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Abstract
Objective. Transcranial focused ultrasound (tFUS) for neuromodulation has attracted increasing
attention, yet accurate pre-procedural planning and dose estimation is constrained by oversim-
plified skull representations and by the neglect of transducer-skull spacing induced wave interac-
tions. This study aims to develop and validate a computationally efficient, CT-informed analytical
framework for predicting frequency-dependent insertion loss. Approach. We propose a multi-layer
analytical framework that incorporates four key factors—skull thickness, skull density ratio, ultra-
sound insertion angle, and the transducer physical geometry and spacing from the skull, to predict
frequency-dependent pressure insertion loss. Model accuracy was evaluated against k-Wave sim-
ulations and hydrophone measurements in 20 ex-vivo human skulls across 100 kHz to 1000 kHz
frequency range. Main Results. Median prediction deviations for peak pressure insertion loss were
+1.1 dB (interquartile range (IQR): +0.2 dB to +2.2 dB) relative to measurement and −1.7 dB
(IQR: −2.7 dB to −0.7 dB) relative to simulation. The relative median percentage errors were
+30.1% (IQR: +9.5% to +35.6%) and −20.3% (IQR: −31.7% to −10.1%), respectively. Median
spearman correlation and cosine similarity values reached 0.92 (IQR: 0.86–0.98, p< 0.001) and
0.73 (IQR: 0.49–0.82), respectively. Uncertainty analysis showed that varying transducer-skull
spacing resulted in a median absolute percentage uncertainty of 18.1% (IQR: 17.2% to 21.3%).
Significance. The balance of accuracy and efficiency of the proposed CT-informed multi-layer
model makes it a practical tool for transducer positioning, frequency selection, and dose con-
trol in tFUS neuromodulation, with potential to improve reproducibility and safety in clinical
applications.

1. Introduction

Transcranial focused ultrasound (tFUS) has recently emerged as a promising modality for neuromod-
ulation studies (Legon et al 2014, Butler et al 2022, Yaakub et al 2023, Bancel et al 2024, Kosnoff et al
2024), offering noninvasive and spatially precise stimulation. Furthermore, it is one of the only non-
invasive neuromodulation techniques which can reach deep brain structures. The proposed mechan-
isms include temporary mechanical disruption of the permittivity of mechano-sensitive ion channels
(Kubanek et al 2018, Yoo et al 2022). In-vivo animal studies indicate that the excitement rate of neur-
onal response depends strongly on the level of local sonication pressure at corresponding ultrasound
frequency, typically in the order of hundreds of kilopascals (King et al 2013, Kubanek 2018), delivered
in milliseconds long bursts. Adverse neuronal inhibitory action may stem from overdosing energy or
prolonged sonication (Baek et al 2017, Niu et al 2022), potentially driven by inertial cavitation or rapid
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temperature rise. The risk of such effects increases when exposure exceeds established safety thresholds,
such as a mechanical index of 1.9 or a spatial-peak, pulse-average intensity of 190 W cm−2 (Pasquinelli
et al 2019, Murphy et al 2025, Aubry et al n.d.). Therefore, careful estimation of intracranial pressure
remains essential for reducing variability in physiological effects that might otherwise lead to ‘reprodu-
cibility crisis’(Héroux et al 2017).

The skull is the major obstacle to reliable dose modeling, which can substantially attenuate and dis-
tort ultrasound signals through reflection, absorption, and scattering (Fry and Barger 1978, White et al
1978, 2006a, Pichardo et al 2011, Pinton et al 2012). In response, many studies employ simulation solvers
such as the k-Wave pseudo-spectral time-domain model (Treeby and Cox 2010), which aim to capture
full-wave interactions within complex skull morphology. Still, these simulations can be computation-
ally intensive for a full-cranial scale evaluation and rely on broad assumptions about bone properties
(Mueller et al 2017, Robertson et al 2017, McDannold et al 2019, Aubry et al 2022, Murphy et al 2025).

Ray tracing based analytical solutions such as Kranion (Focused Ultrasound Foundation n.d.),
Exablate (ExAblate Neuro n.d.), and in-house developed algorithms (Clement and Hynynen 2002, Lu
et al 2022), designated for helmet-shaped array system to synchronize the arrival phase angle, return-
ing local ray intersected skull thickness, skull density ratio (SDR) and ultrasound insertion angle. Their
accuracy at the intended therapeutic frequency has been validated through hydrophone measurement
(Jin et al 2020) and k-Wave simulation (Bancel et al 2021). Nevertheless, several limitations remain such
as a uniform bone properties assumption for ray refraction calculations and drops the internal reflec-
tions. In such cases, the uncertainty in the estimation of acoustic energy transmission efficiency arises.
This is particularly true for sonication pulse length when extended to above dozens of cycles, where wave
interference can be pronounced (Krokhmal et al 2025, Li et al 2025).

