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Within nuclear density-functional theory, we calculated spectroscopic magnetic-dipole and electric-
quadrupole moments for various quasiparticle configurations of odd-N, even-Z, 83 < N < 125 nuclei ranging
from gadolinium to osmium. By tagging the blocked quasiparticles with single-particle states of the semimagic
dysprosium isotope, we efficiently computed 22 prolate and 22 oblate states for each of the 154 nuclei and
tracked them across the entire major neutron shell. We compared this extensive set of theoretical results with
experimental data for 82 states in the region. Breaking rotational, time-reversal, and signature symmetries, we
aligned the intrinsic angular momenta along the axis of axial symmetry, thereby enabling full shape- and spin-
self-consistent polarizations. The spectroscopic moments were then obtained by restoring rotational symmetry.
We conducted a detailed analysis of the pattern of agreement and disagreement between theory and experiment
in individual nuclei. For the magnetic-dipole moments, agreement with the data varies and is characterized by
an overall average and rms deviation of 0.11uy and 0.35uy, respectively. For the electric-quadrupole moments,
a good corresponding agreement of 0.16 and 0.29 b was observed.

DOLI: 10.1103/4999-rv67

I. INTRODUCTION

Nuclear moments are fundamental characteristics of an in-
dividual nuclear state. The electric-quadrupole moment gives
a measure of its deformation (or shape). In contrast, the
magnetic-dipole moment is intimately related to the manner in
which the nucleus carries its angular momentum, whether as a
collective whole or as individual nucleons with contributions
from both their orbital motion and their intrinsic spin [1-3].

There are numerous theoretical approaches to evaluating
nuclear moments. In many - if not most - model calculations,
it is necessary to invoke effective charges in the calculation of
electric-quadrupole moments and effective orbital and spin g
factors in the evaluation of magnetic-dipole moments. More-
over, most models are limited to certain classes of nuclei,
for example, those near closed shells or those in deformed
regions of the nuclear landscape well away from closed
shells. Recent advances in nuclear density-functional theory
(DFT) have enabled the calculation of magnetic-dipole mo-
ments and electric-quadrupole moments across broad regions
of the nuclear chart without the need to invoke effective
charges or effective g factors. The focus here is on odd-A
nuclei, particularly in the ground state for which extensive
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data are available. (Both the dipole and quadrupole moments
are trivially zero for the I™ = 0" ground states of even-even
nuclei.)

The present work stems from a novel method we pro-
posed [4] for calculating nuclear magnetic-dipole moments
in DFT by breaking the signature and time-reversal sym-
metries, thereby enabling the alignment of intrinsic angular
momenta along the axis of axial symmetry before restoring
good angular momentum. The first application of the method
[4] analyzed the electromagnetic moments determined in 32
near-doubly magic nuclei. In subsequent publications [5,6],
the methodology was expanded to paired open-shell systems
and determined the electromagnetic moments of selected con-
figurations within long isotopic chains of elements ranging
from tin to lead.

In this study, we apply the method to excited quasiparti-
cle configurations in deformed open-shell odd-N isotopes of
even-Z elements ranging from gadolinium to osmium. This
establishes the methodology for systematic calculations of
nuclear electromagnetic moments across the nuclear chart.
We calculate both the electric-quadrupole moment and the
magnetic-dipole moment, which provide insight into the nu-
cleus’s collectivity (deformation) and the balance between the
angular momentum carried by the odd neutron and the core.
The focus of our work is on following specific single-particle
(s.p.) structures from near spherical to strongly deformed
nuclei. This allows for organizing the obtained results into
distinct sequences of states that carry similar microscopic s.p.
contents.
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Our approach provides a new perspective on the struc-
ture of odd nuclei by examining how odd particles couple
with even-even cores. Traditionally, modeling particle-core
coupling relies on two contrasting schemes. In the so-called
weak-coupling scheme, an odd spherical particle weakly in-
fluences a spherical core within a perturbative framework. In
the simplest case, coupling the 0T spherical ground state with
the odd particle in a s.p. energy level with angular momentum
Jj results in the unique energy level of the odd nucleus having
total angular momentum / = j. Naturally, different magnetic
substates m of the s.p. energy level correspond to different
magnetic substates M = m of the odd nucleus, and all of these
form a single energy level of the odd nucleus with its 27 + 1
degenerate magnetic substates.

In the so-called strong-coupling scheme, which applies
to large deformations, each spherical s.p. energy level j
splits into 2j 4+ 1 axially deformed s.p. states with projec-
tions of angular momentum €2 on the axial symmetry axis
of Q= —j,...,j. When coupled with the deformed core
representing a rotational band, each deformed s.p. state in
an odd nucleus leads to a rotational band of energy levels
I=K,K+1,K+2,... for K = ||, and each of these lev-
els has its 21 + 1 degenerate magnetic substates. Since the
rotational degrees of freedom are coupled with s.p. degrees
of freedom here, there are many more deformed energy levels
than spherical ones. Indeed, a unique spherical / = j energy
level evolves into a set of j + 1/2 deformed bandhead energy
levels, each of which gives rise to a many-level rotational
band. The transitional region with moderate deformations
is poorly described by either the weak- or strong-coupling
scheme.

Since the seminal work of Nilsson [7], the strong-coupling
scheme has been routinely employed in the phenomenolog-
ical models based on using specific predefined mean-field
potentials like those of Nilsson or Woods-Saxon [8]. In
these models, the electromagnetic properties were determined
uniquely from the deformed s.p. energies and wave-functions,
with the quadrupole deformation and electric-quadrupole mo-
ments fixed by the so-called Strutinsky energy minimization
[8]. For the magnetic-dipole moments, the collective effects
were included in terms of one constant parameter gz, and
the angular-momentum core polarization was neglected. Both
moments were determined in the intrinsic reference frame,
and the rotational symmetry was not restored. Nevertheless,
such phenomenological modeling was quite successful, al-
lowing for a good systematic description of data, cf., i.e.,
a comprehensive analysis of the odd-N, even-Z rare-earth
nuclei in Ref. [9].

In the self-consistent DFT approach used in this work, we
have a unique opportunity to cover both weak and strong-
coupling schemes and to connect them smoothly. Starting
from near semimagic isotopes with tiny deformations, the
nearly spherical self-consistent quasiparticles evolve into de-
formed ones as neutron numbers increase. The restoration of
angular momentum enables us to observe how the unique
I = j states split and develop into distinct sets of j+ 1/2
deformed bandheads. An inverse process occurs when these
bandhead sets recombine into nearly spherical, I = j states at
the following semimagic isotopes.

The primary objective of this work is to examine how these
configurations split, mix, and recombine across a major shell.
This involves not only the ground or near-ground states but
also a description of a broad range of excited states, which the
methodology used here allows.

In the future, with the upcoming release of the latest
version of the computer code HFODD [10,11] and detailed
guidelines on its usage [12], interested parties will be able to
routinely perform such calculations for nuclei of any mass,
deformation, or excitation energy.

The paper is organized as follows: Section II reviews
previous DFT applications to the calculation of electromag-
netic moments and shows the novel features of the present
approach. Section III describes the methodology, presents
detailed results for the Dy isotopes, and discusses the defor-
mation and angular-momentum dependence on the example
of 1'Dy. Section IV then follows with a thorough discussion
and comparison with the experiment. Concluding remarks are
made in Sec. V.

II. NUCLEAR MOMENTS FROM DFT: PREVIOUS WORK

Table I gives an overview of the work done by theoretical
groups that have previously studied nuclear electromagnetic
moments using different versions of nuclear DFT. Let us be-
gin by briefly discussing the essential elements of previous
works, which are listed at the top of Table I, specifically,
the conserved symmetries. The parity symmetry has been
conserved in all applications so far, since the nuclei studied
were not in regions of the nuclear chart where static octupole
deformation occurs. This area of research lies ahead, but the
initial applications are on the way [13].

The signature-symmetry operator is defined as a 180° ro-
tation around one of the principal axes of the intrinsic shape.
For axial nuclei, the signature with respect to the axis of axial
symmetry is clearly not an independent one, and the only
signature symmetry worth considering is the one with respect
to the axis perpendicular to the axis of axial symmetry. Then,
conservation of signature means that the angular momentum
of an odd nucleus is aligned along that axis. In contrast, the
angular momentum aligned along the axis of axial symmetry
breaks the signature symmetry, because the signature operator
then inverts the direction of the angular momentum.

As it turns out, the direction of the intrinsic angular mo-
mentum is a key feature of the intrinsic state (before symmetry
restoration) that determines its magnetic properties. There-
fore, the conservation or breaking of the signature symmetry
is crucial. After the rotational symmetry is restored, the
signature symmetry, which commutes with the angular mo-
mentum I, becomes a function of the total angular-momentum
quantum number / equal to (—1)' and defines the so-called
signature-staggering effects.

The conservation or breaking of time-reversal symmetry is
another crucial aspect of describing nuclear magnetic proper-
ties. Regardless of the angular momentum’s alignment relative
to the intrinsic shape, time reversal always inverts its direction.
Therefore, before symmetry restoration, time-reversal sym-
metry cannot be conserved in odd nuclei. In nuclear DFT, it
also plays a fundamental role for another reason. Indeed, only
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TABLE I. Tabular comparison of the differences of work done by other groups and our own, detailing the methods and symmetries imposed.

Bonneau Peru Ryssens
Bally et al. et al. Co’ et al. Borrajo Li & Meng etal Sassarinietal.  etal Nakada
& Egido Bonnard et al. & Iwata
Wibowo et al.
Refs. [14-16] Ref.[17]  Ref.[18] Refs.[19,20] Ref.[21] Ref.[22] Refs.[4-6] Ref.[23] Ref. [24]

Nuclei PMg, Xe A ~50,100  Near Mg A~ 16,40 Hg Near In Near doubly
doubly isotopes isotopes doubly magic
Y7Au A=~ 178,236 magic A =208 Open-shell magic
Sn-Pb
HF v v v v
HF + BCS v v
HFB v v v v v
Single-particle operator v v MEC v MEC v v v v
Effective g factors v v
Core contribution Microscopic Microscopic Perturbative Microscopic Perturbative Model Microscopic Microscopic Microscopic
Collective Mixing (BMF) v v
Blocking v v v v v v
Skyrme SLyMRO SIII, UNEDFI, BSkG
SLylIII.0.8 SLy4, SkO'
Gogny D1S,DIM D1S DIM D1S
Yukawa M3Y-P6
Regularized N’LO
Relativistic Lagrangian PK1,PC-F1
Spin-spin Native Native None None None None g adjusted Native Native
HO Basis Cylindrical ~Spherical ~ Spherical ~ Spherical Deformed 3D Cartesian
Oscillator Shells 13 8 10 19 16
Gaussian Basis Spherical
Spatial coordinates 3D Cartesian 3D Cartesian
Conserved parity v v v v v v v v v
Conserved signature v v v v v v
Conserved time reversal v v v v
Spherical states v v
Axial states v v v v
Triaxial states® v v v
Reference frame AMP+PNP Intrinsic  Laboratory AMP-+PNP Laboratory Intrinsic AMP Intrinsic Intrinsic

