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• Thermal data extracted at the melt pool’s fusion boundary was used to de-

fine phase-field solidification conditions in CM247LC under selective laser

melting.

• The phase-field model predicts the transition from cellular to dendritic so-

lidification as a function of local thermal history and energy density.

• Optical and SEM observations link dendritic microstructures to increased

nanovoid clustering and microcracking, despite reduced lack-of-fusion poros-

ity.

• The study explains why reducing lack-of-fusion porosity by increasing en-

ergy density in CM247LC inherently promotes cracking.

• The results indicate that process design should focus on controlling heat

distribution and exposure to control the thermal gradient and cooling rate

experienced by the system.
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Abstract

This work employs a computational approach to investigate how local thermal

conditions and dendritic growth angles influence the solidification morphology

of the difficult-to-print Ni-based superalloy CM247LC during Selective Laser

Melting (SLM). A conduction-based thermal model incorporating temperature-

dependent material properties was used to extract local thermal gradients and

cooling rates under single-track laser conditions. These thermal histories were

then used as input to a multicomponent phase-field model to simulate the evolu-

tion of the solidification front, including nanovoid formation and elemental segre-

gation. This framework enables the simulation of location-specific solidification

morphologies and microsegregation under SLM conditions.

Model predictions were validated through comparison with SEM and optical mi-

croscopy, revealing a direct correlation between dendrite development, nanovoid

size distribution, and microcracking propensity. Based on these results, a microc-
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racking mechanism is proposed in which nanovoids form within interdendritic re-

gions during solidification and subsequently coalesce to form microcracks. Once

calibrated against thermodynamic data, the phase-field model was used to exam-

ine how processing parameters govern the transition between cellular and den-

dritic growth. The results demonstrate that reducing lack-of-fusion porosity re-

quires a transition to dendritic solidification, which in turn promotes microcrack-

ing in CM247LC. These findings indicate that the fabrication of crack-free and

porosity-free components requires a processing window that achieves sufficient

melting while maintaining cooling rates that favour a cellular microstructure.

Keywords:

Additive Manufacturing, Selective Laser Melting, Multiphysics, Solidification,

Phase-Field

1. Introduction

Selective Laser Melting (SLM) has emerged as a disruptive technology that man-

ufacturing industries are attempting to capitalise on [1]. SLM works by melting

neighbouring tracks of powder using a focused laser beam, which is repeated on

successive layers until a part is finally consolidated. A near-net-shape component

is therefore produced, making it ideal for applications where raw material is ex-

pensive, difficult to mechanically work, or where only low production volumes are

required [2]. As a result, the potential to print Ni-based Superalloys has aroused

interest in the aerospace, power, and nuclear sectors [3].

Nickel-based Superalloys possess excellent material properties at elevated temper-

atures, which makes them attractive for use in the hot end of powerplants and gas

turbine engines [4]. However, the exceptionally high yield strength of these alloys

makes them difficult to machine or form, even at high temperatures [5]. Printing

these alloys using SLM has been largely successful for weldable compositions,

such as Inconel 718 or Inconel 625, which feature a low volume fraction of γ ′ [6].

Printing alloys with a high fraction of γ ′ remains challenging due to their microc-
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racking propensity [1, 5]. A particular example of this is the printing of CM247,

which is a popular casting alloy in aerospace. Part of the challenge in printing

these high-γ ′ alloys is that the cracking mechanism is not well understood [7]. The

two prominent theories of cracking in high-γ ′ alloys are Ductility Dip Cracking

(DDC), which postulates that the ductility reduction at intermediate temperatures

(0.2 - 0.7 of melting) causes failure at the grain boundaries [6, 8]; and liquation

cracking, which associates the cracking with a large freezing range for high-γ ′

alloys [9]. Carter et al. suggested that the cracking of CM247 [8] resulted from

DDC; whereas Vrancken et al. [10] dismissed DDC as a major cause of cracking.

The latter cited the need for MC carbides for the DDC failure mechanism, while

the high cooling rate that is characteristic of SLM does not allow enough time for

MC carbides to precipitate substantially. Recently, Tang et al. [11] showed that

three distinct crack morphologies are present in CM247LC, which points to the

presence of all three mechanisms: solidification cracking, liquation cracking, and

DDC.

From a numerical perspective, efforts to explain crack formation in high-γ ′ Ni-

based superalloys under SLM conditions remain limited. Existing modelling stud-

ies have largely focused on melt pool behaviour or macroscopic porosity, without

explicitly resolving solidification morphology or nanoscale defect formation. For

example, Basoalto et al. [12] showed that CM247LC exhibits a higher pore den-

sity than Inconel 718 based on melt pool simulations alone, but did not consider

solidification mechanisms. More recent efforts by Lindroos et al. [13] and Pino-

maa et al. [14] have coupled phase-field and crystal plasticity approaches to study

dislocation evolution during rapid solidification. However, these studies did not

address solidification porosity or cracking, and the alloys considered were unre-

lated to Ni-based superalloys. As a result, a physics-based, location-resolved de-

scription linking local solidification conditions to defect formation and cracking

in high-γ ′ alloys is still lacking.

In light of this gap, the present work investigates the origin of microcracking in

CM247LC during SLM by explicitly modelling solidification morphology and
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nanoscale porosity formation. A computational framework is developed in which

finite element thermal simulations provide local thermal gradients and cooling

rates at the fusion boundary, which are then used as input to a multicompo-

nent phase-field model calibrated to CALPHAD thermodynamics. This approach

enables direct simulation of location-specific solidification morphologies, solute

segregation, and the formation of trapped liquid pockets within intercellular and

interdendritic regions. Based on the large solidification shrinkage strain of liquid

Nickel, these trapped liquid regions are interpreted as nanovoids. By comparing

predicted nanovoid distributions with experimentally observed porosity and mi-

crocracking, the results indicate that cracking in CM247LC is dominated by a

solidification-driven mechanism involving nanovoid formation and coalescence.

This conclusion is consistent with recent experimental observations by Templeton

et al. [15] linking solidification morphology and cracking propensity.

In the context of solidification theory, hot cracking remains a primary mechanism

for defect formation that limits the processability of advanced alloys. Despite

decades of research, a universally effective cracking metric is still lacking, even in

traditional casting [16]. Classical criteria often rely on significant simplifications;

for example, the Clyne-Davies (CSC) model provides only qualitative indications

[16], while the Rappaz-Drezet-Gremaud (RDG) model treats interdendritic pres-

sure drop as a constant, neglecting local microstructural variations [17].

Recent phase-field (PF) studies sought to address these limitations. For instance,

Wang et al. [18] established important phenomenological links between microstruc-

tural patterns and cracking in binary Al-Cu welding, demonstrating that suscepti-

bility relates to the length of liquid channels and the entrapment of liquid pock-

ets. Their findings suggest that cellular morphologies with isolated liquid re-

gions are more resistant to failure. The Integrated CFD-PF model by Chen et

al. [17] showed that traditional RDG and Kou metrics can miscalculate interden-

dritic pressure drops by several orders of magnitude and fail to account for the

critical influence of grain orientation [17]. Additionally, the work by Yang et al.

[19] demonstrates that grain boundary properties have a great influence on sus-
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ceptibility of the polycrystal to form cracks. Yang et al. [19] demonstrated this by

varying the orientation of neighboring grains as well as the grain boundary energy

and was able to calculate the expected pressure drop at the grain boundary using

the RDP model. Importantly, the work by Yang et al. [19] and Chen et al. [17]

focused on calculating cracking susceptibility metrics from the phase-field solu-

tions, while Wang et al. [18] used a multi-scale approach to understand where in

the melt pool cracks were most likely to be seen.

The present work builds upon these phenomenological principles mentioned in

classical hot cracking works but extends the scope to the challenges of SLM.

While earlier studies focused on binary systems and welding scales [18], this work

utilizes a multicomponent phase-field framework to investigate high-γ ′ Ni-based

superalloys. We link SLM processing conditions to dendritic morphology and,

specifically, to the distribution of nanopores and microcracking observed experi-

mentally. We do so quantitatively using a grand potential-based phase-field model

with an asymptotically derived antitrapping current.

To the authors’ knowledge, this work represents the first physics-based, multi-

component phase-field study of solidification morphology and nanoscale porosity

formation in a high-γ ′ Ni-based superalloy under SLM conditions, and the first to

directly link these solidification phenomena to experimentally observed microc-

racking.

2. Methodology

2.1. Experimental Techniques

Five samples of CM247LC were fabricated on the Aconity Lab with energy den-

sities of 45 J ·mm−3, 60 J ·mm−3, 65 J ·mm−3, 77.5 J ·mm−3, and 142.5 J ·
mm−3. The manufactured specimens consisted of 10 mm×10 mm×10 mm solid

cuboids. The composition of the CM247LC powder is shown in Table 1. The

specific machine parameters remain proprietary and are not shared in this paper.
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For all the manufactured samples in this work, a constant layer height of 20µm

was used.

Table 1: The composition of the CM247LC alloy used in this paper.

Element Al Co Cr Hf Mo Ta Ti W Zr
Composition [%] 5.6 9.2 8.1 1.4 0.5 3.2 0.7 9.5 0.015

Optical microscopy was used to observe the porosity and microcracks in the sam-

ples. Scanning Electron Microscopy (SEM) was then used in the BSE mode to

observe elemental segregation. The SEM analysis was done with a JEOL JSM-

7000F microscope.

2.2. Phase-Field Modelling

This work adopts the grand-potential phase-field model of Aagesen et al. [20],

which is capable of handling multiple phases and crystallographic orientations.

This work implemented a CALPHAD approach to incorporate the influence of

temperature and composition into the grand potential energy function. Since only

solidification is considered here, the framework reduces to two phases Ð solid and

liquid - each with their respective order parameter. The model is described briefly

in this section, and an asymptotic analysis following Choudhury et al. [21] was

performed to derive the antitrapping current; full details are given in Appendix D.

The phase-field method relies on explicitly defining an energy functional that cap-

tures the relevant physics of the problem. There are three components to the

energy functional in the case of the grand potential-based phase-field method.

The energy functional for this method includes an interface component ωint , a

multi-well energy component ωmw, and a thermodynamic component ωth. These

contributions are shown in the integrand in Equation 1.

Ω =
∫

V
ωint +ωmw +ωthdV (1)
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The interfacial energy per unit volume (ωint) is defined using the square of the

gradient operator as shown in Equation 2. More specifically, the total interfacial

energy is given by the sum over interfacial energies of all phases present at that

point. This is shown in Equation 2, where the factor κ is calculated to maintain a

constant interfacial energy compared with the sharp-interface case. Note that the

letters α and β in the subscripts of all equations in this paper are used to denote

different phases. The symbols i and j in the subscripts represent the different

grain orientations. ηαi is therefore the phase fraction of grains with orientation i

consisting of phase α .

ωint =
κ

2

N

∑
α=1

pα

∑
i=1
|∇ηαi|2 (2)

The next component of the energy functional is the multi-well energy density

(ωmw), which as the name indicates, represents energy minima where the phase

fractions ηαi equal either one or zero, respectively. For a binary system, the multi-

well energy density reduces to a double-well function where the minima are at

zero and one. When the phase fractions deviate from their multi-well values the

energy of the system increases, which provides an inhibiting force against phase

transitions. This multi-well energy density is given by the following expression.

ωmw =
N

∑
α=1

pα

∑
i=1

(
η4

αi

4
− η2

αi

2
)+

N

∑
α=1

pα

∑
i=1

N

∑
β=1

pβ

∑
j=1,α i̸=β j

ϒαiβ j(θ)

2
η2

αiη
2
β j +

1
4

(3)

It should be noted that this model includes anisotropy in the form of ϒαiβ j(θ) term

in Equation 4. Notice that ϒαiβ j(θ) is a dimensionless parameter that influences

the multiwell energy barrier and is equal to 3
2 for an isotropic interface. δ is the

strength of anisotropy, θ is the direction of the normal to the surface at a point,

and θ0 is the reference angle for the anisotropic growth. The factor k is equal

to four for cubic systems and six for HCP crystals. Importantly, this model by
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Aagesen et al. [20] includes the anisotropy in the cross-bulk term rather than in

interfacial energy term. It can be shown, however, that this formulation returns

the Gibbs-Thomson relation in the thin-interface limit and is therefore valid for

modelling anisotropic surfaces. The proof of this is included in Appendix E.

ϒαiβ j(θ) = Åϒαiβ j

[

1+δ cos

(

k

2π
(θ −θ0)

)]

(4)

The components of the phase-field energy functional described above are es-

sentially multi-order extensions of the well-studied WBM, KKS, and Kobayashi

models [22, 23, 24]. More importantly, in the case of the aforementioned models,

the Helmholtz energy of the solid and liquid phases is used to construct ωth. In

this study, the grand potential is used to construct the thermodynamic contribution

ωth since it allows multiple species to be included in the energy definition without

having an excessive number of conditions enforcing equality of the chemical po-

tentials 1. As shown in Equation 5, ωth is calculated as a weighted sum over the

grand potential of the individual phases ωα . hαi represents a switching function

that lies between zero and one. The switching function used in this work is shown

in Equation 6.