Because tFUS neuromodulation currently operates at diagnostic energy level (Baek et al 2017) and
thus lacks the thermal feedback available in high-intensity ablation, pre-procedural planning should
capture these interference phenomena at the working frequency, which is typically across sub-MHz
bandwidth (Zhang et al 2021). A previous study developed a single skull layer analytical model mapped
continuous-sonication insertion loss across the skull surface (Attali et al 2023), demonstrating conceptual
feasibility but lacking in-vivo or ex-vivo validation. However, few studies consider the physical presence
of the transducer, which could lose the wave-superposition effect also occurring at the transducer-skull
spacing (Li et al 2025).

To further facilitate the analytical solution for transcranial ultrasound neuromodulation applications,
we propose a CT-informed analytical framework that captures several critical determinants of transcra-
nial ultrasound transmission that have been described in previous ray-tracing solutions, that is the skull
thickness, SDR, ultrasound insertion angle (Jin et al 2020, Focused Ultrasound Foundation n.d.), and
layered-bone morphology (Fry and Barger 1978, Hayner and Hynynen 2001). A dynamic segmentation
method extracts layer boundaries from CT density profiles, assigning acoustic properties from empirical
measurements. The physical transducer surface geometry and its spacing to the skull are modeled so that
wave interactions in the water gap are preserved.

We validate the approach by predicting insertion loss in 20 ex-vivo human skull samples across 100–
1000 kHz frequencies and comparing results with k-Wave simulations and hydrophone measurements.
Additional analyses quantify the oscillatory patterns of wave interferences and the sensitivity of insertion
loss to transducer-skull spacing. Our aim is to provide a resource-efficient yet accurate tool for tFUS
procedure planning, transducer placement and reliable dose estimation.

2. Methods

2.1. Ex-vivo human skull samples and CT imaging
Twenty-one ex-vivo historical skulls (19 calvaria and 1 half skull for testing, 1 hemi-sected skull for
representation) from the Centre for Anatomy and Human Identification, University of Dundee, were
scanned in the hydrated condition using Computed Tomography (CT; Revolution EVO, GE, US) with
a voxel size of 0.44 × 0.44 × 0.62 mm3, employing a BonePlus convolution kernel at 120 kVp for
enhanced bone delineation. The CT scanned skull volume (figure 1(a)) was transferred to the surface
seeds (figure 1(b)) using direct ray-tracing (Attali et al 2023). Each seed was mapped to an approxim-
ate path to a target region in the thalamus (Li et al 2024b). Skull thickness and SDR (Tsai et al 2021)
was computed along each path. For each seed, the local outer and inner surface angle were estimated
by fitting a 5 mm × 5 mm plane around the seed and measuring the normal vector. The average dif-
ference between these two vectors and the insertion line defined the local ultrasound insertion angle
(figure 1(c)).
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Figure 1. (a) A representative CT skull volume. (b) Skull surface seeds map. Red dot represents an approximated brain target at
thalamic region. (c) A representative ultrasound insertion line from the seed to the brain target. Blue shade represents the fitted
flat outer surface and its angulation relative to the insertion line. Inner surface angulation was not presented but also considered.
(d) Spline represents the HU distribution along the intersected skull thickness. The bars represent the segmented layers thickness
and its assigned HU value. (e) Wave propagation scheme of the analytical model, arrows represent the direction of the propaga-
tion. pt21 represents the exit wave vector, the calculation can be found in appendix.

2.2. Multi-layer analytical structure
Following classic multi-layer approach based on the monochromatic continuous plane wave propagation,
(Fry and Barger 1978, Brekhovskikh and Godin 1990, Folds and Loggins n.d.), we empirically defined
each seed-to-target intersected skull thickness as a three-layer structure by first leveraging the increas-
ing density from the outer and inner surface (>500 Hounsfield Unit, HU) to the first and second peak
density values, respectively, and thresholding the outer and inner table boundary to above approxim-
ately 70% and 80% of their peak value. The middle diploe layer situated between the outer and inner
table layer. The densities in each layer were averaged to represent the layer bulk density (figure 1(d)). We
then added water to the front of the skull and the downstream intracranial domain, given a sub-total
of five-layer. This model was subsequently used for a full-scale transmission efficiency analysis prior to
incorporating transducer allocation.

We then assumed a concave-shaped transducer (Diameter, D = 60 mm, Radius of Curvature,
RoC = 75 mm, speed of sound, v = 4300 m s−1 and density, ρ = 7800 kg m−3) pointing to the brain
target (figure 3(c)), with the transducer surface discretized into 100 5 mm × 5 mm elements. The angu-
lation vector of each element relative to the outer table surface was computed the same as previous
described. The encompassed skull HU was averaged at each layer, resulting in a six-layer total structure
(figure 1(e)).

2.3. Analytical solution to predict transcranial insertion loss
Using plane-wave assumptions, we modeled reflections and transmissions at each interface with bound-
ary conditions determined by acoustic impedance (here the mediums were assumed to be semi-infinite).
As shown in (figure 1(e)), wave with a unit level of pressure is emitted from the transducer surface and
progresses towards the outer table surface. The angulation between the two adjacent surfaces is determ-
ined by:

θ = acos

(

−→
Li∗

−→
Lj

∣

∣

∣

−→
Li
∣

∣

∣
∗

∣

∣

∣

−→
Lj
∣

∣

∣

)

(1)

where
−→
Li and

−→
Lj represent the vector function of the boundaries i and j.

