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ABSTRACT

Nonlocal models are widely used for approximating kinetic effects on electron heat flow in fusion-relevant plasmas. Almost universally, such
models have no explicit time dependence and are designed to make heat flow predictions based directly on instantaneous profiles of macro-
scopic plasma parameters. While this is usually justified by the claim that transient effects fade before temperature profiles evolve apprecia-
bly, a more rigorous justification of the stationarity assumption in terms of kinetic theory is desirable. In this Letter, such a justification is
provided by demonstrating that nonstationary effects related to the time dependence of the isotropic part of the electron distribution func-
tion vanish up to third order in Chapman-Enskog theory (irrespective of ion charge state or presence of magnetic fields). However, it is
found that the electron inertia term (whose appearance in Ohm’s law stems from the time derivative of the anisotropic part of the electron
distribution function) does have a small but finite third order effect that is most prominent for plasmas with low average ion charges. This
Letter additionally provides a convenient analytic inverse for the isotropic part of the Landau electron-electron collision operator.

© 2023 Author(s). All article content, except where otherwise noted, is licensed under a Creative Commons Attribution (CC BY) license (http://
creativecommons.org/licenses/by/4.0/). https://doi.org/10.1063/5.0134966
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Braginskii’s local theory of plasma heat transport' has long been
known to be inaccurate for scenarios relevant to attaining net energy
gain through thermonuclear fusion due to the presence of steep tem-
perature gradients with respect to the electron mean free path.””
However, full-scale integrated simulations that account for fine-scale
effects on the electron energy distribution function (EDF) using the
Vlasov-Fokker-Planck (VFP) equation are prohibitively computation-
ally intensive; examples of nanosecond-scale VFP simulations’ ' are
typically limited in complexity and scale and do not fully incorporate
important phenomena such as laser-plasma instabilities, atomic phys-
ics and equations of state critical to fully understanding indirect drive
inertial fusion (ICF).

Deviations from locality are mostly caused by the rapid diffusion
of suprathermal heat-carrying electrons across the temperature gradi-
ent (sometimes referred to as “multigroup diffusion”) with the most
noticeable effect being a reduction of the peak heat flux from that pre-
dicted by Braginskii’s theory. A common approach (especially in the
laser-plasma field) for approximating this “nonlocal” reduction in heat
flow is the use of flux-limiters, which simply restrict the heat flow to a
user-specified fraction of the free-streaming limit. However, such an

approach fails to capture other nonlocal effects, such as preheat at the
foot of the gradient enabled by the long collisional mean free path of
the aforementioned suprathermal electrons, and importantly the
“correct” value of the flux-limiter (strictly speaking this should gener-
ally be time-dependent,'” but in practice, a constant value is often
used) is not known a priori and must be tuned to VFP simulation or
experiment,'” and getting its value right has been critical in accurately
predicting the results of ICF experiments.”'* Therefore, more sophisti-
cated “reduced nonlocal models,” typically based on simplifications of
kinetic equations, are required for enhanced predictive capability.

In devising reduced models that can account for these nonlocal
effects, it is usually required that these models be able to provide pre-
dictions for the electron heat flow directly from the instantaneous
macroscopic plasma parameters and not depend explicitly on time
derivatives of the EDF. The main reason for this is to enable coupling
to traditional hydrodynamic codes by simply replacing the local heat
flow or thermal conductivity with the model’s nonlocal prediction
thereby avoiding simulation of the entire EDF over the course of the
simulation and neglecting possible kinetic effects of more complex
phenomena (such as atomic physics and laser-plasma interactions).
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For models based directly on the Vlasov-Fokker-Planck (VFP) equa-
tion, such as the widely used sxg multigroup diffiusion model,”"” the
M1 model'® " and the NrUs velocity-dependent Krook approach
(vpk),"” this is often achieved by simply neglecting the time derivative
of the EDF.

The necessity of neglecting the time derivative is often justified by
the observation that fine-scale transient effects on the EDF that might
affect the heat flow take place (and die out) on a quicker timescale than
the evolution of macroscopic plasma parameters. However, in our stud-
ies of the relation between nonlocal models and the kinetic equations,
we have never been completely comfortable with this reasoning. First, a
simplistic linear analysis (intended to address the damping of linearized
temperature sinusoids studied in Ref. 20) using a velocity-dependent
Krook approximation for electron—-electron collisions suggests that the
lowest-order corrections to the EDF as a result of multigroup diffusion
and nonstationarity are of equal order in wavenumber—This suggests
that while some transient effects may indeed dissipate more rapidly
(and further insight on the exact timescales over, which such dissipation
may occur could be gleaned through a spectral analysis of the electro-
n-electron collision operator itself), there would still remain a longer
lived non-zero contribution of nonstationarity to the heat flow.
Additionally, in our own kinetic simulations of temperature ramp relax-
ation, we have observed that initial transient effects take several thermal
collision times until they are no longer clearly distinguishable from the
bulk; at which point the temperature profile is found to have evolved
considerably from initial conditions,”’ > suggesting that the timescales
over, which transient effects act are not fully separated from those at
which thermal transport occurs.

