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Abstract

Behavioural distances provide a robust alternative to notions of equivalence such as bisimilarity in

the context of probabilistic transition systems. They can be deĄned as least Ąxed points, whose

universal property allows us to exhibit upper bounds on the distance between states, showing them

to be at most some distance apart.

In this paper, we instead consider the problem of bounding distances from below, showing states

to be at least some distance apart. Contrary to upper bounds, it is possible to reason about lower

bounds inductively. We exploit this by giving an inductive derivation system for lower bounds on an

existing deĄnition of behavioural distance for labelled Markov chains. This is inspired by recent

work on apartness as an inductive counterpart to bisimilarity. Proofs in our system will be shown to

closely match the behavioural distance by soundness and (approximate) completeness results.

We further provide a constructive correspondence between our derivation system and formulas

in a modal logic with quantitative semantics. This logic was used in recent work of Rady and van

Breugel to construct evidence for lower bounds on behavioural distances. Our constructions provide

smaller witnessing formulas in many examples.
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1 Introduction

Bisimilarity is an important notion of equivalence in the study of state-transition systems.

It is qualitative in the sense that states are either considered equivalent, or not; there

are no degrees of equivalence. When studying systems involving probabilistic transitions,

© Ruben Turkenburg, Harsh Beohar, Franck van Breugel, Clemens Kupke, and Jurriaan Rot;
licensed under Creative Commons License CC-BY 4.0

34th EACSL Annual Conference on Computer Science Logic (CSL 2026).
Editors: Stefano Guerrini and Barbara König; Article No. 25; pp. 25:1Ű25:22

Leibniz International Proceedings in Informatics
Schloss Dagstuhl Ű Leibniz-Zentrum für Informatik, Dagstuhl Publishing, Germany

mailto:ruben.turkenburg@ru.nl
https://orcid.org/0000-0001-7336-9405
mailto:h.beohar@sheffield.ac.uk
https://orcid.org/0000-0001-5256-1334
mailto:franck@yorku.ca
https://orcid.org/0009-0002-7320-1527
mailto:clemens.kupke@strath.ac.uk
https://orcid.org/0000-0002-0502-391X
mailto:jrot@cs.ru.nl
https://orcid.org/0000-0002-1404-6232
https://doi.org/10.4230/LIPIcs.CSL.2026.25
https://arxiv.org/abs/2504.08639
https://creativecommons.org/licenses/by/4.0/
https://www.dagstuhl.de/lipics
https://www.dagstuhl.de


25:2 Constructing Witnesses for Lower Bounds on Behavioural Distances

such qualitative deĄnitions are usually considered too strict; states may be inequivalent or

distinguishable under bisimilarity despite their behaviour being difficult to distinguish by an

observer (this problem was Ąrst noted by Giacalone, Jou, and Smolka [26]).

To better capture the (in)equivalence of states, quantitative notions of behavioural

distances/metrics may be used [15, 54, 57]. These assign to each pair of states a number

(e.g., in the interval [0, 1]) representing how close (or how far apart) their behaviours are.

Determining these distances has been studied algorithmically, with procedures developed

for approximating the distance [56], and the exact computation of distances [11, 2, 4, 49].

The deĄnition of behavioural distances as least or greatest Ąxed points (depending on

the chosen ordering), also gives them a universal property yielding a (co)inductive proof

principle [28, 5, 7]. The corresponding proofs are of bounds on the distances showing states

to be equivalent to some degree. This is analogous to the qualitative proof technique of

exhibiting some bisimulation containing a pair of states, thereby showing them to be bisimilar.

Apartness. Orthogonally, interest in (qualitative) apartness of states has been growing as

an inductive counterpart to bisimilarity [25]. Rather than deĄning when states behave the

same, apartness deĄnes when there is some observable difference between them. A reason for

interest in apartness is its inductive and potentially constructive nature. Indeed, this was the

original motivation, going back to the school of Brouwer [29]. In the setting of state-based

systems, this means giving some (Ąnite) evidence or witness for a difference in behaviours.

Think of, for example, a word which is accepted by one state of a Ąnite automaton but

not another, or a difference in probability of making a certain observation in probabilistic

systems such as labelled Markov chains or Markov decision processes.

As in the case of bisimilarity, we would like these notions to be as robust as possible,

making behavioural distances a clear area of interest. In the quantitative setting, the dual

of the existing coinductive proof methods allows us to obtain lower bounds on distances

between states, i.e., we can show states to be at least a certain distance apart. This type of

bound has recently been explored in [6]. They deĄne a measure of how much a candidate for

the least Ąxed point can be decreased. If no such decrease is possible, we have a lower bound.

In this work, we take an alternative approach, based essentially on KleeneŠs chain

construction of least Ąxed points [33]. For the case of behavioural distances, this starts

from an order-preserving functional, say Γ: PMetX → PMetX , on the space of pseudometric

spaces on a set X. To approach the least Ąxed point µΓ from below, we can start from the

constant zero distance ⊥ and iteratively apply Γ giving the chain ⊥ ≤ Γ(⊥) ≤ Γ2(⊥) ≤ . . ..

As is noted in [6], fully applying Γ iteratively in this way is not a desirable means of obtaining

bounds. Instead, we will develop an inductive derivation system allowing the construction of

lower bounds for chosen pairs of states.

However, simply translating the deĄnition of the behavioural distance to proof rules does

not work; to obtain a usable derivation system we must show that proof steps need only

consider direct successors of the involved states. This means that Ąnite derivations can be

constructed also for systems with inĄnite state spaces. We further reduce the work required

for proofs, and thus also the size of the derivations, by showing that recursive proofs are only

required for a subset of these successors.

The judgments proved in our system are of the form x #ε y for x, y states in an LMC

and ε a rational in the interval [0, 1]. To ensure a correct relation to the behavioural distance,

we show two properties. First, soundness: that if we can prove x #ε y, then ε is a lower

bound on the behavioural distance between x and y. Second, a form of completeness which

we call approximate completeness. Usual completeness with respect to the behavioural
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distance would state that any distance between states can be proved in the derivation system.

However, in the spirit of apartness, we consider Ąnite evidence, which can only witness Ąnite

approximations of distances in general. We thus show that lower bounds can be derived with

arbitrarily small error with respect to the true distance.

Logics. Evidence of differences in behaviour can also be given in the form of formulas in

some modal logic. This is closely related to Hennessy-Milner type theorems, which show

for a given logic that bisimilarity and logical equivalence coincide. Such theorems have

been shown for probabilistic bisimilarity and a logic with a modality parameterised by

rational probabilities [13, 14, 23]. Later, a quantitative analogue was shown by relating

a real-valued logic introduced in [15] to behavioural distances [55]. The most interesting

part in the qualitative case is the inclusion of logical equivalence in bisimilarity, also called

expressiveness, which can dually be shown by giving, for each pair of non-bisimilar states, a

formula which distinguishes them. Quantitatively, this means giving a formula for which the

difference in interpretations matches the behavioural distance as closely as possible.

This correspondence of behavioural distances and modal formulas has been investigated

for labelled Markov chains (LMCs) in [44]. In their terminology, a construction is given

of formulas ŞexplainingŤ the distance between states. Due to the chosen logic, and the

possibility of inĄnite behaviours in LMCs induced by loops, this can not be done exactly.

Instead, it is shown that for any Ąnite approximation Γi(⊥)(x, y) of the distance of states as

in the above chain, a formula can be constructed such that ♣JφK(x) − JφK(y)♣ (the difference

in interpretations on states x and y) is equal to the approximation.

