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for every bi-translation of I to be realised by transformations, or by endomorphisms,
of A. We demonstrate that certain of these conditions are also sufficient to provide
natural isomorphisms between the translational hull of I and the idealiser of I within
End(A), which in the case where I is an ideal is simply End(A). We describe the
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20M12; 20M25; 20M30 of densely embedded ideals. Where the conditions fail, we develop a methodology
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1. Introduction

The translational hull Q(I) of a semigroup I is a major tool in the theory of ideal extensions in semigroup
theory. The formal definition can be found in Section 2 below. Informally, the translational hull of I can
be thought of as the “largest” monoid having an ideal that is a quotient of I on which it acts faithfully
by translation; in many cases that ideal will actually be an isomorphic copy of I. The elements of the
translational hull of I are so-called bi-translations of I: pairs of compatible functions from I to I which
enjoy the basic properties of the left and right translation actions of a semigroup element on an ideal.
Translational hulls are thus the semigroup-theoretic counterpart of the multiplier algebras which arise in
the theory of C*-algebras (or, less frequently, more general associative algebras). Translational hulls were
first defined by Gluskin [8,9] to facilitate the study of the dense extensions which had been introduced by
Lyapin in [14] to abstractly characterise natural semigroups of transformations; a detailed description of
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subsequent work can be found in the 1970 survey of Petrich [17]. Subsequently, attention has turned to
translational hulls of semigroups in certain classes, or with additional structure; see, for example, [11,12,18].

In this paper, we focus on the natural case where A is a (universal) algebra and I a subsemigroup of the
endomorphism monoid End(A) of A (and hence also of the full transformation monoid 7, of all functions
from A to A). Our broad aim is to address the question: when is Q(I) isomorphic to End(A)? Where the
answer is positive, this tells us that End(A) is determined by its ideal I, together with the natural left and
right actions of End(A) on I. In this setting, given a bi-translation of I, it is vital to understand when it is
realised by the translation action of some function either in End(A) or, failing that, in 7,. A key technical
result (Theorem 4.3) gives a necessary and sufficient condition for all bi-translations to be so realised, and
we apply this in our main theorem (Theorem 4.15) to give sufficient conditions for (1) to be isomorphic
to the idealiser of I inside End(A). In many cases of interest I is already an ideal, so this means that Q(I)
is exactly End(A). In cases where our conditions do not quite hold, we develop a methodology to extract
information concerning Q(I) from the translational hull Q(7/~) where I/~ is a particular quotient of I.

We apply these technical results to a number of examples, answering in particular several questions
posed by Stuart Margolis concerning the nature of the translational hulls of ideals of certain endomorphism
monoids. Particularly interesting applications include the following results.

e If Ais a free algebra in any variety, and I is any semigroup of endomorphisms of A containing all the
endomorphisms whose image lies in a 2-generated subalgebra of A, then every bi-translation of I is
realised by functions on A, so (I) is a subsemigroup of T,. (See Section 6.1.)

o If Ais an independence algebra and I is a non-minimal ideal of End(A) then Q(I) = End(A). If T is a
minimal ideal then Q(I) may be either End(A) or 7;. (See Section 6.2.)

o In contrast, if A is the symmetric group S,, then no proper ideal I of End(S,,) ever satisfies Q(I) =
End(S,,). (See Section 6.3.)

e When A is a module over a (semi)ring, the monoid End(A) also has a (semi)ring structure which we
can exploit. We observe that if R is a (not necessarily commutative) semiring with identity, and I is
a (multiplicative) semigroup ideal of R which is not contained in any proper semiring ideal of R then
Q(I) is naturally isomorphic to the multiplicative semigroup of R. This yields conditions under which a
semigroup I of endomorphisms of a free module F satisfies Q(I) = End(F'), and in particular, conditions
under which the translational hull of a semigroup of matrices is the corresponding full matrix monoid.
(See Section 6.4.)

The paper is structured as follows. In Section 2 we recall the definitions leading up to that of a transla-
tional hull, and we present a number of classical motivational examples. In Section 3 we develop a framework
for our questions, including key new technical conditions which we call I-representability and I-separability.
Section 4 considers the realisation of bi-translations as functions, and presents necessary and sufficient con-
ditions for the translational hull of a semigroup I of endomorphisms of an algebra A to be isomorphic to
the idealiser of I inside either End(A4) or T,. Section 5 presents some more technical results which hold
under weaker conditions. Finally, Section 6, applies our general theory to a number of interesting examples
as described above. Throughout we raise a number of questions and indicate possible avenues for future
progress. We hope that this article will be a catalyst for new progress in the area of translational hulls.

2. Preliminaries and motivating examples

We aim to make this article as self-contained as possible. By an algebra we mean a set A together with
a collection of finitary operations. We denote the subalgebra whose elements are the images of the nullary
operations of A by C. Note that C' = (§) and C = ( if and only if there are no (basic) nullary operations.
An endomorphism of A is a transformation of A that preserves those operations; and a congruence on A
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is an equivalence that is compatible with those operations. We make the convention that all ideals and
subsemigroups are non-empty. Functions are applied on the right of their arguments, and composed from
left to right, except where otherwise stated. We denote by Ny (respectively, N) the set of non-negative
(respectively, positive integers). We introduce all remaining notions required in Sections 2 and 3, making
use of standard terminology. For further background and details we refer to [2], [3] and [13] for general
semigroup theoretic definitions, to [1] for an introduction to universal algebra, and to [17] for a detailed
survey of results on translational hulls.

We begin by formally defining the translational hull and setting up the notation for certain semigroups
associated with the translational hull of a subsemigroup I of a semigroup U, and introducing morphisms
which will allow us to state our results in full.

For any semigroup I, a right translation of I is a map p : I — I (applied on the right of its argument)
satisfying (af8)p = a(Bp) for all «, 8 € I. Likewise, a left translation of I is a map X : I — I (applied on the
left of its argument) satisfying A(aB) = A(a)8 for all o, 8 € I. A pair (A, p) is said to be a bi-translation of
I if X is a left translation of I, p is a right translation of I and the pair (), p) is linked via a\(8) = (ap)s
for all a, B € 1.

We write P(I) to denote the set of all right translations of I, A(I) to denote the set of all left translations
of I and Q(I) to denote the set of all bi-translations of I. It is immediate that P(I), A(I) and Q(I) are
submonoids of 77, 7, and T;" x T, respectively, where T; is the full transformation semigroup (of right
maps) of I and 7;" its dual (of left maps). The semigroup Q(I) is the translational hull of I.

Recall that if I is a subsemigroup of a semigroup U, then the left idealiser of I in U is {s € U : sI C I},
which is easily seen to be the largest subsemigroup of U in which I is a left ideal. The right idealiser of I in
U is defined dually, and the idealiser of I in U is the intersection of left and right idealisers; it is the largest
subsemigroup of U in which I is a two-sided ideal.

For f € U let ps : I — U (applied on the right of its argument) and A¢ : I — U (applied on the left of
its argument) be the maps induced by right and left multiplication with f within U, that is, for all « € I
we define apy = af and Ao = fa. Then py € P(I) [respectively, Ay € A(I), (Af, py) € Q(I)] if and only if
f is in the right [respectively, left, (two-sided)] idealiser of I in U and we say that f induces or, particularly
where U is a semigroup of mappings, realises py [respectively, A¢, (Af, py)]. The set of all right [respectively,
left, bi-] translations induced by elements of V' where V is any subsemigroup of the idealiser of I in U with
I C V is denoted by Py, (1) [respectively, Ay, (1), €, (I)]. We denote the projection map of (/) onto the
first [respectively, secozld] coordinate by m, [respectively, mp] and denote the image of mp [respectively, , ]

by P(I) [respectively, A(I)]. We have the inclusions

P (1) S P, (I) CP(I) CPU), A1) S A (I) CA) €A

and

Note that all the sets mentioned above are semigroups, and 7, and 7, are morphisms.
In the case where [ is an ideal of a semigroup V we also define

X¥5V—>PV(I)’ XX:V—>AV(I) and Xg:V%QV(I)
by
Ixp =pp fxy =Ar and  fxy = (A, pp).

We refer to mp, m, x¥ , XX and Xg as natural morphisms. If, for example, 7, is an isomorphism, we say

it is a natural isomorphism and Q(I) is naturally isomorphic to P(I).
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We are now in a position to present some motivating examples. These may all be found in the classical
literature: an early exposition and further references are given in [17].

Our first example considers Ty, which is End(X) where the set X is viewed as an algebra equipped with
no operations.

Example 2.1. Let X be a set. Let
I={feTx:|Imf|l=1}.
Then I is the minimal ideal of Tx and Q(7) & Tx.

It is easy to see that the ideal I in Example 2.1 consists of the constant maps of Tx and thus forms a right
zero semigroup, hence is completely simple: see also Example 6.3. For a monoid with 0, the O-minimal ideal
(if it exists) is a non-zero ideal I contained in any other non-zero ideal. In our next examples the monoids
each have 0-minimal ideals which are completely 0-simple. There is a substantial theory concerning the
translational hulls of completely 0-simple semigroups (see [16,17]).

For a set X we define PTx,Zx and Bx to be the semigroups of partial maps of X, partial one-one maps
of X and of binary relations on X, respectively, with composition in all cases as binary relations. Unlike

Tx, the monoids PTx,Zx and By all contain a zero, namely, the empty relation.

Example 2.2. Let X be a set and let Kx be PTx or Zx. Let
I={feKlkx:|Imf] <1}

Then T is the O-minimal ideal of Kx and Q(I) = Kx.
Example 2.3. Let X be a finite set. Let consider

I={CxDeBx:C,DCX}.
Then I is the 0-minimal ideal of Bx and Q(I) = Bx.

For a set X of finite cardinality n, the monoid Bx is isomorphic to the multiplicative monoid M, (B) of

n X n matrices over the Boolean semiring B and the ideal in Example 2.3 corresponds to the matrices of
Schein rank 1. Moreover, M,,(B) is the endomorphism monoid of the free module B™. This leads us to our
final motivating example, that of the monoid of linear maps End(V') of a vector space V over a division
ring D. For f € End(V) we let rk f be the dimension of the image of f. Of course, if the dimension of V is
finite, then End(V) is isomorphic to the multiplicative monoid M, (D).
Example 2.4. Let V be a vector space. Let

I'={fe€End(V): |tk f| <1}.

Then I is the O-minimal ideal of End(V') and Q(7) = End(V).

Sets and vector spaces are instances of independence algebras; we explore the general case in Subsec-
tion 6.2.
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3. Translational hulls of semigroups of endomorphisms

In Section 2 we gave the essential definitions and motivating examples. Turning our attention to the
case where I is a semigroup of endomorphisms of an algebra A, to proceed, we need to develop a more
sophisticated framework, leading to the notions of I-representability and I-separability (see Definition 3.5).

3.1. Idealisers for subsemigroups of End (A)

We now focus on the case where I is a semigroup of endomorphisms of an algebra A.

Notation: We have observed that ps [respectively, Ay, (As, py)] is a right [respectively, left, bi-] translation
if and only if f is in the right [respectively, left, (two-sided)] idealiser of I in 7,. Later it will be convenient to
write T'(A, I) to denote the (two-sided) idealiser of I in T, and S(A, I) to denote the (two-sided) idealiser of 1
in End(A); where these appear as subscripts or superscripts we abbreviate as T := T'(A4,I) and S := S(A, I).