ωth =
N

∑
α=1

ωα

pα

∑
i=1

hαi (5)

hαi =
η2

αi

∑
N
β=1 ∑

pα
i=1 η2

β i

(6)

The grand potential is calculated for each component using the expression in

Equation 7, where fα is the Helmholtz Energy Density, ρI is the molar density

of the alloying element I and µI is the chemical potential of alloying element I.

1In the Kim-Kim-Suzuki model, for example, a proxy expression for chemical potential is
enforced at every point.
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Specifically, ρI is defined by Equation 8, where Vm is the molar volume.

ωα = fα −
K−1

∑
I=1

ρIµI (7)

ρI =
cI

Vm
(8)

So far, the equations describe only the system’s energy; the dynamics still need to

be defined. This is done using the Allen-Cahn equation, which dictates the evolu-

tion of the phase-field parameter ηαi and is given in Equation 9. In Equation 9, L

is the Allen-Cahn mobility. The evolution of the alloying elements’ concentration

is given by Equation 10. The derivation of Equation 10 is detailed by Choudhury

et al. [21] and begins with the Cahn-Hilliard equation ∂cI

∂ t
= ∇ · (MII∇

δF
δcI

). χII is

self-susceptibility of element I, which is defined by the partial derivative ∂ρI

∂ µI
. MII

represents the self-mobility of element I.

∂ηαi

∂ t
=−L

δΩ

δηαi
(9)

χII
∂ µI

∂ t
−∇ ·MII∇µI =−

N

∑
α=1

pα

∑
i=1

∂ρI

∂ηαi

∂ηαi

∂ t
(10)

The next step is to write an expression for the Helmholtz Energy Density. By

representing the Helmholtz Energy Density of phase α as a quadratic expression

we can determine phase-field properties analytically. This is shown in Equation

11, where f 0
α is the minimum value of the Helmholtz Energy Density, kI

b is the

curvature of the paraboloid along the concentration axis and kI
T is the curvature

along the temperature axis. Similarly, cmin
I and T min

I are the concentration and

temperature where the minimum energy is found, respectively. Notice that the

aforementioned parameters in Equation 11 are not calculated from first principles
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but are determined by fitting to CALPHAD data.

fα = f 0
α +

K−1

∑
I=0

1
2

kI
b,α

(

cα
I − c

α,min
I

)2
+

K−1

∑
I=0

1
2

kI
T,α

(

T α
I −T

α,min
I

)2
(11)

This analytical expression enables us to directly calculate the chemical potential

µI and the susceptibility χII . For brevity, only the main results are quoted below.

For the derivation of these expressions, the reader is referred to reference [20].

The chemical potential in Equation 12 is the derivative of Helmholtz Energy Den-

sity with respect to ρα
I . The susceptibility in Equation 14 is defined as the rate

of change of the Helmholtz Energy Density with respect to the chemical poten-

tial. ρα
I is defined as the molar density of element I in phase α and is calculated

similarly to ρI in Equation 8.

µα
I =VmkI

b,α(c
α
I − c

α,min
I ) (12)

ρα
I =

µα
I

kI
b,αV 2

m

+
c

α,min
I

Vm
(13)

χα
II =

1

kI
b,αV 2

m

(14)

Finally, because of the diffuse nature of the interface, and because the diffusivity

of the solid is much lower than that of the liquid, a significant concentration of

solute is retained in the solid that should have been ejected into the liquid [25].

This is corrected using an antitrapping term, which promotes the movement of

solute from the solid into the liquid. The antitrapping term is shown in Equation

15. W (ρ I
l −ρ I

s ) represents the amount of solute per unit area of the interface that

must be ejected to mitigate this spurious solute trapping. The factor a, which

will be referred to here as the antitrapping factor, was necessarily introduced by
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Karma et al. [26] to enable matching the conservation equations in the phase-field

method to a velocity-dependent Gibbs-Thomson condition. Echebarria et al. [27]

then extended the asymptotic analysis by Karma et al. [26] to mimic a one-sided

diffusion model.

J⃗I
A = aW (ρ I

l −ρ I
s )

∇ηαi

|∇ηαi|
∂ηαi

∂ t
(15)

With the antitrapping flux J⃗I
A, the conservation equation for the chemical potential

is shown in Equation 17. Choudhury et al. [21] performed an asymptotic analysis

on a grand potential-based phase-field model to derive the appropriate antitrapping

factor. Their approach was adapted to the phase-field model proposed by Aage-

sen et al. [20], and the full derivation is provided in Appendix D. The resulting

antitrapping factor is shown in Equation 16.

a(η) =
1

4
√

2

g(η)[1−h(η)]

η(η−1)
(16)

The antitrapping factor is then included in the chemical potential evolution equa-

tion to give Equation 17. Although Equation 17 is derived from the conservation

equation, discretisation errors in the chemical potential violate mass conservation

[25, 28].

χII
∂ µI

∂ t
−∇ ·MII∇µI−∇ · aW

Vm
(cI

l − cI
s)

∇ηαi

|∇ηαi|
∂ηαi

∂ t
=−

2

∑
β=1

∂ρI

∂ηβ1

∂ηβ1

∂ t
(17)

To enforce mass conservation strictly, Equation 18 is enforced in place of the

chemical potential evolution equation. This requires the chemical potential to be

calculated from the solute concentration at every timestep by inverting Equation

19.
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∂cI

∂ t
= ∇[·MIIVm∇µI]+∇ · [aW (cI

l − cI
s)

∇ηαi

|∇ηαi|
∂ηαi

∂ t
] (18)

cI = ∑
α

hα

(

µI

kα
b,IVm

+ cα
min,I

)

(19)

To account for the influence of the thermal gradient dT
dy

and cooling rate R on

columnar solidification, the temperature field is imposed using the expression

given in Equation 20. Within the phase-field domain, this formulation assumes

a locally constant thermal gradient dT
dy

and cooling rate R. This assumption is

justified because the computational domain is orders of magnitude smaller than

the melt pool and because the thermal history is extracted locally at the fusion

boundary from a macroscopic thermal conduction model.

T (y, t) = T0 +
dT

dy
(y− y0)−R(t− t0), (20)

As a result, the imposed temperature field represents a location-specific solidifi-

cation environment rather than a globally averaged condition. The parameters dT
dy

and R therefore vary with spatial position within the melt pool and between pro-

cessing conditions, even though they are treated as constant over the phase-field

domain. The reference temperature T0, position y0, and time t0 define the local

coordinate system of the simulation. Equation 20 further implies that temperature

variations are resolved only along the build direction, consistent with the develop-

ment of columnar microstructures. The thermal gradient dT
dy

and cooling rate R are

obtained from a thermal conduction model incorporating temperature-dependent

material properties, as described in Section 2.3.

2.3. Thermal Modelling

In order to obtain an estimate for the thermal gradient and cooling rate of the melt

pool boundary, a Representative Volume Element (RVE) of a single line scan was
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used, similar to the approach described in [29]. A laser was modelled travelling

across the surface of the powder bed, with a tri-variate Gaussian formulation for

the laser source term as follows:

E(x,y,z) =
2ηP

σxσyσzπ3/2
exp

(

−1
2

(

(x−µx)
2

σ2
x

+
(y−µy)

2

σ2
y

+
(z−µz)

2

σ2
z

))

(21)

Where (µx,µy,µz) is the position of the centre of the heat source, η is the laser

absorption efficiency typically in the range of 30%-40% and P is the laser power.

The beam spread along the x,y,z axes are represented by the parameters σx,σy,σz.

This travelling source term, moving at a speed of v across the powder bed, was

coupled to the finite element software ABAQUS [30]. In these simulations, it was

assumed that the powder bed can be modelled as a homogenous block with the

height of the layer of powder, and further that the properties of the fluid flow in

the melt pool can be represented by a higher heat transfer coefficient of material

above liquidus temperature. These assumptions were chosen to reduce computa-

tional cost of the simulation. The absorptivity was determined by calibrating the

numerical melt pool width against single laser scan data.

3. Numerical Implementation

3.1. Phase-Field Model

An explicit expression for the Helmholtz Energy Density (HED) is required for the

phase-field method. The HED was obtained from ThermoCalc [31] and fitted to

the paraboloid expression in Equation 11. The composition of the CM247LC alloy

used is shown in Table 1. To minimise the computational cost of the phase-field

simulations, the alloy composition space was reduced to four solute elements: Hf,

Ta, Ti, and W. These elements were selected because both the present experimen-

tal data and previous studies on additively manufactured CM247LC consistently

report strong microsegregation for these species [11, 32, 33, 34]. In contrast,
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cobalt and chromium are not consistently identified in microsegregation maps of

CM247LC in the literature and are typically reported to exhibit comparatively uni-

form distributions at the solidification scale. As the objective of the phase-field

model is to capture solute-driven morphological instability caused by elemental

partitioning, elements with minimal reported segregation were excluded from the

reduced-order model without loss of physical fidelity.

For illustration, the fitted HED surface for the liquid phase against temperature

and hafnium composition is shown in Figure 1. Similar looking surface fits were

obtained for the liquid and solid phases against compositions of the other con-

stituents. The fit quality was observed to be acceptable, so evaluating a goodness-

of-fit metric was considered unnecessary. The surfaces were generated by varying

the concentration of the system at a given temperature and evaluating the result-

ing HED value. For each of the fitted energy surfaces, only the concentration of

the respective element (Hf, Ta, Ti, or W) was varied together with the balancing

element.
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Figure 1: Helmholtz Energy Density (HED) plotted against normalised temperature and hafnium
concentration, respectively. Five thousand data points were used to fit the surface in each case. A
small selection of points is shown in this plot for the sake of clarity.

Although fits to the paraboloid surfaces were obtained, the multidimensionality

of the composition space means that common tangents ± in the pseudo-binary

sense ± do not exist. Unfortunately, this results in incorrect predictions of the

equilibrium concentrations. To remedy this, a calibration procedure was followed

whereby the energy curves at each temperature interval were translated such that

the equilibrium concentrations at that temperature were equivalent to the equi-

librium concentrations (in an isothermal sense). Figure 2(a) shows the solid and

liquid surfaces before the calibration was performed. Figure 2(b) shows the curves

projected by the respective surfaces onto the slicing plane shown in Figure 2(a).

The corresponding surfaces and curves are shown in Figures 2(c)-(d). It should be

noted that the calibrated HED surface is a paraboloid fit to the modified surface
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in 2(a). This is an important consideration, because the surface will not fit the

data exactly, meaning that for some temperatures ± depending on the quality of

the local fit ± the composition’s prediction will not be exactly correct. It is also

important to note that the equilibrium composition will not always be achieved in

a transient simulation because species take time to diffuse between the solid and

the liquid.
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Figure 2: The calibration process to produce the correct equilibrium compositions at each temper-
ature. The fitted HED surface prior to calibration is shown in (a), whereas the calibrated surface is
shown in (c).

The dimensional parameters of the quadratic expressions for the solid and liquid

phases, respectively, are shown in Table 2. The magnitude of the parameters is
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very large, which will result in poorly conditioned matrices and therefore poor

convergence. For brevity, the dimensional and normalised physical parameters

used for simulating the solidification of CM247LC are provided in Appendix B

along with the normalisation method.

Table 2: Parameters of the fitted paraboloid following the translation to match the equilibrium
compositions, including additional terms for thermal properties.

Solid Phase Liquid Phase

Element

ks
b,I

(J/m3)

cs
min,I

(Mole Fraction)

ks
T,I

(J/K/m3)

Ts
min

(K)

gs
min,I

(J/m3)

kl
b,I

(J/m3)

cl
min,I

(Mole Fraction)

kl
T,I

(J/K/m3)
Tl

min

(K)

gl
min,I

(J/m3)

Hf 1.30×109 3.44×10−2 1.54×107 1.44×105 −6.48×1011 1.15×109 5.48×10−2 1.84×109 2.97×103 −1.94×1010

Ta 5.94×108 6.12×10−2 1.54×107 1.44×105 −6.48×1011 6.29×108 6.02×10−2 1.54×107 1.44×105 −6.49×1011

Ti 7.15×108 4.82×10−2 1.53×107 1.44×105 −6.51×1011 7.27×108 5.09×10−2 1.54×107 1.44×105 −6.49×1011

W 1.31×108 1.98×10−2 1.54×107 1.44×105 −6.49×1011 1.31×108 6.01×10−2 1.54×107 1.44×105 −6.54×1010

3.2. Antitrapping Factor

3.2.1. Validation

Since composition has a strong effect on the growth morphology of dendrites, it

was important to validate the antitrapping factor before proceeding with the sim-

ulations in this study. To do this efficiently, a one-dimensional non-linear solver

was developed in Python to model the evolution of composition around a flat in-

terface. A simple binary system was simulated using the phase-field formulation

outlined in Section 2.2 under an isothermal condition. The material data for this

binary system is shown in Table 3.

