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R-MATRIX DUNKL OPERATORS AND SPIN CALOGERO-MOSER
SYSTEM

OLEG CHALYKH AND MARIA MATUSHKO*

ABSTRACT. We construct a quantum integrable model which is an R-matrix general-
ization of the Calogero-Moser system, based on the Baxter—Belavin elliptic R-matrix.
This is achieved by introducing R-matrix Dunkl operators so that commuting quantum
spin Hamiltonians can be obtained from symmetric combinations of those. We con-
struct quantum and classical R-matrix Lax pairs for these systems. In particular, we
recover in a conceptual way the classical R-matrix Lax pair of Levin, Olshanetsky, and
Zotov, as well as the quantum Lax pair found by Grekov and Zotov. Finally, using
the freezing procedure, we construct commuting conserved charges for the associated
quantum spin chain proposed by Sechin and Zotov, and introduce its integrable defor-
mation. Our results remain valid when the Baxter-Belavin R-matrix is replaced by any
of the trigonometric R-matrices found by Schedler and Polishchuk in their study of the
associative Yang—Baxter equation.

1. INTRODUCTION

The purpose of the present paper is to study an R-matrix generalisation of the quantum
Calogero—Moser system. The (usual, scalar) Calogero-Moser system [Call is a celebrated
example of a completely integrable system, with numerous connections to several areas of
mathematics and physics. It describes a system of n particles on the line, with positions
denoted as zy,...,x,, whose pairwise interaction is governed, in the rational case, by
the potential w;; = (z; — x;)?; there are also trigonometric and elliptic versions, with
u;; = sin"?(z; — z;) and p(x; — x;), respectively. Adding spin interaction between the
particles leads to the so-called spin Calogero-Moser systems [GH| [Wol, [HH, [P1, HW), IMP.
BGHP|, HH+].

The generalisation we are going to consider describes a version of the quantum spin
Calogero—Moser system in which spin interaction is governed by an R-matrix, more specif-
ically, the elliptic Baxter—Belavin R-matrix [Bal, [Be]. It originates in the work of Levin,
Olshanetsky and Zotov [LOZ|] in which a classical Lax pair was found with such R-
matrices appearing as matrix entries, and with the Lax equation describing the particle
dynamics of the usual (scalar) Calogero-Moser system. In [GSZ], this was extended to a
classical integrable model of interacting spinning tops. Additionally, a quantum analogue
of the Lax pair [LOZ| was found in [GZ] and a quadratic R-matrix quantum Hamiltonian
proposed; however, the question about its integrability remained open. In [SZ], Sechin
and Zotov used the Lax pair [LOZ] and some heuristic method to propose a quantum
long-range spin chain, and some further checks indicated its integrability. All this sug-
gested that a quantum-mechanical integrable system should exist which would be behind
the R-matrix Lax pairs in [LOZ],[GZ] and the quantum spin chain in [SZ], and our goal
is to construct such a system.

Our main idea is very simple: since the Calogero-Moser systems are best understood
with the help of Dunkl operators [D], we need to upgrade these operators to incorporate
R-matrices. As it turns out, this idea is not entirely new: in [FK] (cf. [K]), Fomin

and Kirillov, in a more abstract setting motivated by Schubert calculus, looked for an
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associative algebra # with an action of the symmetric group 5,,, admitting a commutative
family of elements 6; = Z;L(#)rijsij EX*S,, i=1,... ,nﬂ. Assuming 7;; = —rj; and
covariance of r;;, that is, ar,-ja_l = To(i)o(j) for any o € S, one easily finds that the

elements r;; € Z must satisfy the following quadratic relations:
TigTik + TikTji + Tkl ki = 0. (1.1)

A particular solution in rational functions, ;; = g(2;—x;) ™, leads to commuting rational
Dunkl operators y; := 9/0x; — 6;. Another possibility is to consider a single r-matrix
r € End(C? ® C%) and let r;; act on the n-fold tensor product (C%)®" by applying r to
the 7th and jth tensor factors. In that case, the relations boil down to a single
equation for r. This equation also appeared in the context of infinitesimal Hopf algebras
[AT1 [A2]. Tt became known as the (constant) associative Yang-Bazter equation (AYBE)
after Polishchuk who, in [Pol], introduced the following more general version with spectral
parameters:

Rig(z, 1) Roa(2, 1) = Ru(2 + 2/, 1) Raa(z, pp— ') + Ro (2, pt — 1) Rug(2 + 2", p) . (1.2)

Polishchuk observed its close relationship with both the classical and the quantum Yang—
Baxter equations. This led to the classification of its elliptic [Pol] as well as trigonometric
solutions [S), [Po2], under some additional constraints, with the most important solution
given by the Baxter-Belavin R-matrix.

On the other hand, in the scalar case d = 1, the equation coincides with the
functional equation studied in [BEV] as the condition of commutativity of elliptic Dunkl
operators. In that case its general solution is given by the Kronecker function or its
degenerations, see below and [BEV] [Po2] for further details. Thus, all that is needed
is replacing the Kronecker’s function in the formula for the elliptic Dunkl operators from
[BE'V] with a solution of the AYBE equation. This produces a family of matrix-valued
Dunkl operators whose commutativity holds precisely due to .

Once we have such R-matrix Dunkl operators y; in place, we can use constructions
known for the scalar case [EFMV] [Chll, [Ch2], suitably modified. Thus, n commut-
ing quantum Hamiltonians are obtained from symmetric combinations of y; similarly to
[EFMYV] [Chl], quantum and classical Lax pairs are derived similarly to [Chll], and the
freezing procedure leading to a long-range quantum spin chain is carried out similarly
to [Ch2]. In particular, we recover the Lax pairs from |[LOZ|,[GZ] in a conceptual way
(as well as obtain Lax pairs for the higher-order Hamiltonians), and construct conserved
charges for the quantum spin chain from [SZ]. Furthermore, in parallel with [Ch2], we
construct an integrable deformation of that spin chain. Note that the conventional quan-
tum spin Calogero-Moser system and the Inozemtsev spin chain [I], considered in [Ch2],
can be viewed as a particular case of our constructions, for a special choice of an R-
matrix (see Remark [2.2)). Our constructions also work for the trigonometric solutions to
the AYBE found in [S], [Po2].

We should mention the R-matrix spin Ruijsenaars system and the related quantum
spin chain recently constructed in [MZIl, [MZ2]. Those constructions rely on explicit
formulas for the Hamiltonians (inspired by the results of |L, ILPS]) and certain non-trivial
identities for the Baxter—Belavin R-matrix (generalising the elliptic identities from [R]).
The integrable system and the spin chain that we consider can be viewed as a non-
relativistic ¢ — 1 limit of those in [MZI, MZ2]. However, in the non-relativistic case no
compact explicit general formulas for the Hamiltonians are known, so deriving our results

IFor another fruitful approach to incorporating r-matrices into the (¢)KZ systems and Dunkl opera-
tors, see [ER], [C2].
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from those in [MZ1), [MZ2] in a rigorous fashion would be a complicated and ungratifying
task. Besides, this would not recover the integrable deformation of the Sechin-Zotov
spin chain that we found. Moreover, the approach presented here can be extended to the
relativistic case, providing a more illuminating derivation of the models [MZ1l, IMZ2] that
avoids complicated algebraic manipulations. This will be the subject of the forthcoming
work [ChL].

Another interesting family of R-matrix spin Ruijsenaars models has been proposed
recently in [KLI1, [KL2, [KL3] based on Felder’s dynamical R-matrix [F1) [F2]; see also
[StRel, ReStl [Re] where families of hyperbolic spin Calogero-Moser systems are con-
structed and studied, with Felder’s trigonometric dynamical r-matrices making an ap-
pearance. Our constructions do not work in that case since Felder’s R-matrix does not
satisfy the AYBE. It would be interesting to extend our approach to allow more general
R-matrices.

