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SMALL MEASURABLE CARDINALS

YAIR HAYUT AND ASAF KARAGILA

Abstract. We continue the work from [8] and make a smallŮbut signiĄcantŮ

improvement to the deĄnition of j-decomposable system. This provides us with
a better lifting of elementary embeddings to symmetric extensions. In partic-

ular, this allows us to more easily lift weakly compact embeddings and thus

preserve the notion of weakly critical cardinals. We use this improved lifting
criterion to show that the Ąrst measurable cardinal can be the Ąrst weakly
critical cardinal or the Ąrst Mahlo cardinal, both relative to the existence of
a single measurable cardinal. However, if the Ąrst inaccessible cardinal is the
Ąrst measurable cardinal, then in a suitable inner model it has Mitchell order
of at least 2.

1. Introduction

In this short note we improve the basic lifting theorem for elementary embeddings
to symmetric extensions, originally stated in [8]. This improvement allows us to lift
weakly compact embeddings and therefore preserve weakly critical cardinals (which
are a strong choiceless version of weakly compact cardinals). We apply this new
method to answer a question of Itay Kaplan (Question 3.4 in [8]) and show that the
least measurable can be the least weakly critical cardinal. We also show that the
same technique canŮessentiallyŮprovide us with a model in which the Ąrst Mahlo
cardinal is the Ąrst measurable cardinal, although no embeddings are involved in
this case.

This Ćavour of Şidentity crisisŤ extends the well known result of Jech that ω1 can
be measurable, [9] (and this is equiconsistent with a single measurable cardinal).1

However, this approach fails when attempting to construct a model where the least
measurable cardinal is the least inaccessible cardinal. Indeed, we show that if κ
is the least inaccessible cardinal and the least measurable cardinal, then in an
inner model we have that o(κ) ≥ 2. This shows that that the consistency strength
required is signiĄcantly higher for this result to be possible.

Acknowledgements. The authors would like to thank Ralf Schindler for making
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2. Technical preliminaries

Let us begin by clarifying some of the large cardinal notions often studied by set
theorists in ZFC. We will (re)introduce critical and weakly critical cardinals later.
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2 YAIR HAYUT AND ASAF KARAGILA

We say that κ is an inaccessible cardinal if Vκ is a model of ZF2, the second-order
version of ZF. This is equivalent to the deĄnition ŞFor all x ∈ Vκ, any f : x → κ
has a bounded imageŤ.

Much as is the case in ZFC, we say that κ is a Mahlo cardinal if it is an inaccessible
such that ¶α < κ ♣ α is a regular cardinal♢ is a stationary set.

We say that a cardinal κ > ω is a measurable cardinal if it carries a κ-complete
non-principal ultraĄlter.2 We can prove that if κ is measurable, then it is a regular
cardinal and that if λ < κ, then κ ≰ 2λ, namely there is no injection from κ to

P(λ). However we cannot prove that there is no surjection from 2λ onto κ, e.g. ω1

can be measurable (see [9], for example).
For inĄnite cardinals κ, λ we denote by Sκ

λ = ¶α < κ ♣ cf(α) = λ♢. We say that
a stationary subset S ⊆ Sκ

ω reĆects if there is some α < κ such that cf(α) > ω and
S∩α is stationary in α. If no such α exists, then S is a non-reĆecting stationary set.
It is a standard exercise to see that if κ is weakly compact, then every stationary
subset of Sκ

ω reĆects.
If κ is a measurable cardinal and U, U ′ are two normal measures on κ, we write

U ◁U ′ if U belongs to the ultrapower of V by U ′.3 This is a well-founded relation,
and we write o(κ), the Mitchell order of κ, to denote the range of its rank function.4

Note that o(κ) = 0 if κ is not measurable, o(κ) = 1 if and only if κ is measurable,
but is not measurable in any ultrapower by its measures, and if o(κ) ≥ 2, then
there is a normal measure which contains the set ¶α < κ ♣ α is measurable♢. In
particular, higher Mitchell order implies that there are many measurable cardinals
in the universe.