We Ąnish by relating our new derivation system to the work of [44] by showing that for

any derivation, a formula in the modal logic of op. cit. can be constructed which witnesses

the same bound. These witnessing formulas are an improvement as they can be given for

inĄnite state systems, and they will be smaller in many examples. Further, for any formula a

proof tree witnessing the same lower bound can be given whose depth will be equal to the

modal depth of the formula. For more Ąne-grained notions of size counting the total number

of steps in a derivation and number of operators in a formula, the derivations will be larger

in general, as they are dependent on the system and thus contain more information. This is

exactly what facilitates the aforementioned improvements; we see the steps which lead us to

conclude a difference in behaviours which are otherwise somewhat hidden in the semantics of

the logic. Proofs also focus on pairs of states, so that at each step we see which states of a

system are being used to exhibit a lower bound.

Contributions. Summarising the contributions of the paper:

We deĄne an inductive derivation system for lower bounds on behavioural distances in

labelled Markov chains (Section 3)

We show the soundness and approximate completeness of the system with respect to the

behavioural distance (Sections 3.1 and 3.2)

We show a constructive correspondence between proofs in our system and formulas of a

modal logic (Sections 4 and 5)

We illustrate all of the above with examples, including a system with an inĄnite state space

which was not covered by this modal logic (Example 25).

Related Work. The line of work focussing on proofs of apartness for state-based systems was

(re)started by Geuvers and Jacobs [25], with further work on the relation to distinguishing

formulas in [24]. A proof system for an apartness notion dual to coalgebraic behavioural

equivalence has been given in [51]. The current paper builds directly on these works.

CSL 2026



25:4 Constructing Witnesses for Lower Bounds on Behavioural Distances

The coinductive proof principle in the context of behavioural distances has been explored

coalgebraically in, e.g., [46, 8, 5, 7]. In the greatest Ąxed point characterisation, the ordering

is reversed compared to the deĄnition we use in the rest of this work. Coinduction thus

leads to upper bounds on distances under our deĄnition. An approach focussed on bounding

greatest Ąxed points from above (but which dually bounds least Ąxed points from below as

we will do) has more recently been given in [6], as discussed above. There is however no

construction given of formulas demonstrating proved bounds.

The construction of distinguishing formulas has also been studied in the qualitative setting

in, e.g., [41, 42, 37, 60]. We discuss these works further in Section 6.

A more general account of bounding distances from above is the area of quantitative

equational theories [40], which has been applied to give a calculus for upper bounds on

distances in Markov chains [3] and regular expressions [45].

Notation. We will write, DQ(X) for the set of Ąnitely-supported rational distributions on

the set X. These are maps µ : X → [0, 1]∩Q such that supp(µ) := ¶x ∈ X ♣ µ(x) ̸= 0♢ is Ąnite

and
∑

x∈X µ(x) = 1. We may also write such distributions as formal sums:
∑

x∈X µ(x) ♣x⟩,

with the ♣x⟩ (ŞketŤ) notation taken from [30] and used simply to separate states and their

associated probabilities. It can also be thought of as indicating a sum of Dirac distributions.

From now on, we will write [0, 1]Q for [0, 1] ∩ Q.

We denote by PMetX the set of pseudometric spaces on a set X, i.e., pairs (X, d) with

d : X × X → [0, 1] a pseudometric. We order the unit interval with the usual ordering of

the reals, and pseudometrics inherit this ordering pointwise, so that d1 ≤ d2 iff ∀x, y ∈

X. d1(x, y) ≤ d2(x, y). The smallest element ⊥ is thereby the constant zero distance. Further,

for two pseudometric spaces (X, dX) ∈ PMetX and (Y, dY ) ∈ PMetY a map f : (X, dX) →

(Y, dY ) will be assumed to be non-expansive (also called 1-Lipschitz, short, etc.), i.e., ∀x, y ∈

X. dY (f(x), f(y)) ≤ dX(x, y). The Euclidean distance is denoted de : [0, 1] × [0, 1] → [0, 1].

In the interest of space, we write µ · h for
∑

x∈X µ(x) · h(x) where µ : X → [0, 1]Q is

a distribution and h : X → R is an arbitrary function. This is motivated by viewing the

distributions and functions as vectors indexed by their common domain, so that the operation

is the vector dot product. In the sequel, we will often restrict h to maps into [0, 1]Q.

2 Behavioural Distances on LMCs

We start with the deĄnition of the type of system which we study in the remainder of the

paper: labelled Markov chains.

▶ DeĄnition 1. A labelled Markov chain (LMC) consists of the following data:

a set of states X;

a (non-empty) set of labels L;

a (Ąnitely branching) probabilistic transition function τ : X → DQ(X); and

a labelling function l : X → L

▶ Example 2. Let X = ¶x, x1, x2♢ and L = ¶a, b♢. We represent the LMC (X,L, τ, l) with

τ(x) = 1
2 ♣x1⟩ + 1

2 ♣x2⟩ , τ(x1) = 1 ♣x1⟩ , τ(x2) = 1 ♣x2⟩ and l(x) = l(x1) = a, l(x2) = b as:

x; ax1; a x2; b

1

2

1

2

We use the notation x; a for a state x ∈ X such that l(x) = a. Further, any state with no

outgoing edges is assumed to have a self-loop with probability 1.
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We now recall a deĄnition of the behavioural distance (henceforth written bd) of states

in an LMC as the least Ąxed point of a functional based on non-expansive maps. This

distinguishes two cases: states having different labels should be maximally far apart, so they

have distance 1; the distance of states with the same label is then deĄned recursively, and

can be seen as an optimisation problem. Intuition for this problem is most often given in

terms of its dual based on couplings under the Kantorovich-Rubinstein duality. The distance

between distributions can in that setting be seen as the minimal cost of transporting one

unit of mass from one distribution to the other, with the cost of transporting m probability

mass between states at distance d being m · d. In a more general form (as discussed in [58])

the distance below can be seen as the maximisation of proĄt, where we think of buying from

one distribution and selling to the other, with the maps h representing buying/selling costs.

On small examples, these intuitions can often be used to determine the distance by

examination; on larger systems a solver for linear programs is usually necessary. For this, the

deĄnition below can be transformed into a rational linear program, as we use in the proof of

Lemma 13. For further discussions of these distances, see for example [54, 44]

▶ DeĄnition 3. For X a set, and PMetX the set of pseudometric spaces on X, we deĄne

Γ: PMetX → PMetX by

Γ(d)(x, y) =

{

1, if l(x) ̸= l(y),

suph : (X,d)→([0,1],de) τ(x) · h− τ(y) · h, o.w.

Then we deĄne bd := lfp(Γ).

Note that the least Ąxed point exists, because PMetX is a complete lattice, and Γ preserves

the pointwise order on PMetX .

▶ Example 4. Consider the following LMC:

x; ax1; a x2; b y; ay1; a y2; b

1

2

1

2

2

5

3

5

Note that bd(x1, y1) = bd(x2, y2) = 0 and bd(x1, y2) = bd(x2, y1) = 1, which are the values

given by Γ(⊥). The value bd(x, y) is then Γ2(⊥)(x, y) for which it can be shown that the

supremum is achieved by the map h0(z) = if z ∈ ¶x1, y1♢ then 1 else 0 so that:

Γ2(⊥)(x, y) = sup
h : (X,Γ(⊥))→([0,1],de)

τ(x) · h− τ(y) · h

= τ(x) · h0 − τ(y) · h0

=

(

1

2
· 1 +

1

2
· 0

)

−

(

2

5
· 1 +

3

5
· 0

)

=
1

10

In terms of transportation costs, this 1
10 can be seen as the cost of transporting the 1

10 of

mass from x1 to y2 which can not be transported to y1 due to its lack of capacity. Intuition

based on proĄts is harder to give in this case, due to the asymmetry of our deĄnition. It is

easier to obtain the h in this example by seeing it as grouping the states into ŞequivalenceŤ

classes, spaced as far apart as possible while respecting the distance on X (in this case Γ(⊥)).

