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Abstract
Omnigenity is a property of a magnetic field which ensures confinement of trapped particles. It
is a necessary requirement for any high-performance stellarator. After creating an omnigenous
equilibrium, one must also ensure reduced transport resulting from kinetic and
magnetohydrodynamic (MHD) instabilities. To this end, we leverage the GPU-accelerated
DESC optimization suite, which is used to design stable, finite-β omnigenous equilibria with
poloidal, toroidal, and helical symmetry, achieving Mercier, ideal ballooning, and as a
consequence, improved kinetic ballooning stability. We discover stellarators with second
stability, a regime of large pressure gradient where an equilibrium becomes ideal ballooning
stable, and demonstrate and explore both using theory and gyrokinetic simulations the
connection between ideal and kinetic ballooning stability.

Supplementary material for this article is available online

Keywords: stellarator, optimization, stability, turbulence

1. Introduction

Stellarators [1] are toroidal devices that are used for the mag-
netic confinement of a hot plasma to achieve nuclear fusion.
Unlike their toroidally axisymmetric counterparts, tokamaks,
stellarators can provide a greater range of design flexibility [2]
that is used to improve their operational properties. The three-
dimensional boundary can be designed to reduce dependence
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on the toroidal plasma current compared to tokamaks and to
reduce current-driven instabilities. However, the lack of a con-
tinuous toroidal symmetry also increases the design space of
possible reactor configurations. Therefore, finding the optimal
stellarator from a large space with over a million configura-
tions [2] becomes a complicated optimization problem.

To this end, we have developed the DESC stellarator [3–
6] equilibrium and optimization suite which uses a fully-
spectral representation of the magnetohydrodynamic (MHD)
equilibria with accurate near-axis behavior and automatic-
differentiable objective functions. Using these two proper-
ties, DESC can accelerate stellarator equilibrium optimiza-
tion with favorable characteristics such as omnigenity, MHD
stability, low neoclassical transport, and coil shape com-
plexity. Previously, multiple reactors such as W7-X [7],
NCSX [8], HSX [9], and LHD [10] have used VMEC for similar

1 © 2025 The Author(s). Published by IOP Publishing Ltd
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multi-objective optimization design studies. In this work, we
shall use a fully spectral representation in DESC to minimize
multiple objectives while maintaining ideal MHD force bal-
ance throughout the device volume at each iteration without
re-solving for the equilibrium [4].

In this paper, we will demonstrate the utility of the DESC
code by optimizing equilibria for various stability properties,
with a focus on a gyrokinetic instability known as the kinetic
ballooning mode (KBM).We will also explain how the object-
ives we have used to obtain omnigenous equilibria differ signi-
ficantly from our previous optimization studies. Specifically,
we will focus on finite-β stellarators, where β = 2µ0p/B2 is
the ratio of plasma pressure to magnetic pressure. Low-β stel-
larators are typically dominated by electrostatic instabilities
such as the ion temperature gradient (ITG) mode [11, 12]
and trapped electron mode (TEM) [13, 14], which drive the
most high heat and particle losses, degrading the performance
of reactors. However, upon increasing the β, the electrostatic
modes become subdominant, and electromagnetic instabilit-
ies can become a problem [15, 16]. In particular, much work
in the literature discusses how a long-wavelength gyrokin-
etic instability, known as the KBM [17], can potentially cause
huge heat and particle losses as a result of turbulent transport.
Therefore, reducing the susceptibility of finite-β stellarators to
the KBM [16] is paramount.

We develop a set of omnigenous finite-β stellarator equi-
libria with improved KBM stability. In section 2, we briefly
explain the steady-state ideal MHD model and how we can
locally vary the gradients associated with an equilibrium to
gain insight into the stability properties of an equilibrium. In
section 3, we introduce the linear gyrokinetic model and dis-
cuss the limit in which it reduces to the infinite-n ideal balloon-
ing equation. We tested our hypothesis by analyzing a finite-
beta W7-X by solving the linear gyrokinetic model numer-
ically using the GS2 code equilibrium and demonstrating a
strong correlation between the ideal and KBMs. In section 4,
we explain the details of the reverse-mode-differentiable ideal
ballooning solver implemented in DESC. In section 5, we
explain how we calculate omnigenous equilibria in DESC. In
section 6, we obtain and present three stellarator configur-
ations with poloidal, toroidal, and helical omnigenity (OH),
respectively. We explain the objective functions used to calcu-
late these equilibria and analyze their physical properties, such
as the correlation between the ideal and kinetic ballooning sta-
bility (using the GS2 code) and 1/ν neoclassical transport. In
section 7, we perform ŝ−αMHD and sensitivity analysis of
the optimized equilibria and explain when the distance from
ideal ballooning marginality is a good proxy for KBM stabil-
ity. Finally, in section 8, we conclude our work and discuss
various directions in which it can be extended.

2. Ideal MHD equilibrium

In this section, we briefly explain how we define and calculate
an ideal MHD equilibrium in a stellarator. We then explain
how to locally vary the gradients of that equilibrium.

A divergence-free magnetic field B can be written in the
Clebsch form [18]

B=∇ψ ×∇α, (1)

We will focus on solutions whose magnetic field lines lie on
closed nested toroidal surfaces, known as flux surfaces. We
label these surfaces using the enclosed toroidal fluxψ. On each
flux surface, the lines of constant α coincide with the magnetic
field lines. Thus, α is known as the field line label. We define
α= θ− ι(ζ − ζ0), where θ is the PEST[19] straight field line
angle, ζ is the generalized cylindrical toroidal angle, ζ0 is a
constant, and

ι=
B ·∇θ

B ·∇ζ
, (2)

is the pitch of the magnetic field lines on a flux surface, known
as the rotational transform.Using the Clebsch form of themag-
netic field, we solve the ideal MHD force balance equation

j×B=∇p, (3)

where the plasma current j= (∇×B)/µ0, from Ampere’s
law, p is the plasma pressure, and µ0 is the vacuum mag-
netic permeability. Unlike in an axisymmetric case, for stel-
larators, we have to solve (3) as an optimization problem. We
achieve this with the DESC [3–6] stellarator optimization suite.
DESC can simultaneously solve an equilibrium while optim-
izing multiple objectives such as MHD stability, quasisym-
metry, and many more. In this paper, we use some of these
metrics to generate various stellarator equilibria. The details
of the DESC package are briefly provided in appendix A. In the
following sections, we explain how to utilize DESC to optimize
stellarator equilibria for various favorable properties.

2.1. Locally varying the gradients of pressure and rotational
transform

In this section, we will briefly explain the method of local
equilibrium variation and how we use it to analyze stability
in stellarators.

To better understand the stability properties of stellarator
equilibria, we can locally vary the gradients of the pressure
and rotational transform and obtain a family of local equilib-
ria that are in ideal MHD force balance. We then analyze the
stability properties of these equilibria. This gives us an idea
of how these equilibria would behave if the pressure and rota-
tional transform profiles were modified. This type of analysis
is also known as a ŝ-αMHD analysis. According to convention,
we normalize the gradients to two parameters: the magnetic
shear

ŝ=−ρ
ι

dι
dρ
, (4)

and the normalized pressure gradient

αMHD =− µ0

B2
N

dp
dρ
, (5)
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respectively, where ρ=
√
ψ/ψb is the normalized radius,

BN = 2ψb/a2N and aN =
√
Ab/π are the effective minor radius,

and Ab is the toroidally-averaged cross-section area of the
boundary. In the context of stability, the ŝ−αMHD analysis has
been used in both tokamaks [20] and stellarators [21, 22]. The
details and formulation of an ŝ−αMHD analysis with DESC are
described in appendix B.

Note that the idea of locally varying the gradients of an
equilibrium is only applicable to instabilities that are localized
to a flux surface. In this work, we apply this technique to the
infinite-n ideal ballooning mode and the δf gyrokinetic model,
both of which are models used to study small-scale instabilit-
ies localized to a flux surface.

Using the method of local equilibrium variation with
the DESC, we will vary the gradients ŝ and αMHD on different
flux surfaces and scan theMHD stability of a family of equilib-
ria. Using this technique, in the next section, we will analyze
the kinetic stability of the same equilibria with the gyrokinetic
solver GS2 and explain the relation between the KBM and the
infinite-n, ideal ballooning mode.

3. Analyzing local ideal MHD and gyrokinetic
stability in stellarators

In this section, we introduce the linear δf gyrokinetic model,
explain the limit in which it can be simplified to obtain the
KBM equations, and demonstrate how the KBM may be
related to the infinite-n ideal ballooning mode. We further
explore this theoretical connection by numerically solving lin-
ear gyrokinetic equations using the GS2 code and performing a
scan of the maximum KBM growth rate by locally varying the
pressure gradient and rotational transform for a typical equi-
librium for the W7-X stellarator.

We take the linearized, δf gyrokinetic model from Abel
et al [23–25] and write a simplified set of equations describ-
ing the evolution of the gyrokinetic distribution function in the
guiding-center coordinate system (Rs,Es,µs, t)

hs (Rs,Es,µs, t) =
Zseφ(r, t)F0s

Ts
+ δfs (Rs,Es,µs, t) , (6)

the fluctuations of the electrostatic potential φ, parallel com-
ponent δA∥ of the magnetic vector potential, and the paral-
lel fluctuation of the magnetic field strength δB∥ = b · (∇×
δA⊥). The full set of simplified, linear equations

∂hs
∂t

+
(

w∥b+ vDs
)

·
∂hs
∂Rs

=
ZseF0s

Ts

∂ ⟨φ −w · δA/c⟩Rs
∂t

−VE ·∇F0s,

(7)
∑

s

(Zse)
2φ

Ts
=
∑

s

Zse
ˆ

d3w ⟨hs⟩r , τ =
Te
Ti
, (8)

−∇2
⊥δA∥ =

4π
c

∑

s

Zse
ˆ

d3ww∥ ⟨hs⟩r , (9)

∇2
⊥

δB∥B

4π
=−∇⊥∇⊥ :

∑

s

ˆ

d3w ⟨msw⊥w⊥hs⟩r , (10)

where vDs is the magnetic drift velocity and VE is the E×B
velocity defined as

vDs =
w2
∥

Ωs
b× (b ·∇b)+

w2
⊥

2Ωs

b×∇B
B

, (11)

VE =
c
B
b×⟨∇φ⟩Rs −

1
B
b×⟨∇(w · δA)⟩Rs , (12)

and the subscript s is used to define these quantities for
different species. The gyrofrequncy of a species is Ωs =
ZseB/(msc), Zs being the charge of the species. For this study,
we choose a hydrogen plasma made of ions and electrons,
with Zi = 1,Ze =−1. Both species have the same temperat-
ure, which corresponds to τ = 1.