#See the original publications regarding the employed relationship between the conserved signature and triaxial shapes.

when time-reversal symmetry is broken does the time-odd allowing for broken time reversal and signature. They used

mean-field sector of the functional activate, enabling it to in- axial deformations in their calculations. Similar to Péru et al.

duce a polarized angular momentum and a nonzero magnetic [22], they employed effective spin g factors ranging from 0.7

moment in the core. to 0.9 and blocked the lowest aligned K = [ states above the
Below, we summarize previous works, with the columns even-even core. They did not perform AMP in their work.

of Table I arranged by the publication year of the cited The paper by Co’ et al. [18] used the HF method to

references. Studies by Bally e al. [14-16] employed mul- build a spherical s.p. basis and imposed the parity, sig-

tireference collective mixing of blocked triaxial Hartree-Fock- nature, and time-reversal symmetries. Using no effective

Bogoliubov (HFB) states that incorporate angular-momentum g factors, they relied on a residual interaction by imple-
projection (AMP) and particle-number projection (PNP) for =~ menting the random-phase approximation. They also added

symmetry restoration [25], while conserving parity and signa- meson-exchange corrections (MEC) to the magnetic-dipole
ture symmetries and breaking time reversal. Similarly, in the moments.
paper by Ryssens et al. [23], the blocked triaxial HFB calcula- Borrajo and Egido [19,20] studied Mg isotopes using

tions were carried out in the intrinsic reference frame (without ~ the HFB approach with the Gogny D1S parametrization. In
symmetry restoration). Both approaches involved microscopic their calculations, they maintained symmetries such as par-
core polarizations performed in three-dimensional (3D) spa- ity, signature, and time reversal, and they employed triaxial
tial coordinates. deformations with blocking. They applied collective mixing

Turning to Bonnaeu et al. [17], who considered a range through symmetry-conserving configuration mixing (SCCM)
of mass numbers from A ~ 50 to A ~ 236, their approach in- with AMP and PNP. An interesting hybrid method was used,
volved applying the Hartree-Fock (HF) plus BCS method with ~ involving PNP-VAP (variation after projection) followed by
Skyrme interactions, incorporating conserved parity while =~ AMP-PAV (projection after variation).
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FIG. 1. Diagram illustrating the set of odd-N, even-Z open-shell
elements and isotopes considered in this study for which (i) the
calculations were performed (dots) and (ii) experimental data exist
(diamonds).

In papers using covariant density-functional theory
(CDFT), see Li and Meng [21] and the works cited therein,
the authors included first-order (spin-polarization effect)
and second-order (quadrupole polarization effect) configu-
ration mixing along with MEC. This group limited their
applications to spherical symmetry, which enabled them to
carry out calculations in the laboratory reference frame that
conserved angular momentum.

Peru et al. [22] obtained results for the Hg isotopes and
utilized the HFB approach with the Gogny D1M parametriza-
tion. This work preserved parity, signature, and time-reversal
symmetries while employing axial deformation. This group
adopted a spin quenching factor (effective spin g factor) of
0.75 to fit experimental data. They utilized the blocking of
neutron states to accurately describe the ground states of
the nuclei. Although no AMP was used, they corrected the
magnetic-dipole moments phenomenologically to account for
the effects of symmetry restoration.

As noted in the introduction, our previous work [4] pro-
posed a novel method for calculating nuclear electromagnetic
moments by breaking rotational, signature, and time-reversal
symmetries, thereby enabling the alignment of intrinsic angu-
lar momenta along the axis of axial symmetry before restoring
good angular momentum; these crucial elements have never
been implemented together before, as shown in Table I. In
our analyses [4-6], we highlighted that nuclear DFT methods
benefit from the ability to use a sufficiently large s.p. phase
space and, therefore, should not be supplemented with effec-
tive charges or effective g factors.

Recently, Nakada and Iwata [24] calculated the magnetic-
dipole and electric-quadrupole moments of near doubly magic
nuclei using the HF method with the functional M3Y-P6 de-
rived from the Yukawa interaction. They studied axial states
with broken signature and time reversal, and without symme-
try restoration.

III. THEORY

As illustrated in Fig. 1, we determined the electromagnetic
moments of odd-N isotopes of even-Z elements, specifically
between gadolinium and osmium. This includes 154 nuclei
with 83 < N < 125 and 64 < Z < 76. For each nucleus, we

obtained results for 22 prolate and 22 oblate states correspond-
ing to the blocked quasiparticle state within the same neutron
major shell of 83 < N < 125. We performed all calculations
for the Skyrme functional UNEDF1 [26] using the com-
puter code HFODD (v3.33b) [10,11]. Details of calculations
remained identical to those previously described in Ref. [6]
and will not be repeated here.

A. Methodology

In this work, we follow the methodology for determining
electromagnetic moments in heavy deformed odd nuclei that
we developed in Ref. [5] and detailed in Ref. [6]. Here, we
briefly outline this methodology, highlighting its unique or
novel aspects. In the Supplemental Material [27] and the raw-
data repository [28], we provide the results database in both
numerical and graphical formats.

The specific steps required to achieve the results outlined
below were as follows:

(1) We began by determining the self-consistent neu-
tron s.p. energies and wave functions in the spherical
semimagic nucleus '°’Dy. This yielded degenerate or-
bitals characterized by the standard spherical quantum
numbers of 2f7/2, 1]’[9/2, 3p3/2, 2f5/2, 3p1/2, and 1i13/2,
as shown by the central points in Fig. 2.

The choice of Dy was convenient but not essen-
tial, even though it is an experimentally inaccessible
isotope. Another exotic semimagic isotope, such as
8Dy, a semimagic isotope of a different element,
or a state of any even-even nucleus in the region
constrained to spherical shape, could have served the
purpose just as well. The reason is that in any of those
systems, the s.p. neutron states are very similar, and
only their geometrical structure matters for the tagging
mechanism mentioned below.

(2) Next, we determined the deformed and angular-
momentum polarized s.p. states of '°’Dy by applying
small constraints on the total axial intrinsic quadrupole
moments Q%) = £0.4 b,

0% = 05" + 0% (1)
which is the sum of the neutron and proton contribu-
tions, along with a small cranking frequency of Zw, =
1 keV and enforced z axial symmetry. As shown by
the side points in Fig. 2, each spherical orbital with
total angular momentum j splits into 2j 4+ 1 deformed
and aligned orbitals that have well-defined quantized
angular-momentum projections €2 along the axis of
axial symmetry, ranging from —j to j. On the scale of
Fig. 2, small energy differences between pairs of states
with € are not visible. The 44 states with positive
projections (€2 > 0), of which 22 were on the prolate
side (prolate tag states) and 22 on the oblate side
(oblate tag states), were recorded and used to define
the quasiparticles for blocking. The tagging mecha-
nism was explained thoroughly in Ref. [6]. Overall, at
this stage, analyzing seven elements and 22 isotopes,
this large-scale project required 44 x 7 x 22 = 6776
independent self-consistent calculations.
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T T T T T T T tag Nilsson label (501)1/2 appears to dominate two
—O— (631)1/2 1i — (606)13/2 different states. Then, the tag states can only be distin-
-4.5 [—v— (631)3/2 132 —— (615)11/2 guished by the context. We note that the Nilsson labels
i Eggg;?g i gggg;?g assigned to the'tag states do not nec'essarily hgve t.o
5.0 k2 (624)9/2 —A— (642)5/2 match tho.se.ass.1g.ned to the .self—fzons1ster.1t quasiparti-
—O— (615)11/2 —¥— (631)3/2 cle states in individual nuclei, which we discuss below.
—— (606)13/2 W —8— (640)1/2 (3) For 22 prolate and 22 oblate tag states in each studied
— e T y T —= nucleus, we performed blocked-quasiparticle calcula-
2 [ tions by applying constraints on the total axial intrinsic
=3 [ quadrupole moments of Q% = 410 and —10 b, re-
§S 5.0 i spectively, while keeping the constant pairing gaps
Q [ at 1 MeV. The goal of this intermediate step was to
@ - establish stable starting points for the next step.
% 5.5 i (501)1/2 :>3p< —v- (501)32 1 (4) The final self-consistent calculations were conducted
c [ (501)3/2 3/2 —@- (850)172 by removing the constraints from the previous step
o [| —O— (521)1/2 —4— (505)9/2 . . ) ’
S 6.0H- ] which enabled the determination of self-consistent de-
o r (532)3/2 e (514)7/2 formations and pairing correlations. At this step, 408
Z [ | —A— (523)5/2 —A— (523)5/2 patting . b,
] out of 6,776 calculations have not converged; see the
65F = Gt 1h9/2 DR discussion in the next point. However, as discussed in
|4 (505)912 —&— (521172 Ref. [6], a smooth dependence of the electromagnetic
[ moments on the neutron number often allows for a
70T ] reasonably safe reconstruction of the nonconverged
[ points through interpolation.
[ (5) A more problematic situation arose in 233 other cases
751 . . . . . . . ] when identical solutions were obtained for either two

different prolate tag states or two different oblate tag
states. Such situations occur when two different tag
states have the strongest affinity with the same quasi-
particle, leading to duplicated solutions and causing
one solution to be missed. To address this issue and
find more converged solutions, we performed the sec-
ond round of calculations with tag states defined not
in >Dy but in the specified nucleus. In this way, we
managed to converge 162 more states and also find
177 new previously missed solutions, leaving only 246

tot
-16 00 1.6 on (b)

FIG. 2. (Colorblind-friendly palette [29] online) Diagram illus-
trating the deformation splitting of neutron s.p. states in '*?Dy, see
the text for the discussion of that choice, which serves as a con-
venient theoretical starting point for proceeding to calculations of
experimentally accessible nuclei. Calculations were carried out using
constrained total axial intrinsic quadrupole moments Q% = +0.4 b,
Eq. (1), and then extrapolated to £1.6 b for clear visualization of the
splitting.

We note that the set of tag states used in this work
might not be enough to obtain quasiparticle configura-
tions originating from the spherical s.p. states at N <
82 or N > 126, which, with increasing deformation,
could become relevant within the studied nuclei.

Further discussion of the results requires establish-
ing a proper naming convention. To this end, we used
the calculated dominant Nilsson labels of tag states,
which represent their largest overlaps with the Nils-
son states (the eigenstates of the axially deformed
harmonic oscillator [8]), denoted by (Non,A)K, with
K = |2|. We denote the Nilsson labels of tag states by
parentheses and reserve the standard notation of square
brackets for the Nilsson labels of the self-consistent
configurations, see below.