Upon the initial incidence on the boundary at an angle θ5, the horizontal propagation component
was dropped to only consider the longitudinal mode, thus the wave propagation equation in the spatial
domain can be simplified to the following form:

pi54 = e iϕ 5 , φ i = kizicosθi, ki =
w
ci

(2)

where pi54 is the original wave incident upon boundary 54, φ i denotes to the distance zi dependent
phase advance, ki is the wavenumber, w is the angular frequency and ci is the phase velocity.

The total inserted wave pt54, after considering the portion that was directed back to the transducer
surface and reflected towards the outer table again, consequently combines with the initial wave to form
a superimposed wave, which can be written as:

pt54 =W54eiϕ 5

N
∑

n=0

(

V54V56e2iϕ
′

5

)n
(3)
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where Vij and Wij are the reflection and transmission coefficient of the boundary ij. Although a
horizontal-infinite assumption was made where wave travels between two boundaries until it vanishes,
in practice, the reflected energy decays significantly after two cycles. In an effort to reduce computing
load, we set N equals to 2.

For wave emitted from fluid and impinging onto the elastic boundary, that is from water to the bone
and transducer, the coefficients of longitudinal waves are Brekhovskikh and Godin (1990):

Vij =
Zjcos22θjs +Zssin22θjs −Zi

Zjcos22θjs +Zssin22θjs +Zi
(4)

Wij =

(

ρi
ρj

)

2Zjcos2θjs
Zjcos22θjs +Zssin22θjs +Zi

(5)

Zi =
ρici

cos(θi)
, Zj =

ρjcj
cos

(

θj
) , Zs =

ρjcjs
cos

(

θjs
) , i = 5, j = 4,6 (6)

where Zi is the normal impedance of the medium, ρi is the density, θi is the normal angle of the wave in
the layer, and θj and θjs are the refracted angle of the longitudinal compression and shear (cs) wave, and
can be determined using Snells law:

sinθi
ci

=
sinθj
cj

=
sinθjs
cjs

. (7)

The density is derived from CT HU value, using hounsfield2density function (Schneider et al 1996,
k-Wave MATLAB Toolbox n.d.) provided in k-Wave toolbox. While the speed of sound in bone can
vary significantly in different sample conditions (Marsac et al 2017), which may introduce bias if directly
employing data from other studies, we examined the longitudinal speed of sound from 83 locations (Li
et al 2025) selected from the smooth surfaces on the utilized calvaria. We performed a simple ultrasound
transmit time-of-flight measurement (White et al 2006a), with a 1000 kHz plane transducer (Precision
acoustics, UK, D = 23 mm) arranged from the outer table, and measured with a 1 mm needle hydro-
phone (Precision acoustics, UK) placed 80 mm away. Our data reveals a linear relationship between CT-
derived bulk density and sound speed (figure 2(a)):

v= 0.70ρCT + 1730± 110, R2 = 0.69 (8)

Such longitudinal speed was used to derive the shear speed by multiplying it by a factor of 0.53
(White et al 2006a).

The total penetrated wave undergoes another series of propagations in the outer table layer and
leaves from boundary 43, waves which exit to the top water layer 5, reflected at boundary 56 and penet-
rated through 54 are not accounted as the magnitude of this portion of pressure is considered negligible.
Therefore, the calculation of transmission through boundary 43 is carried out using the same equation.
While in the calculation of the total transmission through layer 32, it is imperative to consider the por-
tion of wave that is reflected at boundary 32, subsequently back propagated through boundary 34, reflec-
ted off at boundary 45, transmitted through boundary 43, and finally re-incident upon boundary 32. To
determine the total transmission through boundary 32, the equations are expressed as the sum of the
original wave pt32_orig and the reflected wave p ′

t32 from boundary 45.

pt43orig = pt54W43eiϕ 4a4

N
∑

n=0

(

V43V45e2iϕ 4a4
2
)n

(9)

pt32orig = pt43origW32eiϕ 3a3

N
∑

n=0

(

V32V34e2iϕ 3a3
2
)n

(10)

pr34 = pt43origV32W34e2iϕ 3a3
2

N
∑

n=0

(

V32V34e2iϕ 3a3
2
)n

(11)

pr45 = pr34V45W43e2iϕ 4a4
2

N
∑

n=0

(

V43e2iϕ 4a4
2
)n

(12)

p ′

t43 =
pr45pt43orig

pt54
(13)
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Figure 2. (a) Linear correlation between CT skull bulk density and sound speed. (b) From top to bottom: a representative cross-
sectional CT image of a 60 mm × 60 mm skull ROI; reconstructed three-layer skull density and sound speed, and attenuation
coefficient maps.

p ′

t32 =
p ′

t43pt32orig

pt43
(14)

pt32 = pt32orig + p ′

t32 . (15)

The magnitude of the acoustic attenuation of skull has worked out from previous empirical measure-
ment (Li et al 2025). We assumed an attenuation coefficient of absorption along the bone thickness aTH,
and added a dynamic factor based on the HU contrast ratio between diploe and cortical table aSDR to
represent the energy loss due to scattering through heterogeneous structures:

aTH = 4 · F 2 ·
(

dBcm−1
)

, aTH ∈ [a4,a3, a2] (16)

aSDR = 17(1− SDR) · F 2
(

dBcm−1
)

, aSDR ∈ [a3] (17)

where is the frequency per 1000 kHz and only thought to be valid under 1000 kHz, and a4,a3, a2 repres-
ent the attenuated coefficient in outer table, diploe and inner table, respectively.

