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ABSTRACT

In the extreme conditions of inertial confinement fusion experiments, heat flow plays a vital role, but local diffusive models frequently break
down and overestimate the heat flow. The situation becomes more complicated again in the significant magnetic fields generated during
laser–plasma interactions or in magnetized fusion schemes. Accurate non-local and magnetized heat flow computations can be carried out
using Vlasov–Fokker–Planck (VFP) simulations, but these are computationally expensive. There is, therefore, significant interest in using
faster multi-group models to accurately calculate the non-local heat flow in magnetized plasmas. We benchmark two such multi-group mod-
els for calculating the heat flow, M1 and hybrid-AWBS-BGK, against diffusive models and full VFP simulations, before applying the models
to realistic example test cases, both magnetized and unmagnetized. We find that the multi-group models generally perform very well for mod-
erate non-localities up to kkmfp �0:01, but the computational cost increases dramatically. hybrid-AWBS-BGK performs more effectively
than M1 at high non-localities, up to kkmfp �1, due to its adaptive solver and robust P1 closure, but tends to fail in very strong magnetic
fields. Both codes are much faster than VFP simulations but are still slow in steep temperature gradients.

VC 2025 Author(s). All article content, except where otherwise noted, is licensed under a Creative Commons Attribution (CC BY) license (https://
creativecommons.org/licenses/by/4.0/). https://doi.org/10.1063/5.0250147

I. INTRODUCTION

Understanding heat flow is critical to modeling high tempera-
ture plasma interactions, in particular, inertial confinement fusion.
Here, steep temperature gradients drive strong heat flows and create
strongly anisotropic and non-Maxwellian plasmas. As heat flow is
primarily carried by high energy electrons, with long mean free
paths, even small changes to the high velocity part of the electron
distribution can greatly change the nature of the heat flow. For suffi-
ciently steep temperature gradients or long mean free paths, the fluid
models of plasmas break down and heat flow can no longer be
described by diffusive models. Instead, electrons can travel several
temperature scale lengths in the plasma before colliding, making
heat flow nonlocal.1,2

This nonlocal transport has complex consequences for ICF. On
one hand, it has been suggested that this nonlocal transport may miti-
gate instability growth.3,4On the other hand, it may increase the degree
of pre-heat in the capsule and reduce the final compression.5 The
effects of nonlocal transport are particularly important in the steep

temperature gradients at the hohlraum wall and during burn wave
propagation, with simulations showing Knudsen numbers kmfp=L
� 0:01� 1.6–8 The principal method of modeling ICF plasmas with
flux-limited fluid codes often fails to match experimental results in
these extremely steep temperature gradients.

Modeling these dynamics is especially difficult when plasmas are

magnetized. Magnetic fields change both the magnitude and direction

of the heat flow9,10 and experiments have found that strong magnetic

fields can localize transport, making diffusive models more accurate

than first expected.11,12 Simulations of ICF experiments have demon-

strated that strong magnetic fields are generated in the laser–plasma

interaction, which have the ability to inhibit thermal transport and

raise plasma temperatures.13–15 Promisingly, improved performance

using an externally imposed field has been demonstrated in both

direct-drive ICF16,17 and indirect-drive ICF,18,19 fueling research into

magnetized liner inertial fusion.20,21 This makes understanding heat

flow and the role of nonlocal transport in magnetic fields increasingly

important.
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In order to accurately capture nonlocal electron thermal trans-
port, one must solve for the electron distribution function, including
the high energy and lower collisionality electrons responsible for the
thermal transport. An ab initio treatment involves the direct solution
of the Vlasov–Fokker–Planck equation for the electron distribution
function. The Vlasov–Fokker–Planck (VFP) codes IMPACT and K2
were developed to simulate precisely the interplay of nonlocal electron
transport and magnetic fields.22,23VFP codes are currently too compu-
tationally expensive and not robust enough to couple to integrated
design radiation-hydrodynamics codes, such as HYDRA. Several
reduced multi-group models have been developed, which break the
heat flow down into contributions from electrons of different energies,
less accurate than a full solution of the VFP equation but considerably
faster. The Schurtz–Nicolai–Busquet (SNB) model24 has been included
in HYDRA and shown to accurately simulate nonlocal transport in the
absence of magnetic fields over a wide range of parameters.25 Models
including magnetic fields have also been developed, but these have yet
to be benchmarked against VFP.

In this paper, we will present benchmarking of nonlocal transport
models including magnetic fields against the VFP codes IMPACT and
K2. We focus on comparing the M1 model, which uses an entropic clo-
sure,26,27 and the hybrid-AWBS-BGK code developed from Ref. 28,
which uses a simpler closure and collision operator but a more advanced
adaptive solver. In Sec. II, we will describe these codes and models. In
Sec. III, we demonstrate that the models agree as expected when the
transport is local and in Sec. IV we compare the model predictions in
the more interesting nonlocal case. Finally, in Sec. V, we look at more
complex problems relevant to indirect drive ICF hohlraums.

II. DIFFERENT MODELS

A. Equations for moments of the distribution function

All of the models considered here describe the evolution of electrons
under the influence of the Lorentz force and collisions by solving the
Vlasov–Fokker–Planck equation for the electron distribution function

@fe
@t

þ v � rfe � e E þ v � Bð Þ � rv fe ¼
@fe
@t

� �

coll

: (1)

In order to reduce the dimensionality of this problem and make
the problem more tractable, we consider the electron distribution func-
tion as a sum of three angular moments, taken as integrals over the
solid angleX,

f0ðvÞ �
ð ð

feðvÞ d2X; (2)

f1ðvÞ �
ð ð

feðvÞv̂ d2X; (3)

f2 ðvÞ �
ð ð

feðvÞv̂ � v̂ d2X; ; (4)

where v̂ is the unit vector.
The heat flow due to electron transport can then be calculated

from the first moment of the distribution function as

q ¼
ð ð ð

fe
1

2
mev

2v v2d2Xdv ¼ me

2

ð

f1v
5dv: (5)

We also make two physical approximations. First, we assume that
the distribution function is slowly varying compared to the collision

timescale, such that @tfe � ð@t feÞcoll, allowing us to neglect @t fe; we
shall see later that this assumption breaks down for strong transport.
This essentially removes any history from the dynamics and allows us
to solve the distribution function in a quasi-static situation, where elec-
trons have enough time to move around such that we can find
moments of the distribution function f0, f1 , and f2 which are all consis-
tent with one another.

Second, we use an AWBS form for the collision operator,29 which
considers superthermal electrons colliding with a thermal background
of electrons and ions. We assume that the distribution function is not
very far from an isotropic Maxwellian distribution given by

f m0 ¼ 4pf me ¼ 4pne

2pv2th
� �3

2

exp � v2

2v2th

 !

; (6)

where the thermal velocity is given by vth ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

eTe=me

p

for a tempera-
ture in electronvolts. We further assume that the distribution function
relaxes toward this Maxwellian through friction at a rate given by the
electron–electron collision frequency �ee, neglecting the effect of veloc-
ity diffusion. Finally, we assume that ion collisions only enter through
angular diffusion, modeling collisions of mobile electrons with station-
ary ions. This gives

@fe
@t

� �

coll

¼ �eev
@

@v
fe � f me
� �

þ �ee þ �ei
2

@2

@X2 fe; (7)

where we use Spitzer’s 90	 scattering rates30 �ee ¼ 4p
m2

e

e2

4pe0

� �2

ne

� lnKeev
�3 and �ei ¼ 4p

m2
e

e2

4pe0

� �2

Zne lnKeiv
�3.