The calculated Nilsson labels of the tag states are
shown in Fig. 2. As one can see, for fixed projections
2, the Nilsson labels computed on the prolate and
oblate sides often match, indicating that the structure
of the related tag states is similar. Therefore, iden-
tifying the tag state requires indicating whether it is
prolate or oblate. Additionally, in one case, the oblate-
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nonconverged and 56 missed solutions out of 6,776.
We observed that the second round of calculations
yielded fewer converged solutions and significantly
more duplicates, confirming that running the '°’Dy tag
states first was the correct approach. We note that using
the modified tag states in the second round required
manually attributing the newly found solutions to the
specific sequences of the '°?Dy tag states used in the
first round. We also note that cases where duplicated
solutions are found for one oblate tag state and another
prolate tag state are entirely normal and occur when, in
a given nucleus, only one minimum—either prolate or
oblate—exists.
For all self-consistent solutions obtained, we per-
formed angular-momentum symmetry restoration
(AMP) [25], which allowed us to determine the spec-
troscopic magnetic-dipole and electric-quadrupole
moments, the main results analyzed in this work.
At the same time, we determined the Nilsson labels
[Non,A]lK of the self-consistent configurations, de-
noted by the square brackets. These labels provide
similar information about the deformed quasiparticle
configurations as those determined in various phe-
nomenological models; see, e.g., Ref. [30].
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FIG. 3. Upper panels (a), (b), and (c) show the DFT spectroscopic electric-quadrupole moments Q (in barn). Lower panels (d), (e), and
(f) show the DFT spectroscopic magnetic-dipole moments u (in uy). Left panels (a) and (d) correspond to tag states originating from the
spherical orbitals 27/, and 1hg,,, middle panels (b) and (e) to those of 3p3/», 2f5/2, and 3p;,,, and right panels (c) and (f) to those of 1i;3,.
The figure displays all results determined for prolate tag states in dysprosium isotopes (full symbols). Note that for the 2 = 1/2 states, we
plotted the values of Q corresponding to the / = 3/2 members of the rotational bands.

B. DFT results for dysprosium isotopes

In Figs. 3—6, we present the complete set of results obtained
for dysprosium isotopes. For other elements, the correspond-
ing figures are included in the Supplemental Material [27].
Additionally, the raw numerical data collected in this work
are available in Ref. [28].

As it turns out, presenting the results organized in lines
that connect points corresponding to given tag states is
hugely beneficial. In this way, one can easily follow spe-
cific structures of quasiparticle states across the entire shell
and identify particular points where those structures change,
irrespective of their excitation energies over the ground
states.

For the prolate tag states, as illustrated in Fig. 3, we
present the calculated spectroscopic electric-quadrupole mo-
ments (top panels) and magnetic-dipole moments (bottom
panels). To improve the figure’s readability, the results are
organized into three columns, each displaying a different
group of tag states as indicated in the legend. In addi-
tion, seven distinct shapes of symbols correspond to various
angular momenta / = 1/2, ..., 13/2. In this figure, all sym-
bols are filled, whereas the corresponding open symbols in
Fig. 4 represent results obtained for the oblate tag states. The
same shapes of filled and open symbols are also displayed
in Fig. 2.

The first and most striking observation is that in
the majority of cases, the configurations defined by the
tag states determined in spherical '*’Dy smoothly extend
across the large-deformation region of open-shell isotopes.
This indicates that the affinity of deformed quasiparticles
with nearly spherical s.p. states is quite strong and can
indeed be employed to track configurations in seemingly di-
verse systems.

The missing points along the lines in Figs. 3—6 correspond
to the nonconverged cases mentioned in point 5 of Sec. IIT A.
For example, results regarding the nonconverged solutions
associated with the prolate tag states (640)1/2 and (642)5/2
at N = 111 can be easily interpolated from those obtained at
N =109 and N = 113. Conversely, those linked to the prolate
tag state (510)1/2 at N = 105 and 107 demonstrate a distinct
configuration change and, therefore, cannot be interpolated.

Examples of more problematic situations, discussed in
point 5 of Sec. III A, occur between N =93 and N = 103,
where the prolate tag states (550)1/2 and (541)1/2 produced
duplicated solutions, Fig. 5(b), indicating that another I =
1/27 solution was missed. In those cases, results for heavier
elements suggest that the missed states may have low energies
near N = 97 or N = 99. A thorough search will be necessary
to find these or other overlooked solutions, especially when
new experimental data demand it. However, in the particular
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FIG. 4. Same as illustrated in Fig. 3, but showing the results obtained for oblate tag states, as indicated by the open symbols.
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FIG. 5. Excitation energies E.. of states in dysprosium isotopes calculated for the prolate tag states, upper panels (a), (b), and (c) and
oblate tag states, lower panels (c), (d), and (f). Legends of symbols are shown in Figs. 3 and 4.
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FIG. 6. Same as in Fig. 5 but plotted in a logarithmic scale with E,. = 0 (ground states) plotted artificially at Eo. = 0.01 MeV.

case of the prolate tag states (550)1/2 and (541)1/2, one can
see that the missing low-energy solution between N = 93
and N = 103 corresponds to the tag state (510)1/2 visible in
Fig. 5(a).

The excitation energies shown in Fig. 5 (linear scale)
or in Fig. 6 (logarithmic scale) are essential for identifying
configurations that may become ground states or low-lying
excited states in an isotope. To this end, either all six panels
of the figures should be examined, or the databases in the raw
data repository [28] described in the Supplemental Material
[27] can be reviewed. The logarithmic scale used in Fig. 6
helps reveal details of the low-energy spectra.

Configurations associated with various tag states exhibit
a clear, distinct pattern of evolution as neutron numbers
increase. For example, the ] = 5/27 configuration of the pro-
late tag state (512)5/2 begins at N = 83 within the nearly
degenerate group of the ground-state particle 2f7,, states,
Figs. 5(a) and 6(a). Then, the energy splitting due to de-
formation raises it above the neutron Fermi energy, leading
it to transition to higher excitation energies and become a
particle-like quasiparticle. As the neutron number increases,
the rising neutron Fermi energy reaches this configuration. At
N =103, it appears as the ground state, accompanied by the
low-lying I = 7/2% prolate tag state (633)7/2 configuration at
Eexc = 167 keV, Figs. 5(c) and 6(c). At even larger neutron
numbers and higher neutron Fermi energies, the prolate tag
state (512)5/2 configuration appears below the neutron Fermi
energy. Then it transitions again to higher excitation energies,

this time as a hole-like quasiparticle state. Ultimately, its evo-
lution ends at N = 125 within the nearly degenerate group of
the excited hole 2 f7, states.

Figures 5 and 6 clearly show the reasons for fre-
quent disagreement between the measured and calculated
excitation-energy sequences in odd nuclei, see, for instance,
Tables II and III. Indeed, the spherical s.p. spectra that char-
acterize different functionals differ, and also differ from the
evaluated experimental data [31,32]. This uncertainty of the
theoretical description translates into different deformation
dependencies of the s.p. energies, such as shown in the Nils-
son diagram of Fig. 8. It is evident that even minor shifts
of spherical s.p. energies, which result in minor shifts of de-
formed s.p. energies, may induce significant differences in the
evolution of excitation energies of odd nuclei as functions of
particle numbers, Figures 5 and 6. In particular, even if a given
energy level of an odd nucleus correctly appears in a given
isotope at low energy, it may not appear as its ground state. In
contrast, the particle-number dependencies of electromagnetic
moments, Figs. 3 and 4, do not directly depend on the s.p.
energies but rather on s.p. wave functions, and therefore are
probably more robust, as discussed in Ref. [4].

C. DFT results for 'Dy

Using the results obtained for '®'Dy as an example, here
we discuss how electromagnetic moments depend on angular
momentum and deformation.
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TABLEII. Electric-quadrupole moments Q (in barn) and magnetic-dipole moments u (in uy) of Gd, Dy, and Er isotopes determined in this
work within nuclear DFT and compared with experimental data [35-37]. Both for experiment and DFT, energies E (in keV) denote excitation
energies relative to the ground states, which are indicated by £ = 0. The last two columns display the residuals between the theoretical results
and experiment; that is, Or = Oppr — Opxer and (g = Uprr — Mexer- Asterisks () mark higher-spin members of the rotational bands. Values
without signs indicate experimental results where the signs were not measured; then the residuals were determined with the DFT signs assigned
to the experimental values. The DFT values and residuals are given up to three decimal points, with uncertainties of the DFT magnetic-dipole

moments given up to two last digits, see Sec. IV.

Experiment DFT Residuals

No. Nuclide N I E (keV) Q (barn) n(uy) Nilsson  E (keV) Q (barn) n(uy) Or (barn)  ur(uy)
1 “Ggd 83  7/2° 0 1.02(9) [50317/2 0 —0.380 —1.390(69) —0.370
2 Gd 83 132t 997 —0.70(8) +0.49(2)  [606]13/2 2575  —0.759 —1.289(86) —0.059 —1.779
3 9Gd 85 7727 0 0.88(4) [50317/2 135 —0.400 —1.359(73) —0.479
4 YGd 85  5/2° 165 —0.9(2) [512]15/2 113 —0.436  —0.716(40) +0.184
5 Blgd 87 7/2° 0 0.77(6) [503]7/2 1064  —1.293 —0.806(68) —0.036
6 Blgd 87  5/2° 108 —1.08(13)  [532]5/2 647 —0.944  4+0.046(12) +1.126
7 Blgd 87  3/2° 395 —2.5(8) [54113/2 0 +0.783  —0.209(26) +2.291
8 1¥Gd 89 3727 0 0.38(8) [501]3/2 1196  —0.766 —0.540(39) —0.160
9 3Gd 89 5/2° 110 +0.40(15)  [52315/2 607 +1.643  +0.053(12) —0.347
10 'BGd 89 3727 129 +0.37(7)  [532]13/2 120 +0.999  +0.264(12) —0.107
11 5Gd 91 3727 0 +127(3)  —0.2591(4) [521]3/2 58 +1.287 —0.176(25) +0.017  +0.083
12 ¥Gd 91 5/2F 87* +0.110(8)  —0.525(2)  [651]3/2 —0.467 +0.25923) —0.577 +0.784
13 Gd 91 3,2 105 +1.27(5)  +0.143(5)  [651]3/2 0 +1.308 —0.191(32) +0.038 —0.334
14 7Gd 93 3/2° 0 +1.35(3)  —0.3398(6) [521]3/2 0 +1.412  —0.125(21) +0.062  +0.215
15 57Gd 93  5.2F 64 +243(7)  —0464(11) [642]5/2 341 +2.626 —0.389(50) +0.196  40.075
16 'Gd 95 3727 0 —0.44(3)  [52113/2 190 +1.478 —0.140(22) +0.300
17 Wpy 83  7/2° 0 —0.62(5) [50317/2 0 —0.407 —1.375(70) +0.213