Finally, if we were to construct a “nonlocal model” by simply
striking off the time derivative from the VFP equation while retaining
the full Landau expression for C.eo along with a self-consistent electric
field and solving for the EDF, it can be shown that this would always
(for the case of an unmagnetised plasma) predict a heat flux with zero
divergence everywhere by computing the energy moment of the rele-
vant equation:

V-Q+E-j=o0. (1)

This would mean the “model” would predict that there would be no
evolution of the temperature profile whatsoever, which is clearly
incorrect as otherwise hot spots would never be allowed to dissipate.
Thus, how then are successful reduced nonlocal models that assume
stationarity able to predict heat fluxes that are not divergence-free, but
are in fact found to closely approximate the true kinetic heat flow?'**
For a long time, we believed that the only resolution to the above
contradiction was through the use of model collision operators that do
not conserve energy (such as the vbk or AWBS” operators) and, thus,
allow for a non-zero term on the right-hand side of Eq. (1). However,
this explanation does not shed any light on whether the assumption of
quasistationarity made by other models, such as the snB should be con-
sidered significant (for its potential effect on the predicted nonlocal
heat flux) or not. However, by performing a detailed analysis of the
VEP equation in the limit of “marginal nonlocality,” we can demon-
strate that the time derivative of the isotropic part of the distribution
function has no direct impact on the lowest-order nonlocal deviations
of the EDF and heat flow; and we consider this exposition to be a
more satisfactory justification for assuming stationarity in popular
reduced nonlocal models such as the sx model. This work is

pubs.aip.org/aip/pop

complementary to a linearized analysis performed by Brantov et al.”*
While this analysis can be used to demonstrate the validity of the sta-
tionarity assumption, the linearized case is of limited use in scenarios
relevant to experiments.”” Our work, being based on the Chapman-
Enskog expansion, is not valid in the strongly nonlocal case;*”*® hence,
we limit ourselves to the aforementioned “marginal nonocality” where
the thermal mean free path is not much less than 100 times the mean
free path of the thermal electrons. It has been found that many experi-
mentally relevant cases lie in this regime and indeed most nonlocal
models break down beyond it.”

The analysis is based on a second-order Chapman-Enskog
expansion of the VFP equations in the Cartesian tensor formula-
tion.””** Pressure anisotropy shall largely be neglected in this Letter
and truncation will be performed above the first degree of anisotropy
(often referred to as the P1 expansion). Under this truncation, the
EDF is expressed in terms of its isotropic part and first-order anisot-
ropy f(¥) = fo(v) + U - f,(v) /v, respectively, where ¥ is the electron
velocity and v its magnitude. In the Lorentz limit, as the (effective root
mean square) ion charge number Z — oo, the effect of electron-
electron collisions on the anisotropic part of the EDF is negligible in
comparison to electron-ion collisions allowing the reduced VFP equa-
tions to be expressed as

M ve 2 e 0 am oz _

o P53V gy UE ) = Calll @)
o or EOh _eg = 2
AT At A

along with an appropriate closure for the electric field. The velocity-
dependent electron-ion collision frequency is defined as

 4nZnee* log A
==,

Vej (4)
where 7, is the electron density, log A is the Coulomb logarithm, and
e is the magnitude of the electron charge in Gaussian units. For our
purposes, it is sufficient to use the linearized form for isotropic electron—

electron collisions provided by Bychenkov et al.,”
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z/g» = uei(u = \/2kgTe/ me) is the thermal electron-ion frequency
and Y = ofo /f ™).

The classical derivation of the local heat flow (according to
Epperlein’s methodology’’) commences with the substitution of a
Maxwellian f(™) = ne~*"/*t /73203 into Eq. (3) and adopts the
ambipolar electric field (which is appropriate over timescales longer
than that of a few plasma oscillations and is often referred to as the
zero current constraint and specified in terms of a moment equation:
Jo? V3f1dV = 0). In the absence of magnetic fields, Eq. (3) finds the
expression for the first-order anisotropy of the EDF to be
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film) = VAV — a)f ™30V log (Te), ™)
where V = v/vr is the relative velocity compared to the thermal

velocity vp = /2kgT./me and /12?) =ur/ Vg)) is the thermal electron-
ion mean free path. Despite Eq. (7) only being accurate for unmagne-
tised high-Z plasmas, it is this expression that will be used to derive
nonlocal perturbations to the EDF and heat flow. While this will have
a bearing on the universality of some later expressions in this Letter,
such as Eq. (19), which quantifies the relative role of multigroup diffu-
sion, electron inertia and pressure anisotropy on the nonlocal heat
flow, it does not undermine the central finding concerning the station-
ary assumption.

