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Abstract
Mathematical modelling is a widely used approach to understand and interpret clin-
ical trial data. This modelling typically involves fitting mechanistic mathematical
models to data from individual trial participants. Despite the widespread adoption of
this individual-based fitting, it is becoming increasingly common to take a hierarchi-
cal approach to parameter estimation, where modellers characterize the population
parameter distributions, rather than considering each individual independently. This
hierarchical parameter estimation is standard in pharmacometric modelling. How-
ever, many of the existing techniques for parameter identifiability do not immediately
translate from the individual-based fitting to the hierarchical setting. In this work, we
propose a nonparametric approach to study practical identifiability within a hierarchi-
cal parameter estimation framework.We focus on the commonly used nonlinearmixed
effects framework and investigate two well-studied examples from the pharmacomet-
rics and viral dynamics literature to illustrate the potential utility of our approach.

1 Introduction

Mathematical modelling has become an important approach to understand and inter-
pret clinical trial data (Sher et al. 2022; Perelson 2002; Hill et al. 2018; Smith 2018).
Typical mathematical models involve a number of unknown parameters, each repre-
senting a distinct biological mechanism, which are estimated by fitting the model to
clinical trial data (Goyal et al. 2019; Mackey 2020; Vemparala et al. 2024; Craig et al.
2023). When considering the dynamics of distinct participants, this parameter estima-
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tion involves determining a set of model parameters that ensures that the model best
represents the dynamics of each individual participant (Cassidy et al. 2024; Cardozo-
Ojeda and Perelson 2021; Perelson et al. 1996; Zhang et al. 2022). Consequently,
individual trial participants are represented by a corresponding set of model parame-
ters. However, for nonlinear mechanistic models commonly used to interpret clinical
data (Braniff et al. 2025; Reeves et al. 2023; Jenner et al. 2021a, b; Goyal et al. 2019), it
is possible that the model parameters are not uniquely determined by the available data
for each participant. Consequently, there has been increased interest throughout the
field of mathematical biology to understand the identifiability of mechanistic models
(Fröhlich et al. 2023; Aunins et al. 2018; Prague et al. 2019; Iyaniwura et al. 2025).

Broadly speaking, identifiability analysis attempts to determines if the mapping
from model parameterization to observable data is one-to-one. If this mapping is one-
to-one in the idealized case where we observe every model output continuously, then
the model is structurally identifiable. Structural identifiability is a property of the
model structure and is independent of the experimental data available for parame-
terization (Craig et al. 2023; Raue et al. 2009). Conversely, a mathematical model
is practically identifiable if the model can be uniquely parameterized from available
experimental data (Kreutz and Timmer 2009; Raue et al. 2009; Simpson and Baker
2024; Miao et al. 2011). However, directly showing that available clinical data is
sufficient to uniquely parameterize a mathematical model is difficult. Consequently,
several analytic and computational approaches have been developed to study the iden-
tifiability of a mathematical model (Dong et al. 2023; Raue et al. 2009; Maiwald
et al. 2016; Sharp et al. 2022; Ciocanel et al. 2024; Bellu et al. 2007; Raue et al. 2014;
Stapor et al. 2018). In general, these existing tools focus on determining if the observed
individual-level dynamics are sufficient to constrain each individual parameterization.

However, hierarchical parameter estimation approaches are becoming increasingly
common in the mathematical modelling of clinical trial data. Rather than estimating
a parameterisation for each individual participant, hierarchical approaches focus on
determining multi-level parameter distributions. For example, nonlinear mixed effects
(NLME) models are extensively used throughout the pharmacokinetics community,
and the NLME framework is increasingly used in the development of mathematical
models to understand clinical trial data (Iyaniwura et al. 2025; Cortés-Ríos et al.
2025; Marc et al. 2023; Traynard et al. 2020; Lavielle 2014). These NLME models
are designed to capture the inter-individual variability within a clinically relevant
population (Lavielle 2014; Kuhn and Lavielle 2005) by simultaneously considering
the totality of the individual-level dynamics to estimate the population-level parameter
distributions. Essentially, theNLME framework leverages the entirety of the individual
clinical data to constrain the population-level distributions. These population-level
distributions then act as priors when determining the individual parameter sets for
each participant (Kuhn and Lavielle 2005; Guedj and Perelson 2011; Lavielle 2014;
Craig et al. 2023). Consequently, each individual participant represents a sample from
the underlying population-level distribution.

Many recent advances in parameter identifiability have focused on individual-level
dynamics and do not immediately extend to hierarchical modelling (Raue et al. 2009,
2014). Consequently, there has been recent interest in extending existing identifiability
techniques to a hierarchical modelling framework (Shivva et al. 2013; Janzén et al.
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2016, 2018). For example, Lavielle and Aarons (2016) illustrated how models which
are unidentifiable on the individual level may become identifiable at the population
level, with examples drawn from pharmacokinetic modelling. In similar work, Duch-
esne et al. (2021) leveraged the parametric representation of population parameter
distributions to facilitate model reduction in an in vitromodel of erythropoiesis, while
El Messaoudi et al. (2023) used a simulation-based approach to re-estimate the known
parametric population distributions from simulated data. In each of these cases, the
identifiability of the NLMEmodel was assessed via estimates of the parametric repre-
sentation of the population parameter distribution (for example, estimating the mean
and variance of a lognormal distribution). This parametric perspective on identifiabil-
ity of NLME models is a natural extension of the familiar definition of identifiability
for non-hierarchical models (Janzén et al. 2016; Lavielle and Aarons 2016). However,
this approach relies on a priori fixing a parametric representation of the population
distribution and implicitly assumes that the individual participants can precisely deter-
mine the underlying patient population. Here, we propose a nonparametric approach
to perform practical identifiability analysis of NLME models.

Rather than determining if the individual samples precisely determine the popu-
lation distribution, we wish to quantify if we can distinguish between the estimated
population distributions. Informally, for two population parameter distributions that
equally well describe the data, rather than asking if these two distributions are pre-
cisely equal, we instead wish to determine when they are different in some statistically
significant way. We attempt to distinguish between these two distributions from the
individual and population perspective. At the individual level, we use theKolmogorov-
Smirnov two sample test to determine if the individual estimates distinguish between
the population parameter distributions. This approach identifies if the individual-level
data is sufficient to distinguish between the underlying population parameter distribu-
tions. At the population level, we use the overlapping index of the two distributions
(Schmid and Schmidt 2006; Pastore and Calcagnì 2019), which is related to the total
variation difference between twoprobabilitymeasures, andmeasures the statistical dif-
ference between the distributions.We illustrate the proposed approach using a common
example from pharmacology, the Friberg model of chemotherapy-induced neutrope-
nia (Friberg et al. 2002), and a well-known example from mathematical biology, the
standard viral dynamics model (Perelson 2002).

Both the Friberg and standard viral dynamics models have been extensively well-
studied (Wu et al. 2008; Miao et al. 2011; Evans et al. 2018) and the sufficient
conditions for the identifiability of both thesemodels, when considering single-subject
fits, are known. However, as shown by Lavielle (2014), the inter-individual variability
present in clinical data may result in a model that is identifiable at the population
level, despite being non-identifiable at the individual level. We illustrate this point
numerically in the apprendix, where we illustrate a result of Lavielle and Aarons
(2016) on a simple exponential growth model that provides a classic example of non-
identifiability on the individual level. Motivated by these previous results, we then turn
to the Friberg and standard viral dynamics model to illustrate the proposed nonpara-
metric approach to practical identifiability. For both models, we fit a synthetic data set
using a multi-start optimisation approach as suggested by Duchesne et al. (2021), and
compare the resulting fits via information criteria. Using the Kolmogorov-Smirnov
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two-sample test and the overlapping index, we then determine if the population-level
parameter distributions are significantly different. We show that circulating neutrophil
concentrations from a population of 15 virtual individuals are sufficient to identify
the Friberg model at the population level. Conversely, we demonstrate that distinct
population-level parameter distributions can result in model fits that equally well
describe circulating viral load data. Consequently, we conclude that the standard viral
dynamics model is practically unidentifiable, even when considering viral load data
from the population level.