Among further possibilities, let us mention Calogero-Moser systems for other root
systems, see [OP1l [OP2] and [CI] for the spin case. In that direction, a BC,-version
of the Lax pair from [LOZ| has been found recently in [MMZ]. It involves, beyond
the Baxter—Belavin R-matrix, a suitable boundary matrix K satisfying an associative
analogue of the reflection equation. In the forthcoming work [ChM] we will extend the
present approach to the BC),, case, providing in particular an alternative derivation of
the results of [MMZ] and a construction of related spin chains.

The structure of the paper is as follows. In Section 2 we set up the notation, list the
requirements for the R-matrix and describe the Baxter—Belavin matrix and its properties.
In Section 3 we introduce R-matrix Dunkl operators and then use them in Section 4 to
construct the R-matrix Calogero-Moser Hamiltonians. The central result here is Propo-
sition whose proof is given in Section 5. In Section 6 we derive quantum and classical
Lax pairs and calculate them explicitly for the quadratic Hamiltonian, recovering the
classical and quantum Lax pairs from [LOZ], |[GZ]. In Section 7 we apply the freezing
procedure to construct commuting charges for the Sechin—Zotov quantum spin chain, and
in Section 8 we describe an integrable deformation of that spin chain. Finally, in Section
9 we explain how to adjust our constructions for the case of trigonometric solutions to

the AYBE.

2. PRELIMINARIES

2.1. Consider n particles moving on a circle and carrying a spin. We will work over
complex numbers, so all vector spaces, linear maps and tensor products are over C. Let
W = S, be the symmetric group in its reflection representation V' = C". We view V as a
complex Euclidean vector space with the standard orthonormal basis (e;) and coordinates
(x;). We think of the z; as the coordinates of the particles. The symmetric group acts on
V' by permuting the basis vectors. This induces a natural W-action on the space C(V)
of meromorphic functions on V' by (w.f)(v) = f(w™'.w) for v € V, w € W, and on the
ring Z(V') of differential operators on V' with meromorphic coefficients, with w.0f = 0,.¢
for € € V, w € W. In addition, consider the space U = U; ® - - - ® U,, with each U; = C?
and with W acting by permuting the tensor factors in U. The space U models the spins
of the n particles.

We write Zy(V) = 2(V)®EndU for the ring of matrix(-valued) differential operators
on V. Consider the ‘diagonal’ action of W on Zy(V), with w € W acting simultaneously

on 2y and (by the adjoint action) on End U. We use a hat, =, to distinguish it from other
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actions:
0.(a®b) =w.a@wbw acPV), beEndU, weW. (2.1)

This defines the group W~Ww acting by automorphisms of Zy(V), so we can form
the crossed product Zy (V) * W. As an algebra, Dy (V) * W is generated by its two
subalgebras 1 ® CW and Py(V) ® 1, which can be identified with the group algebra cwW
and Zy(V), respectively. Using these identifications, we simply write a @ for a ® w, so

that each element of 7y (V) * W is written uniquely as a = ) -y G, W With coefficients
ay € Yy(V), and with the product described by

ab= Y a, Dby @ = Y (ay(@.by))(@D).

w,w' eW w,w' eW
The action (2.1)) extends to Zy (V) * W by

W.(a®) = (W.a)(WW'w ), a€ V), wuw eW. (2.2)

2.2. Let eap € EndC? 1 < o, 8 < d, denote the matrix units, so that P = Ziﬁ:l €ap &
€pa is the permutation operator on C¢ ® C?. Then the transposition (ij) € W acts on U
by Py = Zi,ﬁ:l 190-1) & Cap ®1%0-i-1) & €Ba ®18[n=3)

Consider an R-matrix R € End(C? ® C%) depending on spectral parameters z,u € C
so that R = R(z,p) is a meromorphic function C? — End(C?¢ ® C%), (z,u) — R(z, p).
In our main example, p plays the role of ‘crossing parameter’. We employ the standard
‘tensor-leg’ notation R;;(z, 1) for the endomorphism of U that acts as R(z, 1) on U; ® U;
and as the identity on the other tensor factors of U. We have Rj;(z, u) = P;; R;j(z, 1) Py;.
We make the following assumptions on the R-matrix.

(i) Skew symmetry: R(—z,—p) = —P R(z,u) P.
(ii) Associative Yang—Baxter equation (AYBE) (1.2)).

(ili) Unitarity: R(z,p) R (=2, 1) = (p(p) — p(#d, with @ the Weierstrafl elliptic

function or any of its degenerations.

(iv) Regularity: As a function of p, R(z, 1) has a first order pole at u = 0, with residue

res,—oR(z, ) independent of z.

The next property is a consequence of (1)) see [LOZ, Sec. 4] and [Po2, Theorem 1.4],
and explains the terminology “R-matrix”:

Quantum Yang—Baxter equation (QYBE):

Rua(z, 1) Ras(z + 2, 1) Ros(2', 1) = Ros (2, 1) Ras(z + 2, ) Raa(z,p0) . (2.3)

Note that, unlike (2.3)), the relation (|1.2)) is highly sensitive to the normalisation of the
R-matrix. This is the reason for the precise factor in .

Introduce additional “spectral” variables A = (A1,...,A,). For i # j and k # [, we
abbreviate Rff = R;j(x; — xj, \y — A\;) and further R;; := RZ In this notation, we have

Covariance property: @Rff wl= Rful(i)w(j) for any w € W.
Then |(1)H(i1)| imply that for i # j, k # | and pairwise distinct p, ¢, we have
kl Lk T T T T _

It also easily follows from the definitions that

R REI=0 if {i,j}n{p.q}=2. (2.5)

(YRl
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2.3. For a simple example of such R, one can take U the trivial representation of W
(with d = 1) and R equal to the Kronecker function:
0'(0)0(z + p)

R(Z7U) = qb(z,,u) = ¢(Z’,[L|T) — 9(2) 9(#) )

where 6 = 0(z|7) is the first (odd) Jacobi theta-function. The Kronecker function has all

the properties |(i)H(iv)}, where is nothing but Fay’s trisecant identity, see [W].
In case d > 1 one can take, according to [Poll, [LOZ], the Baxter-Belavin elliptic R-

matrix [Be| or its degenerations. For d = 2 this is Baxter’s eight-vertex R-matrix [Bal:

(2.6)

Yoo + ¥10 0 0 Yo1 — P11
1 0 Yoo — P10 Po1 T P11 0
R ) =5 )
(2, 1) 2 0 Yo1 + Y11 Poo — P10 0
Yo1 — P11 0 0 oo + ¥10

where Yoo = gb(z, g) » P10 = gb(z, % + %) y Po1 = eﬂiz¢(z7 % + %) y P11 = eﬂing(zv H_TT + %) :
In the general case, the Baxter—Belavin R-matrix is defined as

Rz p) = D Ragas(2, 1) €ap @ s, (2.7)

a,B,v,6=1,....,d
a+v=pB+48 (mod d)

where
2mi
Ragns(z11) =exp (= (v = B)(B =) 7+ (y = B+ (B— ) 2))
Xp(z+ (y=B) T, pu+ (B—a)T[dT). (2.8)
2.4. The Baxter—Belavin R-matrix has the following symmetries:
R(z,p) = R(p, 2) P, (2.9)
[Q®Q,R(z,p)] =[A®A,R(z,1)] =0, (2.10)
where @, A € End C? with
2mik
Qi = O exp ( p ) v Aj = Op—i41=0 (mod d) » kl=1,....d. (2.11)
Its behaviour under the shifts by the periods 1, 7 is as follows:
R(z,p+1) = (Q7 ®@1d) R(z, 1) (1d ® Q) (2.12)
i
R(z, ju+7) = exp (— 7;”) (A" @ 1d) R(z, p) (1A @ A) . (2.13)