In order to find the lowest-order deviation from the local heat
flow, the nonlocal correction to the 1sotrop1c part of the EDF, dfy,
must first be found by substituting f ) into Eq. (2). Assuming that
dfy does not vary in time much faster than f(™) (in accordance with
the Chapman-Enskog ansatz that the EDF can be expressed directly
in terms of macroscopic plasma parameters and their spatial gra-
dients) only the Maxwellian part of the EDF needs to be considered in
the time-derivative term

ofmP) 7( 2 3) (mb) O1og (Te)
o\ 7)) at ®
The resulting equation
l,i) (mb) O1og (Te)
(7 y
o (VT -4V
9 (TS T eg(1)) = o) ©

must then be solved for dfy by inversion of the electron—electron colli-
sion operator. After multiplying Eq. (9) by v, integrating from oo to v
(to take advantage of the EDF vanishing at co), this simplifies to

8
v 28T g (Vo 1051

o
-1, (10)

where the first term on the left-hand side is still the one relating to
nonstationarity (and the source of the second could be labeled
“multigroup diffusion”). Flnally, by identifying that one solution to the
homogeneous equation L[ ] =0 is given by 2 % = V and invoking
the Wronskian, an exact expression for the inverse of the second-
order integrodifferential operator L applied to an arbitrary function Sy
of normalized velocity V can be derived,

Y
Vi VS VYZJ SyTe TdT
_Vv= v o
2 (3 . 3 :
Z . v? 2 oy2
(€80

where y is a lower incomplete gamma function the constant of
integration * is determined by adhering to energy conservation
principles. For completeness, a proof of this is provided in the
appendix.

L' [sv] dv,

fzﬁvj
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This inverse operator can then be used to consider the perturba-
tion owing to the nonstationarity source term proportional to V*

v vt
PNE
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:—ZﬁVJ f"izd
. 3
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Y2 Ye Y
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_ _?v 7:3 7 (12)
’y(77 Y2)
2
L'V =o. (13)

Hence, inclusion of the time derivative of f, has no effect on dfj at sec-
ond order in Chapman-Enskog theory. Note that this finding holds
irrespective of magnetization or value of the ion charge number, as the
source term will always be proportional to V7.

Consequently, the anisotropic part of the EDF f 1 is also not
affected by the time derivative of f,, and therefore, the assumption of
isotropic stationarity is valid in what could be described as the limit of
“marginal nonlocality.” This provides adequate resolution of the
potential issues with the stationary assumption raised above: While
the time derivative of f, appears at the same order as the lowest-order
deviation to the isotropic part of the EDF df; (and indeed represents a
non-zero rate of change of the temperature profile) it lies in the kernel
of the inverse electron—electron collision operator and therefore has
no actual effect on either Jf; itself or consequently the lowest-order
nonlocal perturbation to the heat flow. This reasoning justifies the
neglection of the f, time derivative for models designed for approxi-
mating electron thermal conduction in plasmas exhibiting moderate
to low degrees of nonlocality (such as near the expanding hohlraum
bubble in indirect inertial fusion experiments or even along quiescent
tokamak scrape-off layers).

Of course, it is not only the time derivative of the isotropic part
of the EDF that could potentially affect heat flow but also that of the
first-order anisotropy, i.e., % This term is commonly known as
“electron inertia” in reference to the delayed response of electrons to
changing macroscopic conditions. It turns out that this term does
indeed contribute at third order in Chapman-Enskog theory; this can
be shown by first explicitly calculating the rate of change of the
Maxwellian form of f 1 with time

e (mb) ;0 I1og (Te)
o =V (Vv -f Y ot
—V‘*(V‘*—13V2/2+6)M1§?>@1og(n), (14)

ot

where the term on the second line is a purely nonlinear contribution
(i.e., negligible when relative temperature perturbations are small).

The contribution of electron inertia to f 1 itself at third order can
be assessed by substituting Eq. (14) into Eq. (3) while ignoring terms
involving f;,
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< (EI
where 6B is the perturbation to the electric field that balances the
current driven by the electron inertia term,

J V316 gy = o, (16)
0
éeéE(EI)
kg To
BRI v-o°
e Vg?)Pe
- B
3157V -Q -
16 (.TCVIOg(Te)’ 17)

where the time derivatives have been re-expressed in terms of the local
Braginskii heat flow é (which is justified at this order in
Chapman-Enskog theory) and P. = nckpT, is the electron pressure.
By substituting Eq. (17) into Eq. (15), we find that the effect of electron
inertia on the heat flow at second order in Chapman-Enskog theory is
given by