The remainder of the article is structured as follows. We next introduce the Friberg
and standard viral dynamics models, including the generation of synthetic data from
each of these models. We then detail our nonparametric approach to practical identifi-
ability of these models within a NLME framework.We illustrate the approach through
two examples before concluding with a brief discussion.

2 Methods

2.1 FribergModel of Chemotherapy-Induced Neutropenia

Neutrophils are the most common white blood cell in humans and an important part
of the immune system. Neutropenia, defined as circulating neutrophil cells below
a critical level, is a common dose-limiting toxicity of anti-cancer treatments (Cas-
sidy et al. 2020; Craig 2017; Friberg et al. 2002). Friberg et al. (2002) developed
a semi-mechanistic transit compartmental model of neutrophil production that has
become the gold-standard framework for modelling hematopoietic toxicity (Craig
2017). This modelling framework has been extended beyond neutrophils to include
other hematopoietic lineages and has been used throughout the pharmaceutical sci-
ences (Craig 2017; Soto et al. 2020; Quartino et al. 2014; Câmara De Souza et al.
2018). The Friberg et al. (2002) model includes the dynamics of proliferating neu-
trophil precursors (P(t)), three compartments representing maturation stages in the
bone marrow (T1,2,3(t)), and a circulating neutrophil concentration that is typically fit
to clinical neutrophil measurements (N (t)). Câmara De Souza et al. (2018) showed
that the Friberg et al. (2002) formulation of this model imposes an implicit relation-
ship between the mean maturation time and the proliferation rate (kprol ) of neutrophil
precursors. However, these two processes are mechanistically distinct. Consequently,
Câmara De Souza et al. (2018) proposed the following generalization of the Friberg
model that does not impose this relationship and is given by
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d

dt
P(t) =

[
(1 − Edrug(t))

(
N0

N (t)

)γ

− 1

]
kprol P(t)

d

dt
T1(t) = kprol P(t) − ktr T1(t)

d

dt
Ti (t) = ktr Ti−1(t) − ktr Ti (t) for i = 2, 3

d

dt
N (t) = ktr T3(t) − kcircN (t).

⎫⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎬
⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎭

(1)

Eq. (1) decouples the proliferation rate kprol from thematuration rate ktr , while Friberg
et al. (2002) makes the modelling assumption that these rates are equal. The prolifera-
tion of these cells is modulated by the ratio N0/N (t). This feedback from circulating
neutrophils to proliferating neutrophil precursors acts as a cipher for the cytokine
effects, and γ controls the strength of this feedback. Neutrophil precursors in the bone
marrow progress through the maturation compartments with rate ktr . Finally, circu-
lating neutrophils are cleared at a per capita rate kcirc. As is commonly done (Friberg
et al. 2002; Câmara De Souza et al. 2018), we take the initial conditions of Eq. (1) as

N (0) = N0, T1,2,3(0) = kcircN (0)

ktr
, and P(0) = kcircN (0)

kprol
.

We give a schematic diagram of the model in Eq. (1) in panel A of Fig 1.
We couple the semi-mechanistic model Eq. (1) with the four compartment pop-

ulation pharmacokinetic (PK) model for the chemotherapeutic Zalypsis to model
chemotherapy-induced neutropenia (Pérez-Ruixo et al. 2012; Craig et al. 2016; Cas-
sidy et al. 2020), given by

d

dt
Cp(t) = Ic(t) + k f pC f (t) + ksl1pCsl1(t) − (kp f + kpsl1 + kcl)Cp(t)

d

dt
C f (t) = kp f Cp(t) + ksl2 f Csl2(t) − (k f p + k f sl2)C f (t)

d

dt
Csl1(t) = kpsl1Cp(t) − ksl1pCsl1(t)

d

dt
Csl2(t) = k f sl2C f (t) − ksl2 f Csl2(t).

⎫⎪⎪⎪⎪⎪⎪⎪⎪⎪⎬
⎪⎪⎪⎪⎪⎪⎪⎪⎪⎭

(2)

In the PKmodel in Eq. (2),Cp(t) represents drug concentration in the central compart-
ment,C f (t) is the concentration in the fast-exchanging tissues, andCsl1(t) andCsl2(t)
are the concentrations in the slow-exchange tissues. The rates ki j give the transit rate
from compartment i to compartment j while Ic(t) models the subcutaneous admin-
istration of Zalypsis. We model the effect of chemotherapy on blocking the effective
proliferation of neutrophil precursors, P(t), using the standard Emax model

1 − Edrug(t) = 1 − EmaxCp(t)

EC50 + Cp(t)
,
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where Emax is the maximal inhibition of proliferation of neutrophil precursors and
EC50 is the concentration that results in half-maximal inhibition of neutrophil prolif-
eration.

2.1.1 Prior Identifiability Results on Friberg Model

Evans et al. (2018) studied the structural identifiability of a class of semi-mechanistic
models related to the Friberg model. There, they found that, if the initial conditions of
the Friberg model correspond to equilibrium, as is commonly done, and ktr = kprol ,
then the model is structurally identifiable. However, if both assumptions are not met,
the model is structurally unidentifiable.

As discussed byCâmaraDeSouza et al. (2018), the assumption ktr = kprol imposes
a relationship between two physiologically distinct processes, namely the maturation
rate of neutrophil precursors, and the proliferation rate of proliferating cells. As there
is no a priori biological reason to assume that these rates are identical, we do not
impose ktr = kprol . Consequently, the results of Evans et al. (2018) indicate that the
model parameters are structurally unidentifiable at the individual level.

2.1.2 Generating a Virtual Population and Synthetic Data

We generated a virtual population using the population parameter distributions for
docetaxel treatment that are reported in Table 4 of Friberg et al. (2002). The popula-
tion parameter estimates defining the neutrophil dynamics and antiproliferative effects
of the anticancer treatment were taken from Friberg et al. (2002) and are therefore
self-consistent. We included inter-individual variability on model parameters corre-
sponding to the baseline neutrophil concentration, N0, the EC50, the maturation rate
ktr , and, as we are not enforcing ktr = kprol , we include inter-individual variability
on kprol . We assumed that all parameters with inter-individual variability followed a
log-normal distribution at the population level. Here, we follow Friberg et al. (2002)
and log-transform the inter-individual variability sampled from Normal distributions.
As our model formulation slightly differs from Friberg et al. (2002), we chose the
standard deviations of the inter-individual variability to ensure that the simulated neu-
trophil dynamics reflect the heterogeneity in Figure 1 of Friberg et al. (2002). The
mean and variance of these population distributions are given in Table 1.

We utilized the population PK parameter estimates from Pérez-Ruixo et al. (2012)
to parameterize the PKmodel in Eq. (2). As we are primarily interested in the identifi-
ability of the Friberg model of chemotherapy-induced neutropenia, we do not include
any inter-individual variability on the PK parameters. We generated synthetic circu-
lating neutrophil concentrations for N = 15 virtual participants, by sampling from
the known population parameter distributions in Table 1, reflecting the mean size of
phase I trials of docetaxel (Clarke and Rivory 1999). For each virtual participant, we
simulate the Friberg model in Eq. (1) for 65 days with Zalypsis administrations on
days 0, 21, 42, and 63. We measure the corresponding neutrophil concentration on
days t j = 0, 3, 6, 9, ..., 63.