Similar periodicity properties in the first argument of the R-matrix follow from ({2.9)).
Also, R admits the following expansion at p = 0:

1
Rz p) = 2 1d4r(z) + pm(z) +0(p?) . (2.14)
Here r(z) € End(C? ® C?) is the classical Belavin—Drinfeld elliptic r-matrix [BD] which
satisfies the classical Yang-Baxter equation (CYBE):
[r12, 23] + [r12,713] + [r13,723] = 0, rij = 1i(zi — 7). (2.15)

The residue of R(z,u) (and of r(z)) at z = 0 is the permutation operator P. The
skew-symmetry of R implies

r(z) = —ra(=2), m(Z)Zénm(—Z), r'(z) = (=2), (2.16)



where 7/(z) = 9, 7(z). From the unitarity property we find m(z) = 1 (%(z) — p(z) 1d).

Remark 2.1. The AYBE equation (1.2]) was introduced by Polishchuk [Pol] in relation
with triple Massey products in certain A -categories of geometric origin. He also found all
of its nondegenerate elliptic solutions, which include the Baxter—Belavin matrix —
, see [Poll Sec. 2]. A classification of nondegenerate trigonometric solutions was
obtained in [S, [Po2]. The important role of the associative Yang—Baxter equation in the
theory of integrable systems was emphasised and explored in [LOZ, K| [KZ, SZ, [GSZ,
MZ1, MZ3].

Remark 2.2. For our main example, i.e. the Baxter-Belavin R-matrix, the regularity
property is complemented by the fact that the residue of R at p© = 0 is the identity
matrix, see . This will not be important for our constructions, but will only affect
the explicit form of the resulting Hamiltonians. For a different example, one can choose
R(z, 1) = ¢(z, u) P, which satisfies properties |(i){(iii), but have the permutation matrix
P as its residue at both = 0 and z = 0. Such a choice leads to the spin Calogero-Moser
system and the Inozemtsev spin chain, treated in |Ch2].

Remark 2.3. Our results remain valid for all non-degenerate trigonometric solutions of the
associative Yang-Baxter equation, classified in [S,[Po2], as well as for the supersymmetric
R-matrices from [MZ3], see Sec. [9]

3. R-MATRIX DUNKL OPERATORS

3.1. Let R(z,u) be an R-matrix satisfying the assumptions of Section . Given a cou-
pling parameter g € C, we define the (quantum) R-matriz Dunkl operators yi, ..., Yy
as

0
(91:1- ’

Yi=Di — 9 ZRij Sij pi=nh (3.1)
3(#9)

To emphasise that these are A-dependent elements of 2y (V) « W we may write y; = y;(A).
For £ € V, weset ye = Y, & v;. The main properties of these Dunkl operators are given
in the following lemma.

Lemma 3.1. The elements ye = ye(\) of Zu(V) * W have the following properties.
(1) Commutativity: ye,yn) =0 for any {,n e V.

~

(2) Equivariance: 0 ye(N\) W = yye(w.\).

Proof. Equivariance is obvious. For the commutativity, we need to check that [y;, yx] = 0
for ¢ # k. The coefficient at i g vanishes due to

) R n ) P ~ g
[axi,l(;)}%kl Skl:| + |:ZRij Sij,a—xJ = |:a_xi,Rki Sik} + {Rik Siks G_xJ = 0.

3 ()
To calculate the coefficient at g2, we use that for i # j, k #1,i # k
(0 for {i,j} N {k,l} =@,
0 forj=k l=1,
[Rij /S\ija Ry /S\kl] =< Rix Rfll Sik Sk1 — R ﬂg Sk S for j=k 1#1,

ki ~ -~ i] ~ o~ . .

Rij Ry sij sik — Ry B Sk S35 for j £k, =1,

ki~ ~ i o~ . _ 4

\Rij sz Sij Sjk — Rkj le Sjk Sij for ] 7& ]{3, = 715
6




together with the relations 5;; S;;, = 5jxSi; = Si S;x in the symmetric group W. This
gives
n n n
{ZRM S, > BRu s‘kl] = Y (RaR{ + Ry Rf; — Ri;Riy) Sij S
J(#4) (#k) J(#i,k)

+ ) (RyRy] — Rl — R Riy) 5,850 = 0.

J(#ik)
Both coefficients, at s;;5;, and 5;;5;x, vanish due to the associative Yang-Baxter equa-
tion (2.4)) and the skew-symmetry property |(i)| of the R-matrix. O

Remark 3.2. The scalar choice (2.6)) corresponds to the elliptic Dunkl operators intro-
duced by Buchstaber, Felder and Veselov [BEV].

Remark 3.3. The idea that the commutativity of Dunkl operators of a general form (3.1))
is related to the associative Yang-Baxter equation goes back to [FK], cf. [K]. Our setup
is only slightly different as we allow R;; to depend on additional spectral variables.

3.2. The operators y; have classical counterparts that are obtained by taking A — 0.
To formalise this procedure, we use the framework of formal deformations, following the
setup in [Chll Sec. 2.3], see also [E, Sec. 3.1] for the general framework and references.
We replace the ring (V) of differential operators with the algebra

Ap=C[Al @ C(V)[p1,..-,pn],  Di=h0;. (3.2)
The quantum momenta p; satisfy the relations [p;, f] = h0;f = h® 0;f for f € C(V).
We have a linear map
no: Ap — Ao, fef, pi—pi, k=0, (3.3)
where
Ay =C(V)@C[V*]=C(V)[p1,---,Dpn] (3.4)
is the classical, commutative analogue of A;. The map 7y induces an algebra isomorphism
no: Ap/RAp = Ag. Therefore, Ay is a formal deformation of Ay. This equips Ay with
the Poisson bracket defined by {no(a),n0(b)} = no(h~*[a,b]) for a,b € A;. In particular,

{pi,z;} = ;5. The map ny is compatible with the action of W, so it can be naturally
extended to a linear map

Mo (Ah®EndU)*/V[7—> (A0®EndU)*/V[7,
and an algebra isomorphism
no: ((Ap/hAp) @EndU) * w5 (Ap ® End U) % w.

Hence, (A ® End U) * W is a formal deformation of (Ao ® EndU) * W. For any element
a € (A, ®EndU) x W, we call ng(a) the classical limit of a.

—

We can now view the R-matrix Dunkl operators y; as elements of (A; ® EndU) * W,
so their classical limit y§ = ny(y;) is

J(#9)
These will be referred to as classical R-matrixz Dunkl operators; they form a commutative,

equivariant family of elements in (Ay ® End U) * w.
7



Remark 3.4. In this setting, the classical limit of (A ® End U) * W is a noncommutative

algebra (Ag®End U) «W, so we are in the setting of Poisson deformations rather than not
quite in the setting of Poisson deformations, see however [MV] for a Poisson-geometric
picture in such situations. There is also a nice framework of hybrid integrable systems
developed in [LRS]. Tt would be interesting to study the integrable systems constructed
in the present paper in the frameworks of [MV], [LRS].

4. R-MATRIX CALOGERO—MOSER HAMILTONIANS

4.1. We can use y; to construct an R-matrix analogue of the quantum Calogero-Moser
system. The idea, cf. [EFMV], is to substitute Dunkl operators into suitable classical
Hamiltonians. Recall that the classical elliptic Calogero-Moser (eCM) system is described
by the following (non-spin, or scalar) Hamiltonian:

ZP@ - 24 Z@ Ti — ;) . (4.1)

1<j

We view h as an element of the algebra (3.4)); note that k € A}’ due to its W-invariance.