18 Slpy 85 7/2° 0 —030(5)  —0.945(7)  [503]7/2 92 —0.492 —1.320(74) —0.192 —0.375
19 Bpy 87 7727 0 —0.15(9)  —0.712(6)  [503]7/2 1428  +0.341 —1.352(71) 40.491  —0.640
20 Dy 89 3/2° 0 +0.96(2)  —0.337(3)  [52113/2 77 +1.028 +0.224(15)  +0.068  +0.561
21 5Dy 91 3/2° 0 +1292)  —0301(2)  [52113/2 0 +1.333  —0.140(25) +0.043  40.161
22 Spy 93 372 0 +1372)  —0354(3)  [521]3/2 0 +1.455 —0.131(23) +0.085 +0.223
23 'py 95  5/2F 0 +2512)  —0.479(3)  [642]5/2 0 +2711  —0.367(48) +0.201 +0.112
24 Dy 95 5/2° 26 +2.51(2)  4+0.594(3)  [523]5/2 101 +2.660 +0.546(20) +0.150  —0.048
25 lpy 95  7/2* 44* +0.53(13)  —0.140(5)  [642]5/2 +0.506  +0.254(38) —0.024  +0.394
26 lpy 95  3/2° 75 +1.45(6)  —0.403(4)  [521]13/2 187 +1.515 —0.135(24) +0.065  +0.268
27 ®py 97 5/2 0 +2.65(2)  +0.671(4)  [523]5/2 0 +2.766  +0.546(22) +0.116  —0.125
28 %py 99  7/2F 0 +3.48(7)  —0.518(6)  [633]7/2 420 +3.683 —0.512(64) +0.203  +0.006
29 I%gr 85 (7/27) 0 —0.42(2)  —0.932(7)  [503]7/2 107 —0.708 —1.205(72) —0.288 —0.273
30 gy 87  7/2° 0 —027(2)  —0.666(5)  [503]7/2 886 —1.550 —0.668(39) —1.280 —0.002
31 Sgr 87 13/2°F 563 —0.55(3)  [606]13/2 818 —2.445  —0.805(93) —0.255
32 SEr 89 3/2° 0 +0.920(10) —0.411(3)  [532]3/2 185 +1.025 +0.220(02) +0.105 40.631
33 Er 91 372 0 +1.170(10)  —0.303(2)  [521]3/2 0 +1.249 —0.112(23) +0.079  +0.191
34 lgy 93 3/2° 0 +1.363(8) —0.364(3) [521]3/2 0 +1.443  —0.134(23)  4+0.080  40.230
35 I8Er 95 5727 0 +2.56(2)  +0.556(4)  [523]5/2 13 +2.692  +0.560(22) 4+0.132  40.004
36 1SEr 97 5727 0 +2.71(3)  +0.641(4)  [523]5/2 13 +2.831 +0.556(24) +0.121  —0.085
37 gy 99 7/2% 0 +3.57(3)  —0.5623(4) [633]7/2 393 +3.766 —0.521(63) +0.196  +0.041
38 ¥Er 101 1/2° 0 +0.4828(4)  [521]1/2 412 +0.642(06) +0.159
39 T'Er 103 5727 0 +2.86(9)  0.657(10)  [512]5/2 0 +2.925 —0.377(41) +0.065 +0.280

1. Dependence on angular momentum

In this section, we compare the DFT spectroscopic
electromagnetic moments with their large-axial-deformation
(rotational) approximations [33]. As for the other calculations
performed in this work, the AMP results were obtained by
restoring the rotational symmetry of the axially deformed
intrinsic state. Here we focus on the [642]5/2 intrinsic config-
uration of '' Dy, which is characterized by the projection =

+5/2 of angular momentum along the axis of axial symmetry.
This intrinsic state was projected onto good total angular
momenta between the bandhead of I = 5/2 and I = 95/2.
The integral over the Euler angle f was evaluated using
100 nodes of the Gauss-Legendre quadrature. We note in
passing that this band is experimentally known up to I =
47/2 [34]. However, we must remember that the AMP of a
nonrotating intrinsic state ignores structural changes due to
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TABLE III. Same as in Table II but for the isotopes of Yb, Hf, W, and Os. Experimental data taken from Refs. [35-38].

Experiment DFT Residuals

No. Nuclide N " E (keV)  Q (barn) w(uy) Nilsson  E (keV) Q (barn) w(uy) Or (barn) g (uy)
40 5yb 85 (7/27) 0 —0.53) —-091(2) [50317/2 115 —0.829 —1.138(70) —0.329 —0.228
41 Syb 87  7/2° 0 —0.637(8) [503]7/2 1007  —1.495 —0.743(62) —0.106
42  Yypb 87 1372 529 —0.75(8) [606]13/2 1012  —2.451 —0.809(95) —0.059
43  ™yp 89 5/2° 0 —0.22(2) —0.365(8) [523]5/2 254  4+1.647 +0.217(02) +1.867  +0.582
44 Syp 91 3727 0 +1.03(2) —0.326(8) [521]3/2 0 +1.162  —0.096(22) 40.132  40.230
45  Byp 93 3/2° 0 +1.24(2) —0.373(8) [52113/2 0 +1.367 —0.132(23) +0.127  40.241
46  'Syp 95 5/2° 0 +2.48(4) +0.477(8) [52315/2 0 +2.649 40.565(23) +0.169  40.088
47 7y 97  5/27 0 +2.70(4) +0.621(8) [52315/2 31 +2.943  40.609(28) +0.243  —0.012
48  yp 99  7/2% 0 +3.54(6) —0.633(8) [63317/2 361 +3.926 —0.517(62) +0.386  +0.116
49  'Yyp 99  1/2° 24 +0.506(8) [5217172 0 +0.586(13) +0.080
50  'vyb 101 1727 0 +0.4923(4)  [521]1/2 418 +0.613(09) +0.121
51 7yb 101 3727 67* —1.64(8) +0.350(2) [52111/2 —1.665 +40364(15) —0.025 +0.014
52 'yb 101 5727 76* —2.22(7) +1.015(5) [521]1/2 —2378 +1.420(01) —0.158  40.405
53 1Byb 103 5727 0 +2.80(4)  —0.6780(6)  [512]5/2 0 +3.012  —0.402(44) 40212 40276
54 Byb 103 7/2° 79* —0.20(7) [51215/2 +0.562  +0.267(34) +0.467
55 1Byb 105 7/2° 0 +3.52(5) 0.766(8) [51417/2 0 +3.791  +1.040(53) +0.271 40272
56 7yb 107 9/2* 0 +4.03(6)  —0.695(15)  [624]9/2 30 +4.372  —0.626(75) +0.342  40.069
57 7yb 107 1727 332 +0.151(15)  [510]1/2 0 +0.867(16) +0.716
58 Hf 99 7/2% 0 +3.46(3)  —0.674(12)  [63317/2 385 +4.337 —0.523(60) +0.877  40.151
59  Hf 99 1727 22 +0.526(16)  [521]1/2 0 +0.581(14) +0.055
60 BHf 101 172 0 +0.502(7) [52111/2 245 +0.597(12) +0.095
61 SHf 103 5727 0 +2.72(2) —0.677(9) [512]15/2 0 +3.294 —0.467(45) +0.574 40210
62  Hf 105 7/2° 0 +3.37(3)  +0.791009)  [514]17/2 0 +3.750  +1.007(52) +0.380 +0.216
63 THf 105 9/2° 113 +1.30(2) +1.03(3) [51417/2 +1.460 +1.406(43) +0.160 +0.376
64 TTHf 105 11727 250* +1.5(5) [51417/2 +0.087  +1.791(36) +0.291
65 THf 105 9727 321 —0.73(9) [624]9/2 157 +4.597  —0.673(72) +0.057
66  'Hf 107 9/2F 0 +3.79(3)  —0.6389(14)  [62419/2 0 +4.123  —0.661(74) +0.333  —0.023
67  PHf 107 112t 123*  +1.88(3) [62419/2 +2.075 40.027(63)  +0.195

68 TSwoo101 7/2°F 235 —0.65(2) [633]7/2 0 +4.312  —0.520(61) +0.130
69 Bw 109 1727 0 +0.11739(11)  [510]1/2 0 +0.837(16) +0.719
70 By 109 3/2 47+ —1.8(4) —0.10(10) [51011/2 —1.354 —0986(17) +0.446 —0.886
71 Bw 109 9/2° 309* 1.53(14) [51011/2 —2462 +2.951(01) +1.421
72 Bw 109 9727 551* 2.2(9) [512]13/2 —1.843  +1.760(17) —0.440
73 w111 3/2° 0 +0.543(14)  [512]3/2 0 +1.304 +0.826(37) +0.283
74 8w 113 3727 0 0.621(15) [512]3/2 332 +1.179  4+0.803(39) +0.182
75 8os 107 972" 0 +3.1(3) 0.794(14) [62419/2 0 +3.895 —0.682(72) +0.795  +0.112
76 ®0s 111 1/2° 0 +0.06442(7)  [510]1/2 55 +0.831(13) +0.766
77 ¥0os 113 372 0 +0.86(3)  4+0.6576(7)  [512]3/2 200 +1.082 +0.785(35) 4+0.222  40.128
78 B0os 113 1727 36 +0.23(3) [51011/2 272 +0.830(13) +0.600
79 ®0os 113 5/2° 70* —0.63(2) +0.981(9) [512]13/2 —0.387 +1.113(25) +0.243  +0.132
80  ®0s 113 3/2° 95* —0.32(5) [510]11/2 —1.078 —0.864(18) —0.544
81 Blos 115 9/2- 0 +2.53(16) +0.96(3) [50519/2 218 +2.651 +1.241(71) 40.121  +0.281
82  %0os 117 3/2° 0 +0.48(6) +0.730(2) [512]3/2 1036  +0.812 +0.727(28) +0.332  —0.003

rotation, which can only be accounted for using the cranking
method [8]. The application of this method will be covered in
a future publication.

In Figs. 7(a) and 7(b), we presented the AMP results
obtained for the electric-quadrupole and magnetic-dipole mo-
ments, respectively, in the [642]5/2 161Dy rotational band,
see the Supplemental Material [27]. They demonstrate that
our AMP calculations achieve exceptionally high numerical
precision, enabling us to restore rotational symmetry at very
high angular momenta. This is mainly because the singu-
larities and self-interactions [25] that trouble most density

functionals currently in use have no impact on the one-body
observables, such as the electromagnetic moments studied in
this work. Additionally, calculations performed in the spheri-
cal HO basis, implemented with highly precise Gauss-Hermit
quadratures [39], yield results with significant digits practi-
cally limited only by the CPU’s precision. Furthermore, the
use of highly precise evaluations of the Wigner functions D},
is essential [40]. Overall, these aspects of our implementation
enable us to correctly identify the AMP components of the
161Dy intrinsic state, starting from a small norm of 3.44% at
I =5/2, reaching a maximum norm of 6.78% at [ = 17/2,
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FIG. 7. (a) Electric-quadrupole and (b) magnetic-dipole moments determined in this work for the Q = 5/2 [642]5/2 rotational band,
I™ =5/2%...95/2%, in '*'Dy. The panels illustrate the comparison between the microscopically calculated (spec, diamonds) and large-axial-
deformation approximate (rot, circles) spectroscopic moments. Squares display the known experimental data [42,43]. The thick line depicts the
magnetic-dipole moment corresponding to the phenomenological estimate of the rotational collective g factor, gr >~ Z/A. The inset presents

the results for 7 = 5/2% and 7/2% plotted in an extended scale.

and dropping to a very small norm of 0.0001% at I = 95/2
(cited percentage values correspond to the case illustrated in
Fig. 7).