As mentioned above, the Friberg model is structurally unidentifiable at the individ-
ual level.Wewish to test whether simultaneously fittingmultiple individuals receiving
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Fig. 1 Model schematics for the Friberg model of granulopoiesis, and the standard viral dynamics
model. A) Precursor cells, P , proliferate within the bone marrow at rate kprol and transit to the first
maturation compartment T1 at the same rate. Cells within the maturation compartments T1,2,3 progress
through the compartments with rate ktr before entering the circulation. Cells within the circulation are
cleared at a per capita rate kcirc and control the proliferation of precursors through the nonlinear feedback
term. B) Uninfected target cells, T (t), are produced at a constant rate λ and cleared at a per capita rate dT .
Target cells are infected by virus, V , with rate constant β. The resulting infected cells, I (t), produce virus
at a per capita rate p and are cleared with rate δ. Free virus is cleared at per capita rate c

Table 1 Population parameters used to generate simulated data using the Friberg neutropeniamodel.
A standard deviation of N/A indicates that the given parameter was fixed across the entire virtual population.
The population parameter estimates are taken from Table 4 of Friberg et al. (2002). Consistent with the
parameter estimation in Friberg et al. (2002), we sample from normal distributions before transforming the
parameter value to the linear scale

Parameter (units) Population estimate Standard deviation Distribution

log(N0) (109 cells/mL) log(5.03) 0.22 Normal

log(EC50) (ng/mL) log(0.14) 0.33 Normal

log(ktr ) (1/day) log(1.08) 0.41 Normal

log(kprol) (1/day) log(0.87) 0.42 Normal

γ (unitless) 0.16 N/A N/A

kCirc (1/day) 1.15 N/A N/A

EMax (unitless) 1 N/A N/A

the same treatment will allow for accurate estimation of the population parameter dis-
tributions, even if the underlying individual model is unidentifiable. In what follows,
we consider the idealized situation, where the neutrophil measurements are noise-
free. This implies that the model is perfectly specified to the experimental data. We
can therefore study the identifiability of the model parameters without considering
any model misspecification or measurement error (Browning et al. 2025).
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2.1.3 Parameterization of the Friberg Model

To fit the synthetic neutrophil data, we first fixed the parameters defining the PKmodel
in Eq. (2) to existing population parameter estimates (Craig et al. 2016; Cassidy et al.
2020). Moreover, we fixed the maximal anti-proliferative effect of chemotherapy as
Emax = 1.We further assumed that the clearance rate of circulating neutrophils, kcirc,
and the strength of feedback from circulation to proliferation, γ , are approximately
equal between participants in this simulated clinical trial. Thus, we estimated kcirc and
γ at the population level without inter-individual variability.We allowed the remaining
parameters, kprol , N0, EC50, and ktr to have inter-individual variability.

We fit the Friberg model (1) to the synthetic data using the nonlinear mixed-effects
framework implemented in Monolix using the stochastic approximation expectation
maximization algorithm (SAEM) (Lavielle 2014; Simulations Plus 2023; Kuhn and
Lavielle 2005; Delyon et al. 1999). We assumed that the model parameters with inter-
individual variability, φ = [kprol , N0, EC50, ktr ], follow a log-normal distribution at
the population level. The population parameter distribution is defined by

φi = ϕi e
ψi ,

where ϕi is the population estimate, ω is the standard deviation of the random effects,
and ψi ∼ N (0, ω2

i ) captures the inter-individual variability for each parameter (Sim-
ulations Plus 2023; Lavielle 2014).

We fit the Friberg model in Eq. (1) to the synthetic neutrophil data sampled at 22
distinct time points t j = 0, 3, 6, 9, ..., 63 for the N = 15 virtual participants. We
denote the synthetic data from the i th virtual participant at time t j by yi, j . Now, let θi
be the model parameters for the i th virtual participant and f (t j , θi ) be the simulated
neutrophil concentration, N (t j ), for model parameters θi . For each participant, the
statistical model is therefore given by

yi, j = f (t j , θi ) + g( f (t j , θi ), ω)ei, j .

In this framework, the error model is given by g( f (t j , θi ), ω)ei, j , where ei, j is the
residual error of participant i at measurement j , and ω is a vector of error parameters.
The residual error, ei, j , is assumed to follow a normal distribution with mean 0 and
variance 1, so the error function g( f (t j , θi ), ω) determines the standard deviation of
the residual error model (Lavielle 2014). For the synthetic neutrophil concentrations,
we consider a proportional error model, so

g( f (t j , θi ), ω) = b[ f (t j , θi )],

where b is an error parameter that is estimated during parameter fitting.
We estimated the model parameters using the SAEM algorithm implemented in

Monolix (Kuhn and Lavielle 2005; Simulations Plus 2023). Even in the case of iden-
tifiable parameters, the SAEM algorithm may converge to a local, rather than global,
optimumof the likelihood. Therefore, we followed themulti-start procedure suggested
by Duchesne et al. (2021) and generated 100 different initial estimates for the model
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parameters by randomly sampling in biologically plausible ranges. We then estimated
themodel parameters fromeach of these 100 initial estimates,which corresponds to the
multi-start approach suggested by Duchesne et al. (2021).We compared the goodness-
of-fit for each of the 100 posterior parameter estimates using the Akaike Information
Criteria (AIC). As the model structure and number of parameters were fixed, this is
equivalent to comparing parameter estimates by the corresponding loglikelihood.

2.2 StandardViral Dynamics Model

The standard viral dynamicsmodel has been extensively used to understand the dynam-
ics of viral infection in HIV-1 and other viral infections (Perelson 2002; Perelson et al.
1996; Hill et al. 2018; Smith and Perelson 2011; Mainou et al. 2024). In the most
common formulation, the model tracks the concentration of uninfected target cells,
T (t), infected cells I (t), and free infectious virus V (t). Here, we consider HIV-1
dynamics, where the target cells represent CD4+ T-cells. We assume that these cells
are produced at a constant rate λ and cleared at a per capita rate dT . Infection occurs at
a rate β following contact between a target cell and infectious virion, V (t), and these
infected cells are cleared at per capita rate δ. Infected cells produce virus at a constant
rate p and this free virus is cleared from the circulation at a per capita rate c. All told,
the model is given by

d

dt
T (t) = λ − βV (t)T (t) − dT T (t),

d

dt
I (t) = βV (t)T (t) − δ I (t),

d

dt
V (t) = pI (t) − cV (t).

⎫⎪⎪⎪⎪⎪⎬
⎪⎪⎪⎪⎪⎭

(3)

The system in Eq. (3) is equipped with initial conditions T (0) = T0, I (0) = I0, and
V (0) = V0, and illustrated in Panel B of Figure 1.

2.2.1 Prior Structural Identifiability Results on the Standard Viral Dynamics Model

The standard viral dynamics model has been extensively studied. Miao et al. (2011)
andWu et al. (2008) show that the viral production rate p cannot be typically identified
from viral load data alone.