We now record several observations about right /left /bi-translations induced by composition with a trans-
formation of A.

Lemma 3.1. Let A be an algebra, I a subsemigroup of End(A), and let f,g € T,.

(1) The maps f and g induce the same map by right multiplication on I (that is, py = p,) if and only if
flima = glma foralla e 1.

(2) For any o € End(A), we have that af € End(A) if and only if flima s a morphism.

(3) If I is a right ideal of End(A) with I? = I, then p¢ is a right translation of I if and only if flima is a
morphism for all a € I.

(4) The maps f and g induce the same map by left multiplication on I (that is, A\y = Ag) if and only if
(af,ag) € Kera for alla € A,a € 1.

(5) Let a € End(A). Then fa € End(A) if and only if for any term t

txrf,...,enfla=t(x1,...,2,) fa.

(6) If I is a left ideal of End(A) with I? = I, then \s is a left translation of I if and only if for all o € T
and for all terms t

txrf,...,enfla=t(x1,...,2,) fa.

Proof. (1) We have that py = p, if and only if af = g for every o € I. This is equivalent to f|ima = glima
for all a € 1.

(2) Suppose af € End(A) for some « € End(A). Then for any term t(a1 ¢, . .., ap,a) where ay,...,a, € A
and a € I we have

t(alav AR ana)f = t(ah et an)af = t(alaf7 ey anaf)v

showing that f restricted to the image of « is a morphism. The converse is clear.

(3) One direction has been proven. Suppose then that [ is a right ideal of End(A) with I? = I and that
f restricted to the image of « is a morphism for all « € I. By (2) this is equivalent to a.f € End(A) for all
a € I. Let a € I and write a = v where 3,7 € I. Then

apy = (By)ps = (B =B(vf) €,

since 8 € I, vf € End(A) and I is a right ideal of End(A).
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(4) We have that Ay = A, if and only if fa = ga for all & € I. This is clearly equivalent to the condition
that (af,ag) € Kera for all a € A, € 1.
(5) Let « € End(A). Then fa € End(A) if and only if for all terms t(x1,...,2,)

txrf,...,enfla=txifa,...,epfa) =t(x1,...,2,) fa,

the first equality holding since « is a morphism.
(6) This is dual to the argument in (3). O

For convenience, we state the following, which is readily verified.

Proposition 3.2. Let I be a subsemigroup of End(A), let S := S(A,I) denote the idealiser of I in End(A)
and let T := T(A,I) denote the idealiser of I in T,. Then

Q1) = {(Assp5) : [ € S(A, D} and Qp (1) = {(As, p5) = f € T(A, D)}
are subsemigroups of Q(I) with Qg(I) C Q. (7).

We wish to determine when Q(I) = Qg(I) or Q(I) = Q;(I) and when the morphisms X% or x{, are
isomorphisms.

3.2. Image and kernel conditions and reductivity

In this subsection we consider two very natural notions for a pair (A, I) where A is an algebra and I is a
subsemigroup of End(A) relating to the images and kernels of the maps in /. We introduce these conditions
below, and explain how they relate to existing notions of reductivity.

Definition 3.3. Let A be an algebra and let I be a subsemigroup of 74. We define

ImI = U Ima and Kerl = m Ker a.
a€el acl

The relations =py, and =ger on T(A, I) are then defined by
f =m g if and only if flimr = glimr
and
f =xker g if and only if (af,ag) € Ker I for all a € A.
We denote the intersection of =, and =k by =.

Lemma 3.4. Let A be an algebra and let I be subsemigroup of End(A). Then =i, =ker and = are congruences
on T(A,I) and hence also on S(A,I).

Proof. Suppose that f,g,h € T(A,I) and that f =, g. It is clear from definition that fh =g, gh, since
(fW)|mr = (flimr)h = (gltmr)h = (gh)|im - For each b € Im I there exists a € A and « € I such that
b = aa. Since h € T(A,I) we have that ah € I, and hence also that aah € Im I. Thus bhf = aahf =
aahg = bhg, and since b was arbitrary, we obtain hAf =y, hg. A similar argument shows that =k, is also a
congruence and so the result for = follows. O
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Let I be a subsemigroup of End(A). It follows easily from the definition of =y, that if Im I = A, then
=1 is the identity relation on both T'(A, I) and S(A,I). Dually, if Ker I is the trivial relation, then =k, is
the identity relation on both T'(A, I) and S(A,I). Moreover, if Im I generates A, that is, (ImI) = A, then
=1, is easily seen to be equality on S(A,I), recalling that the elements of S(A,I) are morphisms. This
motivates the following definitions.

Definition 3.5. Let A be an algebra and I a subsemigroup of End(A).

o We say that A is I-representable if (ImI) = A.
o We say that A is I-separable if Ker I is trivial.

Remark 3.6. Note that I-representability is a weak version of the weak transitivity condition studied in [17]
(the latter meaning that Im I is actually equal to A, rather than merely generating A), while I-separability
is referred to in [17] as being separative.

It is not hard to see that the I-representability and I-separability conditions are related to left/right
reductivity. The notion of reductivity plays a significant role in earlier studies of translational hulls. We
recall the following terminology [17], augmented for our purposes.

Definition 3.7. Let U be a semigroup. A subsemigroup I of U is:
o left U-reductive if for all a, 5 € U
ya = f for all v € I implies that o = f3;
o right U-reductive if for all a, 5 € U
ary = By for all v € I implies that oo = 3;
o weakly U-reductive if for all o, 8 € U
ya =0 and ay = B for all v € I implies that o = (.

The semigroup I is left/right/weakly reductive if it is left/right/weakly I-reductive (in which case the
oversemigroup U plays no role).

Let I be a subsemigroup of a semigroup U. Note that it is immediate that if [ is left or right U-reductive,
then it is weakly U-reductive. Further, if I is left /right /weakly U-reductive for some oversemigroup U, then
it is left/right/weakly reductive. It is immediate from the definitions that if I is an ideal of U, then Xg
[respectively, X/[\J] is a natural isomorphism if and only if I is left [respectively, right] U-reductive, and Xg
is a natural isomorphism if and only if I is weakly U-reductive. Further, from [17] we have that if I is left
[respectively, right] reductive, then 7, [respectively, m,| is injective, and so () is naturally isomorphic to
P(I) [respectively, A(I)].

We now indicate how reductivity plays a role in the situation at hand, summarising the connections
between the above conditions and the natural isomorphisms they impose.

Theorem 3.8. Let A be an algebra and let I be a subsemigroup of End(A). Let S := S(A,I) denote the
idealiser of I in End(A) and let T := T(A,I) denote the idealiser of I in T,. Then
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Q1) =T(A D))= and Qg(I)=S(AI)/=.
Furthermore, we have the following properties.

(1) If I is left reductive: Qp(I) = T(A,I)/=1m, Qs(I) = S(A,I)/=1m, and P(I) = Q(I).

(2) If I is right reductive: Qp(I) = T(A,I)/=Ker, Qg(I) = S(A,I)/=Ker, and AI) = Q).

(3) If U is any semigroup such that I C U C T(A,I), then =, is the identity relation on U if and
only if I is left U-reductive. In particular, if I is left T(A,I)-reductive, then Q(I) = T(A,I) and
Qg(I) = S(A, ).

(4) If U is any semigroup such that I C U C T(A,I), then =keor is the identity relation on U if and
only if I is right U-reductive. In particular, if I is right T'(A, I)-reductive, then Q,(I) = T(A,I) and
Qg (I) = S(A ).

(5) If A is I-representable, then I is left End(A)-reductive and hence in particular Qp(I) = T(A,I)/=mm
and Qg(I) = S(A,I).

(6) The algebra A is I-separable if and only if I is right T,-reductive. In this case Q(1) = T(A,I) and
Qg(I) = S(A,I).

Proof. The first statement is a matter of observing that

(A, pr) = (Ag, pg) if and only if f = g.

(1) Suppose that I is left reductive and f,g € T are such that f =, ¢g. Then for any a € I we have
af = ag. Now for any «, 8 € I we certainly have

a(fB) = (af)B = (ag)B = algh).

But 3,98 € I and I is left reductive, so that f8 = g8. Since this holds for any 8 € I we have f =ke; g.
The result now follows from the definition of = and the comments preceding the theorem.

(2) This is dual to (1).

(3), (4) These follow immediately from the definitions.

(5) Suppose that A is I-representable. Let a, f € End(A) and suppose that ya = v for all v € I. We
aim to show that o = . Since A is I-representable, we may express each b € A as b = t(x1aq,. .., TQg)
for some term t, x; € A and a; € I. Then

ba = t(xr1aq,. .., TR
=tlri1a,. .., o)
=t(zroaf, ..., xros)
=t(xra1,...,z08)0
= b0.

Since the above argument holds for all b € A, we conclude that o = 3.

(6) First suppose that A is I-separable. Let o, f € T, and suppose that ay = (v for all v € I. We aim
to show that a = 3. Suppose not; then there exists a € A with aa # af. Since A is I-separable there exists
~ € I such that aary # afy, contradicting the assumption that ary = 8. Conversely, suppose that I is right
T,-reductive. If there exist a # b € A such that ay = by for all v € I, then taking « to be the map sending
all elements to a and 8 the map sending all elements to b gives a contradiction. O
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Remark 3.9. Part (5) of Theorem 3.8 says that A being I-representable is a sufficient condition for I be
to left End(A)-reductive. It is straightforward to show that the stronger condition of weak transitivity (see
Remark 3.6 above) is in fact equivalent to I being left T4-reductive.

On the other hand, part (6) of the theorem says that A being I-separable is equivalent to I being right
Ta-reductive. One can naturally define a notion of weak I-separability: namely A is weakly I-separable if for
all 8,7 € End(A), we have that (a3, avy) € Ker I implies af = a~y. It is easy to see that this is a sufficient
condition for I to be right End(A)-reductive.

4. Translations induced by transformations and endomorphisms
4.1. Translations induced by transformations

We now introduce conditions for right and left translations that are equivalent to being realised by
mappings of A. These conditions are phrased in terms of the behaviour of the translations themselves so
are not as ‘pure’ as one might wish. Nevertheless, we put them to good use later in applications to natural
cases.

Definition 4.1. Let I be a subsemigroup of End(A).

(1) We say that a right translation p € P(I) is right-balanced if
ac = bf implies that a(ap) = b(Bp)

for all a,b € A and o, € I.
(2) We say that a left translation A € A(I) is left-compositional if for all a € A there exists z, € A such
that

aX(a) = zqa for all o € 1.
Proposition 4.2. Let I be a subsemigroup of End(A) and let p € P(I) and X € A(I).

(1) We have p = py for some f € T, if and only if p is right-balanced.
(2) We have A = Xy for some f € T, if and only if X is left-compositional.

Proof. (1) Clearly, if p = py for some f € T,, then p is right-balanced.

For the converse, suppose that p is right-balanced. Recall that ImI = | J__; Im a. Define f : A — A by

acl
xf = alap) where z =aa € ImI,a € 1

and where f takes any value for the elements of A\ Im I. Since p is right-balanced, f is well defined. By
definition, p = py.

(2) If X = Ay for some f € T,, then putting z, = af we see that X is left-compositional.