The large-axial-deformation approximation links the cal-
culated spectroscopic moments, O3 = (I1R2|050l1IR), to
the calculated intrinsic moments, 01\“;{ = (2|0,0|9), of
generic spherical-tensor observables O;, where [IMQ) =
/\/19131{m|9) are normalized AMP states [25]. This approxi-
mation depends on the assumption that the overlaps between
the axial z-aligned broken-symmetry self-consistent intrinsic
states |€2), rotated by an angle 8 around the perpendicular y
axis, are positive and sharply peaked at 8 = 0.

The large-axial-deformation approximation can be used in
two flavors. First, it can serve us to define an approximation
01, of the spectroscopic moment O} in terms of the calcu-
lated intrinsic moment O‘A“g , that is,

spec ., Arot __ nyintr 11 I1Q
OAIQ— AMQ = AQCII,AOCIQ,A(V (2)

where C/}/ , , are the Clebsch-Gordan coefficients [41].
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FIG. 8. The Nilsson diagram of the neutron s.p. energies in the
false-vacuum configuration of *' Dy, see text.

Second, it can be employed to define the effective intrinsic
moments O (AIQ2) as useful parametrizations of the calcu-

lated or measured spectroscopic moment O}7%, that is,

O = O OI)C]] 10Clg 50 3)

We note that for I > K = |2|, the definition of the ex-
perimental effective intrinsic moment Oiel}‘fr()\l K) requires
independently assigning the K quantum number to the
experimental rotational band. Usually, K is associated with
the bandhead spin, K = Ly,.

The effective intrinsic moments Oie“f}r(kl K) are (in the
spirit of the large-axial-deformation approximation) useful
indicators of the intrinsic shapes. Since the shapes are not
observables, their values are vital for the interpretation of the
experimental moments and are routinely calculated in experi-
mental analyses, see Sec. [V below.

On the one hand, theoretical implementations capable of
calculating both the spectroscopic and intrinsic moments, like
the one in this work, can test the accuracy of the large-axial-
deformation approximation O3 ~ 0%, Eq. (2). The tests
performed in nuclei between tin and gadolinium [6] indicate
that such an approximation is accurate within 1%-2% in well-
deformed nuclei but can decline to 30% near the closed shells.

On the other hand, parametrization in Eq. (3) does not have
an approximative character. The comparison between theory
and experiment can be performed equally well by comparing
the spectroscopic moments 0375 directly, or their correspond-
ing effective intrinsic moments O (A€2).

Specifically, the large-axial-deformation approximations
of the electric-quadrupole and magnetic-dipole operators read
as follows:

32— I+ 1)
spec ~ Tot — 1ntr 4
QZIQ QZISZ 2Q (2]-’—3)(1-}-1)’ ( )
spe T intr Q
Hire = Mg = Mg 5)

ryr
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As illustrated in Fig. 7(a), for the [642]5/2 '*' Dy rotational

band, the large-axial-deformation approximation Q;’;ic ~
2

Q;‘é of Eq. (4), evaluated for the calculated intrinsic electric-
2 .
quadrupole moment of le“f = 7.58 b, accurately represents

the AMP spectroscopic elecztric-quadrupole moments for all /.
Additionally, the experimental values for the two lowest states
are well reproduced.

Analogous conclusions do not apply to the magnetic-dipole
moments shown in Fig. 7(b). Using the calculated intrinsic
magnetic-dipole moment of uil"gr = —0.85uy, the large-axial-

2
deformation approximation ,uj‘;e; ~ pi% of Eq. (5) does not
reproduce the AMP spectroscoﬁic magrfetic-dipole moments
and entirely overlooks the rotational collective growth asso-
ciated with the standard rotational g factor, gr >~ Z/A, see
Sec. 4-3c of Ref. [44]. The reason for this discrepancy is that
the magnetic-dipole moments are primarily given by the s.p.
magnetic moments of the odd nucleon; thus, the assumptions
of the large-axial-deformation approximation are not met. As
a result, the magnetic-dipole moments and transitions in rota-
tional bands are typically described within the particle-rotor
model, with values of gz adjusted to match the data. Here,
we observe in Fig. 7(b) that the AMP results consistently
reproduce the rotational collective trend of gr >~ Z/A without
any adjustments.

2. Dependence on deformation

The so-called Nilsson diagram, that is, a plot of the
s.p. energies as functions of deformation, constitutes an
invaluable tool to analyze nuclear deformation properties.
In the phenomenological mean-field models, two generic
diagrams—one for neutrons and one for protons—illustrate
the properties of a large set of nuclei, specifically those for
which the parameters of the mean-field potentials are fixed. In
contrast, in the self-consistent models, the diagrams obtained
for different configurations in different nuclei differ. Rather
than discussing 6776 possible pairs of Nilsson diagrams that
could have been generated in this work, in Fig. 8 we show
only one.

The solid and dashed lines represent the positive- and
negative-parity neutron s.p. energies, respectively, calculated
for the so-called false-vacuum (no blocking) state of '¢!Dy.
To generate it, we performed calculations by constraining the
total axial intrinsic quadrupole moments Q, Eq. (1), of '*' Dy
to values ranging from O to 30 b in steps of 1 b, without
blocking any quasiparticle. Such self-consistent solutions are
called false vacuums. Although they do not correspond to any
physical state in this nucleus, they enable the analysis of a
generic Nilsson diagram, which is approximately valid for any
blocked quasiparticle discussed below. The left (right) sets of
self-consistent Nilsson labels were computed at deformations
corresponding to the left (right) endpoints of the lines. They
are printed from bottom to top in the same order as those
endpoints.

We observe that the three experimentally identified config-
urations [34], two particle-type ones, [642]5/2 and [523]5/2,
are correctly located just above a small deformed shell gap of

N =94, and one hole-type, [521]3/2, just below it. We also
observe that the states [523]5/2 and [521]3/2 near sphericity
appear as [512]5/2 and [532]3/2, respectively. Only near the
self-consistent minima at Q%) ~ 18 b, they revert to their final
configurations; see also the discussion below.

Continuing the example of '*'Dy, we performed similar
constrained calculations by blocking at each deformation one
of the 22 states corresponding to the prolate tags. This re-
quired 31 x 22 = 682 independent calculations, of which 35
have not converged. We note that the results constrained to
0% = 0 b do not correspond to spherical shapes. In fact, these
points represent states with nonzero quadrupole moments of
the odd neutron that, by construction, cancel the nonzero
quadrupole moments of the even-even core. The top and bot-
tom panels of Fig. 9 show how the obtained total intrinsic HFB
energies Eypp and spectroscopic magnetic-dipole moments,
respectively, depend on quadrupole deformations.

The results obtained for fifteen negative-parity (seven
positive-parity) prolate tag states are shown in the left (right)
panels of Fig. 9 in function of Q%}, Eq. (1). The lines drawn in
the figure connect points corresponding to individual prolate
tag states. The Nilsson labels of those tag states are listed in
the right column of Fig. 2. However, the symbols and legends
shown in Fig. 9 correspond to the calculated self-consistent
Nilsson labels. In this way, Fig. 9 illustrates connections be-
tween the Nilsson labels of tag states on one hand and the
self-consistent Nilsson labels and configurations on the other,
with the latter varying with deformations. For fine details
presented in Fig. 9, where curves and symbols overlap, the
reader is invited to review the databases described in the
Supplemental Material [27].

Close inspection of Fig. 9 shows that, for all configurations
with I > 7/2, the self-consistent Nilsson labels consistently
match those of the tag states. It is again remarkable to see that
the 7 > 7/2 states, when deformed up to Q5 = 30 b, which
corresponds to the Bohr deformation parameter of g =~ 0.5,
still maintain their strong affinity with the tag states deter-
mined near sphericity.

Configurations with I < 7/2 exhibit various patterns of
deformation dependence. In general, the total HFB energies
Eyrs, Figs. 9(a) and 9(b), behave very smoothly and do not re-
flect changes in the internal odd-neutron’s structure. A unique,
conspicuous example to the contrary is that of the sequence
of configurations affine to the (510)1/2 tag state. Only at
0% = 0 b the corresponding self-consistent Nilsson label is
also [510]1/2. However, already at Q% = 3 b and up to 13 b,
it continues as the configuration [550]1/2. Then, after a se-
quence of nonconverged points, at 17 and 18 b it jumps to the
configuration [521]1/2, where it appears at very low energy,
see Fig. 9(c). Later, at 19 b, it reverts to [550]1/2 and jumps
to a very high energy, without continuing its earlier section.
Finally, from 24 b on, it smoothly changes to [770]1/2.

Another example of changing configurations, this time
without any visible impact on the energies or magnetic-dipole
moments, is the evolution of configurations affine to the
(640)1/2 tag state. This one at Q%) = 0 b starts as [631]1/2
but from 1 to 21 b continues as [640]1/2, then changing to
[660]1/2 and from 24 b on continuing as [880]1/2. We ob-
serve that even the self-consistent states corresponding to the
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FIG. 9. The HFB energies, (a) and (b), and magnetic-dipole moments, (c) and (d), of 161Dy plotted as functions of the total axial intrinsic
quadrupole moment Q%;, Eq. (1). The left and right panels display the results for the negative (;r —) and positive (77 +) parities, respectively.
The inset (c) presents the lowest HFB energies for both parities plotted in an extended scale, cf. Figure 8. The inset (f) presents the residuals
of the magnetic-dipole moment plotted against those of the electric quadrupole moment; see the text.

Nilsson labels from two major shells above may not signifi-
cantly affect the results.

Contrary to the smooth deformation dependence of the
total HFB energies Eyrg, a relatively complicated pattern of
dependence is obtained for the magnetic-dipole moments,
Figs. 9(d) and 9(e). In some cases, we observe that the
magnetic-dipole moments can exhibit rapid changes along
the sequences of states corresponding to the same tag states
and self-consistent Nilsson labels. In other cases, changes of
the self-consistent Nilsson labels do not induce jumps of the
magnetic-dipole moments. We can conclude that a correct si-
multaneous description of the dipole and quadrupole moments
is nontrivial.

In this context, in Fig. 9(f) we present the deformation
dependence of the calculated dipole and quadrupole moments

of the three lowest states, cf. Figs. 8 and 9(c), where the exper-
imental data are available. The figure represents the residuals,
see Table II, of spectroscopic magnetic-dipole moments,
UR = UpFT — MEXPT, plotted against those of the spectro-
scopic electric-quadrupole moments, Qr = Oprr — Qpxpr aS
functions of Q%, Eq. (1).

We observe that the unconstrained self-consistent cal-
culations (squares) reproduce the experimental electric-
quadrupole moments very well, up to 0.1 b, but fail to
reproduce the magnetic-dipole moments (rectangle) up to
0.3uy. However, we also observe that at slightly higher de-
formations, all three magnetic-dipole moments cluster in a
single point (circle), which is 0.1uy away from the data.
This example suggests that some fine-tuning of the DFT
functionals, which could shift the curves in Fig. 9(f) upward
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FIG. 10. Effective intrinsic electric-quadrupole moments Q™ (272) (3) in '®' Dy scaled by the total axial intrinsic quadrupole moment Q%,
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Eq. (1), see text. The (a) left and (b) right panels display the results for the negative (7 —) and positive (7 +) parities, respectively. Note again
that for the 2 = 1/2 states, we plotted the values of Q corresponding to the / = 3/2 members of the rotational bands. The point of [640]1/2 at

O =1b, 0r(231)/0% = 0.476, is beyond the scale of the figure.

or downward, might still improve the agreement with data
without needing to introduce new elements to the approach.
Since magnetic-dipole moments are primarily sensitive to the
time-odd mean-field sector of the functional, improvements
can be made there.