In the same manner. The total transmission at the boundary 21 can be written as the sum of the
original wave pt21_orig and the reflected waves p ′

t21 and p ′ ′

t21 from boundary 34 and 45, respectively.

pt21 = pt21orig + p ′

t21 + p ′ ′

t21 . (18)

The corresponding mathematical formulas to calculate transmission and reflection coefficient at
skull-water and skull layers interfaces are shown in detail in appendix. We selected one region from each
skull model and repeated these calculations across frequencies from 100 kHz to 1000 kHz with 10 kHz
steps, and for transducer-skull spacings from 10 mm to 20 mm in the increment of 0.1 mm to form a
various degrees of wave super-position. The total computation cost for the analytical sweep at one ROI
was completed within seconds on an i7-12700K CPU.

2.4. K-Wave simulation validation
In comparison to the analytical model, we implemented parallel setup in k-Wave. We constructed a 3D
grid with voxel size of 0.44 mm, resulting in a 144 × 144 × 196 domain. The selected skull regions
(60 mm × 60 mm surface area) were inserted into the simulation, along with one voxel layer of con-
cave piezo-ceramic material (D = 60 mm, RoC = 75 mm, v = 4300 m s−1 and ρ= 7800 kg m−3) to
where the acoustic source was located (Li et al 2024a), mimicking the physical presence of the transducer
surface. The physical setup of the skull layer is represented in figure 2(b). The simulation ran on a fluid
solver, 18 points per wavelength were calculated, the Boundary Layer Ingestion tolerance was set to 0.9,
and the Courant–Friedrichs–Lewy number was set as 0.15 per MHz. Such settings produce stable sim-
ulation when incorporated with the piezo layer and with reasonable simulating time consumption. The
peak pressure at the focal volume in both free-field and with ROI was recorded. We ran five repeats at
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each frequency step and shifted the skull one voxel distance away from the transducer each time to cap-
ture wave interference changes. This produced a total of 455 simulations and required 46 h to complete
by using Nvidia RTX 3090Ti GPU.

2.5. Hydrophonemeasurement validation
We next performed underwater hydrophone measurement using two single-element, concave focused
transducers (Precision Acoustics, UK) with D = 60 mm, RoC = 75 mm. Their center frequency is
220 kHz and 680 kHz, and were swept from 100 kHz to 290 kHz and 300 kHz to 1000 kHz, respect-
ively, in 10 kHz increments. We delivered 100 and 150 cycles sinusoidal burst (33500B function gen-
erator, Keysight, US; 1020L amplifier, E&I, US), and measured the peak focal pressure with 1 mm
needle hydrophone (Precision Acoustics, UK). The power input was tuned to be higher at off-harmonic
frequency to compensate for the less efficient resonant response of the transducers, ensuring at least
−25 dB and −20 dB coverage in each band, respectively. The captured signal went through the bandpass
filter, windowed at the input frequency and with a gate size of 10 Hz. The results were averaged and the
produced peak pressure in free field are 0.81 MPa and 1.57 MPa in each sweep bandwidth, respectively.

To measure the transcranial insertion loss, each hydrated, vacuum degassed skull ROI was placed at
the pre-defined location, approximately 10 mm away from the transducer aperture (Li et al 2025). The
same sonication sequence was issued with a total of 10 repeats. After each frequency sweep, the skull was
stepped (Velmex, US) 0.4 mm to 0.2 mm away from transducer to sample wave interference effects.

2.6. Statistical analysis
For each skull ROI, we derived three pressure insertion loss curves: analytical model (ANA), k-Wave
simulation (SIM), and hydrophone measurement (MEA). Statistical analysis was performed in SPSS
V26.0 and Matlab. Frequency-dependent pressure loss level deviations between each pair of curves were
computed, along with percentage errors (ε):

ε(x,MEA) =
px − pMEA

pMEA
∗ 100%, x ∈ [ANA, SIM]

ε(ANA,SIM) =
pANA − pSIM

pSIM
∗ 100%

where p is the normalized intracranial peak pressure. The pressure loss level uncertainty (u) at each fre-
quency was estimated as the average relative deviation of the maximum and minimum values from the
mean, expressed as a percentage:

ui =
|pi,max − pi|+ |pi,min − pi|

2pi
∗ 100%.

Monotonic agreement was assessed with Spearman correlation (rs):

rs = 1−
6
∑

d2
i

n(n2 − 1)

where n is the number of paired frequencies (n = 91), and d is the difference between the ranks of the
paired data with significance threshold of p < 0.05. Oscillatory similarity was evaluated by computing
the cosine similarity (CS) between the slope vectors of each two paired curves:

CS =

∑n
i=1Ai ·Bi

√

∑n
i=1A

2
i ·
√

∑n
i=1B

2
i

where A,B are vectors of the two test results, is the number of frequencies (n = 91), and CS represents
the CS. Depending on the outcome of the normality test, results are reported as mean ± standard devi-
ation, or as median values with interquartile range (IQR).