Throughout the course of the paper we will be interested in elementary em-
beddings between transitive sets in a choiceless context. Let us stress that the
deĄnition of an elementary embedding between set structures j : A → B makes
perfect sense without the Axiom of Choice. Indeed, the deep connection between
elementary embeddings and ultraĄlters (via čośŠs theorem), which holds in ZFC,
can be avoided when discussing elementary embeddings between set structures in
a choiceless context.

2.1. Symmetric extensions. Let P be a forcing notion. If π ∈ Aut(P) then π
extends its action to P-names with the following recursive deĄnition,

πẋ = ¶⟨πp, πẏ⟩ ♣ ⟨p, ẏ⟩ ∈ ẋ♢.

Let G be a group. We say that F is a Ąlter of subgroups of G if it is a non-empty
family of subsgroups of G closed under Ąnite intersections and supergroups. We say
that F is a normal Ąlter5 of subgroups if additionally for every π ∈ G and H ∈ F ,
πHπ−1 ∈ F .

DeĄnition 2.1. A symmetric system is of the form ⟨P, G , F ⟩ where P is a forcing
notion, G ⊆ Aut(P) is a group of automorphisms, and F is a normal Ąlter of
subgroups on G .

Let ⟨P, G , F ⟩ be a symmetric system and let ẋ be a P-name. We say that ẋ
is F -symmetric if symG (ẋ) = ¶π ∈ G ♣ πẋ = ẋ♢ ∈ F . If this property holds
hereditarily to all names which appear in ẋ as well, we will say that ẋ is hereditarily

2There is a case to be argued in favour of allowing ω to be measurable, especially in the
choiceless context. In this work, however, it is simpler to stick with the traditional ZFC-style
deĄnition which excludes ω.

3This deĄnition makes sense even without assuming the Axiom of Choice.
4See [10, DeĄnition 19.33] for details.
5To avoid confusion with normal ultraĄlters in the context of large cardinals, we will refer to

those as normal measures.
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F -symmetric. We use HSF to denote the class of all hereditarily F -symmetric
names, although we will omit the subscripts where no confusion can occur.

The following lemma and theorem can be found in [10] as Lemma 14.37 and
Lemma 15.51 respectively.

Lemma 2.2 (The Symmetry Lemma). Suppose that p ∈ P, ẋ is a P-name, and

π ∈ Aut(P). Then p ⊩ φ(ẋ) ⇐⇒ πp ⊩ φ(πẋ).

Theorem 2.3. Suppose that ⟨P, G , F ⟩ is a symmetric system and G ⊆ P is a V -

generic Ąlter. Then HS
G = ¶ẋG ♣ ẋ ∈ HS♢ is a transitive subclass of V [G] which

contains V and satisĄes all the axioms of ZF.

We refer to HS
G as a symmetric extension of V . We can relativise the ⊩ relation

to the class HS and obtain ⊩
HS, which allows us to discuss truth values of statements

in HS
G in the ground model. The symmetric forcing relation satisĄes the Forcing

Theorem as well as the Symmetry Lemma, if we restrict π to G .
While we will not expand on the subject of iterating symmetric extensions in

this paper, we will refer to two concepts that arise from the work of the second
author in [11].

DeĄnition 2.4. Let ⟨P, G , F ⟩ be a symmetric system. We say that D ⊆ P is
symmetrically dense if for some H ∈ F , every π ∈ H satisĄes πŞD = D. We
say that G is symmetrically V -generic if for every symmetrically dense D ∈ V ,
D ∩ G ̸= ∅.

Theorem 2.5 (Theorem 8.4 in [11]). Let ⟨P, G , F ⟩ be a symmetric system and

ẋ ∈ HS. The following are equivalent:

(1) p ⊩
HS φ(ẋ).