To simplify the model further, we use a normal model
ansatz where all the fluctuating quantities are assumed to be
periodic perpendicular to the field line. This allows us to write
the fluctuating quantities as a Fourier series.

hs = exp(iωt)
∑

k

hk⊥,s

(

ζ,Es, λ̂,σ, t
)

exp(ik⊥ ·Rs) , (13a)

X= exp(iωt)
∑

k

Xk⊥ (ζ, t)exp(ik⊥ · r) , X=
{

φ,δA∥, δB∥

}

(13b)

where ω is the complex frequency of the mode, Es =
msw2/2, is the particle energy, µs = msw2

⊥/(2B) is its mag-
netic moment, λ̂= µ/E is the pitch angle, σ = w∥/|w∥| is
the streaming direction of a particle, and k⊥ = (ky∇y+
kx∇x),x= dx/dψ (ψ−ψ0),y= dψ/dx(α−α0). Using this
ansatz and dropping the subscript k⊥, we can rewrite the lin-
earized δf gyrokinetic model

i (ω−ωDs)hs +(b ·∇ζ)w∥
∂hs
∂ζ

=
(

ω−ωT∗,s
)

[

J0

(

k⊥w⊥

Ωs

)

×
(

φ −
w∥δA∥
c

)

+ J1

(

k⊥w⊥

Ωs

)

w⊥

k⊥

δB∥
c

]

F0s, (14)

∑

s

q2sNsδφ

Ts
=

∑

s

qs

ˆ

d3wJ0shs, (15)

k2⊥δA∥ =
∑

s

4π qs
c

ˆ

d3ww∥J0shs, (16)

B

4π
δB∥ =−

∑

s

ˆ

d3ww2
⊥

msJ1sΩs

k⊥w⊥
hs. (17)

Here, ωDs = k⊥ · vDs, is the magnetic drift frequency, and
J0(k⊥ρs) and J1(k⊥ρs) are the zeroth- and first-order cyl-
indrical Bessel functions, respectively. The magnetic drift fre-
quency can be further written as

ωDs = Es
(
2
(
1− λ̂B

)
ωκ+ λ̂BωB

)
, (18)

where ωκ = 1/Ωs [(b× (b ·∇b)) · k⊥] ,ωB = 1/Ωs [(b×∇B)
·(k⊥/B)] are the curvature and grad-B components, respect-
ively. The normalized temperature and density gradient scale
lengths

aN
LTs

=−dlog(Ts)
dρ

,
aN
Lns

=−dlog(ns)
dρ

, ηs =
Lns
LTs

, (19)
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Figure 1. An ŝ−αMHD calculation of the maximum KBM growth rate (top row) and the ideal ballooning growth rate (bottom row) on four
flux surfaces from core (left) to edge (right) of a W7-X stellarator equilibrium. The crosses mark the original values of ŝ and αMHD whereas
the white line is the marginal stability contour. The region enclosed by the contour is ballooning unstable and the region outside is
ballooning stable. There is a strong correlation between the ideal-ballooning unstable region and the regions with a high KBM growth rate,
that we shall use to optimize equilibria against KBMs.

ρ=
√
s=

√
ψ/ψb. The instability driving term

ωT∗,s = ω∗,s

[
1+ ηs

(
Es
Ts

− 3
2

)]
, (20)

where

ω∗,s =
Ts
ZseB

[(b× k⊥) · ∇ logns] = kyρsB
wth,s

Ln,s
, (21)

is the diamagnetic drift frequency. We have now fully defined
the linear gyrokinetic system as an eigenvalue problem. These
equations can be further simplified under appropriate limits as
described in appendix C to obtain the infinite-n ideal balloon-
ing equation,

B ·∇
( |∇α|2

B2
B ·∇X̂

)
+

2
B2

dp
dψ

[B× (b ·∇b) ·∇α] X̂

= λB2
N
|∇α|2
B2

X̂, λ=−a2N
v2A
ω2 (22)

where X̂ is the eigenfunction and ω is the complex frequency
of the KBM, and vA = BN/

√
4πnimi is the Alfvèn speed and

aN is the effective minor radius defined in section 2.1 subject
to the boundary conditions

lim
ζ→±∞

X(θ) = 0 (23)

where λ is the eigenvalue and X̂ is the eigenfunction. An
equilibrium with λ> 0 implies an unstable mode, while λ< 0
implies stability. For each flux surface, equation (22) is solved
on multiple field lines α for multiple values of the balloon-
ing parameter ζ0. For each surface, we choose the maximum
λ from the α− ζ0 grid.

As shown in appendix C, the ideal ballooning mode is
closely related to the KBM in the large aspect ratio, high-β

ordering. Hence, we can use the ideal ballooning problem as
a proxy for KBMs and predict their behavior and optimize
stellarators for linear ideal and kinetic ballooning instabilities.
After optimization, we also compare the diffusion coefficient
estimate calculated using the mixing-length argument

Dmix ≡
γKBMaN

wth,i⟨(k⊥ρi)2⟩ψ
(24)

due to the KBM, between the initial and optimized equilibria.
The operator ⟨⟩ψ is a flux surface average, defined as

⟨X⟩ψ =

´ ´

dθdζ
√
gX

´ ´

dθdζ
√
g
. (25)

We calculate the mixing-length diffusion coefficient because
it is often a better estimate of the nonlinear transport than the
growth rate.

3.1. Distance from ideal ballooning marginality as a proxy for
KBM stability

To demonstrate the connection between the ideal and KBMs,
we perform a ŝ−αMHD analysis for a finite-β W7-X equilib-
rium by numerically solving the linear gyrokinetic equation
using the GS2 [26–29] solver and present our results in figure 1.
We vary ŝ and αMHD of the equilibrium on four flux surfaces
and, for each pair of values, calculate the maximum KBM
growth rate in the ŝ−αMHD space. We then compare it with
the ideal ballooning stable and unstable regions in ŝ−αMHD

space. The details of these gyrokinetic calculations and the
process used to extract the maximum KBM growth rate are
explained in appendix E.

The most important feature in figure 1 is the strong correl-
ation between the ideal and KBMs. We observe that the KBM
growth rate decreases as we move farther away left (outside)

4
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Figure 2. ŝ−αMHD diagram plotting the ideal ballooning growth rate, taken from figure 5(e)(left) and 6(c)(right) of Gaur et al [31] for a
modified DIII-D-like tokamak equilibrium. The dotted red line marks the region between the first stability (marked as I) and the second
stability (marked as II). The cross marks the nominal gradient on the flux surface. The green arrow marks the path that an equilibrium may
take to access that state starting from a vacuum state. In contrast to tokamaks, stellarators, in general, typically are not expected to exhibit a
second-stable region or a potential path to such a region as shown in figure 1. Reproduced from [31] . CC BY 4.0.

of the contour of marginal stability. Hence, the distance from
ideal-ballooning marginal stability can be used as a proxy for
improving KBM stability. Increasing the distance from ideal-
ballooning marginal stability is equivalent to obtaining equi-
libria with a large negative ideal ballooning eigenvalue λ.

The second point concerns the stability against the balloon-
ing mode at large αMHD. In tokamaks, increasing the pressure
gradient can make the equilibrium stable against the ideal bal-
looning as explained by figure 2. This is equivalent to the green
crosses in figure 1 moving from stable to unstable and back to
stable regions. This stable region corresponding to large val-
ues of αMHD is called the second stability region. However,
second stability generally does not exist in stellarators as has
been shown by Hegna and Hudson [30]. From figure 1, for the
range of ŝ and αMHD it is clear that for thisW7X configuration,
a region of second stability does not exist at any radius.

4. Reverse-mode-differentiable infinite-n ideal
ballooning solver in DESC

In this section, we briefly explain the ballooning solver imple-
mented in the DESC optimizer and how we leverage automatic
differentiation to speed up the gradient calculation. We also
benchmark our solver against existing solvers.

Extending the work in [32], we develop a reverse-mode dif-
ferentiable, fast, and accurate solver for the infinite-n ideal bal-
looning equation in DESC. In a package that facilitates auto-
matic differentiation, reverse mode gradients allow us to cal-
culate gradients of physical quantities, which in this case is the
maximum eigenvalue λmax in (29), by automatically applying
the chain rule between the final quantity and the input para-
meters of the problem p. This speeds up the calculation ∂λ/∂p
compared to the forward-mode gradient calculation by a factor
of the number of parameters Np, similar to an adjoint method.

However, we can obtain reverse mode gradients without solv-
ing an adjoint equation and using explicit formulae as used
in [32]. In that sense, this technique is much more modular
and powerful than adjoint methods7.

To solve the infinite-n ideal ballooning equation, we dis-
cretize (22) along a field line α using the finite-difference
scheme described in [33]

gj+1/2

(
X̂j+1 − X̂j

)

∆ζ2
− gj−1/2

(
X̂j− X̂j−1

)

∆ζ2
+
(
cj− λ̂fj

)
X̂j = 0,

j = 0 . . .N− 1, (26)

where

g= (b ·∇Nζ)
|∇Nα|2
B/BN

, (27a)

c=
1

(B/BN)
2

d
(
µ0
(
p/B2

N

))

dψN

2
(b ·∇Nζ)

(b×κN)

·∇Nα, κN = (b ·∇Nb) (27b)

f=
1

(b ·∇Nζ)

|∇Nα|2

(B/BN)
3 , (27c)

calculated on a uniformly spaced grid with points being sep-
arated by ∆ζ, subject to the boundary conditions

X̂0 = 0, X̂N = 0. (28)

The discretized generalized symmetric eigenvalue equation
can be written as

AX= λBX (29)

7 One has to carefully define these types of problems in DESC as not all
objectives are reverse-mode differentiable. This is especially true for object-
ives involving time-dependent nonlinear dynamics.

