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R-MATRIX DUNKL OPERATORS AND SPIN CALOGERO-MOSER

SYSTEM

OLEG CHALYKH AND MARIA MATUSHKO∗

Abstract. We construct a quantum integrable model which is an R-matrix general-
ization of the Calogero-Moser system, based on the Baxter–Belavin elliptic R-matrix.
This is achieved by introducing R-matrix Dunkl operators so that commuting quantum
spin Hamiltonians can be obtained from symmetric combinations of those. We con-
struct quantum and classical R-matrix Lax pairs for these systems. In particular, we
recover in a conceptual way the classical R-matrix Lax pair of Levin, Olshanetsky, and
Zotov, as well as the quantum Lax pair found by Grekov and Zotov. Finally, using
the freezing procedure, we construct commuting conserved charges for the associated
quantum spin chain proposed by Sechin and Zotov, and introduce its integrable defor-
mation. Our results remain valid when the Baxter–Belavin R-matrix is replaced by any
of the trigonometric R-matrices found by Schedler and Polishchuk in their study of the
associative Yang–Baxter equation.

1. Introduction

The purpose of the present paper is to study an R-matrix generalisation of the quantum
Calogero–Moser system. The (usual, scalar) Calogero–Moser system [Ca1] is a celebrated
example of a completely integrable system, with numerous connections to several areas of
mathematics and physics. It describes a system of n particles on the line, with positions
denoted as x1, . . . , xn, whose pairwise interaction is governed, in the rational case, by
the potential uij = (xi − xj)

−2; there are also trigonometric and elliptic versions, with
uij = sin−2(xi − xj) and ℘(xi − xj), respectively. Adding spin interaction between the
particles leads to the so-called spin Calogero–Moser systems [GH, Wo, HH, P1, HW, MP,
BGHP, HH+].

The generalisation we are going to consider describes a version of the quantum spin
Calogero–Moser system in which spin interaction is governed by an R-matrix, more specif-
ically, the elliptic Baxter–Belavin R-matrix [Ba, Be]. It originates in the work of Levin,
Olshanetsky and Zotov [LOZ] in which a classical Lax pair was found with such R-
matrices appearing as matrix entries, and with the Lax equation describing the particle
dynamics of the usual (scalar) Calogero–Moser system. In [GSZ], this was extended to a
classical integrable model of interacting spinning tops. Additionally, a quantum analogue
of the Lax pair [LOZ] was found in [GZ] and a quadratic R-matrix quantum Hamiltonian
proposed; however, the question about its integrability remained open. In [SZ], Sechin
and Zotov used the Lax pair [LOZ] and some heuristic method to propose a quantum
long-range spin chain, and some further checks indicated its integrability. All this sug-
gested that a quantum-mechanical integrable system should exist which would be behind
the R-matrix Lax pairs in [LOZ],[GZ] and the quantum spin chain in [SZ], and our goal
is to construct such a system.

Our main idea is very simple: since the Calogero–Moser systems are best understood
with the help of Dunkl operators [D], we need to upgrade these operators to incorporate
R-matrices. As it turns out, this idea is not entirely new: in [FK] (cf. [K]), Fomin
and Kirillov, in a more abstract setting motivated by Schubert calculus, looked for an
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associative algebra R with an action of the symmetric group Sn, admitting a commutative
family of elements θi =

∑n

j( ̸=i)rijsij ∈ R ∗ Sn, i = 1, . . . , n1. Assuming rij = −rji and

covariance of rij, that is, σrijσ
−1 = rσ(i)σ(j) for any σ ∈ Sn, one easily finds that the

elements rij ∈ R must satisfy the following quadratic relations:

rijrjk + rikrji + rjkrki = 0. (1.1)

A particular solution in rational functions, rij = g(xi−xj)
−1, leads to commuting rational

Dunkl operators yi := ∂/∂xi − θi. Another possibility is to consider a single r-matrix
r ∈ End(Cd ⊗ Cd) and let rij act on the n-fold tensor product (Cd)⊗n by applying r to
the ith and jth tensor factors. In that case, the relations (1.1) boil down to a single
equation for r. This equation also appeared in the context of infinitesimal Hopf algebras
[A1, A2]. It became known as the (constant) associative Yang-Baxter equation (AYBE)
after Polishchuk who, in [Po1], introduced the following more general version with spectral
parameters:

R12(z, µ)R23(z
′, µ′) = R13(z + z′, µ′)R12(z, µ− µ′) +R23(z

′, µ′ − µ)R13(z + z′, µ) . (1.2)

Polishchuk observed its close relationship with both the classical and the quantum Yang–
Baxter equations. This led to the classification of its elliptic [Po1] as well as trigonometric
solutions [S, Po2], under some additional constraints, with the most important solution
given by the Baxter–Belavin R-matrix.
On the other hand, in the scalar case d = 1, the equation (1.2) coincides with the

functional equation studied in [BFV] as the condition of commutativity of elliptic Dunkl
operators. In that case its general solution is given by the Kronecker function or its
degenerations, see (2.6) below and [BFV, Po2] for further details. Thus, all that is needed
is replacing the Kronecker’s function in the formula for the elliptic Dunkl operators from
[BFV] with a solution of the AYBE equation. This produces a family of matrix-valued
Dunkl operators whose commutativity holds precisely due to (1.2).

Once we have such R-matrix Dunkl operators yi in place, we can use constructions
known for the scalar case [EFMV, Ch1, Ch2], suitably modified. Thus, n commut-
ing quantum Hamiltonians are obtained from symmetric combinations of yi similarly to
[EFMV, Ch1], quantum and classical Lax pairs are derived similarly to [Ch1], and the
freezing procedure leading to a long-range quantum spin chain is carried out similarly
to [Ch2]. In particular, we recover the Lax pairs from [LOZ],[GZ] in a conceptual way
(as well as obtain Lax pairs for the higher-order Hamiltonians), and construct conserved
charges for the quantum spin chain from [SZ]. Furthermore, in parallel with [Ch2], we
construct an integrable deformation of that spin chain. Note that the conventional quan-
tum spin Calogero–Moser system and the Inozemtsev spin chain [I], considered in [Ch2],
can be viewed as a particular case of our constructions, for a special choice of an R-
matrix (see Remark 2.2). Our constructions also work for the trigonometric solutions to
the AYBE found in [S, Po2].

We should mention the R-matrix spin Ruijsenaars system and the related quantum
spin chain recently constructed in [MZ1, MZ2]. Those constructions rely on explicit
formulas for the Hamiltonians (inspired by the results of [L, LPS]) and certain non-trivial
identities for the Baxter–Belavin R-matrix (generalising the elliptic identities from [R]).
The integrable system and the spin chain that we consider can be viewed as a non-
relativistic q → 1 limit of those in [MZ1, MZ2]. However, in the non-relativistic case no
compact explicit general formulas for the Hamiltonians are known, so deriving our results

1For another fruitful approach to incorporating r-matrices into the (q)KZ systems and Dunkl opera-
tors, see [FR, C2].
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from those in [MZ1, MZ2] in a rigorous fashion would be a complicated and ungratifying
task. Besides, this would not recover the integrable deformation of the Sechin–Zotov
spin chain that we found. Moreover, the approach presented here can be extended to the
relativistic case, providing a more illuminating derivation of the models [MZ1, MZ2] that
avoids complicated algebraic manipulations. This will be the subject of the forthcoming
work [ChL].

Another interesting family of R-matrix spin Ruijsenaars models has been proposed
recently in [KL1, KL2, KL3] based on Felder’s dynamical R-matrix [F1, F2]; see also
[StRe, ReSt, Re] where families of hyperbolic spin Calogero–Moser systems are con-
structed and studied, with Felder’s trigonometric dynamical r-matrices making an ap-
pearance. Our constructions do not work in that case since Felder’s R-matrix does not
satisfy the AYBE. It would be interesting to extend our approach to allow more general
R-matrices.

Among further possibilities, let us mention Calogero–Moser systems for other root
systems, see [OP1, OP2] and [C1] for the spin case. In that direction, a BCn-version
of the Lax pair from [LOZ] has been found recently in [MMZ]. It involves, beyond
the Baxter–Belavin R-matrix, a suitable boundary matrix K satisfying an associative
analogue of the reflection equation. In the forthcoming work [ChM] we will extend the
present approach to the BCn case, providing in particular an alternative derivation of
the results of [MMZ] and a construction of related spin chains.

The structure of the paper is as follows. In Section 2 we set up the notation, list the
requirements for the R-matrix and describe the Baxter–Belavin matrix and its properties.
In Section 3 we introduce R-matrix Dunkl operators and then use them in Section 4 to
construct the R-matrix Calogero–Moser Hamiltonians. The central result here is Propo-
sition 4.1 whose proof is given in Section 5. In Section 6 we derive quantum and classical
Lax pairs and calculate them explicitly for the quadratic Hamiltonian, recovering the
classical and quantum Lax pairs from [LOZ], [GZ]. In Section 7 we apply the freezing
procedure to construct commuting charges for the Sechin–Zotov quantum spin chain, and
in Section 8 we describe an integrable deformation of that spin chain. Finally, in Section
9 we explain how to adjust our constructions for the case of trigonometric solutions to
the AYBE.