In total, these assumptions lead to two equations for the moments
of the distribution function given by

vr � f1 �
e

mev2
@

@v
v2f1 � E
� �

¼ �eev
@

@v
f0 � f m0
� �

; (8)

vr � f2 � e

mev2
@

@v
v2f2 � E
� �

� e

mev
f2 � E þ e

mev
f0E þ e

me
f1 � B

¼ �eev
@

@v
f1 � �ee þ �eið Þf1 : (9)

With these coupled differential equations for f0 and f1 , the next
step is therefore to determine a form for f2 .

B. M1 model

1. Entropic closure

Crucially, the M1 model includes the effect of the second-order
anisotropy using f2 but closes the angular hierarchy here, such that f2

is purely a function of f0 and f1 . The simplest possible closure here,

with isotropic f2 ¼ f0I =3, is called the P1 closure.

The M1 closure, on the other hand, is designed to maximize the
entropy given by

Ð Ð Ð

ðfe ln fe � feÞv2 d2X dv, subject to satisfying the
moment Eqs. (2)–(4). This entropy is maximized when f2 is given by

f2 ¼ 1

3
I þ 1

2

f 21
f 20

1þ f 21
f 20

 !

f1 � f1

f 21
� 1

3
I

 !

2

4

3

5f0 � v f0: (10)
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This permits a second-order anisotropy described by v , with the

degree of the anisotropy given by 0 
 f 21 =f
2
0 
 1. At the lower limit,

this reproduces the P1 closure. If the anisotropy reaches the upper
limit, however, f2 becomes entirely directed along the anisotropy and

zero elsewhere, with f2 ¼ ðf̂1 � f̂1 Þf0. If jf1j > f0 at any point, the sys-

tem breaks down, with the electron distribution function becoming
negative.

2. Solving the M1 model

With the M1 closure, we have three equations relating f0, f1 ,
and f2 . For convenience, we switch to using energy as the variable of

interest as e ¼ mev
2=2 and replace the collision frequency with a stop-

ping force Se ¼ mev�ee. We keep the Coulomb logarithm constant

with velocity, such that Se / e�1. We then use functions related to the

moments of the distribution function, with W0 ¼ f0v
3, W1 ¼ f1v

3,

andW2 ¼ f2 v
3. In this way, we can write Eqs. (8) and (9) as

@

@e
SeW0ð Þ þ e

@

@e
W1 � E
� �� Se

2e
W0 �

e

2e
W1 � E

¼ r �W1 þ
@

@e
SeW

m
0

� �

� Se

2e
W

m
0 ; (11)

@

@e
SeW1

� �þ e
@

@e
W2 � E
� �

� Se

2e
þ �ee þ �ei

v

� �

W1

� e

2e
W0E þ vW1 � B
� �¼ r �W2 ; (12)

whereW2 ¼ vW0.

By grouping the functions Wl together into a vector U and a sec-
ond order tensor F , we can express these as matrix equations. Here,
we simplify our expression and treat the situation in just two dimen-
sions, such that

U ¼
W0

W1;x

W1;y

0

B

@

1

C

A
; (13)

F ¼
W1;x W1;y

W2;xx W2;xy

W2;yx W2;yy

0

B

@

1

C

A
; (14)

@

@e
SeI þM
� � � U	 
� A � U ¼ r � F þ Cm ; (15)

where

M � U ¼ e W1 � EW0v � E
� �

¼ e

0 Ex Ey

vxxEx þ vxyEy 0 0

vyxEx þ vyyEy 0 0

0

B

B

@

1

C

C

A

� U;

(16)

A ¼ 1

2e

Se eEx eEy

eEx Se evBz

eEy �evBz Se

0

B

@

1

C

A
þ �ee þ �ei

v

0 0 0

0 1 0

0 0 1

0

B

@

1

C

A
; (17)

and

Cm ¼

@

@e
� 1

2e

� �

SeW
m
0

0

0

0

B

B

B

@

1

C

C

C

A

: (18)

We solve these equations using energy as a pseudo-time variable, start-
ing at the highest energy group and iterating down to the lowest energy
group. If we choose a sufficiently high energy group to begin
with, we can use the boundary condition U ! 0 as e ! 1. At each
subsequent energy group g, we can then calculate the next iteration
by solving the matrix equation

1

De
Sgþ1I þM

g

� �

� Ugþ1 � Sg I þM
g

� �

� Ug

h i

� A
g
� U g

� r � F
gþ1

þ Cmg
; (19)

Sg I þM
g

De

�

þ A
g

�

� Ug �
Sgþ1Iþ � M

g
þ 1

De
� Ugþ1 �r

�

�F
gþ1

þ Cmg
: (20)

At each energy group, this equation should be solved at every
point in space. This calculation can be performed in parallel across the
grid, as U at each spatial point only depends on the neighboring points
through the flux F . However, we cannot calculate M

g
without know-

ing vg. In this work, we assume that our energy groups are sufficiently

close to one another and that v is sufficiently slowly varying with

energy that we can approximateM
g
� M

gþ1
.

More generally, our energy groups must be closely spaced enough
to resolve the frictional force exerted over one grid cell at any energy
group. This gives the Courant–Friedrichs–Lewy (CFL) condition for a
grid spacing Dx described by

eg � eg�1 
 SeðegÞ � e
W1ðegÞ � E
W0ðegÞ

" #

Dx: (21)

If this condition is not met, the M1 equations are prone to
numerical instability which takes the form of strong oscillations
with a wavelength of twice the grid spacing. As the stopping
power reduces at low collision rates or as the electric field
increases for steep temperature or density gradients, this condi-
tion becomes more and more difficult to meet. Ultimately,
this causes the code to crash in nonlocal conditions, where
kmfprTe=Te becomes large.

3. Diffusive flux term

One approach to reducing oscillations and improving the resil-
ience of the M1 solver is to add a diffusive term to the flux r � F .
This uses a Harten–Lax–van Leer (HLL) upstreaming scheme
which defines the flux at spatial indices i and j (for x and y, respec-
tively), as

FHLL;x iþ 1

2
; j

� �

¼ 1

2
Fx ðiþ 1; jÞ þ Fx ði; jÞ
	 


� 1

2
Uðiþ 1; jÞ � Uði; jÞ½ �; (22)
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FHLL;y i; jþ 1

2

� �

¼ 1

2
Fy ði; jþ 1Þ þ Fy ði; jÞ
h i

� 1

2
Uði; jþ 1Þ � Uði; jÞ½ �; (23)

such that r � FHLL ¼ r � F � Dxr2
U, using a centered difference

scheme with kernels of ½�0:5; 0; 0:5� and ½�0:5; 1;�0:5� for F and U,

respectively.
In practice, this means that minima and maxima in U are

damped out, by a term which looks like @e½ðSeI þM Þ � U�
¼ …� Dxr2

U. This term plays the largest role when the grid
cell size Dx and energy group spacing are both large, such that
it can overwhelm simulations if we are not careful, causing
unphysical results and crashes. Either the diffusive term should
be turned off under these conditions or else the grid resolution
should be increased and energy group spacing should both be
reduced.

4. Reduced electric field

In some circumstances with strong temperature gradients,
ejEj > Se, meaning that it is impossible to meet the CFL condition
described in Eq. (21). In these circumstances, the code will always
crash, regardless of whether the diffusive term is used or the number
of energy groups used. Here, an artificial reduction in the electric field
experienced by higher energy groups can be used to stabilize the M1
code.

In order to ensure that the CFL condition is always achievable,
with Se > eE �W1x=W0, we use an energy dependent effective electric
field, described by the harmonic mean of the field and the stopping
power, as

Ered ¼ Ê
1

jEj þ
e

Se

� ��1

: (24)

This decreases the electric field sufficiently to ensure that the CFL
condition can always be satisfied given enough energy groups, at a cost
to the accuracy of the distribution function. It will unphysically
decrease the electric field at high energy groups. Eventually, as rTe

increases or Se decreases, this will lead to changes in the crossover
between outward and return current and will substantially change the
final heat flow predicted by the model.