(2) For every symmetrically generic Ąlter G with p ∈ G, HS
G ♣= φ(ẋG).

(3) For every generic Ąlter G with p ∈ G, HS
G ♣= φ(ẋG).

DeĄnition 2.6. Let P ∗ Q̇ be a two-step iterated forcing, let G be a group of
automorphisms of P such that ⊩P πQ̇ = Q̇ for all π ∈ G , and let ˙H be a name
for an automorphism group of Q̇. The generic semi-direct product, G ∗ ˙H , is the
group of automorphisms of P ∗ Q̇ which can be represented as ⟨π, σ̇⟩ with π ∈ G

and ⊩P σ̇ ∈ ˙H , and whose action on P ∗ Q̇ is given by

⟨π, σ̇⟩(p, q̇) = ⟨πp, π(σ̇q̇)⟩.

This is a natural notion which is the Ąrst step towards understanding how to
iterate symmetric extensions as a whole, and we will normally have a symmetric
system and require that Q̇ and ˙H are in HS altogether. We remark that in the
case of a product of two symmetric systems, since H is in the ground model, it

follows that G ∗ Ȟ = G × H acting pointwise on P × Q.

2.2. Large cardinal axioms and preservation thereof. Suppose that G is a
V -generic Ąlter for some forcing and κ is a cardinal in V . We say that A ∈ PV [G](κ)
is essentially small with respect to κ if V [A] is a generic extension by a forcing of
size < κ. When κ is clear from the context we will omit it. The following theorem
is essentially due to Jech [9].

Theorem 2.7. Let V ⊆ W ⊆ V [G] be models of ZF with G a V -generic Ąlter, and

let be κ a measurable cardinal in V . If every A ∈ P(κ)W is essentially small, then

every measure on κ in V extends to a measure in W .

DeĄnition 2.8. We say that κ is a weakly critical cardinal if for every A ⊆ Vκ

there exists an elementary embedding j : X → M with critical point κ, where X
and M are transitive and κ, Vκ, A ∈ X ∩ M .
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Proposition 2.9 (Proposition 3.2 in [8]). κ is weakly critical if and only if for

every A ⊆ Vκ there is a transitive, elementary end-extension of ⟨Vκ, ∈, A⟩.

DeĄnition 2.8, as studied in-depth in [8], is the embedding-based deĄnition of
weakly compact cardinals in a choiceless context. This deĄnition is quite strong
and implies inaccessibility and Mahloness, as well as stationary reĆection.6

Corollary 2.10. If κ is weakly critical, then every stationary S ⊆ κ reĆects.

Proof. Let ⟨Vκ, ∈, S⟩ ≺ M be an elementary end-extension of Vκ. Then M ♣= ŞS∩κ
is stationaryŤ, therefore M ♣= ŞS reĆectsŤ, so Vκ models that as well. □

DeĄnition 2.11. We say that a cardinal κ is a critical cardinal if it is the critical
point of an elementary embedding j : Vκ+1 → M , where M is a transitive set.

Let S = ⟨P, G , F ⟩ be a symmetric system and let j : V → M be an elementary
embedding. In [8] we identiĄed a sufficient condition for the embedding j to be
amenably lifted to the symmetric extension given by S. Namely, if W is the sym-
metric extension of V given by S, and N is the symmetric extension of M given by
j(S), the following condition guarantees that j ↾ Wα ∈ W for all α.