5
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Figure 3. Comparison of the DESC ballooning solver with COBRAVMEC shown in (a). Due to different normalizations, the COBRAVMEC output
has been scaled by the ratio λmax,DESC/λmax,COBRAVMEC. In (b), we show a convergence test of the maximum ballooning eigenvalue with
increasing equilibrium resolution L,M,N. To calculate λmax, we scan over Nα = 14 field lines, and Nζ0 = 15 values of the ballooning
parameter ζ0 ∈ [−π/2,π/2]. On each field line, we choose N0 = 8× 1.5M× 1.5N points with ζ ∈ [−4π,4π], where M,N are the poloidal
and toroidal resolution of a DESC equilibrium, respectively. Since the pressure gradient dp/dψ = 0 on the magnetic axis for this
equilibrium, λmax ≤ 0 which is satisfied by the DESC solver.

where A is a symmetric, tridiagonal matrix

A=




c1 − (g1/2+g3/2)
(∆ζ)2

g3/2
(∆ζ)2

0 0 . . . 0 0
g3/2

(∆ζ)2
c2 − (g3/2+g5/2)

(∆ζ)2
g5/2

(∆ζ)2
0 . . . 0 0

. . .
. . .

0 0 0 0 . . . cN−2 − (gN−5/2+gN−3/2)
(∆ζ)2

gN−3/2

(∆ζ)2

0 0 0 0 . . .
gN−3/2

(∆ζ)2
cN−1 − (gN−3/2+gN−1/2)

(∆ζ)2




and B is a symmetric, diagonal matrix

B=




f1 0 0 0 . . . 0 0
0 f2 0 0 . . . 0 0

. . .
. . .

0 0 0 0 . . . fN−2 0
0 0 0 0 . . . 0 fN−1




Using DESC, we solve (29) on Nρ = 6 flux surfaces with
ρ ∈ [0.15,0.95]. On each flux surface, we solve the bal-
looning equation on the Nα = 14 field lines with α ∈
[0,π] and for Nζ0 = 15 values of the ballooning parameter
ζ0 ∈ [−π/2,π/2] to find the maximum eigenvalue λmax =
max(λj,k) ∀ j ∈ [1,Nζ0 ],k ∈ [1,Nα], j,k ∈ Z. Using this defini-
tion, we define the following ballooning objective function for
each flux surface

fball (ρ) = w0ReLU(λmax (ρ)−λ0)+w1

Nζ0
∑

j=1

Nα
∑

k=1

ReLU(λj,k (ρ)−λ0)

(30)

where ReLU is the rectified linear unit operator, i is the index
of the flux surface, w0,w1 are constant weights, and λ0 < 0
is the desired distance from ideal-ballooning marginality. As
a benchmark, we present a comparison of our ideal balloon-
ing solver with COBRAVMEC [33] and a convergence study with
equilibrium resolution in figure 3.

5. Omnigenity

Omnigenity is a favorable property of a magnetic field that
ensures the radial confinement of the trapped particles in a
stellarator. Mathematically, an ideal MHD equilibrium with
nested flux surfaces is omnigenous [34] if

ˆ ζb2

ζb1

dζ
(b ·∇ζ)

(vDs ·∇ψ) = 0 (31)
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Figure 4. Comparison of a typical poloidally omnigenous magnetic field (in Boozer coordinates) on the flux surface for an optimized
configuration. Figure (a) shows the target omnigenous field generated using the Cary–Shasharina prescription, whereas (b) shows the
optimized equilibrium field.

where the particle drift vDs is the magnetic drift velocity,
defined in (11), ζ is a field-line following coordinate, ζb1 and
ζb2 are the bounce points of a particle and the integral opera-
tion, known as bounce-averaging, denotes the average radial
deviation of a particle from a flux surface. For a system with a
longitudinal adiabatic invariant,

J∥ =

ˆ ζb2

ζb1

dζ
(b ·∇ζ)

w∥, (32)

the omnigenity condition is equivalent to ∂αJ∥ = 0 implying
that the longitudinal adiabatic invariant is a flux function for
omnigenous equilibria.

Due to axisymmetry, a continuous toroidal symmetry, toka-
maks are inherently omnigenous. Since stellarators do not pos-
sess continuous toroidal symmetry, they have to be optimized
for omnigenity. Most of the work over the last decade in stel-
larator optimization has focused on a subset of omnigenity, a
hidden symmetry known as quasisymmetry [35]. For quasi-
symmetric equilibria, the magnetic field strength B on a flux
surface can be completely defined by a single angular coordin-
ate, unlike a general stellarator magnetic field B= B(θ,ζ) that
requires two angular coordinates.

Depending on the topology of the magnetic field, a
quasisymmetric configuration can have B= B(θB),B=
B(θB − nFPζB), or B= B(ζB), where θB, ζB are Boozer angles,
and nFP is the field period, a positive integer characterizing
the discrete toroidal symmetry of a stellarator. In the same
order as defined in the previous sentence, these equilibria
are called quasiaxisymmetric (QA), quasihelically symmet-
ric (QH), and quasipoloidally symmetric (QP). Analogous to
quasisymmetry, Cary and Shasharina [36] developed a spe-
cialized angular coordinate system in which one can define
omnigenity in terms of the magnetic field strength in a manner
analogous to quasisymmetry. Since omnigenity is a superset
of quasisymmetry, it expands the space of possible omni-
gnous configurations, allowing us to optimize for additional
favorable properties, apart from omnigenity. In this work, we

optimize stellarators for equilibria with poloidal omnigenity
(OP), toroidal omnigenity (OT), and OH along with additional
objectives related to MHD and kinetic stability.

In recent years, there have been many stellarator designs
with poloidal omgnigenity OP (also known as QI) [37–40] but
toroidal or OH has not been explored. In this work, we use
the technique from Cary and Shasharina [41] and numerically
implemented by Dudt et al [42] in the DESC code to find omni-
genous stellarator configurations. The theory and implement-
ation are briefly described in the following paragraphs.

Cary and Shasharina derived the following conditions that
an omnigenous field must satisfy on each flux surface:

(i) The minimum and maximum magnetic field strength Bmin

and Bmax must be independent of the field line label α
(ii) The contour of the maximummagnetic field strength must

be a closed line in Boozer coordinates

To implement these omnigenous target magnetic fields,
Dudt et al [42] designs a target omnigenous field profile B
in DESC and penalizes the equilibrium field Beq through the
objective

fom =
∑

i

(Beq,i −B)2 , (33)

where B is the target omnigenous field and i is the index of
the flux surface over which fom is calculated. By minimizing
fom over multiple flux surfaces, we ensure that the equilib-
rium field is as close to omnigenous as possible 8. A typical
example showing the equilibrium and target omnigenous field
is presented in figure 4.

The Cary–Shasharina prescription differs significantly
from the objectives used to optimize OP by Isaev et al [43] and

8 Note that minimizing fom is a sufficient but not a necessary condition to
ensure omnigenity. An equilibrium field could deviate significantly from the
target field B, i.e. have a large fom and still be omnigenous.

7
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Subbotin et al [44], which are based on Mikhailov et al [45],
where the equilibrium is optimized for both quasi-poloidal
symmetry and omnigenity by enforcing J∥ = J∥(ψ). In that
sense, our method offers greater flexibility in the optimization
process because we are not enforcing quasisymmetry along
with omnigenity. To corroborate our point, in addition to the
enhanced stability results in the following section, we have dis-
played the neoclassical transport coefficient ϵ3/2eff in figure 11.

6. Omnigenous equilibria with improved KBM
stability

In this section, we explain how we generate omnigenous equi-
libria with improved stability with DESC. Using the ideas
explained in the previous sections, we first search for omni-
genous stellarators with poloidally closed contours. To do that,
we use the following objective function

F = wAf
2
aspect +wBf

2
ball +wCf

2
curv +wDf

2
DMerc +wEf

2
elongation

+wOf
2
om, (34)

where f x are various objectives on the right side for omnigen-
ity, distance from ideal-ballooning marginality, Mercier sta-
bility, boundary curvature, boundary elongation, and aspect
ratio, and wA,wB,wC,wD,wE,wO are weights used with each
objective function. The exact definitions of these objectives are
provided in appendix D. At each iteration of a DESC optimiz-
ation, F is minimized while satisfying (3). Mathematically,

min(Fstage−one) , s.t.∇

(
µ0p+

B2

2

)
−B ·∇B= 0,

ψb = ψb0, p= p0 (ψ) , ι= ι0 (ψ) (35)

which is minimized with respect to a vector of parameters
p that denote the coefficients representing the shape of the
boundary and the field of omnigenity. Note that optimization
is performed while maintaining force balance, fixed profiles,
and the toroidal flux enclosed by the plasma boundary.

With the objective F defined, we run DESC on a single
NVIDIA A100 GPU. A single optimization takes less than
four hours. Currently, the speed of optimization is limited by
the Boozer transformation needed for the omnigenity objective
and the ideal-ballooning growth rate calculation. We expect
a significant speedup as we vectorize these calculations and
move towards DESC v1.0.

6.1. OP

Our objective is to find a OP equilibrium with improved sta-
bility using DESC. Implementing the heuristic analytical model
provided by Goodman et al [38] and using the DESC omnigen-
ity module, we have generated a database of ∼ 106 omnigen-
ous equilibria [46]. From this database, we select a finite-β
equilibrium with nFP = 3, a low omnigenity error, and negat-
ive magnetic shear. The pressure profile is p= p0(1− ρ4)with
p0 = 0.026MPa and the rotational transform profile is ι= ι0 +

ι2ρ
2 + ι4ρ

4 with ι0 = 0.358, ι2 = 0.18, ι4 =−0.08. We then
optimize this equilibrium for improved stability using DESC
and present the results in figures 5 and 6, along with important
figures of merit in table 1. The definitions of various figures of
merit are provided in appendix D.

