). (7)

where E, (Q) = E5,(Q +g), and the interlayer-to-
intralayer exciton transition matrix elements is

(01X, (Q)YH,X5(Q)[0) = w,,(Q)dg.0- (8)

with |0) being the ground state. In Eq. (7), we label the
hybridized moiré exciton eigenstates by index & with a bar,
see details in Supplemental Material [53]. The excitonic
model here is different from the moiré potential approach
[5,8,41], which does not account for the interlayer—
intralayer exciton hybridization.

Exciton-exciton interaction—In our analysis we go
beyond single-particle properties and study correlation
effects for moiré excitons arising from their interactions.
We concentrate on s states (@ = 0) and set Q = 0 in the
scattering processes, such that we characterize the low-
energy exciton-exciton (X-X) interactions with elastic
scattering for Q = 0 only. Focusing on low-density regime,
the X-X interaction between X#T and X% with states & and
[ can be calculated from the total energy of the two-exciton

state within the same valley Q2% = (0| X2 XX %1 |0) =
40+ AP* The interacting potential energy is given by
Ag“ Z Z Cv an’ GC{/jG Cba5g’+g’,§+g

I/I/ I/I/
«lug o -vir-vie]. o
where the direct [36] and exchange interactions [54] are

A |

kk q5~ 5” 5ff/5ff/5

q8'-g>
kkq
VY ~
viy =) I (kk.q )07 0750, 500,0,80ggrric
kkq

that are depicted in Fig. 1(d). Here, q is the transferred
momentum between @ and S exciton and the scatte-
ring potential is 7 (kk,q) = X0 flo(k. @) [vee(a)/
2L2)f% (k. —q)¢" (k)¢ (k), with the excitonic wave func-
tion belng expressed in v-index notation as ¢,,(k)=
¢fw(k_m;(./Msg)’ and the factor 5a(kvq):5f(,f¢uo'(k_
q)—6,+¢,,(k). The calculation of the direct interaction
U“? is straightforward while evaluating the exchange
interaction V“7 is rather involved and is detailed in
Supplemental Material [53]. We remark that, the result in
Eq. (9) is for intravalley interaction and only valid for the
low-density regime.

Moiré exciton polariton—Embedding the moiré bilayer
into an optical microcavity, excitons can couple strongly to
cavity photons, forming polaritonic states. This is an
essential mechanism for studying optical nonlinearity
[55,56]. Here, dipolar polaritons in GaAs double quantum
wells serve as an inspiration for studying pronounced
nonlinear effects [57-60]. To study moiré polaritons, we
introduce light-matter coupling as an additional term
in the system Hamiltonian corresponding to He=

ZfdchchQafkbt’k+Q+HC =2 2094(Q )C X*(Q)+

H.c. Here ‘Q is the photonic field operator, and d%, is the
interband transition matrix element in £ th layer. In the
equation, this coupling term is written in the hybridized
excitonic basis with coupling constant ¢%(Q) =
3 ran datty’ (K)Cas” (Q).

We consider Q = 0 exciton states being dominant as
large-Q modes are decoupled from light [61]. Using H,,
and assuming the exciton in Eq. (3) being a boson
described by the operator X%(0) — 24,, the photon-cavity
coupled system can be written as

3 _ | R .
HXP = wccz)co + Z <5g Lz QSZ(XIM Xao >x¢;¢7~x&ﬁ + Hsc’
a

where the X-X interaction is g% ~ L>A%®, The exciton-
photon interaction is ¢% =13, Q4 C&l’, where Qf =
25" d,@i? (K) is the Rabi splitting of the exciton in the £
th layer and state a.

Result and discussion—To demonstrate the tunability of
moiré polaritons described by Eq. (10), we investigate the
band hybridization effects for a MoS, bilayer marginally
twisted from antiparallel stacking or H-type (6= 60°)
encapsulated by hexagonal boron nitride (e = 4). We adopt
the band parameters from Ref. [62] and use interlayer
hoppings of #.(K,) = 2.1 and 1,(K,) = 14.5 meV [52].
Using the Gaussian basis function expansion [49,63,64],
we solve Egs. (4) and (7) by keeping only the 1s exciton,
and plot the @ dependence of exciton energies &% in
Fig. 2(a). The corresponding strength of nonlinearity g%
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FIG. 2. (a) Exciton energy £(c = 1) and twisting angle 6

dependence. The points are color coded by its light-matter
coupling strength g.. The hybridized excitons weakly interact
with light are shown in gray dots. The red and blue dashed lines
are the A and B exciton energy with & = 60°. The vertical dashed
line is given by (AK?/2m,) = t, where the energy separation
between folded bands is comparable to interlayer tunneling
energy (Inset) the moiré exciton spectrum is calculated by
considering the Umklapp scattering that hybridizes the exciton
in zone 1 (purple area) and zone 2 (gray area). In the weak
Umklapp region, the interlayer and intralayer exciton hybridized
with each mBZ separately. (b) € dependence of the exciton-
exciton interaction. (Inset) the interaction (wavy black curves)
between interlayer excitons with electron exchange (red dashed
curves).

is shown in Fig. 2(b). In the plots each point corresponds to
moiré excitons with an associated index &, and their light-
matter coupling strength (¢g%) is color coded. In Fig. 2(a),
we can see two lower branches of bright excitonic modes
that correspond to the hybridized intralayer exciton hX
(E~ 198 eV) and hybridized interlayer exciton hIX
(€ =% 2.05 eV). These results match previous calculations
for single-particle properties discussed in Ref. [51].