It will be important for the correspondence results of later sections that the behavioural

distance can be obtained as a countable supremum, namely the supremum over all Ąnite

applications of Γ to the constant zero distance. A similar result for LMCs with non-

determinism is shown already in [17, Sec. 3]. It can also be proved using the Kleene Ąxpoint

theorem, or ω-(co)continuity of Γ as shown in [53].

CSL 2026



25:6 Constructing Witnesses for Lower Bounds on Behavioural Distances

▶ Proposition 5. For any LMC (X,L, τ, l) and x, y ∈ X, we have

bd(x, y) = sup
i<ω

Γi(⊥)(x, y)

3 Proof System

In this section, we deĄne our derivation system for lower bounds on behavioural distances

between states of an LMC. The conclusion of the rules are of the form x #ε y which, as our

soundness result will show, implies that bd(x, y) ≥ ε, i.e., the behavioural distance between

x and y is at least ε. The deĄnition of bd suggests two rules, one for each case. The label

case straightforwardly yields the rule

l(x) ̸= l(y)
(lab)

x #1 y

In the supremum case, bd(x, y) can be bounded from below by τ(x) · h − τ(y) · h for any

non-expansive map h by deĄnition. However, it is not immediately clear that this can be

done inductively, as we can not assume bd to be known, and thus can not use it to choose a

non-expansive h. Fortunately, as long as the system is sound with respect to the behavioural

distance, it suffices to have a map h for which a kind of pairwise non-expansiveness holds:

for any x′, y′ we have ♣h(x′) − h(y′)♣ ≤ ε for some ε such that we have proved x′ #ε y
′.

Soundness then implies that ♣h(x′) − h(y′)♣ ≤ ε ≤ bd(x′, y′) for all x′, y′, which is exactly

non-expansiveness of h with respect to bd.

Now, in proofs, we could allow arbitrary recursive proofs and require the choice of a

pairwise non-expansive map to correctly apply the rule. Alternatively, we can choose to

allow arbitrary maps. We are then required to prove that for all x′, y′ ∈ X, ♣h(x′) − h(y′)♣ is

a lower bound on the behavioural distance. We can see the corresponding proof obligations

x′ #♣h(x′)−h(y′)♣ y
′ as those generated by a chosen map h. The Ąrst option Ąts with a forward

reasoning approach to constructing a proof; we prove some bounds and try to Ąnd a Ątting

h. The second is a backward approach; if we wish to show a bound x #ε y, we must supply

an h and recursively prove its validity.

We choose the latter approach, primarily because it makes the proof obligations clearer,

and we will be able to see when a choice of map is not valid. Using the earlier form, a chosen

h may be invalid because we have not proved strong enough bounds, or because it is simply

not non-expansive with respect to bd. Such a rule can be written as follows:

h : X → [0, 1] ∀x′, y′ ∈ X.x′ #♣h(x′)−h(y′)♣ y
′ τ(x) · h− τ(y) · h ≥ ε

x #ε y

However, in this form, the rule does not give a usable derivation system. Namely, in case an

LMC has an inĄnite state space, there will be inĄnitely many recursive proof obligations. We

will ensure that this is always Ąnite, and even reduce the work required to construct proofs

beyond this. Further, the map h is so far real-valued. This poses a problem both for our

approximate completeness result, in which we need to be able to compute these maps, and

the construction from proofs to modal formulas whose interpretation will be rational-valued.

Summarising, to remedy these issues, we adapt the above rule in the following ways:

we show that h need only be deĄned on a Ąnite subset of the state space thereby generating

only Ąnitely many proof obligations;

we restrict the codomain of h to rationals;

we reduce the number of recursive proof obligations further by not requiring proofs for

those bounds which follow from reĆexivity and symmetry.
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As we show in Theorem 14, the (lab) and (exp) rules together already yield a system

which is (approximately) complete. For the construction of a proof corresponding to a modal

formula (Theorem 18), we also require an additional weakening rule, essentially to handle

formulas using the shift operator (φ⊖ q, see DeĄnition 15). To make our proof system and

its presentation more pleasant, we include two more (derivable) rules: a zero rule; and a

symmetry rule. The three additional rules are inspired by those from quantitative equational

theories [40]. Together, this brings us to the following system:

▶ DeĄnition 6. Let (X,L, τ, l) be an LMC, x, y ∈ X, and ε ∈ [0, 1]Q. Further, we deĄne

Sx,y := ¶s ∈ X ♣ τ(x)(s) ̸= τ(y)(s)♢ and µ ·Sx,y
h :=

∑

s∈Sx,y
µ(s) · h(s).

Then, we deĄne the following derivation rules:

(zero)
x #0 y

y #ε x
(symm)

x #ε y

x #ε′ y ε ≤ ε′

(weak)
x #ε y

l(x) ̸= l(y)
(lab)

x #1 y

h : Sx,y → [0, 1]Q

∀x′, y′ ∈ Sx,y. h(x′) > h(y′) =⇒ x′ #h(x′)−h(y′) y
′ τ(x) ·Sx,y

h− τ(y) ·Sx,y
h ≥ ε

(exp)
x #ε y

We may drop the subscripts x, y and S whenever clear from the context. We write TX for the

smallest set which contains all instances of the (zero) and (lab) rules for x, y ∈ X, and is

closed under applications of all instances of (symm), (weak), and (exp) for any x, y ∈ X

and ε ∈ [0, 1]Q.

Note that we write conditions as premises in the rules rather than as separate side-conditions

for convenience. As suggested by the deĄnition of TX , this makes both the (zero) and (lab)

rules axioms. Further, strictly speaking, (exp) is a family of rules, indexed by the maps h.

The set TX can be thought of as the set of all proof trees which can be built from the given

rules. As is usual, we will write ⊢ x #ε y to mean that the given judgment is provable, i.e.,

there is a proof tree in TX with the given judgment at the root.

▶ Remark 7. Note that the restriction to S in (exp) means proofs, which are Ąnite depth by

deĄnition, will also be Ąnite breadth even when the LMC under consideration has an inĄnite

state space. This is because ¶s ∈ X ♣ τ(x)(s) ̸= τ(y)(s)♢ is a subset of supp(τ(x))∪supp(τ(y)),

which is Ąnite by assumption. We will see later that this allows us to provide witnesses as

both Ąnite proof trees and Ąnite modal formulas. This improves on the earlier work of [44]

which restricts to Ąnite state spaces. We illustrate this improvement in Example 25, once we

have shown soundness and completeness of the proof system, and its correspondence with

modal formulas.

▶ Example 8. We continue with the LMC from Example 4 and show how we can prove the

distance between x and y shown there as a lower bound. Using the (lab) rule, the bounds

u #1 v can be proved for u, v ∈ ¶x1, y1♢ and v ∈ ¶x2, y2♢. This allows us to deĄne h0 : S →

[0, 1]Q as before by h0(z) = if z ∈ ¶x1, y1♢ then 1 else 0 for which τ(x) · h0 − τ(y) · h0 = 1
10

so that we can prove

x1 #1 x2 x1 #1 y2 y1 #1 x2 y1 #1 y2

x # 1

10

y

▶ Example 9. Our second example serves to illustrate a limitation of our proof system,

namely that the behavioural distance of states will not always be exactly provable in our

system. It would only be provable if we allowed inĄnite depth proof trees. The LMC we

consider is the same as the one in [44, Thm. 17], which shows that there is an LMC containing

states for which it is not possible to give a single formula ŞexplainingŤ their distance.
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x; ax1; b y; a

1

2 1

2

As is discussed in op. cit., the distance bd(x, y) = 1 is reached only in the limit, not by any

Γi(⊥) and thus not by any single tree. Proving the bound given by Γi(⊥) (for i > 0) can be

done using i − 1 applications of the (exp) rule together with two applications each of the

(lab) and (zero) rules. For example, once we have proved x1 #1 u for u ∈ ¶x, y♢, we can take

the map h0 : x, y 7→ 0, x1 7→ 1 for which τ(x) · h0 − τ(y) · h0 = 1
2 and prove:

x1 #1 x x1 #1 y

x # 1

2

y

This step (plus an application of (symm)) allows the next application of (exp) with a non-

expansive h0 mapping x to 1
2 , yielding a bound of 3

4 . Continuing to increase the value of

h0(x) in this way, we approach bd(x, y) from below.