DeĄnition 2.12. Let S = ⟨P, G , F ⟩ be a symmetric system and let j : V → M
be an elementary embedding. We say that S is j-decomposable if the following
conditions hold.7

(1) There is a condition m ∈ j(P) and a name Q̇ ∈ HSF such that:
(a) π : j(P) ↾ m ∼= P ∗ Q̇, π extends the function j(p) 7→ ⟨p, 1Q⟩,

(b) sym(Q̇) = G ,

(c) there is Ḣ ∈ HSF such that ⊩P Ḣ is symmetrically M̌ -generic for Q̇.
(2) There is a name ˙H such that:

(a) ˙H ∈ HSF and ⊩P
˙H ≤ Aut(Q̇), with sym( ˙H ) = G ,

(b) there is an embedding τ : G → G ∗ ˙H , the generic semi-direct product,
such that τ(σ) is given by applying π to j(σ),

(c) τ(σ) = ⟨σ, ρ̇⟩, and ρ̇ is a name such that ⊩P ρ̇ŞḢ = Ḣ.
(3) The family jŞF is a basis for j(F ).

The following is Theorem 4.7 in [8].

Theorem 2.13 (The Basic Lifting Theorem). If j : V → M is an elementary

embedding and S is a j-decomposable symmetric system, then j can be amenably

lifted to the symmetric extension deĄned by S.

By analysing the proof, it turns out that we can weaken condition (3) in the
deĄnition of j-decomposable to the following:

(3Š) For every K ∈ j(F ), there is some K0 ∈ F such that jŞK0 ⊆ K.

So instead of requiring that j(K0) ⊆ K, we simply require that jŞK0 ⊆ K. This
is enough to let the proof of Corollary 4.5 in [8] work. This provides us with an
improved lifting theorem for elementary embeddings.

In both of our applications below, j(P) ∼= P×R for some reasonably well-behaved
forcing R such that we can Ąnd M -generic Ąlters for R in V . In particular, Q̇ in
the deĄnition is the canonical name of R, so it is Ąxed under any automorphism of

6In the literature, the notion of weak compactness in a choiceless context typically refers to the
partition property κ → (κ)2

2
(see, e.g., [1, 3]), which is quite weak without the Axiom of Choice.

Properties which are equivalent under the Axiom of Choice to weak compactness (such as the tree
property with inaccessibility) have several non-equivalent formulations in a choiceless context.

7This means that j(S) is essentially a two-step iteration of symmetric systems with an M -
generic for the second iterand.
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P. Moreover, under the isomorphism from j(P) to P × R, j(p) is mapped to ⟨p, 1⟩,
so (1)(a) holds for m = 1j(P). This guarantees that (1) will be satisĄed.

As these two applications are products of symmetric extensions, for any π ∈ G ,
j(π) is of the form ⟨π, idR⟩. This guarantees that (2) will always be satisĄed.

3. Small measurable cardinals

The Ąrst two results will have a similar proof. We begin with a measurable
cardinal κ and take a symmetric system which preserves measurability using Theo-
rem 2.7. The two systems we will use are nearly the same, with the Ąrst one designed
to preserve weakly compact embeddings and therefore κ will remain weakly critical.
We will always assume ZFC + GCH in the ground model so that we do not have to
worry about collapsing any cardinals below κ.

3.1. The Ąrst weakly critical cardinal.

Theorem 3.1. Let κ be a measurable cardinal. There is a symmetric extension in

which κ is the least weakly critical cardinal and the least measurable cardinal.

In order to kill the weak compactness of cardinals below κ, we will use the
standard forcing for adding a non-reĆecting stationary set. Given a regular cardinal
α we deĄne a forcing Qα which adds a non-reĆecting stationary subset of Sα

ω . A
condition p ∈ Qα is a bounded subset of Sα

ω such that if β < sup p and cf(β) > ω,
then there is a club c ⊆ β such that c ∩ p = ∅. We say that q ≤ p if q is an
end-extension of p.