2.2.2 Generating a Virtual Population and Synthetic Data

Here, we consider the dynamics of the concentrations of circulating viral loads after
acute HIV-1 infection. To generate synthetic viral load data, we sampledmodel param-
eters from population distributions to generate virtual patients.We did not obtain these
population-level parameters by fitting the model to clinical data. However, these pop-
ulation values are broadly consistent with estimates in the literature (Conway and
Perelson 2015; Phan et al. 2024; Hill et al. 2018; Luo et al. 2012; Catalfamo et al.
2008) and are given in Table 2.
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Table 2 Population parameters used to generate simulated data using the standard viral dynamics
model. Consistent with the parameter estimation in Monolix, we sample from normal distributions before
transforming the parameter value to the linear scale

Parameter (units) Population estimate Standard deviation Distribution

log(β) (mL/copies/day ) log(8 × 10−7) 0.35 Normal

log(p) (copies/cell/day) log(3500) 0.4 Normal

log(δ) (1/day) log(0.25) 0.35 Normal

log(T0) (cells/mL) log(1.5 × 106) 0.45 Normal

log10(V0) (copies/mL) 1 log10 0.25 Normal

To determine the initial conditions of the model, we recall that we are consider-
ing acute infection. We consider viral load data beginning with the first quantifiable
circulating viral load measurement as V (0). As is typical when modelling viral loads
measured in clinical studies, we consider the log10 transformed circulating viral load
(Cassidy et al. 2024; Ismail et al. 2021;Reeves et al. 2020; Phan et al. 2024; Stephenson
et al. 2021; Reeves et al. 2023). Consequently, we assume that the first quantifiable
viral load measurement is normally distributed with mean 1 log10 copies/mL. This
baseline concentration is consistent with the lower limit of quantification of highly
sensitive assays (Palmer et al. 2003).

We fix the remaining model parameters at commonly accepted values (Cassidy
et al. 2024; Reeves et al. 2020; Lim et al. 2024; Cassidy 2023). We set the infection-
independent death rate of target cells to dT = 0.01 day−1 Mohri et al. (2001). Now,
we assume that the concentration of CD4 T-cells is approximately at the uninfected
steady state, so we calculate the production rate of target cells via

λ = T (0)dT .

We fix the clearance rate of viral particles at c = 23 day−1 Ramratnam et al. (1999),
which implies that the concentration of infected cells at t = 0 is given by

I (0) = cV (0)/p.

Once again, we considered a virtual population reflecting the typical size of phase I
trials of anti-HIV antivirals (Stephenson et al. 2021;Mendoza et al. 2018; Sneller et al.
2022). We generate synthetic viral load data by sampling N = 15 virtual participants
from the known population parameter distributions. For each virtual participant, we
simulate the viral dynamics model in Eq. (3) for 65 days. We measure the log10 viral
load concentrations on days t j = 0, 8, 12, 16, ..., 64 and add IID Gaussian measure-
ment error with mean 0 and standard deviation σ = 0.1 log10 copies/mL. Here, unlike
the previous example, we consider the more realistic scenario, where the viral load
measurements are not noise-free. Consequently, we study the identifiability of the stan-
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dard viral dynamics model in the case where there is potential model misspecification
or measurement error.

2.2.3 Parameterization of the Standard Viral Dynamics Model

Asmentioned, the death rate of uninfected CD4T-cells is typically set to d = 0.01/day
and the per capita clearance rate of free virus is taken as c = 23/day. Consequently,
we fix these parameters when fitting the synthetic viral load data. We assumed that
V (0) represents the first quantifiable viral load measurement. However, this viral load
measurement results from an infection event at time t0 < 0. We therefore estimated
the concentration of CD4 T-cells, T0 = T (0), and viral load, V0 = V (0), at time
t = 0.

As before, we estimated the model parameters using the nonlinear mixed-effects
framework implemented in Monolix (Lavielle 2014; Simulations Plus 2023). Here,
we assume that the model parameters φ = [β, p, δ, T0, V0] follow a log-normal dis-
tribution at the population level defined by

φi = ϕi e
ψi ,

where ϕi is the population estimate and ψi ∼ N (0, ω2) captures the inter-individual
variability (Simulations Plus 2023; Lavielle 2014). We included inter-individual vari-
ability for all estimated parameters.

We fit the standard viral dynamics model Eq. (3) to synthetic HIV viral load that
was sampled at 16 distinct time points, t j = 0, 8, 12, 16, ..., 64. For the i th virtual
participant, the log10 synthetic viral load concentration at time t j is denoted by yi, j ,
while the vector of model parameters for the i th individual is given by θi . As in the
case of the Friberg model, the statistical model is given by

yi, j = log10( f (t j , θi )) + g( f (t j , θi ), ω)ei, j ,

where f (t j , θ i) is the solution V (t j ) of Eq. (3). There are many common choices for
the error function g( f (t j , θ), ω) in viral dynamics modelling (Gonçalves et al. 2021;
Zitzmann et al. 2024; Cao et al. 2021; Clairon et al. 2023; Marc et al. 2023; Iyaniwura
et al. 2025). We are estimating the log10 viral load concentration, so we set

yi, j = log10( f (t j , φi )) + aei, j .

Therefore, the error model scales the residual error ei, j by the error parameter a, which
we estimate during parameter fitting.

As before, we estimated the model parameters using the SAEM algorithm imple-
mented in Monolix (Kuhn and Lavielle 2005; Simulations Plus 2023). We once again
considered 100 different initial estimates for the model parameters by randomly sam-
pling in biologically plausible ranges, which corresponds to the multi-start approach
suggested by (Duchesne et al. 2021). We compared the goodness-of-fit for each of the
100 posterior parameter estimates using the AIC.
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2.3 Analysis of Population Parameter Distributions

We analyse model fits that capture the underlying synthetic data. For both the Friberg
andviral dynamicmodels,we consider the ten best fits to the synthetic data asmeasured
by AIC. In both these examples, all model fits represent very good fits to the synthetic
data, so our choice to compare the ten best is somewhat arbitrary. Now, as we are only
considering fits that capture the synthetic data, any significant differences between the
estimated parameter distributions would, therefore, indicate nonidentifiability. How-
ever, variation between the resulting estimates for the parameter populations is to
be expected, as we estimate the population-level distribution by fitting data from a
finite sample of individuals from the population. Consequently, rather than directly
comparing the parametric representations of the population distributions, as proposed
by (Duchesne et al. 2021), we will utilize statistical techniques to determine if these
differences are significant.

We consider j = 10 population distributions for each parameter and N = 15 indi-
vidual parameter estimates corresponding to the N virtual participants. Let {φi, j,k}Ni=1
be the N individual parameter estimates for the kth parameter of the j th fit, and denote
the population distribution of the kth parameter from the j th fit by� j,k . The individual
estimates {φi, j,k}Ni=1 correspond to N samples from the underlying population distri-
bution,� j,k . As we consider nonparametric approaches, we do not use the parametric
representation of � j,k .

We begin by evaluating if the N individual estimates, {φi, j,k}Ni=1, are sufficient
to distinguish between the underlying population distributions from two distinct fits.
The Kolmogorov-Smirnov two-sample test is a nonparametric test to assess if these
N samples were taken from different underlying population distributions. Thus, we
consider the individual estimates from each possible pair of distinct fits, {φi, j,k}Ni=1
and {φi,m,k}Ni=1, and use the Kolmogorov-Smirnov test to identify significant differ-
ences between � j,k and �m,k . We use the significance threshold α = 0.05 to reject
the null-hypothesis that the samples are drawn from the same underlying distribu-
tion. However, the Kolomogorov-Smirnov test relies on the ability to well-order the
individual estimates� j,k . Consequently, when considering correlated parameters, we
consider the nonparametric maximummean discrepancy test (Gretton et al. 2012; Gao
and Shao 2023) to test if twomultivariate samples are drawn from different underlying
distributions.

We also seek to compare the parameter estimates at the population level. To do so,
we use the overlapping index (Pastore and Calcagnì 2019; Schmid and Schmidt 2006).
We consider all pairs of distinct population distributions of the i th parameter,�i,k and
� j,k , with corresponding probability density functions fi,k and f j,k . The overlapping
index between �i, j and �i,k is given by

oi, j,k =
∫ ∞

−∞
min

(
fi,k(θ), f j,k(θ)

)
dθ.