Conversely, if A is left-compositional, then setting af = x, for all a € A yields f € T, such that
A= )\f. O

We note that (2) in Proposition 4.2 is essentially a matter of formalism. Nevertheless, the formulation of
the notion of being left-compositional is occasionally useful.
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Theorem 4.3. Let I be a subsemigroup of End(A). Then
Q) ={(As,ps) : f €T(A D)}
if and only if every \ € /NX(I) is left-compositional and every p € IS(I) is right-balanced.

Proof. Clearly, if Q(I) = {(Af,ps) : f € T(A,I)}, then by Proposition 4.2, we immediately obtain that

every right translation p € P(I) is right-balanced and every left translation A\ € 7\([ ) is left-compositional.
Conversely, from Proposition 3.2 we know that {(Af, py) : f € T(A, 1)} is a subsemigroup of Q(I). It
remains to show that every (A, p) € Q(I) may be realised by some f € T'(A4,I).
Suppose that every A € A(I) is left-compositional and every p € P(I) is right-balanced. Let (X, p) € Q(I).
We choose f € T, as follows:

af =x(ap) fora=zacIml,a el
and for alla € A\ Im I,
af = x4
where x, € A is chosen so that
ai(a) = zqa for all a € 1.

By the proof of Proposition 4.2 we have that p = p¢. Let a € A. If a = z« for some x € A, o € I, then for
all B eI,

aA(B) = (za)A(B) = z(aA(B)) = z((ap)B) = x(ap)f = afB.
Otherwise,
a)‘(ﬂ) = xaﬂ = afﬂ

Thus A(5) = fB. Consequently, (X, p) = (Af, py) and Q(I) has the required form. 0O
4.2. Translations induced by morphisms

We next consider when the translational hull of I is realised by endomorphisms of A. To this end we
make the first connections between I-representability and I-separability, and the notions of being left-
compositional and right-balanced that guarantee realisation by mappings.

Lemma 4.4. Let A be an algebra, let I be a subsemigroup of End(A) and let (A, p) € Q). If A is I-
representable then X\ is left-compositional. Specifically, if for each a € A we choose and fix an expression
a=tx100,...,Tnay) where a; € I, 1 < i < m, then we can take

o = t(x1(1p), ..., zn(anp)).

Proof. Let a € A and write a = t(x10q,...,2p0,) € A, where o; € I, 1 < i < n, making use of I-
representability. Then for all & € I we have

aAa) = t(xraq, ..., zpap) A (@) = t(zraa (@), . .., zpapA(@)) =tz (arp), - . - zn(anp))a,
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so the result holds with =, = t(z1(a1p), ..., xn(anp)). O

Lemma 4.5. Let A be an algebra, let I be a subsemigroup of End(A) and let (X, p) € Q(I). If A is I-separable,
then p s right-balanced.

Proof. Suppose that aa = bf for some a,b € A and o, 5 € I. Then for all v € I we have
a(ap)y = aaA(y) = bBA(y) = b(Bp)y
so that I-separability gives a(ap) = b(8p). O

We now show that combining the results of Subsection 4.1 with Lemma 4.4 provides sufficient conditions
on an algebra A and subsemigroup I of End(A) in order for the translational hull to be realised by mappings.
In Section 6 we shall see that these conditions are satisfied in a number of interesting cases.

Proposition 4.6. Let A be an algebra with generating set X and let I be a subsemigroup of End(A) such that
I? = 1. Suppose that for each ¢ € ImI :=
x¥e = c for all x € X. Then:

yer Im~y there exists a morphism ~. € I with the property that

(1) every right translation of I is right-balanced;
(2) if A is I-representable then

Q) = Qp(I) = {(\s,pp) s fET(A D} = T(AT)/=1m.

Proof. (1) We show that any p € P(I) is right-balanced. Let a,b € A and «, 8 € I with ac = bf. Since
I = I? there exist v;,72,61,02 € I such that o = ;72 and 3 = 6,02. Set ¢ = ay; and d = bd;. Then
¢,d € Im I, and by assumption there exists v.,vq € I such that xvy. = ¢ and zy4 = d for all z € X. It then
follows easily that v.v2 = v402. Now

Ye(72p) = (Verv2)p = (Yad2)p = Ya(02p).

Thus

a(ap) = a(y172p) = av1(y2p) = c(12p)
= 27e(72p) = 27a(02p) = d(d2p)
= 061(d2p) = b(d102p) = b(Bp)

where x is taken to be any element of X, hence showing that p is right-balanced.
(2) If A is I-representable then Lemma 4.4 gives that every linked left translation is left-compositional
and the result then follows from Theorem 4.3 and part (6) of Theorem 3.8. O

The following result is also now immediate from Theorems 3.8 and 4.3, Lemmas 4.4 and 4.5.

Theorem 4.7. Let A be an algebra and I a subsemigroup of End(A). If A is both I-representable and I-
separable then Q(I) = {(Af,pf) : f € T(A,I)} = T(A,I).

The interaction of I-representability and I-separability is very subtle, and it is together that they have the
most power. We shall soon see (in Theorem 4.15 below) that when both conditions hold we have the stronger
result that Q(I) = {(Ar, ps) : f € S(A,I)}, that is, every bi-translation of I is realised by endomorphisms
of A (and moreover, Q(I) is isomorphic to S(A4, I) in this case).
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Remark 4.8. In Subsection 4.1 we considered transformations of A. Writing as before (Im I) for the algebra
generated by all images of maps in I it is clear that each o € I (including ap for each o € I and p € P(1))
can be viewed as a map « : A — (Im I). Hence, if f € 721m n the composition o f makes sense, and moreover
if f is a morphism then so is af. If f € 721m n has the property that af € I for all a € I we shall, by a
slight abuse of notation, write p; to denote the right translation given by a — «f. We shall show that when
the I-separability condition holds, for each linked right translation p € f’([ ) we can construct a well-defined
endomorphism f of (ImI) that encodes the behaviour of the right translation via p = py; moreover, there is
no choice for what this endomorphism should be. Then, in the case where the I-representability condition
also holds, so that A = (Im I), the endomorphism constructed will be in the idealiser S of I. Towards this
goal, we make the following two definitions.

Definition 4.9. Let I be a subsemigroup of End(A).
(1) We say that a right translation p € P(I) is strongly right-balanced if for all
t(z100, oy T ) = (Y1815 - -+, YnBn) € (ImT)
where o, 3; € I and z;,y; € Afor 1 <i<m,1<j <n, we have

tai(eap), - wm(mp)) = s(y2(B1p); - - Yn(Bnp))-

(2) We say that a left translation A € A(T) is algebraically left-compositional if for all a € A there exists
T, € A such that

ala) =zq.aforall o € 1
and the x, can be chosen so that the map a — z, is a morphism.

Proposition 4.10. Let I be a subsemigroup of End(A) and let p € P(I). There exists a morphism f: (ImI) —
(Im I) such that p = py if and only if p is strongly right-balanced. Moreover, for all

a=tx1a1,...,Tmey) € ImI)
where a; € I and x; € A, for 1 <i < m, we have that af must be given by
af =t(xi1(a1p),. .., Tm(amp)).

Consequently, if A is I-representable, then p = py for some f € End(A) if and only if p is strongly
right-balanced, and in this case f must be defined as given.

Proof. Suppose first that p = py for some morphism f : (ImI) — (ImI). Let t(z1a1,...,Tmom) =
s(y1B81, ..., YnPn) € (ImI). Then

t(xl(alp)v cee ;zm(amp)) = t($1041f, T ,:L‘mOémf)
= t(xlal,...7xmam)f
= Sylﬁh.uyynﬂn)f

(
= S(ylﬁlf;---;ynﬁnf)
= S(yl(ﬂlp)w-wyn(ﬁnp))v
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so that p is strongly right-balanced.

Conversely, if p is strongly right-balanced, then there is a well-defined map f : (ImI) — (Im ) given
by af = t(x1(a1p),. .., Tm(amp)), where a = t(z101, ..., Tmam) for any such expression of a. It is easy to
check from this formulation that p = p; and f € End((Im I)).

Finally, if A is I-representable then A = (Im I) and we immediately see that p = py for some (the given)
f € End(A) if and only if p is strongly right-balanced. O

Proposition 4.11. Let I be a subsemigroup of End(A) and let A € A(I). Then A = Ay for some f € End(A)
if and only if X is algebraically left-compositional.

Further, if A is I-separable and (X, p) € Q(I), then X = Xy for some f € End(A) if and only if X is
left-compositional.

Proof. The first statement follows from the definitions.
For the final statement suppose that A is I-separable and let (A, p) € Q(I). By Proposition 4.2, X is
left-compositional if and only if A = A; for some f € T7,. We show that the I-separability condition forces

f to be a morphism. For any t(x1,...,2,) € A and a € I we have
t(xlv"'vmn)fa = t(xla"'7xn))‘(a)
=z M@)o (@)
= t(xlfav"'axnfa)
t(xlfv s 7xnf)a'

As this is true for all a € I, we deduce from I-separability of A that t(z1,...,2,)f = t(z1f,...,znf) so
that f € End(A), as desired. O

We can put together the results of Propositions 4.10 and 4.11 to obtain an analogue of Theorem 4.3.

Theorem 4.12. Let I be a subsemigroup of End(A). Then

QL) = {(Ap,p5) : f € S(A D}

if and only if for all (X, p) € Q(I) we have that p is strongly right-balanced and A is algebraically left-
compositional, with

Tt(zran,....xnan) — t(xl(alp)a ce 71'n(04np))
for all t(zx1aq,...,zpap) € Im ).

Proof. Suppose first that Q(I) = {(As,pr) : f € S(A,I)}. Let (A, p) € Q). By assumption, we have
that there exists f € End(A) such that A = Ay and p = p;. Notice that for each b € ImI we have
b = aa for some a € A, « € I, and so bf = aaf = a(ap) € ImI, from which it follows easily that
flam ) € End((Im I)). Since f € End(A) we have X is algebraically left-compositional by Proposition 4.11,

and noting that py = py ( we get that p is strongly right-balanced by Proposition 4.10. Moreover, for

ImI)’
any a = t(x1aq,...,T0,) € (ImT), we have that

af =t(xiay,...,zpan)f =@ f,. .. xpanf) = t(z1(a1p),. .., za(anp)),

using Proposition 4.10 again, so that the x, may be chosen as indicated.
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Conversely, suppose that (A,p) € Q(I) with A algebraically left-compositional and p strongly right-
balanced with the x, given as above for all @ € (Im I). Then by Propositions 4.10 and 4.11, there exist
f € End(A) and g € End((Im I)) such that A = Ay and p = p,. It remains to show that p = py.

Recalling that x, = af, this follows from the fact that for all a = t(x 041, ...,zpa,) € (ImI) we have

ag = t(l’]O[l, ceey mnO"ﬂ)g = t($1a197 ceey mnang) = t(‘rl(alp)> “e 7xn(anp)) =Tq = af7

and thus g = fl(m 1y, giving that p = pg| - = ps. In particular, we have that f € S(A,I). O

The previous result gives a characterisation (via properties of linked left and right translations) for the
translational hull to be realised by endomorphisms of A. We conclude this section by demonstrating that
I-representability and I-separability together provide a sufficient condition (via properties of the endomor-
phisms in I) for this to hold.