Table 3: The material data for a one-dimensional isothermal solidification simulation.

Property ks kl cs
min cl

min f s
min f l

min Ds Dl c0

Value 10 10 0.1 0.9 -0.1 0.1 1×10−5 1 0.25

The concentration profile at steady-state was obtained with and without the anti-

trapping factor, and the result was compared against the analytical solution. This

is shown in Figure 3, where the result without the antitrapping factor featured al-

most complete solute trapping. When the antitrapping factor was included, the

concentration profile matched the analytical result. The analytical solution took
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the form of the expression shown in Equation 22, where the interface velocity was

approximated from the solution of the phase-field equations. In Equation 22, ∆c

is given by (cl
min− c0) from Table 3.

c(x) = c0 +∆cexp

(

− v

Dl

x

)

(22)

Figure 3: Concentration profile plots to validate the calculation of the antitrapping factor.

3.2.2. Justification of Classical Asymptotic Analysis

The asymptotic analysis used to calculate the antitrapping factor in this paper is

based on the work of Choudhury et al. [21] and assumes equilibrium kinetics at

the interface. This is justified because the velocity of the dendrites in this paper are

much smaller than the diffusive velocity that is calculated by Aziz et al. [35] in de-

riving the Continuous Growth Model (CGM). The velocity of the dendrite tips are

given in Table 4 for the five volumetric energy density (VED) cases investigated

in this work. The diffusive velocity is calculated as shown in Equation 23. Tak-

ing the reported tracer diffusivity of the slowest-diffusing substitutional species

(tungsten) in CM247LC, DL = 1.77×10−9 m2s−1 [31], and λ = 2.63×10−10 m

[36] gives a conservative diffusive velocity vd = 6.7 ms−1. Since v/vd << 1 in
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Table 4, the partition coefficient given by CGM in Equation 24 is approximately

equal to the equilibrium partition coefficient k ≈ ke.

Table 4: Dendritic growth velocities for each volumetric energy density (VED).

VED (J mm−3) Interface velocity V (m s−1) v/vd (vd = 6.7 m s−1)
45 0.353 0.0527
60 0.226 0.0337
65 0.232 0.0346

77.5 0.141 0.0210
142.5 0.0746 0.0111

vd =
Dl

λ
(23)

k =
ke + v/vd

1+ v/vd

(24)

To further examine this approximation, we consider the most strongly segregating

element in CM247LC, which is hafnium. Using the Thermocalc [31] database, the

partition coefficient of hafnium ranges from 0.14 to 0.28. Using a liquid diffusivity

of Dl = 3.6× 10−9, v/vd = 0.0259 for the highest interface velocity in Table

4. This would return an error for hafnium’s partition coefficient ranging from 6

% to 13 %. Keeping in mind the inherent uncertainty in values generated from

CALPHAD databases, this error is taken to be acceptable for this study [37, 38].

Errors in the partition coefficients of other components are much lower since their

equilibrium partition coefficients are greater than hafnium’s.

3.3. Nanovoid Identification

At the end of the simulation, the domain is below the solidus temperature, with

the exception of regions located near the tips of the cellular or dendritic structures.

Remaining entrapped liquid pockets within the solidified domain are identified

using the OpenCV [39] library following the algorithm outlined in Appendix C.
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These liquid pockets are assumed to evolve into nanovoids upon complete solid-

ification as a consequence of solidification shrinkage and insufficient feeding at

the interdendritic scale.

As an illustration, Figure 4(a) shows the simulated solidification microstructure,

while Figure 4(b) highlights the identified entrapped liquid regions that are treated

as nanovoids in the subsequent analysis.

(a)

(b)

Figure 4: The solidification microstructure in (a) and the identified nanovoids in (b).

3.4. Thermal Modelling

To implement the proposed RVE approach, as mentioned previously, the mov-

ing heat source term in equation 21 was coupled to the finite element software

ABAQUS using a user subroutine. When constructing the simulation domain, the

boundaries of the domain (outside the RVE) were fixed at a temperature TSink.

To ensure that a smooth transition between the temperature of the RVE and TSink

occurred, a dissipation region with a coarse mesh was implemented, that was re-

moved for result analysis. Further, to retain a balance of accuracy and computa-

tional efficiency, a mesh was constructed with a fixed cell size of 1 µm for the

simulations.

For accurate predictions of the melt pool dimensions, and thus the cooling rate

and thermal gradient, it is also necessary to include temperature dependent ther-

mophysical properties of the studied alloy. To obtain this, ThermoCalc software
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[31] was used to give CALPHAD-based predictions for key properties such as

thermal conductivity, for use in the model.

The domain of the mesh that was used for the analyses is illustrated in Figure 5,

which highlights the respective size of the phase-field simulation domain com-

pared with the thermal simulations. The thermal gradient and cooling rate are

calculated within that solidification sub-domain.

Figure 5: A cross-section of the conduction model at steady-state. The highlighted region of the
melt pool illustrates the respective domain for the phase-field model, which is the region within
which the average thermal gradient and cooling rate were determined.

4. Results

This study is comprised of three numerical investigations. The first explores the

influence of energy density on solidification morphology and composition, with

findings directly compared to experimental results. Next, a parametric study ex-

amines how thermal gradient and cooling rate impact the nanovoid size distribu-

tion, respectively. The simulation domain used in this work is depicted in Figure

6. Finally, the third study assesses the effect of dendrite/cell orientation on the

nanovoid distribution. Throughout this paper, the term "growth angle" refers to

the dendrites’ orientation, as illustrated in Figure 6(b). It is important to note that,

regardless of the growth angle, the thermal gradient is consistently assumed to be

vertical, aligned with the build direction.
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(a) Domain’s Placement (b) Growth Angles

Figure 6: A schematic illustration showing the phase-field simulation domain’s position with re-
spect to the melt pool in (a). Definition of the reference growth angle θ0 is illustrated in (b).

4.1. Energy Density

4.1.1. Solidification Morphology & Nanovoid Distributions

Five heat conduction simulations were performed with varying energy densities

to evaluate the thermal gradient and cooling rate for the phase-field simulations.

The corresponding values for each energy density are presented in Table 5.

Table 5: The thermal gradient and cooling rate extracted from each of the energy density simula-
tions.

Energy Density [J ·mm−3] 45 60 65 77.5 142.5
Thermal Gradient [K ·m−1] 1.80×107 2.24×107 2.12×107 2.73×107 3.10×107

Cooling Rate [K · s−1] 6.94×106 5.25×106 5.15×106 3.91×106 2.30×106

The final solidification morphologies, observed after the dendrites fully extended

across the domain (20 µm), are shown in Figure 8. As the energy density was

increased from 45 to 142.5 J ·mm−3, an increase in primary dendrite arm spacing

(PDAS) is evident. This is attributed to both the increasing thermal gradient and

the decreasing cooling rate as the energy density is raised. This is summarised in

Table 5. Higher cooling rates raise the cut-off frequency for unstable interfacial

perturbations, consistent with predictions from the Mullins±Sekerka interface sta-

bility theory [40], which is why more cells (and therefore a smaller PDAS) are
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observed at lower energy densities. Moreover, this trend aligns with the empirical

relationship reported by Harrison et al. [41], which describes PDAS as inversely

proportional to a fractional power of the cooling rate.

Pores were identified using the OpenCV image analysis library [39], and their

equivalent radii were calculated. The identification algorithm is briefly described

in Appendix C. In this study, entrapped liquid pockets in the intercellular/interdendritic

regions are assumed to develop into pores on freezing. Therefore, the remainder

of this work will treat entrapped liquid pockets synonymously to nanovoids. The

density change during the solidification of CM247LC was calculated with Ther-

moCalc to be 15 %, which is why this assumption is justified. Probability density

curves of nanovoid radii, presented in Figure 7(a), along with the box plots in Fig-

ure 7(b), reveal that higher energy densities lead to an increase in both the average

nanovoid radius and the interquartile range. The continuous probability density

curves were calculated from the discrete pore distributions using a Kernel Den-

sity Estimate (KDE) method [42]. At 45 J ·mm−3, the solidifying microstructure

developed into a planar front with cellular caps and did not trap any nanovoids.

Conversely, as can be seen in Figure 8(e), the 142.5 J ·mm−3 case is dendritic and

traps a long stable row of nanovoids behind the dendrites’ tips.
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(a) (b)

Figure 7: A summary of the effect of changing the energy density on the distribution of nanovoids
in the solidified domain. The probability density curves for the various energy densities are shown
in (a). The effect on the median pore radius and interquartile range is captured in (b).

24



(a) 45J ·mm−3

(b) 60J ·mm−3

(c) 65J ·mm−3

(d) 77.5J ·mm−3

(e) 142.5J ·mm−3

Figure 8: Solidification pattern near the tip for the five energy densities investigated in this section.
The blue regions are solid and the red ones are liquid. Only a quarter of the domain’s length is
shown for clarity.

The optical micrographs of the samples are shown in Figure 9. It is clear from the

micrographs, due to the irregularity of the pores, that significant lack-of-fusion

porosity is present and that it decreases with an increasing energy density. It is

highlighted in Figure 10 that small microcracks begin to appear at 77.5 J ·mm−3

and that these microcracks are considerably larger at the highest energy density

case (142.5 J ·mm−3). The reduction in lack-of-fusion porosity is expected with

an increasing energy density since the powder is allowed to fully melt. The micro-
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cracking can be explained by transition from cellular to dendritic microstructures

as demonstrated in Figure 8 from the phase-field simulations. Further, this can

be explained by the fact that a high cooling rate is obtained from entering the

conduction zone [43].

(a) 45 J ·mm−3 (b) 60 J ·mm−3 (c) 65 J ·mm−3

(d) 77.5 J ·mm−3 (e) 142.5 J ·mm−3

Figure 9: Optical micrographs for the five investigated energy densities in the Transverse Direction
(TD). The micrographs show decreasing lack-of-fusion porosity with increasing energy density.
Lack-of-fusion porosity is still present, however, at the highest energy density.
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(a) 77.5 J ·mm−3 (b) 142.5 J ·mm−3

Figure 10: Highlighted regions showing microcracks in the two samples with the highest energy
densities.

4.1.2. Microsegregation & SEM Evidence

The elemental concentrations of Hf, Ta, Ti, and W were predicted by the phase-

field model. The degree of elemental segregation influences solid solution strength-

ening, as well as the freezing range of the alloy. By accurately predicting the

degree of elemental segregation, Crystal Plasticity (CP) models can be supplied

with spatio-temporal concentration data that would aid with microresidual stress

predictions. This motivates the need for accurate phase-field simulations. This

section, therefore reports the pattern of elemental segregation predicted by the

phase-field model and compares it qualitatively to the SEM images taken in the

Backscattered Electron (BSE) mode.

The phase-field results in Figure 11 show a marked increase in microsegregation

as the energy density increases. The maximum percentage segregation is reached

when the energy density is at 77.5 J ·mm−3 and maintains that segregated com-

position at the energy density of 142.5 J ·mm−3. The heatmaps only show the

concentration of hafnium for brevity, but this pattern remains the same for the

other alloying elements that are reported in Table 6. It is worth noting that the

segregation in Table 6 is the maximum percentage segregation with respect to the
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nominal composition and is calculated at 50 K below the solidus temperature.

The percentage segregation was not extracted at the solidus temperature since

non-equilibrium conditions delay complete solidification to lower temperatures.

The expression for calculating the maximum percentage segregation is given in

Equation 25. It is also worth noting that the maximum segregation observed at

77.5 J ·mm−3 is similar to the composition reported by Fardan et al. [44] at grain

boundaries using Atom Probe Tomography (APT). Fardan et al. reported a com-

position of Hf equal to 6 wt. % for an energy density of 75 J ·mm−3, and the

results in Table 6 report 7 wt. % for 77.5 J ·mm−3.
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(a) 45J ·mm−3

(b) 60J ·mm−3

(c) 65J ·mm−3

(d) 77.5J ·mm−3

(e) 142.5J ·mm−3

(f) Colourbar

Figure 11: Heatmaps showing the composition of hafnium near the tip of the solidifying mi-
crostructure. Increasing the energy density changes the morphology from planar-cellular in (a)
to finally dendritic in (e). The microsegregation increases with increasing energy density. Only
hafnium is shown in these heatmaps, but the same trend of increasing segregation was seen for all
the other alloying components.

Si
% =

[

ci

ci
nom
−1

]

×100 (25)
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Table 6: The maximum percentage segregation with respect to the nominal composition, and the
corresponding weight percent of segregated elements in the enriched regions. The data in this table
is obtained from the phase-field model at 50 K below the solidus to account for non-equilibrium
solidification.