The eCM system has a Lax presentation [Ca2l [Ki] and is completely integrable
in Liouville sense [Pe]. More concretely, let o,.(p) denote the rth elementary symmetric
polynomial of py,...,p,. Then there are n functions h,.(z,p) € A, r = 1,...,n, such
that h, = o,.(p) + Lo.t., and {h,,hs} = 0 for all r,s. Here are a ﬁrst few of them (see
[OP1), (4.14), (4.15)] for a general formula):

hi=pi+---+pn,
he = Z (pipj + 9% ol — 25))
i<j
hs = Z (pij i+ 9% (i — 5) pr + 9% (s — x1) s + 6% (25 — w1) i) -
i<j<k
Note that that the Hamiltonian (4.1)) is h(x,p) = h? — 2 hy. These classical Hamiltonians
can be quantised, i.e., lifted to some Hy, ..., H, € A}V with h, = ny(H,) and [H,, H,] = 0
for all r, s. See [OS] for explicit expressions and [EFMV] for a general construction using
elliptic Dunkl operators. In particular, a quantum analogue of h(x,p) is

H= sz—2gg th i — ;) (4.2)

1<j

4.2. Next, we make the substitution
T Y U (4.3)

in the classical Hamiltonians h,(z,p). This is well defined since y; commute between
themselves and with all A;. We denote the result symbolically as h,()\,y); this is a A-

dependent element of (A; ® End U) * w. Similarly, replacing p; with the classical Dunkl
operators y§ we obtain h,.(A,y°), an element of (Ay ® EndU) * W. The following result,

whose proof will be postponed to Sec. , plays a crucial role and is analogous to [Chl)

Prop. 5.1].
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Proposition 4.1. (1) For each classical eCM Hamiltonian h.(x,p), r = 1,...,n, the

element h.(\,y) has a well-defined limit at A = 0, denoted h,.(0,y). This produces n
pairwise commuting elements in ((Ah ®EndU) * W)W.
(2) In the classical case, h.(\,y°) does not depend on A\ and, moreover, is aE| usual

(scalar) classical eCM Hamiltonian. The elements h.(\,y°) = h.(0,y°) generate the

—~

algebra of scalar Hamitonians Clhy, ..., h,] C AY C (Ag @ EndU) * W.

Corollary 4.2. The elements h,.(\,y) admit a decomposition

h(\,y) = H, + ha, (4.4)
for a suitable (scalaQ quantum eCM Hamiltonian H, € A} and some matriz-valued
a, € (A ® End U) * W which is reqular near X = 0.
Proof. We abbreviate h, := h,(\,y). By Proposition no(h,) € AY is a classical

eCM Hamiltonian, so it can quantised to a suitable quantum scalar eCM Hamiltonian
H, € A};V. Then h, and H, share the same classical limit, so we must have h, — H, €

h(A, ®EndU) * W. O

4.3. To construct R-matrix eCM Hamiltonians, we use a version of Heckman’s ‘restric-
tion” map [He]:

Res: Zu(V) W — Zu(V), Y aw®rr Y au. (4.5)
weWw weWw

The group W acts on Iy (V) and Zy(V) * W by (2.1]), (2.2)). It is easy to check that

the map Res is W-equivariant, so it can be restricted onto W-invariants. The following
result is standard (see, e.g., [Ch2l Lemma 4.1]).

Lemma 4.3. The restriction of the map (4.5) onto W-invariants induces and algebra
homomorphism Res: (Zy(V) « W)V — 2(V)W,

We can also view (4.5) as a map between (A; ® EndU) * W and A, ® EndU, which

induces an algebra homomorphism

—_— —~ W

Res : ((Ah®EndU) *W) — (A, @End U)W . (4.6)
Combining this algebra map with Proposition {4.1| gives the following result.

Proposition 4.4. Consider the elements h,(0,y) constructed in Proposition and
define R-matriz eCM Hamiltonians by H, = PTe\s(hr(O,y)). Then Hq, ..., H, are pairwise
commuting W -invariant elements of Ay ® EndU, with H, = 0,.(p)+ ..., up to lower-order

terms in p;. The classical limit of ﬁr is a usual (scalar) classical eCM Hamiltonian, i.e.,
an element of Clhy, ..., hy].

Corollary 4.5. Fach of the R-matriz eCM Hamiltonians can be written as

H, = H, + h A, (4.7)
for a suitable quantum (scalar) eCM Hamiltonian H, and some zzl\r € A, ®EndU.
Proof. This follows by applying Res to (4.4) and passing to the limit A — 0. O

2 We do not claim that it reduces to h.(x,p) for general r, as it may well have lower-order Hamiltonians
added to it. In examples we do retrieve h,.(x,p) for r = 2,3.
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This tells us that the spin Hamiltonian ﬁr can be approximated by a quantum scalar
eCM Hamiltonian, so all the “spin” terms are of order O(h) (cf. [GZl, Proposition 1.2]).
This will be important in order to construct spin chain Hamiltonians below using the
so-called freezing procedure.

4.4. As an illustration, let us look at the case of the quadratic Hamiltonian. Making
the substitution (4.3) into the Hamiltonian (4.1)) gives

WAy =yi+-+vo =20 Y phi—\;).
1<J

By a direct calculation and using the unitarity Skew—symmetry and the associative
Yang-Baxter equation for R, we obtain

i=1 i<j 1<J

Here OR(z, ) = dZR(Z,[L). From (2.14]) we see that OR(z, u) is regular at p = 0, with
OR(z,0) = 1/(z). Hence, in the limit A — 0 we get

sz—2g Zp —x;)—2ghY 1} 5. (4.9)

1<J 1<J

This is a W-invariant element of (A; ® EndU) W. The classical limit of (14.8)) is

=Y pr-2¢° Zp T — ;). (4.10)
=1

1<j

We see that it is indeed independent of A and coincides with the classical scalar eCM

Hamiltonian h(x,p) from (4.1). By applying the map . ) to ., we obtain the fol-
lowing quadratic R-matrix eCM Hamiltonian (cf. [GZ, (3.15)]:

H=Res(h(0,y)) =Y # —2¢*> plai—x;) =29k 1};, (4.11)
i—1 i<j i<j
which can be rearranged in an agreement with Corollary [4.5] as

sz —2g(g—h) Zp i — ;) —2ghz vl + ola; — ). (4.12)

1<j 1<j

4.5. Let us now make the substitution (4.3) into the cubic classical eCM Hamiltonian
hs(z,p). Thus, we need to evaluate

2
g
ANy = D vyt g D, o= A vk (4.13)
i<j<k i ikt
10



Skipping intermediate steps, we obtain after taking A — 0 limit,

szp]pwr 9> olwi—a;)p

i<j<k atkaliat’
+ g Y (rly PrSig + T D Sik + Th Dy Si)
i<j<k
+hg? Y (vl — el —ml) (ijk)
i<j<k
+ hg? Z (rgj Tik — Tik T;j + m;j) (kji),
i<j<k

where 7'(z) = 0,r(z), m'(z) = 0,m(z). From this, we obtain Hy = Res(h3(0,y)):

Hy = > (015 e+ 9”9l — 23) b+ 9 ol — ) bi + 9 p(an — @) )
i<j<k
+hyg Z (r}; e + 7B + D) + g Z 155y Tik 4 T5k] -
i<j<k i<j<k
In the classical limit this expression reduces to a scalar eCM Hamiltonian, in agreement
with Proposition . We can also decompose it as in (4.7)) into H3 = Hz + h A3 where

Hy =Y (Db Pr+ g (9 — ) (9w — 25) i + oz — 2x) i+ p(an — 2,) b)) (4.14)

i<j<k

is a quantum eCM Hamiltonian and

As=g Z (rij e + 7 bi + 71 0;) +9° Z 15 Tik + 7]
1<j<k i<j<k
+9 Z — ;) P + p(x; — 1) Pi + (T8 — xz)ﬁ]) . (4.15)

1<j<k

Remark 4.6. The quantum Hamiltonian (4.11)) was proposed in [GZ]. Under our conven-
tions, in the classical limit it reduces to the usual (scalar) eCM Hamiltonian. To see its
connection to a classical system of interacting spinning tops, a more subtle version of the
classical limit procedure is needed, see the discussion in [GZl, Section 4].