This process of decreasing the electric field prevents elec-
trons from ever being accelerated by the field more than they
are being decelerated by the collisional friction. This is a funda-
mental limitation of the current approach, where energy groups
are solved iteratively downward, as causality here implies that
each energy group is independent of lower energy electrons,
with no heating possible. In future, iterative runs of the M1
code solver starting from both lower and upper boundaries and
converging toward a consistent solution may help to overcome
these limitations.

5. Amp�ere current condition

We have discussed how to calculate the electron distribution
function for a given electric field, but actually the electric field is
itself dependent on the electron distribution function. The system

must, therefore, be solved self-consistently with the electric field
chosen such that Maxwell’s equations hold. Amp�ere’s law imposes a
constraint on f1 through the current. Retaining the quasi-static
approximation, we have J ¼ l0r � B. We calculate J from f1
assuming stationary ions as

J ¼
ð ð ð

� feev v
2d2Xdv ¼ �e

ð

f1v
3dv: (25)

In most situations that we model, with a uniform magnetic field,
this becomes the zero-current condition J ¼ 0. We reach this condi-
tion by iteratively updating the electric field and the distribution func-
tion as follows:

1. For a given magnetic field, we calculate the target current as
Jf ¼ l0r � B.

2. We make an initial guess for the electric field

E0 ¼ � Te

ne
rne � nrTe, where we use n � 1þ 3

2
Zþ0:477
Zþ2:15 .

3. For an electric field En at iteration n, we calculate the moments
of the distribution function W0n and W1 n

, using Eq. (20).
4. We use W1 n

¼ f1
n
v3 to calculate the residual current J

n
using

Eq. (25).
5. We estimate the resistivity tensor g and calculate the corre-

sponding residual electric field DEn ¼ g � ðJ
n
� Jf Þ.

6. We repeat the process from step 3, using a new estimate for the
electric field Enþ1 ¼ En � aDEn, for a controlled descent param-

eter a.
7. We terminate the process when the error in the current is small,

below some chosen tolerance jg0jjJ n � J
f
j < djEnj for a toler-

ance d.

This process works well when the distribution function is close to
Maxwellian, as E0 is a good estimate for the final self-consistent value

for the electric field, and we can use a local Braginskii estimate for the
resistivity g . As the distribution function becomes further from a

Maxwellian, however, the system has to perform more iterations to get
close to the self-consistent electric field and also the accuracy of the
improvement DEn gets worse as the estimate for the resistivity breaks

down.
One solution is to use a secant approximation for

finding the root, using the measured transformation ðEn � En�1Þ
¼ gn � ðJn �Jn�1Þ. For a resistivity tensor described by g

¼
�

g? g
�

�g
�

g?

�

in the plane perpendicular to the magnetic field, we

can show that

g?;n ¼
En � En�1
� � � Jn � Jn�1

� �

jJn� Jn� 1j2
; (26)

g
�;n ¼

j En � En�1
� �� Jn � Jn�1

� �j
jJn� Jn� 1j2

: (27)

Iteratively improving our guess for gn using the measured change
in the current improves the rate of convergence toward the target cur-
rent. To avoid issues with convergence near DEn ¼ ðJn � Jn�1Þ ¼ 0,

we smooth the resistivity tensor over a spatial scale chosen to match
the scale of the problem.
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C. hybrid-AWBS-BGK code

We wish to compare M1 predictions with the hybrid-AWBS-
BGK code developed by Milan Holec and built upon the powerful
MFEM framework.31 In a similar manner to M1, this solves the equa-
tions for the moments of the distribution function (8) and (9) by inte-
grating from the highest energy group downward. As with the M1
model, it assumes a quasi-static situation with @t fe � ð@t feÞcoll and
adjusts the electric field until reaching the zero current condition.
However, it uses the P1 closure f2 ¼ f0I =3, which makes the code
more robust but possibly less accurate at high non-localities.

hybrid-AWBS-BGK has the option to run with either AWBS
or BGK collision operators for f1 , but always uses the BGK collision
operator for f0. In most of this work, we used BGK collisions for both
f0 and f1 , which made the solver more robust at long mean free paths
and high degrees of non-locality. This takes the form of

@fe
@t

� �BGK

coll

¼ ��ee fe � f me
� �

þ �ee þ �ei
2

@2

@X2 fe: (28)

Note that currently hybrid-AWBS-BGK does not separately
calculate the electron and ion collision frequencies, instead using an
estimated total collision frequency �ei þ �ee � �
 � �eiðZ þ 4:2Þ=
ðZ þ 0:24Þ. At sufficiently high Z, the error from this approximation
is on the level of a few percent.

In order to converge to the self-consistent electric field,
hybrid-AWBS-BGK also applies the Amp�ere current condition, but
here the magnetic field is kept constant over the domain, forcing the
target current to J ¼ 0. The electric field is, therefore, adjusted after
each iteration to minimize the current.

D. Vlasov–Fokker–Planck codes

We compare all the models against full Vlasov–Fokker–Planck
simulations performed with the codes IMPACT22 and K2.23 These also
calculate the f0 and f1 moments of the distribution function over mul-
tiple energy groups, but are time-dependent codes, where the tempera-
ture evolves dynamically in response to the heat flow. In this way, the
code calculates how all energy groups of the distribution function
evolve over time from an initially isotropic thermal distribution to a
self-consistent solution. There is, however, not necessarily a converged
steady state, as the system relaxes toward a uniform temperature with
no temperature gradients or heat flow. The heat flow profile is there-
fore recorded when the thermal conductivity has converged, such that
the ratio of the predicted heat flow to the diffusive heat flow is con-
stant. This gives a close-to-converged solution for a temperature pro-
file close to the initial conditions.

These VFP codes treat the problem slightly differently; whereas
IMPACT uses an implicit solver in time, with large timesteps, K2 is
explicit, with timesteps by necessity less than the electron cyclotron
period 2p=xc ¼ 2pme=eB. K2 includes both electron inertia
(@fe=@t 6¼ 0) and electron–electron collisions, while IMPACT has elec-
tron inertia turned off and uses the same approximation for the com-
bined electron–electron and electron–ion collision frequency as
hybrid-AWBS-BGK.

The normalisations of each of these codes are also different.
M1 and K2 are written using SI units for space, density, and heat
flow, with temperature in electronvolts and magnetic field in
tesla. hybrid-AWBS-BGK uses cgs units, taking temperature in

electronvolts and magnetic field in terms of the Larmor frequency
xc ¼ eB=me.

IMPACT, on the other hand, uses a set of normalized units, with
velocity given in terms of a base temperature Te0 as vn ¼

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

2eTe0=me

p

,
time in terms of the corresponding Spitzer electron–ion collision time
sn ¼ v3nð4pe0=e2Þ

2=4pZ0ne0 lnKei0, and lengths in terms of the ther-
mal mean free path kn ¼ vnsn. Again, the Coulomb logarithm is con-
stant across the entire simulation. The density must be given relative
to ne0 and the magnetic field must be given as the thermal Hall param-
eter xcsn. The heat flow is also returned in terms of qn ¼ mene0v

3
n.

Furthermore, the moments of the distribution function are scaled dif-
ferently in IMPACT such that fe ¼ f 00 þ f 01 � v̂ . This gives f 00 ¼ 4pf0
and f 01 ¼ ð4p=3Þf1 , with the distribution function given in terms of
fn ¼ ne0=v

3
n.