Energy
Density (J·mm−3)

% Segregation wt.% in Enriched Region

Hf Ta Ti W Hf Ta Ti W

45 +2.8 +1.0 +0.5 -0.5 1.36 3.06 0.67 8.95

60 +63.7 +17.0 +7.1 -1.5 2.14 3.50 0.70 8.75

65 +36.2 +15.2 +5.1 -0.5 1.79 3.46 0.69 8.87

77.5 +525.7 +129.4 +54.1 -68.7 7.89 6.61 0.97 2.68

142.5 +502.3 +129.4 +53.0 -68.7 6.20 6.09 0.91 4.29

Moreover, SEM BSE images were taken of the samples in the build direction

(BD), and are shown in Figure 12. The SEM images demonstrate an increase in

PDAS with increasing energy density. It also shows a transition from a highly cel-

lular microstructure at 45 J ·mm−3 to a columnar-dendritic morphology at 142.5

J ·mm−3. Notice also that the region captured in Figure 12(a) does not show

any significant microsegregation at the cell boundaries, while Figure 12(e) clearly

shows microsegregation in the interdendritic region.
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(a) 45 J ·mm−3 (b) 60 J ·mm−3 (c) 65 J ·mm−3

(d) 77.5 J ·mm−3 (e) 142.5 J ·mm−3

Figure 12: BSE SEM images of the five energy densities investigated in this study. The build
direction (BD) is shown in (a).

4.2. Thermal Gradient and Cooling Rate

Although the thermal gradient and cooling rate are physically coupled in laser

powder bed fusion, they were varied independently here to isolate their individual

effects on nanovoid formation and solidification morphology. In practice, both

parameters vary simultaneously with processing conditions, making it difficult to

identify which variable primarily governs pore size and microsegregation. Decou-

pling them in a controlled numerical framework allows their first-order influences

to be assessed independently.

This approach also enables mapping of solidification morphology transitions across
dT
dy

± R space and identification of parameter regimes associated with reduced

nanovoid size and improved interface stability. Such a mapping provides a physi-

cal basis for identifying regions of the processing window that may improve print-

ability.
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Finally, since both thermal gradient and cooling rate fluctuate near the fusion

boundary, varying them independently allows the sensitivity of nanovoid forma-

tion to local solidification conditions to be quantified. To manage computational

cost, the reduced test matrix in Figure 13(a) was used to capture first-order trends.

4.2.1. Size Distributions

The effect of the thermal gradient and the cooling rate are shown in Figures 13(b)-

(c) and 13(d)-(e), respectively. It can be seen that increasing either the thermal

gradient or the cooling rate (independently) reduces the mean nanovoid radius.

Moreover, the distribution of pores is observed to move from being bimodal to

unimodal at more severe thermal gradients. The dendritic structures shown in

Figure 14 qualitatively confirm this transition from bimodality to unimodality.

This is also evident from the probability density curves in Figure 13(c), which

show a double-peaked curve changing into curves with a single maximum.
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(a) Simulation Test Matrix

(b) (c)

(d) (e)

Figure 13: Effect of varying the thermal gradient on the nanovoid radius distribution.
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(a) 1×107Km−1

(b) 3.7×107Km−1 (c) Colorbar

Figure 14: The change in the distribution of nanovoids from being bimodal in (a) to becoming
unimodal under the application of a more severe thermal gradient in (b). Only approximately 5
µm of the domain is shown in Figures (a) and (b).

Although the cooling rate also reduced the mean nanovoid radius and range, the

dendrites did not transform into doublons at low cooling rates. The effect of the

cooling rate on the distribution of the nanovoids is shown in Figures 13(d) and

13(e). Similarly to the thermal gradient case, the lowest cooling rate produced

a bimodal distribution. As opposed to the thermal gradient case, however, the

bimodality was caused by a change in the PDAS with build height, which resulted

in a changing distribution of pores. A similar effect was observed in some of

the simulations by Lindroos et al. [13] who conducted directional solidification

simulations at similarly large thermal gradients and cooling rates.

Further insight can be obtained by plotting the solidification morphology on a

Growth Rate - Thermal Gradient (GR) plot. This can be shown in Figure 15. The

numbers in Figure 15(a) correspond to the numbered bubbles in Figure 15(b). The

simulations that produced the largest nanovoids were the lowest thermal gradient

case (6) and the lowest cooling rate case (1). This can be explained in the context

of the GR plot by the large inter-cellular channel in (1), which leads to larger

pores being created and (6) where the structure is strongly dendritic and therefore

traps a large number of pores between its secondary dendrite arms. On the other

hand, the simulations that produced the smallest - and fewest - nanovoids were the
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high cooling rate case (5) and the high thermal gradient one (9). The high cooling

rate produced many cells with very small inter-cellular channels that lead to small

nanovoids. With the high thermal gradient case, the inter-cellular channels were

very small and disappeared quickly with the distance from the tip of the cells. If

the thermal gradient is increased further, a planar solidification morphology would

be expected. This is an important result because it demonstrates that to minimise

the trapping of nanovoids that either a large thermal gradient or a high cooling

rate should be targeted. The former risks forming keyhole porosity and the latter

lack-of-fusion porosity.
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(a) Simulation Test Matrix

(b) Simulated Morphologies on GR Plot

Figure 15: The effect of the dT
dy
−R position on the morphology of the solidification structures.
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4.2.2. Concentration Profiles

The thermal gradient did not have any effect on the degree of microsegregation

within the thermal gradient range that was investigated. This applies to the con-

centration at all sampling temperatures. As a result, the concentration profiles

for the thermal gradient study are not displayed in this section. The cooling rate,

however, caused substantial reduction in microsegregation as the cooling rate was

increased from 2×106K · s−1 to 7.5×106K · s−1. This change in percentage seg-

regation is reflected in Figure 16. The increase in the number of peaks in Figure

16(b) compared with 16(a) is due to a marked decrease in the PDAS between these

two simulations. In Figure 16, ∆T refers to the temperature below the solidus

isotherm.

(a) 2.0×106K · s−1 (b) 7.5×106K · s−1

Figure 16: The change in the concentration profile of Hf in increasing the cooling rate from 2.0×
106K · s−1 to 7.5×106K · s−1.

4.3. Growth Angles

The columnar solidification simulations presented until this point have featured

perfectly vertical dendritic growth. This is justified because the solidification

microstructure in SLM has a strong columnar texture in the < 100 > direction.

However, to account for columnar growth at an angle to the < 100 > direction,

solidification simulations were performed with reference growth angles ranging

from 45 ◦ to 90 ◦. A thermal gradient and cooling rate of 2.5 ×107K ·m−1 and 2
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×106K · s−1 were respectively applied to all the simulations in this section. Phys-

ically, the meaning of the reference growth angle is illustrated in Figure 6(b). A

total of seven reference growth angles were simulated in this section. The purpose

of conducting this study was to understand whether the orientation of the grow-

ing dendrites has an effect on the distribution of nanovoids and microsegregation.

Practically, this is important since it informs AM practitioners on the influence of

columnar grain tilt on the quality of the fabricated parts.

4.3.1. Size Distributions

The qualitative effect of changing the reference growth angle on the pore distri-

bution is shown in Figure 17. Only four of the seven reference angle simulations

are shown for clarity. Figure 17 illustrates how the reference growth angle θ0

was reflected in the simulation. More specifically, the dendrites’ orientation was

controlled by changing the θ0 parameter in the interfacial energy term shown in

Equation 4. Notice that the thermal gradient is the same for all seven cases in this

study, where the thermal gradient is parallel to the long edge of the simulation

domain.
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(a) 45◦

(b) 50◦

(c) 55◦

(d) 60◦

(e) 65◦

(f) 70◦

(g) 90◦

Figure 17: The solidification pattern for different growth angles, which represents growth in a
direction about the vertical. Notice that only the regions near the tip are shown in this figure for
clarity.

The effect of the growth angles on the nanovoid radius and standard deviation is
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shown in Figure 18. By consulting the figure, it is clear that increasing the growth

angle increased the mean radius of the nanovoids as well as the standard deviation

of the pore radius. More acicular pores were observed with increasing growth

angles, although the change in the mean aspect ratio was quite small. This can be

qualitatively noted from the solidifying simulation domains in Figure 17, which

shows more elongated interdendritic liquid pockets in the 90◦ case than any of the

smaller reference growth angles.
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(a)

(b)

Figure 18: The effective probability density curves for the growth angles in this paper.

4.3.2. Concentration Profile

The concentration of Hf is reported in Figure 19 for the 45◦ and 90◦ growth angles,

respectively. The compositional range is the same for both cases, which indicates

that the orientation of the growing dendrite does not impact elemental segregation.
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For brevity, only the composition of hafnium is shown in Figure 19, but the effect

on elemental segregation of the other constituents is the same.

(a) 45◦

(b) 90◦ (c) Colorbar

Figure 19: The effect of the growth angle on the Hf concentration profile. Notice that Figures (a)
and (b) only show approximately 5 µm of the full domain’s length for clarity.

5. Discussion

5.1. Microcracking Mechanism

This work aimed to relate SLM processing conditions to the resulting solidifi-

cation microstructure and, thereby, explain the observed dependence of micro-

cracking on energy density. The authors propose that microcrack formation in

SLM is initiated with the development of stable rows of nanovoids, as illustrated

in Figure 20(a). These nanovoids subsequently coalesce to form a microcrack

at the boundaries between cells or dendrites, as shown in Figure 20(b). Consis-

tent with this mechanism, larger acicular pores are expected to be more prone to

forming elongated microcracks than smaller, more equiaxed pores. Although the

present study does not explicitly model void growth or coalescence, this proposed

mechanism provides a plausible link between nanovoid size and morphology and

the propensity for microcrack formation. Further support for this mechanism is

provided by Templeton et al. [15], who demonstrated that shrinkage pores can

coalesce to form elongated cracks in interdendritic regions of In718.
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(a)

(b)

Figure 20: The formation of a stable row of nanovoids is shown in (a) and its coalescence during
loading is illustrated in (b). The orange arrows indicate the velocity of the pores’ surfaces as the
pores expand.

The present phase-field model does not explicitly resolve the physics of void nu-

cleation and therefore does not simulate pore formation directly. Instead, shrink-

age porosity is inferred geometrically by identifying isolated liquid regions at late

stages of solidification, which are assumed to transform into pores as a result of

insufficient interdendritic feeding during solidification shrinkage. As a result, the

predicted pore statistics represent relative trends in porosity formation rather than

absolute nucleation behavior and should be interpreted as a comparative measure

of printability rather than a direct prediction of experimentally observed pore pop-

ulations. This assumption is justified by the large solidification shrinkage of liquid

nickel (ρs/ρl ≈ 1.15), which strongly promotes pore formation in isolated liquid

domains. Moreover, the trend of increasing nanovoid radius with energy density
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and the concurrent increase in microcracking in Section 4.1 indicates that micro-

cracks are initiated at nanovoids and that they grow through coalescence. Further

evidence of this is provided by Fardan et al. [45] who showed that the microc-

racked surfaces often have dendrites present on either side, which provides direct

support for this mechanistic view.

Importantly, even if liquid feeding is sufficient to prevent the formation of shrink-

age pores, these entrapped liquid pockets serve as sites for the precipitation of

secondary phases, such as MC carbides. The presence of nano-scaled, Hf/Ta-rich

MC carbides is well-documented in SLM-processed CM247LC [11, 33]. Some

authors, such as Carter et al. [46], suggest that such carbides are responsible

for microcracking via solid-state mechanisms like Ductility Dip Cracking (DDC).

Regardless of whether failure initiates through late-stage solidification shrinkage

or a solid-state mechanism like DDC, we postulate that the isolated liquid pock-

ets predicted by the phase-field model serve as the fundamental precursor for the

formation of these deleterious features.

In regions where shrinkage does not lead to nanovoid formation, the interdendritic

zones still experience significant residual stresses and localized deformation dur-

ing the rapid cooling cycles characteristic of SLM. This results in the high disloca-

tion densities observed at cell boundaries in TEM studies by Divya et al. [33] and

Wang et al. [47]. This localized accumulation of dislocations, effectively forming

internal sub-grain orientations or low-angle boundaries, likely alters the plastic

response of the material. The width of the simulation in this work is less than 2

µm, while the results by Divya et al. [33] showed that variations in intra-granular

orientations are very small over a two-micron length scale. Hence, orientation

changes of the dendrites and cells were not considered in this work.