If S is the generic subset added by Qα, we claim that S is stationary (it is
easy to see that S is non-reĆecting). Suppose that p ⊩ Ċ is a club. We deĄne
by recursion a decreasing sequence of conditions, pn+1 ≤ pn ≤ p, such that there
is some αn > sup pn for which pn+1 ⊩ α̌n ∈ Ċ. Let α = supn<ω αn and let
q =

⋃
n<ω pn ∪ ¶α♢. Note that if β ≤ α and cf(β) > ω then there is some n such

that β < αn, and therefore q ∩ β = pn ∩ β, therefore q is a viable condition in Qα.
Moreover, q ⊩ α̌ ∈ Ċ ∩ Ṡ, where Ṡ is the canonical name for S. So any condition
must force that S meets any club, and therefore it is stationary.

We refer the reader to ğ6.5 of [4] where it is shown that this forcing, while not κ-
closed, is κ-strategically closed. We also claim that Qα is weakly homogeneous. This
is a very simple consequence of the following characterisation of weak homogeneity.

Theorem 3.2. The following are equivalent for a forcing P:

(1) The Boolean completion of P is weakly homogeneous.

(2) If G is a V -generic Ąlter, then for every p ∈ P there is a V -generic Ąlter

H over P, such that p ∈ H and V [G] = V [H].

This is a consequence of a theorem of Vopěnka and Hájek. See Theorem 1 in
Section 3.5 of [6] and Theorem 8 in [7].

Let V be the ground model and let P ∈ V be the Easton support product of
Qα, where α < κ is an inaccessible cardinal. Our group of automorphisms is the
Easton support product of Aut(Qα) (acting pointwise), and our Ąlter of subgroups
is generated by subgroups of the form

∏
α<κ Hα, where Hα is a subgroup of Qα for

all α, and Hα = Aut(Qα) for all but Ąnitely many coordinates.8 We let W denote
the symmetric extension given by a V -generic Ąlter G.

Proposition 3.3. Suppose that Ȧ ∈ HS and p ⊩ Ȧ ⊆ κ̌. Then there is some α < κ
and Ḃ such that p ⊩ Ȧ = Ḃ and Ḃ is a P ↾ α-name. In particular, every subset of

κ in W is essentially small, so κ remains measurable.

8We can replace ŞĄnitelyŤ by any Ąxed λ < κ.



6 YAIR HAYUT AND ASAF KARAGILA

Proof. This is a standard homogeneity argument. Let α be such that sym(Ȧ)

contains
∏

β<α¶id♢ ×
∏

β≥α Aut(Qβ). If p ⊩ ξ̌ ∈ Ȧ, and q ↾ α ≤ p ↾ α, then there

is an automorphism π ∈ sym(Ȧ) such that πp is compatible with q. This implies

that p ↾ α ⊩ ξ̌ ∈ Ȧ, and the same holds, of course if p ⊩ ξ̌ /∈ Ȧ. Therefore
¶⟨p ↾ α, ξ̌⟩ ♣ p ⊩ ξ̌ ∈ Ȧ♢ is a P ↾ α-name equivalent to Ȧ.

For the ŞIn particularŤ part, note that ♣P ↾ α♣ ≤ 2α < κ. □

It is routine to verify that for every ordinal α, cfV [G](α) = cfV (α), and in
particular, every cardinal in V remains a cardinal in V [G]. By Proposition 3.3,
and standard downwards and upwards absoluteness arguments, for every ordinal
α, cfW (α) = cfV (α), and the cardinals of W are the same as the cardinals of V .

Let us remark that Wκ is much smaller than (V [G])κ, as a subset of ordinals
that can enter Wκ must be introduced by a product of Ąnitely many components
Qα. In particular, Wκ ♣= ¬ACω.

It is immediate that every α < κ which is inaccessible in W , and thus in V , has
a non-reĆecting stationary subset and cannot be weakly critical, by Corollary 2.10.
As weakly critical cardinals are inaccessible, the following propositions complete
the proof of Theorem 3.1.

Proposition 3.4. There are no measurable cardinals below κ in W .