2. Preliminaries

2.1. Consider n particles moving on a circle and carrying a spin. We will work over
complex numbers, so all vector spaces, linear maps and tensor products are over C. Let
W = Sn be the symmetric group in its reflection representation V = Cn. We view V as a
complex Euclidean vector space with the standard orthonormal basis (ei) and coordinates
(xi). We think of the xi as the coordinates of the particles. The symmetric group acts on
V by permuting the basis vectors. This induces a natural W -action on the space C(V )
of meromorphic functions on V by (w.f)(v) = f(w−1.v) for v ∈ V , w ∈ W , and on the
ring D(V ) of differential operators on V with meromorphic coefficients, with w.∂ξ = ∂w.ξ

for ξ ∈ V , w ∈ W . In addition, consider the space U = U1 ⊗ · · · ⊗ Un with each Ui
∼= Cd

and with W acting by permuting the tensor factors in U . The space U models the spins
of the n particles.

We write DU(V ) := D(V )⊗EndU for the ring of matrix(-valued) differential operators
on V . Consider the ‘diagonal’ action of W on DU(V ), with w ∈ W acting simultaneously
on DV and (by the adjoint action) on EndU . We use a hat, ·̂ , to distinguish it from other
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actions:

ŵ.(a⊗ b) = w.a⊗ w bw−1 , a ∈ D(V ) , b ∈ EndU , w ∈ W . (2.1)

This defines the group Ŵ ≃ W acting by automorphisms of DU(V ), so we can form

the crossed product DU(V ) ∗ Ŵ . As an algebra, DU(V ) ∗ Ŵ is generated by its two

subalgebras 1⊗CŴ and DU(V )⊗ 1, which can be identified with the group algebra CŴ
and DU(V ), respectively. Using these identifications, we simply write a ŵ for a ⊗ ŵ, so

that each element of DU(V ) ∗ Ŵ is written uniquely as a =
∑

w∈W aw ŵ with coefficients
aw ∈ DU(V ), and with the product described by

a b =
∑

w,w′∈W

aw ŵ bw′ ŵ′ =
∑

w,w′∈W

(
aw (ŵ.bw′)

)
(ŵ ŵ′) .

The action (2.1) extends to DU(V ) ∗ Ŵ by

ŵ.(a ŵ′) = (ŵ.a)(ŵ ŵ′ŵ−1) , a ∈ DU(V ) , w, w′ ∈ W. (2.2)

2.2. Let eαβ ∈ EndCd, 1 ⩽ α, β ⩽ d, denote the matrix units, so that P =
∑d

α,β=1 eαβ ⊗

eβα is the permutation operator on Cd ⊗ Cd. Then the transposition (ij) ∈ W acts on U

by Pij =
∑d

α,β=1 1
⊗(i−1) ⊗ eαβ ⊗1⊗(j−i−1) ⊗ eβα ⊗1⊗(n−j).

Consider an R-matrix R ∈ End(Cd ⊗ Cd) depending on spectral parameters z, µ ∈ C

so that R = R(z, µ) is a meromorphic function C2 → End(Cd ⊗ Cd), (z, µ) 7→ R(z, µ).
In our main example, µ plays the role of ‘crossing parameter’. We employ the standard
‘tensor-leg’ notation Rij(z, µ) for the endomorphism of U that acts as R(z, µ) on Ui ⊗Uj

and as the identity on the other tensor factors of U . We have Rji(z, µ) = Pij Rij(z, µ)Pij.
We make the following assumptions on the R-matrix.

(i) Skew symmetry : R(−z,−µ) = −P R(z, µ)P .
(ii) Associative Yang–Baxter equation (AYBE) (1.2).
(iii) Unitarity : R(z, µ)R21(−z, µ) =

(
℘(µ) − ℘(z)

)
Id, with ℘ the Weierstraß elliptic

function or any of its degenerations.
(iv) Regularity : As a function of µ, R(z, µ) has a first order pole at µ = 0, with residue

resµ=0R(z, µ) independent of z.

The next property is a consequence of (i)–(iii), see [LOZ, Sec. 4] and [Po2, Theorem 1.4],
and explains the terminology “R-matrix”:

Quantum Yang–Baxter equation (QYBE):

R12(z, µ)R13(z + z′, µ)R23(z
′, µ) = R23(z

′, µ)R13(z + z′, µ)R12(z, µ) . (2.3)

Note that, unlike (2.3), the relation (1.2) is highly sensitive to the normalisation of the
R-matrix. This is the reason for the precise factor in (iii).

Introduce additional “spectral” variables λ = (λ1, . . . , λn). For i ̸= j and k ̸= l, we
abbreviate Rkl

ij := Rij(xi − xj, λk − λl) and further Rij := Rij
ij . In this notation, we have

Covariance property: ŵ Rkl
ij ŵ

−1 = Rkl
w(i)w(j) for any w ∈ W .

Then (i)–(ii) imply that for i ̸= j, k ̸= l and pairwise distinct p, q, r we have

Rkl
ij = −Rlk

ji , Rpq
pq R

pr
qr +Rpr

pr R
qr
qp +Rqr

qr R
qp
rp = 0 . (2.4)

It also easily follows from the definitions that

[Rkl
ij , R

rs
pq] = 0 if {i, j} ∩ {p, q} = ∅ . (2.5)
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2.3. For a simple example of such R, one can take U the trivial representation of W
(with d = 1) and R equal to the Kronecker function:

R(z, µ) = ϕ(z, µ) = ϕ(z, µ|τ) :=
θ′(0) θ(z + µ)

θ(z) θ(µ)
, (2.6)

where θ = θ(z|τ) is the first (odd) Jacobi theta-function. The Kronecker function has all
the properties (i)–(iv), where (ii) is nothing but Fay’s trisecant identity, see [W].
In case d > 1 one can take, according to [Po1, LOZ], the Baxter–Belavin elliptic R-

matrix [Be] or its degenerations. For d = 2 this is Baxter’s eight-vertex R-matrix [Ba]:

R(z, µ) =
1

2




φ00 + φ10 0 0 φ01 − φ11

0 φ00 − φ10 φ01 + φ11 0
0 φ01 + φ11 φ00 − φ10 0

φ01 − φ11 0 0 φ00 + φ10


 ,

where φ00 = ϕ(z, µ
2
) , φ10 = ϕ(z, 1

2
+ µ

2
) , φ01 = eπizϕ(z, τ

2
+ µ

2
) , φ11 = eπizϕ(z, 1+τ

2
+ µ

2
) .

In the general case, the Baxter–Belavin R-matrix is defined as

R(z, µ) =
∑

α,β,γ,δ=1,...,d
α+γ≡β+δ (mod d)

Rαβ,γδ(z, µ) eαβ ⊗ eγδ , (2.7)

where

Rαβ,γδ(z, µ) = exp
(2πi

d

(
(γ − β)(β − α) τ + (γ − β)µ+ (β − α) z

))

× ϕ(z + (γ − β) τ, µ+ (β − α) τ | d τ) . (2.8)

2.4. The Baxter–Belavin R-matrix has the following symmetries:

R(z, µ) = R(µ, z)P , (2.9)

[Q⊗Q ,R(z, µ)] = [Λ⊗ Λ , R(z, µ)] = 0 , (2.10)

where Q,Λ ∈ EndCd with

Qkl = δkl exp

(
2πik

d

)
, Λkl = δk−l+1≡0 (mod d) , k, l = 1, . . . , d. (2.11)

Its behaviour under the shifts by the periods 1, τ is as follows:

R(z, µ+ 1) = (Q−1 ⊗ Id)R(z, µ) (Id⊗Q) , (2.12)

R(z, µ+ τ) = exp

(
−
2πiz

d

)
(Λ−1 ⊗ Id)R(z, µ) (Id⊗ Λ) . (2.13)

Similar periodicity properties in the first argument of the R-matrix follow from (2.9).
Also, R admits the following expansion at µ = 0:

R(z, µ) =
1

µ
Id + r(z) + µm(z) +O(µ2) . (2.14)

Here r(z) ∈ End(Cd ⊗ Cd) is the classical Belavin–Drinfeld elliptic r-matrix [BD] which
satisfies the classical Yang–Baxter equation (CYBE):

[r12, r23] + [r12, r13] + [r13, r23] = 0 , rij = rij(zi − zj) . (2.15)

The residue of R(z, µ) (and of r(z)) at z = 0 is the permutation operator P . The
skew-symmetry of R implies

r(z) = −r21(−z) , m(z) = m21(−z) , r′(z) = r′21(−z) , (2.16)
5



where r′(z) = ∂z r(z). From the unitarity property we find m(z) = 1
2

(
r2(z)− ℘(z) Id

)
.

Remark 2.1. The AYBE equation (1.2) was introduced by Polishchuk [Po1] in relation
with triple Massey products in certain A∞-categories of geometric origin. He also found all
of its nondegenerate elliptic solutions, which include the Baxter–Belavin matrix (2.7)–
(2.8), see [Po1, Sec. 2]. A classification of nondegenerate trigonometric solutions was
obtained in [S, Po2]. The important role of the associative Yang–Baxter equation in the
theory of integrable systems was emphasised and explored in [LOZ, K, KZ, SZ, GSZ,
MZ1, MZ3].