Remark 4.7. Different versions of the quantum and classical spin Calogero-Moser sys-
tems were introduced and studied in recent works [ReStl, [StRe, [Re]. Interestingly, their
construction involves certain first-order differential operators, called asymptotic bound-
ary KZB operators, which can be expressed via Felder’s trigonometric dynamical classical
r-matrices. Note that, unlike for the R-matrix Dunkl operators y;, the commutativity of
the asymptotic boundary KZB operators is highly non-trivial.

5. PROOF OF PROPOSITION [4.1]

Proof of part (1). We can follow the proof of [EFMV] Sec. 5.3|. It only requires us to check
that for any root o = e; — e;, the combinations (A\; — ;) yo and (ya)? — (@, @) p(A; — A))
are regular near the hyperplane \; = \;. For (A, — A\j)ya = (A — A\j)(yi — y;) this is
obvious. Next,

(Ya)? — (v, @) (N — ) =1§yi —y)? —4g" p(\i — Nj). (5.1)



Since both the expression (4.8) for h(A,y) and y;, for k # i, j are regular at \; = \;, it
follows that

1 1
ity — 20" 0N — N) = S0 — )" + S+ ;)" — 207 p(N — A)

2 2
is regular at \; = \;. Because y; + y; is regular at \; = \;, this gives us that (5.1) is also
regular.
For the W-invariance, we note that
w.h, (A, y(N)) = he(w.A, y(w.N)), (5.2)

by W-invariance of h, and the equivariance of the Dunkl operators. In the limit A — 0
this gives w.h,(0,y) = h,(0,y), as needed.

Proof of part (2). As h.(\,y) is regular near A = 0, its classical limit h,(\,y) is also
regular at A = 0. Let us show that it is globally regular. Possible singularities are along
the hyperplanes A\; — \; = m +n7 with m,n € Z. To rule them out, let us see how the
classical Dunkl operator

YN =pe — 9 ) (& — &) Rij(ai — x5, \i — X)) 5y
i<j
behaves under translations A — A + « + 7v with u,v € Z". Shifting A\ — X\ +e; or
A = A+ e; 7 only affects the terms R;;(x; — x;, \; — A;) Sij, 7 # ¢. Using (2.12)), we find
that
Rij(xi — X, N — Aj + 1)§zj = Q;le‘j(% — X, N — /\j)gz‘j Qi

where (); denotes the operator () acting in the ith tensor factor of U. Note that @
commutes with any term Ry Sy, with k,[ # i. Therefore,

v +ei) = Q7 yE(N) Qi
Similarly,

27 (x; —

Rij(xi—xj,)\i—)\j—i-T)fs\ij:eXp<— d

x])) AflRij(iCi — X, N — Nj) S A

which implies

2mix;

1 e 2m x;
yg()\—i-eiT):exp(— 7 )Ailyg()\)/\iexp( y )

The Hamiltonian h, has elliptic coefficients, hence h,.(A,y) has the same translations
properties in A as yg, namely,

C A=A te; — c _
he(\y°) 2225 Q7 the (M v°) QY (5.3)
e;T 2 i 7 _ 2 i 7
ho(\,yf) A2AEer, exp(— ”;‘” ) AR (N y) A exp( ”Cll“”"> . (5.4)

Since we know that h,(\,y¢) is regular along the hyperplanes \; — \; = 0, it must be
regular along the shifted hyperplanes \; — A\; = m +n7 with m,n € Z. As a result, it is
regular everywhere, as needed. Tterating (5.3)—(5.4) d times we get Q¢ = A¢ =1 and
he(hyS) 2228 hoyS), he(Ay) AT R (A y)ePT L (5.5)
Now let us expand h,(), y°) as
he(N, y°) = Z (W , ay € Ap @ End U.

weWw
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Each coefficient a,, is an End U-valued function of z,p, A, and it is globally holomorphic
in A. From (j5.5)) we see that, as a function of A, a,, is quasi-periodic with respect to the
lattice d (Z™ @ 7Z™). However, a holomorphic quasi-periodic function must be constant,
which proves that each a,, is constant in A. And since holds for all ¢, we must have
a, = 0 for w #id. As a result, h,(\, y°) = aiq is an element of Ay ® End U.

It remains to show that a;q is a multiple of Idy, i.e., lies in Ay. To this end, note that
an expansion of (y$)¥ for any k € N consists of summands of the form

P+ iy Rarby Sarbr* Rapb Samb, - (5.6)
We are interested in the terms contributing to aiq, i.e., those with Sy 5, -S4, = id.
The group W is a Coxeter group, hence one can transform S, - - S,,.5,, into the identity
by using the braid relations s;; s;x s;; = s;i Sij S and s?j = id. Since R satisfies the
quantum Yang-Baxter equation , the elements R;; s;; satisfy the braid relations and
also (Ri;5;;)* = (p(Ni — Nj) — p(z; — ;) Idy, by the unitarity. From this, it follows
that the coefficients of the form (5.6) contributing to a;q must all be scalars. Moreover,
this argument also shows that this scalar does not depend on the spin dimension d,
hence it is the same as in the d = 1 case. In that case, y; are the usual (scalar) elliptic
Dunkl operators and h, (0, y°) represents a global section of the (classical) elliptic spherical
Cherednik algebra, hence, it must be a polynomial in hy,...,h,. See [EFMV] Sec. 6.3,
6.4] for the details (in particular, Theorem 6.3 of loc. cit.). Since each of h,.(0,y°) for
r =1,...,n has the same leading symbol as the scalar Hamiltonian h,., they generate the
same algebra. U

Remark 5.1. In [Ch2], some additional Hamiltonians for the spin eCM system were con-
structed using the spherical Cherednik algebra. Recall that for W = S,, and g € C, we
have a Poisson subalgebra B, C AY, called the classical rational spherical Cherednik
algebra, see [Ch2l, Sec. 2.5] and [E, Chapter 7] for further details and references. It is
known that B, is a universal Poisson deformation of C[V x V*]W. It turns out that for
f € By, the elements f(\,y) are regular at A = 0, hence f(0,y) are well-defined (this
is proved in the same way as Proposition [4.1(1)). We can now define, for any f € B,
L := Res(f(0,y)). These are W-invariant elements of %y, which by construction com-
mute with any H, and with each other. However, calculations in a few small examples
show that, unlike in [Ch2|, these L are trivial. We do not know if this is true in small
examples only or for some general reason. For concrete examples, see Remark below.

6. R-MATRIX LAX PAIRS

6.1. We can use the operators y; to re-derive the R-matrix Lax pairs found by Levin,
Olshanetsky and Zotov in [LOZ]. We will use the approach of [Chl], first constructing
a quantum Lax pair and tbgn passing to the classical limit. We will work in a specific
representation of (V) « W. Namely, let us view C(V) @ U as a left Zy(V) = 2(V) ®
End U-module with the usual action by End U-valued differential operators, and consider
the induced module ) -

M =Tndg? (7" C(V).