Using DESC, we are able to successfully stabilize the
initially unstable equilibrium while maintaining reasonable
poloidal omnigenity. The results are presented in figure 6.
Due to the curvature objective, the boundary has a minimal
‘bean’-like shaping along with a small mirror ratio (Bmax −
Bmin)/(Bmax +Bmin), which would simplify coil design. As
we stabilize the ideal ballooning mode, we also see a signific-
ant reduction in the maximum KBM growth rate and an even
greater reduction in the diffusion coefficient Dmix in table 19.
Moreover, since this equilibrium has a negative shear, we
hypothesize that it will have a reduced turbulent transport com-
pared to that of an equilibrium with a positive shear. Since
the rotational transform does not cross any low-order rational
values, this equilibrium will not form any low-order magnetic
islands. The negative shear will also stabilize any bootstrap-
current driven high-order magnetic islands [47].

Using DESC have obtained a lower aspect ratio and better
omnigenity than the method used by Isaev et al [43]. In the
next section, we generate a toroidally omnigenous equilibrium
using the same process.

6.2. OT

In this section, we will find a OT equilibrium with improved
stability using DESC. To obtain OT, we start with an equi-
librium that is ballooning-stable and close to quasiaxisym-
metry from the omnigenity database. The OT database is gen-
erated by first calculating QA equilibria from pyQSC [48]
and then optimizing them for OT using DESC. The initial
equilibrium has a finite-β with nFP = 1 and a negative mag-
netic shear. The pressure profile has the form p= p0(1− ρ4)
with p0 = 0.031MPa and the rotational transform profile is
ι= ι0 + ι2ρ

2 with ι0 = 0.84, ι2 = 0.106. The input data are
presented in figure 7 and important properties of this equi-
librium are given in table 2.

We have successfully obtained a toroidal omnigenous equi-
librium with improved stability. The equilibrium becomes
Mercier stable for most of the volume without degrading
the ballooning stability and omnigenity. We also see a small
reduction in the KBM growth rate and the mixing-length dif-
fusion coefficient, especially near the plasma edge. Due to
the curvature objective, we can again avoid ‘bean’-like shapes
in the inboard side of the optimized stellarator. It is import-
ant to point out that, much like QA equilibria, our results
indicate that obtaining low-aspect-ratio OT equilibria is sim-
pler than achieving low-aspect-ratio OP or OH equilibria.
Note that, even though the magnetic axis of the optimized

9 The significantly large value of the mixing-length diffusion estimate is due
to the fact that for ideal-ballooning unstable modes, KBM growth rate peaks
around |k⊥|= 0 .This is one of the reasons why nonlinear flux tube simu-
lations of KBMs can sometimes fail to saturate, as the most unstable mode
depends strongly on the domain size.

8
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Figure 5. Inputs to the optimization module in DESC for the OP case. Figures (a) and (b) show the various profiles and figure (c) has the
boundary cross-section at different toroidal angles for a single field period.

Figure 6. Outputs from the OP stability optimization in DESC. Figures (a) and (b) show the magnetic field strength B on the boundary
surface, respectively; (c) is the optimized boundary cross-section at different toroidal angles for a single field period. Figures (d)–(f)
compare various instabilities between the initial and optimized equilibria and figures (g), (h) illustrate the magnetic field strength on the
plasma boundary.

9
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Table 1. Figures of merit of the initial and optimized OP equilibria.

Equilibrium Aspect ratio ⟨β⟩ OP error Ψb(T−m2) Ib(kA) Dmix(ρ= 0.9)

initial 9.33 0.032 2.02 0.037 −5.3 97.07
optimized 9.82 0.029 0.20 0.037 31.9 0.72

Figure 7. Inputs to the optimization module in DESC. Figures (a) and (b) show the pressure and rotational transform profiles and figure (c) is
the initial boundary cross-section at different toroidal angles for a single field period.

Table 2. Figures of merit of the initial and optimized OT equilibria.

Equilibrium Aspect ratio ⟨β⟩ OT error Ψb(T−m2) Ib(kA) Dmix(ρ= 0.9)

initial 5.92 0.054 0.22 0.087 156 0.51
optimized 6.25 0.033 0.04 0.087 151 0.4

configuration appears to have a high torsion from figure 8(c),
the 3D figure 8(h) reveals that the stellarator axis remains
nearly planar.

6.3. OH

In this section, we will generate a OH equilibrium with
improved stability using DESC. To obtain OH, we start with a
finite-β circular vacuum equilibrium with nFP = 5 and a finite
magnetic axis torsion using the following boundary paramet-
rization

Rb = 1+ 0.1cos(θ)+ 0.1cos(5ϕ) (36a)

Zb = 0.1sin(θ)+ 0.1sin(5ϕ) . (36b)

The pressure profile has the form p= p0(1− ρ4) with
p0 = 0.08MPa and the rotational transform profile is ι= ι0 +
ι2ρ

2 + ι4ρ
4 with ι0 = 0.85, ι2 =−0.128, ι4 =−0.071. The

shape of this equilibrium and input profiles are provided in
figure 9 and its characteristic properties are given in table 3.

Using DESC, we are able to successfully stabilize the equi-
libriumwhile improving the quality of omnigenity. The results
are presented in figure 10. However, we find that obtaining a
stable OH is more difficult compared to the OP or OT for a
high plasma beta. The optimized equilibria are also strongly
‘bean’-shaped, which would affect coil design. Positive shear
would also degrade turbulent transport compared to negative
shear equilibria.

The distance from ideal ballooning marginality signific-
antly reduced the KBM growth rates and the mixing-length
diffusion coefficient for the OP and OH cases, but only mar-
ginally for the OT case. This indicates that our hypothesis cor-
relating the distance from marginality and the KBM growth
rate is not always correct. To determine the effect of ideal bal-
looning stabilization on KBM stability, we perform an addi-
tional analysis in the next section.

6.4. Neoclassical transport in the optimized configurations

In addition toMHD and kinetic stability, it is important to have
reduced neoclassical transport. Hence, we shall evaluate the
neoclassical transport due to the magnetic field ripple for the
three optimized configurations. To do that, we calculate the
effective ripple proxy ϵ3/2eff [49] using DESC, which measures
neoclassical transport in the 1/ν collisionality regime. Details
concerning the implementation of an effective ripple imple-
mentation in DESC can be found in Unalmis et al [50].

From figure 11, we can see that there is a strong correl-
ation between the degree of omnigenity and effective ripple.
As one can see, the contours for the OT case at ρ= 0.25 have
more closed ‘loops’ than the contours at ρ= 0.75, in the low-
field region, resulting in a higher neoclassical transport. The
same can be observed for the OP case where ρ= 0.75 has more
closed loops than ρ= 0.25 in the high-field region. Indeed,
according to the Cary–Shasharina prescription, Boozer plots

10
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Figure 8. Outputs from the OT stability optimization in DESC. Figures (a) and (b) show the magnetic field strength B on the boundary
surface, respectively; (c) is the optimized boundary cross-section at different toroidal angles for a single field period, figures (d)–(f) show
comparison of various instabilities between the initial and optimized equilibria and figures (g), (h) illustrate the magnetic field strength on
the plasma boundary.

Figure 9. Inputs to the optimization module in DESC for the OH case. Figures (a) and (b) show the pressure and rotational transform profiles
and figure (c) is the boundary cross-section at different toroidal angles for a single field period.
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Figure 10. Outputs from the OH stability optimization in DESC. Figures (a) and (b) show the magnetic field strength B on the boundary
surface, respectively; (c) is the optimized boundary cross-section at different toroidal angles for a single field period, figures (d)–(f) show
comparison of various instabilities between the initial and optimized equilibria and figures (g), (h) illustrate the magnetic field strength on
the plasma boundary.

Table 3. figures of merit of the initial and optimized OH equilibria.

Equilibrium Aspect ratio ⟨β⟩ OH error Ψb(T−m2) Ib(kA) Dmix(ρ= 0.9)

initial 10.0 0.016 0.32 0.079 23.8 11.52
optimized 9.37 0.025 0.21 0.079 120 0.23

with closed contours spanning the full toroidal, poloidal, or
helical range are more omnigenous and lead to reduced neo-
classical transport than plots with ‘loops’ of themagnetic field.

When compared with the optimization method used by [43,
45], the optimized OP equilibrium has an ϵ3/2eff that is more than
twice as small while having a lower aspect ratio.

12
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Figure 11. Neoclassical transport coefficient ϵ3/2eff calculated for the optimized omnigenous configurations along with the Boozer plots of
optimized magnetic field at two radial locations ρ= 0.25,0.75. The OT case has the lowest ripple whereas the OH case has the largest.

Figure 12. ŝ−αMHD scans of the maximum ballooning eigenvalue λmax for the optimized OP configuration. The white line corresponds to
the marginal stability curve. The nominal equilibrium (marked by a cross) always lies in the first stability region and access to second
stability in the outer core, is inaccessible.

7. ŝ−αMHD and sensitivity analysis

In this section, we analyze the ideal MHD and kinetic proper-
ties of the three optimized equilibria and determine when the
distance frommarginality proxy is suitable to reduce the KBM
growth rates. To do so, we start by plotting the ideal ballooning
growth rates in the ŝ−αMHD landscape for the three optim-
ized equilibria at four different radii. To create a single ŝ−
αMHD contour plot, we solve the ballooning equation for Nŝ =
24×NαMHD = 32. For each solution, we use ζ = [−5π,5π],
N= 1961 points along a field line and scan Nα = 8 field lines
with α ∈ [0,π] and Nζ0 = 9 values of ζ0 ∈ [−π/2,π/2].

7.1. Optimized OP equilibrium

The ŝ−αMHD ideal-ballooning landscape for the OP equilib-
rium is shown in figure 12. We demonstrate the existence of a
second stability regime in the core region in poloidally omni-
genous stellarators. However, as we move towards the outer
core, second stability becomes inaccessible for this equilib-
rium. This suggests that despite the existence of this state, it
might not be realistically achievable.When pressure rises from
a vacuum equilibrium (αMHD = 0) and the equilibrium enters
the unstable region, KBM will drastically increase heat and
particle transport, preventing the pressure profile from becom-
ing steeper. Therefore, one must check accessibility by repeat-
ing this exercise, especially for finite-β omnigenous stellar-
ators such as the ones developed by Sanchez et al [51] and
Goodman et al [52].