E. Local models

We wish to compare the predictions of the M1 model with the
local, diffusive models developed by Spitzer–H€arm,30 Braginskii,9 and
Epperlein–Haines.10 All of these models calculate the heat flow for a
plasma with f0 � f m0 . This gives a heat flow at any given point deter-
mined purely by the plasma parameters at that point, i.e., it is “local.”
In order to express the f1 part of the distribution function analytically,
we have gone further and used the Lorentz gas approximation, consid-
ering only angular scattering as

@fe
@t

� �

coll

¼ �ee þ �ei
2

@2

@X2 fe: (29)

1. Spitzer–H€arm

With both the Spitzer–H€arm and the Lorentz gas approxima-
tions, calculated for B ¼ 0, the f1 moment of the distribution function

can then be calculated analytically from Eq. (9) if we use a P1 closure

of f SH2 ¼ f m0 I =3 and use an electric field given by E ¼ �nrTe. If the

electron density is constant, this gives an estimate for f SH1 given by

f SH1 ¼ � v2

v 2
th

� 3� 2n

 !

vf m0
6 �ee þ �eið Þ

rTe

Te
: (30)

This expression shows the basic form for the electron distribution,
with hot electrons flowing down the temperature gradient, countered

by a return current for v <
ffiffiffiffiffiffiffiffiffiffiffiffiffi

3þ 2n
p

vth. If we further approximate the
Coulomb logarithms lnKee and lnKei as independent of velocity,
this expression can be integrated over velocity as per Eq. (5) to give the
Spitzer–H€arm heat flow

qSH ¼ �20dTe
2

p

� �3
2 4pe0

e2

� �2
e
7
2T

5
2
erTe

m
1
2
e Z lnKei þ lnKeeð Þ

; (31)

where dTe ¼ ð7� 2nÞ=5 describes the impact of the electric field con-
tribution to the heat flow. Spitzer further shows that if the electric field
is allowed to evolve in order to reach J ¼ 0, then n ¼ 5

2
and

20dTe ¼ 8.
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2. Braginskii and Epperlein–Haines

Braginskii and Epperlein–Haines both go further than
Spitzer, in permitting a magnetic field B 6¼ 0. If we again use the
Lorentz approximation to reduce collisions to just angular scatter-
ing, this changes the form of the first moment of the distribution
function as

f B1 ¼ 1

1þ v2
f SH1 � vf SH1 � B̂
� �

þ f SH1 � B̂
� �

B̂ ; (32)

where v ¼ xc=ð�ei þ �eeÞ is the Hall parameter, the ratio of the cyclo-
tron frequency to the collision frequency. The first term in the brackets
represents the reduction in the flow of electrons down temperature
gradients due to magnetization (with higher velocity electrons more
strongly magnetized). The second term describes the Righi–Leduc
flow, perpendicular to both the temperature gradient and the magnetic
field. The third term describes the flow along magnetic field lines,
which we will generally neglect in the rest of this work, in order to
focus on transport perpendicular to the magnetic field.

It is also worth emphasizing that a magnetic field changes the
electric field. Because v is a function of particle velocity, reaching zero

current in f SH1 does not ensure zero current in f B1 . Instead, the electric

field must be described by E ¼ �n � rTe for a tensor n in order to

ensure Amp�ere’s law is satisfied in all directions.
Crucially, Eq. (32) means that the heat flow can no longer be cal-

culated analytically, due to the velocity and Z dependence in the Hall
parameter. Instead, the heat flow is calculated by means of fits to the
integrated solution of the linearized Fokker–Planck equation.
Braginskii first performed these fits over a range of Hall parameters for
a given set of ionization states, and Epperlein and Haines subsequently
improved the fitting agreement and performed the integrations over a
wider range of ionization states.

In the Braginskii fits, the heat flow perpendicular to the magnetic
field is described by

qB ¼ �jB?rTe � jB
�
B̂ �rTe; (33)

where

jB? ¼ c00 þ c01v
2
B

d0 þ d1v
2
B þ v4B

nee
2Te

me
sB; (34)

jB
�
¼ vB

c000 þ c001v
2
B

d0 þ d1v
2
B þ v4B

nee
2Te

me
sB; (35)

sB ¼ 3

4
ffiffiffiffiffi

2p
p

ffiffiffiffiffiffi

me
p ðeTeÞ

3
2

Zne lnKei
; (36)

vB ¼ xcsB is the Hall parameter for the Braginskii thermal collision
time sB, and c00, c

00
1 , and d0 are the fitting parameters as functions of Z.

These are given below for low Z, where �ei � �ee, and for high Z,
where �ei � �ee,

Z c00 c01 c000 c001 d0 d1

1 11.92 4.664 21.67 2.50 3.7703 14.79

1 1.20 3.25 10.23 2.50 0.0961 7.482

In the Epperlein–Haines fits, the heat flow perpendicular to the
magnetic field takes the same form, but with different conductivities
described by

qEH ¼ �jEH? rTe � jEH
�
B̂ �rTe; (37)

where

jEH? ¼ c00 þ c01vB
c00 þ c01vB þ c02v

2
B þ v3B

nee
2Te

me
sB; (38)

jEH
�

¼ vB
c000 þ c001vB

c000 þ c001vB þ c002v
2
B þ v3B

nee
2Te

me
sB; (39)

where for high and low Z the fitting parameters are given below:

Z c00 c01 c00 c01 c02 c000 c001 c000 c001 c002

1 6.18 4.66 1.93 2.31 5.35 4.01 2.5 0.661 0.931 2.50

1 6.21 3.25 0.457 4.81 8.53 0.186 2.5 0.001 0.018 0.43

III. COMPARISON IN LOCAL REGIME

A. Non-magnetized results

Starting with the simplest case of a one-dimensional weak
temperature gradient in an otherwise uniform collisional plasma with
no magnetic field, we wish to verify that all of our codes are working
correctly. We start at a high density of ne0 ¼ 1021 cm�3, with a back-
ground temperature of Te0 ¼ 300 eV and an ionization state of
Z ¼ 100. B ¼ 0 throughout. For a thermal velocity
vth ¼

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

eTe0=me

p

¼ 7:26� 106 m=s, we use the NRL definitions of
the thermal Coulomb logarithm32 to calculate �ee ¼ 11:6 =ps and
�ei ¼ 582 =ps, giving a mean free path of kei;th ¼ 12:5 nm. We model
a small tanh perturbation to the temperature, taking the following
form:

TeðxÞ ¼ Te0 þ DTetanh kxð Þ; (40)

with DTe ¼ 3 eV and k ¼ 2p� 103 =m. This gives kkei;th ¼ 7:8
�10�5 and a peak Knudsen number of Kn ¼ kei;thrTe=Te

¼ kei;thkDTe=Te0 ¼ 7:8� 10�7, such that the transport is in the local
regime in both respects.

M1 simulations are performed using a spatial grid spanning
61mm with 101 grid points giving Dx ¼ 20 lm. We use a linearly
spaced energy grid from 6 eV up to 600 eV with 500 energy groups. At
this high density, the minimum stopping power is Se ¼ 1:18
�107 eV=m, giving a CFL condition of DE 
 237 eV, which is easily
exceeded. We turn the diffusive term off such that FHLL ¼ F .

Figure 1 shows the temperature profile, the resulting electric
field, and some of the results of the M1 simulations. In the local
regime, the initial guess for the electric field is very good and the
code converges to the zero-current condition in just five iterations,
taking 2.1 s on a single processor. The first moment of the distribu-
tion function, plotted as W1x , shows the flow of high energy elec-
trons down the temperature gradient, countered by a return
current driven by the electric field.

M1 gives us an estimate for the entire distribution function and
we can, therefore, compare the moments of the distribution function
calculated by the M1 simulation to the analytic predictions described
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in Eqs. (6) and (30) and to the results of an IMPACT simulation. The
IMPACT simulation was run with 80 energy groups for 400 collision
times until the heat flow reached a steady state, taking around 7min
on four processors, and the moments of the distribution function were
converted to match the forms shown in Eqs. (2)–(4), rather than the
IMPACT forms. The results are shown in Fig. 2, demonstrating excel-
lent agreement across the whole distribution function. As expected, the
zeroth moment predicted by the M1 model diverges from the analytic
estimate f m0 only at the highest energy group, where we assumed
f0 ¼ 0 as v ! 1. The first moment of the distribution function, on
the other hand, matches fairly well throughout but does show signs of
a lag in the simulation, where the M1 curve is slightly to the left of the
analytic prediction. Both curves, however, cross the x axis within 2% of
v ¼

ffiffiffi

8
p

vth.