An overlapping index of oi, j,k = 1 indicates that the two probability measures are
equal almost-surely. Conversely, oi, j,k = 0 implies that the two distributions are
entirely disjoint. The overlapping index has recently been used to distinguish between
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Table 3 Summary of the 10 best fits to the synthetic neutrophil concentration data. The 10 best fits to
the synthetic neutrophil concentration data using Eq. (1) as measured by the log-likelihood. Each column,
corresponding to Fits (1-3), (4-7), and (8-10), represent distinct local maxima of the log-likelihood

Fit Number −2LL Fit Number −2LL Fit Number −2LL

Fit 1 -1392.4 Fit 4 -1029.6 Fit 8 -797.4

Fit 2 -1264.1 Fit 5 -972.4 Fit 9 -727.7

Fit 3 -1251.1 Fit 6 -933.3 Fit 10 -725.6

Fit 7 -916.4

responders and non-responders in a virtual clinical trial (Mongeon and Craig 2025).
Essentially, this nonparametric approach measures the agreement between the two
probability distributions and is directly related to the total variation distance between
the corresponding measures. The overlapping index immediately extends to the multi-
variate case by calculating a higher-dimensional integral and facilitates the comparison
of multivariate population parameter distributions.

Finally, model parameters that were estimated at the population-level, i.e. without
inter-individual variability, correspond to point-estimates. Consequently, studying the
identifiability of these parameters without inter-individual variability does not require
understanding if two distributions are significantly different, but rather studying if
the data is sufficient to constrain the point-estimate of the population-level parameter
value. Therefore, the identifiability of these point-estimates can be directly studied
using existing techniques focused on individual-level dynamics such as profile likeli-
hood analysis (Raue et al. 2009).

3 Results

3.1 The FribergModel of Chemotherapy-Induced Neutropenia is Identifiable at
the Population Level

We now consider the model fits to the chemotherapy-induced neutropenia synthetic
data using the Friberg model in Eq. (1). Here, we consider the 10 best fits to the data
as measured by the AIC. The corresponding log-likelihood values for these fits are
shown in Table 3.

The goodness-of-fits for these 10 best fits identify three distinct local maxima of the
log-likelihood, at −2LL ≈ −1250,−950 and −790. Despite these differences, the
model fits the synthetic data quite well for each of the 10 best fits. Now, we considered
a large number of fits from throughout the plausible parameter range. Therefore, we
conclude that fits 1-3 from Table 3, with the highest log-likelihood values, represent
the global maximum of the log-likelihood, while the other two clusters represent local
maxima. For each of the 10 best fits, we show the individual fits to the synthetic cir-
culating neutrophil concentrations in Figure 2. For some individuals, the predicted
dynamics are identical across all 10 best fits. However, some individual fits illustrate
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Fig. 2 A comparison of the 10 best fits to the individual synthetic neutrophil concentration data.
The individual fits to the viral load data from 15 virtual patients using Eq. (1). In all cases, the synthetic
neutrophil concentrations are shown as solid blue circles. The fit circulating neutrophil concentrations for
each of the virtual participant in each of the 10 best fits are shown as solid lines, distinguished by color

subtle differences in the predicted neutrophil dynamics during chemotherapy. Specif-
ically, for individuals with oscillatory neutrophil dynamics with a relatively large
amplitude (ID: 4, 5, 7, 9, 14), there is a discernible difference between the model
predictions across the 10 best fits. These differences are reflected in the corresponding
log-likelihood value for each of these fits as shown in Table 3.

Having established that the Friberg model is able to recapture the synthetic data, we
next turn to the estimated model parameters. In Figure 3A, we show the distribution
of the 15 individual estimates for each of the 10 best fits. For the model parame-
ters N0 and ktr , the distributions of the individual estimates are similar between all
10 best fits. In contrast, for kprol and log(EC50), there is a clear clustering of the
individual distributions of these parameters for fits (1-3), (4-7), and (8-10), which
correspond to the three local maxima of the log-likelihood. As we show in Figure 3B,
the Kolmogorov-Smirnov test did not identify any significant pairwise differences
between the individual estimates for the 10 best fits of the model for N0 and ktr . How-
ever, there are significant differences, measured via the Kolmogorov-Smirnov test,
for the parameters kprol and log(EC50) corresponding to the three local maxima. In
Figure 3B, we highlight these clusters of individual estimates. Importantly, while we
do identify significant differences between the individual estimates for these parame-
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Fig. 3 Assessing practical identifiability of the Friberg model. Panel A shows the distribution of the
15 individual estimates for the model parameters N0, ktr , kprol and log(EC50) for each of the 10 best
population fits as dots within each violin plot. Panel B shows the p-value corresponding to the pairwise
Kolmogorov-Smirnov test between all 10 best fits for each of the four model parameters, with the grey and
white borders identifying the three distinct clusters. Here, p-values below the significance threshold of 0.05
are plotted as blue squares. Panel C shows the 10 estimated population distributions for each of the four
model parameters. Panel D shows the overlapping index between each of the pairwise comparisons of the
10 best fits. Here, for each of the k = 1, 2, 3, 4 model parameters, pairs of fits (i, j) with an overlapping
index oi, j,k > 0.5 are represented by the shades of violet, while pairs with oi, j,k < 0.5 are represented by
shades of orange and the three clusters are again highlighted by white boxes

ters at each local maxima, the estimates within each cluster do not significantly differ
from each other, which suggests that these are at least three distinct local optima of
the log-likelihood; we can identify either 3 local optima by using the clusters shown
in Figure 3, or 4 local optima by dividing the second cluster into two subgroups of
fits 4 and 6 and fits 5 and 7. Specifically, there are significant pairwise differences
between the individual estimates for log10(EC50) these subgroups as measured by the
Kolomogorov-Smirnov test. However, the population distributions for these param-
eters display noticeable overlap, which implies that the 15 individuals considered in
this example may not be sufficient to distinguish between the population estimates for
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this parameter. In this example, if we were to use o∗ < 0.5 as the threshold for sig-
nificant difference in overlap, then the overlapping index would identify four clusters
and coincide with the significant differences identified by the Kolomogorov-Smirnov
test. Conversely, if we required less overlap for a significant difference, for example,
o∗ < 0.3, then the overlapping index would suggest that there are only three signif-
icantly different clusters. However, as the overlapping index does not immediately
allow for hypothesis testing, choosing this threshold is problem-dependent.

Analysis of the population parameter distributions confirms our observations from
the individual parameter estimates. Once again, the population distributions of N0 and
ktr are indistinguishable at the population level. Unsurprisingly, these distributions
have noticeable overlap shown in Figure 3C. Indeed, the mean overlapping indices for
the population parameter distributions of N0 and ktr are 0.91 and 0.82, respectively.
Conversely, the population distributions for kprol and log(EC50) reflect the previously
identified local maxima of the log-likelihood. This clustering is, once again, particu-
larly apparent between fits 1-3 and fits 8-10. There is almost no overlap between these
two clusters of population parameter distributions, as shown in Figure 3D. However,
as before, the population distributions within each of these two clusters do exhibit
a high-level of overlap, where the three clusters are highlighted by a white border.
Taking the individual and population level results together, we therefore conclude that
these three clusters represent distinct maxima of the log-likelihood, but that the fits
within each cluster are not significantly different. Thus, our approach for comparing
parameter estimates at both the individual and population level is able to distinguish
between distinct local maxima of the log-likelihood, but does not identify artificial dif-
ferences between the parameter estimates within these clusters.We therefore conclude
that the Friberg model is practically identifiable at the population level.

We next compared the estimates for the parameters considered without inter-
individual variability, γ and kcirc, against the true values for these parameters for the
cluster of best-fits (1-3) . While we did not precisely estimate the known values, this
fitting approximately recaptured the underlying truth values with γ = 0.15, 0.15, and
γ = 0.18 for fits 1-3, respectively compared against the true value of γ = 0.163. Sim-
ilarly, the estimates for kcirc = 0.87/day, 0.81/day, and kcirc = 1.41/day compared
against kcirc = 1.15/day We also compared the population parameter distributions
from fits 1-3 against the known distributions for the parameters with inter-individual
variability in Figure 8. In general, the population estimates recaptured the underlying
known parameter distributions.