7.2. Optimized OT equilibrium

The ŝ−αMHD landscape for the OP equilibrium is shown in
figure 13. Similar to the OP case, we find that the OT equilib-
rium is situated in the second stability region, demonstrating
the existence of a second stability regime in toroidally omni-
genous stellarators. Moreover, for these equilibria, second sta-
bility is accessible and is not blocked by an unstable region.
This means that one can achieve this state without crossing an
unstable region—a region of large turbulent transport resulting
from unstable ideal and KBMs.

7.3. Optimized OH equilibrium

The ŝ−αMHD landscape for the OH equilibrium is shown in
figure 14. Unlike the OP and OT cases, we find that the OH
equilibrium is situated in the first stability region. Although
a second stability region is present, the outer core equilibria
cannot access it. It may be possible to access second stability
for negative shear OH equilibria.

7.4. When is the distance from marginality a good proxy for
KBMs?

For the OT equilibria, the KBM growth rates did not change
significantly, even when we stabilized the ideal ballooning
mode and increased the distance from marginality. In con-
trast, for the OP and OH case, the KBM growth rate decreased
significantly. To better understand this effect, we plot the
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Figure 13. ŝ−αMHD scans of the maximum ballooning eigenvalue λmax for the optimized OT configuration. The nominal equilibrium
(marked by a cross) moves from the first to the second stable region as we move from the core to the edge. Second stability is fully
accessible.

Figure 14. ŝ−αMHD scans of the maximum ballooning eigenvalue λmax for the optimized OH configuration. The nominal equilibrium
(marked by a cross) always lies in the first stability region. Second stability seems to exist near the edge but it inaccessible.

Figure 15. Normalized gyrokinetic growth rate as a function of the binormal wavenumber kyρi for the fieldline α and radial wavenumber
kxρi at which the maximum growth rate occurs for the three equilibria. Ideal-ballooning instability manifests as KBM in the long
wavelength limit kyρi = 0. Once the equilibrium is stabilized agaimst the ballooning mode, KBM peaks at a finite wavenumber kyρi.

normalized KBM growth rate γaN/vth,i with respect to the
normalized binormal wavenumber kyρi in figure 15. The OP
and OH cases were ideal ballooning unstable for the initial
equilibrium and stable for the optimized equilibrium. Hence,
ideal ballooning stability also leads to KBM stabilization.
Moreover, the wavenumber for the peak growth rate kyρi shifts
from kyρi = 0 (as assumed by the derivation in appendix C) to
a finite value for these cases. This also explains the massive
values of the mixing-length diffusion coefficients Dmix in
the initial, ballooning-unstable OP and OH equilibria, as the
growth rate peaks near the lowest wavenumber kx = 0,ky = 0.
However, since theOT casewas already stable against the ideal

ballooning mode, we do not see a significant change in either
the KBM growth rate or Dmix.

Therefore, we observe that the distance from the bal-
looning marginality proxy is only effective in reducing the
KBM growth rate when the equilibrium is ballooning unstable
or close to marginal stability. In practice, it is difficult to
increase the distance from marginality after the ballooning
mode becomes stable due to the existence of the Alfvèn
continuum or the optimizer getting stuck between the least
unstable and second least unstable eigenvalues. A possible
solution would be to include the firstM largest eigenvalues in
the ballooning objective function and use the new objective
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Figure 16. Sensitivity of the ballooning eigenfunction to the pressure and rotational transform profiles. For the OT case (not plotted),
∂fball/∂ p̂= 0 for both the initial and optimized equilibria. Upon increasing the pressure, the unoptimized OP equilibrium becomes stable
(except the outer core) whereas the unoptimized OH equilibrium becomes unstable. The discontinuous jump in the core is due to a
derivative of the ReLU function in the fball objective.

fball (ρ) =
M∑

l=1

[
w0ReLU(λmax,l (ρ)−λ0)

+w1

Nζ0∑

j=1

Nα∑

k=1

ReLU(λj,k,l (ρ)−λ0)

]
. (37)

It is possible that increasing the distance from marginality
further stabilizes the KBM but further analysis is beyond the
scope of this paper.

7.5. Robustness of the ideal ballooning stability to changes in
the pressure and rotational transform profiles

Understanding the resilience of ideal ballooning and the res-
ulting kinetic ballooning stability to small changes in the pres-
sure and rotational transform profiles is crucial. To this end,
we calculate derivatives ∂fball(ρ)/∂ p̂, p̂= {p0, ι0, ι2} subject
to the constraint that the equilibrium remains in force bal-
ance and plot them in figure 16. The derivatives ∂fball/p̂=
0 for all the optimized equilibria, even though the profiles
were fixed during optimization10. The derivative ∂fball/p̂= 0
implies that small variations in the global profiles still keep the
ballooning eigenvalue below the threshold λ < λ0, maintain-
ing ballooning stability. This matches our observation from
the ŝ−αMHD plots from figures 12–14, as moving the local
equilibrium (marked by a green cross) by a small amount will
not affect the ideal ballooning, and consequently, kinetic bal-
looning stability of the optimized equilibrium. This indicates
that variation of local gradients using the ŝ−αMHD method,
performed in previous sub-section, leads to the same conclu-
sion as small variations of the global profiles, that the optim-
ized equilibria are resilient to small changes in the global
profiles.

10 By design, the derivatives ∂fball/∂p= 0 for the optimized equilibria, as
they correspond to a local minimium of the objective function. However, for
parameters p̂ outside the set p, in general partial derivatives will be non-zero.

Note that it is straightforward to calculate the sensitivity of
any other objective. Accurate values of the derivatives of all
objective functions are easily accessible due to the automatic-
differentiation-oriented design of DESC.

8. Summary and conclusions

In this work, we developed omnigeneous finite-β stel-
larators with improved kinetic stability using the GPU-
accelerated DESC optimizer.

In section 2, we began by introducing the idealMHDmodel
along with the technique developed by Hegna and Nakajima
used to vary a local equilibrium by changing the gradients ŝ
and αMHD. In section 3, we introduce the gyrokinetic model
and explain how it is related to the ideal ballooning equation.
By analyzing a finite-β W7-X equilibrium, we argue how dis-
tance from ideal-ballooning marginality can be used a prxy for
KBM stability. In section 4, we presented the ideal-ballooning
analysis along with benchmarks against COBRAVMEC. In 5, we
explain the prescription devised by Cary and Shasharina to
obtain omnigenity with poloidal, helical, or toroidal helicity
along with an example of this implementation. In section 6,
these objectives are then used to develop finite-β stellarators
with stability against Mercier, ideal ballooning, and as a con-
sequence, KBMs. In section 7, we perform ŝ−αMHD and sens-
itivity analysis and explain the effectiveness of the ideal bal-
looning proxy for KBM stabilization.

The results are then analyzed by locally varying the optim-
ized equilibria. Upon creating the ŝ−αMHD plot of the max-
imum ballooning eigenvalue λ. we found the existence of a
region of second stability against the ideal ballooning mode in
the toroidal (OT) and helical (OH) omnigenity cases and the
poloidal(OP) omnigenity case in figure B1. The second stable
region was only accessible for the toroidally omnigenous (OT)
case. We found that the distance from ideal ballooning mar-
ginality is only a good proxy for KBMs if an equilibrium is
ballooning unstable or close to marginally stable.
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This work presents many avenues for future research. An
important step would be to use the modified ballooning object-
ive in (37), increase the distance from marginality and further
test the effectiveness of the distance-from-marginality proxy.
Another key step would be to extend the stability optimization
to ensure low-nMHD stability. This is especially important for
the OT and OH cases since they require a significant plasma
current. This can be done with the help of new faster codes
like DCON3D [53, 54].

To ensure optimization against KBMs, we can also
couple DESC with a fully electromagnetic solver such as GS2
and perform direct optimization of electromagnetic turbu-
lence, as demonstrated in Gaur [55](pp. 110–114) or a lin-
ear adjoint gyrokinetic solver, based on the technique demon-
strated byActon et al [56]. This will allow us to directly reduce
the growth rate of any unstable gyrokinetic mode. To reduce
nonlinear heat and particle transport, one could also implement
equilibrium-dependent proxies for nonlinear heat fluxes res-
ulting from KBMs using improved quasilinear models as was
done for the NCSX stellarator by Mynick et al [57] or recently
by Roberg-Clark et al [58].

Since the ŝ−αMHD analysis is valid for any radially local
calculation, we can apply it to study neoclassical transport,
Mercier stability, and electrostatic (low β) turbulence. An
ŝ−αMHD analysis of nonlinear heat and particle fluxes for
these optimized configurations will be presented in a sub-
sequent paper.

Data availability statement

The driver and post-processing scripts along with the optim-
ized omnigenous equilibria and figures used in this paper are
freely available in this Zenodo repository [59]. The DESC
code is open source and can be obtained, along with tutori-
als for omnigenity and ballooning stability from this GitHub
repository. Similarly, the GS2 code is open source and can be
acquired from this bitbucket repository. In this work, we used
a docker image of the GS2 source, which is freely available
here. The data that support the findings of this study are openly
available at the following URL/DOI: https://doi.org/10.5281/
zenodo.13887566.

Supplementary information available at https://doi.org/10.
1088/1361-6587/ae1e9e/data1.

Acknowledgments

One of the authors, R G enjoyed fruitful discussions with
W Sengupta, X Chu, M Landreman, F P Diaz, I G Abel, M
Zarnstroff, M Hardman, N Barbour and B Jang. This work is
funded through the SciDAC program by the US Department
of Energy, Office of Fusion Energy Science, and Office
of Advanced Scientific Computing Research under Contract
No. DE-AC02-09CH11466, the Hidden Symmetries Grant
from the Simons Foundation/SFARI (560651), and Microsoft
Azure Cloud Computing mini-grant awarded by the Center

for Statistics and Machine Learning (CSML), Princeton
University. This research also used the computing resources
of the Della, Stellar, and Traverse clusters at Princeton
University.