J V351 gy
6ﬂ(EI)_ 0

Q =—
J Vof1md) gy

0

3255 V- 18795 2BV Te
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32 l/ pe

ei
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ei T €

(18)

where Qg = Pevr is the free-streaming heat flux that would arise if
all electrons moved in a single direction with the thermal velocity
vr = +/2kpTe/m. Note that this perturbation is positive, repre-
senting the inertia of electrons against the nonlocal flux limitation
caused by multigroup diffusion. The effect of electron inertia in
counteracting nonlocal effects is most noticeable at low ion charge
numbers (e.g., Z=1), where the electron-ion mean free path is
comparable to the electron-electron mean free path. Additionally,
experience gleaned throughout our previous extensive VFP stud-
es'"?7*” has shown that the effect of including electron inertia on
the bulk heat flow profile is fairly transitory and almost indistin-
guishable from simulations that neglect electron inertia after sev-
eral collision times.

In a previous work,”" we directly compared the effect of electron
inertia on the heat flow at this order in Chapman-Enskog theory to
the more commonly considered flux limitation due to multigroup dif-
fusion [classified as the contribution from the vV - f /3 term in Eq.
(2)] as well as that of second order or “pressure” anisotropy for the
specific case of low-amplitude temperature sinusoids. (For the sake of
conciseness, the derivation has not been replicated in this Letter.) The
localizing effect of electron inertia was found to be more than compen-
sated by the contribution of the pressure anisotropy term, which also

pubs.aip.org/aip/pop

played less of a role at higher values of Z. The relative perturbation to
the local heat flow was expressed as

0
—2 = (263.9¢Z  + 5078 —  115.18)AP?
Multigroup Pressure Electron
Diffusion Anisotropy Inertia

(19)

where )ng)z = 9nlg?)2 /32 is the Braginskii definition of the electron-
ion mean free path (squared), k is the wavenumber, and ¢
= (Z+0.24)/(Z + 4.2) is the ad hoc Epperlein Short correction used
to approximate the increasing relative importance of the neglected
electron—electron collisions on the right-hand side of Eq. (3) with
decreasing Z. (Here, we have made good an erratum noticed in Eq.
(4.3.45) of Ref. 31 where the pressure anisotropy and electron inertia
terms were calculated based on the thermal rather than the Braginskii
mean free path.)

We have not gone further by providing a derivation of the more
general case with large relative temperature or density profile gradients
[which would require additional consideration of the nonlinear electric
field term in Eq. (2)] as this would be cumbersome and distract from
the main message of this Letter: the non-contribution of the nonsta-
tionary term and a general prescription of how to further pursue the
Chapman-Enskog analysis by provision of an explicit form for the
inverse electron—-electron collision operator.

In summary, the lowest-order nonlocal correction to the heat
flow is of third order in Chapman-Enskog theory and is domi-
nated by multigroup diffusion. The time derivative of the isotropic
part of the EDF f; has been shown to completely vanish in this
limit; this result holds for all plasmas where the Landau collision
operator is appropriate (irrespective of magnetization or value of Z
but potentially not for high energy density plasmas). Therefore,
the neglection of this term (the “stationarity assumption”) is justi-
fied in nonlocal models designed for situations that are not
extremely nonlocal (such as hohlraum transport and potentially
steady state scrape-off layer profiles). There are however contribu-
tions from both the electron inertia term, which can counteract the
nonlocal flux limitation caused by multigroup diffusion, and from
pressure anisotropy, which enhances the nonlocal heat flow reduc-
tion (at least for the case of temperature sinusoids). Both electron
inertia and pressure anisotropy only contribute noticeably for plas-
mas with low average ion charge numbers [where admittedly the
numerical multipliers in Eq. (19) will likely require modification
due to the increased impact of electron—-electron collisions on the
shape of the anisotropic part of the EDF] and become less impor-
tant as Z increases above approximately 10.

Th1s appendix exhibits the proof that the generalized expres-
sion L given in Eq. (11) inverts the electron-electron collision
operator for all non-negative values of “x” (although * should be
chosen such that the desired correction to f, does not affect tem-
perature)—recall that * is the lower limit of the integral in Eq.
(11). The proof involves applying L to both sides of the equation
and integrating by parts multlple times. Recalling I'(3) = /7/2
and substituting Gy = SyVe™"" for compactness it is demon-
strated that L, successfully inverts L as long as the definite inte-
gral of G vanishes. This is guaranteed to be the case as it is
equivalent to requiring that the v* moment of the (left-hand side of

Phys. Plasmas 30, 054501 (2023); doi: 10.1063/5.0134966
© Author(s) 2023

30, 054501-4

¥0:04:2} 920z Auenigad g1


pubs.aip.org/aip/php

Physics of Plasmas

the) fo equation is zero, which must be true due to energy conser-
. . . . . . 32
vation. For a more detailed version of this derivation see.
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