3.2 The StandardViral Dynamics Model is Not Identifiable at the Population Level

We next turn to the model fits to the synthetic HIV viral load using Eq. (3). We
once again select the 10 best fits to this synthetic data, as measured by AIC, with the
population log-likelihood given in Table 4.

Wenote that all 10 best fits to the synthetic viral loaddata have extremely similar log-
likelihood values, which indicates no appreciable differences between the best-fit and
the 10th best fit. Indeed, the worst of the 100 distinct parameterizations of this model
has a −2LL value of -189.95, which is comparable to the best fit. Consequently, we
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Table 4 Summary of the 10 best fits to the synthetic viral load data. The 10 best fits to the synthetic
viral load data using Eq. (3) as measured by the log-likelihood. Here, lower values of −2LL correspond to
a better fit

Fit −2LL Fit −2LL Fit −2LL Fit −2LL Fit −2LL

Fit 1 -191.9 Fit 2 -191.6 Fit 3 -191.6 Fit 4 -191.6 Fit 5 -191.5

Fit 6 -191.5 Fit 7 -191.5 Fit 8 -191.5 Fit 9 -191.5 Fit 10 -191.4

Fig. 4 A comparison of the 10 best fits to the synthetic viral load data. The individual fits to the viral
load data from 15 virtual patients using Eq. (3). In all cases, the synthetic viral load data is shown as solid
blue circles. The fit circulating viral load for each of the virtual participants resulting from each of the 10
best fits are shown as solid lines, which distinguished by their color, but entirely overlapping

conclude that these 10 best fits have converged to the maximum of the log-likelihood.
In Figure 4, we show the individual fits to each of the 15 virtual participants from all
10 best fits. As we would expect from the log-likelihood, the model fits the synthetic
data well for each of the 10 best fits. Furthermore, the predicted individual dynamics
are indistinguishable for all 15 virtual participants. We therefore conclude that the
model can recapture the synthetic data.

We next analyze the parameter estimates from the 10 best fits. Here, we do not
show the distribution of V (0), as this parameters is directly informed by the synthetic
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Fig. 5 Assessing practical identifiability of the standard viral dynamics model. Panel A shows the
distribution of the 15 individual estimates for the model parameters log10(β), log10(T0), log10(p) and δ

for eachof the 10best populationfits as dotswithin eachviolin plot. PanelB shows the p-value corresponding
to the pairwise Kolmogorov-Smirnov test between all 10 best fits for each of the four model parameters.
Here, p-values below the significance threshold of 0.05 are plotted as blue squares. Panel C shows the 10
estimated population distributions for each of the four model parameters. Panel D shows the overlapping
index between each of the pairwise comparisons of the 10 best fits. Here, for each of the k = 1, 2, 3, 4
model parameters, pairs of fits (i, j)with an overlapping index oi, j,k > 0.5 are represented by the shades of
violet, while pairs with oi, j ,k < 0.5 are represented by shades of orange. The 10 best fits are distinguished
by their colors for the distributions shown in Panels A and C

data. In Figure 5, we show the individual estimates and the population distributions
for the model parameters log10(β), log10(T0), log10(p), and δ. The distributions of
individual estimates for the parameters log10 β and δ are indistinguishable across the
10 best-fits. Accordingly, the Kolmogorov-Smirnov two-sample test does not indicate
that there is a significant difference between the individual estimates for these two
model parameters. Conversely, the distributions of individual parameter estimates for
log10 T0 and log10 p are observably distinct in Figure 5A. The Kolmogorov-Smirnov
test identifies significant differences between almost all pairs of individual estimates
for these two parameters. In Figure 5B, the large number of blue squares correspond
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to pairs of individual estimates with p < 0.05. Consequently, our analysis of the
individual estimates suggests that log10 T0 and log10 p may not be identifiable at
the population level, as these statistically different distributions result in identical
viral load dynamics. This conclusion is consistent with earlier structural and practical
identifiability analysis of the standard viral dynamics model (Miao et al. 2011; Wu
et al. 2008) which showed that p cannot be identified from viral load data alone.

We next consider the population distributions, which reflect the conclusions from
the individual estimates. Once again, the probability densities of population distri-
butions of log10 β and δ are indistinguishable in Figure 5C. As expected from the
probability densities for the population distribution of these parameters shown in Fig-
ure 5C, the overlapping indices for the 10 best fits of log10 β and δ are all greater than
0.97 and 0.98, respectively (Figure 5D). Thus, the population distributions for these
two parameters have considerable overlap with a correspondingly small total variation
distance. Conversely, there is noticeable heterogeneity in the mean and shape of the
population distributions of log10 T0 and log10 p. This heterogeneity is reflected in the
overlapping indices of the population distributions of these two parameters, where the
minimum overlap between two distributions is roughly 10−3 in both cases, which indi-
cates a large total variation distance between the population parameter distributions.
Thus, our analysis demonstrates that distinct population distributions for log10 T0 and
log10 p can result in nearly identical model predictions and fits to data. This analysis
indicates that logβ and δ are identifiable at the population level, while log10 T0 and
log10 p are unidentifiable.

3.2.1 Identifiability of the Standard Viral Dynamics Model with a Correlation
Structure

Further analysis of the identifiability results for the standard viral dynamics model
suggest a correlation between log T0 and log p. This result is unsurprising from the
biological interpretation of these parameters, as log T0 determines the cells available
to be infected, while log p determines the viral production rate. For a given set-point
viral load, corresponding to the equilibrium virus concentration observed at later time
points, there is a clear relationship between these twomechanisms. For example, fewer
infected cells, with a corresponding lower value of log T0, and a higher production
rate log p can produce the same total amount of virus as more infected cells with a
lower production rate, as discussed by Wu et al. (2008). Further, Lavielle and Aarons
(2016) has shown that some otherwise unidentifiable parameters may be identifiable
within a hierarchical frameworkwith an appropriate correlation structure.We therefore
allowed for a correlation between these two parameters and once again fit Eq. (3) to
the synthetic viral load from N = 15 individuals. As before, we considered the 10
best fits to this synthetic data, with the corresponding population log-likelihoods given
in Table 5. We once again note that these 10 bests fit the synthetic data equally well,
as measured by a negligible difference in the population −2LL values, and all 10 fits
capture the individual dynamics.

We analyse the parameter estimates from these ten fits. As the analysis of the indi-
vidual and population distributions for log(β) and δ is unchanged from Figure 5, we
do not include it here. Rather, we focus on the identifiability of the correlated param-
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Table 5 Summary of the 10 best fits to the synthetic viral load data. The 10 best fits to the synthetic
viral load data using Eq. (3) and allowing for correlation between log T0 and log p, as measured by the
log-likelihood. Here, lower values of −2LL correspond to a better fit