Author contributions

R Gaur 0000-0003-4367-9052
Conceptualization (lead), Data curation (lead), Formal
analysis (lead), Investigation (lead), Methodology (lead),
Resources (lead), Software (lead), Validation (lead),
Visualization (lead), Writing – original draft (lead), Writing –
review & editing (lead)

R Conlin 0000-0001-8366-2111
Investigation (equal), Software (equal), Validation (equal)

D Dickinson 0000-0002-0868-211X
Software (equal), Writing – review & editing (equal)

J F Parisi 0000-0003-1328-7154
Conceptualization (equal), Investigation (equal), Writing –
review & editing (equal)

D Panici 0000-0003-0736-4360
Software (equal), Visualization (equal)

D Dudt 0000-0002-4557-3529
Software (equal)

P Kim 0000-0003-3201-1831
Software (equal), Writing – review & editing (equal)

K Unalmis 0000-0002-1755-6764
Software (equal)

W D Dorland 0000-0003-2915-724X
Funding acquisition (equal), Software (equal)

E Kolemen 0000-0003-4212-3247
Funding acquisition (lead)

Appendix A. The DESC optimizer suite

DESC [3–6] is an equilibrium solver and optimizer, designed
primarily to generate and optimize stellarator equilibria.
It solves the ideal MHD force balance equation (3) as
an inverse problem—obtaining the cylindrical coordin-
ates (R,ϕ,Z) for each point in a grid defined by a set
of non-orthogonal curvilinear coordinates (ψ,θ,ϕ). For a
fixed boundary system, the user has to specify the pres-
sure p(ψ) and the enclosed toroidal current I(ψ), or the
rotational transform ι(ψ) along with the boundary shape
Rb(θ,ζ),Zb(θ,ζ), and the enclosed toroidal flux by the bound-
ary ψb. Given these inputs, DESC solves (3) to find the
magnetic field B and the shape of the flux surfaces through-
out the volume. DESC uses a (ρ,θ,ϕ) coordinate system,
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ρ=

√
ψ

ψb
, (A.1)

θ = θPEST −Λ, (A.2)

ζ = ϕ, (A.3)

The problem is defined in a cylindrical coordinate system
(R, ζ,Z) by decomposing it into Fourier–Zernike spectral
bases as shown below

R(ρ,θ,ζ) =
M,N,L∑

m=−M,n=−N,l=0

RlmnZm
l (ρ,θ)Fn (ζ) (A.4)

Λ(ρ,θ,ζ) =

M,N,L∑

m=−M,n=−N,l=0

ΛlmnZm
l (ρ,θ)Fn (ζ) (A.5)

Z(ρ,θ,ζ) =
M,N,L∑

m=−M,n=−N,l=0

ZlmnZm
l (ρ,θ)Fn (ζ) (A.6)

where l,m, and n are the radial, poloidal, and toroidal mode
numbers whereas L,M, and N define the largest values of l,m,
and n, respectively. This defines the resolution of a DESC equi-
librium. The Zernike polynomials Zm

l (ρ,θ) are defined as

Zm
l (ρ,θ) =

{
Rm
l (ρ)cos(mθ) form⩾ 0 and 0⩽ ρ⩽ 1

R|m|
l (ρ)sin(|m|θ) form< 0 and 0⩽ ρ⩽ 1

,

(A.7)

where

Rm
l (ρ) =

(l−m)/2∑

s=0

(−1)s (l− s)!

s!
(
l+m
2 − s

)
!
(
l−m
2 − s

)
!
ρl−2s for m⩾ 0,

(A.8)

denotes the radial variation using shifted Jacobi polynomials.
Using cylindrical coordinates and duality relations between

cylindrical and curvilinear coordinates (ψ,θ,ζ), we can cal-
culate all terms in (3). Additionally, we impose the constraint
B ·∇ρ= 0, enforcing the toroidal nestedness of all flux sur-
faces. This reduces the system from three to two coupled par-
tial differential equations in three dimensions

Fρ =
1
µ0

[
Bζ
(
∂Bρ
∂ζ

−
∂Bζ
∂ρ

)
−Bθ

(
∂Bθ
∂ρ

−
∂Bρ
∂θ

)]
−
dp
dρ
,

(A.9)

Fhelical =
1
µ0

(
∂Bζ
∂θ

−
∂Bθ
∂ζ

)
, (A.10)

where a subscript x denotes the covariant component Fx = (F ·
ex) and superscript denotes the contravariant component F x =
(F · ex), so the helical component Fhelical = F · (Bζeθ −Bθeζ).
Using this formalism, combined with the nestedness assump-
tion, DESC minimizes the two components of the force error
F, which gives us the desired equilibrium.

Using the spectral representation, it becomes possible to
accurately express any continuous optimizable quantity as a

combination of the components of B and the input profiles
p(ψ) and ι(ψ) (or current I(ψ)). This capability enables us
to optimize multiple objectives simultaneously, rather than
solely minimizing the force balance error. In addition, by com-
bining this spectral solver with the GPU-accelerated JAX [60]
package, we can efficiently and accurately compute the gradi-
ents of any quantity using automatic differentiation. This
enables us to perform rapid optimization using gradient-based
methods, as demonstrated in the main body of this paper.

Appendix B. Local variation of a 3D equilibrium

In this section, we will briefly explain the method of local vari-
ation of gradients, first developed by Greene and Chance [20]
for tokamaks and later by Hegna and Nakajima [21] for stellar-
ators. Using this method, one can vary the gradients p

′

(ψ) and
ι
′

(ψ) on a flux surface while locally satisfying the ideal MHD
force balance. By varying these gradients, and consequently
the local equilibrium around a flux surface, we can obtain a
deeper understanding of the characteristics of tokamaks and
stellarators in relation to small-scale instabilities. We use this
analysis to vary the normalized pressure gradient αMHD, and
global shear ŝ and to calculate the growth rates against the ideal
ballooning and the kinetic ballooning instabilities.

We start by writing the magnetic field in Boozer coordin-
ates

B=∇ψ ×∇(θB − ιζB) (B.1)

and equivalently defined as

B= G(ψ)∇ζB + I(ψ)∇θB + β̂∇ψ, (B.2)

where G(ψ) is the enclosed poloidal current, I(ψ) is the
enclosed toroidal current and β̂ is related to the Pfirsch–
Schlüter current. We also define the Jacobian

√
gB = [(∇ψ ×∇θB) ·∇ζB]

−1
=
G+ ιI
B2

(B.3)

To ensure both the definitions (B.1) and (B.2) of the magnetic
field are consistent, we must ensure

G=
gζBζB + ιgζBθB√

gB
(B.4)

I=
gζBθB + ιgθBθB√

gB
(B.5)

β̂ =
gζBψ + ιgθBψ√

gB
(B.6)

where the metric tensor element gab = (∂x/∂a) · (∂x/∂b).
Substituting (B.2) into (3), and separating the radial compon-
ent, we get

−G′ − ιI
′

+

(
∂

∂ζB
+ ι

∂

∂θB

)
β̂ = p

′√
gB. (B.7)
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Applying the surface averaging operator
‚

=
(1/2π)2

´

dθB
´

dζB to (B.7), we get the surface-averaged
force balance equation

−G′ − ιI
′

= p
′

V
′

. (B.8)

Subtracting (B.8) from (B.7), we get an equation for the
variable β̂

(
∂

∂ζB
+ ι

∂

∂θB

)
β̂ = p

′
(√

gB −V
′
)
. (B.9)

Variables such as G
′

, I
′

, and β̂ will change when we locally
vary the pressure gradient to maintain force balance. A final
quantity of interest is the Pfirsch–Schlüter current

λ∗ =
1

p′V′

(
J ·B
B2

−
‹

J ·B
B2

)
= (B×∇ψ) ·∇β̂. (B.10)

With all the important expressions, we proceed to demonstrate
the method of variation of a local equilibrium. We expand all
flux functions in a local coordinate y= (ψ−ψ0)/µ around the
flux surface labelled ψ0

X= X(0) (ψ)+µX(1) (y)+µ2X(2) (y)+ . . . , X= {p, ι,G, I}
(B.11)

whereµ≪ 1. This expansion allows us to vary the gradients of
the flux functions by the same order as p(ψ0)while varying the
equilibrium values by order µ. This also changes the position
of a points x on a flux surface

x= x(0) (ψ,θB, ζB)+µx(1) (y,θB, ζB)+ . . . . (B.12)

and the variable

β̂ = β̂(0) (ψ,θB, ζB)+µβ̂(1) (y,θB, ζB)+ . . . . (B.13)

Varying the local gradient would require calculating the gradi-
ent of the quantities in the series expansion—the only gradi-
ents that will be comparable to the lowest-order gradients will
be in radial gradients of the form ∂/∂y. Therefore, solving for
these gradients will fully define the new equilibrium.