We can write elements of M as f =) _,, @ f, with f, € C(V) ® U, thus identifying
M and CW ® (C(V)®U) as vector spaces. The algebra End¢(M) is then identified with
End@((E/W) ® Ende(C(V) ® U), i.e., with matrices of size |IW| whose entries are operators
acting on C(V) ® U. As a result, the (left) action of Zy(V) * W on M gives a faithful
representation

Dy (V) * W = Mat(|W|, Zu(V)). (6.1)
13



For any W-invariant a € Zy(V)" we have: a (3 e © fu) = > wew @ (@ fu). Therefore,
in the above representation (6.1)) such a act as a 1.

Now pick a Dunkl operator ye and any particular classical eCM Hamiltonian h,.(z, p).
Obviously, ye commutes with h,.(\,y). By (4.4),

h-(\,y) = H, + ha,, (6.2)

where H, is a quantum (scalar) eCM Hamiltonian, and a, € (A; ® EndU) W. The
element a, depends on A but is regular near A = 0.
Let .Z, 77, <7, be the matrices representing under (6.1) the action of y¢, H, and a,,

respectively. Since H, is W\—invariant, the matrix 7, is diagonal, 7%, = H, 1. Then the
commutativity [ye, hr(A, y)] = 0 leads to

(L, A +het,) =0, or h'H, 1, %)=L )]. (6.3)

This is referred to as a quantum Lax equation. Passing to the classical limit, we write
L:=ny(%), A, :=no(<) and obtain

L=1L, A1, (6.4)

where L denotes the time-derivative with respect to the classical Hamiltonian flow defined
by no(H,). Therefore, we have obtained a compatible family of quantum and classical
Lax pairs .Z, o7, and L, A,, r = 1,...,n, given by matrices of size |W| = n!.

6.2. To get Lax pairs of size n x n, we choose y¢ = y1, i.e.,, £ = (1,0,...,0). The
stabiliser W' C W of ¢ is the symmetric group on the letters {2,...,n}, W' = S, ;.

Introduce
¢ = (n—1) Z @.

Choose \° = (u,0,...,0) sufficiently close to A = 0. Tt has the same stabiliser as £. We
can specialize A to A\ in (6.2)), because all the terms are regular near A = 0. Also, from
the definition of y; it is obvious that it is regular at A = A\° and specialises to

Y1 =10 — QZRU — Tj, ) S1j - (6.5)
3(#1)

The equivariance of the Dunkl operators implies that such y; is partially symmetric,
namely, wy; = y,w for any w € W’'. From (5.2) with A = X% it is clear that the left-

hand side of ( . is also TW'- invariant, and since H, is W- invariant, we get that a, is

W -invariant, that is, wa, = a,w for all w € W’. As a result, both y; and a, can be
restricted on the subspace M’ = ¢'M. Elements of M’ can be written as

f= Ze Sufi, fieC(V)®U, (6.6)

where s;; = id. We can think of such f as an n-tuple of elements in C(V) ® U. This
identifies M’ with (C(V) ® U)®", and therefore all the terms in (6.3]) restrict to n x n
(operator-valued) matrices acting on M’. Therefore, we obtain a compatible family of
quantum/classical Lax pairs .Z, &/ and L, A of size n X n, with the same Lax matrices

% and L but with different o7 = 7., A = A, for each of the eCM Hamiltonians.
14



6.3. Let us follow the procedure above and construct a Lax pair for the Hamiltonian
th(z,p) = $h} — hy. Using (4.8) we have 1h(\,y) = H + ha, where

n

H:;Z —9(9— th vi—x;), a=-gY plri—x;)—gY ORy;5; (6.7)

=1 1<j 1<j 1<j

Under the specialisation A = \°, the a-term becomes

a=—gY owi—x;)—gY ORy(r1—xj,1)5;— g Z T Sij (6.8)

i<j 5(#1) 1<i<j

To find the quantum Lax pair .2, .o/, we need to calculate the action of y; (6.5) and a
on M'" = e'M. Note that because s;; = id on M’ for ¢,j > 1, a can be replaced by

—gZp( — ;) —gZ@le — Tj, ) S1; — gz (6.9)

i<j §(£1) 1<i<j

Following the recipe in [Chll, Lemma 2.3], we obtain the n x n operator-valued matrices

%,/ in the form
ﬁj:{ng”(xi‘xM for i #

fori=j "’

— g OR;j(z; — xj, 1) for i # j
%' - n . B}
! -9 (qu o(rp — 1) + Zkkl;l r;l) foriv =7

which coincides with the quantum Lax pair found in [GZ, Proposition 3.1]. The classical
Lax pair is obtained in the classical limit, resulting in

L. — {_gRij(mi —xj,p) fori#j
(/. p

fori =7

and A identical to /. Both matrices depend on the spectral parameter, u. The scalar
matrix —g > ., 9(xr — ;) Id,, can be removed from A since it commutes with L. Hence,
we may take

{—gasz(%i—l’j,M) for i # j

(A - 7"/ fori=j "

gzkkl;ll kl J

Note that Aj = —g> T + 9D s Ty, however the first sum cannot be removed

because it represents the diagonal matrix —g (3, _, ;) Id, which does not commute
with L. This classical Lax pair L, A matches the R-matrix Lax pair found in [LOZ].

Remark 6.1. Note that the above construction of the R-matrix Lax pairs only uses that
the R-matrix satisfies the assumptions |(i)H(iv)l However, the exact formulas for the Lax
pairs depend on the expansion (2.14]). See also Remark .

7. R-MATRIX QUANTUM SPIN CHAIN FROM FREEZING

To pass from the R-matrix Hamiltonians to a quantum spin chain, we apply the pro-
cedure known as “freezing”, which involves placing classical particles at an equilibrium.
This heuristic method goes back to Polychronakos [P2]. Recently, it was put on a firm

ground to demonstrate integrability of the Inozemtsev spin chain in [Ch2]; it was also
15



given a broader treatment and justification within the framework of hybrid integrable
systems in [LRS]. We will follow the approach of [Ch2].

Recall that in [SZ], Sechin and Zotov proposed the following spin chain Hamiltonian

% € End U:
Z, _ 1—J
% = Tija /rij = rij ( n ) s (71)

1<j

where r;; is the Belavin-Drinfeld classical r-matrix, see (2.14]). An overview of these and
related spin chains can be found in [KL2]. In [SZ], it was further conjectured that .73
commutes with

A _ i—J
A= [T Tt T, T=r ( - ) . (7.2)
i<j<k
The commutativity [543, #43] = 0 was checked in [SZ] numerically for d = 2, and in [MZ2]
it was deduced from the commutativity of relativistic analogues of J43, .743.
We can now obtain this as part of the following construction of commuting spin Hamil-

tonians .74, . .., 7¢,. Recall that by (4.7] - H = H, + i A, . Here each A, is an element
of A, ®EndU, wh1ch can be thought of as a matrix (acting on U) whose entries belong to

the algebra of differential operators Aj, (3.2). Its classical limit, 770(A ), is an element of
Ao ®End U where Ay is the algebra of functions of z;, p; (3.4)). Hence it can be evaluated
at a particular point (z*,p*). For our purposes, we need to evaluate at an equilibrium

(x*,p*) of h(x,p) from (4.1]) given by

=), pP=0). ai=—. p=0, i=l..n (7.3)
n
Proposition 7.1. Define spin Hamiltonians ¢, € EndU by
=0 A )y T 2T (7.4)

Then we have [, 7] = 0 for all r, s.