Finally, we can compare the heat flows predicted by each of the
different models, shown in Fig. 3. IMPACT results were taken from
the run shown in Fig. 2, while hybrid-AWBS-BGK was run using
the BGK collision operator with 80 energy groups and third order grid
refinement within each cell. Results from all of the models lie close to
one another, within 15%. Spitzer–H€arm, Epperlein–Haines, and
IMPACT results lie particularly close, such that they are close to indis-
tinguishable. Braginskii’s fits perform slightly worse here, as the fits
were carried out at low Z or at Z ¼ 1, rather than close to Z ¼ 100.

M1 slightly underpredicts the heat flow by around 10%, likely
due to the slight lag seen in Fig. 2. Convergence testing shows that
using more energy groups does lead to a slight reduction in the lag and
a slight increase in the heat flow, but still not by enough to match the
other models. The heat flow predicted by hybrid-AWBS-BGK is
slightly closer to the local predictions, within 3%, with a runtime of
just 20 s.

B. Magnetized results

Satisfied that the M1 model is working in the local regime and
that the correct normalisations are being used to compare all of the
models, we consider the effect of a uniform magnetic field. Using the
same conditions as Sec. III A and the same temperature profile
described by Eq. (40), we introduce a constant magnetic field Bz with
an amplitude from 3T up to 3� 104 T. In this highly collisional
regime, this explores Hall parameters in the range vB ¼ 10�2 � 102.

Examples of the electric field and the W1x and W1y moments of
the distribution function for a magnetized plasma at a Braginskii Hall
parameter of vB ¼ 0:14 are shown in Fig. 4. The high energy end of
the distribution function is suppressed by 1=ð1þ v2Þ as described in
Eq. (32). This means a lower electric field parallel to the temperature
gradient is required to achieve Jx ¼ 0, resulting in a smaller return

FIG. 1. (a) Temperature profile for the
ramp test problem (blue) and the resulting
electric field. The initial profile calculated
from the temperature gradient (solid black)
is compared with the result after conver-
gence to zero current (dashed red). (b)
The first moment of the distribution func-
tion calculated using the M1 code, shown
as W1x plotted against energy and space.
The black dotted line at � ¼ 4Te0 marks
the transition between outward flow and
return current.

FIG. 2. (a) The zero-th moment of the dis-
tribution function f0ðvÞ in a non-
magnetized plasma at x ¼ 0 predicted by
M1 (dashed red), compared with the ana-
lytic form fm0 ðvÞ (solid black) and with
IMPACT (dash-dot purple). (b) The first
moment of the distribution function at
x ¼ 0, again comparing the prediction
from M1 with the analytic estimate f SH1x ðvÞ
and with IMPACT (same color scheme).

FIG. 3. Heat flow profiles in an unmagnetized plasma predicted by each of the three
local models and three multi-group models. IMPACT and hybrid-AWBS-BGK
results have been calculated accordingly from the normalized units.
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current. The crossover is now at e ¼ 2:6Te0 and moves to lower ener-
gies as the Hall parameter increases.

Perpendicular to the temperature gradient, however, a strong
component of the distribution function is present, with W1y > W1x

even with vB < 1. Ensuring Jy ¼ 0 now requires an electric field per-

pendicular to the temperature gradient, with a return current below

e ¼ 3:4Te0. The dependence on v=ð1þ v2Þ means this component of
the distribution function tends to dominate at high energies. The

equivalent n tensor is given by E � �
�

1:7 �0:5
0:5 1:7

�

� rTe.

We compare the predictions from the different models over a
range of Hall parameters by plotting the peak heat flows predicted by
each model, taken at x ¼ 0, against the Braginskii Hall parameter
vB ¼ xcsB in Fig. 5. All models are largely consistent in their predic-
tions, but there are some significant variations. M1 predicts a Righi–
Leduc heat flux around 20% too low at low Hall parameters, whereas
Braginskii predicts a peak Righi–Leduc heat flow around 20% higher
than Epperlein–Haines. Despite these variations, the M1 model per-
forms well over a wide range of parameters and is particularly close to
IMPACT and Epperlein–Haines fits at vB > 0, where the predicted
heat flows are all within a few percent. Once again, the results from the
hybrid-BGKmodel match the Epperlein–Haines fits very well.

IV. NON-LOCALITY

A. Ramp test

Now we have demonstrated the reliability of the M1 model in
the local regime, we wish to use it to test the divergence of heat

flow in less collisional regimes. We maintain the same tempera-
ture profile and change the collisionality by reducing the density
ne. However, to simplify the situation, we keep the Coulomb loga-
rithms constant at lnKee ¼ lnKei ¼ 6. With this assumption, the
heat flow predicted by the local models is constant with density,
such that any divergence from the original heat flow profile is
caused by nonlocal effects.

As the density and collision frequency falls, the CFL condition
becomes increasingly stringent and more energy groups are required.
Running the M1 code at a density of 3� 1018 cm�3 requires 300000
energy groups, taking 63min to reach convergence on a single proces-
sor. However, including the diffusive term �r2

U in the HLL flux and
using zero-gradient boundary conditions for f1 (@xf1ðjxj ¼ xmaxÞ ¼ 0)
stabilizes the code against oscillations in U and allows the code to run
with just 10 000 energy groups, taking 103 s. This does result in a loss
in accuracy, however, with the peak heat flow reduced by around 10%
compared to the non-diffusive value. The hybrid-AWBS-BGK code,
on the other hand, takes over 15min under these conditions.

Figure 6 shows the resulting distribution function and heat flow.
The divergence from the local predictions shown in Fig. 1 are most vis-
ible off-axis, where the distribution function is much wider than
before. The electric field is also significantly different to the initial
Maxwellian prediction, with a lower field in the center and a higher
field off-axis. The crossover point between outward-going and return
current is much lower in the center, below 1000 eV, and much higher
off-axis. This corresponds with a reduction in the heat flow in the cen-
ter, due to flux-limitation, and an increase in the heat flow away from
the steep temperature gradient, caused by pre-heat.

FIG. 4. (a) Electric fields in a magnetized plasma at the initial guess (dashed) and after convergence to the zero-current condition (solid), shown as components parallel to the
temperature gradient (Ex , blue) and perpendicular to both the temperature gradient and the magnetic field (Ey , red). (b) and (c) Components of the distribution function, plotted
as W1x (b) andW1y (c) on the same color scale. The crossover between return current and outward current is marked by a dotted black line.

FIG. 5. Peak heat flows predicted by each
model perpendicular to the magnetic field
in a magnetized plasma in the local
regime, plotted against the magnetic field
strength shown through vB ¼ xcsB.
Panel (a) shows the heat flow parallel to
the temperature gradient, while panel (b)
shows the Righi–Leduc heat flow perpen-
dicular to both the temperature gradient
and the magnetic field.
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The predictions from M1 agree well with those from both
hybrid-BGK and IMPACT. The increase in the distribution function
off-axis and the shift to lower energies in the crossover point between
return- and outward-current in the center are apparent in both M1
and IMPACT simulations. These result, respectively, in the increase in
the heat flow away from the center and the suppression in peak heat
flow, which match in all simulations and show large divergences from
the Braginskii model. There are some differences between the different
models, with M1 predicting a more uniform electric field across the
temperature gradient and hybrid-BGK predicting very slightly lower
heat flow in the wings. The zero-gradient boundary conditions for M1
also change the crossover between return- and outward-current at the
boundary and give a small but finite heat flux at the boundary.