Remark 2.2. For our main example, i.e. the Baxter–Belavin R-matrix, the regularity
property is complemented by the fact that the residue of R at µ = 0 is the identity
matrix, see (2.14). This will not be important for our constructions, but will only affect
the explicit form of the resulting Hamiltonians. For a different example, one can choose
R(z, µ) = ϕ(z, µ)P , which satisfies properties (i)-(iii), but have the permutation matrix
P as its residue at both µ = 0 and z = 0. Such a choice leads to the spin Calogero–Moser
system and the Inozemtsev spin chain, treated in [Ch2].

Remark 2.3. Our results remain valid for all non-degenerate trigonometric solutions of the
associative Yang–Baxter equation, classified in [S, Po2], as well as for the supersymmetric
R-matrices from [MZ3], see Sec. 9.

3. R-matrix Dunkl operators

3.1. Let R(z, µ) be an R-matrix satisfying the assumptions of Section 2. Given a cou-
pling parameter g ∈ C, we define the (quantum) R-matrix Dunkl operators y1, . . . , yn
as

yi = p̂i − g
n∑

j( ̸=i)

Rij ŝij , p̂i := ℏ
∂

∂xi

. (3.1)

To emphasise that these are λ-dependent elements of DU(V )∗Ŵ we may write yi = yi(λ).
For ξ ∈ V , we set yξ =

∑n

i=1 ξi yi. The main properties of these Dunkl operators are given
in the following lemma.

Lemma 3.1. The elements yξ = yξ(λ) of DU(V ) ∗ Ŵ have the following properties.

(1) Commutativity: [yξ, yη] = 0 for any ξ, η ∈ V .
(2) Equivariance: ŵ yξ(λ) ŵ

−1 = yw.ξ(w.λ).

Proof. Equivariance is obvious. For the commutativity, we need to check that [yi, yk] = 0
for i ̸= k. The coefficient at ℏ g vanishes due to

[
∂

∂xi

,

n∑

l( ̸=k)

Rkl ŝkl

]
+

[ n∑

j( ̸=i)

Rij ŝij,
∂

∂xk

]
=

[
∂

∂xi

, Rki ŝik

]
+

[
Rik ŝik,

∂

∂xk

]
= 0.

To calculate the coefficient at g2, we use that for i ̸= j, k ̸= l, i ̸= k

[Rij ŝij, Rkl ŝkl] =





0 for {i, j} ∩ {k, l} = ∅ ,

0 for j = k, l = i ,

Rik R
kl
il ŝik ŝkl −Rkl R

ik
il ŝkl ŝik for j = k, l ̸= i ,

Rij R
ki
kj ŝij ŝik −Rki R

ij
kj ŝik ŝij for j ̸= k, l = i ,

Rij R
kj
ki ŝij ŝjk −Rkj R

ij
ik ŝjk ŝij for j ̸= k, l = j,

6



together with the relations ŝij ŝik = ŝjk ŝij = ŝik ŝjk in the symmetric group W . This
gives

[ n∑

j( ̸=i)

Rij ŝij,
n∑

l( ̸=k)

Rkl ŝkl

]
=

n∑

j( ̸=i,k)

(RikR
kj
ij +RijR

ki
kj −RkjR

ij
ik) ŝij ŝik

+
n∑

j( ̸=i,k)

(RijR
kj
ki −RkiR

ij
kj −RkjR

ik
ij ) ŝij ŝjk = 0 .

Both coefficients, at ŝij ŝik and ŝij ŝjk, vanish due to the associative Yang–Baxter equa-
tion (2.4) and the skew-symmetry property (i) of the R-matrix. □

Remark 3.2. The scalar choice (2.6) corresponds to the elliptic Dunkl operators intro-
duced by Buchstaber, Felder and Veselov [BFV].

Remark 3.3. The idea that the commutativity of Dunkl operators of a general form (3.1)
is related to the associative Yang–Baxter equation goes back to [FK], cf. [K]. Our setup
is only slightly different as we allow Rij to depend on additional spectral variables.

3.2. The operators yi have classical counterparts that are obtained by taking ℏ → 0.
To formalise this procedure, we use the framework of formal deformations, following the
setup in [Ch1, Sec. 2.3], see also [E, Sec. 3.1] for the general framework and references.
We replace the ring D(V ) of differential operators with the algebra

Aℏ = C[[ℏ]]⊗ C(V )[p̂1, . . . , p̂n] , p̂i = ℏ ∂i . (3.2)

The quantum momenta p̂i satisfy the relations [p̂i, f ] = ℏ ∂if := ℏ ⊗ ∂if for f ∈ C(V ).
We have a linear map

η0 : Aℏ → A0 , f 7→ f , p̂i 7→ pi , ℏ 7→ 0 , (3.3)

where
A0 = C(V )⊗ C[V ∗] = C(V )[p1, . . . , pn] (3.4)

is the classical, commutative analogue of Aℏ. The map η0 induces an algebra isomorphism
η0 : Aℏ/ℏAℏ

∼
→ A0. Therefore, Aℏ is a formal deformation of A0. This equips A0 with

the Poisson bracket defined by {η0(a), η0(b)} = η0(ℏ
−1[a, b]) for a, b ∈ Aℏ. In particular,

{pi, xj} = δij. The map η0 is compatible with the action of W , so it can be naturally
extended to a linear map

η0 : (Aℏ ⊗ EndU) ∗ Ŵ → (A0 ⊗ EndU) ∗ Ŵ ,

and an algebra isomorphism

η0 :
(
(Aℏ/ℏAℏ)⊗ EndU

)
∗ Ŵ

∼
→ (A0 ⊗ EndU) ∗ Ŵ .

Hence, (Aℏ ⊗ EndU) ∗ Ŵ is a formal deformation of (A0 ⊗ EndU) ∗ Ŵ . For any element

a ∈ (Aℏ ⊗ EndU) ∗ Ŵ , we call η0(a) the classical limit of a.

We can now view the R-matrix Dunkl operators yi as elements of (Aℏ ⊗ EndU) ∗ Ŵ ,
so their classical limit yci := η0(yi) is

yci = pi − g
n∑

j( ̸=i)

Rij ŝij , i = 1, . . . , n . (3.5)

These will be referred to as classical R-matrix Dunkl operators ; they form a commutative,

equivariant family of elements in (A0 ⊗ EndU) ∗ Ŵ .
7



Remark 3.4. In this setting, the classical limit of (Aℏ ⊗ EndU) ∗ Ŵ is a noncommutative

algebra (A0⊗EndU)∗Ŵ , so we are in the setting of Poisson deformations rather than not
quite in the setting of Poisson deformations, see however [MV] for a Poisson-geometric
picture in such situations. There is also a nice framework of hybrid integrable systems
developed in [LRS]. It would be interesting to study the integrable systems constructed
in the present paper in the frameworks of [MV, LRS].

4. R-matrix Calogero–Moser Hamiltonians

4.1. We can use yi to construct an R-matrix analogue of the quantum Calogero–Moser
system. The idea, cf. [EFMV], is to substitute Dunkl operators into suitable classical
Hamiltonians. Recall that the classical elliptic Calogero–Moser (eCM) system is described
by the following (non-spin, or scalar) Hamiltonian:

h = h(x, p) =
n∑

i=1

p2i − 2 g2
n∑

i<j

℘(xi − xj) . (4.1)

We view h as an element of the algebra (3.4); note that h ∈ AW
0 due to its W -invariance.

The eCM system (4.1) has a Lax presentation [Ca2, Kr] and is completely integrable
in Liouville sense [Pe]. More concretely, let σr(p) denote the rth elementary symmetric
polynomial of p1, . . . , pn. Then there are n functions hr(x, p) ∈ AW

0 , r = 1, . . . , n, such
that hr = σr(p) + l.o.t., and {hr, hs} = 0 for all r, s. Here are a first few of them (see
[OP1, (4.14), (4.15)] for a general formula):

h1 = p1 + · · ·+ pn ,

h2 =
n∑

i<j

(
pi pj + g2 ℘(xi − xj)

)
,

h3 =
n∑

i<j<k

(
pi pj pk + g2 ℘(xi − xj) pk + g2 ℘(xi − xk) pj + g2 ℘(xj − xk) pi

)
.

Note that that the Hamiltonian (4.1) is h(x, p) = h2
1− 2h2. These classical Hamiltonians

can be quantised, i.e., lifted to some H1, . . . , Hn ∈ AW
ℏ with hr = η0(Hr) and [Hr, Hs] = 0

for all r, s. See [OS] for explicit expressions and [EFMV] for a general construction using
elliptic Dunkl operators. In particular, a quantum analogue of h(x, p) is

H =
n∑

i=1

p̂2i − 2 g (g − ℏ)
n∑

i<j

℘(xi − xj) . (4.2)

4.2. Next, we make the substitution

xi 7→ λi, pi 7→ yi (4.3)

in the classical Hamiltonians hr(x, p). This is well defined since yi commute between
themselves and with all λj. We denote the result symbolically as hr(λ, y); this is a λ-

dependent element of (Aℏ ⊗ EndU) ∗ Ŵ . Similarly, replacing pi with the classical Dunkl

operators yci we obtain hr(λ, y
c), an element of (A0 ⊗ EndU) ∗ Ŵ . The following result,

whose proof will be postponed to Sec. 5, plays a crucial role and is analogous to [Ch1,
Prop. 5.1].
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Proposition 4.1. (1) For each classical eCM Hamiltonian hr(x, p), r = 1, . . . , n, the
element hr(λ, y) has a well-defined limit at λ = 0, denoted hr(0, y). This produces n

pairwise commuting elements in
(
(Aℏ ⊗ EndU) ∗ Ŵ

)W
.