3. Results

3.1. Skull property map and ultrasound transmission efficiency estimation
A total of 553 579 seeds were evenly distributed on the representative skull model, and the seed-to-target
ray intersected skull information was remapped to the skull surface, producing high resolution thickness,
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Figure 3. (a), (b) Skull thickness and SDR map. (c) Ultrasound insertion angle relative to the brain target. The transducer was
allocated at minimal angulation and adequate distance. Full view animations are provided in supplementary materials.

Figure 4. Ultrasound pressure transmission efficiency across the skull surface at four typical frequencies. Transducer layer was not
taken into account. Full view animations are provided in supplementary materials.

SDR and insertion angle maps (figure 3). Based on the five-layer structure solution, the estimated ultra-
sound pressure transmission efficiency at 4 typical frequencies were calculated (figure 4). This inform-
ation helped determine where the minimal insertion angle and pressure loss were for transducer place-
ment. The corresponding 20 examined skull samples data and the transducer arrangement are shown
in appendix, the full volumetric animations of the representative skull model are shown in supplement-
ary materials. The average oblique ultrasound incidence angle over the incident area across 20 ROIs is
9.0 ± 1.5◦.

3.2. Insertion loss prediction
The skull samples varied widely in physical properties. The 20 ROIs have average thickness of
6.4 ± 1.8 mm, SDR of 0.53 ± 0.19 and CT bulk density of 958 ± 212 HU. Figure 5 compares predicted
and measured pressure insertion loss curves over 100–1000 kHz. The generalized linear mixed-model fits
for insertion loss (IL, dB) are (figure 6(a)):

ILMEA =−13.9F− 3.5, R2 = 0.69

ILANA =−14.8F− 1.0, R2 = 0.73

ILSIM =−10.9F− 1.3, R2 = 0.75

Although empirically calibrated attenuation coefficients and sound-speed relations were employed,
several trending outliers (e.g. figures 5 and S18) were reproduced by either the analytical model or the
k-Wave simulation.

Overall, as shown in figure 6, the analytical model predicted pressure insertion loss magnitude with
close alignment: the median deviation relative to measurement was +1.1 dB (IQR: +0.2 dB to +2.2 dB;
figure 6(b)) with a median percentage error of +30.1% (IQR: +9.5% to +35.6%; figure 6(c)). This sup-
ports the use of a layered skull representation with dynamic, density-dependent attenuation coefficient,
although the systematic bias indicates the presence of unmodeled loss mechanisms.

In a highly heterogeneous skull region (S18, TH =8.6 mm, SDR = 0.2, ρCT = 550), the analytical
model reproduced a substantial prediction error, with percentage error reaching +762.3% compared to
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Figure 5.Measured, simulated and analyzed pressure insertion loss levels of 20 skulls’ ROI (reported in decibels). The corres-
ponding pressure insertion loss levels in percentage, together with thickness maps, SDR maps and US insertion angle maps are
provided in supplement.

measurement (figure 6(c)). By contrast, the remaining 19 ROIs showed percentage error values between
−20.5% and +43.3%. Such discrepancies likely reflect local microstructure that is not captured by cur-
rent three-layer approximation. These findings highlight the importance of refining anisotropic attenu-
ation modeling and integrating more sophisticated segmentation approaches.

The simulation underestimated attenuation, with median deviation of +2.8 dB (IQR: +1.9 dB to
+3.6 dB) and median percentage error of +44.0% (IQR: +36.2% to +56.7%), compared to measure-
ment, and +1.7 dB (IQR: +0.7 dB to +2.7 dB) and +20.3% (IQR: +10.1% to +31.7%) to analytical
model.

3.3. Influence of transducer-skull spacing
Figure 7(a) illustrates the sensitivity of insertion loss to transducer-skull spacing. At lower frequency
(e.g. 150 kHz), shifting the skull by a few millimeters altered measured insertion loss from −5.3 dB to
+2.9 dB. This sensitivity diminished with frequency, stabilizing at ±0.6 dB roughly beyond 650 kHz,
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Figure 6. (a) Group insertion loss averaged over 20 skulls’ ROI. (b) Inter-group pressure insertion loss deviation between each
two results. ANA—MEA: median: +1.1 dB, max: +16.1 dB, min: −0.4 dB; SIM—MEA: median: +2.8 dB, max: +18.4 dB, min:
+0.2 dB; ANA—SIM: median: −1.7 dB, max: +0.3 dB, min: −3.7 dB. (c) Inter-group pressure insertion loss error in percentage:
ε(ANA,MEA): median: +30.1%, max: +762.3%, min: −20.5%; ε(SIM,MEA): median: +44.0%, max: +1057.0%, min: +14.4%;
ε(ANA,SIM): median: −20.3%, max: +20.9%, min: −37.2%.