In order to study the differences between the models over a range
of collisionalities, the peak heat flows are plotted against the Knudsen
number Kn ¼ kthrTe=Te for a range of collision frequencies in Fig. 7.
Note that the hybrid-BGK calculations accounted for the change in
Coulomb logarithm, recalculating the equivalent Braginskii heat flow
for each simulation at the relevant Coulomb logarithm.

All of the multi-group models predict a reduction from the local
heat flow beginning from Kn � 10�6 upwards, with the heat flow
dropping off such that it never exceeds a fraction of 1% of the free
streaming limit in these simulations. There are, however, some

significant differences between the model predictions in the non-local
regime. M1 predicts heat flows up to 30% higher than IMPACT,
although some of this will be due to relaxation in the temperature pro-
file in the IMPACT simulations. hybrid-BGK underpredicts the heat
flow compared to local models at high collisionalities and begins to
predict lower heat flows than IMPACT above a Knudsen number of
10�4. This is likely due to the limitations of the P1 closure and it seems
likely that hybrid-BGK will continue to underpredict heat flow.

On the other hand, the M1 code crashed for a Knudsen number
greater than 10�4, with the stopping power Se becoming smaller than
the electric field due to the temperature gradient. Under these condi-
tions, the reduced electric field must be used, using the harmonic
mean of E and Se=e as described in Sec. II B 4.

B. Cosine test

We can instead look at a cosine perturbation with an arbitrarily
small amplitude as TeðxÞ ¼ Te0 þ DTe cosðkxÞ. This keeps the electric
field small and maintains jf1 j � f0 but still demonstrates non-local
behavior when kkth becomes large and hot electrons can travel more
than one wavelength between collisions.

Figure 8 shows the results of running simulations using M1,
IMPACT, and hybrid-BGK with Te0 ¼ 300 eV and k ¼ 2p� 103 as
before. DTe=Te0 ¼ 10�4, ne ¼ 1019 cm�3, and Z ¼ 100. Here, the
mean free path of electrons with velocity vth ¼

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

eTe=me

p

is
kth ¼ 1:2 lm. Although kkth � 3:6� 10�3 is still small, hot electrons
with v ¼ 3vth travel a significant fraction of a wavelength before collid-
ing. This blurs out the distribution function at high energies and
greatly suppresses the heat flow even when the temperature gradient
itself is small.

The distribution functions from M1 and IMPACT reflect this,
showing the outward-going and return current contributions to W1x

following the same sine profile as rTe but with a lower amplitude. In
IMPACT, this amplitude is reduced slightly further as the temperature
profile relaxes toward equilibrium. This blurring of the distribution
function results in heat flow predictions from both M1 and IMPACT

which are much lower than the local diffusive Braginskii model.
Furthermore, for a cosine test, we can compare to previous

descriptions for the reduction in heat flow made by Epperlein and
Short33 by fitting to results from VFP simulations. This predicts a

FIG. 7. (a) Peak heat flows predicted by the different models plotted against the
Knudsen number. Decreasing collisionality is to the right. (b) Peak heat flows rela-
tive to the free-streaming limit qfs ¼ neeTevth, again plotted against the Knudsen
number.

FIG. 6. (a) and (b) First moments of the distribution function W1x estimated by M1 (a) and by IMPACT (b) for the same tanh temperature profile as before, now at
ne ¼ 3� 1018 cm�3. The contour whereW1x ¼ 0 is marked with a black dotted line and the color scale is the same for both plots. (c) Comparison of the heat flow profiles pre-
dicted by the different local models and by the multi-group models.
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reduction in heat flow by qES=qSH ¼ ½1þ ð30kk
thÞ
4
3��1, where

k
th=kth ¼ ½ðZ þ 1ÞðZ þ 0:24Þ=4:2Zð1þ 0:24ZÞ�Þ12.
The heat flow predicted by IMPACT agrees closely with the

Epperlein–Short prediction, which is reassuring. The heat flow pre-
dicted by the M1 model is close, but 30% higher, as the temperature
profile is treated as entirely static here and cannot relax as in the VFP
simulations. The heat flow predicted by hybrid-AWBS-BGK is sig-
nificantly higher (60%) than the predictions from IMPACT, although
this is largely due to the lower Coulomb logarithm used by this code
(4.15 rather than 6 for all the other simulations).

The peak heat flow is plotted against kkth for densities of
1016�21 cm�3 in Fig. 9. Again, the hybrid-BGK calculations accounted
for the change in Coulomb logarithm, recalculating the equivalent
Braginskii heat flow for each simulation at the relevant Coulomb loga-
rithm. This shows the same trend as in the ramp test, with M1 predict-
ing heat flows dropping off rapidly as the mean free path increases
above kkth ¼ 10�3. The heat flow predicted by M1 falls to 3% of the
heat flow predicted by Braginskii at kkth ¼ 0:03. For densities lower
than 1018 cm�3, however, the M1 simulations crashed regardless of

how many energy groups were used, with no estimate for situations
with kkth � 0:1. Beyond this point, the current M1 model is ineffective
even with f1 � f0.

We can also compare the predictions of the M1 model to the
Epperlein–Short model over a range of kkth. This predicts that the heat
flow falls away from the local prediction for kkth > 10�3, ultimately
proportional to ðkkthÞ�

4
3. The M1 predictions match well to

Epperlein–Short over a wide range of kkth, although M1 systematically
underestimates the heat flow relative to Epperlein–Short by
5%� 25%. IMPACT simulations also match up well at kkth < 0:1,
although in the most non-local situations IMPACT over-estimates the
heat flow relative to Epperlein–Short by almost a factor of 2.
hybrid-AWBS-BGK is very robust and works even up to kkth ¼ 1,
but then breaks down.

C. Magnetization

We were also interested in seeing the effect of a magnetic field on
heat flow in the non-local regime. We used M1 and hybrid-BGK to
run the linear cosine test problem at a selection of densities, corre-
sponding to a local regime at ne ¼ 1021 cm�3, with
kkth ¼ 3:6� 10�5, and increasingly non-local regimes, with
kkth ¼ 0:0036; 0:011; 0:036f g. At greater degrees of non-locality than
this the M1 simulations crashed with 10 000 groups. The heat flows for
hybrid-BGK were scaled by the Coulomb logarithm to ensure consis-
tency at the same value of kk. Unfortunately, benchmarking against
IMPACT simulations was not possible, as no convergence was
achieved in the cross-gradient Righi–Leduc heat flow, and so the
explicit VFP code K2 was used in its place. K2 could only reach con-
vergence at fields up to vB ¼ 10. As the effect of magnetization is
weakest for the highest energy groups, the cross-gradient heat flow
depends more strongly on the very high energy components of the dis-
tribution function, which take longer to reach convergence.

With no magnetic field present, the resulting heat flows are signif-
icantly reduced relative to the local predictions, down to around 3% of
the Epperlein–Haines prediction. Applying a magnetic field, however,
changes the heat flow, both by restricting heat flow perpendicular to
the magnetic field and by introducing a Righi–Leduc term perpendicu-
lar to the temperature gradient. A range of field strengths were mod-
eled, chosen such that the Hall parameter was in the range 10�3 � 102

FIG. 8. (a) and (b) First moments of the distribution function W1x estimated by M1 (a) and by IMPACT (b) for the cosine test problem at ne ¼ 1019 cm�3. The color scale is
the same for both plots. c) Heat flow profiles predicted by the different local models and by the multi-group models, compared with the prediction by Epperlein–Short.

FIG. 9. Peak heat flows for the cosine test predicted by the different models, plotted
against kkth. Decreasing collisionality is to the right.