3.1 Soundness

We now move on to showing soundness of the system, i.e., that if we can prove x #ε y, then

bd(x, y) ≥ ε. The (zero) rule is sound as our pseudometrics are valued in [0, 1] and thus 0

is always a sound lower bound. Similarly, the behavioural distance is symmetric, so that

the order of states does not change a lower boundŠs validity. Our weakening rule is sound

by transitivity of ≤. Soundness of the label rule follows from the deĄnition of Γ. This is

similar for the expectation rule, as we discussed at the beginning of this section. We make

the intuition given there precise in the coming results.

Due to our restriction of the domain of the map in the (exp) rule, we will require the

following lemma in the soundness proof:

▶ Lemma 10. For (X,L, τ, l) an LMC, d : X ×X → [0, 1] a pseudometric and x, y ∈ X:

sup
h : (X,d)→([0,1],de)

τ(x) · h− τ(y) · h = sup
h : (S,d♣S )→([0,1],de)

τ(x) ·S h− τ(y) ·S h

where d♣S = d ◦ (ιS × ιS) with ιS : S →֒ X the inclusion map.

▶ Remark 11. We can further restrict the space of possible maps h in the above, by seeing

the supremum as the optimal solution of a linear program as follows. We encode functions

h : S → [0, 1] as (Ąnite) vectors h⃗ ∈ [0, 1]♣S♣, writing h⃗x for the value of h⃗ at the position

indexed by x ∈ S. Then, each inequality ♣h(x) − h(y)♣ ≤ d(x, y) can be expressed by

a⃗ · h⃗ ≤ d(x, y) and a⃗′ · h⃗ ≤ d(x, y) with a⃗x = 1, a⃗y = −1, a⃗′
x = −1, a⃗′

y = 1 (and all other

entries zero). We can enforce 0 ≤ h⃗x ≤ 1 similarly. We are thus interested in the problem of

maximising τ(x) · h− τ(y) · h (a linear expression) subject to the constraints expressed by

A · h⃗ ≤ b⃗ for an integer matrix A and vector b⃗.

The feasible region of this problem is a polytope, which we call Hd
x,y. It is convex and

closed due to the shape of the constraints, and bounded due to the restriction to the unit

interval. It is furthermore non-empty as any constant map valued in [0, 1] lies within it. It is

known (see, e.g., [50]) that for such a feasible region, the optimal value is achieved in the

vertices of the polytope, which we denote by V (Hd
x,y). Then we can write

sup
h : (X,d)→([0,1],de)

τ(x) · h− τ(y) · h = max
h∈V (Hd

x,y)
τ(x) ·S h− τ(y) ·S h

The supremum becomes a maximum because Ąnitely many linear inequalities deĄne a polytope

with Ąnitely many vertices.
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Obtaining a map h in which the supremum is achieved can thus be done using an algorithm

such as simplex. We will apply this recursively for d = Γi(⊥) (the Ąnite approximants of bd),

to construct proof trees in our proof of approximate completeness in the next section.

We are now able to show (by structural induction) that any proof in our system yields a

lower bound on bd.

▶ Theorem 12 (Soundness). For any LMC (X,L, τ, l), any proof tree built from the rules of

DeĄnition 6, any ε ∈ [0, 1]Q, and any x, y ∈ X, if the proof tree has x #ε y at the root, then

bd(x, y) ≥ ε.

3.2 Approximate Completeness

The rest of this section is dedicated to proving the approximate completeness of the system.

This will show that we can prove lower bounds arbitrarily close to the ŞtrueŤ value given

by bd. Our proof relies on the fact that we can get arbitrarily close to bd with its Ąnite

approximants Γi(⊥), and the following lemma, that shows how we can construct proofs

exhibiting these Ąnite approximants as lower bounds on the behavioural distance.

▶ Lemma 13. For any i ∈ N and x, y ∈ X, we have ⊢ x #Γi(⊥)(x,y) y.

Proof. By induction on i, where we strengthen the induction by showing that Γi(⊥)(x, y) is

always rational. For the base case, we have Γ0(⊥)(x, y) = ⊥(x, y) = 0 which is rational, and

we can prove x #0 y using the (zero) rule.

Now let i ∈ N, and suppose for any x, y ∈ X, that we can prove x #Γi(⊥)(x,y) y and that

Γi(⊥)(x, y) is rational. We have

Γi+1(⊥)(x, y) = Γ(Γi(⊥))(x, y)

=

{

1, if l(x) ̸= l(y),

suph : (X,Γi(⊥))→([0,1],de) τ(x) · h− τ(y) · h, o.w.

If l(x) ̸= l(y), we can prove x #1 y using the (lab) rule. Otherwise, by Lemma 10, we have

sup
h : (X,Γi(⊥))→([0,1],de)

τ(x) · h− τ(y) · h = sup
h : (S,Γi(⊥)♣S )→([0,1],de)

τ(x) ·S h− τ(y) ·S h

As explained in Remark 11, we can Ąnd an optimal h0 by solving a linear program. This

will in particular be a map h0 : (S,Γi(⊥)♣S) → ([0, 1]Q, de) (note the restriction to rationals)

because all the coefficients in the problem are rational, by induction. We thus have

sup
h : (S,Γi(⊥)♣S )→([0,1],de)

τ(x) ·S h− τ(y) ·S h = τ(x) ·S h0 − τ(y) ·S h0

which is rational, because the transition probabilities given by τ(x) and τ(y) are also rational.

We can now construct the following proof, in which recursive proofs are given by induction,

and the above discussion allows us to choose ε := Γi+1(⊥)(x, y):

h0 : S → [0, 1]Q

∀x′, y′ ∈ S. h0(x′) > h0(y′) =⇒ x′ #h0(x′)−h0(y′) y
′ τ(x) · h0 − τ(y) · h0 ≥ ε

x #ε y

◀

We see that completeness in this sense only requires the use of the (zero), (lab), and (exp)

rules. In fact, it can be shown for only the latter two, with the (zero) rule being essentially

an instance of the (exp) rule where the map h is taken to be constant. The approximate

completeness of the system is now a simple consequence of the above lemma and Proposition 5,

with no further applications of the rules needed.
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▶ Theorem 14 (Approximate Completeness). For any (real) δ > 0, and any x, y ∈ X there is

a proof tree with x #ε y at the root, so that 0 ≤ bd(x, y) − ε < δ.

4 Logic

The previous sections have given us a way to inductively derive lower bounds on the

behavioural distance between states of an LMC, and shown soundness and approximate

completeness of the proof system with respect to the behavioural distance bd. In this sense,

the system gives Ąnite evidence or witnesses for (lower bounds on) behavioural distances.