5.2. Energy Density

Simulations were performed to establish if the nanovoid distribution could be cor-

related with microcracking in the manufactured samples. The average nanovoid

radius ranged from 7 nm to 15 nm when energy densities of 60J ·mm−3 and
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142.5J ·mm−3 were applied, respectively. The mean nanovoid radius was found

to increase with increasing energy density, which corresponds with the positive

correlation between energy density and the prevalence of microcracks in the man-

ufactured samples. This can be explained by the decrease in interface stability

with increasing energy density, which can be seen by the change of solidifica-

tion morphology from planar-cellular at 45 J ·mm−3 to cellular at 60 J ·mm−3

to dendritic at 142.5 J ·mm−3. These results are consistent with the findings of

Templeton et al. [15] who demonstrated that decreasing the cooling rate produced

shrinkage porosity in the interdendritic region. Importantly, in both the manufac-

tured samples and the solidification simulations, there is an evident transition from

cellular morphology at low energy density to dendritic morphology at the highest

energy density, which is clearly visible from the SEM images in Figure 12. This

argument is well-aligned with the mechanistic explanation provided by Temple-

ton et al. [15], who experimentally correlated the SDAS with the propensity for

cracking. Evidently, a smaller SDAS is related to a more dendritic morphology.

Therefore, the multi-component phase-field model in this paper demonstrated that

the change from cellular to dendritic structures can be reasonably predicted using

the derived thermal history from FEM conduction model.

Further, the simulation results in Figure 7(b) together with the predictions of

nanoporosity in Figure 7(a) indicate that the mean nanovoid radius provides a

useful measure for the printability of CM247LC. This statement is supported by

the Crystal Plasticity (CP) simulations presented by Lindroos et al. who showed

that greater stress concentrations are observed for rapid solidification processes

around larger nanoscale pores [13]. It therefore stands to reason that the size

distribution of these pores, which are inevitably linked to the dendritic/cellular

morphology has a direct effect on the printability of the alloy. A more compre-

hensive analysis of printability requires microresidual stresses to be predicted in

tandem with the phase-field simulations. Nonetheless, it can be said phenomeno-

logically that increasing microsegregation together with an increase in nanovoid

radius would lead to greater cracking propensity due to an increased mismatch in
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thermal expansivity and the existence of larger crack-initiation sites.

The degree of elemental segregation was captured by the phase-field model and

reported in Table 6. Minimal segregation was observed in the lowest energy den-

sity case, primarily because the morphology developed into a fast-moving flat

interface that trapped the majority of the solute in the solid. The percentage seg-

regation increased with increasing energy density, since the morphology steadily

transitioned to become more dendritic and therefore produced more intercellu-

lar/interdendritic channels that solute could diffuse to. There was no marked dif-

ference in percentage segregation for the final two cases. This provides a further

explanation for the beginning of microcracking at 77.5 J ·mm−3, since the dif-

ference in composition between the dendrites and the final liquid increases the

mismatch in thermal expansivity and therefore produces greater microresidual

stresses on cooling. Although quantitative experimental measurements of segre-

gation were not included in this study, the BSE SEM images in Figure 12 demon-

strate, qualitatively, that solute segregation increases with energy density. The

composition of hafnium at a grain boundary was reported by Fardan et al. [44] for

CM247 using Atom Probe Tomography (APT) to be 6 wt. % for an energy density

of 75 J ·mm−3. The wt. % composition in the segregated regions was calculated

from the phase-field simulations to be 7 wt. % at 77.5 J ·mm−3 and retained a

similar value of 6 wt. % at 142.5 J ·mm−3. This indicates that the phase-field

simulations provide a compositionally accurate picture. Further, the SEM images

in Figure 12 also corroborate the phase-field simulation results in Figure 11, since

they both demonstrate an increase in PDAS with energy density.

Finally, the experimental and numerical results from the energy density investi-

gation explain why CM247LC and other high-γ ′ alloys are so difficult to print.

That is, in order to print CM247LC without microcracking the cooling rate needs

to be sufficiently high to suppress dendrite formation. With a standard (Gaus-

sian) beam shape, and traditional optimisation, this would lead to lack-of-fusion

porosity. A similar observation was made by Fardan et al. [45] but was not mech-

anistically explained. This leads to the conclusion that in order to print CM247LC
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in a porosity-free, crack-free condition the thermal history needs to be controlled

to achieve a high-enough cooling rate while ensuring full melting of the metal

powder to avoid lack-of-fusion porosity.

5.3. Thermal Gradient and Cooling Rate

Increasing either the thermal gradient or the cooling rate decreased the mean

nanovoid radius. These results are in alignment with the experimental observa-

tions made by Templeton et al. [15]. While increasing the cooling rate eventually

resulted in a marked reduction of percentage segregation, the thermal gradient

did not have a discernible effect on the degree of elemental segregation. The re-

duction in microsegregation as well as the reduction in nanovoid size invariably

improve the print quality. An interesting observation in the thermal gradient study

is the formation of a bimodal nanovoid distribution at the lowest thermal gradient,

which is directly caused by the formation of a doublon structure at the dendrites’

tips. The formation of doublons has been observed experimentally in metallic

as well as non-metallic compounds [21, 48]. Doublon formation is associated

with stronger microsegregation and lower interface stability [48]. However, to

the author’s knowledge, doublons - or other tip-branching effects - have not been

reported in the Additive Manufacturing (AM) literature previously. The impor-

tance of the pore distribution’s bi-modality is therefore unknown. It is likely that

the distribution with the greater nanovoid radii (those associated with the inter-

dendritic region) would be responsible for the cracking behaviour. Alternatively,

the proximity of the two pore distributions may initiate an interaction that expe-

dites crack formation. Micro-residual stress simulations are needed to ascertain

the influence of multi-modal pore distributions on pore formation. Nevertheless,

the mean nanovoid diameter is considerably larger for the lowest thermal gradient

case, which will have an adverse effect on the printability of the alloy irrespective

of the distribution type.

The results in Figure 15 showed that to reduce the size of trapped nanovoids, either

the thermal gradient or the cooling rate should be increased. This is because in-
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creasing the thermal gradient brings the solidification morphology closer to being

planar rather than cellular and reduces the width of the inter-cellular region, which

is where the trapping would occur. On the other hand, increasing the cooling rate

produces many more cells with smaller inter-cellular regions between them. This

also has the effect of decreasing the size of the trapped nanovoids. Heuristically,

it is known that to get a stronger thermal gradient that a greater energy density is

needed, which was generally seen in Section 4.1; while getting a higher cooling

rate requires a lower energy density [49]. Therefore, to obtain a thermal gradi-

ent that is large enough to suppress the formation of nanovoids there is a risk of

keyholing. Similarly, to obtain a high enough cooling rate to prevent nanovoid

trapping, the laser would risk entering the lack-of-fusion zone. To better illustrate

this, Figure 21 is used to demonstrate where in the processing window cellular and

planar microstructures would be expected, and how that correlates with keyholing

and lack-of-fusion porosity. Figure 21(a) represents a difficult-to-print alloy such

as CM247LC where a large cooling rate is needed to produce a highly cellular

morphology. Figure 21(b) on the other hand shows an alloy that is more print-

able where there is an overlap between the region of cellular morphology and the

’Dense’ region. It is important to note that Figure 21 is only meant to be illustra-

tive for the purpose of establishing trends and relationships rather than to provide

an accurate quantitative picture.
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(a) Microcracking (b) No Microcracking

Figure 21: Schematic illustration of the qualitative relationship between SLM processing condi-
tions, defect formation (lack of fusion and keyholing), and solidification morphology (cellular,
dendritic, and planar). Panel (a) represents a difficult-to-print alloy, while the alloy in (b) is more
printable.

Based on the aforementioned arguments, it is clear that the difficulty in print-

ing CM247LC is that suppressing the trapping of nanovoids in the inter-cellular

or interdendritic regions encroaches on the processing zones that cause lack-of-

fusion or keyhole porosity. This conclusion is supported by the work of Hu et al.

[36], where removing hafnium was shown to reduce crack sensitivity in CM247.

According to the Mullins-Sekerka stability criterion in Equation 26, increasing

the partition coefficient k increases the stability of the interface, which is what

happens when the freezing range is reduced [40]. In Equation 26, Γ is the Gibbs-

Thomson coefficient, and v is the steady-state interface velocity. This means that

the removal of Hf produced an alloy with a more stable solidification front that is

less likely to form dendrites even at lower cooling rates, which provides a larger

processing window.

A =
k2 Γv

mC0 (1− k)DL
, (26)
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In conclusion, the pattern of nanovoid distributions given in Section 4.2 supports

the theory that the microcracking of CM247LC and other similar alloys is medi-

ated by the formation and growth of nanovoids. It also provides an explanation as

to why CM247LC remains difficult to print in the face of the many experimental

studies dedicated to it in the literature [36, 50, 51, 52, 53, 45].

5.4. Growth Angles

Although the dendrites predominantly grow parallel to the build direction, colum-

nar grains are often reported to tilt with respect to the build direction. It is clear

from the simulation results in Figures 17 and 18 that the growth angle has a mea-

surable impact on the final distribution of nanovoids. Growing exactly parallel

to the build direction produces the largest mean nanovoid radius and the greatest

standard deviation range of pore radius. Although the larger mean radius could in-

dicate that a growth angle of 90◦ is the most likely to fail, this must be considered

contextually since changing scanning strategies can result in complex microstruc-

tural and thermal changes [8].

Tilt of columnar grains is rarely referred to in the experimental literature on SLM

since tilt typically varies as a result of controlling the texture [8, 54]. Nonetheless,

it is clear from the work of Thijs et al. [54] that processing parameters can have

a strong influence on the direction of epitaxial growth during solidification. For

CM247LC, the work by Carter et al. [46] showed that changing the scanning

strategy produced a bimodal microstructure where the columnar grains grew at

an angle to the building direction [8]. Since increasing the dendrites’ growth

angle was shown to increase the mean nanovoid radius, it is reasonable to suggest

that processing conditions should favour tilting the columnar grains to improve

printability. This, however, must be balanced with the other factors mentioned in

this work, including the energy density, thermal gradient, and cooling rate.

Changing the growth angles did not affect the concentration profile of the so-

lidified domain, meaning that the influence of the growth angle is through the

distribution of nanovoids that it produces, as well as the alignment of the bound-
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ary tractions with the dendrites’ primary axes. The latter influence can only be

revealed using a multi-scale approach that begins with calculating tractions on the

grain boundaries.

6. Conclusions

This work investigated how location-specific thermal history and grain growth

orientation at the fusion boundary govern solidification morphology and nanovoid

formation in CM247LC during SLM. By combining conduction-based thermal

modelling with a multicomponent phase-field framework, the effects of energy

density, thermal gradient, and cooling rate on local solidification behaviour were

quantified and linked directly to experimentally observed microcracking.

• The nanovoid populations predicted by the phase-field model establish a

mechanistic, location-specific link between solidification morphology and

microcrack susceptibility in CM247LC. Cellular growth reduces the width

of intercellular channels near the solidification front, suppressing the for-

mation of shrinkage-induced nanovoids relative to dendritic growth.

• The processing window required to maintain a fully cellular solidification

morphologyÐand therefore minimise nanovoid formationÐdemands suf-

ficiently high local cooling rates. However, increasing cooling rate simul-

taneously drives the process into the lack-of-fusion regime. Conversely,

increasing energy density suppresses lack-of-fusion porosity but promotes

dendritic growth and nanovoid formation. This morphology-driven trade-

off, governed by interface stability rather than process parameters alone,

restricts crack-free SLM of CM247LC using conventional Gaussian beams.

• The experimentally observed increase in microcrack density as the mor-

phology becomes more dendritic, together with the predicted growth and

clustering of nanovoids, supports a solidification-driven cracking mecha-

nism in which nanovoids form within interdendritic regions due to solid-

ification shrinkage and subsequently coalesce to form microcracks during
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cooling or loading.

• The largest nanovoids are observed when dendritic growth is parallel to the

thermal gradient; increasing the growth angle reduces nanovoid size and

variability. This suggests that maintaining a slight misalignment between

grain growth direction and the thermal gradient may be beneficial for sup-

pressing interdendritic void formation.

To the authors’ knowledge, this work represents the first physics-based, multicom-

ponent phase-field study to resolve location-specific solidification morphology

and nanoscale porosity formation in a high-γ ′ Ni-based superalloy under SLM

conditions, and to directly link these phenomena to microcracking. These find-

ings demonstrate that the cellular±dendritic transition constrains the crack-free

processing window of high-γ ′ Ni-based superalloys. Achieving crack-free fab-

rication will therefore require thermal histories that promote sustained cellular

growth while ensuring full fusion, or alternative beam shaping and alloy design

strategies that enhance solidification interface stability.
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A. Normalisation

A.1. Allen-Cahn Equation Normalisation

First, we define how the parameters should be scaled for the normalisation. This

is done by saying that each parameter is equal to a constant characteristic factor

multiplied by the normalised parameter. For time, for example t = t∗T , where T

is the characteristic time and t∗ is the normalised time. Similarly, the height of

the multi-well potential, the chemical potential, and the parabola’s curvature are

written as m = m0m∗, µ = µ0µ∗, and kI
b = k

I,0
b k

I,∗
b respectively.