Fit −2LL Fit −2LL Fit −2LL Fit −2LL Fit −2LL

Fit 1 -217.8 Fit 2 -217.8 Fit 3 -217.7 Fit 4 -217.7 Fit 5 -217.7

Fit 6 -217.6 Fit 7 -217.6 Fit 8 -217.6 Fit 9 -217.6 Fit 10 -217.6

Fig. 6 Practical identifiability of the standard viral dynamics model with a correlation between
log p and log T0 Panel A shows the distribution of the 15 individual estimates for the model parame-
ters log10(β), log10(T0), log10(p) and δ for each of the 10 best population fits as dots within each violin
plot. Panel B shows the p-value corresponding to the pairwise Kolmogorov-Smirnov test between all 10
best fits for each of the four model parameters. Here, p-values below the significance threshold of 0.05
are plotted as blue squares. Panel C shows the 10 estimated population distributions for each of the four
model parameters. Panel D shows the overlapping index between each of the pairwise comparisons of the
10 best fits. Here, for each of the k = 1, 2, 3, 4 model parameters, pairs of fits (i, j) with an overlapping
index oi, j,k > 0.5 are represented by the shades of violet, while pairs with oi, j,k < 0.5 are represented by
shades of orange. The 10 best fits are distinguished by their colors for the distributions shown in Panels A
and C

eters log10 T0 and log10 p. In Figure 6A, we show the individual estimates for these
parameters for each of the 10 best fits. Then, for each of the 15 individuals, we plot
the individual estimates for log10 T0 against log10 p and note the clear positive corre-
lation for the 15 individuals in each fit, corresponding to a postive correlation between
the individual random effects, but an overall negative correlation when considering
each of the 10 fits. We further note that the estimates for each fit do not significantly
overlap in log10 T0 × log10 p space. Accordingly, the MMD two-dimensional test
identifies significant differences between nearly all pairs of two-dimensional esti-
mates of (log10 T0, log10 p), with the blue squares in Figure 6A representing pairs of
estimates with p < 0.05. This analysis suggests that these two parameters may not
be identifiable at the population level, even when allowing for a correlation between
them.
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We next consider the population distributions. Once again, we only show the dis-
tributions for log10 T0 and log10 p in Figure 6B. Here, we observe the univariate
parameter distributions reflect the negative correlation structure, with high estimates
for log10 p corresponding to lower estimates of log10 T0, and vice versa. The lack of
overlap between the bivariate parameter distributions is reflected in the relatively low
overlapping index, and thus large total variation distance, calculated between the pop-
ulation distribution for each pair of fits. Consequently, our analysis at the individual
and population level indicates that these two parameters are unidentifiable.

4 Discussion

Nonlinear mixed-effects models are extensively used within the pharmacokinetics
modelling community (Traynard et al. 2020; Lavielle 2014; Clarke and Rivory 1999)
and hierarchical models are increasingly common throughout mathematical biology
(Ke et al. 2022; Gilmore et al. 2013; Carpenter et al. 2017). Although this modelling
framework benefits from simultaneously considering data from multiple individual
participants when estimating parameters, existing approaches to study the identifi-
ability of model parameters relies on a parametric interpretation of the population
parameter distributions. Here, we have presented an alternative approach to studying
the practical identifiability of a nonlinear mixed-effects model through a nonparamet-
ric approach. As we do not consider the parametric representation of the population
parameter distributions, our approach is immediately applicable in the case where
modellers consider different parameter distributions, or in the fully Bayesian case.
Specifically, rather than studying when the parametric representation of two dis-
tributions are precisely equal, we focus on determining when two distributions are
statistically different.

We utilize existing statistical techniques to determine whether two distributions dif-
fer. At the individual level, we utilize the Kolmogorov-Smirnov two-sample test to test
if the individual samples from the underlying population distribution, corresponding to
the individuals in the trial, are sufficient to distinguish the underlying population-level
distributions. However, this individual-level approach may not distinguish between
population distributions that differ at the tails, although other statistical tests, such
as the Anderson-Darling or Cramér-Von Mises tests, could be used. Consequently, at
the population level, we consider the overlapping index to quantify how the probabil-
ity density functions of two population distributions differ. This approach calculates
the total variation distance between the two corresponding probability measures but
does not permit a simple test statistic to determine if the two distributions are signif-
icantly different, although it would be straightforward to fix a significance threshold
in practice. However, our approach to practical identifiability can be easily extended
to other statistical frameworks to distinguish between population parameter distribu-
tions, including other nonparametric tests that may bemore appropriate or informative
for a given model.

We illustrated our approach by analysing the identifiability of two important mod-
els in pharmacology and viral dynamics. We showed that the Friberg model of
chemotherapy-induced neutropenia is identifiable within a hierarchical framework
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without imposing that kprol = ktr . Thus, our work demonstrates that considering
multiple individuals allows for the Friberg model to be parameterized without assum-
ing that ktr = kprol (Evans et al. 2018; Câmara De Souza et al. 2018). Conversely, our
results indicate that the standard viral dynamics model remains unidentifiable, even
when considering multiple individuals. This population level analysis is consistent
with earlier work that considered the identifiability of the standard viral dynamics
model when fitting viral load data from a single individual (Wu et al. 2008; Cardozo-
Ojeda and Perelson 2021). Consequently, the standard viral dynamics model is an
example of where considering multiple individuals does not permit the identification
of additional model parameters. Further, our analysis of the standard viral dynamics
model indicates that a multi-start fitting approach, as suggested by Duchesne et al.
(2021), may not be sufficient to determine a unique global minimum, as we found
over 10 local minima of the log-likelihood that have nearly identical goodness-of-fits.
These examples are intended to illustrate the proposed nonparametric framework for
assessing practical identifiability. Consequently, we focus on evaluating identifiability
given the available data, rather than investigating how trial design factors, such as
sample size or sampling frequency, might influence identifiability, although these are
important questions for future work.

We have proposed a nonparametric approach to studying practical identifiability
within the frameworkof nonlinearmixed-effectsmodels.While our proposed approach
is simple, it has some limitations. For example, our proposed method is computation-
ally demanding as we utilize a multi-start approach to seek the global optima of the
log-likelihood. Further complicating this multi-start approach, the parameter estima-
tion problem may be high-dimensional and the objective function is not necessarily
convex. Consequently, it is not a priori apparent how many runs are necessary to
find the global optimum for a given model. Furthermore, we focused on characteriz-
ing the population distribution of individual parameters, rather than multivariate joint
distributions that would arise from an underlying covariate structure, although we
illustrated how our approach extends to the multivariate case in the second example.
Nevertheless, there are several areas for future work from both theoretical and practi-
cal perspectives. For example, we focused on the identifiability of model parameters
for a fixed error model. However, it is possible that using a different error model,
which could result in the existence of different local optima, may influence the con-
clusions of this identifiability analysis (Porthiyas et al. 2024; Liu et al. 2024; Murphy
et al. 2024). Further, this proposed approach to practical identifiability could be imple-
mented within the convergence assessment framework of existing software packages
(Simulations Plus 2023; Carpenter et al. 2017) or the profile likelihood approach to
parameter identifiability (Raue et al. 2009).

Despite these limitations, we have developed a simple, nonparametric approach to
assess the practical identifiability of hierarchical models. While our examples focused
on NLME models, the proposed framework immediately extends to purely Bayesian
perspectives (Carpenter et al. 2017; Browning et al. 2025; Porthiyas et al. 2024; Lin-
den et al. 2022) and is simple to implement in most programming languages. The
framework presented here can be used to assess identifiability in hierarchical models
in biology and to identify when a model which is practically non-identifiable at the
individual level can become identifiable at the population level.
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Supplemental information

Here, we use a classical example to demonstrate that a model that is non-identifiable
for parameters at the individual level may be identifiable at the population level.

Identifiability of an exponential growthmodel

We consider a phenomenological model of exponential growth where the population
size xi (t) satisfies

d

dt
xi (t) = (ai + bi )xi (t). (4)

The rates ai and bi could, for example, represent cell reproduction and transwellmigra-
tion/invasion in in vitro growth assays with experimental replicates labeled by indices
i . Eq. (4) is a classic example of non-identifiability at the individual level (Lavielle and
Aarons 2016), as it is straightforward to see that the sum of ai and bi determines the
growth rate of xi . Consequently, there are infinitely many pairs (ai , bi ) that will lead
to identical growth dynamics on the level of individual replicates. However, Lavielle
and Aarons (2016) showed analytically that if the individual-level parameters ai and
bi are both exponentially distributed with means μa and μb, respectively, then the
population-level parametersμa andμb can be identified from sufficient data (Lavielle
and Aarons 2016). Consequently, this simple exponential growth model becomes
identifiable at the population level under assumptions on the underlying population
distribution of a and b. To illustrate this result numerically and investigate the impact
of population sizes, we generate synthetic data and perform inference in an attempt to
identify the population parameters.