(2) In the classical case, hr(λ, y
c) does not depend on λ and, moreover, is a 2 usual

(scalar) classical eCM Hamiltonian. The elements hr(λ, y
c) = hr(0, y

c) generate the

algebra of scalar Hamitonians C[h1, . . . , hn] ⊂ AW
0 ⊆ (A0 ⊗ EndU) ∗ Ŵ .

Corollary 4.2. The elements hr(λ, y) admit a decomposition

hr(λ, y) = Hr + ℏ ar (4.4)

for a suitable (scalar) quantum eCM Hamiltonian Hr ∈ AW
ℏ and some matrix-valued

ar ∈ (Aℏ ⊗ EndU) ∗ Ŵ which is regular near λ = 0.

Proof. We abbreviate hr := hr(λ, y). By Proposition 4.1, η0(hr) ∈ AW
0 is a classical

eCM Hamiltonian, so it can quantised to a suitable quantum scalar eCM Hamiltonian
Hr ∈ AW

ℏ . Then hr and Hr share the same classical limit, so we must have hr − Hr ∈

ℏ (Aℏ ⊗ EndU) ∗ Ŵ . □

4.3. To construct R-matrix eCM Hamiltonians, we use a version of Heckman’s ‘restric-
tion’ map [He]:

R̂es : DU(V ) ∗ Ŵ → DU(V ) ,
∑

w∈W

aw ŵ 7→
∑

w∈W

aw . (4.5)

The group W acts on DU(V ) and DU(V ) ∗ Ŵ by (2.1), (2.2). It is easy to check that

the map R̂es is W -equivariant, so it can be restricted onto W -invariants. The following
result is standard (see, e.g., [Ch2, Lemma 4.1]).

Lemma 4.3. The restriction of the map (4.5) onto W -invariants induces and algebra

homomorphism R̂es : (DU(V ) ∗ Ŵ )W → D(V )W .

We can also view (4.5) as a map between (Aℏ ⊗ EndU) ∗ Ŵ and Aℏ ⊗ EndU , which
induces an algebra homomorphism

R̂es :
(
(Aℏ ⊗ EndU) ∗ Ŵ

)W
→ (Aℏ ⊗ EndU)W . (4.6)

Combining this algebra map with Proposition 4.1 gives the following result.

Proposition 4.4. Consider the elements hr(0, y) constructed in Proposition 4.1 and

define R-matrix eCM Hamiltonians by Ĥr = R̂es(hr(0, y)). Then Ĥ1, . . . , Ĥn are pairwise

commuting W -invariant elements of Aℏ⊗EndU , with Ĥr = σr(p̂)+ . . ., up to lower-order

terms in p̂i. The classical limit of Ĥr is a usual (scalar) classical eCM Hamiltonian, i.e.,
an element of C[h1, . . . , hn].

Corollary 4.5. Each of the R-matrix eCM Hamiltonians can be written as

Ĥr = Hr + ℏ Âr (4.7)

for a suitable quantum (scalar) eCM Hamiltonian Hr and some Âr ∈ Aℏ ⊗ EndU .

Proof. This follows by applying R̂es to (4.4) and passing to the limit λ → 0. □

2 We do not claim that it reduces to hr(x, p) for general r, as it may well have lower-order Hamiltonians
added to it. In examples we do retrieve hr(x, p) for r = 2, 3.
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This tells us that the spin Hamiltonian Ĥr can be approximated by a quantum scalar
eCM Hamiltonian, so all the “spin” terms are of order O(ℏ) (cf. [GZ, Proposition 1.2]).
This will be important in order to construct spin chain Hamiltonians below using the
so-called freezing procedure.

4.4. As an illustration, let us look at the case of the quadratic Hamiltonian. Making
the substitution (4.3) into the Hamiltonian (4.1) gives

h(λ, y) = y21 + · · ·+ y2n − 2 g2
n∑

i<j

℘(λi − λj) .

By a direct calculation and using the unitarity (iii), skew-symmetry (i) and the associative
Yang–Baxter equation (ii) for R, we obtain

h(λ, y) =
n∑

i=1

p̂2i − 2 g2
n∑

i<j

℘(xi − xj)− 2 g ℏ
n∑

i<j

∂Rij ŝij. (4.8)

Here ∂R(z, µ) = ∂
∂z
R(z, µ). From (2.14) we see that ∂R(z, µ) is regular at µ = 0, with

∂R(z, 0) = r′(z). Hence, in the limit λ → 0 we get

h(0, y) =
n∑

i=1

p̂2i − 2 g2
n∑

i<j

℘(xi − xj)− 2 g ℏ
n∑

i<j

r′ij ŝij . (4.9)

This is a W -invariant element of (Aℏ ⊗ EndU) ∗ Ŵ . The classical limit of (4.8) is

h(λ, yc) =
n∑

i=1

p2i − 2 g2
n∑

i<j

℘(xi − xj). (4.10)

We see that it is indeed independent of λ and coincides with the classical scalar eCM
Hamiltonian h(x, p) from (4.1). By applying the map (4.5) to (4.9), we obtain the fol-
lowing quadratic R-matrix eCM Hamiltonian (cf. [GZ, (3.15)]:

Ĥ = R̂es(h(0, y)) =
n∑

i=1

p̂2i − 2 g2
n∑

i<j

℘(xi − xj)− 2 g ℏ
n∑

i<j

r′ij , (4.11)

which can be rearranged in an agreement with Corollary 4.5 as

Ĥ =
n∑

i=1

p̂2i − 2 g (g − ℏ)
n∑

i<j

℘(xi − xj)− 2 g ℏ
n∑

i<j

(
r′ij + ℘(xi − xj)

)
. (4.12)

4.5. Let us now make the substitution (4.3) into the cubic classical eCM Hamiltonian
h3(x, p). Thus, we need to evaluate

h3(λ, y) =
∑

i<j<k

yi yj yk +
g2

2

∑

i ̸=j ̸=k ̸=i

℘(λi − λj) yk . (4.13)
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Skipping intermediate steps, we obtain after taking λ → 0 limit,

h3(0, y) =
∑

i<j<k

p̂i p̂j p̂k +
1

2
g2
∑

i ̸=j ̸=k ̸=i

℘(xi − xj) p̂k

+ ℏ g
∑

i<j<k

(r′ij p̂k ŝij + r′jk p̂i ŝjk + r′ki p̂j ŝki)

+ ℏ g2
∑

i<j<k

(
r′ij rik − rjk r

′
ij −m′

ij

)
(̂ijk)

+ ℏ g2
∑

i<j<k

(
r′ij rjk − rik r

′
ij +m′

ij

)
(̂kji) ,

where r′(z) = ∂zr(z), m
′(z) = ∂zm(z). From this, we obtain Ĥ3 = R̂es(h3(0, y)):

Ĥ3 =
∑

i<j<k

(
p̂i p̂j p̂k + g2 ℘(xi − xj) p̂k + g2 ℘(xj − xk) p̂i + g2 ℘(xk − xi) p̂j

)

+ ℏ g
∑

i<j<k

(
r′ij p̂k + r′jk p̂i + r′ki p̂j

)
+ ℏ g2

∑

i<j<k

[r′ij, rik + rjk] .

In the classical limit this expression reduces to a scalar eCM Hamiltonian, in agreement

with Proposition 4.1. We can also decompose it as in (4.7) into Ĥ3 = H3 + ℏ Â3 where

H3 =
∑

i<j<k

(
p̂i p̂j p̂k + g (g − ℏ) (℘(xi − xj) p̂k + ℘(xj − xk) p̂i + ℘(xk − xi) p̂j)

)
(4.14)

is a quantum eCM Hamiltonian and

Â3 = g
∑

i<j<k

(
r′ij p̂k + r′jk p̂i + r′ki p̂j

)
+ g2

∑

i<j<k

[r′ij, rik + rjk]

+ g
∑

i<j<k

(
℘(xi − xj) p̂k + ℘(xj − xk) p̂i + ℘(xk − xi) p̂j

)
. (4.15)

Remark 4.6. The quantum Hamiltonian (4.11) was proposed in [GZ]. Under our conven-
tions, in the classical limit it reduces to the usual (scalar) eCM Hamiltonian. To see its
connection to a classical system of interacting spinning tops, a more subtle version of the
classical limit procedure is needed, see the discussion in [GZ, Section 4].