Another approach to giving such evidence is to construct formulas in some logic which, in

the terminology of [44], ŞexplainŤ the difference. Ideally, given states x, y ∈ X, this would be

a formula φ such that ♣JφK(x) − JφK(y)♣ = bd(x, y), i.e., the difference in interpretations of φ

on the states is exactly equal to their behavioural distance. However, as is shown in op. cit.,

such a formula can not be given in general (cf. Example 9). Instead, a construction is given of

formulas corresponding to Ąnite approximations of bd. In our notation, these are formulas φ

such that ♣JφK(x) − JφK(y)♣ = Γi(⊥)(x, y) (for some i ∈ N). As discussed in Section 2, bd can

be obtained as the countable limit of these approximations, so that the construction of [44]

gives formulas explaining the behavioural distance of states up to an arbitrarily small error.

In this section, we give analogous constructions between proofs and formulas in the same

logic used to characterise the behavioural distance bd in [44]. We start by recalling this logic

and its interpretation on LMCs. Its semantics is given in terms of a real-valued interpretation

function (Ąrst suggested in [38]) and is a slight variation of the logic studied in relation to

behavioural distances in [16]. We then move onto the related constructions, the Ąrst of which

is a straightforward inductive construction of a proof that the distance ♣JφK(x) − JφK(y)♣ is a

lower bound. The second, again inductively, constructs a formula witnessing some proved

lower bound. This is based on constructions in [44] and relies on a non-trivial lemma in the

case where the distance of states arises from the supremum case in the deĄnition of Γ.

▶ DeĄnition 15. DeĄne the syntax of the logic L by the following grammar:

φ ::= a ♣ ⃝φ ♣ ¬φ ♣ φ⊖ q ♣ φ ∨ φ

where a ∈ L and q ∈ [0, 1]Q. Further, given an LMC (X,L, τ, l), the quantitative semantics

of L is given by the interpretation function J·K : L → X → [0, 1]Q deĄned recursively by the

following equations:

JaK(x) =

{

1, if l(x) = a,

0, o.w.
Jφ⊖ qK(x) = max(0, JφK(x) − q)

J⃝φK(x) = τ(x) · JφK Jφ ∨ ψK(x) = max(JφK(x), JψK(x))

J¬φK(x) = 1 − JφK(x)

▶ Remark 16. From the connectives in the logic L, it is possible to deĄne also ∧ and ⊕ as

φ ∧ ψ := ¬(¬φ ∨ ¬ψ) and φ⊕ q := ¬(¬φ⊖ q), which then have the expected semantics. We

also write false for the formula a⊖ 1 whose interpretation is everywhere zero.

▶ Example 17. Consider the LMC from Example 9, and the formulas φi := ⃝ib for i ∈ N.

We can show that JφiK(x1) = 1 for any i, so that JφiK(x) =
∑i
n=1

(

1
2

)i
, while JφiK(y) = 0.

The formula φi captures the probability of reaching a state with label b after i steps.

The logic and its interpretation induce new distances between states, namely the difference

in interpretations ♣JφK(x) − JφK(y)♣. Our Ąrst correspondence result shows that this distance

can be shown to be a lower bound on bd(x, y) by a proof in our system.
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▶ Theorem 18. For any LMC (X,L, τ, l), formula φ ∈ L, and x, y ∈ X, there exists a proof

tree with x #ε y as its root, where ε = ♣JφK(x) − JφK(y)♣.

Proof. By induction on the structure of φ, where we write T(ψ, x, y) for the proof tree

constructed for a formula ψ and states x, y. We show only the (exp) case here.

We thus assume that φ = ⃝ψ. Then ε = ♣τ(x) · JψK − τ(y) · JψK♣ and by induction, we

have for all x′, y′ ∈ S with JψK(x′) > JψK(y′) trees T(ψ, x′, y′). Now we must distinguish two

cases. If τ(x) · JψK ≥ τ(y) · JψK, we take h = JψK♣S and construct

JψK♣S : S → [0, 1]Q ¶T(ψ, x′, y′) ♣ h(x′) > h(y′)♢ ε = τ(x) · JψK − τ(y) · JψK
(exp)

x #ε y

Otherwise, we take h = J¬ψK♣S , and have

J¬ψK♣S : S → [0, 1]Q ¶T(ψ, x′, y′) ♣ h(x′) > h(y′)♢

ε = τ(x) · J¬ψK − τ(y) · J¬ψK

= τ(y) · JφK − τ(x) · JφK
(exp)

x #ε y

◀

▶ Remark 19. The depth of the constructed proof matches the modal depth of the formula,

i.e., the maximum number of nested ⃝ modalities. In this sense, the proof does not grow

unexpectedly compared to the formula we start with. Due to the branching in the (exp) rule,

the number of rules we apply will be larger than the number of operators in a given formula

in general. For an example, recall the LMC from Example 4, and consider the formula ⃝a.

This has just two operators, but the proof generated by the above procedure will contain

Ąve recursive proof obligations generated by J⃝aK in the application of (exp), each requiring

at least one rule application.

5 Constructing formulas from proofs

To complete the correspondence between proofs and modal formulas, in this section we provide

a construction going from a proof of x #ε y, to a formula φ such that ♣JφK(x) − JφK(y)♣ = ε.

In fact, we construct formulas whose interpretation on x is equal to the lower bound, and

whose interpretation on y is zero. This is required for our recursive construction.

Our construction is inspired by that of [44], which relies on the following lemma:

▶ Lemma 20. Let f : X → [0, 1]. If for any x, y ∈ X, we have a function gxy : X → [0, 1]

such that gxy(x) = f(x) and gxy(y) = f(y) then f = maxx miny gxy = minx maxy gxy.

A proof of a more general (continuous) version of this result can be found in [1, Lemma A7.2],

where it is used in the proof of the Stone-Weierstrass Theorem.

The usefulness of this lemma is perhaps not very intuitive; the idea is that given an

application of the (exp) rule, we may recursively assume formulas φx′y′ capturing the distance

between successor states x′, y′, i.e., φx′y′(x′) = h(x′) −h(y′) and φx′y′(y′) = 0. We thus have

formulas whose interpretations match the function h, but only for pairs of states, so that a

lemma similar to the above is required to combine them into a single formula.

Note that, due to the form of our (exp) rule, we can not assume in an inductive proof

that formulas are given for all successors; only those x′, y′ for which h(x′) > h(y′). It is

possible to recover all other pairs using the (zero) and (symm) rules, but we wish to keep the

formulas as small as we can. For this, we prove the following stronger version of Lemma 20.

▶ Lemma 21. Let f : X → [0, 1]. If for any x, y ∈ X such that f(x) ≥ f(y), we have a

function gxy : X → [0, 1] such that: 1. gxy(x) = f(x) 2. gxy(y) = f(y) 3. ∀z ∈ X. gxy(z) ≥

f(y) 4. ∀z ∈ X. gxx(z) = f(x), then f = maxx miny:f(x)≥f(y) gxy.
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The proof is a little involved and not very informative, however it allows us to construct

(potentially) smaller formulas witnessing distances as compared to [44]. This is because we

do not require formulas distinguishing all pairs of reachable states in the construction of the

next theorem. We discuss the improvement in size at the end of this section, and illustrate it

in Examples 24 and 25.

▶ Theorem 22. For any LMC (X,L, τ, l), any ε ∈ [0, 1]Q, and any x, y ∈ X, if we have a

proof of x #ε y using the rules of DeĄnition 6, then there is a formula φxy ∈ L such that

JφxyK(x) = ε and JφxyK(y) = 0.

Note that we abuse notation, and use x #ε y to refer to both a judgment in a proof, and a

proof tree with this judgment at the root.

Proof. This is by induction on the structure of the proof. We show only the case of the

(exp) rule. Suppose we have a proof of the form

h : S → [0, 1]Q

∀x′, y′ ∈ S. h(x′) > h(y′) =⇒ x′ #h(x′)−h(y′) y
′ τ(x) · h− τ(y) · h ≥ ε

x #ε y

By induction, we have formulas φx′y′ such that Jφx′y′K(x′) = h(x′)−h(y′) and Jφx′y′K(y′) = 0

for all x′, y′ ∈ S with h(x′) > h(y′). For those x′, y′ such that h(x′) = h(y′) we deĄne

φx′y′ := false (any formula which is everywhere zero can be used). Using these we construct,

for x′, y′ such that h(x′) ≥ h(y′), the formulas ψhx′y′ := φx′y′ ⊕ h(y′).