The proof repeats that of [Ch2, Theorem 5.5] verbatim, cf. [LRS|, Sec. 9]. The reason
to exclude r = 1 is that in that case A; = 0 and so 74 = 0. O

For r = 2,3 we recover from (4.12)), (4.15)) the above J%3, 723, up to an additive constant

term (a constant multiple of Idy).

8. SPECTRAL DEFORMATION

Here we allow spectral variables A into Hamiltonians and generalise the previous con-
structions analogously to [Ch2, Sec. 7].

8.1. First, let us construct a dynamical spin model depending on A. It will be convenient
to work with an additional copy VY = V of the space V with A € V'V, and denote by
WY a copy of the symmetric group acting on VV. Denote by Z;/(V) the algebra of
matrix differential operators on V' whose coefficients also depend on J; it is generated by
(operators of multiplication by) functions f € C(V x V) and the derivations 0; = 9/0z;.
We have two commutative W-actions on 2,5(V): the action and the WV-action on
A, with wY. f(z,\) := f(z,w™t.\) for f € C(V x VV). Hence, we can form the crossed
product
Y =PIV« (W x WY).
16



Elements of &7V can be uniquely written as

a = Z Aoy W1 @ Wy With Gy, € 2 (V) .

w1, waeW
Define a linear map
Res': &Y — Z5(V)«x WY,
Z Qupyny W1 @ Wy Z Qg (W2 w7 )Y (8.1)

w1,w2ESn w1,w2ESn

Equivalently, Res¥(a) is the unique element L, € Z(V') * W such that

1 _
ae=L,e, e::me@)wV. (8.2)

The group W acts on &7V and Z;/(V') « WY by conjugation,
a— (ew)a(@ew)™ YweW. (8.3)

It is easy to check that the map Res" is W-equivariant, hence, it can be restricted on the
subspaces of W-invariants, analogously to Lemma [4.3]

Lemma 8.1. The restriction ResV: (V)W — (Zy(V) « WY)W of the map (8.1)) is an

algebra homomorphism.

Now, for any W-invariant function f(x,p) in Ay (3.4]), the result of substitution (4.3))
is a W-invariant element f(X\,y) of Z7(V) « W C &7V, Indeed,

(’&}@wv) f()‘ay> (@®wV)fl = f(Aay) ) (84)

by equivariance of y; and W-invariance of f(z,p), cf. (5.2)). These elements pairwise
commute because y; commute. This implies the following result.

Proposition 8.2. Define
Ly :=Res"f(\,) for f e AY . (8.5)
The elements L} are pairwise commuting W -invariant elements of Dy (V') * WY,

8.2. Among L}’, we have analogues of the R-matrix eCM Hamiltonians. First, from
(4.8]), we find the following generalisation of the Hamiltonian (4.11)):

HY =Y "p7 20" ) oz —x;) —2gh Y _OR;s)). (8.6)
i=1 i<j i<j
Here OR(z, 1) = £ R(z, p), OR;j = OR;j(x; — x5, \; — A;) and s;; acts only on A € VY. In
the limit A — 0, s;; = id and we get the R-matrix Hamiltonian (4.11)).

Next, define the principal Hamiltonians

HY :=Res”(h.(\,y)), r=1,...,n. (8.7)
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Here h,.(z,p) are the scalar eCM Hamiltonians, see Sec. 4.1 By a direct calculation, the
first three principal Hamiltonians are:

HY =1+ + .

HY = (b + g°p(x: — x;) + ghORy; s);) |

1<j
HY = > (bipipr + 9° 0w — 2;)pi + g°0(x; — 2)pi + g°0 (i — 20)P;)
i<j<k
+7ig Z (aRuka + aR]kp’L ik + 8Rk7,pjskz)
i<j<k
+he® Y (aRz’j Rjy — Ry 3325) (ik) +hg® ) <8R"j R — R 8Rfj> (ksi)”
i<j<k i<j<k

In the limit A — 0, HY = H,, so we view HY as deformations of H,.

8.3. In contrast with the case f = h,(x,p), for an arbitrary f € A} the expression
f(A,y) would not be regular at A = 0. However, as we already explained in Remark ,
one can use f from the rational spherical Cherednik algebra B, C A", and we have the
following result.

Proposition 8.3. For any f € B, C AY, the element L}/ (8.5) is a W-invariant element
of 24(V) « WY, reqular at \ = 0.

Proof repeats the proof of Proposition ( 1). O
Here are two examples. First, consider f(z,p) = > ., z;p; € B;. This gives

= Z)\iyi = Z)\i (ﬁi —QZR@@@']’) )
i=1 i=1 G

and, as a result,

I—}/ - Z /\zpz g Z Z] zg (88)

1<J
Next, we take f € B, as follows:
¢
f(z,p) = Z L (pjpk: + m) . (8.9)
i Ak J

Then

f\y) Z i (y] Yk + ﬁ) : (8.10)

iFjFRF



From this,
> N+ el —w) +9 D (A= N Rijprs)+
i itk i iFhti
+ gh Z )\z 8Rkjs}€/j
i Akt
=20" 37 (O = M) Rl + O — \) Ry R ) (i)

+ 2¢° Z (N = M) Ry R + (A, — N Ry R (ki)Y (8.11)

8.4. Now the spin chain Hamiltonians incorporating A-variables are constructed similarly
to [Ch2 Sec. 7]. We view the Hamiltonians H) and L} as elements of (A, @ End U) * W
so we can take classical limits. We have a counterpart of (4.7 .

HY = H. + LA/, with A; € (A, ® EndU) « W . (8.12)
We define principal spin chain Hamiltonians by

HY = no(A,Y)}(m):(x*yp*) , T=2,...,n. (8.13)

For r = 2,3 we use the expressions for Hy, Hy to find that, up to a constant factor,

Z (9le ij GRU = GRU (%, )\Z — )\])

1<J
A =Y (ORy; R — Ry OR)(ijk)" + ) (ORy; Rij — R OR) ) (kji)"
i<j<h i<k

Here R} = R;; i (54,0, — \) and IRl = OR;; (=2, A\ — A). The Hamiltonians 54", 5"

are \- deformatlons of . .

We can also define additional Hamiltonians by using L}/ as follows:

I = 0L oy s S EBo (8.14)
For example, taking f = >"" , z; p; gives
i<j
For f in , we find from the formula for L}/ that
Z Aifjk
i#j Ak
2} ( ~ )R + (O = ARy RIY) (1K) (8.16)
1<j<k
+2 > (( B Ry R+ (A — M) Ry RiL) (kji)Y .
i<j<k

Here g, = p(]%k), and R;;, R¥ have the same meaning as in the formulas for 525", 7"
above.

Theorem 8.4. The elements 7", v =2,...,n and I} with f € By form a commutative
family of elements of (C(VY) @ EndU) * S,/.
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Proof. The proof repeats verbatim the proofs in [Ch2, Sec. 5.3], see in particular Theorems
5.5, 5.7 in loc. cit.. O

8.5. To interpret the elements 77", .#; as Hamiltonians of a spin chain, one needs
to choose a representation of (C(V"Y) ® EndU) % S by appropriately enlarging the spin
space U. A natural choice is the space C(V") ® U but the drawback is that it is infinite-
dimensional. Note that the action on C(V'") only involves permutations w" for w € W
and multiplication by functions of A € VY. Therefore, it can be restricted onto a finite,
W-invariant set of \’s.