Figure 7. (a) Average insertion loss uncertainties caused by varying transducer-skull spacing over 20 skulls ROI. (b) Absolute
insertion loss uncertainty averaged over frequency: MEA: median: 14.1%, max: 24.8%, min: 3.9%; ANA: median: 18.1%, max:
27.1%, min: 9.4%; SIM: median: 10.4%, max: 18.5%, min: 7.9%. (c) Inter-group comparison of cosine similarity of each two
result curves. ANA vs. MEA: median: 0.73, max: 0.93, min: 0.07; SIM vs. MEA: median: 0.68, max: 0.91, min: −0.05; ANA vs.
MEA: median: 0.79, max: 0.97, min:0.40.

where absorption effects dominate interference. The median pressure loss uncertainty in percentage
across 20 ROIs is 14.1%(IQR: 10.0% to 18.4%; figure 7(b)). The simulation reproduced the overall trend
but sampled fewer spacing and therefore underestimates the peak uncertainty, with a median uncertainty
in percentage of 10.4% (IQR: 8.9% to 12.3%). In contrast, the analytical model, evaluated at 0.1 mm
increments, predicted average uncertainties from −2.0 dB to +1.4 dB, marginally higher than the sim-
ulation and measurement, and with uncertainty in percentage of 18.1% (IQR: 17.2% to 21.3%). These
results demonstrate that the physical presence of transducer affects transmitted energy, particularly at
lower frequencies.

3.4. Insertion loss oscillatory behavior
As shown in figure 5, insertion loss shows pronounced oscillation at lower frequencies (approxim-
ately < 700 kHz), observed in more than half of the tested ROIs, indicative of constructive and destruct-
ive wave interference within skull thickness. Oscillation amplitude depended on multiple morphology
factors, such as the thickness variability, RoC, and also appeared to be more severe in ROIs with thin
thickness, high bulk density or high SDR.

Analytical predictions reproduced the oscillatory pattern that in general agreement with the
measurements (median rs = 0.92, IQR: 0.86–0.98, p < 0.001; median CS = 0.73, IQR: 0.49–0.82;
figure 7(c)). Simulation exhibited similar but slightly weaker agreement (median rs = 0.91, IQR: 0.86–
0.98, p < 0.001; median CS = 0.68, IQR: 0.46–0.81). Trending mismatches obviously occurred at S15
and S17 in both predicting methods, suggesting that speed of sound and layers were not accurately rep-
resented. Stronger correlation is evident between simulation and analytical results (median rs = 0.97,

9



Phys. Med. Biol. 70 (2025) 215024 H Li et al

IQR: 0.96–0.99, p < 0.001; median CS = 0.79, IQR: 0.74–0.90), suggesting that the wave phase modeling
captures wave interactions almost as effectively as solving the differential wave-equation.

4. Discussion

This study presents a CT-informed, six-layer analytical model for predicting tFUS pressure insertion loss.
Cross-validation against k-Wave simulations and hydrophone measurements in 20 ex-vivo skull samples
confirms that the framework reproduces key interference phenomena across sub-MHz frequencies while
remaining computationally tractable. High correlation among the three techniques underscores the value
of layered, acoustic impedance-based approach for rapid insertion loss estimation during tFUS plan-
ning. Notwithstanding, this study was conducted using ex-vivo skulls, which may not fully capture the
diversity of in-vivo cranial conditions. Although all ex-vivo skulls were rehydrated prior to testing, dif-
ferences in marrow composition and microstructures may alter acoustic transmission relative to living
tissue. In addition, the absence of surrounding tissues, including scalp, dura mater, and brain tissue lim-
its direct translational applicability. Future work should incorporate more physiologically realistic bone
models, such as freshly excised or realistically embalmed skulls to better assess clinical applicability.

One of the most notable findings was the prevalence of constructive and destructive interference pat-
terns, producing oscillatory insertion loss curves in both measurements and predictions. Such interfer-
ence pattern arises from multiple reflections at the water-transducer interface (Li et al 2025), the skull-
water interface, and the internal interfaces between skull layers (Aarnio et al 2005). Beyond approxim-
ately 700 kHz, the oscillation amplitude decreases as absorption governs. Because sub-MHz frequen-
cies are favored for neuromodulation (deeper penetration with minimal heating), recognizing these
interference patterns is essential for dose control. In this study, the patterns were observed at short
transducer-skull spacings, representing conditions for targeting deeper brain regions such as the thal-
amus. Superficial cortical targets are also of interest, and prior work showed that qualitative interference
patterns remained consistent across both short (10 mm–20 mm) and long (40 mm–50 mm) spacings
(Li et al 2025), suggesting that oscillatory behavior would also occur when targeting more superficial
structures. Although the analytical model was evaluated the spacing effect at fine increments of 0.1 mm,
practical considerations limited the simulations to 0.44 mm, as each frequency spectrum sweep required
approximately 10 h to complete.