Proof. Let α < κ be a regular cardinal in the symmetric extension. So, in particu-
lar, α is regular in V . Let S ⊆ α be the generic non-reĆecting stationary set for Qα,
if α is inaccessible in V , and the empty set otherwise. Let us assume, towards a con-
tradiction, that there is a measure Uα on α in the symmetric extension. Therefore,
in the symmetric extension, one can form the ultrapower Ult(V [S], Uα). As V [S]
is a model of ZFC (even though Uα might be external to V [S]), we can apply čośŠs
theorem and obtain an elementary embedding j : V [S] → M with critical point α.

Let us deal Ąrst with the case that α is inaccessible in V and thus S is a generic
non-reĆecting stationary subset of α.

We have that M = N [j(S)] where N = j(V ) and j(S) is N -generic for j(Qα).
In particular, there is some q ∈ j(Qα) such that S ⊆ q ⊆ j(S) and thus there is
a club C ⊆ α for which C ∩ q = ∅, C ∈ N . But N ⊆ W so it must be that C is
a club in W and C ∩ S = ∅. By Proposition 3.3, there is some β for which C is
added by P ↾ β.

Since S is stationary in V [S], as it is V -generic for Qα, and P↾α is α-c.c., it must
be that C was added by P ↾ [α, κ). However, as P ↾ (α, κ) is α+-distributive, it has
to be the case that C is added by Qα itself, so C ∈ V [S], which is a contradiction
to the stationarity of S.

By GCH, the other possible case is that α was a successor cardinal in V . So, as
α is the critical point of j, α is not a cardinal in N . But N ⊆ W and α is a cardinal
in W Ű a contradiction. □

Proposition 3.5. ⊩
HS κ̌ is weakly critical.

Proof. Work in V . Let j : M → N be an elementary embedding, where M and N
are κ-models (so M, N, j ∈ V ). Then j(P) = P × R, with R being κ-strategically
closed. Using the fact that N is a κ-model, we can construct an N -generic Ąlter for
R in V . All the properties of DeĄnition 2.12 hold for P, except for (3), since j(P)
decomposes to a product. We will show that (3Š) holds, which allows us to apply
Theorem 2.13.

Suppose that B ∈ j(F ). We write Bα as the projection of B on the αth group in
the product. Let E = ¶α < j(κ) ♣ Bα ̸= Aut(Qα)♢. Then E is Ąnite. We have that
B ↾ κ = ¶π ↾ κ ♣ π ∈ B♢ ∈ F . Therefore, we have that jŞB ↾ κ ⊆ B, even though
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j(B ↾ κ) may be strictly larger than B itself.9 So, we can lift j to the symmetric
extensions of M and N as needed.

Let Ȧ ∈ HS be a name for a predicate on Wκ = V W
κ . Let M ∈ V be a κ-model

such that P, G , F , Ȧ, Ẇκ ∈ M and j : M → N is an elementary embedding of
κ-models in V . Then j lifts to the symmetric extension, and it is clear that the
symmetric extension of M contains ȦG, so κ remains weakly critical in W . □

3.2. The Ąrst Mahlo cardinal.

Theorem 3.6. Let κ be a measurable cardinal. There is a symmetric extension in

which κ is the least measurable cardinal and the least Mahlo cardinal.

We repeat the same proof as before. This time Qα is the standard club shooting
forcing to shoot a club through the singulars at every inaccessible cardinal α < κ.
Namely, the conditions are closed and bounded sets of singular ordinals below α,
ordered by end-extension. By Theorem 3.2, this forcing is weakly homogeneous.
The group and Ąlter are deĄned as before as the Easton and Ąnite support products,
respectively. We use W to denote the symmetric extension, as before. It is easy to
see that if α < κ, then α is not Mahlo in W (being weakly Mahlo is downwards
absolute from W to V , and by GCH in V , weak Mahloness implies Mahloness).

The following closure property of Qα is well-known.

Remark 3.7. For every regular cardinal γ < α, there is a dense subset of Qα which
is γ-closed.