For example, take a generic point € = (e1,...,€,) € VY. Its W-orbit consists of
|W| = n! points 7.€ = (€;q), ..., €rm)), T € W. Let us replace C(V") ® U with the direct
sum of |IW| copies of U:

UV = @®,enUT, with UD2U Vr. (8.17)

We make this space into a (C(VY) ® End U) * SY-module, with w" acting by permuting
the summands, w" : U™ % U™ and with f()\) acting on each summand U™ = U
by an operator f(7.€) € EndU. In other words, any f € C(V"Y) ® EndU acts on U by
®rew f(7.€)Idy . For instance, a summand in .723",

_ i—
8Rij8ivj = 6Rz‘j (T, /\Z' — )\j) 823 s (8.18)
swaps U™ and UG47) for each 7 and then applies OR;; (%, €r(i) — eT(j)) to each direct
summand U™ c UV.

Because OR;; (%, ,u) is regular at p© = 0, we can degenerate the above setup and use
non-generic W-orbits. Namely, take an arbitrary € = (eq,...,€,) € V¥ such that all the
Hamiltonians are regular at A = €. Let X = {o} C V'V be the W-orbit of e. Consider the
space

UV = ®,exU®, with U9 YU Voex. (8.19)

We can make it into a (C(V")®End U)*SY-module, with w" acting by w" : U@ & U@
and with f()) acting on each summand U(”) 2 U by an operator f(o) € EndU. In other
words, any f € C(VY) ® EndU acts on UY by @yexf(0)Idye.

For example, taking ¢ = (u,0,...,0) with u # 0, its orbit has length n so we can
denote o; :=(0,...,4,...,0), with g in the ith place. Then

UV =, U9, with UD =y =y v, (8:20)

A permutation w” acts on U by simply permuting the summands, w" : U ey JICIO)R
and any End U-valued function f()\) acts on U® as f(o;). Choosing u = 0 gives the
trivial W-orbit 3 = {0}, in which case we recover the spin chain described in Sec. [7

Remark 8.5. In the same way, one can specialise A in the dynamical Hamiltonians H)
and L} from Sec. , .

Remark 8.6. We have explicit examples of the additional Hamiltonians L}/ and .#; cal-
culated in Se . Let us see how they behave in the limit A — 0. Using ,
we find that (8.8) at A = 0 is a constant multiple of . _ y sl\-/j which acts as a constant
because s;; = id when ) is set to zero. Similarly, evaluating at A = 0 gives (after
some computations, and replacing w" = id) a constant multiple of Hy = >, pr. As a
consequence, the operator (8.15)) reduces to a constant and vanishes under A — 0.
We do not know if this is a more general property or just happens in small examples.

Note that for the Inozemtsev spin chain treated in [Ch2], R(z, 1) = ¢(z, p) P so its residue
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at both ;4 = 0 and z = 0 is the permutation operator, P. This changes the expressions
for the Hamiltonians Ly at A — 0, making them nontrivial.

9. TRIGONOMETRIC CASE

9.1. The above constructions remain valid for the (non-degenerate) trigonometric solu-
tions to the AYBE, classified in [S,[Po2]. We refer the reader to [Po2] for their construction
and explicit expressions, see also [KZ] for a discussion of interesting special cases. Each
of these solutions is determined by a so-called Belavin—Drinfeld structure on a finite set
S of size N[} Let r(u,v) € End (C¥ ® CV) be as given in [Po2, Theorem 0.1]] If we
define

R(z,p) := ir(iy,iz) € End (CV @ CV), (9.1)

then from [Po2| (0.1),(0.2),(0.6), (0.7)] we see that R has all the properties |(i)H(iv)}, with
the unitarity in the form

1 1
R(z, 1) Ror(—2z, 1) = — Id. 9.2
(2 ) Bar (=2 1) (451112’5‘ 4sin2§) 9:2)
From the explicit formula [Po2, Theorem 0.1] for r(u,v) we also see that, as a function
of u, R(z, ) has a period 2N, with simple poles at u € 27Z. By a direct check based
on the explicit formula, we have

R(z,pu+2m) = (Q ' @1d) R(z, 1) 1d ® Q) (9.3)

for some constant diagonal N x N matrix ) which depends on the Belavin—Drinfeld
structure that determines the solution r(u,v).

With these ingredients, the definition ({3.1]) of the R-matrix Dunkl operators y; remains
the same. To construct R-matrix Calogero-Moser—Sutherland (CMS) Hamiltonians, we
substitute y; into the classical CMS Hamiltonians which are obtained from the eCM

Hamiltonians by replacing
1
4sin” =5

In particular, a trigonometric analogue of (4.1)) is

-2 . 9.5
sz 9 Z 4Sln2 i~ x] ( )
1<j
Similarly to (4.8)) we calculate
= -2 —2gh) O0R;Si. 9.6
Zl: 9 Z:lemzxz z; 9 Z j Sij (9.6)
1= 1< 1<)

Proposition remains unchanged, except that we need to use trigonometric Hamilto-
nians instead of the elliptic ones. Its proof needs a modification, as detailed next.

3To match the AYBE in [Po2, (0.1)] with the equation (T.2), one needs to swap the variables and use
the skew-symmetry.
A1t is related to R"(2) in [KZ] by R"(2) = & r(2h/N,2z/N).
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9.2.  Proof of part (1) is the same as in the elliptic case, up to replacing

1

phi = X)) = ——5
2

4 sin

Proof of part (2) begins similarly. In fact, we can see that h(\,y) is globally regular
already at the quantum level. Indeed, from (9.3),

_ A= A427me; _ _
veA+2me) = Qe Qi n he(\y) S Qe (A y) Q7
from which the global regularity of h.(\,y) as well as h,.(X, y°) follows. Now, we need the
following fact.

Lemma 9.1. Let Syj := (cot “5% +cot 222) " Ry (2 —aj, \i—A;)35;. Then the elements
Sij satisfy the relations S, = 1 S”S]kSU = S;iSi; S for distinct 1,3, k. In addition,
SijSw = SuSij if {1, 5} N {k% 1} =0.

Proof. This is obtained directly from the unitarity and the QYBE for R(z, u). O

The classical R-matrix Dunkl operators can now be written as

z [
—g Z d(xi — x5, N\ — Nj) Sij s ¢(z, 1) := cot 3 + cot 5 (9.7)

and we need to substitute these into classical CMS Hamiltonians. Note that, by the
lemma, S;; satisfy the same relations as s;; € W. Also, they interact with z, p in exactly
the same way, namely,

Sijf(fap)sij = Sijf(xap)sij = f(Sij-m, Sij'p) . (9.8)

Hence, calculating f (A, y¢) works in the same way as for the scalar trigonometric Dunkl
operators (with spectral parameters \),

— g Z ¢ l'], i )\]) Sij- (99)

3()

In that case we know (by trigonometric limit from the elliptic case) that the result is a
classical CMS Hamiltonian, independent of A, i.e., an element of C[hy, ..., h,]. Therefore,
the same is true for their R-matrix analogues. This concludes the proof. U

9.3. All other constructions work in the trigonometric case in the same way as in the el-
1
liptic case. For example, the formula (4 is valid with g(z;—x;) replaced by

2 Xi—x;5 "
S1n 5

The freezing procedure in Proposition [4.4] now involves evaluating at an equilibrium

(z*,p*) of the CMS Hamiltonian ((9.5)), given by

* * b >k * 27Tj * -
vt =(27), p"=(p)), == p;=0, j=1,...,n (9.10)

In particular, the spin chain Hamiltonian ([7.1]) in the trigonometric case becomes
_ _ 2m (i — Jj)
% = ;Tij, Tij = Tij (T s (911)
i<j

where r(2) is the classical trigonometric r-matrix determined from the expansion ([2.14)).
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Remark 9.2. Another case when the above constructions fully apply is the trigonometric
supersymmetric R-matrix given in [MZ3] (2.7)]. All the required properties of R can be
found in loc. cit..
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