4.1. Comparison with other bone modeling strategies
Several analytical studies used single-layer representations with spatially averaged properties, which
recovered fluctuation trends in energy transmission (White et al 2006b, Attali et al 2023, ). Fry and
Barger (1978) proposed a three-layer bone model, quantifying phase speed and phase angle in differ-
ent layers, and reporting a diploe-specific loss coefficient of 11.5 dB/(MHz4 cm) based on the squared
difference of bulk modulus between the blood–bone matrix and blood-fat matrix. Hayner and Hynynen
(2001) further expanded the solution to encompass an additional scalp layer and incorporated oblique
ultrasound incidence. While these models demonstrated that intracranial pressure maxima occur at skull
resonance frequencies, none accounted for the physical presence of the transducer or for wave super-
position in the intervening water path.

The present work extends this lineage by introducing the transducer modeling, discretizing the aper-
ture into differential area and allowing wave to interact between transducer-skull spacing. This yields a
more comprehensive tFUS transmission domain without incurring the prohibitive run-times of full-wave
solvers.

Nevertheless, the three-layer skull representation used here remains a simplification of cranial bone
heterogeneity. To partially address spatial variability, we employed a voxel-wise adaptive three-layer
model, allowing adjacent rays to traverse distinct local layer thicknesses and property assignments. More
adaptive segmentation strategies, such as dynamic multi-layer skull modeling, could in principle improve
fidelity in regions with complex anatomy (e.g. the squamosal suture where overlapping bone violates the
three-layer assumption, or in diploë containing interdigitating vasculature), however, analytical complex-
ity would increase substantially, and accurate delineation is further constrained by the limited resolu-
tion of current clinical CT. This trade-off may explain why most existing skull analytical models have
been restricted to three layers, which remain sufficient in many cases. Severe local variations in poros-
ity and microarchitecture, as observed in S18, can nevertheless lead to large discrepancies in insertion
loss predications, indicating that strongly anisotropic and heterogeneous cranial bone cannot be faith-
fully represented by layered decomposition alone. Due to the limited number of specimens, we could not
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Table 1. Peak pressure transmission ratio comparison with other studies. Literatures unspecified to cycles of burst, skull thickness and
density, or transducer characteristics.

MEA ANA SIM MEA ANA SIM

Peak pressure transmission ratio

Frequency Present study, interquartile range Literature

250 kHz [34% 57%] [47% 65%] [57% 76%] 32%, 270 kHz
(Gimeno et al
2019);

72%, 200 kHz
(Attali et al 2023)

49%, 250 kHz
(Lee et al 2015);
47%, 250 kHz
(Hosseini et al
2023);

46%, 270 kHz
(Krokhmal et al
2025)

43%, 270 kHz
(Lee et al 2016)

500 kHz [28% 38%] [35% 43%] [41% 52%] 70%, 500 kHz
(Legon et al
2018);

62%, 500 kHz
(Attali et al 2023)

65%, 500 kHz
(Yaakub et al
2023);

50%, 500 kHz
(Legon et al
2014);

29%, 500 kHz
(Strohman et al
2024);

31%, 500 kHz
(Krokhmal et al
2025)

39%, 500 kHz
(Hosseini et al
2023)

750 kHz [17% 31%] [21% 35%] [33% 42%] 17%, 750 kHz
(Chen et al 2023);

35%, 700 kHz
(White et al
2006b);

31%, 750 kHz
(Hosseini et al
2023)

23%, 750 kHz
(Hayner and
Hynynen 2001);

21%, 750 kHz
(Krokhmal et al
2025)

57%, 800 kHz
(Attali et al 2023)

1000 kHz [8% 23%] [9% 27%] [16% 30%] 15%, 1000 kHz
(Pinton et al
2012);

53%, 1000 kHz
(Attali et al
2023);

15%, 1000 kHz
(Pinton et al
2012)

14%, 1000 kHz
(Krokhmal et al
2025)

15%, 1000 kHz
(Guo et al 2022)

quantify a structural heterogeneity threshold beyond which prediction errors become unacceptable. But
it shall be reasonable to assume that thick or highly heterogeneous skulls pose greater challenges.

Two factors may help explain why the simplified three-layer representation remained largely effect-
ive in this study. First, the sub-MHz frequency range employed here yield wavelengths several times
larger than typical trabecular bone spacing (approximately 0.83 mm in highly porous regions (Chaffaí
et al 2002)), which reduces but does not eliminate microstructure-induced scattering. Second, the near-
normal incidence reduced the likelihood of refraction-driven shear mode conversion. In instances where
the three-layer approximation is inadequate, full-wave simulations may provide an alternative; although
their accuracy is also constrained by the wide variability in reported correlations between HU and acous-
tical parameters. Such uncertainty may partly arise from differences in CT acquisition parameters (Aubry
et al 2003, Montanaro et al 2021). In our work, the simulation model tended to underestimated atten-
uation compared to both measurements and the analytical model. This discrepancy is unlikely to arise
from insufficient attenuation coefficient settings alone, a potential cause may instead stem from model-
ing the domain as purely fluid mediums rather than viscoelastic, although the significance has not yet
been verified due to the significant increase in time investment. Despite these challenges, both the ana-
lytical and simulation models demonstrated pressure insertion loss predictions that generally trended
with hydrophone measurements.