To state our next result, it is convenient to have a slight variation of the I-separability condition.
Definition 4.13. Let C be a subalgebra of A, and let Ker(C, I) be the relation on C' defined by

Ker(C,I) = {(a,b) e C x C:ay=byforall v € I}.

We say that C' is I-separable if Ker(C, I) is trivial.

Proposition 4.14. Let I be a subsemigroup of End(A) and let (Im I) denote the subalgebra of A generated by
Uaser Ima. Suppose that (Im I) is I-separable.

(1) Ewvery linked right translation of I is strongly right-balanced, that is
P(I) C {ps : f € End (Im I)}.

(2) If py € P(I) for some f € End((Im 1)), then the left translations X\ linked to py are those satisfying
)\(a)‘<1m]> = (fa)|<1m1> fO'I" allv € 1.

Proof. (1) Suppose that (Im I is I-separable. Let (A, p) € (I). We show that p is strongly right-balanced.
To this end suppose that t(z1aq, ..., Tmam) = $(Y181,- -, Ynfn) € A. Then for all a € T we have

t(z1(a1p), .. Tm(amp))a

t(xi(a1p)a, ..., xm(@mp)a)
t(

1A (@), ..., zmamA(a)) =t(zroq,. .., Tmam )N\ (a)

(y1ﬁ17 ce 7ynﬁn))\(a) = S(ylﬁl)‘(a)v ce 7yan)‘(a))
S(yl (ﬂlp)a7 te 7yn(ﬁnp)a) - s(yl (ﬂlp)a ce 7yn(ﬂnp))aa

S

and since this is true for all « € I, the fact that (Im I} is I-separable gives

t(z1(a1p), ..y Tm(amp)) = s(y1(Bip)s - -, Yn(Brp))

so that p is strongly right-balanced.

(2) By the previous part each element of ﬁ(] ) is strongly right-balanced, and so by Proposition 4.10 is
of the form py for some f € End((ImI)). Suppose that (A, ps) € Q(I). For all t(z1a1,...,Tmam) € (ImT)
and all a € I we clearly have
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t(r100, .. s Tmam)A (@) = tH(zra A (@), - . ., TmamA(a)) = tx1(a1pf)a, . .., 2p(@mpyr) Q)

=t(rraqfa, ..., epanfa) =t(ziag, ..., emam) fa,
demonstrating that each left translation X linked to p; satisfies A(@)|imry = (fa)|gmpy for all a € I.
Conversely, suppose that A is a left translation satisfying AM(a)|m ) = (fa)|am ) for all « € I. Then for all
a,p €I and all a € A we have a(aps)B = a(af)f = (ac)(fB) = (a)A(B), demonstrating that A is linked
to py. O

The next result is a strengthening, in several directions, of a result of [6], available as [17, Corollary 1, p.
312].

Theorem 4.15. Let A be an algebra and I a subsemigroup of End(A) such that A is both I-representable and
I-separable. Then with S = S(A,I), the idealiser of I in End(A), we have:

B()={ps:fe St A ={N\:feS} and QI)={(\r.py):f€ S

In particular,

via natural isomorphisms.

Proof. Suppose that A is both I-representable and I-separable, and let (\,p) € Q(I). Since A is I-
representable we have (ImJ) = A, and since A is I-separable Proposition 4.14 gives that p = ps for
some f € End(A), and moreover (using again the fact that (ImI) = A) that A = A;. Hence f € S and we
see that each of the stated equalities holds. In light of Theorem 3.8, noting in particular that ﬁ(] ) =Pg(I)
and ]N\(I ) = Ag(I) here, the natural isomorphisms exist as given. O

Remark 4.16. It is clear from the definitions that for any algebra A, if I is taken to be equal to End(A) (or
indeed, any subsemigroup containing the identity morphism), then A is both I-representable and I-separable.
It is also easy to see that if A is I-representable (respectively, I-separable) and J is a subsemigroup of End(A)
satisfying I C J C End(A), then the pair A is also J-representable (respectively, J-separable). Hence we
pose the following questions.

Question 4.17. For a given algebra A:

o What are the minimal (with respect to inclusion) subsemigroups I of End(A) such that End A is both
I-representable and I-separable?

e Do there exist subsemigroups I of End(A) with the property that the bi-translations are realised by
endomorphisms of A, yet A is not both I-representable and I-separable?

5. Representability without separability

Throughout this section let A be an algebra and let I be a subsemigroup of End(A). Our aim is to define
a congruence ~ on A and a congruence &~ on I so that I/~ is a subsemigroup of End(A4/~), and such
that the quotient A/~ is I /as-separable, and is also I /~-representable in the case that A is I-representable.
We then proceed to show how in certain circumstances we can deduce information for Q(I) from that of
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Definition 5.1. Let k£ € N and let ~j, denote the relation on A defined by
x ~y, y if and only if zo = yo for all a € I*.
Furthermore, let ~ = J, oy ~k-
It is clear that each ~y is an equivalence relation on A.
Lemma 5.2. The relations ~y, where k € N and the relation ~ are all congruences on A.

Proof. To see that ~j is a congruence, suppose that a; ~r b; for i = 1,...,n. Then for any n-ary term ¢
and any a € I* we have:

t(at,...,an)a =tlara, ... ,apa) =t(b1a, ..., bpa) = t(by,..., by

so that t(ay,...,an) ~g t(b1,...,by).
Finally notice that

~1 C g Covr C

so that ~ (being the union of a chain of congruences) is a congruence. 0O
In what follows we denote the ~j and ~-classes of a € A by [a] and [a], respectively.

Lemma 5.3. Let k be a positive integer, a,b € A, and o € 1.

1
2

(1) The semigroup I acts on A~y by morphisms, under [a]pa = [ac]y.
(2)
(3) If ~ = ~py1, then ~p = ~gyy, = ~, for every n € N.
(4)
(5)

The semigroup I acts on A/~ by morphisms, under [ala = [aq].

4) We have ~y = ~p11 if and only if [a]ga = [b]ra for all o € I implies that [a]r = [b].
5) The algebra A is I-separable if and only if ~ is the identity relation on A.

Proof. (1) Let a,b € A with a ~1 b. Then aa = ba for all « € I so that certainly the action is well defined.
Suppose then that o € I and a ~, b for some k > 1. Then a(a7y) = b(ay) for all v € I¥=1 D I*. Tt is then
clear that aa ~k ba so that the action is again well defined. It is then routine to check that it is an action
by morphisms.

(2) Suppose that o € I and a ~ b. Then a ~, b for some k € N, so that as above aa ~;, ba and hence
aa ~ ba so that the action is well defined. Again, one sees that I acts by morphisms.

(3) Suppose that for some k we have ~j = ~11. It suffices to show that ~j11 = ~gyo. To this end, let
a,b € A with a ~j4o b and o € I. Then for any v € I**! we have that aay = bay so that aa ~j4; ba.
By assumption, aa ~, ba so that aad = bad for any 6 € I*. As this holds for any a € I, we deduce that
a~gi1 b

(4) We have the following series of equivalent statements:

~E = N4 = a ~41 b lmphes that a ~ b
& aa = ba for all @ € I*+1 implies that aa = ba for all o € I*
< [a]gB = [b]pP for all § € I implies that [a]; = [b].

(5) If ~ is the identity relation on A, and aax = ba for all a,b € A, then certainly a ~; b so that a ~ b
and hence a = b. Thus A is [-separable.
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For the converse, suppose A is I-separable and a ~ b. Then a ~j b for some k£ € N and so ay = by for all
~ € I*. If k > 1, then taking any o € I*~! and 3 € I, we see that aaf8 = baf3, so that using I-separability,
aa = ba. Since this is true for any o € I*~1 this yields that a ~;_; b and by finite induction, that a ~1 b.
Again by I-separability, we deduce that a =b. O

Definition 5.4. We say A is eventually I-separable if ~p = ~p1q for some k € N. In this case, we let k(1)
be the least such k for which this occurs, so that ~ =~y ).

Clearly, if I is periodic in the power semigroup of End(A), that is, I" = I"** for some h,¢ € N, then
A is eventually I-separable. This is certainly the case if I = I?, in which case k(I) = 1. Examples of this
behaviour include the situation where I is regular (that is, for all & € I there exists § € I such that
a = afia) or, more generally, if every a € I has a right or a left identity in I. We will see another situation
where I = I? in Section 6.

We have seen that I acts on A/~, but there is no reason to suppose that it acts faithfully.

Definition 5.5. Let &~ denote the congruence on I induced by the action of I on A/~, that is, a =~ § if and
only if aa ~ af for all @ € A. We write [[]] to denote the ~-class containing an element o € I.

Remark 5.6. Since I/~ acts faithfully on A/~ by morphisms, via [a][[a]] = [a]a = [aa], we can view [/~
as embedded in End(A/~).

Theorem 5.7. Regarding I/~ as a subsemigroup of End(A/~), the quotient algebra A/~ is I /~-separable.
If A is I-representable then A/~ is I /~-representable.

Proof. Suppose that [z],[y] € A/~ such that [z][[y]] = [y][[7]] for every [[y]] € I/~. By definition of the
action this means that [zv] = [yy] for every v € I, that is, 2y ~ yv for every v € I. By the definition of
~ this means that there is a k such that zv§ = yvé for all v € I and 6 € I*. But this means exactly that
ra = ya for every a € I¥+1 which implies that z ~ y, so that [z] = [y].

If A is I-representable then we may express each z € A as ¢ = t(a11,...,a,a,) for some term ¢,
elements a; € A and «o; € I, for 1 < i < n. It is then clear that [z] = t([a1][[e1]],- -, [an][[an]]) in A/~,
where [a;] € A/~ and [[oy]] € I/, so that A/~ is I /~-representable. O

Combining with Theorems 3.8 and 4.15 we obtain:

Theorem 5.8. Suppose that A is I-representable. Then the translational hull Q(I/=) is (canonically) iso-
morphic to the idealiser of I/~ in End(A/~).

We now show that under some natural conditions, 2(I/~) is a morphic image of (I).

Lemma 5.9. Suppose that A is finitely generated or eventually I-separable. Then o = (3 if and only if ay = B~
for some k € N and all v € I*.

Proof. Suppose first that k exists such that ay = By for all ¥ € I*. Then for every a € A we have
(ac)y = (aB)y for all y € I* which means aa ~ af3 for all @ € A and so a = f3.

Conversely, suppose a ~ [ so that for all a € A we have aa ~ af. Let k, € N be chosen such that
aa ~y, af. Under the hypothesis that A is eventually I-separable, Lemma 5.3 gives that aay = af~ for all
v € I*¥ where k = k(I). Under the hypothesis that A is finitely generated, fix a generating set X and choose
k € N to exceed k, for all z € X. Then za ~y zf for all z € X, giving zay = x~ for all v € I*. Since ary
and vy are morphisms agreeing on a generating set, this implies that aay = a3~y for all v € I*¥ and a € A.
In either case, ay = By for all y € I¥. O
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Lemma 5.10. Let I be a subsemigroup of End(A). For all (X, p) € Q(I)
p: /== I/~ where [[a]]p = [[ap]]
is a right translation of I /.

Proof. We first show that p is well defined. To this end, suppose that «, 5 € I with a = 3. Let a € A. From
aa ~ af we have that aay = aay for all v € I*, where k > 1. Then for all v € I,6 € I*~! we have

acA(y)s = aBA(y)d
= alap)yd = a(Bp)yo
= alap) ~ a(Bp).