We now claim that the interpretations Jψhx′y′K satisfy the conditions of Lemma 21. The

Ąrst two clearly hold. For the third, note that Jφx′y′K(z) ≥ 0 for any z, so that indeed

Jψhx′y′K(z) = Jφx′y′K(z) ⊕ h(y′) ≥ 0 ⊕ h(y′) = h(y′)

For the fourth, we see that for any z ∈ X:

Jψhx′x′K(z) = Jfalse ⊕ h(x′)K(z) = h(x′)

We now deĄne

φhxy :=
∨

x′









∧

y′:h(x′)>h(y′)

ψhx′y′



 ∧ (false ⊕ h(x′))





This has the same interpretation as
∨

x′

∧

y′:h(x′)≥h(y′) ψ
h
x′y′ , because for pairs (x′, y′) with

h(x′) = h(y′), the formula ψhx′y′ will be equal to false ⊕ h(x′) by deĄnition. Note also that

these formulas are Ąnite, as we quantify over S. Thus letting φxy := ⃝φhxy ⊖ (τ(y) ·h), yields

a (Ąnitary) formula with the desired property. ◀

One may wonder why we have constructed the formulas φhxy as a conjunction over a

disjunction, and not vice versa. It turns out that this order matters in the case of our (exp)

rule, as the following example shows.

▶ Example 23. Consider the following LMC:

x0; ax1; a x2; b y0; ay1; c y2; b

1

2

1

2

1

2

1

2



R. Turkenburg, H. Beohar, F. van Breugel, C. Kupke, and J. Rot 25:13

For this example, we can prove the bound x0 # 1

2

y0 using the (exp) rule and the map

h(x) = if x = x1 then 0 else 1, deĄned for x ∈ ¶x1, x2, y1, y2♢. The required recursive

proofs generated by this h are u #1 x1 for u ∈ ¶x2, y1, y2♢, which can all be proved using

the (lab) rule. Constructing the ψhx′y′ for the pairs occurring in these recursive proofs yields

ψhx2x1
= b⊕ 0 ψhy1x1

= c⊕ 0 ψhy2x1
= b⊕ 0

We may now try to construct φhxy as
∧

x′

∨

y:h(x)≥h(y) ψ
h
x′y′ . In the example, this gives

φhx0y0
≡ false, i.e., the interpretation is zero everywhere thereby not matching the map h.

This also shows that we can not interchange the max and min in Lemma 21.

Size of constructed formulas As discussed in the introduction, our constructions together

yield an algorithm going from an approximation Γi(⊥)(x, y) of the behavioural distance of

states, via a proof tree, to a formula φxy. This is an alternative to the construction given as

an algorithm in [44, Sec. 7]. In the worst case, this procedure will yield formulas whose size

is exponential in the size of the corresponding LMC and the depth i of the approximation.

We thus achieve the same asymptotic size complexity as the construction of op. cit., however

there are large classes of examples for which the optimisations in our proof system lead to

smaller formulas (when counting the total number of connectives). The Ąrst example, taken

from op. cit., will show a notable improvement in size, and will allow us to discuss the shapes

of LMCs leading to these improvements. Our Ąnal example applies to an LMC modelling

random walks on the natural numbers. This is an inĄnite state example, which we are still

able to capture as it is Ąnitely branching.

▶ Example 24. We will compare the size of formulas obtained via our construction with

those obtained in an example of [44, Sec. 5]. The LMC involved can be represented as follows:

x0; a y0; a

y2; ax2; a

x1; a x3; b

x4; a

y1; a y3; b

y4; a
3

8

1

2

5

8

1

2

1

1

1

1

It can be computed that Γ3(⊥)(x0, y0) = 1
8 . The construction applied in Theorem 14 gives

the map h0 : x1, y1 7→ 0, x2, y2 7→ 1 for which τ(x0) · h0 − τ(y0) · h0 = 1
8 so that we have:

...
x2 #1 x1

...
x2 #1 y1

...
y2 #1 x1

...
y2 #1 y1

x0 # 1

8

y0

The recursive lower bounds, given by Γ2(⊥), all have the same proof tree, up to renaming of

states. For x2 #1 y1, we get h0 : x4 7→ 1, y3 7→ 0 giving τ(x4) · h0 − τ(y3) · h0 = 1 so that:

x4 #1 y3

x2 #1 y1

The formulas generated from such proofs are

φx2x1
= φx2x1

= φx2x1
= φx2x1

= ⃝[[(a⊕ 0) ∧ (false ⊕ 1)] ∨ [(false ⊕ 0)]] ⊖ 0
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Putting everything together, the formula φx0y0
is

φx0y0
= ⃝[[(φx2x1

⊕ 0) ∧ (φx2y1
⊕ 0) ∧ (false ⊕ 1)]∨

[(φy2x1
⊕ 0) ∧ (φy2y1

⊕ 0) ∧ (false ⊕ 1)]∨

[(false ⊕ 0)] ∨ [(false ⊕ 0)]] ⊖
3

8

This has 8 recursive subformulas compared to the 100 occurring in the formula constructed

in [44] and could all be written out within around 5 lines. Clearly, the formula is still not

minimal; it can be simpliĄed to ⃝(⃝a)) ⊖ 3
8 . However, we see a clear improvement in size.

The main features which allow us to achieve such an improvement in the size of formulas

witnessing lower bounds are: the number of states reachable at each step being less than the

size of the entire state space; and those successors having non-zero behavioural distance so

that the map h takes many different values. The combination of restricting to supports and

omitting symmetric pairs from the recursive proof obligations in the (exp) rule, gives smaller

proofs in these cases, which in turn are transformed into smaller formulas.

▶ Example 25. We Ąnish with an inĄnite state example based on random walks on the

natural numbers. We model this as an LMC with state space N and transitions τ(n) =
1
2 ♣n− 1⟩ + 1

2 ♣n+ 1⟩ for n > 0 and τ(0) = 1 · ♣0⟩. Further, we have labels ¶a, b♢ and labelling

function l(n) = if n = 0 then b else a.

States n < m can clearly be distinguished by the probability to reach the state 0 with

unique label b in n steps. In fact, this turns out to completely determine the distance between

states. For example, Γ5(⊥)(4, 6) = 1
24 . This corresponds to the interpretation of the formula

⃝4b on these states. In general, we have for n < m and i > n, Γi(⊥)(n,m) = 1
2n . We will

show the proof constructed for one such bound, as well as the formula constructed from this.

We have Γ3(⊥)(2, 3) = 1
4 which can be proved as a lower bound using the map h0 : 1 7→

1
2 , 3 7→ 0, 2 7→ 0, 4 7→ 0 for which τ(2) · h0 − τ(3) · h0 = 1

4 as follows
...