The characteristic time and length scales (T and ℓ) were calculated from Equations

A.1 and A.2 respectively.

L̃ = LT m0 (A.1)

κ̃ =
κ

m0ℓ2 (A.2)

After assigning the non-dimensional variables, the following condition must be

enforced to get a coefficient of unity for the grand-potential function. Ensuring

that conditions A.3 and A.4 were satisfied simplified the expressions for the grand

potential since coefficients would be reduced to one. This was observed to im-

prove the convergence behaviour of the simulations.

µ2
0

V 2
mkα

I,0m0
= 1 (A.3)

µ0

Vmm0
= 1 (A.4)

A summary of the parameters pertaining to the normalisation of the Allen-Cahn

equation is shown in Tables B.8 and B.7. The characteristic time T produced by
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this normalisation is 1.79 µs and the characteristic length l0 is 79.1 nm.

A.2. Cahn-Hilliard Equation Normalisation

Next, the conservation equation for the chemical potential is normalised. By doing

this, normalised susceptibility and diffusivity values χ0
II and D0

II are determined,

respectively. In line with notation in the previous section, χII = χ∗IIχ
0
II and DII =

D∗IID
0
II .

∂ µ∗I
∂ t∗

χ∗II = ∇̃ · DII0D∗IIχ
∗
IIT

ℓ2 ∇̃µ∗I −
2

∑
β=1

1

χ0
IIµ

0
I

∂ρI

∂ηβ1

∂ηβ1

∂ t∗
(A.5)

Similarly to the Allen-Cahn equation, three conditions will be imposed here.

Specifically, Equation A.6 produces the dimensionless diffusivity; Equation A.9

produces the dimensionless susceptibility; and finally, Equations A.9 and A.10 are

enforced to ensure that the expression for density has coefficients that are equal to

unity.

DII0T

ℓ2 = 1 (A.6)

The density can be represented as a function of the chemical potential, as shown

in Equation A.7.

ρ =
µI

V 2
mkα

I

+
c

α,min
I

Vm
(A.7)

This means that the dimensionless density is given by Equation A.8.

ρ∗ =
µI

V 2
mkα

I χ0
IIµ

0
I

+
c

α,min
I

Vmχ0
IIµ

0
I

(A.8)

To make sure that the dimensionless expression for density has exactly the same
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form as the original equation, we must ensure that the expressions in Equations

A.9 and A.10 are equal to unity respectively.

1

V 0
m

2
kα

I,0χ0
II

= 1 (A.9)

c
α,min
I,0

V 0
mχ0

IIµ
0
I

= 1 (A.10)

B. CM247LC Data

B.1. Dimensional

Table B.7: Interface properties of CM247 at a temperature T0 of 1663K.

Property Value Description
Vm [m−3mol−1] 1 ×10−5 Molar Volume

ε [Jm−1] 2.3250 ×10−9 Gradient Energy Coefficient
σ [Jm−2] 0.31 Surface Energy

L [m3J−1s−1] 1 Allen-Cahn Mobility
m [Jm−3] 1.86×108 Double-well Height
Tsolidus [K] 1603 Solidus Temperature
Tliquidus [K] 1681 Liquidus temperature

T0 [K] 1663 Fusion boundary temperature

Table B.8: Thermodynamic data obtained from ThermoCalc for CM247LC at a temperature T0 of
1663 K.

Property Value Description
Solid Liquid

S [Jm−3] 8.92 ×106 9.89 ×106 Entropy Density
Cp [Jmol−1K−1] 85.8 159 Specific heat capacity

DHf [m2s−1] 1.72 ×10−12 2.87 ×10−9

DTa [m2s−1] 4.89 ×10−14 2.87 ×10−9

DTi [m2s−1] 1.41 ×10−13 2.87 ×10−9

DW [m2s−1] 5.20 ×10−16 1.57 ×10−9 Element tracer self-diffusivities
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Table B.9: Parameters of the fitted paraboloid following the translation to match the equilibrium
compositions, including additional terms for thermal properties.

Solid Phase Liquid Phase

Element

ks
b,I

(J/m3)

cs
min,I

(Mole Fraction)

ks
T,I

(J/K/m3)

Ts
min

(K)

gs
min,I

(J/m3)

kl
b,I

(J/m3)

cl
min,I

(Mole Fraction)

kl
T,I

(J/K/m3)
Tl

min

(K)

gl
min,I

(J/m3)

Hf 1.30×109 3.44×10−2 1.54×107 1.44×105 −6.48×1011 1.15×109 5.48×10−2 1.84×109 2.97×103 −1.94×1010

Ta 5.94×108 6.12×10−2 1.54×107 1.44×105 −6.48×1011 6.29×108 6.02×10−2 1.54×107 1.44×105 −6.49×1011

Ti 7.15×108 4.82×10−2 1.53×107 1.44×105 −6.51×1011 7.27×108 5.09×10−2 1.54×107 1.44×105 −6.49×1011

W 1.31×108 1.98×10−2 1.54×107 1.44×105 −6.49×1011 1.31×108 6.01×10−2 1.54×107 1.44×105 −6.54×1010

B.2. Normalised

Table B.10: Normalised interface properties of CM247 at a temperature T0 of 1663K.

Property Value Description
Vm 1 Molar Volume
ε 0.02 Gradient Energy Coefficient
L 33.33 Allen-Cahn Mobility
m 10 Double-well Height
T0 0 Reference Temperature

Table B.11: Thermodynamic data obtained from ThermoCalc for CM247LC at a temperature T0

of 1663 K.

Property Value Description
Solid Liquid

S 26.8 29.8 Entropy Density
Cp 21.2 39.4 Specific heat capacity
DHf 4.92 ×10−4 0.823
DTa 1.40 ×10−5 0.823
DTi 4.04 ×10−5 0.823
DW 1.49 ×10−7 0.451 Element tracer self-diffusivities

Table B.12: Normalised parameters of the fitted paraboloid for solid and liquid phases after trans-
lation to equilibrium compositions, including thermal contributions.

Solid Phase Liquid Phase
Element ks∗

b,I cs∗
min,I ks∗

T,I Ts∗
min gs∗

min,I kl∗
b,I cl∗

min,I kl∗
T,I Tl∗

min gl∗
min,I

Hf 70 0.69 0.83 2.9×102 −3.5×104 62 1.1 99 3.2 −1.0×103

Ta 32 1.2 0.83 2.9×102 −3.5×104 34 1.2 0.83 2.9×102 −3.5×104

Ti 38 0.96 0.82 2.9×102 −3.5×104 39 1.0 0.83 2.9×102 −3.5×104

W 7 0.40 0.83 2.9×102 −3.5×104 7.0 0.060 0.83 2.9×102 −3.5×104
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C. Nanopore Identification

The aim of this paper is to demonstrate the effect of processing conditions on

the nanopores formed during solidification. Therefore, the ability to identify the

pores and to characterise them is necessary. This was performed with the help of

the OpenCV library using the procedure outlined in Algorithm 1.

Algorithm 1 Pseudocode summarising how an image containing solidification
pores is analysed to determine the distribution and size of the pores.

1: Input: Image I

2: Output: Contour data D

3: Igray← convert_to_grayscale(I) ▷ Thresholding only done on grayscale
images

4: Ithresh← apply_threshold(Igray, threshold_value) ▷ Threshold pixel value
must be surpassed to label as solid.

5: contours← find_contours(Ithresh)
6: D← initialize_empty_list()
7: for each contour in contours do

8: location← get_location(contour)
9: size← get_size(contour)

10: D.append((location,size))
11: end for

12: save_contour_data(D, ’contour_data.txt’)

The method starts with a thresholding operation to convert the data into liquid-

constituted region and solid-constituted region. The former essentially represents

pockets of highly concentrated material, which is what is referred to here in this

paper as nanopores. After that, a contouring algorithm is used to segregate the

two regions. To avoid fallacious contours from being generated by the algorithm,

it is filtered to exclude the domain’s boundaries and very large structures that it

may be able to enclose.
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D. Antitrapping Factor Derivation

This section presents an asymptotic analysis in the thin-interface limit as described

in the introduction. The main objective of this section is to explain the origin of

the artificial solute trapping, and then to show how specifying a suitable function

as a pre-factor to the antitrapping current can eliminate this known spurious effect.

D.1. Sharp Interface Model

Only a single condition is needed to demonstrate artificial solute trapping - and

to later eliminate it. This condition is shown in Equation D.1, which requires the

chemical potential on the left-hand side of the interface to be equal to the chemical

potential on the right-hand side. In short, this requires the chemical potential to

be continuous through the thickness of the interface.

µi|+ = µi|− (D.1)

D.2. Phase-Field

The phase-field formulation used throughout this work is based on the multi-

component, multi-order-parameter grand-potential formulation of Aagesen et al. [20],

introduced in Section 2.2. In its most general form, this framework assigns an in-

dependent order parameter (ηαi) to each phase (α) and to each crystallographic

orientation (i), with the liquid treated on the same footing as the solid phases.

For the asymptotic analysis presented in this appendix, we reduce this general

formulation. Specifically,

• a binary solid-liquid system,

• a single solid orientation, and

• the standard phase-fraction constraint [ ηs + ηl = 1 ]

Under these assumptions, the liquid order parameter is not independent and can be

written as (ηl = 1−η), where (η ≡ ηs). Consequently, the governing equations
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reduce to a single-order-parameter description that is mathematically consistent

with Ð but simpler than Ð the general formulation used in the main text. All

expressions derived below should therefore be interpreted as results for this spe-

cialised binary limit of the Aagesen model.

With this reduction in place, the grand-potential functional takes the form

Ω =
∫

V

[

1
2

κ2|∇η |2 +ωmw(η)+ωth(η ,µ,T )

]

dV (D.2)

The three components of the energy functional Ω are shown in Equation D.2.

The phase-field gradient captures the interfacial energy contribution. The second

contribution ωmw is the multi-well function. The multi-well function in Equation

D.3 is for the most general system with N phases and multiple crystallographic

orientations for each phase. The m constant is the height of the multiwell function.

The subscript i in the energy definition refers to a chemical constituent of the

system.

ωmw = m

[

N

∑
α=1

pα

∑
i=1

(
η4

αi

4
− η2

αi

2
)+

N

∑
α=1

pα

∑
i=1

N

∑
β=1

pβ

∑
j=1,α i̸=β j

ϒαiβ j(θ)

2
η2

αiη
2
β j +

1
4

]

(D.3)

For a binary case the multiwell energy function reduces to that shown in Equation

D.4. The multiwell energy function has minima at η = 0 and η = 1, which cor-

respond to the liquid and solid phases, respectively. The anisotropy of the solid is

assumed to be weak, so an isotropic interface (ϒαiβ j(θ) = ϒ(θ) = 3
2 ) is assumed

for the asymptotic analysis, which simplifies the expression considerably to that

shown in Equation D.5. The subscript of ϒαiβ j(θ) is removed since the analysis

in this section is for solid-liquid mixture with a single crystal orientation for the

solid. This is reflected in all the relevant factors or functions in this section. No-

tice that ϒ(θ) is a dimensionless number that is related to the interfacial energy at

67



steady-state. This is explored in Appendix E.

ωmw(η) = m

[

η4

4
− η2

2
+ϒ(θ)η2(1−η)2 +

(1−η)4

4
− (1−η)2

2
+

1
4

]

(D.4)

ωmw = 2mη2(1−η)2 (D.5)

The final contribution to the energy functional Ω is the grand potential energy.

The grand potential was considered appropriate to use in this functional because

solidification is done under constant pressure with a constant number of moles.

The grand potential is given by the Legendre transform of the Helmholtz free

energy and is shown below in Equation D.6 for a single phase α . Notice that fα

is the Helmholtz free energy.

ωth,α(µ,T ) = fα −∑
i

µic
α
i (D.6)

The grand potential for any point in the domain is given by the sum shown in

Equation D.7. The hα function is an interpolation function that is dependent on

the phase-field parameter. Notice that the only requirement of hα at this stage is

that it should be equal to one in phase α and zero in all other phases. In the case

of a binary solid-liquid system, hs(η) is equal to one in the solid and zero in the

liquid.

ωth = ∑
α

hα(η)ωth,α (D.7)

The evolution equations for the phase-field and the solute can now be written

down as shown in Equations D.8 and D.9. Ω in Equations D.8 and D.9 refers to

the energy functional’s value in Equation D.2.
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∂η

∂ t
=−L

δΩ

δη
=−L

(

∂ωth

∂η
+

∂ωmw

∂η
−κ2∇2η

)

(D.8)

∂ci

∂ t
= ∇ ·

(

Mi∇
δΩ

δci

)

= ∇ ·
(

Mi∇
∂ωth

∂ci

)

(D.9)

The mobility Mi is a function of the order parameter and lies between the mobility

of the solid and the liquid. This is shown in the following expressions. Notice

that the chemical potential is assumed to be equal for all phases at any particular

point, hence µα
i simply equals µi.