As this is true for all a, we have that ap ~ Bp. A routine check shows that 7 is a right translation of I/~. O

Lemma 5.11. Let I be a subsemigroup of End(A) and let f € T = T(A,I). Define f € Ta~ by [a]f = [af]
for alla € A. Then f € T(A/~,I/=), and if f € S = S(A,I), then f € S(A/~,1/~). Consequently,
(Af py) € QI /).

Proof. Let f € T = T(A,I); we need to show that f is well defined. To this end, note that if a,b € A and
a ~ b, then there exists k such that ay = by for all v € I*. But choosing v = 71 ... where 7; € I for
1 <7 < k we note that

afy=afy...ve=a(fy)...v=b0(fn) .. =bfy... =0bf,

since fy; € I. Thus af ~ bf so that f is well defined. Now, given any a € A, and o € I we have:
[a]fl[a]] = [afa] = [a][[f]] where the last equality comes from the fact that fa € I, so that f[[a]] € I/ ~.
Similarly one can show that [[a]]f € I/ ~. It follows in a standard manner that if f € S = S(A,I), then
feSA/~I/=). O

Proposition 5.12. Let I be a subsemigroup of End(A). Suppose that A is either finitely generated, I-
representable or eventually I-separable.

(1) There is a natural homomorphism o : Q(I) — Q(I/~) given by (X, p)o = (X, p) where X\, p: I/~ — I/~
are well defined by

Al[o]]) = [M@)]] and  [[ad]p = [[ap]

for all [[a]] € I/=~.
(2) If $ € T(A,I), then ()\¢7P¢)U = (>‘q§7p$)

Proof. (1) From Lemma 5.10 we know that p is a well-defined right translation of I /~. We turn our attention
to showing that X is well defined. To this end, let o, € T with o ~ .

Suppose first that A is finitely generated or eventually I-separable. By Lemma 5.9, there exists kK € N
such that ay = B for all v € I*. Since \ is a left translation of I, we have

(A@)y = Aay) = A(By) = (AB)y

for all v € I*, which means by Lemma 5.9 again that A(a) =~ A(fB), as required to show that X is well
defined.
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Now consider the other hypothesis, that A is I-representable. Let a € A. We may write a =
t(zraq,...,zhay) for some term ¢, z; € A and «; € I, where 1 <4 < n. Let b = t(z1(a1p), ..., zn(anp)).
By assumption that o = 8 we have bar ~ b3, so that bary = b3y for all v € I*, for some k > 1. For every
v € I*¥ we deduce:

ara)y = t(ziag,...,xpan) @)y
= txioaAa),. .., zpap(a))y
= t(x1(a1p)a, ..., zn(app)a)y
= txi(arp),. .o wn(anp))ay = bay = by = --- = a(B)y.

Thus aX(a) ~ aA(B) and since a was arbitrary it follows that A(a) ~ A(3). Hence X is well defined.

As for p, it is easy to see that A is a left translation and that (X, 7) form a bi-translation.

Thus, the map o : Q(I) — Q(I/~) is well defined.

Finally, if the images of the bi-translations (X, p), (X, p') and (AN, pp’) in Q(I) are respectively (X, p),
(N, p') and (AN, pp’) in Q(I /=), then for all [[a]] € I/~ we have that

AN ([[]) = [N (@] = AN (@)]] = AN (@)]]) = ANV ([[e]]),
so that AN = AX. Dually, pp’ = pp’. Therefore ¢ is a morphism from Q(I) to Q(I/=).

(2) From Lemma 5.11 we know that (A, pz) € Q(I/=). It remains to show that (A, pz) = (A, py)o. To
see this, let a € A, a € I. Then

[alXs([[e]]) = lal[[As()]] = [all[¢a]] = [aga] = [ag][[a] = [a]é[[a] = [a]rz([[a]]),

showing that Ay = Az. A dual argument for pg gives us that pg; = pg and thus (Mg, pg)o = (Mg, pg) =
()‘57 p$) d

In view of Corollary 5.8 and Proposition 5.12 the following questions are natural.

Question 5.13. In the case where A is finitely generated or eventually I-separable, can Q(I) be described as
an extension of the subsemigroup (I /~) of End(A/~)?

Definition 5.14. Let A be an algebra and let I be a subsemigroup of End(A). We say that f € T, is a lift of

A,

feT(A/~,I/=)if [af] = [a]f for all a € A.

Question 5.15. Is the idealiser of I/~ exactly the set of endomorphisms of A/~ which lift to endomorphisms
of A?

We end this section by considering how lifting maps as above would work.

Lemma 5.16. Let A be an algebra and I be a subsemigroup of End(A) such that A is eventually I-separable,
and let k = k(I). Let f € T(A/~,I1/~) and let f : A — A be a lift of f.

(1) For each a € I* there is a well-defined map fxa : A — A given by f*a := fa, which is independent
of the choice of lift f Furthermore, if f is an endomorphism, then so is f * c.
(2) If f can be chosen to lie in T(A,I), then fxa € I* (and hence fxa € I).

Proof. (1) Let f : A — A be a lift of f. For any o € I*, we clearly have that f’oz is a well-defined map
A — A. Suppose then that f and f are lifts of f, so af ~ af for all @ € A. Since o € I*, this gives
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afa =afa for all a € A, that is fa = fa. Thus the definition of f + o does not depend upon the choice of

lift. In the case where f is an endomorphism, for all terms ¢(ay,...,a,) with a; € A we have that:
[tarf, ... anf)] =t({arf], ..., lanf]) = t({a1lf, ..., [an]f) since f is a lift of f
= t([aa],..., [an]) f as f € End(A/~)
= [t(ay,...,an)]f since ~ is a congruence
= [t(a1,...,an)f] by definition of f.
So for all o € I*, we have t(alf, e ,anf)a =tlay,..., an)fa, and hence (since « is an endomorphism) we

have t(alfa, .. .,anfa) =t(ay,... ,an)fa. Therefore fo € End(A).
(2)If feT(AI)and a = a; ---ay € I¥, then fa = (far)as---ap € IF. O

As a converse to (1) in Lemma 5.16 we have the following.

Lemma 5.17. Let A be an algebra and I be a subsemigroup of End(A) such that A is eventually I-separable.
Let k = k(I), and let f € T4 Suppose further that A is I-representable, that (A, pf) € QUI) and that fois
a morphism for all a € 1. Then f is a lift of a morphism f of A/~.

Proof. We show first that a ~ b implies that af ~ bf. To this end, write a = t(z10a, ..., Tpa,) and consider
that for all a € I*

aXa) = t(xrag,...,zhon) @)
1A (@), ..., zpapAa))
7)

= txi(appla, ..., zn(anpf)a)

t(z1 (o f)ay, xn(anf)oz)
t xloq(foz) xnan(fa))
t(zraq, .. xnan)fa

= afo.

It follows that if a ~ b then af ~ bf. Now defining f by [a]f = [af], we know that f is a morphism and f
is by definition a lift of f. O

Suppose now that I is an ideal and A is [-representable but not necessarily I-separable. By Lemma 3.1
and Theorem 3.8 we know that

Xp : End(A) < P(I) = Q(I).

In particular, every right translation of I is linked to at most one left translation of I.

Let (A, p) € Q(I). The main work in the previous section was to construct a well-defined endomorphism
f:+ A — Asuch that t(aq,...,an)af =t(ay,...,a,)(ap) for all a; € A, all a € I and all terms ¢. The exis-
tence of such an endomorphism allowed us to conclude that p = p¢. The I-representability and I-separability
conditions together allowed us to construct f by setting t(z1aq,...,xrak)f = t(z1(a1p), ..., zp(agp)). We
are now in a position to show that if we have both these conditions we can construct an endomorphism of
A/~

Proposition 5.18. Let A be an algebra and I an ideal of End(A) such that A is I-representable, and let
p € P(I).
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(1) There exists a well-defined morphism f, : A/~ — A/~ defined by

[t(xiaq,. .., zar)]fp = [t(z1(cap), ..., zK(arp))].

(2) In the case where A is eventually I-separable with k(I) = 1, the unique left translation paired with p is
defined by A(«a) = f, * c.

Proof. (1) Since A is I-representable, from Proposition 5.12 we have that p € IS(I /~) where as usual we
regard I/~ as a subsemigroup of End(A/~). By Theorem 5.7, the quotient algebra A/~ is both I/~-
representable and I /~-separable, and so by Theorem 4.15 there is a morphism f, € End(A/~) such that
p = py,- Moreover, from the proof of Proposition 4.2, we know that f, must be given by

t(laalleal)s - - [zalllomlD o = t(laa]l[a]]p, - [n]l[en]p])-

The claim now follows.

(2) By I-representability we know that there is a unique left translation A paired with p. We show that
for all 5 € I we have A(8) = f, x 5.

First notice that for all b = s(y1c1,...,yp0p) € A and all § € I we have

bA(ﬁ) = s(ylah cee 7yp04p)>\(ﬂ) = S(ylal)‘(ﬁ)a cee 7ypap/\(ﬂ))
= s(y1(@1p)B, ..., yp(app) B) = s(y1(a1p), ..., yp(app))B.

Now let f: A — A be any lift of f,, that is, [a fl = [a] f, for all a € A. Then, by the definition of f, and
the fact that f is a lift of f, we have:

N

[s(y1(a1p), .-, yplapp))] = [s(yraa, ..., ypay)lf, = [b]f, = [bf].

Thus for all 8 € I we have that

DA(B) = s(yi(1p), - .., yp(app))B = bfB,

where the first equality comes from the previous paragraph, and the second equality follows from the fact
that 8 € I cannot distinguish elements in the same ~-class. O

Remark 5.19. Suppose that A is I-representable and eventually I-separable with k(I) = 1. Then by the
previous lemma we may define a function from IS(I ) to End(A/~) by p — f, and it is straightforward to
check that this is a semigroup morphism. Moreover, by part (2) of Proposition 5.18 we have that f,, = f,,
if and only if p; and ps are linked to the same left translation A. In the case where A is actually I-separable,
by definition of ~ we have that A = A/~, and it follows from the results of the previous section that each
left translation is paired with at most one right translation. In this case, f, is an endomorphism of A and
the morphism p +— f, is just the inverse of the morphism from End(A) to f’([) given by f — py.

6. Examples and applications

We begin by presenting three examples of general situations and behaviours that arise later in our specific
examples. These are essentially folklore. For Example 6.3 we refer the reader to [19].

Example 6.1. If I = End(A) for some algebra A then it is clear that Q(I) = End(A). Indeed, for every monoid
M with identity element e we have Q(M) = M. For, if p is a right translation of M, then in particular,
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ap = a(ep) for all a € M. Thus each right translation of M is a translation by right multiplication by
some element f = ep € M; call this map ps. Likewise, each left translation of M is a translation by left
multiplication by some element g = A(e) € M; call this map A,. Moreover the pair (\g, ps) is linked if and
only if f = g since the requirement that e(Agse) = (epy)e gives f = g.