From this closure property, it follows that under GCH cardinals are not collapsed:
Indeed, if a cardinal α < κ is collapsed to cardinality γ, then the witness for the
collapse must be added by the iteration up to and including γ. But the cardinality
of this iteration is bounded by γ. Without GCH we still have that no inaccessible
cardinal in the ground model was collapsed.

The following proposition is proved similarly to Proposition 3.3, as the proof
only uses the homogeneity of the components of the forcing.

Proposition 3.8. Every subset of κ in W is essentially small with respect to κ.

In particular, κ remains measurable in W . □

Proposition 3.9. κ remains a Mahlo cardinal in W .

Proof. Let A ⊆ κ. Since A is essentially small, in V [A], κ remains Mahlo. So if A
is a club, in V [A], A contains an inaccessible cardinal. Since P preserves coĄnalities
and GCH, A contains an inaccessible cardinal in the generic extension by P and by
downwards absoluteness Ű in W as well. □

The following proposition completes the proof of Theorem 3.6 by showing that
no measurable cardinals below κ in W . It is proved in exactly the same way as
Proposition 3.4.

Proposition 3.10. There are no measurable cardinals below κ in W . □

3.3. The Ąrst inaccessible?

Theorem 3.11. Suppose that the Ąrst measurable cardinal is the Ąrst inaccessible

cardinal. Then there is an inner model with a measurable cardinal of Mitchell

order 2. In particular, it is impossible to start with a single measurable cardinal

and construct a model in which the Ąrst measurable cardinal is the Ąrst inaccessible

cardinal.

9For example, if B is such that min E > κ, then B ↾ κ = G and B ⊊ j(B ↾ κ) = j(G ).
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Proof. Towards a contradiction, assume that there is no inner model satisfying
∃κ(o(κ) ≥ 2). Let κ be the least inaccessible cardinal, which is also the least
measurable cardinal. Fix a measure U . We do not necessarily assume that U is
normal, as there might be no normal measures on κ (see [2]).

Since κ is not Mahlo, let C ⊆ κ be a club through the singulars. Since every set
of ordinals is generic over HOD, the Mitchell core model, K, is unchanged between
HOD and HOD[C]. Moreover, we can encode U ∩ HOD[C] as a set of ordinals and
by forcing further add it to the universe as well without changing K. Let M denote
HOD[C][U ∩ HOD[C]]. Then, as we remarked, KHOD = KM .

In M , use U ∩ HOD[C] to deĄne an elementary embedding j : HOD[C] → W ,
where W is some transitive class, and derive a normal HOD[C]-measure, D, from
this embedding. Moreover, D ∩ K is a normal K-measure. By the maximality of
K, D ∩ K ∈ K, as shown by Mitchell in [12].

Since κ is measurable in K and K ♣= o(κ) < 2, we have

¶α < κ ♣ K ♣= α is non-measurable♢ ∈ D ∩ K.

But since D is a normal measure over HOD[C] on κ and C is a club, that means
that C cannot contain any α which is measurable in K.

Finally, as D ∩ K is a normal measure, the set R = ¶α < κ ♣ cfK(α) = α♢ ∈ D.
So, pick any α ∈ C ∩ R. Then, we have a singularising sequence A ⊆ α in V ,
which is generic over HOD. As K remains the same between HOD and HOD[A],
we have now a model of ZFC in which α is singular, but regular in K. Therefore, by
Theorem 2.5 in [13], α must be measurable in K, contrary to the assumption. □

Remark 3.12. If we can prove that we can Ąnd α of uncountable coĄnality in V
which is K-measurable, then we can actually push the consistency strength much
higher than just o(κ) ≥ 2.10

Question 3.13. What is the consistency strength of Şthe least inaccessible cardinal
is the least measurable cardinalŤ?

Question 3.14. Suppose that κ is the least inaccessible cardinal and the least
measurable cardinal. Is it always the case that κ carries a normal measure?
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