Remark 4.7. Different versions of the quantum and classical spin Calogero–Moser sys-
tems were introduced and studied in recent works [ReSt, StRe, Re]. Interestingly, their
construction involves certain first-order differential operators, called asymptotic bound-
ary KZB operators, which can be expressed via Felder’s trigonometric dynamical classical
r-matrices. Note that, unlike for the R-matrix Dunkl operators yi, the commutativity of
the asymptotic boundary KZB operators is highly non-trivial.

5. Proof of Proposition 4.1

Proof of part (1). We can follow the proof of [EFMV, Sec. 5.3]. It only requires us to check
that for any root α = ei − ej, the combinations (λi − λj) yα and (yα)

2 − ⟨α, α⟩℘(λi − λj)
are regular near the hyperplane λi = λj. For (λi − λj) yα = (λi − λj)(yi − yj) this is
obvious. Next,

(yα)
2 − ⟨α, α⟩℘(λi − λj) = (yi − yj)

2 − 4 g2 ℘(λi − λj) . (5.1)
11



Since both the expression (4.8) for h(λ, y) and yk for k ̸= i, j are regular at λi = λj, it
follows that

y2i + y2j − 2 g2 ℘(λi − λj) =
1

2
(yi − yj)

2 +
1

2
(yi + yj)

2 − 2 g2 ℘(λi − λj)

is regular at λi = λj. Because yi + yj is regular at λi = λj, this gives us that (5.1) is also
regular.

For the W -invariance, we note that

ŵ.hr(λ, y(λ)) = hr(w.λ, y(w.λ)) , (5.2)

by W -invariance of hr and the equivariance of the Dunkl operators. In the limit λ → 0
this gives ŵ.hr(0, y) = hr(0, y), as needed.

Proof of part (2). As hr(λ, y) is regular near λ = 0, its classical limit hr(λ, y
c) is also

regular at λ = 0. Let us show that it is globally regular. Possible singularities are along
the hyperplanes λi − λj = m + n τ with m,n ∈ Z. To rule them out, let us see how the
classical Dunkl operator

ycξ(λ) = pξ − g

n∑

i<j

(ξi − ξj)Rij(xi − xj, λi − λj) ŝij

behaves under translations λ 7→ λ + u + τ v with u, v ∈ Zn. Shifting λ 7→ λ + ei or
λ 7→ λ + ei τ only affects the terms Rij(xi − xj, λi − λj) ŝij, j ̸= i. Using (2.12), we find
that

Rij(xi − xj, λi − λj + 1) ŝij = Q−1
i Rij(xi − xj, λi − λj) ŝij Qi ,

where Qi denotes the operator Q acting in the ith tensor factor of U . Note that Qi

commutes with any term Rkl ŝkl with k, l ̸= i. Therefore,

ycξ(λ+ ei) = Q−1
i ycξ(λ)Qi .

Similarly,

Rij(xi − xj, λi − λj + τ) ŝij = exp

(
−
2πi (xi − xj)

d

)
Λ−1

i Rij(xi − xj, λi − λj) ŝij Λi ,

which implies

ycξ(λ+ ei τ) = exp

(
−
2πi xi

d

)
Λ−1

i ycξ(λ) Λi exp

(
2πi xi

d

)
.

The Hamiltonian hr has elliptic coefficients, hence hr(λ, y) has the same translations
properties in λ as ycξ, namely,

hr(λ, y
c)

λ 7→λ+ei−−−−−→ Q−1
i hr(λ, y

c)Q−1
i , (5.3)

hr(λ, y
c)

λ 7→λ+eiτ−−−−−→ exp

(
−
2πi xi

d

)
Λ−1

i hr(λ, y
c) Λi exp

(
2πi xi

d

)
. (5.4)

Since we know that hr(λ, y
c) is regular along the hyperplanes λi − λj = 0, it must be

regular along the shifted hyperplanes λi − λj = m+ n τ with m,n ∈ Z. As a result, it is
regular everywhere, as needed. Iterating (5.3)–(5.4) d times we get Qd

i = Λd
i = 1 and

hr(λ, y
c)

λ 7→λ+dei−−−−−→ hr(λ, y
c) , hr(λ, y

c)
λ 7→λ+d eiτ−−−−−−→ e−2πixi hr(λ, y

c)e2πixi . (5.5)

Now let us expand hr(λ, y
c) as

hr(λ, y
c) =

∑

w∈W

aw ŵ , aw ∈ A0 ⊗ EndU.
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Each coefficient aw is an EndU -valued function of x, p, λ, and it is globally holomorphic
in λ. From (5.5) we see that, as a function of λ, aw is quasi-periodic with respect to the
lattice d (Zn ⊕ τZn). However, a holomorphic quasi-periodic function must be constant,
which proves that each aw is constant in λ. And since (5.5) holds for all i, we must have
aw = 0 for w ̸= id. As a result, hr(λ, y

c) = aid is an element of A0 ⊗ EndU .
It remains to show that aid is a multiple of IdU , i.e., lies in A0. To this end, note that

an expansion of (yci )
k for any k ∈ N consists of summands of the form

pi1 · · · pil Ra1b1 ŝa1b1 · · ·Rambm ŝambm . (5.6)

We are interested in the terms contributing to aid, i.e., those with ŝa1b1 · · · ŝambm = id.
The group W is a Coxeter group, hence one can transform ŝa1b1 · · · ŝambm into the identity
by using the braid relations sij sjk sij = sjk sij sjk and s2ij = id. Since R satisfies the
quantum Yang–Baxter equation (2.3), the elements Rij ŝij satisfy the braid relations and
also (Rij ŝij)

2 = (℘(λi − λj) − ℘(xi − xj)) IdU , by the unitarity. From this, it follows
that the coefficients of the form (5.6) contributing to aid must all be scalars. Moreover,
this argument also shows that this scalar does not depend on the spin dimension d,
hence it is the same as in the d = 1 case. In that case, yi are the usual (scalar) elliptic
Dunkl operators and hr(0, y

c) represents a global section of the (classical) elliptic spherical
Cherednik algebra, hence, it must be a polynomial in h1, . . . , hn. See [EFMV, Sec. 6.3,
6.4] for the details (in particular, Theorem 6.3 of loc. cit.). Since each of hr(0, y

c) for
r = 1, . . . , n has the same leading symbol as the scalar Hamiltonian hr, they generate the
same algebra. □

Remark 5.1. In [Ch2], some additional Hamiltonians for the spin eCM system were con-
structed using the spherical Cherednik algebra. Recall that for W = Sn and g ∈ C, we
have a Poisson subalgebra Bg ⊂ AW

0 , called the classical rational spherical Cherednik
algebra, see [Ch2, Sec. 2.5] and [E, Chapter 7] for further details and references. It is
known that Bg is a universal Poisson deformation of C[V × V ∗]W . It turns out that for
f ∈ Bg, the elements f(λ, y) are regular at λ = 0, hence f(0, y) are well-defined (this
is proved in the same way as Proposition 4.1(1)). We can now define, for any f ∈ Bg,

Lf := R̂es(f(0, y)). These are W -invariant elements of DU which by construction com-
mute with any Hr and with each other. However, calculations in a few small examples
show that, unlike in [Ch2], these Lf are trivial. We do not know if this is true in small
examples only or for some general reason. For concrete examples, see Remark 8.6 below.

6. R-matrix Lax pairs

6.1. We can use the operators yi to re-derive the R-matrix Lax pairs found by Levin,
Olshanetsky and Zotov in [LOZ]. We will use the approach of [Ch1], first constructing
a quantum Lax pair and then passing to the classical limit. We will work in a specific

representation of DU(V ) ∗ Ŵ . Namely, let us view C(V )⊗ U as a left DU(V ) = D(V )⊗
EndU -module with the usual action by EndU -valued differential operators, and consider
the induced module

M = Ind
DU (V )∗Ŵ
DU (V ) C(V ) .

We can write elements of M as f =
∑

w∈W ŵ fw with fw ∈ C(V )⊗ U , thus identifying

M and CŴ ⊗ (C(V )⊗U) as vector spaces. The algebra EndC(M) is then identified with

EndC(CŴ )⊗ EndC(C(V )⊗ U), i.e., with matrices of size |W | whose entries are operators

acting on C(V ) ⊗ U . As a result, the (left) action of DU(V ) ∗ Ŵ on M gives a faithful
representation

DU(V ) ∗ Ŵ → Mat(|W |,DU(V )) . (6.1)
13



For anyW -invariant a ∈ DU(V )W we have: a
(∑

w∈W ŵ fw
)
=
∑

w∈W ŵ (a fw). Therefore,
in the above representation (6.1) such a act as a 1.

Now pick a Dunkl operator yξ and any particular classical eCM Hamiltonian hr(x, p).
Obviously, yξ commutes with hr(λ, y). By (4.4),

hr(λ, y) = Hr + ℏ ar , (6.2)

where Hr is a quantum (scalar) eCM Hamiltonian, and ar ∈ (Aℏ ⊗ EndU) ∗ Ŵ . The
element ar depends on λ but is regular near λ = 0.