Mi = ∑
α

gαMα
i (D.10)

Mα
i = Dα

i

∂cα
i

∂ µi
(D.11)

A further modification will be made to the solute transport equation through the

introduction of the antitrapping current. The antitrapping current is given by the

expression in Equation D.12, and the modified solute transport equation is given

by Equation D.13

J⃗I
A =−s(η)λ [cl− cs]

∂η

∂ t

∇η

|∇η | (D.12)

∂ci

∂ t
= ∇ ·

(

Mi∇
∂ωth

∂ci
− J⃗I

A

)

(D.13)

The function s(η) in the antitrapping current will prove to be necessary to elimi-

nate the chemical potential’s discontinuity at the interface.
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D.3. Non-dimensionalisation

The aim of the non-dimensionalisation is to uncover a small parameter in the sys-

tem of equations, which will allow for an asymptotic analysis to be performed.

Before proceeding with the non-dimensionalisation, a relationship is needed for

the gradient energy coefficient κ and the multi-well energy barrier height m will

be written down. Those relationships are written down in Equations D.14 and

D.15 respectively. The parameter σ is the interfacial energy and λ is the inter-

face thickness in the phase-field model. These equations linking the phase-field

parameters to physical ones are fairly ubiquitous in the phase-field literature and

are derived based on a constant interfacial energy and specified interfacial width

[27, 55].

κ2 =
3
4

λσ (D.14)

m = 6
σ

λ
(D.15)

On substitution into the phase-field evolution equation, we obtain Equation D.16.

∂η

∂ t
=−L

[

∂ωth

∂η
+6

σ

λ

∂ωmw/m

∂η
− 3

4
λσ∇2η

]

(D.16)

Next, we state the characteristic time, length, and energy scales where d0 repre-

sents the capillary length and Dl the liquid diffusivity.

l∗ = d0 (D.17)

t∗ =
d2

0

Dl

(D.18)

f ∗ =
σ

d0
(D.19)
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The dimensionless expressions for the phase-field parameter’s evolution and for

the concentration’s evolution are shown in Equations D.20 and D.21, respectively.

To avoid the overuse of notation in the coming sections, all equations from this

point onwards are dimensionless, although the variables will not be given separate

notation compared the preceding (dimensional) equations. The dimensionless re-

laxation constant τ is defined as D
λLd0

. The parameter ε is assumed to be much

smaller than one (ε << 1). Physically, this means that the interface width is much

smaller than the capillary length of the system. Notice that in the remainder of the

analysis, the system is assumed to be for a binary alloy with a diagonal Onsager

matrix. The i subscript will therefore be dropped.

τε2 ∂η

∂ t
=

3
4

ε2∇2η−6
∂ωmw

∂η
− ε

∂ωth

∂η
(D.20)

∂c

∂ t
= ∇ ·

(

M

Dl

∇µ + s(η)ε[cl− cs]
∂η

∂ t

∇η

|∇η |

)

(D.21)

For simplicity, it will be assumed that Ds is much smaller than the liquid diffusiv-

ity Dl and can therefore be ignored. This gives Equation D.22

∂c

∂ t
= ∇ ·

(

∂cl
i

∂ µ
gl(η)∇µ+ s(η)ε[cl− cs]

∂η

∂ t

∇η

|∇η |

)

(D.22)

The dimensionless phase-field evolution equation can be simplified further by as-

suming that the system exists around equilibrium. An expansion of the grand

potential energy of each of the phases is given as follows:

ωth,s(µ,T ) = ωth,s(µ,eq,T )+
∂ωth,s

∂ µ
(µ−µ,eq)+O(δ µ2) (D.23)

ωth,l(µ,T ) = ωth,l(µ,eq,T )+
∂ωth,l

∂ µ
(µ−µ,eq)+O(δ µ2) (D.24)
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Writing ∂ωth

∂η explicitly, we obtain the following expression in terms of interpola-

tion functions’ derivatives:

∂ωth

∂η
=

∂hs

∂η
(ωths

−ωth,l) (D.25)

=
∂hs

∂η

(

∂ωth,s

∂ µ
− ∂ωth,l

∂ µ

)

(µ−µeq) (D.26)

We can make a further simplification using the Legendre transform linking the

grand potential to the Helmholtz energy. This is illustrated below:

fs(ci,T ) = ωth,s(µ,T )−
∂ωth,s(µ,T )

∂ µ
µ (D.27)

fs(c,T ) = fs(c,T )−
∂ fs(c,T )

∂c
c− ∂ωth,s(µ,T )

∂ µ
µ (D.28)

Given that the derivative of the Helmholtz energy with respect to the concentration

is the chemical potential, we compare the terms in the latter expression to get the

relation that:

∂ωth,s(µ1,µ2, ...,µN ,T )

∂ µi
=−ci (D.29)

∂hs

∂η

(

∂ωth,s

∂ µ
− ∂ωth,l

∂ µ

)

(µ−µeq) =
∂hs

∂η

(

c
eq
l,i− c

eq
s,i

)

(µ−µeq) (D.30)

This returns the form of the dimensionless phase-field evolution equation that is

shown below in Equation D.31.

τε2 ∂η

∂ t
=

3
4

ε2∇2η−6
∂ωmw

∂η
− ε

∂hs

∂η

(

c
eq
l,i− c

eq
s,i

)

(µ−µeq) (D.31)
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Finally, the derivative of the concentration field will be converted to a derivative

of the chemical potential. This is done by first recognizing that the composition

can be written using the same interpolation function as the grand potential. This

is shown below:

c = ∑
α

hαcα (D.32)

By the product rule, we get the following:

∂c

∂ t
= ∑

α

[

∂hα

∂ t
cα +

∂cα

∂ t
hα

]

(D.33)

Since the concentration in any phase is a function of the chemical potential, we

can rewrite the ∂cα

∂ t
derivative using the chain rule as shown below.

∂c

∂ t
= ∑

α

[

∂hα

∂ t
cα +

∂cα

∂ µ

∂ µ

∂ t
hα

]

(D.34)

Finally, the dimensionless equation for the evolution of the concentration field is

given by the following equation, where the chemical potential is now a dependent

variable as well.

∂ µ

∂ t

(

∂cl

∂ µ
hl +

∂cs

∂ µ
hs

)

= ∇ ·
(

∂cl

∂ µ
gl(η)∇µ

)

+

∇ ·
(

s(η)ε [cl− cs]
∂η

∂ t

∇η

|∇η |

)

+
∂hs

∂ t
(cl− cs) (D.35)

D.4. Asymptotic Analysis

The dimensionless evolution equations developed in the preceding section are

summarised below in Equations D.36 and D.37 for a 1D case moving with a local
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interface velocity of v. Notice that the time derivatives d
dt

have been transformed

into a velocity times a spatial gradient −v d
dx

.

−τvε2 dη

dx
=

3
4

ε2 d2η

dx2 −6
dωmw

dη
− ε

dhs

dη

(

c
eq
l − ceq

s

)

(µ−µeq) (D.36)

−v
dµ

dx

(

∂cl

∂ µ
hl +

∂cs

∂ µ
hs

)

=
d

dx

(

∂cl

∂ µ
gl(η)

dµ

dx

)

−

d

dx

(

s(η)vε [cl− cs]
dη

dx

)

− v
dhs

dx
(cl− cs) (D.37)

To perform the asymptotic analysis, we consider the inner and outer solutions with

respect the interfacial region. The idea is that in the outer region, the influence of

the interface is negligible since ε is a very small parameter. The outer solution,

which is written with a tilde symbol, is given by the asymptotic expansion in

Equation D.38. The inner expansions are shown in Equation D.39.

η̃ = η̃0 + εη̃1 + ε2η̃2 +O(ε3)

c̃ = c̃0 + ε c̃1 + ε2c̃2 +O(ε3) (D.38)

η = η0 + εη1 + ε2η2 +O(ε3)

c = c0 + εc1 + ε2c2 +O(ε3) (D.39)

For further clarity, the inner and outer regions are highlighted in Figure D.22.
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Figure D.22: The inner solution and the outer solutions. In this case there are two outer solutions
because the region of rapid change is sandwiched between two bulk phases.

D.5. Outer Solution

First we will solve for the outer solution. When the asymptotic expansion ex-

pression is substituted into the phase-field evolution equation, it is quickly seen

that all terms except η̃0 are identically zero. For illustration, the outer solution

is obtained only at leading order. The leading-order equation to solve is given in

Equation D.40. This is done by taking the limit x→ ±∞, where η̃0 assumes a

value of either zero or one. This condition - in the bulk phase regions - is only

satisfied if η = 0 or η = 1.

6
∂ωmw

∂η
|η̃0 = 0 (D.40)

More interestingly, the concentration equation for every order j in the outer region

is simply the diffusion equation in the liquid region and a constant concentration

in the solid region. This is given by Equations D.41 and D.42 respectively. The

boundary conditions, however, for each order will be different.
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∂ µ̃ j

∂ t
= ∇2µ̃ j (D.41)

∂ µ̃ j

∂ t
= 0 (D.42)

Notice, however that we now require two boundary conditions for the outer solu-

tion and only have one boundary condition (on the liquid side of the domain). The

second boundary condition comes from matching with the inner layer. Unlike the

outer solution for the phase-field equation, finding the exact solution to leading

and subsequent orders of the solute transportation equation will not be needed.

This is because the expressed aim of this asymptotic analysis is to determine a

condition for a continuous chemical potential across the interface.

Matching Conditions

Since in the thin interface limit ε << 1, this would imply that the highest order

derivative in the phase-field and concentration evolution equations become van-

ishingly unimportant. This is not the case in the inner region, however, since over

the inner layer the rate of change of either variables is considerably large. Hence,

we need an alternative variable to define changes over this small scale. To that

end, we will define ξ = x/ε , where x is the coordinate along the local normal to

the moving interface. The problem has therefore, effectively, been reduced to a

single dimension.

−τvε
dη

dξ
=

3
4

d2η

dξ 2 −6
dωmw

dη
− ε

dhs

dη

(

c
eq
l − ceq

s

)

(µ−µeq) (D.43)
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− v

ε

dµ

dξ

(

∂cl

∂ µ
hl +

∂cs

∂ µ
hs

)

=
1
ε2

d

dξ

(

∂cl

∂ µ

dµ

dξ

)

−1
ε

d

dξ

(

s(η)v [cl− cs]
dη

dξ

)

− v

ε

dhs

dξ
(cl− cs) (D.44)

To match the inner and outer solutions. Two classes of matching conditions are en-

forced: matching conditions for chemical potential values in the matching region;

and matching conditions over the chemical potentials’ gradients. The latter will

be important for calculating the solute flux at the boundary and thereby correct for

non-equilibrium effects.

lim
ξ→±∞

µ0 = lim
x→0±

µ̃0

lim
ξ→±∞

µ1−ξ
∂ µ̃0

∂x
|± = lim

x→0±
µ̃1

lim
ξ→±∞

µ2−ξ
∂ µ̃1

∂x
|±− ξ 2

2
∂ µ̃0

∂x
|± = lim

x→0±
µ̃2 (D.45)

The gradient-type matching conditions are based on simply taking the derivatives

of the matching conditions above.

lim
ξ→±∞

∂ 2µ1

∂ξ 2 = lim
x→0±

∂ µ0

∂x
= 0

lim
ξ→±∞

∂ µ1

∂ξ
= lim

x→0±

∂ µ̃0

∂x

lim
ξ→±∞

∂ µ1

∂ξ
−ξ

∂ 2µ̃0

∂x2 |
± = lim

x→0±

∂ µ̃1

∂x
(D.46)
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Inner Solution

To obtain the inner solution, we will begin by substituting the asymptotic ex-

pression expansion of η into the dimensionless evolution equation for the inner

solution ( Equation D.43). This gives, to leading order, Equation D.47.

3
4

d2η0

dξ 2 −6
dωmw

dη0
= 0 (D.47)

Multiplying through by dη0
dξ

and integrating once, we get an expression for the

derivative of leading order term in the phase-field equation’s expansion. The con-

stant of integration is found to be zero by enforcing the boundary condition at

ξ =±∞. This gives us Equations D.48.