Physics of Plasmas ARTICLE pubs.aip.org/aip/pop

Phys. Plasmas 32, 043908 (2025); doi: 10.1063/5.0250147 32, 043908-10

VC Author(s) 2025

 1
3
 F

e
b
ru

a
ry

 2
0
2
6
 1

2
:5

1
:4

1

pubs.aip.org/aip/php


for each of the plasma densities, requiring much higher field strengths
at high densities. The resulting heat flows, both down the temperature
gradient and the Righi–Leduc flow perpendicular to the temperature
gradient, are shown in Fig. 10, plotted against the Hall parameter.

In all cases, increasing the magnetic field strength reduces the
heat flow down the temperature gradient, with Hall parameters above
10�1 resulting in a strong reduction in the heat flow down the temper-
ature gradient. On the other hand, increasing the magnetic field
increases the Righi–Leduc heat flow perpendicular to the temperature
gradient, as described earlier. At high kkth, the heat flow both parallel
and perpendicular to the temperature gradient is already suppressed
relative to the prediction without any magnetic field, by a factor of
around 30 parallel to the temperature gradient and by a factor of over
100 perpendicular to the temperature gradient. As Righi–Leduc trans-
port is more dependent on the high velocity part of the distribution
function with longer collision times (q� / ~/ xcseiq?), heat flow per-
pendicular to the temperature gradient is affected more strongly by
steep temperature gradients.

At steep temperature gradients, where the heat flow is reduced by
non-local effects, further reduction in the heat flow by magnetic con-
finement only occurs at a higher Hall parameter. Above this threshold
Hall parameter, which increases from around vB ¼ 0:3 to around
vB ¼ 3 with increasing kk, the local prediction is a fairly good approxi-
mation. The high energy electrons responsible for transport are bound
more strongly to field lines than the thermal electrons, as kmfp=rc~e

3
2,

and this first localizes electron transport and then suppresses the
transport.

While M1 and hybrid-BGK agree well in the local regime, for
the non-local simulations, we see increasing discrepancies. At
kk ¼ 0:012 and above, hybrid-BGK experiences crashes for Hall
parameters above 1, where the heat flow should tend to the local
prediction. M1 does give results throughout this domain but gives
heat flows below the local prediction by up to a factor of four, dis-
agreeing with the VFP code K2. Both codes are more susceptible
to errors in the Righi–Leduc heat flow at high non-localities,
due to the strong dependence on high energy groups. Strong

magnetisations make M1 more stable but incorrect but make
hybrid-BGK more likely to crash.

V. ICF TEST CASES

A. Hohlraum conditions

We also tested the M1 model in a more realistic situation, using
one-dimensional HYDRA simulations of a helium-filled gadolinium
hohlraum. An instantaneous snapshot was taken of the spatial profiles
for the density, temperature, and ionization level (shown in the top
panel of Fig. 11), and this was used to estimate the instantaneous heat
flow. The steep temperature gradients near the wall result in a strongly
nonlocal situation while the steep density gradient adds an additional
challenge to modeling these conditions. A strong cap on the electric
field was required to handle these conditions in M1, reducing the field

FIG. 11. (a) Hohlraum conditions from a one-dimensional HYDRA simulation, show-
ing the electron temperature (solid blue, left axis) and density (dashed black, right
axis) from the hot center of the hohlraum to the cold dense material by the wall.
The ionization level also varies in space, from �Z ¼ 2 in the helium fill in the center,
to �Z ¼ 36 near the wall. (b) The resulting heat flows predicted by Spitzer–H€arm
(solid black), compared to the predictions from M1 (dashed orange), hybrid-AWBS
(dashed green circles), an IMPACT simulations at 30sn (dot-dash purple crosses),
and a quasi-static K2 simulation (dot-dash blue x’s).

FIG. 10. Peak heat flows perpendicular to a magnetic field predicted by M1 (dashed
lines) and hybrid-BGK (dashed circles) and by the VFP code K2 (dash-dot x’s),
compared to the Epperlein–Haines prediction in the local regime (solid) for a mag-
netized linear cosine test. The heat flows relative to the unmagnetised Braginskii
heat flow qB0 are plotted against the Hall parameter for a range of different densities
for (a) perpendicular transport, parallel to the temperature gradient, and (b) Righi–
Leduc transport, perpendicular to both the magnetic field and the temperature gradi-
ent. Both legends apply to both panels.
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at the highest electron energies by two orders of magnitude. Even with
this, the runtime required by M1 was 9 h, without reaching conver-
gence to zero current.

The resulting heat flow predicted by the Spitzer–H€arm model
shows an unphysically high heat flow being carried into the hohlraum
wall, with over 1018 Wm�2. All of the multi-group simulations predict
that this heat flow is greatly suppressed, by an order of magnitude at
the peak, with the peak in the heat flow shifted around 0:1mm down-
stream due to pre-heat.

The multi-group models lie within a factor of two of one another
but disagree about the exact degree of pre-heat. Both M1 and hybrid-
AWBS estimate a precursor in the heat flow profile around 20 lm
further forward compared to the VFP simulations, which both give a
precursor 20lm in advance of the Spitzer–Harm prediction. Over
most of the heat flow IMPACT gives a closer match to M1 (within
10%), while hybrid-AWBS predicts a significantly lower heat flow for
most of the domain. On the other hand, K2 predicts a peak heat flow
amplitude closer to hybrid-AWBS (within 20%).

Note, however, that in the IMPACT simulation the temperature
profile also relaxes rapidly over time due to the strong heat flow, mean-
ing that IMPACT predicts a slightly lower heat flow. For this reason,
the K2 simulation was run in a quasi-static situation with @t fe
¼ @tTe ¼ 0 for a more direct comparison with the M1 or hybrid-
AWBS simulations, which both assume a quasi-static equilibrium.
This means that M1 is probably slightly underestimating the heat flow
under these conditions, while hybrid-AWBS is slightly overestimating
the heat flow. In this set up K2 also took just 4 s to converge, much
faster than all the other codes.

B. 2D “Bubble” tests

Finally, we tested the M1model in a 2D scenario in order to dem-
onstrate how reducing the collisionality can cause heat flows to be no
longer parallel to the local temperature gradient. This is particularly
important near the hohlraum wall, where small bubbles form due
to laser ablation, with local B fields driven by the Biermann battery
term. These reduce the heat flow to the wall. The same simulation
parameters were used as for 1D ramp tests, with a plasma density of
ne ¼ 1019 cm�3 and Z ¼ 100, giving kkth � 3:6� 10�3. The temper-
ature profile was described by a combination of a linear ramp with a
colder “bubble” in the center, as

Te eV½ � ¼ 300� 3tanhð2px mm½ �Þ � 6 exp �pðr mm½ �Þ2
h i

: (41)

The M1 model was run on a 101� 101 grid spanning [�1mm,
1mm], using 10 000 energy groups. This calculation took around 10 h
on a single core to reach convergence to the current condition. In con-
trast, the Spitzer–H€arm heat flow was calculated in a fraction of a sec-
ond and a hybrid-BGK simulation took 20min. A VFP simulation was
also performed using IMPACT, taking 48 h on four cores to reach con-
vergence. The M1 model is, therefore, an order of magnitude faster
than the kinetic simulation under these moderately nonlocal condi-
tions, but is still too slow to be used on every time step of a fluid code.

The results are shown in Fig. 12. The strong heat flow down the
linear ramp is disrupted by the bubble, with qy components moving
heat toward the axis. However, the qy components are smaller than
might be expected such that heat flow predicted by the M1 model is
not everywhere parallel to the temperature gradient. This is particu-
larly evident near x ¼ 0:2mm, where heat flow is in some places
almost perpendicular to the temperature gradient.