Let L , Hr, Ar be the matrices representing under (6.1) the action of yξ, Hr and ar,

respectively. Since Hr is Ŵ -invariant, the matrix Hr is diagonal, Hr = Hr 1. Then the
commutativity [yξ, hr(λ, y)] = 0 leads to

[L ,Hr + ℏAr] = 0 , or ℏ−1[Hr 1, L ] = [L ,Ar] . (6.3)

This is referred to as a quantum Lax equation. Passing to the classical limit, we write
L := η0(L ), Ar := η0(Ar) and obtain

L̇ = [L,Ar] , (6.4)

where L̇ denotes the time-derivative with respect to the classical Hamiltonian flow defined
by η0(Hr). Therefore, we have obtained a compatible family of quantum and classical
Lax pairs L ,Ar and L,Ar, r = 1, . . . , n, given by matrices of size |W | = n! .

6.2. To get Lax pairs of size n × n, we choose yξ = y1, i.e., ξ = (1, 0, . . . , 0). The
stabiliser W ′ ⊆ W of ξ is the symmetric group on the letters {2, . . . , n}, W ′ ∼= Sn−1.
Introduce

e′ =
1

(n− 1)!

∑

w∈W ′

ŵ .

Choose λ0 = (µ, 0, . . . , 0) sufficiently close to λ = 0. It has the same stabiliser as ξ. We
can specialize λ to λ0 in (6.2), because all the terms are regular near λ = 0. Also, from
the definition of y1 it is obvious that it is regular at λ = λ0 and specialises to

y1 = p̂1 − g

n∑

j( ̸=1)

R1j(x1 − xj, µ) ŝ1j . (6.5)

The equivariance of the Dunkl operators implies that such y1 is partially symmetric,
namely, ŵy1 = y1ŵ for any w ∈ W ′. From (5.2) with λ = λ0, it is clear that the left-

hand side of (6.2) is also Ŵ ′-invariant, and since Hr is Ŵ -invariant, we get that ar is

Ŵ ′-invariant, that is, ŵar = arŵ for all w ∈ W ′. As a result, both y1 and ar can be
restricted on the subspace M ′ = e′M . Elements of M ′ can be written as

f =
n∑

i=1

e′ ŝ1ifi , fi ∈ C(V )⊗ U , (6.6)

where s11 := id. We can think of such f as an n-tuple of elements in C(V ) ⊗ U . This
identifies M ′ with (C(V ) ⊗ U)⊕n, and therefore all the terms in (6.3) restrict to n × n
(operator-valued) matrices acting on M ′. Therefore, we obtain a compatible family of
quantum/classical Lax pairs L ,A and L,A of size n × n, with the same Lax matrices
L and L but with different A = Ar, A = Ar for each of the eCM Hamiltonians.
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6.3. Let us follow the procedure above and construct a Lax pair for the Hamiltonian
1
2
h(x, p) = 1

2
h2
1 − h2. Using (4.8) we have 1

2
h(λ, y) = H + ℏ a, where

H =
1

2

n∑

i=1

p̂2i − g (g − ℏ)
n∑

i<j

℘(xi − xj) , a = −g

n∑

i<j

℘(xi − xj)− g

n∑

i<j

∂Rij ŝij. (6.7)

Under the specialisation λ = λ0, the a-term becomes

a = −g
n∑

i<j

℘(xi − xj)− g
n∑

j( ̸=1)

∂R1j(x1 − xj, µ) ŝ1j − g
n∑

1<i<j

r′ij ŝij . (6.8)

To find the quantum Lax pair L ,A , we need to calculate the action of y1 (6.5) and a
(6.8) on M ′ = e′M . Note that because ŝij = id on M ′ for i, j > 1, a can be replaced by

− g

n∑

i<j

℘(xi − xj)− g

n∑

j( ̸=1)

∂R1j(x1 − xj, µ) ŝ1j − g

n∑

1<i<j

r′ij . (6.9)

Following the recipe in [Ch1, Lemma 2.3], we obtain the n× n operator-valued matrices
L ,A in the form

Lij =

{
−g Rij(xi − xj, µ) for i ̸= j

p̂i for i = j
,

Aij =




− g ∂Rij(xi − xj, µ) for i ̸= j

− g

(∑n

k<l ℘(xk − xl) +
∑

k<l
k,l ̸=i

r′kl

)
for i = j

,

which coincides with the quantum Lax pair found in [GZ, Proposition 3.1]. The classical
Lax pair is obtained in the classical limit, resulting in

Lij =

{
−g Rij(xi − xj, µ) for i ̸= j

pi for i = j

and A identical to A . Both matrices depend on the spectral parameter, µ. The scalar
matrix −g

∑n

k<l ℘(xk − xl) Idn can be removed from A since it commutes with L. Hence,
we may take

Aij =

{
− g ∂Rij(xi − xj, µ) for i ̸= j

− g
∑

k<l
k,l ̸=i

r′kl for i = j
.

Note that Aii = −g
∑n

k<l r
′
kl + g

∑n

k( ̸=i) r
′
ik, however the first sum cannot be removed

because it represents the diagonal matrix −g (
∑n

k<l r
′
kl) Idn which does not commute

with L. This classical Lax pair L,A matches the R-matrix Lax pair found in [LOZ].

Remark 6.1. Note that the above construction of the R-matrix Lax pairs only uses that
the R-matrix satisfies the assumptions (i)–(iv). However, the exact formulas for the Lax
pairs depend on the expansion (2.14). See also Remark 8.6.

7. R-matrix quantum spin chain from freezing

To pass from the R-matrix Hamiltonians to a quantum spin chain, we apply the pro-
cedure known as “freezing”, which involves placing classical particles at an equilibrium.
This heuristic method goes back to Polychronakos [P2]. Recently, it was put on a firm
ground to demonstrate integrability of the Inozemtsev spin chain in [Ch2]; it was also
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given a broader treatment and justification within the framework of hybrid integrable
systems in [LRS]. We will follow the approach of [Ch2].

Recall that in [SZ], Sechin and Zotov proposed the following spin chain Hamiltonian
H2 ∈ EndU :

H2 =
∑

i<j

r̄ij , r̄ij := rij

(
i− j

n

)
, (7.1)

where rij is the Belavin–Drinfeld classical r-matrix, see (2.14). An overview of these and
related spin chains can be found in [KL2]. In [SZ], it was further conjectured that H2

commutes with

H3 =
∑

i<j<k

[r̄′ij, r̄ik + r̄jk] , r̄′ij := r′ij

(
i− j

n

)
. (7.2)

The commutativity [H2,H3] = 0 was checked in [SZ] numerically for d = 2, and in [MZ2]
it was deduced from the commutativity of relativistic analogues of H2,H3.

We can now obtain this as part of the following construction of commuting spin Hamil-

tonians H2, . . . ,Hn. Recall that by (4.7), Ĥr = Hr + ℏ Âr . Here each Âr is an element
of Aℏ⊗EndU , which can be thought of as a matrix (acting on U) whose entries belong to

the algebra of differential operators Aℏ (3.2). Its classical limit, η0(Âr), is an element of
A0⊗EndU where A0 is the algebra of functions of xi, pi (3.4). Hence, it can be evaluated
at a particular point (x⋆, p⋆). For our purposes, we need to evaluate at an equilibrium
(x⋆, p⋆) of h(x, p) from (4.1) given by

x∗ = (x∗
i ) , p∗ = (p∗i ) , x∗

i =
i

n
, p∗i = 0 , i = 1, . . . , n. (7.3)

Proposition 7.1. Define spin Hamiltonians Hr ∈ EndU by

Hr := η0(Âr)
∣∣
(x,p)=(x⋆,p⋆)

, r = 2, . . . , n . (7.4)

Then we have [Hr,Hs] = 0 for all r, s.

The proof repeats that of [Ch2, Theorem 5.5] verbatim, cf. [LRS, Sec. 9]. The reason

to exclude r = 1 is that in that case Â1 = 0 and so H1 = 0. □

For r = 2, 3 we recover from (4.12), (4.15) the above H2,H3, up to an additive constant
term (a constant multiple of IdU).

8. Spectral deformation

Here we allow spectral variables λ into Hamiltonians and generalise the previous con-
structions analogously to [Ch2, Sec. 7].

8.1. First, let us construct a dynamical spin model depending on λ. It will be convenient
to work with an additional copy V ∨ ∼= V of the space V with λ ∈ V ∨, and denote by
W∨ a copy of the symmetric group acting on V ∨. Denote by D∨

U (V ) the algebra of
matrix differential operators on V whose coefficients also depend on λ; it is generated by
(operators of multiplication by) functions f ∈ C(V ×V ∨) and the derivations ∂i = ∂/∂xi.
We have two commutative W -actions on D∨

U (V ): the action (2.1) and the W∨-action on
λ, with w∨.f(x, λ) := f(x, w−1.λ) for f ∈ C(V × V ∨). Hence, we can form the crossed
product

A
∨ := D

∨
U (V ) ∗ (Ŵ ×W∨) .

16



Elements of A ∨ can be uniquely written as

a =
∑

w1,w2∈W

aw1w2 ŵ1 ⊗ w∨
2 with aw1w2 ∈ D

∨
U (V ) .

Define a linear map

Res
∨ : A

∨ → D
∨
U (V ) ∗W∨ ,

∑

w1,w2∈Sn

aw1w2 ŵ1 ⊗ w∨
2 7→

∑

w1,w2∈Sn

aw1w2 (w2 w
−1
1 )∨ . (8.1)

Equivalently, Res∨(a) is the unique element La ∈ D∨
U (V ) ∗W∨ such that

a e = La e , e :=
1

n!