Generating virtual replicates and synthetic data

Let Pa and Pb be the population distributions for the model parameters ai and bi ,
respectively. We follow Lavielle and Aarons (2016) and assume that Pa and Pb are
exponential distributions with respective meansμa = 1 andμb = 0.1. We considered
n replicates of this simple exponential growthmodel, where each replicate is generated
by sampling individual growth rates ai and bi from Pa and Pb, respectively. The
dynamics of the i th replicate, xi , are then given by

xi (t; ai , bi ) = x0e
(ai+bi )t ,

which is immediately implied by Eq. (4). For simplicity, we assumed the initial con-
dition x0 to be fixed, known, and common for all replicates i .

We consider observations of xi (t) at equally spaced time points t j = 0, 0.2, 0.4,
0.6, 0.8, 1 and perturbed the logarithm of these observations by independent identi-

cally distributed (IID) Gaussian noise εi j
IID∼ N (0, 0.025), thus generating synthetic

data points
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yi j = log(xi (t j )) + εi j .

Here, we set σ 2 = 0.025 and considered population sizes n = 5, 50, 100, and 200 to
illustrate how the identifiability of the population estimates depends on the amount of
data available for calibration.

Parameterization of the simple exponential growthmodel

The exponential growth model in Eq. (4) has an analytic solution. Therefore, we
can explicitly derive the likelihood function for the synthetic data points yi j , given
θ = [μa, μb]. As each individual replicate i is independent, the likelihood function is

L(θ) =
n∏

i=1

P(yi ·|θ),

where P(yi ·|θ) is the probability of observing the data yi j ( j = 1, . . . ,m), given the
population parameters θ . We calculate

P(yi ·|θ) =
∫

P(yi ·|ai , bi )P(ai , bi |θ)daidbi

=
∫ m∏

j=1

1

σ
√
2π

exp

(
− (yi j − log[xi (t j ; ai , bi )])2

2σ 2

)
P(ai , bi |θ)daidbi

= C
∫

exp

⎛
⎝− 1

2σ 2

m∑
j=1

(yi j − log[xi (t j ; ai , bi )])2
⎞
⎠ P(ai , bi |θ)daidbi ,

where the constant C is independent of the log-transformed data, yi j , but may depend
on σ 2, which we are not estimating. This integral is difficult to evaluate accurately
by numerical quadrature. Consequently, we use Monte Carlo integration to estimate
P(y|θ) for the entirety of the synthetic data y via

P(y|θ) ≈ C

n

n∑
i=1

exp

⎛
⎝− 1

2σ 2

m∑
j=1

(yi j − log[xi (t j ; ai , bi )])2
⎞
⎠ . (5)

Identifyingmean growth rates in a simple exponential growthmodel

We compute the log-likelihood in Eq. (5) via Monte-Carlo integration to estimate the
population-level parameters. In Figure 7, we plot the log-likelihood function evaluated
at 800 uniformly sampled parameter pairs (μa, μb) to estimate the population-level
parameters of the simple exponential growth model in Eq. (4) for population sizes of
n = 5, 20, 50, 200. As the model is clearly unidentifiable at the individual replicate
level, it is unsurprising to see that the likelihood does not accurately capture the
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Fig. 7 The log-likelihood distribution as a function of themean values of the exponential distributions
for the growth rates a and b, μa and μb . Panels A-D show the likelihood for n = 5, 20, 50, and 200
virtual replicates. The true value of the mean growth rates, μa and μb , are plotted as a diamonds. Since the
inference problem is identical after relabelling a and b, the pairs (μa , μb) and (μb, μa) both represent true
values. The best 4000 samples from the likelihood are shown as filled circles. The likelihood has a reflection
symmetry through the line μa = μb , shown as a grey dashed line, which corresponds to the relabelling of
a and b

Fig. 8 Comparison between the estimated and known parameter distributions from the the Friberg
model. Panel A compares the 3 parameter estimates in cluster 1 against the known parameter distributions
used to generate the synthetic data for each of the four model parameters. Panel B shows the overlapping
index between each of the pairwise comparisons of the 3 parameter estimates in cluster 1 against the known
parameter distributions. Here, for each of the k = 1, 2, 3, 4 model parameters, pairs of fits (i, j) with an
overlapping index oi, j,k > 0.5 are represented by the shades of violet, while pairs with oi, j,k < 0.5 are
represented by shades of orange

population-level parameters μa and μb for small population sizes n = 5. However,
as the population size increases, especially to n = 50 and n = 200, the likelihood
begins to more accurately identify the underlying values of μa and μb. Figure 7 thus
illustrates the analytical results of Lavielle and Aarons (2016), and demonstrates that
hierarchical parameter estimation can facilitate the identification of model parameters
that would otherwise be unidentifiable.
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Fig. 9 Assessing practical identifiability of the Friberg model for N = 5 virtual participants. Panel A
shows the distribution of the 15 individual estimates for themodel parameters N0, ktr , kprol and log(EC50)

for eachof the 10best populationfits as dotswithin eachviolin plot. PanelB shows the p-value corresponding
to the pairwise Kolmogorov-Smirnov test between all 10 best fits for each of the four model parameters.
Here, p-values below the significance threshold of 0.05 are plotted as blue squares. Panel C shows the 10
estimated population distributions for each of the four model parameters. Panel D shows the overlapping
index between each of the pairwise comparisons of the 10 best fits. Here, for each of the k = 1, 2, 3, 4
model parameters, pairs of fits (i, j) with an overlapping index oi, j,k > 0.5 are represented by the shades
of violet, while pairs with oi, j ,k < 0.5 are represented by shades of orange and the three clusters are again
highlighted by white boxes

Further results on the FribergModel

Here, we present additional results on the identifiability of the Fribergmodel.We recall
that we identified three distinct local minima of the log-likelihood and concluded that
fits 1-3 correspond to the global minima of the log-likelihood. In Figure 8, we compare
the estimated population distributions for N0, ktr , kprol and log10(EC50) against the
known population distributions used to generate the synthetic data. In general, the
estimated distributions for fits 1-3 recapture the known underlying distributions. Taken
together with our analysis in the main text, we conclude that the Friberg model is
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identifiable at the population level and the estimated population distributions recapture
the underlying true distributions.

In the previous analysis, we considered N = 15 participants. To analyse if the
Friberg model remains practically identifiable at the population level for a smaller
number of participants, we consider N = 5 virtual participants. We once again con-
sidered 100 initial estimates for the model parameters and fit the synthetic data from
these initial estimates. As in the main text, we consider the 10 best fits to the data,
as measured by AIC (or log-likelihood). As in the main text, the model captured the
individual dynamics for all 5 virtual participants. We therefore considered the indi-
vidual and population estimates for the model parameters. These parameter estimates
are shown in Figure 9. Broadly speaking, the Kolmogorov-Smirnov test does not
identify significant differences between the distributions of individual estimates for
N0, ktr and kprol . However, there are some pairwise significant differences between
the distributions of individual estimates for log10(EC50). These results are mirrored
in the population distributions, where there are large overlaps between N0, ktr and
kprol . Conversely, some pairs of population distributions of log10(EC50) do not have
large overlap. Consequently, these results suggest that the population distribution of
log10(EC50) is poorly identified when fitting the model to N = 5 participants.
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