Comparing the heat flows predicted by the different models in
Fig. 12(b), we can see that both M1 and IMPACT predict significant
flux suppression near the steepest temperature gradient, with the mag-
nitude of the heat flow around half that predicted by Spitzer–H€arm.
hybrid-BGK predicts even greater flux suppression than M1 and
IMPACT, down to around 30%. Near x ¼ 0:2mm the direction of the
heat flow is also significantly different, with M1 agreeing closely to the
results from IMPACT. We are, therefore, confident that both the M1
model and hybrid-BGK can reproduce nonlocal features in a two-
dimensional situation while requiring a fraction of the runtime of a full
VFP simulation.

We go further by applying a uniform magnetic field of 25:3 T,
chosen such that the Hall parameter at vn ¼

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

2eTe=me

p

is equal to
xcsei ¼ 1. Again, an M1 simulation took 10 h on a single core, while
an IMPACT simulation required 5 h on ten cores to reach conver-
gence. The faster runtime of the magnetized IMPACT simulation is
due to the faster convergence in this situation, where the heat flow is
both suppressed and localized compared with the unmagnetized
case.

The results are shown in Fig. 13. The strong magnetic field causes
a large Righi–Leduc component to the heat flow, with the direction of
heat flow rotated by almost 90	. The heat flow circulates around the
bubble, spiraling down to the minimum in temperature. The heat flow

FIG. 12. (a) Temperature profile shown by
contours at 1 eV intervals, overlaid with
the heat flow predicted by the M1 model,
with normalized magnitude described by
the length of the arrow. (b) Comparison of
the heat flows predicted by the Spitzer–
H€arm model, M1, hybrid-BGK, and the
VFP code IMPACT, all using the same
normalization for the arrow length.
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is also greatly suppressed by the magnetic field, with the peak heat flow
around 10 times lower than in the unmagnetized case.

The suppression of the heat flow comes with localization of the
heat flow, with all of M1, hybrid-BGK, and IMPACT giving predictions
much closer to the local Braginskii predictions for the heat flow. There
is very little divergence from the local predictions. On the other hand,
there are slight discrepancies between the predictions from M1 and
from IMPACT, especially around x ¼ 0:2mm. In this regime, the pre-
dictions from the hybrid code are slightly closer to the kinetic simula-
tions. We attribute this to M1 failing to reach convergence to the zero-
current condition, even after 25 iterations and 10 h.

C. Electron inertia and time history

It is important to note that in any realistic ICF simulation the
evolution of the plasma over time is critical. Currently, both the
VFP codes and the reduced multi-group models are starting from
an initial condition that can be far from the final converged quasi-
static solution. Both K2 and IMPACT in these simulations have
started from a Maxwellian form for the electron distribution func-
tion, with f0 ¼ f m0 as described in Eq. (6) and f1 ¼ 0. Both M1
and hybrid-AWBS-BGK, on the other hand, start close to the
local Spitzer solution for the distribution function, with
limv!1f0ðvÞ ¼ 0 and an initial guess for the electric field of

E0 ¼ � 5
2
rTe. Whereas the Spitzer solution is a good estimate in

local and non-magnetized situations, in non-local or strongly
magnetized regimes, both approaches are very poor initial esti-
mates, causing slow convergence.

However, the VFP codes include a time history of the plasma
dynamics in two ways: explicitly through the electron inertia term @t fe
(which is neglected in the reduced multi-group models) and through
calculating the distribution at any time step as a change from the previ-
ous time step (often a relatively small change). This second way means
that while reaching a converged solution to the quasi-static situations
modeled in this paper is initially slow, the simulation remains con-
verged during the subsequent plasma evolution. For instance, for the
hohlraum simulation IMPACT required 30sn to reach a quasi-steady
estimate for the heat flow, taking an hour of runtime, but modeling
any subsequent evolution takes just 12 s per 0:1sn time step rather
than recalculating from initial conditions. This approach could also be
included in the reduced models by using the electric field from the

previous time step as the initial guess for the next time step, which
would greatly speed up convergence.

On the other hand, the reduced models can never capture the
effect of electron inertia. As the temperature of the plasma changes as
@t

3
2
neeTe

� �

¼ �r � q, we can estimate the scale of the inertial term in
f0 as

@t
Ð

v4fe dv � k
Ð

v5fe dv
@t f0 � kvthf1:

(42)

Assuming that the total distribution function is changing on
the same timescale as f0 and that the collision term is on the scale
of ð@t feÞcoll � fe=s, we can estimate the scale of the total inertial
term

@t fe
fe

� @t f0
f0

� kvth
f1

f0
@t fe

ð@t feÞcoll
� kkth

f1

f0
:

(43)

That is, the inertial term can no longer be neglected compared to
collisions precisely when transport is strongest and the situation is
most non-local. This could well be the case in hohlraum wall simula-
tions like Sec. VA, where by the time the distribution function reaches
a steady state in the pre-heat region, the temperature profile near the
peak heat flow could have changed. In increasingly non-local situa-
tions, the plasma changes on timescales close to the collision time, and
there is no longer a quasi-static solution for the distribution function,
and reduced multi-group models like M1 and hybrid-AWBS-BGK

become progressively less accurate and will ultimately fail to converge
to the correct distribution function.

VI. CONCLUSIONS

We have explored using the multi-group M1 and hybrid-

AWBS-BGKmodels to study heat flow in plasmas both with and with-
out a magnetic field. We showed that using an AWBS collision opera-
tor together with the quasi-static assumption allows us to estimate the
distribution function by solving coupled equations for the zeroth and
first moments. Both models perform an explicit integration of the
moments of the distribution function in energy and use these to esti-
mate the heat flow while meeting Amp�ere’s law. Whereas M1 assumes
a maximal entropy closure and uses an AWBS collision operator for

FIG. 13. (a) The temperature profile
shown by contours at 1 eV intervals, over-
laid with the strongly magnetized heat flow
predicted by the M1 model, with normal-
ized magnitude described by the length of
the arrow. (b) Comparison of the heat
flows predicted by the Braginskii model,
M1, hybrid-BGK, and the VFP code
IMPACT, all using a normalization for the
arrow length ten times lower than in the
previous plots.
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both moments, hybrid-AWBS-BGK uses an isotropic closure and a
BGK collision operator for f1 .

By comparing the predictions from the M1 and hybrid-

AWBS-BGK codes to the local models and to the Vlasov–Fokker–
Planck code IMPACT, we have shown that both codes successfully
reproduce the heat flows in both un-magnetized and magnetized plas-
mas in the local regime (Kn < 10�6, kkth < 10�4) with fast runtimes,
particularly for M1. We have shown that M1 also reproduces the cor-
rect form for the distribution function, therefore providing a good esti-
mate of other transport properties, such as the electrical conductance.

By looking at linear ramp and cosine problems, we have shown
that nonlocality changes the distribution function and leads to the
emergence of pre-heat and a reduction in the peak heat flux at
kkth > 10�4, which was observed in all of models. We have shown
that hybrid-AWBS-BGK tends to be more robust to large non-
localities but does fail at kkth > 1. The M1 model matches IMPACT
and Epperlein–Short predictions well but crashes earlier, at
kkth > 0:03. Introducing a cap to the electric field allows M1 to run on
a realistic hohlraum problem with a high Knudsen number. The error
in the heat flow is small, on the scale of 10%, but the runtimes for M1
become prohibitively long (> 10 CPU hours) due to the large number
of energy groups required (106), while hybrid-AWBS-BGK takes
less than 1 CPU hour but is less good at capturing the heat flow profile
at early times.

Furthermore, we have shown that magnetization makes transport
more local, with the peak heat flow tending toward the local prediction
when the Hall parameter exceeds vB > 0:1. In this regime, hybrid-
AWBS-BGK can crash for high non-localities, whereas M1 runs to
completion but underestimates the heat flow. An unmagnetized 2D
bubble test shows strong divergences from Spitzer–H€arm heat flow in
both amplitude and direction, but applying a magnetic field brings
M1, hybrid-AWBS-BGK, and VFP predictions into close agreement
with the local Braginskii model.
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