Example 6.2. Suppose that I is a null semigroup, that is, there exists v € I such that oS = ~ for all
a, B € I. Then it is straightforward to see that any left/right map fixing ~ is a left/right translation, and
moreover that any two such maps are linked. Indeed, a right map p is a right translation if and only if for
all o, 8 € I we have a(8p) = (aff)p, which since I is null is equivalent to 7 = yp. A dual argument holds
for left translations. Moreover, it is clear that if A and p are left/right maps fixing -, then for all a, 8 € I
we have a(A\(B8)) = v = (ap)S. Thus the translational hull of [ is

QI ={(\p): A p: I = 1,ANy)=7="p}

Example 6.3. Suppose that I is a right zero semigroup, that is, a8 = § for all a € I. In this case, for every
map f : I — I we have py is a right translation, and the only left translation is the identity map ¢ on I.
Then Q(I) consists of all pairs (¢, ps) where f € 7, and hence Q(I) is isomorphic to 7;. The result for left
zero semigroups is dual.

As we saw in Example 2.1, the minimal ideal I of a full transformation semigroup 7Tx is a right zero
semigroup and €(I) is isomorphic to Tx. The elements of I are constant maps on X, so I is in one-one
correspondence with X itself and hence T; & Tx.

6.1. Free algebras

We now consider the special case where A is an algebra freely generated by a set X (that is, every map
X — A extends (necessarily uniquely) to some « € End(A)) and where I is one of the following ideals of
End(A):

I :={a € End(A) : Ima C (), for some Y C A,|Y| < k},

for some cardinal k. The ideal I; is the set of endomorphisms whose images contain only constants of the
algebra. If k > | X|, then it is clear that I, = End(A). Thus we will often assume that k¥ < |X|. Notice that
A is Ip-representable if and only if £ > 2, or k =1 and A = C, where C = () is the subalgebra generated
by the images of the basic nullary operations; recall that our convention is that C' = @ if A has no such
operations. On the other hand, we may not necessarily have Ij-separability, as this happens only when Iy,
is right reductive, as given by the following lemma.

Lemma 6.4. Let A be a free algebra and suppose that k > 2. The following are equivalent:

(1
(2
(3
(4

A is I -separable;

Iy, is right T,-reductive;

Ij, is right End(A)-reductive;
Iy, is right reductive.

O — —

Proof. Suppose that (1) holds. Then by part (7) of Lemma 3.8 we have that I}, is right 7,-reductive so that
(2) holds. That (2) implies (3) and (3) implies (4) is immediate from the definitions.

Now assume that (4) holds. Let a,b € A with a # b, and consider the maps «, 8 € End(A) defined by
za=aand 28 =b for all x € X. Then Ima C (a) and Im 8 C (b), which shows that «, 8 € I}, since k > 2.
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Suppose for contradiction that ay = by for all v € I. Then we get that xay = xf8v for all x € X, and thus
ay = By for all v € I, as A is freely generated by X. Since I} is right reductive, it follows that o = 3, thus
for every x € X we have a = za = zf = b, a contradiction. Therefore for each a,b € A with a # b, there
exists v € I, with avy # by, that is, A is Ix-separable. O

Lemma 6.4 demonstrates that for the most natural ideals I}, of End(A), where A is a free algebra, the
conditions of Ij-separability and right reductivity are the same. For an algebra A and ideal I of End(A)
more generally, this need not be the case as the following example illustrates.

Example 6.5. We use a standard construction from the theory of semigroups; for further details see, for
example, [13]. Let A be a semigroup that has decomposition as a semilattice Y of non-trivial groups G,
«a € Y. This means that Y is a commutative semigroup of idempotents, such that A = Uer Gy, each Gy
is a non-trivial subgroup of A4, and GG, C G,.. We identify y € Y with the identity e, of G,. Let

I={a€End(4) : ImaCY}.

Clearly I is a left ideal of End(A). Since Y is characteristic in A, that is, Yo C Y for all o € End(A), we
also have that I is a right ideal, hence an ideal, of End(A). To see that I is right reductive, consider the
map 0 € I defined by g,6 =y forally € Y, g, € Gy. Then, if o, 8 € I and ay = By for all v € I, we
get that ad = 9. Since 0 is the identity on the image of any element of I, we obtain o = 3, so that [ is
right reductive. However, A is not I-separable. Indeed, let y € Y and let g, € Gy with g, # y. Since any
morphism of A preserves subgroups, and the subgroups of Im~y for each v € I are trivial, we must have that
gy =Yy for each «y € I. Since [ is right reductive it follows from [17] that Q(I) is naturally isomorphic to
A(D).

Question 6.6. In Example 6.5, I is not right End(A)-reductive. Does there exist an algebra A and an ideal T
of End(A) such that I is right End(A)-reductive but A is not I-separable (or even not weakly I-separable,

in the sense defined in Remark 3.9)?

Proposition 6.7. Let A be a free algebra and k > 2 be such that Iy, is right reductive. Then Q(Iy) is canonically
isomorphic to End(A).

Proof. By Lemma 6.4 A is Ix-separable, so Theorem 4.15 applies to give
QL) = {(\s.py) : f € End(A)} = End(A),
as required. O

Our next goal is to show that for all £ > 2 regardless of whether I, is right reductive we have that every
bi-translation of Iy is realised by transformations (which are not necessarily morphisms) of A.

Lemma 6.8. Let A be a free algebra freely generated by a set X.

(1) For every k < |X| we have I;, = I}.
(2) If k > 2, then every right translation of Ij is right-balanced and moreover

Q) ={( \p,pf) : fEeT(A L)} = T(A Ii)/=tm1,-
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Proof. (1) Let v € I, so that Ima C (Y), where |Y| < k. Let Y = {y; : j € J} where |J| = |Y]. For each
z € X let za = t,(y;,,--.,Yj,) where n > 0 and y;, € Y for 1 < ¢ <mn. Let X = ZUW where |Y| = |Z|
and ZNW =0, write Z = {z; : j € J} and let y € Y be fixed. Now define 3, € End(A) as follows:

xf =1ty(2j,,...,25,) forzeX
and
zjy =Y, j € J and wy =y for all w € W.

It is easy to see that 8,7 € Iy and a = 7.
(2) This follows immediately from Proposition 4.6, noting that if k£ > 2 then for each ¢ € A there exists
a morphism in I with x7, = ¢ for all x € X, and so in particular A is Iy-representable. O

The proof given in Proposition 4.6 can be modified slightly to show that in the case of a free algebra A
the translational hull of many more subsemigroups of End(A) will be realised by mappings.

Theorem 6.9. Let A be a free algebra and let I be any subsemigroup of End(A) such that I contains Is.
Then

Q) ={(As,pp) : f €T(A D}

Proof. Let X be a set of free generators for A. First note that, as in the previous proof, A is I-representable
since if ¢ € A we may define v, by 7. = ¢ for all x € X, and clearly v, € I C I. Thus by Lemma 4.4 we
have that every linked left translation is left-compositional.

We show that any p € P(I) is right-balanced. Let a,b € A and «, 8 € I with ac = bj. Clearly y,a = 33
It follows that

Yalap) = (Ya)p = (wB)p = 1 (Bp)-
Thus
a(ap) = 2va(ap) = zy(Bp) = b(Bp)

where z is taken to be any element of X, hence showing that p is right-balanced. The result then follows
from Theorem 4.3. 0O

We can say a little more about the semigroups T'(A4, I).

Proposition 6.10. Let A be a free algebra. Then f € T(A,I},) if and only if

1) f (Y)Y = A is a morphism for all Y C A with |Y| < k; and
(Y)
(2) for all t(xq,...,zn) € A we have t(x1,...,x0)f ~ t(x1f,...,xnf).

Proof. Since I}, = I, we may apply parts (3) and (6) of Lemma 3.1 to find f € T(4, I};) if and only if for
all & € I, we have: f|m 4 is @ morphism and t(z1 f, ..., 2nf)a = t(z1,...,2,) fa for all t(zq,...,2,)a € A.
Noting that for every Y C A with |Y| < k there exists a € I}, with Ima = (Y'), the result follows. O

Example 6.11. Consider the free monogenic semigroup A = (N, +). The endomorphisms of A are the maps
Yq : N — N defined by np, = na for all n € N. It follows that for all a,b € N we have @, = @ap- In
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this case I = §) and I = End(A), and so the results of the current section do not give much of the overall
flavour.

However, it is easy to see that End(A) is isomorphic to (N, x) and so commutative and cancellative. Let
I = {pay, : k € N}. The preceding comments give that I is an ideal of End(A) so that S = S(A,I) = End(A).
Further, I is left and right End(A)-reductive. Moreover, since every element of End(A) is injective, it is
immediate that A is I-separable. However, A is not I-representable, since the submonoid of A generated by
the images of elements in [ is 2N # N. Thus in particular, the converse to part (1) of Lemma 3.8 does not
hold.

Now suppose that p is a right translation of I with pop = @of for some k£ € N. Since multiplication is
commutative, for all m € N we see that:

Camk = PamP2r = P2m(92)p = (Pam)p = P2(P2m)p = (P2m)p = P2mk-

That is, p = p,, . This demonstrates that P(I) = Pg(I), and so P¢(I) = f’([) = P(I). Tt is then easy to see
that in this case xp is an isomorphism from End(A) to P(I) = P(I).

A similar calculation reveals that every left translation A of I is of the form ¢, and x, is an isomorphism
from End(A) to K(I) = A([). Finally, cancellativity in End(A) gives that if (A,,, pp,) € Q(I), then h = k.
Thus in this case, End(A) is naturally isomorphic to Q(T).

Example 6.12. Let A be the free monoid on two elements {a,b}. The elements of A are words (that is,
finite strings) of elements of {a, b}; the operation is concatenation and the identity is the empty word . We
consider the ideal

I, ={a € End(A) : Ima C (u),u € A},

where for u € A we have (u) = {u* : k € Ny} is the submonoid of A generated by u. Given that A is free,
any morphism « is determined by the values it takes on a and b; if a € I5 it takes a and b to powers of the
same word. If aa = v™ and ba = u™ we write & = u(m, n). We may assume in the above that v is chosen
to be primitive, that is, u # v* for any word v # u. For = € {a,b} and u € A we denote by |u|, the number
of occurrences of letter z in u. Notice that for all v,w € A and u(m,n) € I, we have

Vew & v~ w

< vu(m,n) = wu(m,n) for all u(m,n) € I
< Julgm + [vlpn = |w|gm + |wlpn  for all m,n € Ny
< |ulg = |w|e and |v]p = |w]p.

It follows that A is not Is-separable.

It is easy to see that f: A — A is in the right idealiser of I in T, if and only if for all words u € A and
k € Ny we have (u¥)f = (uf)*. On the other hand f: A — A is in the left idealiser of I5 in 7, if and only
if for all u € A we have

[ufla = |ulalafla + [uls[bfla and |ufly = [ulalafls + [uls]bf b,

that is, f is linearly increasing the number of letters a and b in the word, but does not recognise the
order in which they appear. In the notation of Section 5, if f is in the idealiser T'(4, I5), then we have
ps — py = py € P(I/~) where f" = f, . A lift of f’is a map f”: A — A such that for all w € A we have
[wf"] = [w]f = [wf]. Since fa € I for all a € I3, Iy = I? and ~ is a congruence, we obtain that for every
aj...ap € A, where a; € {a,b}, 1 <i <n, we have a1f"...a,f" ~ (ay...a,)f"”. This is equivalent to f”
being in the left idealiser of Iy in 7.