We also observe that at moderate deformations, complex
patterns of the magnetic-dipole moments develop. This sug-
gests that the transition between the weak and strong-coupling
schemes, discussed in the introduction, may not be achievable
by either of the two. In contrast, it is accessible via the ap-
proach presented in this work.

Spectroscopic electric-quadrupole moments increase
nearly linearly with Q%). To display them meaningfully,
in Fig. 10, we plotted the corresponding effective intrinsic
moments Q;'}}r(ZI ) (3) scaled by the total axial intrinsic
quadrupole moments Q4. We observe that at large
deformations, the scaled values remain nearly constant,
supporting the validity of the large-axial-deformation
approximation. At smaller deformations, notable differences
emerge, which nonetheless do not exceed £6%.

To put the scaled values in the right perspective, in Fig. 10
we added two horizontal lines. The dashed line represents
the value of Z/A = 0.4099, which corresponds to the ratio
of the proton and mass quadrupole moments equal to that
of particle numbers. Similarly, the dotted line represents the
value of Q;“;/Q‘z‘})t =7.58/18.10 = 0.4188 corresponding to

the self-consistent [642]5/2 solution in 161Dy.

IV. COMPARISON WITH EXPERIMENTAL DATA

In this section, we compare theory and experiment, as
shown in Tables II and III. Theoretical uncertainties of the
electric-quadrupole moments were not evaluated. However,

based on the results in Ref. [4] for various Skyrme func-
tionals, the estimated deviations are negligible compared with
the overall deviations from the data. Theoretical uncertainties
of the magnetic-dipole moments were evaluated by varying
the isovector Landau parameter, g, = 1.7(4), as adjusted in
Ref. [4], to g5 = 1.3 and 2.1, and by taking the averages of
deviations from those determined at g, = 1.7.

We begin with a survey of results for each element (Z
value) and then discuss trends for various Nilsson orbits.
Where relevant, some remarks are made on the choice or
evaluation of experimental data.

We systematically associate every experimental data point
with the lowest converged configuration having the same spin
and parity.

In general, the description of the electric-quadrupole mo-
ments is excellent across the whole range of isotopes. In
contrast, the prediction of the magnetic-dipole moments is
less reliable, and they will be the primary focus of the fol-
lowing discussion.

To assist the discussion of magnetic-dipole moments and
relate them to the traditional Nilsson (particle plus rotor)
model descriptions, we estimate the Nilsson quadrupole de-
formation parameter € using the following relation:

Qo ~ %ZRZG(I n %) ©6)

where R = 1.2A'/3 is a suitable parametrization of the nuclear
radius in fm, and Qy = Qf;}}r(ZIK), cf. Eq. (3) for K = |€2], is
an experimental estimate of the intrinsic electric-quadrupole
moment,

3K2—1(I+1)

QI+3)I+1) @

Q) = Qo

024306-14



ELECTROMAGNETIC MOMENTS OF GROUND AND ...

PHYSICAL REVIEW C 113, 024306 (2026)

— AN AN AN NN ANANAN NN NN
SR SR R ST. RS- R N N R N N N BT N
= N o N O AN T T ®N - == = N

O © O — O M T O A MO A v AN S A
= 10f B @ B b oo bbb oohow
= )
Q2 05F (o)
£ ¢
S WoFT| g .ﬂ ol
€ 00F -- B N R
° OEXP ] sm =_N
8 05¢ o " o
©

0§

e-ot@ ©@PHg (@)
2 m¥nm
S 15}
< 132 527 52°T 320 320 3t 327 g2
200 77 727 72 s 52 32 52t st

5 g4 gdagdadadd
SYIEOELBLEDODW0ODD DD WD
(] N O NN AN T OAN T ™~ N
O © O -~ O M ¥ O NN MO A 1) UV A T
E gl 2Bk boboion o b oW ]
(0] —_
£ B8
g 2 u m ]
DFT
© onp B H
E OEXP
§_1 ] [ |
-(': 0"'i""_“._ ____________________________ 'O ______________
s, @™ 0 (b))
L
S ob 182% 527 527 320 32 3Rt 32 82
W f7/2 72 72 32 52 32 52t 52F

83 83 85 85 87 87 87 89 89 89 91 91 91 93 93 95
Neutron Number N

83 83 85 85 87 87 87 89 89 89 91 91 91 93 93 95
Neutron Number N

FIG. 11. Experimental and theoretical (a) magnetic-dipole and (b) electric-quadrupole moments in gadolinium isotopes (Z = 64). Braces
denote the values obtained for the higher-spin members of the rotational bands. Parentheses denote the signs of the calculated magnetic-dipole
moments assigned to the experimental values with unmeasured signs. In most cases, the experimental and theoretical error bars are smaller
than the sizes of symbols. The experimental value of 1 = —2.5(8)uy for the 3/2 state in '>'Gd (N = 87) is outside the scale of the figure.

in terms of the measured spectroscopic electric-quadrupole
moment Q(I) = Q7.

Some of the spins and/or parities are given in parentheses
in the compilations [35,37,45] because they have not been
directly measured. In Tables II and III, we have retained the
parentheses on the (7/27) ground states of '3 Er and ">Yb as
neither the spin nor the parity has been measured. However, as
these nuclei are near spherical and the Fermi surface is in the
v f7/ orbit, there can be little doubt about the 7/2~ spin-parity
assignment, and we show the theory only for I = 7/27.

The parities are listed as uncertain in the Evaluated Nu-
clear Structure Data File (ENSDF) for the ground-states of
TT'Hf and 'PHf, and for the K = 1 /2 state at an excita-
tion energy of 22 keV in "'Hf. In these two nuclei, there
are well-characterized rotational bands built on the states in
question. Hence, the ground state of '""Hf can confidently be
associated with the [633]7/27" Nilsson orbit [46] and assigned
I™ =7/2%. Likewise, the ground-state band of ”Hf can be
assigned the Nilsson orbit [512]5/27 and hence I =5/2".
Similarly, the band built on the state at an excitation energy of
22 keV in 'Hf is clearly a K = 1/2 band and its y-ray decay
properties allow a firm Nilsson assignment; both signatures
of the [521]1/2~ band are observed to high spin, affirming
I = 1/2~ for the bandhead.

The ground-state parity of '>Yb is tentatively assigned
as negative in ENSDF. The spin I = 5/2 is from laser spec-
troscopy [47,48], whereas the tentative negative parity is from
systematics. Given the near spherical shape implied by the
quadrupole moment, and the likely position of the Fermi sur-
face at N = 89, we consider the positive parity highly unlikely
and have adopted / = 5/27.

A. Gadolinium

The moments for the gadolinium isotopes are shown in
Fig. 11. The first case of 'Y’Gd has N = 83 and a deforma-
tion inferred from the quadrupole deformation of € ~ —0.05,
slightly oblate in shape. The deformation increases to € =~
+0.28 at °Gd, N = 95. Clear band structures have devel-

oped in 13Gd, N = 89, where € ~ 0.2, and are observed for
the heavier isotopes, making it possible to identify the states
with a specific Nilsson orbit. For the lighter isotopes, we
cannot rely on band structures to identify the Nilsson orbit.

Whereas the detailed agreement of the magnetic-dipole
moments with experiment is not very good, the trend is cor-
rect in that the moments start negative with values of around
—1lpuy near N = 82, tend to become positive around N = 90
and then become negative again, but with smaller absolute
values, near N = 96. The strongest disagreement is for the
N = 83, [606]13/2" state, and for the N = 87, [532]5/2 and
[541]3/2~ states.

For the 13/2" state in 147Gd, the measurement of Dafni
et al. [49], which shows high quality data, is adopted in
preference to the earlier measurement [50]. The reason for the
present discrepancy between theory and experiment is likely
related to octupole-vibration mixing between the 7/2~ and
13/2" states (see Ref. [49] and references therein), which
may not be captured in the DFT. More specifically, the first-
excited state of '“°Gd is a 3~ state at an excitation energy
of 1.579 MeV which decays by a strong 37(5) W.u. E3
transition to the ground state. The 13/2% first-excited state
of 7Gd at 0.997 MeV likewise decays with a similar £3
transition strength of 44.93:‘2* W.u. to the 7/2~ ground state.
Dafni et al. [49] suggest that the structure of the 13/27 state
is predominantly [f7,2- ® 37 ]13/2+. The measured magnetic-
dipole moment and transition strength are consistent with this
scenario.

While there could be a [ij3/2+ ® 37]7/2- contribution to
the ground-state moment, the energy separation between this
octupole-coupled configuration and the f7,, single-particle
orbit is considerable and mixing seems to be very small;
the magnetic-dipole moment of such an octupole-coupled
configuration is u ~ —2.6uy, which is roughly twice the
experimental value in magnitude and would tend to increase
the discrepancy between theory and experiment.

The discrepancies for the N = 87, '>!Gd case are more
difficult to explain. The deformation of the nucleus and
the magnetic-dipole moments are consistent with the three
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FIG. 12. Same as in Fig. 11 but for the dysprosium isotopes (Z = 66).

observed moments being associated with a weak-coupling
scenario between the f7,, neutron and the quadrupole excita-
tion of the core: 0% ® f7,, for the ground state and 2™ ® f7)»
for the excited 3/27 and 5/2~ states. However, the long life-
times of the excited states do not support this interpretation.
These moments remain a puzzle.

We also observe that at N =89, the configuration
[521]3/2~ has not converged. Whether the high-energy
[501]3/2~ configuration reproduces the measured magnetic-
dipole moment is not known because the experimental sign
was not measured.

Finally, we note that experimental values are given in the
Evaluated Nuclear Structure Data File (ENSDF) [45] for the
magnetic moments of the 5/27 states in the [521]3/2~ bands
of °Gd and ¥'Gd, N = 91 and N = 93, respectively. These
values are excluded from the most recent compilation [37]
because they are not measurements but model estimates used
in the analysis of the muonic x-ray measurements on the 3/2~
ground states [51].

B. Dysprosium

The moments for the dysprosium isotopes are shown in
Fig. 12. The calculated electric-quadrupole moments are in
excellent agreement with experiment. The intrinsic electric-
quadrupole moments are displayed versus neutron number in
Fig. 13. Near N = 82, the isotopes have weak oblate defor-
mation € &~ —0.06, becoming prolate rotors with € ~ 40.29
toward N = 100. Similar to the Gd isotopes, band structures
have developed at N = 89, '°Dy, where again € &~ 0.2.

Overall agreement between theory and experiment for the
magnetic-dipole moments is better than for the Gd isotopes.
The overall trend as the Fermi energy moves through the
neutron shell is reproduced. Note that four moments are cal-
culated in '®! Dy, N = 95, and that the experimental trends are
well reproduced. These include the [642]5/2" bandhead and
its 7/2% excited state. Like in the Gd isotopes, discrepancies
again occur for the 7/2~ ground states near N = 83.