1 # 1

2

2

...
1 # 1

2

3

...
1 # 1

2

4

2 # 1

4

3

The recursive proofs are all essentially the same, we show only the one for 1 # 1

2

2, which

uses the map h0 : 0 7→ 1, 2 7→ 0, 1 7→ 0, 3 7→ 0 yielding τ(1) · h0 − τ(2) · h0 = 1
2 and

...
0 #1 1

...
0 #1 2

...
0 #1 3

1 # 1

2

2

For these recursive proofs, the corresponding formulas are

φ12 = φ13 = φ14 = ⃝[[(b⊕ 0) ∧ (b⊕ 0) ∧ (b⊕ 0) ∧ (false ⊕ 1)]∨

[false ⊕ 0] ∨ [false ⊕ 0] ∨ [false ⊕ 0]] ⊖ 0

From these, we obtain

φ23 = ⃝

[ [

(φ12 ⊕ 0) ∧ (φ13 ⊕ 0) ∧ (φ14 ⊕ 0) ∧

(

false ⊕
1

2

)

∨

[false ⊕ 0] ∨ [false ⊕ 0] ∨ [false ⊕ 0]] ⊖ 0

This can be simpliĄed to ⃝[⃝b ∧ (false ⊕ 1
2 )], which is not in general equivalent to ⃝ ⃝ b,

but does have the required property. We thus obtain evidence for differences in the behaviour

of states even in a system with an inĄnite state space.
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6 Conclusions and Future Work

We have given a derivation system for lower bounds on behavioural distances between

states in labelled Markov chains, with proofs of soundness and approximate completeness

with respect to a least Ąxed point deĄnition of the behavioural distance. The choice of

the deĄnition based on non-expansive maps was made speciĄcally to allow the deĄnition

of a proof system, with the commonly used alternative deĄnition based on couplings not

immediately yielding a proof principle for lower bounds. The deĄnitions are equivalent,

by Kantorovich-Rubinstein duality [31]. This duality arises more generally when deĄning

equivalences and their apartness counterparts via liftings, as was noted in earlier work on

behavioural apartness [51]. We further showed a close correspondence between proofs in our

system and formulas in a modal logic, and compared this to the constructions in [44] going

between Ąnite approximations of distances and formulas in the same logic. We see quite

some avenues for future work, and sketch some of them here.

DeĄnitions of behavioural distances have been given for a variety of other system types,

both metric and probabilistic, e.g.: Metric LTSs [52]; and Markov decision processes with

Ąnite [21] and inĄnite state spaces [22]. A natural extension would be to generalise our results

in case we change the system type while keeping a similar deĄnition of distance between

distributions; however we may also consider adapted notions of distance, such as the total

variation distance studied for LMCs in [12] or the MICo distance on MDPs [10]. Further

statistical metrics/divergences such as the Lévy-Prokhorov metric [43] or Kullback-Leibler

divergence [39] may also be of interest. The former has recently [19] been shown to deĄne a

functional on pseudometric spaces, whose greatest Ąxed point is the ε-distance [18].

A more general option is to take a coalgebraic view and use the deĄnition of codensity

lifting [32, 48] and its suitability for capturing quantitative notions of equivalence to provide

a sound and complete derivation system for many of these systems at once. Existing work on

corresponding expressive logics [35] then gives a starting point for providing a general version

of the construction in Section 5. Another approach in the same vein is to use the theory of

Kantorovich functors [27], used to obtain characteristic logics also in the quantitative setting.

We would also like to investigate the connection to strategies in quantitative bisimulation

games studied in [36, 59] and developed for codensity bisimulations in [34].

The efficient computation of proofs and distinguishing formulas would also be an in-

teresting extension. There are a number of works in the qualitative setting (beyond the

already discussed [44]) which could provide inspiration. For LTSs and branching bisim-

ulation, computing (minimal) distinguishing formulas has been investigated by Martens

and Groote [41, 42]. König, Mika-Michalski and Schröder use coalgebraic techniques to

develop algorithms for computing strategies in bisimulation games and transforming these

into distinguishing formulas [37]. Wißmann, Milius and Schröder give a coalgebraic algorithm

related to partition reĄnement which constructs modal formulas characterising behavioural

equivalence classes [60].

An alternative approach to improving the robustness of probabilistic bisimilarity, is the use

of approximate bisimulations, such as: ε-bisimilarity [18]; ε-APB [20]; and ε-lumpability [9].

These are often close to existing qualitative deĄnitions, with some degree of error introduced.

For a recent overview, and extension to weak and branching bisimulation, see [47]. It would

be interesting to compare these approximate notions to distances and relate them to proofs

and logics.
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A Omitted Proofs

▶ Lemma 10. For (X,L, τ, l) an LMC, d : X ×X → [0, 1] a pseudometric and x, y ∈ X:

sup
h : (X,d)→([0,1],de)

τ(x) · h− τ(y) · h = sup
h : (S,d♣S )→([0,1],de)

τ(x) ·S h− τ(y) ·S h

where d♣S = d ◦ (ιS × ιS) with ιS : S →֒ X the inclusion map.

Proof. We prove two inequalities:

≤. This holds because any h : (X, d) → ([0, 1], de) restricts to a map h♣S = h◦ιS : (S, d♣S) →

([0, 1], de), and we can show that

τ(x) · h− τ(y) · h = τ(x) ·S h♣S − τ(y) ·S h♣S

≥. For this direction, we show that for any h : (S, d♣S) → ([0, 1], de), there is an h′ : (X, d) →

([0, 1], de) such that

τ(x) · h′ − τ(y) · h′ = τ(x) ·S h− τ(y) ·S h

We use an existing construction of extensions of non-expansive maps, to extend h along the

inclusion ιS : S →֒ X. Namely, we deĄne h′(x) := infz∈S h(z) ⊕ d(x, z), where ⊕ is truncated

addition on the unit interval. This is an extension in the sense that h′ ◦ ιS = h, so that the

above equality indeed holds. ◀

▶ Theorem 12 (Soundness). For any LMC (X,L, τ, l), any proof tree built from the rules of

DeĄnition 6, any ε ∈ [0, 1]Q, and any x, y ∈ X, if the proof tree has x #ε y at the root, then

bd(x, y) ≥ ε.

Proof. We proceed by induction on the structure of the proof tree.

Case (zero): By its deĄnition, bd takes values in [0, 1], so that bd(x, y) ≥ 0 holds.

Case (label): We have a proof tree

l(x) ̸= l(y)

x #1 y

By deĄnition of Γ, we must have bd(x, y) = 1, so that indeed bd(x, y) ≥ 1.

Case (symm): We have a proof tree

y #ε x

x #ε y

By induction, we have bd(y, x) ≥ ε, but bd is symmetric, so that also bd(x, y) ≥ ε.
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Case (weak): We have a proof tree

x #ε′ y ε ≤ ε′

x #ε y

By induction, we have bd(x, y) ≥ ε′ ≥ ε.

Case (exp): We have a proof tree

h : S → [0, 1]Q

∀x′, y′ ∈ S. h(x′) > h(y′) =⇒ x′ #h(x′)−h(y′) y
′ τ(x) · h− τ(y) · h ≥ ε

(exp)
x #ε y

By induction, we have for all x′, y′ ∈ S with h(x′) > h(y′) that bd(x′, y′) ≥ ♣h(x′)−h(y′)♣. For

x′, y′ ∈ S with h(x′) < h(y′), we have bd(x′, y′) = bd(y′, x′) ≥ ♣h(y′)−h(x′)♣ = ♣h(x′)−h(y′)♣.

For the remaining pairs, ♣h(x′) − h(y′)♣ = 0 ≤ bd(x′, y′). In other words, h : S → [0, 1]Q is a

non-expansive map h : (S, bd) → ([0, 1]Q, de). As bd is deĄned as the least Ąxed point of Γ,

we have

bd(x, y) = Γ(bd)(x, y)

=

{

1, if l(x) ̸= l(y),

suph : (X,bd)→([0,1],de) τ(x) · h− τ(y) · h, o.w.

In case l(x) ̸= l(y), we have bd(x, y) = 1 ≥ ε.