A concrete example of f in T(A, Iy) that is not in End(A), is given by the map (a;...an)f =an ... as.
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6.2. Independence algebras

Let A be an independence algebra, that is, a free algebra on a set X which also satisfies the exchange
property [4]. In particular, this means that any maximal independent set X (that is, a set X such that
for all x € X we have x ¢ (X \ {z})) is a minimal generating set for A, called a basis of A, and that any
independent set can be extended to a basis of A. Moreover, every subalgebra admits a basis, and all bases of
a subalgebra B C A have the same cardinality, called the dimension of B. Hence, for each map « € End(A),
we denote by rka the rank of «, corresponding to the dimension of the subalgebra Im «. Independence
algebras were formerly called v*-algebras [15] and were utilised by the first author in [4]. Notable examples
include sets, free group acts and vector spaces.

The proper ideals of the endomorphism monoid End(A) are well-known and form a chain, correspond-
ing exactly to the sets I of endomorphisms with rank less than the cardinal 1 < k < |X]|, that is,

= {a € End(A4) : rtka < k}. In particular, these ideals are the same as those considered in the pre-
vious subsection and are now the only ideals of End(A). In the case where A is a vector space, the ideal
I5 is completely 0-simple. Translational hulls of completely 0-simple semigroups S have been well studied
[16,17], including in the case where S = I for A a vector space [7,17] and in this case it is known that the
translational hull is isomorphic to End(A). Returning to the general case, it is clear from the definition that
A is I-representable for all k > 2; we give the following characterisations of Iy-separability in this case.

Theorem 6.13. Let A be an independence algebra with basis X and let | X| > k > 2. Then the following are
equivalent:

(1) A is I-separable;

(2) Q) = P(Ii) = A(t) = End(A);

(3) Ix is a reductive ideal;

(4) k> 2, or k=2 and every 1-dimensional subalgebra contains at least two elements.

Proof. Recall that A is always Ij-representable when & > 2. Under this observation, we have that (1) = (2)
by Corollary 4.15 and (2) = (3) by Theorem 3.8. The fact that (3) = (1) comes directly from Lemma 6.4
since a reductive ideal is right reductive. We show the equivalence of (1) and (4). Suppose first that A
is Ip-separable. If k > 2, there is nothing to show, so suppose that k¥ = 2. Let a # b € A. Since A is
I>-separable, there exists v € I, such that a7y # by, and hence Im 7 is a subalgebra of A containing at least
two elements. Since v € I3, by definition we have that Im+ is contained in a 1-dimensional subalgebra of
A. Because all 1-dimensional subalgebras are isomorphic in an independence algebra, it follows that every
1-dimensional subalgebra contains at least two elements, as required.

To conclude the proof we need to show that if £ > 2 or kK = 2 and every 1-dimensional subalgebra of A
contains at least two elements, then we must have that A is Ii-separable. To this end, let a # b € A and as
above let C' = (().

o If a,b € C, then ay = a # b = by for all v € I, so assume from now on that a ¢ C so that {a}
is an independent set. There are then two possibilities: either b = t(a) for some term ¢, or {a,b} is
independent.

o Ifb = t(a), we extend the independent set {a} to a basis Y of A. Taking v to be the unique endomorphism
mapping all basis elements in Y to a, we have Imy C (a), so that v € I, C I, and by = t(a)y = t(ay) =
t(a) =b#a=ay.

e Suppose then that {a,b} is independent and extend this to a basis Y of A. If k > 3, taking « to be the
unique endomorphism mapping b to b and all remaining basis elements in Y to a, we have Im~ C (a, ),
so that v € I3 C I, and ay = a # b = by. On the other hand, if kK = 2 and all 1-dimensional subalgebras



V. Gould et al. / Journal of Pure and Applied Algebra 230 (2026) 108203 27

of A are not singletons, it follows that there exists s € (a) with s # a, and in this case taking -y to be the
unique endomorphism mapping b to s and all remaining basis elements in Y to a we have Im~ C (a),
so that v € I C I, and ay = a # s = by.

Hence, in all cases, there exists a map v € Ij such that ay # by, which shows that A is Iy-separable. O

When k = 1 the situation is slightly more complicated. Note that I; exists (recalling that our ideals
are taken to be non-empty) if and only if C' = (@) # 0, in which case I; is easily seen to be the set of
endomorphisms with image equal to C'. Thus, as we remarked earlier, A is I;-representable if and only if
A = C # (). The following lemma characterises when A is I;-separable, and demonstrates (as we shall see
in Remark 6.15 below) that we need not have equivalence between statements (1) and (3) of Theorem 6.13
in the case k = 1.

Lemma 6.14. Let A be an independence algebra, C = () and suppose that C' # 0 so that I, is an ideal of
End(A). Then A is I1-separable if and only if |C| > 2 and for all unary terms t, if t(c) = ¢ for all ¢ € C
then t(a) = a for all a € A.

Proof. Notice first that Im~v = C' for all v € I3.

If A is I -separable then for a # b € A, there exists v € I; such that ay # by. Thus |C] > 2. For the
remaining part of this implication we prove the contrapositive. If ¢ is a unary term such that t(a) # a for
some a € A, then for all independent elements a € A, we have that ¢(a) # a. Then, by I;-separability, there
exists v € I such that avy # t(a)y = t(ay), that is, there exists ¢ € C such that ¢ # t(c).

Conversely, suppose that |C| > 2 and that for each unary ¢ such that there exists a € A with t(a) # a,
we have an element ¢; € C such that ¢; # t(c¢). Let a # b € A. If a,b € C, then clearly ay # by for all
~ € I, so suppose without loss of generality that a ¢ C, so that {a} is independent. We then have one of
the following situations:

o b€ Cj;in this case since |C| > 2 we may choose d € C with d # b; since {a} is an independent set there
is a morphism v € I; mapping a to d, and hence by = b # d = a~.

e b = t(a) for some unary term ¢; in this case because {a} is an independent set there is a morphism
~ € I mapping a to ¢; and b = t(a) to t(a)y = t(ay) = t(c:) # ¢

o {a,b} is independent; in this case we may choose any c¢,d € C' with ¢ # d and there will be a v € I
mapping a to ¢ and b to d.

In all cases, we get that v € Iy with ay # by and thus A is I;-separable. O

Remark 6.15. Suppose that C' # 0, so that I; = {a € End(4) : Ima = C} # 0. Since the elements of
C' are fixed points of every endomorphism of A, we have that I is a left-zero semigroup (ya = v8 =~
for all a, 8,7 € Iy). Thus I is in particular always right reductive, but A is I;-separable only under the
conditions given in Lemma 6.14. (For example, if A is a vector space then I is the ideal consisting of the
zero map, in which case A is obviously not Ij-separable.) To see that the condition that |C| > 2 is not
sufficient for the converse statement in Lemma 6.14 to hold, consider a non-trivial group G as a free left
G-act, and let {p, ¢} be a 2-element G-act where the action of G is trivial. Then G U {p, ¢}, equipped with
the unary G-act operations {t, : ¢ € G} and nullary operations v, and v, with images p and ¢ respectively,
is an independence algebra with |C| = 2. If g is a non-identity element of G, then t,(h) = gh # h for any
h € G, but ty(c) = c for c € C = {p, q}.

Similarly, if C' # A, then A is not [;-representable, and I; is left reductive if and only if C is a singleton.
Indeed, since I is a left-zero semigroup, we either have that I; is not left reductive, or a = S for all o, 5 € I,
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that is, I; is a singleton. In the latter case, since C' # A, there exists an independent element a € A, and
thus for all ¢ € C, there exists a map v € I; which sends a to c. The fact that I; is a singleton forces C' to
be a singleton, as required.

Theorem 6.13 gives that in many cases the translational hull of an ideal of an independence algebra A is
naturally isomorphic to the endomorphism monoid End(A). The following result completes the description
of the translational hull of an ideal of an independence algebra.

Theorem 6.16. Let A be an independence algebra and let I be a (non-empty) ideal of End(A). Then the
translational hull Q(I) is isomorphic to End(A) or T;. If Q(I) is isomorphic to T;, then I is the minimal
ideal.

Proof. Recall that each proper ideal of End(A) is equal to I for some 1 < k < |X| where X is a basis
for A. In the case where k > 2 or k = 2 and each 1-dim subalgebra contains at least two elements, it
follows immediately from Theorem 6.13 that the translational hull of Ij; is naturally isomorphic to the
endomorphism monoid End(A).

If £ = 2 and each 1-dimensional subalgebra is a singleton, then I5 is the set of all endomorphisms whose
image is a singleton set, which in turn forces the subalgebra C' to be empty (since | X| > k = 2 and for all
x € X, we have that C C (x)). It is then clear that Iy = {v, : u € A} where for each u € A, 7, denotes the
constant map defined by av, = u for all @ € A (which is an endomorphism by our assumption that every
1-dimensional subalgebra is a singleton). In this case I is the minimal ideal of End(A), and is easily seen
to be a right zero semigroup, so Example 6.3 applies to give that Q(/2) is isomorphic to T,

Finally, if kK = 1 then I; is non-empty if and only if C' is non-empty. Supposing then that C is non-
empty we then have that Iy = {7 : Im~y = C} is the minimal ideal, and it is a left zero semigroup, so by
Example 6.3 the translational hull of Iy is isomorphic to 7; . O

Remark 6.17. Notice that the two possibilities given in the previous result need not be mutually exclusive
e.g. if the independence algebra A is a set, then it is easy to see that the translational hull (I3) of the
minimal ideal /5 is isomorphic to both End(A) = 7T, and T}, . Moreover, the converse of the second statement
need not hold e.g. if the independence algebra A is an affine algebra with distinguished non-zero subspace
A, the minimal ideal is I (since C' = ), and (since the 1-dimensional subalgebras are not singletons) the
translational hull Q(/z) is isomorphic to End(A), which is not isomorphic to 7, in general.

Since both sets and vector spaces are instances of independence algebras, we see that Theorem 6.16
generalises both Example 2.1 and 2.4.

6.3. Finite symmetric groups

As a very different application of our earlier results, we now consider in detail the case where I is an
ideal of the endomorphism monoid of a finite symmetric group S,, with identity element denoted by e. In
what follows we shall describe the ideal structure of End(S,,) in the case where n > 2 and n is not 4 or 6 so
that the kernel of any endomorphism of S, must be exactly one of {e}, A, or S,, and, all automorphisms
are inner. We leave the determination of the ideal structure of End(S,,) in each of the remaining cases as an
exercise for the interested reader; this can be computed in a very similar fashion, upon noting the following
differences: case n = 1 is trivial; for n = 2 the alternating group coincides with the trivial group, so there
are only two possible kernels of an endomorphism; for n = 4 there is another normal (Klein 4) subgroup,
and hence another possible kernel; and for n = 6 there are outer automorphisms.