The evaluated data [45] include a magnetic-dipole moment
value of —0.119y for the 7/2~ ground state of '*’Dy, which
we have excluded from the comparison of theory and exper-
iment. This value originates from a private communication

to the 1989 tabulation of nuclear moments [52]. There are
several other measurements included in the same private com-
munication which agree with independent measurements and
fitin with systematics of the 7/2~ states in neighboring nuclei,
but this point for '*’Dy is so very different that we suspect a
typographical error.

C. Erbium

Experimental and theoretical moments for the erbium iso-
topes are shown in Fig. 14. The data now begin with N = 85,
however, the trends in both the magnetic-dipole moments and
electric-quadrupole moments are similar to those in the dys-
prosium isotopes. The description of the electric-quadrupole
moments is again excellent, except for the [503]7/2~ state
in 1°Er, N = 87. Ironically, the magnetic-dipole moment for
this state is in near perfect agreement with experiment. More
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FIG. 13. Effective intrinsic electric-quadrupole moments (7) in
the Dy isotopes versus neutron number.
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FIG. 14. Same as in Fig. 11 but for the erbium isotopes (Z = 68).

generally, the magnetic-dipole moments are quite well de-
scribed, and those of the 7/2~ and 13/27 states in the N =
85, 87 isotopes, which were poorly described by theory in
the Gd and Dy sequences, are now better described, possibly
related to a weakening influence of octupole correlations.

There are several cases where the same Nilsson state is
considered at the same neutron number in both the Er and
Dy isotopes. In these cases, the comparison of experimental
and theoretical magnetic-dipole moments is seen to be very
similar in both isotopic sequences.

Similar to the Gd and Dy isotopes, band structures have
developed at N = 89, ""Er, where again € ~ 0.2.

On the theoretical side, we observe that at N = 89, the
configuration [521]3/27 has not converged, and the lowest
converged one [532]3/27 does not reproduce the mea-
sured magnetic-dipole moment. Inspection of a Nilsson level
scheme reveals that these two orbits exhibit a weak avoided
crossing near € &~ (.2, which may be related to the conver-
gence challenges encountered in the DFT. This conjecture
requires further investigation. There may be some room for
experimental uncertainty on the Nilsson assignment for this
state as well. The adopted spin is / = 3/2 from atomic-beam
magnetic resonance [53]. The assignment of the configuration
and hence the parity was then based on the proximity of
K = 3/2 Nilsson orbits to the Fermi surface. Thus [521]3/2~
was assigned, although [651]3/21 was also listed as a possi-
bility [53]. Unfortunately, the data on excited band members
built on the ground state are not altogether transparent. The
signature o = +1/2 band beginning at 5/27 is connected
by an unobserved low-energy transition to the ground state,
while the signature « = —1/2 sequence (of which the ground
state is a member) is identified only at higher spins (15/27 to
27/27). Members of the [651]3/2" band have been assigned
above 17/2%. No band structure associated with [532]3/2~
is reported in ENSDF. For this reason, despite the short-
comings of the evidence favoring the [521]3/27 assignment,
there is no experimental basis for a [532]3/27 assignment.
This conclusion accounts for the disagreement between the
experimental moment and the DFT calculation, as the lowest
converged configuration appears not to be that of the experi-
mental ground state.

D. Ytterbium

Experimental and theoretical moments for the ytterbium
isotopes are shown in Fig. 15. The intrinsic electric-
quadrupole moments are displayed versus neutron number in
Fig. 16.

Note that there is an error in the value of the electric-
quadrupole moment of the 3/2~ state in !"'Yb as reported
by the Evaluated Nuclear Structure Data File (ENSDF) [54],
taken from Ref. [55] and still present in Ref. [37]. The
correct value is Q(3/27) = —1.64(8) b. The data are from
Plingen, Wolbeck, and Schroder [38] who measured the ratio
0(3/27)/0(5/27). The value of Q(5/27) = —2.22(7) b is
taken as the reference. It appears that, in Ref. [55] the spectro-
scopic electric-quadrupole moments were accidentally scaled
using the ratio applicable to the intrinsic electric-quadrupole
moments.

The description of the electric-quadrupole moments of the
Yb isotopes is again excellent, except for the [523]5/2~ state
in "Yb, N = 89, for which the experimental and theoretical
magnetic-dipole moments disagree. In contrast, the experi-
mental and theoretical moments (both quadrupole and dipole)
agree very well for the [523]5/2 states in '*Er and '%Er,
N =95, 97. The difference is that the states in the Er isotopes
are prolate deformed, whereas the nominally equivalent state
in ?Yb is weakly oblate deformed. It is also relevant to
note that Neugart et al. [47] pointed out that their measured
moments in '>Yb have no straightforward explanation, which
may suggest the need for a new measurement.

Apart from this case in '>°Yb, the agreement between
theory and experiment for the magnetic-dipole moments of
the Yb isotopes is rather good. For example, the moments of
the 7/27 and 13/27 states in the N = 85, 87 isotopes, which
were poorly described by theory in the Gd and Dy sequences,
are now well described.

A band-like structure built on the v2f;,, ground state is
observed in "Yb, N = 87. The electric-quadrupole moment
is not measured, but the electric-quadrupole moment of the
5/2~ ground state of *Yb, N = 89, implies a very weakly
deformed oblate shape, € ~ —0.03. There is limited spectro-
scopic data on 159Yb: no band built on the ground state has
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FIG. 15. Same as in Fig. 11 but for the ytterbium isotopes (Z = 70).

been observed, but bands built on vlij3,, are observed to
high spin. More complete spectroscopy on **Yb would help
resolve the disparity between the theoretical and experimental
moments.

As shown in Fig. 16, the intrinsic electric-quadrupole mo-
ments of the Yb isotopes begin with small negative values
(weakly oblate shapes) and then jump to positive values (pro-
late shapes) and increase smoothly to € ~ 0.3 with neutron
number above N = 90, independent of the spin and configu-
ration of the state. There is a slight decrease in deformation
beyond N = 101 (midshell is at N = 104).

Among the odd-A ytterbium isotopes, we have cases where
K = 1/2, for which the so-called magnetic decoupling effect
can have a strong effect on the magnetic-dipole moments.
In the case of [521]1/2~ in '7'Yb, the magnetic decoupling
effect is reasonably well reproduced by theory for the low-
est three states of the band. In contrast, the magnetic-dipole

10 r—1 71 717 717 71 1
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Yb

®5/27

o7/t
e 72—

32~
1/2~ band 3/2—, 5/2———— "0

. .\1
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e I
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FIG. 16. Effective intrinsic electric-quadrupole moments (7) in
the Yb isotopes versus neutron number.
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moment of the [510]1/2~ bandhead in 177¥b is not well
described by the DFT calculation. It will be seen below that
there are similar discrepancies between theory and experiment
for this orbit in the W and Os isotopes, where it is closer to
the Fermi surface. It will also be shown in Sec. IV that the
magnetic-dipole moment of this orbit is not accounted for by
the Nilsson model, which is unusual.

E. Hafnium

Moments for the hafnium isotopes, beginning with 7' Hf at
N =99 and concluding with IHf at N = 107, are shown in
Fig. 17. All of the nuclides in this isotopic sequence have rota-
tional bands observed above the states for which the moments
have been measured. The quadrupole deformation is almost
constant; the experimental spectroscopic electric-quadrupole
moments all correspond to an intrinsic electric-quadrupole
moment of Qp >~ 7 b and a deformation of € & (.25.

Overall, the electric-quadrupole moments are not as well
described as in the lower-Z cases; however, the trends are
accurately described. The agreement between theory and ex-
periment for the magnetic-dipole moments is very good.

A feature of the Hf sequence is the measurement and
calculation of four magnetic-dipole moments in !"’Hf (N =
105), three of them in the [514]7/2~ band. The DFT
magnetic-dipole moments in the [514]7/2~ band all exceed
the experimental values by a few tenths of a nuclear magneton.
It is instructive to analyze these data in terms of the particle-
rotor model, beginning with the expression for a pure Nilsson
band with K # 1/2:

2

w() = grl + (8x — gr) (®

I1+1

where the rotational g factor, gg, and the projection of the
s.p. magnetic moment on the symmetry axis of the nucleus,
gk, are treated as parameters. In Table IV, the experimental
g factors are compared with the DFT calculation as well as
the Nilsson model (i.e., particle-rotor model with no Cori-
olis mixing) and a full particle-rotor (PR) calculation [56]
including (unattenuated) Coriolis mixing. The effective values
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FIG. 17. Same as in Fig. 11 but for the hafnium isotopes (Z = 72).

of gk and gy for each case are shown in the last two rows.
The Nilsson model and particle-rotor calculations assumed
€ = 0.25 and quenched the spin g factor of the neutron to 0.7
times the free nucleon g factor. These calculations (Nilsson
and PR) also set gz = 0.315(30), which is the experimental
g(ZT) value of '"°Hf [57]. The theoretical g factors from the
Nilsson and PR models are given in Table IV with an estimate
of the uncertainty arising from the uncertainty in the adopted
gr value, which scales as 1 — K2/I(I + 1).

In principle, this analysis separates the contributions to the
magnetic-dipole moment from the core and the odd neutron.
There is close agreement between the DFT calculation and the
Nilsson model for gx. Whereas it is usually claimed that gg
in the odd-N nucleus is smaller than g(ZT) in the even-even
neighbor (see [44], pp. 256 and 303), the DFT predicts the
opposite trend here. The PR calculation suggests that Coriolis
interactions effect a small reduction in gg, but the observed ef-
fective gg is smaller than that predicted by any of the models.
The empirical gk is also smaller than that given (or adopted)
by the models. The difference between the DFT and empirical
effective g factors is about 20% for g and about 50% for gg.

Although this analysis may suggest that the difference
between the DFT and experiment in the [514]7/2~ band of
THf is primarily due to the core contribution, it would be
premature to draw a firm conclusion. These observations do,

TABLE IV. Comparison of theory and experiment for members
of the [514]7/2~ band in ""Hf. The last two rows give gx and gg
derived from Eq. (8) as described in the text.

g factor
I Expt. DFT Nilsson PR
7/2- +0.2267(2)  +0.288  40.276(7) +0.267(7)
9/2~ +0.229(7) +0.312  +0.290(15) +0.279(15)
11/2=  4+0.27(9) +0.326  40.298(20) +0.285(20)
gk: +0.225 +0.268  +0.265 +0.258
8r: +0.233 +0.355  40.315(30)*  +0.299

“This is the experimental value of g(2) in 176Hf [57].

however, suggest a direction for further investigation: they
indicate the value of precise data on excited states in rotational
bands to resolve the origins of discrepancies between theory
and experiment.