∑

w∈W

ŵ ⊗ w∨ . (8.2)

The group W acts on A ∨ and D∨
U (V ) ∗W∨ by conjugation,

a 7→ (ŵ ⊗ w∨) a (ŵ ⊗ w∨)−1 ∀ w ∈ W . (8.3)

It is easy to check that the map Res
∨ is W -equivariant, hence, it can be restricted on the

subspaces of W -invariants, analogously to Lemma 4.3.

Lemma 8.1. The restriction Res
∨ : (A ∨)W → (D∨

U (V ) ∗ W∨)W of the map (8.1) is an
algebra homomorphism.

Now, for any W -invariant function f(x, p) in A0 (3.4), the result of substitution (4.3)

is a W -invariant element f(λ, y) of D∨
U (V ) ∗ Ŵ ⊂ A ∨. Indeed,

(ŵ ⊗ w∨) f(λ, y) (ŵ ⊗ w∨)−1 = f(λ, y) , (8.4)

by equivariance of yi and W -invariance of f(x, p), cf. (5.2). These elements pairwise
commute because yi commute. This implies the following result.

Proposition 8.2. Define

L
∨
f := Res

∨f(λ, y) for f ∈ AW
0 . (8.5)

The elements L∨f are pairwise commuting W -invariant elements of D∨
U (V ) ∗W∨.

8.2. Among L
∨
f , we have analogues of the R-matrix eCM Hamiltonians. First, from

(4.8), we find the following generalisation of the Hamiltonian (4.11):

H
∨ =

n∑

i=1

p̂2i − 2 g2
n∑

i<j

℘(xi − xj)− 2 g ℏ
n∑

i<j

∂Rij s
∨
ij. (8.6)

Here ∂R(z, µ) = ∂
∂z
R(z, µ), ∂Rij = ∂Rij(xi − xj, λi − λj) and s∨ij acts only on λ ∈ V ∨. In

the limit λ → 0, s∨ij = id and we get the R-matrix Hamiltonian (4.11).
Next, define the principal Hamiltonians

H
∨
r := Res

∨(hr(λ, y)) , r = 1, . . . , n. (8.7)
17



Here hr(x, p) are the scalar eCM Hamiltonians, see Sec. 4.1. By a direct calculation, the
first three principal Hamiltonians are:

H
∨
1 =p̂1 + · · ·+ p̂n,

H
∨
2 =

n∑

i<j

(
p̂ip̂j + g2℘(xi − xj) + gℏ ∂Rij s

∨
ij

)
,

H
∨
3 =

∑

i<j<k

(p̂ip̂j p̂k + g2℘(xi − xj)p̂k + g2℘(xj − xk)p̂i + g2℘(xk − xi)p̂j)

+ℏg
∑

i<j<k

(∂Rij p̂ks
∨
ij + ∂Rjkp̂is

∨
jk + ∂Rkip̂js

∨
ki)

+ℏg2
∑

i<j<k

(
∂Rij R

jk
ik −Rjk ∂R

ik
ij

)
(ijk)∨ + ℏg2

∑

i<j<k

(
∂Rij R

ik
jk −Rik ∂R

kj
ij

)
(kji)∨ .

In the limit λ → 0, H∨
r = Ĥr, so we view H

∨
r as deformations of Ĥr.

8.3. In contrast with the case f = hr(x, p), for an arbitrary f ∈ AW
0 the expression

f(λ, y) would not be regular at λ = 0. However, as we already explained in Remark 5.1,
one can use f from the rational spherical Cherednik algebra Bg ⊂ AW

0 , and we have the
following result.

Proposition 8.3. For any f ∈ Bg ⊂ AW
0 , the element L∨f (8.5) is a W -invariant element

of D∨
U (V ) ∗W∨, regular at λ = 0.

Proof repeats the proof of Proposition 4.1(1). □

Here are two examples. First, consider f(x, p) =
∑n

i=1 xi pi ∈ Bg. This gives

f(λ, y) =
n∑

i=1

λi yi =
n∑

i=1

λi

(
p̂i − g

∑

j ̸=i

Rij ŝij

)
,

and, as a result,

L
∨
f =

n∑

i=1

λip̂i − g
∑

i<j

(λi − λj)Rij s
∨
ij . (8.8)

Next, we take f ∈ Bg as follows:

f(x, p) =
∑

i ̸=j ̸=k ̸=i

xi

(
pj pk +

g2

(xj − xk)2

)
. (8.9)

Then

f(λ, y) =
∑

i ̸=j ̸=k ̸=i

λi

(
yj yk +

g2

(λj − λk)2

)
. (8.10)
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From this,

L
∨
f =

∑

i ̸=j ̸=k ̸=i

λi(p̂j p̂k + g2 ℘(xj − xk)) + g
∑

i ̸=j ̸=k ̸=i

(λi − λj)Rij p̂ks
∨
ij+

+ gℏ
∑

i ̸=j ̸=k ̸=i

λi ∂Rkjs
∨
kj

− 2g2
∑

i<j<k

(
(λk − λi)RikR

ji
jk + (λk − λj)RijR

jk
ik

)
(ijk)∨

+ 2g2
∑

i<j<k

(
(λi − λk)RijR

ik
jk + (λk − λj)RjkR

ij
ik

)
(kji)∨ . (8.11)

8.4. Now the spin chain Hamiltonians incorporating λ-variables are constructed similarly
to [Ch2, Sec. 7]. We view the Hamiltonians H∨

r and L
∨
f as elements of (Aℏ ⊗ EndU) ∗W∨

so we can take classical limits. We have a counterpart of (4.7):

H
∨
r = Hr + ℏA∨

q , with A
∨
q ∈ (Aℏ ⊗ EndU) ∗W∨ . (8.12)

We define principal spin chain Hamiltonians by

H
∨
r := η0(A

∨
r )
∣∣
(x,p)=(x∗,p∗)

, r = 2, . . . , n . (8.13)

For r = 2, 3 we use the expressions for H∨
2 ,H

∨
3 to find that, up to a constant factor,

H
∨
2 =

n∑

i<j

∂R̄ijs
∨
ij , ∂R̄ij := ∂Rij

(
i− j

n
, λi − λj

)

H
∨
3 =

∑

i<j<k

(∂R̄ij R̄
jk
ik − R̄jk ∂R̄

ik
ij )(ijk)

∨ +
∑

i<j<k

(∂R̄ij R̄
ik
jk − R̄ik ∂R̄

kj
ij )(kji)

∨ .

Here R̄kl
ij = Rij

(
i−j

n
, λk − λl

)
and ∂R̄kl

ij = ∂Rij

(
i−j

n
, λk − λl

)
. The Hamiltonians H ∨

2 ,H ∨
3

are λ-deformations of (7.1)-(7.2).
We can also define additional Hamiltonians by using L

∨
f as follows:

I
∨
f := η0(L

∨
f )
∣∣
(x,p)=(x∗,p∗)

, f ∈ Bg . (8.14)

For example, taking f =
∑n

i=1 xi pi gives

I
∨
f =

∑

i<j

(λi − λj)R̄ijs
∨
ij . (8.15)

For f in (8.9), we find from the formula for L∨f that

I
∨
f =

∑

i ̸=j ̸=k ̸=i

λi℘jk

− 2
∑

i<j<k

(
(λk − λi)R̄ikR̄

ji
jk + (λk − λj)R̄ijR̄

jk
ik

)
(ijk)∨ (8.16)

+ 2
∑

i<j<k

(
(λi − λk)R̄ijR̄

ik
jk + (λk − λj)R̄jkR̄

ij
ik

)
(kji)∨ .

Here ℘jk = ℘( j−k

n
), and R̄ij, R̄

kl
ij have the same meaning as in the formulas for H ∨

2 , H ∨
3

above.

Theorem 8.4. The elements H ∨
r , r = 2, . . . , n and I ∨

f with f ∈ Bg form a commutative
family of elements of (C(V ∨)⊗ EndU) ∗ S∨

n .
19



Proof. The proof repeats verbatim the proofs in [Ch2, Sec. 5.3], see in particular Theorems
5.5, 5.7 in loc. cit.. □

8.5. To interpret the elements H ∨
r , I ∨

f as Hamiltonians of a spin chain, one needs
to choose a representation of (C(V ∨) ⊗ EndU) ∗ S∨

n by appropriately enlarging the spin
space U . A natural choice is the space C(V ∨)⊗U but the drawback is that it is infinite-
dimensional. Note that the action on C(V ∨) only involves permutations w∨ for w ∈ W
and multiplication by functions of λ ∈ V ∨. Therefore, it can be restricted onto a finite,
W -invariant set of λ’s.