First, we substitute (B.13) and into (B.9) to get

(
∂

∂ζB
+ ι

∂

∂θB

)
β̂(1) = p(1)

′ (√
gB −V

′
)
. (B.14)

Any general three-dimensional vector can be decomposed
using the basis vectors (B,∇ψ,B×∇ψ). To find the change
in the basis vectors upon locally deforming an equilibrium, we
solve for

∂x
∂y

= CB+M
∇ψ

|∇ψ|2 +D
B×∇ψ

B2
, (B.15)

where C,M, and B are unknowns. Using (B.2), (B.13),
and (B.6) gives us C= β̂(1)/B2. Similarly, enforcing that the
jacobian

√
gB remains fixed after varying the local pressure

and current gradients, we must set M= 0. The final and most
important quantity in this analysis, the cross-field variation D,
can be obtained by substituting (B.15) into constraints (B.4)-
(B.5). After some algebraic manipulations, using (B.9) and the
surface averaging operator

‚

, we obtain

(

∂

∂ζB
+ ι

∂

∂θB

)

D= ι
(1)

′ 1
‚

1/gψψ

(

1
gψψ

−

‹

1
gψψ

)

− p(1)
′ V

′
(G+ ιI)
¸

1/gψψ

(

λ∗

gψψ

‹

1
gψψ

−
1

gψψ

‹

λ∗

gψψ

)

,

(B.16)

where gψψ = |∇ψ|2, and λ∗ is the Pfirsch–Schlüter current,
obtained from (B.10). Finally, we canwrite the integrated local
shear

L=
∇α ·∇ψ

|∇ψ|2 = ι(1)
′

(ζ − ζ0)+D+ L0 (B.17)

where L0 = ((∇α ·∇ψ)/|∇ψ|2)0 is the integrated local shear
of the original equilibrium without any local variation. This
process differs from the calculation presented in Hegna and
Nakajima but should be mathematically equivalent. Given the

variation in the pressure gradient p(1)
′

and the rotational trans-

form gradient ι(1)
′

, this completely defines the new local equi-
librium. Once the local equilibrium is defined, we calculate
the geometric quantities required to solve (22) and (14)–(17)
and understand how theywould behave if the pressure gradient
or magnetic shear were varied. Hudson and Hegna [61], and
Hegna and Nakajima [21] have used this technique to analyze
the Mercier and ideal ballooning marginal stability of stellar-
ators. We use the same technique to calculate the ideal bal-
looning and KBM gyrokinetic growth rates.

In practice, we calculate the coefficients β̂,λ∗,
√
gB on each

flux surface by evaluating the Fourier–Zernike coefficients at a
fixed ρ. This gives us the Boozer Jacobian

√
gB and its Fourier

components, from which we can calculate β̂ and then λ∗ in
Fourier space. Upon conversion of λ∗ to real space, we per-
form flux surface averaging to calculate the cross-field term
D and subsequently the integrated local shear L. This gives us
all the necessary terms needed to calculate the new set of geo-
metry coefficients for the varied equilibrium.

As an example, we present ŝ−αMHD of the ballooning
eigenvalue for a finite-β OP equilibrium, demonstrating the
existence of second stability in figure B1. Note that some fea-
tures of this equilibrium are qualitatively similar to the high-β
QuasiPoloidal (QP) equilibrium presented in Ware et al [62],
specifically the existence to second-stability.
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Figure B1. Magnetic field strength of an unstable OP equilibrium
and ŝ−αMHD contour plot of the maximum ideal-ballooning
eigenvalue λmax. The equilibrium is recalculated for each value of ŝ
and αMHD and the ideal-ballooning equation is solved to create
figure (b). At large pressure gradients αMHD, the equilibrium
becomes stable again, demonstrating the existence of
second-stability in poloidally omnigenous stellarators.

Appendix C. Simplified linear gyrokinetic model in
the intermediate frequency range

In this appendix, we simplify the linearized gyrokinetic model
and show how, subject to a set of assumptions, reduces to the
ideal ballooning equation. We start by assuming that the fre-
quency of interest ω is faster than the ion transit frequency, but
slower than the electron transit frequency

vth,i
aN

≪ ϵω≪ ϵ2
vth,e
aN

, ϵ≡
√
me

mi
≪ 1, (C.1)

where vth,i =
√
2Ti/mi,vth,e =

√
2Te/me are the thermal

speeds of the ions and electrons, respectively. This separa-
tion in time scales is a consequence of the difference in the
masses of ions and electrons.

In this limit, we can simplify the electron gyrokinetic
equation

i (ω−ωDs)he +(b ·∇ζ)w∥
∂he
∂ζ

=
(
ω−ωT∗,e

)
[
J0

(
k⊥w⊥

Ωe

)

×
(
φ − w∥δA∥

c

)
+ J1

(
k⊥w⊥

Ωe

)
w⊥

k⊥

δB∥

c

]
F0e, (C.2)

to lowest order as

w∥ (b ·∇ζ)
∂he
∂ζ

= w∥

(
ω−ωT∗,e

)
F0s

δA∥

c
, (C.3)

which can be integrated to give us

he
(
ζ,E, λ̂;σ

)
=

(
1−

ωT∗,e
ω

)
ˆδA∥F0e + c0

(
λ̂
)
, (C.4)

where c0(λ̂) is a constant of integration and we have defined
the line-integrated vector potential

ˆδA∥ (ζ;σ) =
iω
c

ˆ ζ

−σ∞

dζ
b ·∇ζ

δA∥, (C.5)

where σ = w∥/|w∥| can either be +1 or −1 depending on the
streaming direction of the particle with respect to the back-
ground magnetic field. Since all the variables that govern the
passing species (λ̂≤ 1/Bmax) satisfy the Dirichlet boundary
condition limζ→±∞ δÂ∥ = limζ→±∞ he = 0, c0(λ̂) = 0 ∀ λ̂⩽

1/Bmax. For trapped particles, we must further solve (C.2) to
find c0(λ̂) ̸= 0.

To calculate the trapped electron response to the fields, we
rewrite (C.2) after multiplying both sides with an integrating
factor exp

[
−i
´

dθ(ω−ωDs)/(|w∥|b ·∇θ)
]

w∥ (b ·∇ζ)
∂

∂ζ

{[
he −

(
1−

ωT∗,e
ω

)
F0eδÂ

]

× e−i
´

dζ(ω−ωDe)/(|w∥|b·∇ζ)

}
ei
´

dζ(ω−ωDe)/(|w∥|b·∇ζ)

=
(
ω−ωT∗,e

)[
φ −

(
1− ωDe

ω

)
δÂ∥ +

w2
⊥

Ωs

δB∥

c

]
F0s,

(C.6)

and apply the bounce-averaging operation

X=

˛

dζ
(b ·∇ζ)

X
|w∥|

/
˛

dζ
(b ·∇ζ)

1
|w∥|

, (C.7)

to (C.6), use integration by parts on the left side of (C.6), and
then use (C.4), to find c0(λ̂) for trapped electrons. This gives
us the complete trapped electron response

h(t)k⊥,e =

(
1−

ωT∗,e
ω

)
F0eδÂ∥ +

(
ω−ωT∗,e

)

(ω−⟨ωDs⟩)

×
[
φk⊥ −

(
1− ωDe

ω

)
δÂ∥ +

w2
⊥

2Ωe

δB∥

c

]
F0s (C.8)

Note that, to lowest order we have used J0(k⊥w⊥/Ωe) =
1,J1(k⊥w⊥/Ωe) = k⊥w⊥/(2Ωe) due to the intermediate fre-
quency ordering in (C.1). The total electron response is the
sum of the trapped (1/Bmax < λ̂⩽ 1/Bmin) and passing (λ̂⩽

1/Bmax) distributions.
Next, we repeat the same process for ions. However, the

trapped and passing frequency of ions is slower than the fre-
quency of interest ω, so the ion gyrokinetic equation to lowest
order becomes

h(0)k⊥,i =

(

ω−ωT∗,i
)

(ω−ωDi)

[

J0

(

k⊥w⊥

Ωi

)

φk⊥ + J1

(

k⊥w⊥

Ωi

)

w⊥

k⊥

δB∥

c

]

F0i,

(C.9)

Using the expressions for the distribution functions h, we can
now calculate their moments and plug those moments into
the Maxwell’s equations. We calculate the velocity integral in
(E, λ̂,ϑ) space

ˆ

d3w= 2π
∑

σ

ˆ ∞

0
dE

√
E
ˆ 1/B

0

dλ̂B√
1− λ̂B

, (C.10)

where
∑
σ h(σ) = [h(σ = 1)+ h(σ =−1)] takes into account

both streaming directions of particles. We now have all the
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information to write the Maxwell’s equations. Substituting
the gyrokinetic distribution functions into the quasineutrality
equation (15), we obtain

(2−Q)φ +Q
′ ˜δB∥ +

ˆ

Tr
d3w

(

ω−ωT∗,e
ω−⟨ωD,e⟩

)

Xe =
(

1−
ω∗,e

ω

)

ψ̂∥,

(C.11)

where ψ̂∥ =
∑
σ δÂ∥ =

[
δÂ∥(σ = 1)+ δÂ∥(σ =−1)

]
and
´

(t)

implies integration in λ̂ for trapped particles only, i.e. over a
truncated domain 1/Bmin ≤ λ̂≤ 1/Bmin

Xs = φ −
(
1− ωDs

ω

)
ψ̂∥ + J1s

w⊥

k⊥

δB
c
, (C.12)

Q=

ˆ

d3v

(
ω−ωT∗,i
ω−ωDi

)
J20F0i, (C.13)

Q
′

=

ˆ

d3v

(
ω−ωT∗,i
ω−ωDi

)
dJ20
db

F0i, b=
(k⊥ρi)

2

2
, (C.14)

and a typo has been corrected from equation (3.31) in Tang
et al to get (C.11). Next, we write Ampere’s law governing
parallel fluctuations of the magnetic field strength

˜δB∥ =
4πn0Ti
B2

{
Q

′

φ −R ˜δB∥ +
[
1− ωe,∗

ω
(1+ ηe)

]
ψ̂∥

+
1
n0

ˆ

(t)
d3vFe0

(
ω−ωT∗,e
ω−⟨ωD,e⟩

)
Xev

2
⊥

}
, (C.15)

where

R=

ˆ

d3w

(
ω−ωT∗,i
ω−ωDi

)
v2⊥J

2
1F0i. (C.16)

Note that the power of v⊥ has been corrected in (C.16) from
Tang et al. The final equation comes from substituting the sim-
plified gyrokinetic distribution function in the equation (3.34)
in Tang et al, governing the parallel current j∥

B ·∇ζ
∂

∂ζ

[

k2⊥
B2

B ·∇ζ
∂ψ̂∥

∂ζ

]

=−4π nimiω
2

{

[

Q−
(

1− ω∗e

ω

)]

φ −
[

1− ω∗e

ω
(1+ ηe)

]

×
(

ωκ +ωB

ω

)

ψ̂∥

}

+

ˆ

(Tr)
d3w

[

F0s

n0

ωDe

ω

(

ω−ωT∗
ω−⟨ωDe⟩

)

Xe

]

(C.17)

where we have corrected an omission and a sign error
from Tang et al on the right side of (C.17). The
model now comprises three coupled integro-differential
equations (C.11), (C.15) , and (C.17).