Table 1 compares 25% to 75% IQR of peak transmitted pressure ratio obtained by MEA, ANA
and SIM with published values at four typical (or similar) frequencies. Discrepancies across studies
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are attributable to variability in skull morphology, transducer geometry and driving waveform. It is
worth noting that, because the proposed analytical model generally underestimated pressure inser-
tion loss, compensating for this bias would require increasing the applied pressure to achieve a desired
in situ value. However, given the variability in prediction errors (−20.5% to +43.3%, with one outlier at
+762.3%) and uncertainty from transducer-skull spacing (9.4% to 27.1%), such adjustments risk over-
shooting guideline safety limits for mechanical index or acoustic intensity in individual cases. Therefore,
the analytical model is better interpreted as a relatively conservative predictors, suitable for supporting
treatment planning while recognizing that deviations in either direction can still occur. Safe application
should also involve verification against maximum allowable safety limits at the corresponding frequency,
with adjustments made downward as needed.

The present validation was limited to an upper frequency of 1000 kHz by the bandwidth constraint
of the transducers employed. While this range covers the majority of clinical tFUS studies, higher fre-
quencies above 1000 kHz are also used in neuromodulation studies (Di Biase et al 2019). Extending
validation into this range would enhance translational relevance. Future studies could employ broader-
bandwidth transducers to enable reliable testing at these higher frequencies.

The present model emphasizes longitudinal transmission but allows for shear-wave excitation
through the use of an elastic-wave formulation. Because the transducer surface was positioned nearly
normal to the skull surface, shear contributions were expected to be minimal in the central aperture. At
more oblique incidence near the periphery, however, partial conversion into shear mode likely occurs.
Although this effect is implicitly included, the model does not explicitly quantify the proportion of
energy transmitted through as shear waves, which may lead to higher insertion loss prediction uncer-
tainty at larger incidence angles.

4.2. Transducer allocation
Existing transducer placement methods either minimize surface reflection from the skull surface (Park
et al 2019), simulating intracranial ultrasound pressure attenuation (Gao et al 2023), or by visually
inspecting the back-propagated US phase map from the brain target (Butler et al 2022). By integrating
the ultrasound insertion angle, skull thickness, SDR and transmission efficiency maps, our pipeline pro-
duces a full-scale skull evaluation. A complete atlas generation consumed approximately 25 h for a full
skull and 6 h for calvaria by using i7-12700K CPU. In comparison, a full-scale k-Wave simulation for a
skull at one frequency requires nearly 500 h (Gao et al 2023).

5. Conclusion

In summary, the six-layer analytical model proposed here integrates skull thickness and SDR, ultrasound
insertion angle, and transducer geometry to yield insertion loss predictions that generally align closely
with both simulation and experimental measurements. The median predicted insertion loss deviation
was maintained at +1.1 dB (IQR: +0.2 dB to +2.2 dB) and −1.7 dB (IQR: −2.7 dB to −0.7 dB) when
compared to the measurement and simulation output, respectively. The relative median error in per-
centage are +30.1% (IQR: +9.5% to +35.6%) and −20.3% (IQR: −31.7% to −10.1%), respectively.
The median percentage uncertainty induced by varying transducer-skull spacing was predicted to be
18.1% (IQR: 17.2% to 21.3%), marginally higher than the simulation and measurement. The three sets
of results show moderate to high oscillatory similarity and high trending correlations. Additionally, the
required computing time for analytical model is in the matter of hours. This balance of accuracy and
computational efficiency positions the model as a valuable tool for tFUS neuromodulation procedure
planning—one that can inform transducer placement, predict optimal frequency usage, and reduce the
variability in delivered ultrasound energy.

Data availability statement

The data that support the findings of this study are openly available at the following URL/DOI: https://
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efficiency-estimation-.git. Data will be available from 01 May 2026.
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Appendix. Transmission and reflection coefficient

Skull-water interface

Vij =
Zj +Zssin22θis −Zisin22θis
Zj +Zssin22θis +Zisin22θis

Wij =

(

1−Vij

)

tanθjcotθi
cos2θis

where

Zi =
ρici
cosθi

, Zs =
ρicis
cosθis

, Zj =
ρjcj
cosθj

, i = 2, j = 1.

Skull layers interface

Vij =
[(

bξ i − dξ j

)

F−
(

a+ eξ iηj
)

Hζ2
]

D−1

Wij =

(

Zj

Zi

)

2ρiξ i

(

ci/cj
)

FD−1

where

a = γj − γi, b= γj + χ iζ, d = γj +χ iζ, e = 2ρjcjs
2 − ρicis

2,
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χ l = 2ρlclζ, γl = ρl
(

1− 2cl
2ζ2

)

, ξ l =
cosθl
cl

, ηl =
cosθls
cls

,

l= i, j = 2,3,4

E= bξ i + dξ j, F= bηi + dηj, G= a− eξ iηj,

H= a− eξ iηj, D= EF+GHζ2.

Skull physical property and ultrasound insertion maps for S1 to S20

Figure 8. Skull thickness map of S1–S20 in the same order of insertion loss plots to the figure 5 in the paper.
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Figure 9. Skull SDR map of S1–S20.
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Figure 10. US insertion angle map with transducer placement of S1–S20. This angle is averaged over the inner and outer skull
surface angle, and prior to taking ultrasound emission angle into account.
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