(

dη0

dξ

)2

= 16ωmw (D.48)

By substituting in the expression for the multi-well energy function in Equation

D.4, we determine the expression for the derivative, which can be integrated to

give a hyperbolic tangent function.

dη0

dξ
= 4
√

2η0(1−η0) (D.49)

η0 =
1
2

[

1− tanh

(

ξ

8

)]

(D.50)

Similarly by substituting µ = µ0 + εµ1 + ε2µ2 into the solute conservation equa-

tion and collecting leading order terms, we obtain the following relation.

d

dξ

(

∂cl

∂ µ
gl(η0)

dµ0

dξ

)

= 0 (D.51)
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By integrating once, we obtain a constant of integration. This constant, A can

be found by considering the value of the derivative as the ξ coordinate goes to

infinity. Hence, A = 0.

lim
ξ→±∞

∂cl

∂ µ

dµ0

dξ
= A (D.52)

µ0 = Åµ0 (D.53)

Since we don’t have another boundary condition to solve for Åµ0, we will use a

solvability condition to determine its value. To determine this solvability condi-

tion, we will first take the derivative of Equation D.47 with respect to ξ , which

will result in the following relationship.

L

(

∂η0

∂ξ

)

= 0

L =
3
4

∂ 2

∂ξ 2 −6
∂ 2ωmw(η0)

∂η2 (D.54)

To produce the solvability condition, we first need to write the phase-field evolu-

tion equation at first order O(ε). It can be shown by simple substitution that the

equation at first order is given by Equation D.55.

L η1 =−τv
dη

dξ
+

dhs

dη

(

c
eq
l − ceq

s

)

(µ−µeq) (D.55)

The solvability condition is determined here by recognising the L operator is

symmetric and linear. This means that it is a self-adjoint operator. This allows us

to equate the inner products shown in Equation D.56.
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(

L
∂η0

∂ξ
,η1

)

=

(

L η1,
∂η0

∂ξ

)

(D.56)

This results in the condition shown in Equation D.57, which we can use to find

Åµ0. The expression for Åµ0 is shown in Equation D.58. Also, since the leading

order in the inner solution must approach the leading order in the outer solution

(see matching conditions), µ̃0 = Åµ0.

∫ ∞

−∞

[

−τv
dη0

dξ
+

dhs

dη
|η0

(

c
eq
l − ceq

s

)

(µ0−µeq)

]

dη0

dξ
dξ = 0 (D.57)

Notice that the expression for chemical potential essentially captures kinetic un-

dercooling since the equilibrium chemical potential is controlled by the interface

velocity. Dependence on the curvature of the interface can also be derived by

treating a two-dimensional surface as shown by Echebarria et al. [27]. We have

excluded the effect of curvature in this analysis, but it is shown in Section E that

the Gibbs-Thomson relation is returned from performing an asymptotic expansion

in the inner region of the interface.

Åµ0 = µeq−
√

2
24

vτ

[c
eq
l − c

eq
s ]

(D.58)

Although the analysis to leading order permitted us to determine the leading order

expressions exactly, this will not generally be possible for higher orders. That

is not a concern here, however, since we are interested in the gradients at the

interface rather than the exact expression at each order of the expansion. The

O(ε−1) equation for chemical potential evolution is given by Equation D.59.
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−v
dhs

dξ
(cl− cs) =

d

dξ

(

∂cl

∂ µ
gl(η)

dµ1

dξ

)

+
d

dξ

(

s(η)v [cl− cs]
dη

dξ

)

−v
dµ0

dξ

(

∂cl

∂ µ
hl +

∂cs

∂ µ
hs

)

(D.59)

Integrating the above equation once gives the following expression with a constant

of integration B. Notice that the derivative of dµ0
dξ

= 0.

−vhs (cl− cs) =
∂cl

∂ µ
gl(η)

dµ1

dξ
+ s(η)v [cl− cs]

dη0

dξ
+B (D.60)

To find the integration constant, we take the limit as ξ approaches −∞, which

gives us that B = −v(cl− cs). On integrating again, we obtain an expression for

the value of µ1 in terms of a integrand p(η0) and a constant of integration Åµ1. This

is shown in Equation D.63.

dµ1

dξ
=

v[cl− cs](hs−1− s(η0)
dη0
dξ

)

∂cl

∂ µ gl(η0)
(D.61)

p(η0) =
hs−1− s(η0)

dη0
dξ

∂cl

∂ µ gl(η0)
(D.62)

µ1 = Åµ1 + v[cl− cs]
∫ ξ

0
p(η0)dξ (D.63)

Finally, to calculate the antitrapping factor, we must eliminate the jump in chemi-

cal potential across the interface. This is done by enforcing limξ→+∞ µ̃1 = limξ→−∞ µ̃1.

To do so, we make use of the matching condition below.
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lim
ξ→±∞

µ1−ξ
∂ µ̃0

∂x
|± = lim

x→0±
µ̃1 (D.64)

Recognising that ∂ µ1
∂ξ

= ∂ µ̃0
∂x

, we determine that the chemical potential can be writ-

ten as the following.

µ̃1|+ = Åµ1,i + v[cl− cs]
∫ ∞

0
[p(η0)+1]dξ (D.65)

µ̃1|− = Åµ1,i + v[cl− cs]
∫ −∞

0
p(η0)dξ (D.66)

It is therefore clear from matching the chemical potential on both sides of the

interface that the integral in Equations D.65 and D.66 must be equal. This results

in the following condition.

∫ ∞

0
[p(η0)+1]dξ =

∫ −∞

0
p(η0)dξ (D.67)

The final step is to recognise that p(η0) is equal to zero at negative infinity

and one at positive infinity. A function that satisfies those same properties is

p(η0) = hs(η0)−1. This solution, however, is non-unique, and other valid func-

tions conceivably exist. After some algebra, we obtain the form of the antitrapping

pre-factor function s(η0) as shown in Equation D.68. Note the antitrapping fac-

tor is simply a combination of two interpolation functions and the leading order

solution to the inner-boundary problem - all of which are explicitly known.

s(η0) =−
gs(η0)[1−hs(η0)]

dη0
dξ

(D.68)
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Extension to Multi-component Systems

If the analysis in this section is extended to multi-component alloys, then under

the condition that the solute mobilities are dominated by self-diffusivities and not

by cross-diffusivities, then N equations of the form of Equation D.59 would be

obtained. As a result, the derivation of the chemical potential’s derivative with

respect to ξ would be repeated identically to give the same antitrapping factor

s(η0) for each element. It is therefore concluded that this analysis is applicable

to systems at high temperatures where the diffusion of individual species can be

treated separately.

E. Gibbs-Thomson relation at the thin interface limit

This section briefly demonstrates how the grand potential-based model by Aage-

sen et al. [20] accounts for curvature-dependent capillarity in a form identical to

the Gibbs-Thomson relation at the thin-interface limit. Equation E.1 is obtained

from the non-dimensionalisation in Section D.3.

τε2 ∂η

∂ t
=

3
4

ε2∇2η−6
∂ωmw

∂η
− ε

∂ωth

∂η
(E.1)

The Laplacian operator can be written approximately near a surface as shown

below in Equation E.2. We can then re-write Equation E.1 as shown in Equation

E.3, where ωmw is given by the expression in Equation E.4.

∇2η =
d2η

dn2 +κ
dη

dn
+O(1) (E.2)

−vτε2 dη

dn
=

3
4

ε2
[

d2η

dn2 +κ
dη

dn

]

−6
∂ωmw

∂η
− ε

∂ωth

∂η
(E.3)

ωmw =

[

ϒ(θ)+
1
2

]

η2(1−η)2 (E.4)
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If we now write ξ = n
ε to scale the coordinate normal to the surface (n) by the

small parameter ε , we end up with the differential equation in the inner region.

Next, we would substitute the asymptotic expansion for the inner solution and

write the equations for the leading and first orders, O(1) and O(ε), respectively.

−vτε
dη

dξ
=

3
4

ε2
[

1
ε2

d2η

dξ 2 +
κ

ε

dη

dξ

]

−6
∂ωmw

∂η
−ε

dhs

dη

(

c
eq
l − ceq

s

)

(µ−µeq) (E.5)

At the leading order O(1), we can write Equation E.6, which leads to Equation

E.7. By solving Equation E.7, we determine the solution for the leading-order of

the phase-field order parameter η0. Notice that ϒ(θ) is a dimensionless param-

eter that reflects the anisotropy of the multi-well energy term and should not be

confused with the interfacial energy. ϒ(θ) is identical to ϒαiβ j in the cross bulk

term of the multiwell energy contribution ωmw. However, the subscript is dropped

since we are dealing with a binary alloy. The dependence on the orientation θ is

written explicitly to highlight that ϒ(θ) is, in general, anisotropic.

3
4

d2η0

dξ 2 −6
dωmw(η0)

dη
= 0 (E.6)

[

3
8

(

dη0

dξ

)2

−6ωmw

]

dη0

dξ
= 0 (E.7)

dη0

dξ
= 4

√

[

ϒ(θ)+
1
2

]

η(1−η) (E.8)

η0 =
1
2

[

1− tanh

(

2ξ

√

ϒ(θ)+
1
2

)]

(E.9)

If we repeat the same procedure for the first order O(ε) we obtain Equation E.10.
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The differential operator L is given by Equation E.11.

L η1 =−τv
dη0

dξ
+

3
4

κ
dη0

dξ
+

dhs(η0)

dη

(

c
eq
l − ceq

s

)

(µ−µeq) (E.10)

L =
3
4

∂ 2

∂ξ 2 −6
∂ 2ωmw(η)

∂η2 (E.11)

Using the fact that L is linear and symmetric, we can use its self-adjoint property

to relate the chemical potential on the right-hand side of Equation E.10 to the

curvature. More specifically, we can write the following.

(L
dη0

dξ
,η1) = (

dη0

dξ
,L η1) (E.12)

From Equation E.6, we can see that L
dη0
dξ

is equal to zero and hence,

∫ ∞

−∞

dη0

dξ
L η1 dξ = 0. (E.13)

This leads to the expression in Equation E.14, where all the definite integrals can

be evaluated exactly. The values of these integrals are given in Equations E.15 and

E.16. Notice that Equation E.16 implies that the surface energy is proportional to
√

ϒ(θ)+ 1
2 .

− τv

∫ ∞

−∞

(

dη0

dξ

)2

dξ +
3
4

κ

∫ ∞

−∞

(

dη0

dξ

)2

dξ

+(c
eq
l − ceq

s )(µ0−µeq)
∫ ∞

−∞

dη0

dξ

dhs

dη0
dξ = 0. (E.14)
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∫ ∞

−∞

dη0

dξ

dhs

dη0
dξ = hs|10 = 1 (E.15)

∫ ∞

−∞

(

dη0

dξ

)2

dξ =
2
3

√

ϒ(θ)+
1
2

(E.16)

Now, substituting these integrals into Equation E.14, returns Equation E.17. Equa-

tion E.17 therefore shows that this grand potential-based approach produces a re-

duction in chemical potential for a concave surface (+ve κ) and an increase in

chemical potential for a convex surface (-ve κ).

µeq +
2τv

√

ϒ(θ)+ 1
2

3∆c
−

κ
√

ϒ(θ)+ 1
2

2∆c
= µ0 (E.17)

Ignoring the effect of kinetic undercooling, (v = 0), Equation E.17 reduces to the

Gibbs±Thomson relation

∆µ =− κ

2∆c

√

ϒ(θ)+
1
2
. (E.18)

To examine the anisotropy explicitly, we write

ϒ(θ) = ϒ0

[

1+δ cos

(

k

2π
(θ −θ0)

)]

. (E.19)

Then
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√
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1
2
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√
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1
2
+ϒ0δ cos
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k

2π
(θ −θ0)

)

=

√

ϒ0 +
1
2

√
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ϒ0

ϒ0 +
1
2

δ cos

(

k

2π
(θ −θ0)

)

=

√

ϒ0 +
1
2

[

1+
ϒ0

2ϒ0 +1
δ cos

(

k

2π
(θ −θ0)

)

+O(δ 2)

]

. (E.20)

Substituting into Equation E.18 gives

∆µ =−

√

ϒ0 +
1
2

2∆c
κ

[

1+
ϒ0

2ϒ0 +1
δ cos

(

k

2π
(θ −θ0)

)

+O(δ 2)

]

. (E.21)

Defining the effective isotropic capillary coefficient

Γ0 =

√

ϒ0 +
1
2

2∆c
, (E.22)

the Gibbs±Thomson relation becomes

∆µ =−Γ0κ

[

1+
ϒ0

2ϒ0 +1
δ cos

(

k

2π
(θ −θ0)

)

+O(δ 2)

]

. (E.23)

Equation E.23 is identical in structure to the classical sharp±interface Gibbs±

Thomson condition,

∆µ =−Γeff(θ)κ, (E.24)

with an effective orientation±dependent surface energy
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Γeff(θ) = Γ0

[

1+
ϒ0

2ϒ0 +1
δ cos

(

k

2π
(θ −θ0)

)]

. (E.25)

Thus, in the thin±interface limit, the modified multi±well potential recovers the

classical sharp±interface chemical potential drop with a weakly anisotropic sur-

face energy, ensuring that the correct Wulff construction is obtained for δ ≪ 1.
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