In our analysis, we focus on the nonlinear response and
X-X interaction strength shown in Fig. 2(b). In the plot we
keep only the dominant contributions from Eq. (9) with
g’ = g for simplicity, since the Coulomb scattering proc-
esses with nonzero momentum transfer between the exci-
tons are rapidly suppressed as 6 = 0.5°. First of all, we find
an enhancement in the nonlinear interaction at the small-6
regime indicating the strong influence of the band hybridi-
zation due to the umklapp processes. We find strong
attractive nonlinearity for hIX while the nonlinear inter-
action for hX remains repulsive. Intriguingly, these results
correlate with measurements in MoS, bilayers, where

redshifts were observed [30]. The emergence of attractive
nonlinearity may be understood as a manifestation of
strong anisotropic nature of 2D bilayers. This leads to a
weaker interlayer e-h interaction as compared to the
intralayer e-e and h-h interaction [Fig. 2(b), inset].
Hence, the total nonlinearity from each of these interacting
channels does not cancel leading to stronger attractive
nonlinearity. This is different from the monolayer exciton
where large cancellations [63—-65] between these channels
result in a weaker repulsive nonlinearity (~0.5 nm?eV).
This anisotropic electronic property is unique for 2D
materials that enable the realization of attractive interaction
between dipolar excitons.

We also note that the strong attractive X-X interaction
between hIX in the small 6 regime comes from the
exchange scattering involving the excitonic modes in
Zone 2 [Fig. 2(a), inset]. For instance, in the scattering
processes with g # g [Fig. 1(d)], the second term in the last
line in Eq. (9) (all particle exchange process, repulsive) is
strongly suppressed due to large momentum transfer
(q =g —8), while the exchange interaction V,ﬁ;”’ and

7V remain large. This makes a striking difference between
moiré bilayer and untwisted bilayer (9 = 0 and 60°) where
the scattering processes only take place within Zone 1 with
g = g = 0. Furthermore, in our calculation, we find weak
repulsive direct interaction for hIX in a homobilayer with
0 =~0 (see Supplemental Material [53]). This may be
expected since a large electrical dipole moment is forbidden
due to the approximate inversion symmetry. As a result, the
dominant contribution to gy in Fig. 2(b) comes from the
(attractive) exchange interactions. However, this can
change for heterobilayers or electrically biased samples.

In the presence of electric field E_, the dipole moment of
the interlayer exciton couples to E, giving rise to the
energy Stark shift. This changes the hybridization content
of hX and hIX leading to electrically tunable optical
properties. The Stark effect can be incorporated into
Eq. (7) by modifying the interlayer exciton energy
E,(Q) = E,(Q) +E,-pu*, where the dipole moment
p* = *u, 2 for interlayer exciton with y, ~5 eA [29,66],
and p, = O for intralayer exciton. In Figs. 3(a) and 3(b), we
calculate the absorption I'(£). In I'(£), we also take into
account the nonlinear energy shift due to the background
excitons with density n; = (& %5,)/L? (pump-power
dependent) [53]. In Fig. 3(a), two brightest branches
independent of E, correspond to the hybridized A and B
intralayer excitons. The other dimmer branches with strong
response to E, are the hIXs. Following one hIX branch
indicated by the red and blue dots in Figs. 3(a) and 3(b), we
can see that the absorption peaks are enhanced as the hIX
approaches the hX branches since hIX gains more intra-
layer exciton component. Furthermore, we also observe
that the hIX nonlinear redshift turns into a blueshift as E,
changes. This is partly due to the repulsive nonlinearity
from the intralayer exciton component, and another
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Upper panel is E-field dependence of the hybridized moiré exciton absorption spectrum with twisting angles (a) @ = 0.5° and

(b) & = 1.5° (normalized by I'y). The blue (¢ = 1) and red (¢ = |) dashed curves highlight the moiré excitonic modes. Lower panel
shows the nonlinear spectrum of the power-dependent absorption with £, = 0,0.2,0.5 V/nm indicated by the cut (white dashed lines)
in the upper panel. Red (blue) dashed lines illustrate the red (blue) shift of the hybridized interlayer exciton. (c) Nonlinear polariton
spectrum for @ = 0.5° with 6 = 1. In this plot, we let k = 1 and y; = 3 meV.

contribution is coming from the polarization of hIX in the
high-field regime. These results in Figs. 2 and 3 demon-
strate that the nonlinear optical response of moiré material
is electrically tunable.

Next, we plot the polaritonic spectrum in Fig. 3(c) by
evaluating the photonic density of states p.(w) of Eq. (10),
which is proportional to the cavity transmission [53].
Tuning the hIX energy closer to the hX energy at
E,=0.5 eV/nm, we enhance the light-matter coupling
of hIX leading to the larger Rabi splitting. This also
changes the hIX attractive nonlinearity (red arrows) at
E, =0 to a repulsive nonlinearity (blue arrows) with
blueshift at £, = 0.5 V/nm.

Conclusion—We developed a microscopic theory for
hybridized moiré excitons in twisted bilayers. We revealed
that hybridization between layers can enhance significantly
the nonlinearity of moiré excitons and polaritons, stemming
from umklapp processes for small twisting angles.
Intriguingly, we find attractive nonlinear interaction for
hIX, which can be tuned into repulsive by applying an
external electric field. This makes moiré polariton lattices at
small twisting angles an excellent platform for studying
many-body effects.

Note that in this study we limited ourselves to not-too-
large 0 regime, since the hybridization between folded

bands in the mini Brillouin zone is weak. On the other
hand, we do not investigate 0 < 0.5° as this is typically
prevented by the lattice reconstruction [67-71] and also
requires accounting for more Umklapp scatterings beyond
those pictured in Fig. 2(a). We also stress that the nonlinear
properties in our study are valid for low density regimes,
and studying higher-order correction is an interesting
avenue for future research. This will allow describing a
crossover to the strongly correlated regime close to the
metal-insulator transition [72-75].
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