Clearly the only endomorphism with kernel S, is ¢.: S, — {e}, and this is a zero of End(S,,). Since
all automorphisms are inner, the endomorphisms with trivial kernel are precisely the maps ¥,: ¢ — s 1os
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Aut(Sy,)

Fig. 1. The egg-box diagram of End(S,,). The automorphism group Aut(S,) = {¢s : s € S,,} & S,, is the H-class of the identity
element (i.e. the group of units); E := {¢¢,,..., ¢ } is a single R-class containing all (idempotent) endomorphisms ¢; with t € S,
odd and of order 2; the set of all ¢, with p € S, even and of order 2 decomposes as a disjoint union of R-classes (one for each
conjugacy class of even elements of order 2) of the form {¢; : p € S, even of order 2,s € S, }, where we write simply ¢, to denote
¢s-1ps, and take p1,...,p; to be a transversal of conjugacy classes of even order 2 elements; and {¢.} is the minimal ideal.

where s € S,,. The endomorphisms with kernel A,, are precisely the maps ¢; indexed by elements ¢ of order
2 in §,, and defined by s¢; = e if s € A, and s¢y =t if s € O, := S, \ A,. It shall be convenient to write
D= {te€ S, :t* =e}. With notation as above it is straightforward to check that:

(1) sthy = gt for all s,t € Sy;

(2) Pips = dg—145 for all s € S,,, t € D;

(3) sy = forall s € S,,, t € D;

(4) if s € D is even: ¢s¢y = ¢ for all t € D;
(5) if s € D is odd: ¢ps¢y = ¢y for all t € D.

It is convenient here to use the notion of left and right divisibility of elements, encoded by Green’s relations
R and L, and their associated pre-orders; we refer the reader to a standard text such as [13] for the details.
Clearly the automorphisms 4 form the group of units of End(S,,) and this is isomorphic to S,,. It follows
from (2) that if ¢,r € D are elements of the same cycle structure then ¢; and ¢, are R-related. Notice that
for s € D even, it follows from (4) and the fact that ¢, is a zero of the monoid that no other elements are
R-related to ¢s. On the other hand, if s € D is odd then it follows from (5) that ¢, is R-related to every ¢,
where t € D is odd. Moreover, each ¢s with s € D odd is R-above every ¢; with t € D even. Finally, notice
that by (3), (4) and (5), regardless of whether ¢t € D is odd or even the L-class of each ¢, is a singleton.

The egg-box diagram of this endomorphism monoid is therefore as shown in Fig. 1. Writing K to denote
the set of all ¢, with p € D and p even, and E to denote the set of all ¢, with p € D with p odd, notice
that ¢, is a zero element, K is a null semigroup, F is right-zero semigroup, and each element of E acts as
a left identity on End(S,,) \ Aut(S,) = EUK.

Consider now an ideal I of End(S,,). This must be a union of R-classes that is downwards closed with
respect to the R-order. We now consider all possible ideals I of End(S,,) and calculate the translational
hulls.

The case I = End(S,,). As noted above (see Example 6.1), it is clear that

Q) = {(As,ps) : f € End(Sn)} = End(S,,).
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However, as we shall see below, there is no proper ideal I with Q(I) = End(S,,).

The case I = End(S,,) \ Aut(S,,). Noting that I = {¢; : t € D} it is clear from the definition of the
endomorphisms ¢; that S,, is I-representable, but is not I-separable, since if permutations a and b have the
same sign, then they cannot be separated by any element of I. It is also easy to see that I? = I in this case.
Now, noting that S,, has a generating set X consisting of all transpositions, and for each t € D = | vel Im -~y
there exists an endomorphism ¢; € I with z¢; =t for all z € X, Proposition 4.6 immediately gives that
Q1) = {(A.pp) : ] € TS, )}

To determine the elements of T'(S,,I), observe that if f € Ts, , then fI C I if and only if either
f: A, > Ay and f: O, = Oy, or f: S8, = Ay; let us refer to this property of f as being strongly parity
preserving. We leave the reader to check these are precisely the maps in 7s, we would obtain via the process
given in Proposition 5.18 (2). On the other hand, If C I if and only if ef = e and Df C D. Thus

T(Sn,I)={f€Ts,: ef =e, Df C D and f is strongly parity preserving}.

Returning to Proposition 4.6, we have that (1) = T(Sp, I)/=mm. We have observed (J ., Im~y = D and so
for f,g € T(Sp,I) we deduce f =y, g if and only if Df = Dg.

The remaining cases. Suppose now that [ is any ideal generated by some collection of ¢; where each t € D is
even. In this case I is a null semigroup, and S, is neither I-representable nor I-separable (the image of each
map in [ consists of even permutations, and so (J,; Ima C A, and just as in the previous case, elements
of the ideal cannot separate elements of S,, with the same sign). Since I is null, as noted in Example 6.2 we
have that the translational hull of [ is

Q(I) = {()\7/)) AN pi L = I Ape = ¢ :¢ep}'

Fixing any right translation p it is straightforward to verify (in a similar manner to the previous case) that
p = py for any function f : §,, — S,, with the property that ¢,p = ¢; implies sf = ¢t. On the other hand, not
all left translations are realised by mappings f : S, — S,. Indeed, let s,t, e be distinct elements of S,, and
consider any map A : I — I satisfying A(¢s) = ¢¢ and A(¢pe) = ¢.. As in Example 6.2, A is a left translation.
However, for any f : S, — S, it is easy to see that A # A;. Indeed, the image of Af(¢s) = f¢s is contained
in {e, s}, whilst the image of A\(¢s) = ¢: is precisely {e,¢}. Thus in this case, not all left translations are
realised by mappings of S,,.

Remark 6.18. Another example where we can encounter left and right translations which are linked but are
not coming from mappings on the underlying algebra is that of End(7, ). The ideal structure of End(7,)
may be found in [5,10] and discussions of the translational hulls of these ideals in [10].

6.4. Matriz monoids and endomorphisms of free modules over semirings

We conclude this paper with a last application of our results within the framework of modules over
semirings. A semiring is an algebra defined on a set R with two associative binary operations + and x
such that x distributes across + from both sides. We say that R is commutative if x is commutative, we
say that R has an identity if there is a constant 1 of the algebra with the property that 1 x r=r =1r x 1
for all r € R, and we say that R has a zero if there is a constant 0 of the algebra with the properties that
O+r=rand 0xr=0=rx0 for all r € R. Fields and (commutative) rings are examples of (commutative)
semirings; other well-studied examples include the tropical and boolean semirings. The main applications
of our next results are to End(A) where A is a free module over a semiring. However, we present a more
general abstract approach, motivated by classical ring and semiring theory. The results of this subsection
may be viewed as generalising those for Bx in Example 2.3 and (again) Example 2.4.
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Proposition 6.19. Let R be a (not necessarily commutative) semiring with 1 and suppose I is a semigroup
ideal of the multiplicative semigroup of R which is not contained in any proper semiring ideal of R. Then
the translational hull of I is naturally isomorphic to the multiplicative semigroup R, that is, Xg is an
isomorphism.

Proof. By the assumption on the ideal we can write 1 as a finite sum of elements in I, say 1 = a; +- - -+ a.

It follows that R acts faithfully by multiplication on both the left and right of I. It follows from this that

distinct elements of R determine distinct bi-translations of I, i.e. the map xﬁ is a natural embedding.
Conversely, if (A, p) € Q(I) then, using the above decomposition of 1, for every ¢ in I we have

Ae) =1(A () = (a1 + -+ ap)A(c) = a1 A(c) + - - - + axA(c)
—(@p)et -+ (arpe = (arp+ -+ agp)e

so A is just left translation by the element f := ai1p+ - -+ axp € R. A dual argument shows that p is
right translation by g := A(a1) + - -- + A(ar) € R. Now since (A, p) is a linked pair for all a,b € I we have
afb = agb, and using again the fact that R acts faithfully on I, we obtain f = g and (X, p) = (Af, py). Thus
Xg is surjective. 0O

Remark 6.20. Let R be a semiring with 1 and 0, and let M,,(R) denote the set of all nxn matrices with entries
from R. It is easy to see that M, (R) is a semiring with respect to the obvious induced operations of matrix
addition and matrix multiplication, and has multiplicative identity element. Taking I to be a semigroup
ideal of the multiplicative monoid of M, (S) that is large enough to generate M, (R) as a semiring ideal
(e.g. any semigroup ideal containing the 0-1 matrices with exactly one entry equal to 1), the previous result
applies to show that the translational hull of I is naturally isomorphic to M, (R). Of course, M, (R) may
be identified with the endomorphism monoid of the free R-module R™.

Our next proposition will allow us to extend the above remark to arbitrary free S-modules.

Proposition 6.21. Let R be a semiring, I a semigroup ideal of the multiplicative semigroup of R, and let
E ={e; :i € B} be a set of idempotents of I such that:

(1) for every finite set F' C I we have

p=p(Erexer)

for all p € F, some finite subset K = Kr of B;
(2) for every subset

C:{CilEB}gI

there exists ¢ = qc € R such that e;c; = e;q for all i € B;
(3) eja =e;b for alli € B, where a,b € R, gives a = b.

Then the translational hull Q(I) is naturally isomorphic to the multiplicative semigroup R, that is, Xg 18
an isomorphism.

Proof. Let (A, p) € Q(I) and let C = {e;p : i € B}. Let g be the element guaranteed by (2) and let z € I.
By (1) we have
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x=x(Zkeker) (6.1)

for some finite set K C B. Now take the finite subset F' = {zp,epp: k € K} C I, and set L = Kp as given
by (1). Then since xp € F by using (1), distributivity in R and the fact that (X, p) is a bi-translation we
have:

xp = xpXicre; = Yiern(zp)e; = Tierz(ep).

Substituting the expression for = given in (6.1) into the right-hand side of the above, using distributivity
and the fact that (), p) is a bi-translation once more then gives:

rp = EleL(x(EkeKek)A(el) = EleszeKﬂ,‘ek}\(el) = ElELZkeKﬂj(@kP)eb

By using distributivity once more, we see that the right hand sum can be rearranged as follows, upon which
we may utilise (1) again since each egp € F:

rp = Ypexz(erp(Xicrer)) = Srexx(exp).

Now since each ey, is idempotent and p is a right translation, the right-hand side can be re-written as follows:

rp = Lperreg(erp).

Using the fact that each exp € C, by (2) we have that ep(exp) = erq, and so by using distributivity and
(6.1) once more we have

zp = Ypexrerq = v(Epexer)q = xq.

Notice that the element ¢ is independent of the element x and so the above argument shows that xp = zq
for all x € I. That is, p is the right translation p,. Now for every y € I we have

eiM(y) = (eip)y = eiqy

for every i € B, so that A(y) = qy by (3). That is, X is the left translation \,. Thus we have shown that for
every bi-translation (A, p) there exists an element ¢ € R such that (A, p) = (A\q, pq), and by using (3) again
it is clear that ¢ is unique. Thus ©(I) is naturally isomorphic to R. O

Remark 6.22. Suppose that A is an algebra with a binary operation + such that (A, +) is a commutative
monoid with identity element 04, then End(A) becomes a semiring with respect to the operations of com-
position and point-wise addition (i.e. a(a 4+ ) = aa + af for all a € A). The identity map is the identity
of End(A) whilst the zero map (a — 04 for all a € A) is a zero element for End(A), and so one may apply
the previous result to this situation.

Remark 6.23. Let S be a semiring, F' a free S-module and R = End(F'). By the previous remark we may
regard R as a semiring. Let {z; : i € B} be a basis for F' and let e; € R be defined by

zjei = 5iij.

Now let I be any semigroup ideal of R containing only morphisms with image contained in a finitely
generated submodule, and including the subset E = {¢; : i € B}. Let C = {¢; : i € B} C I and define
a € R by z;a = z;c;. Then the conditions of the proposition hold for this F, giving that the translational
hull Q(I) is naturally isomorphic to the endomorphism monoid End(F).
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