For example, take a generic point ϵ = (ϵ1, . . . , ϵn) ∈ V ∨. Its W -orbit consists of
|W | = n! points τ.ϵ = (ϵτ(1), . . . , ϵτ(n)), τ ∈ W . Let us replace C(V ∨)⊗ U with the direct
sum of |W | copies of U :

U∨ := ⊕τ∈WU (τ) , with U (τ) ∼= U ∀ τ . (8.17)

We make this space into a (C(V ∨) ⊗ EndU) ∗ S∨
n -module, with w∨ acting by permuting

the summands, w∨ : U (τ) ∼
7→ U (wτ), and with f(λ) acting on each summand U (τ) ∼= U

by an operator f(τ.ϵ) ∈ EndU . In other words, any f ∈ C(V ∨) ⊗ EndU acts on U∨ by
⊕τ∈Wf(τ.ϵ)IdU(τ) . For instance, a summand in H ∨

2 ,

∂R̄ijs
∨
ij = ∂Rij

(
i− j

n
, λi − λj

)
s∨ij , (8.18)

swaps U (τ) and U (sijτ) for each τ and then applies ∂Rij

(
i−j

n
, ϵτ(i) − ϵτ(j)

)
to each direct

summand U (τ) ⊂ U∨.

Because ∂Rij

(
i−j

n
, µ
)
is regular at µ = 0, we can degenerate the above setup and use

non-generic W -orbits. Namely, take an arbitrary ϵ = (ϵ1, . . . , ϵn) ∈ V ∨ such that all the
Hamiltonians are regular at λ = ϵ. Let Σ = {σ} ⊂ V ∨ be the W -orbit of ϵ. Consider the
space

U∨ := ⊕σ∈ΣU
(σ) , with U (σ) ∼= U ∀ σ ∈ Σ . (8.19)

We can make it into a (C(V ∨)⊗EndU)∗S∨
n -module, with w∨ acting by w∨ : U (σ) ∼

7→ U (w.σ),
and with f(λ) acting on each summand U (σ) ∼= U by an operator f(σ) ∈ EndU . In other
words, any f ∈ C(V ∨)⊗ EndU acts on U∨ by ⊕σ∈Σf(σ)IdU(σ) .

For example, taking ϵ = (µ, 0, . . . , 0) with µ ̸= 0, its orbit has length n so we can
denote σi := (0, . . . , µ, . . . , 0), with µ in the ith place. Then

U∨ := ⊕n
i=1U

(i) , with U (i) := U (σi) ∼= U ∀ i . (8.20)

A permutation w∨ acts on U∨ by simply permuting the summands, w∨ : U (i) ∼
7→ U (w(i)),

and any EndU -valued function f(λ) acts on U (i) as f(σi). Choosing µ = 0 gives the
trivial W -orbit Σ = {0}, in which case we recover the spin chain described in Sec. 7.

Remark 8.5. In the same way, one can specialise λ in the dynamical Hamiltonians H
∨
r

and L
∨
f from Sec. 8.2, 8.3.

Remark 8.6. We have explicit examples of the additional Hamiltonians L
∨
f and If cal-

culated in Sec. 8.3, 8.4. Let us see how they behave in the limit λ → 0. Using (2.14),
we find that (8.8) at λ = 0 is a constant multiple of

∑
i<j s

∨
ij which acts as a constant

because s∨ij = id when λ is set to zero. Similarly, evaluating (8.11) at λ = 0 gives (after
some computations, and replacing w∨ = id) a constant multiple of H1 =

∑
k p̂k. As a

consequence, the operator (8.15) reduces to a constant and (8.16) vanishes under λ → 0.
We do not know if this is a more general property or just happens in small examples.
Note that for the Inozemtsev spin chain treated in [Ch2], R(z, µ) = ϕ(z, µ)P so its residue

20



at both µ = 0 and z = 0 is the permutation operator, P . This changes the expressions
for the Hamiltonians L∨f at λ → 0, making them nontrivial.

9. Trigonometric case

9.1. The above constructions remain valid for the (non-degenerate) trigonometric solu-
tions to the AYBE, classified in [S, Po2]. We refer the reader to [Po2] for their construction
and explicit expressions, see also [KZ] for a discussion of interesting special cases. Each
of these solutions is determined by a so-called Belavin–Drinfeld structure on a finite set
S of size N 3. Let r(u, v) ∈ End (CN ⊗ CN) be as given in [Po2, Theorem 0.1]4. If we
define

R(z, µ) := i r(iµ, iz) ∈ End (CN ⊗ C
N) , (9.1)

then from [Po2, (0.1),(0.2),(0.6), (0.7)] we see that R has all the properties (i)–(iv), with
the unitarity (iii) in the form

R(z, µ)R21(−z, µ) =

(
1

4 sin2 µ

2

−
1

4 sin2 z
2

)
Id . (9.2)

From the explicit formula [Po2, Theorem 0.1] for r(u, v) we also see that, as a function
of µ, R(z, µ) has a period 2πN , with simple poles at µ ∈ 2πZ. By a direct check based
on the explicit formula, we have

R(z, µ+ 2π) = (Q−1 ⊗ Id)R(z, µ) (Id⊗Q) (9.3)

for some constant diagonal N × N matrix Q which depends on the Belavin–Drinfeld
structure that determines the solution r(u, v).
With these ingredients, the definition (3.1) of the R-matrix Dunkl operators yi remains

the same. To construct R-matrix Calogero–Moser–Sutherland (CMS) Hamiltonians, we
substitute yi into the classical CMS Hamiltonians which are obtained from the eCM
Hamiltonians by replacing

℘(xi − xj) 7→
1

4 sin2 xi−xj

2

. (9.4)

In particular, a trigonometric analogue of (4.1) is

h(x, p) =
n∑

i=1

p2i − 2 g2
n∑

i<j

1

4 sin2 xi−xj

2

. (9.5)

Similarly to (4.8) we calculate

h(λ, y) =
n∑

i=1

p̂2i − 2 g2
n∑

i<j

1

4 sin2 xi−xj

2

− 2 g ℏ
n∑

i<j

∂Rij ŝij. (9.6)

Proposition 4.1 remains unchanged, except that we need to use trigonometric Hamilto-
nians instead of the elliptic ones. Its proof needs a modification, as detailed next.

3To match the AYBE in [Po2, (0.1)] with the equation (1.2), one needs to swap the variables and use
the skew-symmetry.

4It is related to Rℏ(z) in [KZ] by Rℏ(z) = N

2
r(2ℏ/N, 2z/N).
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9.2. Proof of part (1) is the same as in the elliptic case, up to replacing

℘(λi − λj) 7→
1

4 sin2 λi−λj

2

.

Proof of part (2) begins similarly. In fact, we can see that h(λ, y) is globally regular
already at the quantum level. Indeed, from (9.3),

yξ(λ+ 2πei) = Q−1
i yξ(λ)Qi , hr(λ, y)

λ 7→λ+2πei−−−−−−→ Q−1
i hr(λ, y)Q

−1
i ,

from which the global regularity of hr(λ, y) as well as hr(λ, y
c) follows. Now, we need the

following fact.

Lemma 9.1. Let Sij := (cot
xi−xj

2
+cot

λi−λj

2
)−1Rij(xi−xj, λi−λj)ŝij. Then the elements

Sij satisfy the relations S2
ij = 1, SijSjkSij = SjkSijSjk for distinct i, j, k. In addition,

SijSkl = SklSij if {i, j} ∩ {k, l} = ∅.

Proof. This is obtained directly from the unitarity and the QYBE for R(z, µ). □

The classical R-matrix Dunkl operators can now be written as

yci = pi − g

n∑

j( ̸=i)

ϕ(xi − xj, λi − λj)Sij , ϕ(z, µ) := cot
z

2
+ cot

µ

2
, (9.7)

and we need to substitute these into classical CMS Hamiltonians. Note that, by the
lemma, Sij satisfy the same relations as sij ∈ W . Also, they interact with x, p in exactly
the same way, namely,

Sijf(x, p)Sij = sijf(x, p)sij = f(sij.x, sij.p) . (9.8)

Hence, calculating f(λ, yc) works in the same way as for the scalar trigonometric Dunkl
operators (with spectral parameters λ),

yci = pi − g

n∑

j( ̸=i)

ϕ(xi − xj, λi − λj) sij. (9.9)

In that case we know (by trigonometric limit from the elliptic case) that the result is a
classical CMS Hamiltonian, independent of λ, i.e., an element of C[h1, . . . , hn]. Therefore,
the same is true for their R-matrix analogues. This concludes the proof. □

9.3. All other constructions work in the trigonometric case in the same way as in the el-

liptic case. For example, the formula (4.11) is valid with ℘(xi−xj) replaced by
1

4 sin2 xi−xj

2

.

The freezing procedure in Proposition 4.4 now involves evaluating at an equilibrium
(x∗, p∗) of the CMS Hamiltonian (9.5), given by

x∗ = (x∗
j) , p∗ = (p∗j) , x∗

j =
2πj

n
, p∗j = 0 , j = 1, . . . , n. (9.10)

In particular, the spin chain Hamiltonian (7.1) in the trigonometric case becomes

H2 =
∑

i<j

r̄ij , r̄ij := rij

(
2π(i− j)

n

)
, (9.11)

where r(z) is the classical trigonometric r-matrix determined from the expansion (2.14).
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Remark 9.2. Another case when the above constructions fully apply is the trigonometric
supersymmetric R-matrix given in [MZ3, (2.7)]. All the required properties of R can be
found in loc. cit..
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