Finally, a remark on the experimental data for '7Hf. We
have adopted the moments for the [512]5/27 ground state
from Stone [55], taken from a laser spectroscopy measure-
ment published in 2002 [58]. ENSDF (with cut off date in
2005) [45] has adopted older values from NMR measure-
ments. The quadrupole moments differ little, although the
laser measurement is much more precise. The magnetic mo-
ments, however, differ somewhat, namely, —0.54(3) [45] cf.
—0.677(9) [55,58]. While the difference between theory and
experiment is greater for the laser spectroscopy measurement,
it fits well with the trend observed for other [512]5/2~ band-

heads in neighboring nuclei. See Sec. IV H below for further
discussion.

F. Tungsten

Moments for the tungsten isotopes, beginning with
175y at N =101 and then jumping to 83185187y (N =
109, 111, 113), are shown in Fig. 18. The single measured
electric-quadrupole moment, for the 3/2~ member of the
[510]1/2~ ground-state band, is in agreement with theory.
Deformations in the vicinity of € ~ 0.20-0.25 are expected
for these isotopes [59].

Turning to the magnetic-dipole moments, there is good
agreement for the [633]7/2" bandhead in "W, and satis-
factory agreement for the heads of the [512]3/2~ bands in
183.185.187yw However, the description of the 1/27,3/27, and
9/2~ members of the [510]1/2~ ground-state band in '#3w
is poor. A similarly poor description of this band is found
in '%%0s. This case will be discussed in more detail below in
Sec. IVL

G. Osmium

Moments for osmium isotopes with neutron numbers
between N = 107 and N = 117, including '3°0Os, '¥70s,
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FIG. 18. Same as in Fig. 11 but for the tungsten isotopes (Z = 74).

18905, 1105, and '**0s, are shown in Fig. 19. The electric-
quadrupole moments are well described despite a tendency
to sit above the experimental data (regardless of whether the
moment is positive or negative).

Concerning the magnetic-dipole moments, those associ-
ated with the [510]1/27 band are poorly described. Other-
wise, the agreement is good, although there is a tendency for
the theoretical values to sit above the data. The case of the
[510]1/2~ band is discussed in Sec. IV I below.

H. [521]3/27, [523]5/27, and [512]5/2~ bands

The bandheads and some excited states in the [521]3/27,
[523]5/27, and [512]5/2~ bands have known moments across
several isotopes in several isotopic sequences. The trends and
behavior as Z varies are discussed here.

The [521]3/2~ band has extensive data, specifically
in 155,157,159Gd (N — 91’ 93’ 95)’ 155,157,159,161D (N —
89,91,93,95), 3161Er (N = 91, 93), and in '*"'Yb (W =
91, 93). We exclude "’Er (N = 89) from the discussion here
due to the DFT convergence issue discussed in Sec. IV C.
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FIG. 19. Same as in Fig. 11 but for the osmium isotopes (Z = 76).

From an experimental perspective, it could be included in this
group.

The DFT theory for [521]3/27 virtually always sits above
experiment. It is striking that this trend is independent of
both N and Z. The discrepancy in the case of the [521]3/2~
bands may be related to Coriolis interactions, which mix
bands with AK = 1. K = 3/2 bands are special in that they
interact directly with K = 1/2 bands for which both Coriolis
interactions and the M 1 operator connect states with 2 = 1/2
and Q = —1/2, giving rise to the so-called decoupling or
signature-splitting effects.

An early examination of energy spacings in [521]3/27
bands across the rare-earth region and their Coriolis inter-
actions with K = 1/2 states was presented by Joshi and
Sood [60]. Concerning the magnetic-dipole moments, the
[521]3/2" band in *>Gd was studied in some detail by Stuch-
bery, Lampard, and Bolotin [61]. Experimental moments were
compared with particle-rotor calculations. It was found that
Coriolis interactions can increase the magnitude of the cal-
culated ground-state magnetic-dipole moment by a factor of
3, from about —0.35uy to about —1.05uy. Thus, a possible
source of the difference between theory and experiment for
the [521]3/2~ bands might be related to an underestimation
of Coriolis-like mixing.

A similar pattern of the theoretical magnetic moments sit-
ting above the data is observed for the [512]5/2~ band, which
has been measured at N = 85 in oblate weakly deformed
1499Gd, and also at N = 103 in prolate-deformed M Ee, 113Yh
and 'PHf. In this case, there is only indirect Coriolis mixing
with K = 1/2 bands; there has to be a K = 3/2 intermediary.
It may be difficult to unravel the role of Coriolis interactions
in the absence of moment data on excited states in the bands.

Moments associated with [523]5/2~ have been measured
in 93Gd (N = 89), ''Dy (¥ = 95), '0*1Er (N = 95, 97)
and '¥10167yh (N = 89, 95,97). The band is observed in
weakly deformed oblate isotopes at N = 89 and then in
prolate deformed nuclei at N = 95, 97. Apart from the prob-
lematic case of Yb discussed above in Sec. IVD, the
theoretical and experimental magnetic moments are in good
agreement.

The cases discussed in the section suggest that the level of
agreement between theory and experiment is more correlated
with the particular Nilsson orbit associated with the state in
question than it is with the atomic or mass numbers of the
nucleus in which the state appears.

I. [510]1/2~ band

Bands associated with [510]1/2~ have measured
magnetic-dipole moments in '"7Yb, 3w and '871%°0s.
In all cases, the agreement between theory and experiment is
poor. The measured moments are small < + 0.2uy, whereas
the calculated moments are ~ + 0.8y .

This systematic trend in theory versus experiment is sim-
ilar in standard particle-rotor calculations for this Nilsson
orbit. For example, calculations based on the Woods-Saxon
potential for '83W presented in Ref. [62] give a ground-state
moment of u = +0.53uy. The calculation includes a hex-
adecapole deformation (8, ~ +0.23, B4 ~ —0.06; see Ref.
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FIG. 20. Summary comparison of the experimental and theo-
retical DFT magnetic-dipole moments o (left panels) and electric
quadrupole moments Q (right panels) in odd-N nuclei between
gadolinium (Z = 64) and osmium (Z = 76). Open symbols corre-
spond to the outliers identified in this work, see text.

[59]) and Coriolis mixing. To date, no reasonable particle-
rotor parameter set has been found that gives a ground-state
moment near the experimental value of © = +0.117uy. The
same situation applies to the equivalent states in '¥’Os and
1890s. It is hardly credible that all of the measurements are in-
correct, so there appears to be some significant physical effect
missing from both the present DFT and standard particle-rotor
descriptions of these states.

J. Residuals

The comparison of theory and experiment above has been
focused and detailed. We now present a more global view.

In Figs. 20(a) and 20(b), we present the theoretical vs
experimental results obtained in this work for the magnetic
dipole w and electric quadrupole Q moments, respectively.
Similarly, Figs. 20(c) and 20(d), display the histograms
of residuals ur = uprr — uexer and QOr = Oprr — OexpT
listed in Tables II and III.
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In Fig. 20, open symbols correspond to the outliers identi-
fied in this work for the magnetic-dipole moments,

18w, [51011/27,1 =1/2,

B1Gd, [54113/2~,1 =327,

41Gd, [606]13/2F, I = 13/27, and for the electric-
quadrupole moments,

59Yb, [52315/2-,1 =5/2",

15Er, [50317/2-,1=17/2".

ey
2
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“
&)

Each of these outliers has been discussed in the detailed
comparison of theory and experiment in the preceding sec-
tions. Note that the residuals’ distributions shown here do
not result from any specific statistical property of the results,
so the outlier definitions are somewhat arbitrary. Our choice,
therefore, reflects an unusual value that may have either a
theoretical or experimental origin, which has yet to be firmly
identified; see, however, the discussion above. The calculated
average and rms deviations between theory and experiment,
which are given in Figs. 20(c) and 20(d), serve to illustrate the
overall agreement and are almost unaffected by including or
excluding the listed outlier values.

We observe that the relative quality of describing electric-
quadrupole moments is higher than that of the magnetic-
dipole moments. Indeed, for the former, the rms deviation
of 0.29 b is about 15% and 7% of the maximum oblate and
prolate values. For the latter, the rms deviation of 0.35uy is
about 30% of the corresponding maximum values. In addition,
both moments are, on average, systematically overestimated
by 0.16 b and 0.11uy, respectively. These generic features
may become the subject of future analyses aiming at a slight
decrease in the electric-quadrupole and magnetic-dipole po-
larizability strengths of the underlying DFT functional.

However, as illustrated in Fig. 21 and remarked upon in
Secs. IVH and IV, the pattern of agreement with data also
depends on the type of configuration involved. It thus may re-
quire addressing individual properties of different states. One
example is the magnetic moment of the [510]1/27,1 =1/27
state, which appears in several nuclei, and is in all cases poorly
described by the DFT calculation, as well as by established
particle-rotor models. In contrast, the [503]7/2~ orbit (see
Fig. 21) shows a range of (dis)agreement between theory and
experiment. The implication is that the discrepancies between
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FIG. 21. Residuals of the (a) magnetic-dipole and (b) electric-quadrupole moments, see Figs. 20(c) and 20(d), respectively, plotted for the
bandhead configurations / = K identified by the self-consistent Nilsson labels, with outliers excluded.
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theory and experiment may have different structural origins,
which needs to be explored in future work.

V. CONLUSIONS

In this work, we presented a comprehensive analysis of
the electromagnetic properties of odd-N, even-Z open-shell
isotopes ranging from gadolinium to osmium. We performed
nuclear DFT calculations for 154 nuclei in that region, deter-
mining 22 oblate and 22 prolate self-consistent quasiparticle
configurations for each, and compared that vast database of
theoretical results with experimental data available for 82
states. For this study, no parameters were adjusted.

We demonstrated that tagging blocked quasiparticle states
with those identified at the border of the region in '**Dy
enables the tracking of specific single-particle structures
from one nearly semimagic isotope to the next, across the
region of large deformations. In these sequences, nuclear
moments either remain noticeably similar or undergo well-
defined changes related to specific quasiparticle crossings as
a function of deformations that vary with neutron numbers.
Simultaneously, the excitation energies change rapidly, with
a given structure appearing near the ground states in a very
narrow range of neutron numbers.

Comparison with data speaks volumes. As our no-
parameter study shows for the first time, the main features of
the magnetic-dipole and electric-quadrupole moments seem
to be captured; therefore, the key focus is on understanding
the details. On one hand, the overall comparison reveals that
the particular functional used here, UNEDF1, with the Landau
parameter g;, adjusted near doubly magic nuclei, slightly over-
estimates both moments, indicating the need to include these
data in future fine-tuned versions. On the other hand, specific
analyses of individual nuclei suggest that different structural
effects may play unique roles in various isotopes. It seems
there is no single solution that will fix all issues at once, but
there’s no harm in continuing to look for one.

The methodology applied here is still worth improving
in several aspects, such as missing terms or deficiencies
in the interactions or functionals, triaxial and/or octupole
deformability and collectivity, contributions from two-body
meson-exchange currents [63,64], configuration interaction,
K-mixing, cranking, or possibly even more unknown ones.
The primary strategy must nevertheless be based on a holistic
approach, with different effects not being invoked in particular
nuclei but tested against a large body of calculations and data,
so that the improved agreement in one place does not induce
worsening agreement where the theory already performs well.
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