In the remaining case, we have

bd(x, y) = sup
k : (X,bd)→([0,1],de)

τ(x) · k − τ(y) · k

= sup
h : (S,d♣S )→([0,1],de)

τ(x) ·S h− τ(y) ·S h

≥ τ(x) · h− τ(y) · h ≥ ε

where the second equality is shown in Lemma 10 and the Ąrst inequality holds because h is

one of the non-expansive maps ranged over in the sup. This covers all cases, so soundness

follows by induction. ◀

▶ Theorem 14 (Approximate Completeness). For any (real) δ > 0, and any x, y ∈ X there is

a proof tree with x #ε y at the root, so that 0 ≤ bd(x, y) − ε < δ.

Proof. Let δ > 0. By Proposition 5, we have bd(x, y) = supi<ω Γi(⊥)(x, y), so there exists

i ∈ N such that

0 ≤ bd(x, y) − Γi(⊥)(x, y) < δ

Lemma 13 exactly gives us a proof of x #Γi(⊥)(x,y) y, and we are done. ◀

▶ Theorem 18. For any LMC (X,L, τ, l), formula φ ∈ L, and x, y ∈ X, there exists a proof

tree with x #ε y as its root, where ε = ♣JφK(x) − JφK(y)♣.

Proof. By induction on the structure of φ, where we write T(ψ, x, y) for the proof tree

constructed for a formula ψ and states x, y.

Case φ = a: We have ε = 0 or ε = 1 with the following proofs:

(zero)
x #0 y

l(x) ̸= l(y)
(lab)

x #1 y
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Case φ = ¬ψ: We have ♣JφK(x) − JφK(y)♣ = ♣JψK(x) − JψK(y)♣ so simply let T(φ, x, y) =

T(ψ, x, y).

Case φ = ψ⊖q: In this case we will have ♣JψK(x)− JψK(y)♣ ≤ ♣JφK(x)− JφK(y)♣ (truncation

may give an inequality) so that we have

x #♣JφK(x)−JφK(y)♣ y ♣JψK(x) − JψK(y)♣ ≤ ♣JφK(x) − JφK(y)♣
(weak)

x #♣JψK(x)−JψK(y)♣ y

Case φ = φ1 ∨ φ2: We have

ε = ♣Jφ1 ∨ φ2K(x) − Jφ1 ∨ φ2K(y)♣

= ♣ max(Jφ1K(x), Jφ2K(x)) − max(Jφ1K(y), Jφ2K(y))♣

≤ max(♣Jφ1K(x) − Jφ1K(y)♣, ♣Jφ2K(x) − Jφ2K(y)♣)

so that we take T(φ, x, y) to be

T(φi, x, y) ε ≤ ε′

(weak)
x #ε y

with φi the formula yielding the above maximum, which we have called ε′.

Case φ = ⃝ψ: See the main text. ◀

▶ Lemma 21. Let f : X → [0, 1]. If for any x, y ∈ X such that f(x) ≥ f(y), we have a

function gxy : X → [0, 1] such that: 1. gxy(x) = f(x) 2. gxy(y) = f(y) 3. ∀z ∈ X. gxy(z) ≥

f(y) 4. ∀z ∈ X. gxx(z) = f(x), then f = maxx miny:f(x)≥f(y) gxy.

Proof. We Ąrst deĄne

kxy =

{

gxy if f(x) ≥ f(y)

gyx if f(x) < f(y)

Note that these kxy satisfy the conditions of Lemma 20 so that f = maxx miny kxy. It thus

suffices to prove that

max
x

min
y
kxy = max

x
min

y:f(x)≥f(y)
gxy

We prove this by proving two inequalities.

≤. Consider the inequality and simplify as follows:

∀z ∈ X. max
x

min
y

kxy(z) ≤ max
x

min
y : f(x)≥f(y)

gxy(z)

⇐⇒ ∀z ∈ X. ∀u1 ∈ X. min
y

ku1y(z) ≤ max
x

min
y : f(x)≥f(y)

gxy(z)

⇐⇒ ∀z ∈ X. ∀u1 ∈ X. ∃u3 ∈ X. min
y

ku1y(z) ≤ min
y : f(u3)≥f(y)

gu3y(z)

⇐⇒ ∀z ∈ X. ∀u1 ∈ X. ∃u3 ∈ X. ∀u4 ∈ X. f(u3) ≥ f(u4) =⇒ min
y

ku1y(z) ≤ gu3u4
(z)

⇐⇒ ∀z ∈ X. ∀u1 ∈ X. ∃u3 ∈ X. ∀u4 ∈ X. f(u3) ≥ f(u4) =⇒ ∃u2 ∈ X. ku1u2
(z) ≤ gu3u4

(z)

So, let z, u1 ∈ X and take u3 = z. Further, let u4 ∈ X such that f(u3) ≥ f(u4) and take

u2 = z. Then

ku1u2
(z) = ku1z(z) = f(z)

gu3u4
(z) = gzu4

(z) = f(z)

This Ąrst inequality thus holds.
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≥. Consider the inequality and simplify as follows:

∀z ∈ X.max
x

min
y
kxy(z) ≥ max

x
min

y:f(x)≥f(y)
gxy(z)

⇐⇒ ∀z ∈ X. ∀u3 ∈ X.max
x

min
y
kxy(z) ≥ min

y:f(u3)≥f(y)
gu3y(z)

⇐⇒ ∀z ∈ X. ∀u3 ∈ X. ∃u1 ∈ X.min
y
ku1y(z) ≥ min

y:f(u3)≥f(y)
gu3y(z)

⇐⇒ ∀z ∈ X. ∀u3 ∈ X. ∃u1 ∈ X. ∀u2 ∈ X. ku1u2
(z) ≥ min

y:f(u3)≥f(y)
gu3y(z)

⇐⇒ ∀z ∈ X. ∀u3 ∈ X. ∃u1 ∈ X. ∀u2 ∈ X. ∃u4 ∈ X. f(u3) ≥ f(u4) ∧ ku1u2
(z) ≥ gu3u4

(z).

So, we let z, u3 ∈ X and take u1 = u3. Now let u2 ∈ X. We distinguish two further cases:

f(u2) > f(u3). Here we take u4 = u3 and have

ku1u2
(z) = ku3u2

(z) = gu2u3
(z)

(3)

≥ f(u3)
(4)
= gu3u3

(z) = gu3u4
(z)

f(u2) ≤ f(u3). Here we take u4 = u2 and see that

ku1u2
(z) = ku3u2

(z) = gu3u2
(z) = gu3u4

(z)

This concludes the case distinctions. ◀

▶ Theorem 22. For any LMC (X,L, τ, l), any ε ∈ [0, 1]Q, and any x, y ∈ X, if we have a

proof of x #ε y using the rules of DeĄnition 6, then there is a formula φxy ∈ L such that

JφxyK(x) = ε and JφxyK(y) = 0.

Proof. This is by induction on the structure of the proof.

Case (zero): In this case we take φxy = false. We have JφxyK(z) = 0 for any z ∈ X, yielding

the desired interpretations.

Case (lab): Here, we take φxy = l(x). We must have Jl(x)K(y) = 0 as l(x) ̸= l(y), so that

the interpretations are as required.

Case (symm): The induction hypothesis gives a formula φyx. Taking φxy = ¬φyx ⊖ (1 − ε),

we have JφxyK(x) = (1 − JφyxK(x)) ⊖ (1 − ε) = ε and JφxyK(y) = (1 − JφyxK(y)) ⊖ (1 − ε) = 0

as desired.

Case (weak): The induction hypothesis here gives φ′
xy with Jφ′

xyK(x) = ε′ and Jφ′
xyK(y) = 0

and ε′ ≥ ε. This means we can take φxy = φ′
xy⊖(ε′ −ε) and have JφxyK(x) = ε′ ⊖(ε′ −ε) = ε

and JφxyK(y) = 0 − (ε′ − ε) = 0.

Case (exp): See the main text. ◀
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