It is possible to solve the intermediate-frequency elec-
tromagnetic gyrokinetic model numerically as an eigenvalue
problem. However, this is beyond the scope of this paper and
in this work we shall make a set of additional assumptions
and impose subsidiary orderings similar to the ones used by
Aleynikova et al [63, 64] to remove trapped particle effects,

assume steep density and temperature gradients, finite-β, and
long-wavelength modes to reduce the model further. Applying
the following orderings

k⊥ρi ∼ δ1/2,A∼ 1/δ2,β ∼ δ,ωd/ω ∼ δ,aN/Ln ∼ aN/Ln
∼ 1/δ,δ≫ ϵ (C.18)

we can drop all the trapped particle integrals because the integ-
ral over pitch angle has the factor 1/

√
(1−λB)∼ 1/

√
A∼ δ.

This ordering reduces the three coupled differential equations
to three decoupled equations

φ = ψ̂∥, (C.19)

δB∥ =
βi
2
ψ̂∥, (C.20)

(B · ∇ζ) ∂
∂ζ

(k⊥ρi)
2

2
(B · ∇ζ) ∂ψ̂∥

∂ζ
=−4πnimiω

2Kψ̂∥,

(C.21)

where

K=

{[
Q−

(
1− ω∗e

ω

)][
υ0e

(
1+

βi
2
R

)
− υ1eτQ

′ βi
2

]

−βi
2

(
Q

′

+ υ1e

)[
υ0eQ

′

+ υ1e (2− τeQ)
]}

×
[
(2− τeQ)

(
1+

βi
2
R

)
+Q

′2βi
2

]−1

− υ1e
ωκ+ωB

ω
,

(C.22)

υls = (1− ω∗s
ω (1+ lηs)), ω∗s = kyρs

wth,s

Ln,s
B,βi =

8π pi
B2 . This

effectively requires solving a single ODE. We simplify Q,Q
′

,

Q=
(
1− ω∗,j

ω

)
+

(
ωB +ωκ

ω
− (k⊥ρi)

2

2

)

×
(
1− ω∗

ω
(1+ ηi,j)

)
+O

(
δ2
)

Q
′

=−
[(

1− ω∗,j

ω
(1+ η)

)]
−
[
2ωB +ωκ

ω
+

3
4
(k⊥ρi)

2

2

]

×
[(

1− ω∗,j

ω
(1+ 2η)

)]
+O

(
δ2
)

(C.23)

substitute into (C.23) and simplify

K= 2
ω∗,i

ω2
(1+ η)ωκψ̂∥ + bψ̂∥. (C.24)

Finally, substituting K in (C.21), and canceling the factor of
k2y/2 from both sides, and normalizing everything else with aN
and BN, we recover the infinite-n ideal ballooning equation

(b · ∇Nζ)
∂

∂ζ

|∇Nα|2
(B/BN)

(b · ∇Nζ)
∂ψ̂∥

∂ζ
+

2
B2

dp
dψN

× [b× (b ·∇b) ·∇Nα] ψ̂∥ =−a2Nω
2

v2A

|∇Nα|2

(B/BN)
3 ψ̂∥ (C.25)

Details such as identities and algebra used to obtain these
equations are presented in the supplementary notes.
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Appendix D. Definition of various objectives and
figures of merit

In this appendix, we will explain the definition of various
objective functions and figures of merit used by us in the main
body of this paper.

D.1. Objective functions

We start by defining the curvature objective

fcurv = ReLU
(
max

(
κ2,ρ−κ2,ρ,bound1,κ2,ρ−κ2,ρ,bound2

))

(D.1)

where

κ2,ρ =min

{
x : det

[
Lsff,ρ− xE Msff,ρ− xF
Msff,ρ− xF Nsff,ρ− xG

]
= 0

}

is the second principal curvature on a given point on a flux
surface, and

E=
∂x

∂ζ
· ∂x
∂ζ
, F=

∂x

∂θ
· ∂x
∂ζ
, G=

∂x

∂θ
· ∂x
∂θ
, (D.2)

Lsff,ρ =
∂2x

∂θ2
· ∇ρ

|∇ρ| , Msff,ρ =
∂2x

∂θ∂ζ
· ∇ρ

|∇ρ| , Nsff,ρ =
∂2x

∂ζ2
· ∇ρ

|∇ρ|
(D.3)

are the metric coefficients corresponding to the first and
second fundamental forms. The user-specified values
κ2,bound1,κ2,bound2 define the limits on the curvature. Using
this objective, we impose a maximum and minimum value on
κ2,ρ that helps the optimizer avoid plasma boundaries with
sharp convex or concave curvatures.

To maintain a shape that is practically feasible using coils,
we also put bounds on the elongation of the boundary, by using
the elongation objective

felongation = ReLU(maxe− ebound1,e− ebound2) (D.4)

where

e=
1
2π

ˆ

êdζ, ê=
amajor

aminor
(D.5)

is the averaged elongation of a flux surface averaged over
the cylindrical toroidal angle ζ, ê is the elongation of a tor-
oidal cross-section, and ebound are the bounds imposed on the
elongation. To calculate ê, we first calculate amajor using the
area Â and perimeter P̂ of a toroidal cross-section and invert
Ramanujan’s approximation for the perimeter of an ellipse
[65, 66]

amajor

=

√
3

(

√

8π Â+ P̂2 +

√

∣

∣

∣
2
√
3P̂

√

8π Â+ P̂2 − 40π Â+ 4P̂2
∣

∣

∣

)

+ 3P̂

12π
.

(D.6)

Using the major radius amajor, the area Â, and assuming the
section has an elliptical shape, we get aminor = Â/(πaminor)
which gives us the elongation ê= amajor/aminor and the average
elongation e=

´

êdζ/(2π).
Finally, we define the Mercier (or interchange) [67, 68] sta-

bility objective

fDMerc = (DMerc −DMerc0) , (D.7)

where

DMerc =−p
′

ι′
V†† − 1

4
> 0, (D.8)

where the quantity V†† is related to the magnetic well [69]. A
DMerc > 0 corresponds to stability against interchange modes,
whereas DMerc < 0 implies ideal interchange instability. Note
that for negative shear equilibria, DMerc > 0 implies a positive
(favorable) magnetic well V†† > 0, which is the case for OP
and OT cases presented in this paper.

D.2. figures of Merit

In this section, we define the figure of merits. We start with the
volume-averaged β

⟨β⟩= 1
´ 1
0

¸ ¸ √
gdρdθdζ

ˆ 1

0

˛ ˛ √
gdρdθdζ

2µ0p
B2

. (D.9)

Next, we define another important quantity of interest, the tor-
oidal magnetic flux enclosed by the plasma boundary

Ψb =

ˆ 1

0

˛ ˛ √
gdρdθdζB ·∇ζ. (D.10)

and finally, the total enclosed toroidal plasma current repres-
ented by the contour integral

Ib =
1

2πµ0

˛

dθB · ∂x
∂θ
, (D.11)

where all the elements in the integrand and the integrals are
calculated on the boundary.

Appendix E. Characterizing gyrokinetic modes

In this appendix, we will explain how to characterize and sep-
arate different unstable modes from the output of an initial
value gyrokinetic solver such as GS2. We will also provide
details of the GS2 runs used to calculate the maximum KBM
growth rates in section 6.
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Table E1. Characterizing various gyrokinetic modes.

Mode χi/χe De/χe Di/χi P(A∥) ∂γ/∂β

KBM ∼ 1 ∼ 1 ∼ 1 1 > 0
TEM ∼ 1 ∼ 1 — 1 < 0
ITG ≫ 1 — ≪ 1 1 < 0
ETG ≪ 1 ≪ 1 — 1 < 0
MTM ≪ 1 ≪ 1 — < 1 > 0
EM-ETG ≪ 1 ≪ 1 — 1 > 0

Figure E1. The set of eigenfunctions for the most unstable mode for the the initial OT equilibrium at ρ= 1.0. The peak growth rate occurs
at α= 0,kx = 1.2,ky = 0.4. Note the odd parity of the δA∥, signature of a KBM.

E.1. Separating KBMs from other microinstabilities

To obtain the maximum growth rate, we require a method to
separate KBM from other gyrokinetic instabilities such as the
ITGmode, TEM,Microtearingmode (MTM), and the electron
temperature gradient (ETG) mode. To this end, we use a set of
classification rules with which we can find the most unstable
KBMs. To define these rules, we first define the quasilinear
particle flux and heat flux

Γs =

〈
ˆ

d3whsVE ·
∇ψ

|∇ψ|

〉

ψ

=
aN
Lns

Ds, (E.1)

qs =

〈
ˆ

d3whsVE ·
∇ψ

|∇ψ|

〉

ψ

=
aN
LTs

χs+
3
2
Γs, (E.2)

where the E×B drift VE is defined in (12), the gradient scale
lengths aN/Lns,aN/LTs are defined in (19), and χs and Ds are
the heat and particle diffusivities, respectively. The flux sur-
face averaging operator ⟨⟩ψ is defined in (25). We also define
the parity of the gyrokinetic parallel vector potential δA∥

P = 1− |
´

dθδA∥|
´

dθ|δA∥|
. (E.3)

Using these classifying variables and the prescription provided
in table 1 of Parisi et al [70, 71], we create table E1 to separ-
ate KBM from the rest of the modes in the output produced
by GS2.

E.2. Details of GS2 runs

On each flux surface a GS2 simulation scans Nα = 8 field-
lines. For each fieldline, we scan Nky = 8 values of the binor-
mal wavenumber linearly spaced between the ky ∈ [0.05,1.2]
and Nkx = 12 values of the radial wavenumbers linearly

spaced between kx ∈ [−π/(2ŝky),π/(2ŝky)]. The number of
grid points along a flux tube is determined by the pitch
angle resolution Nλ̂ for which we choose Nλ̂ ≥ 45. The pitch
angle resolution is sensitive to the type of omnigenity. In
general OP equilibria require a higher Nλ̂ and OT equi-
libria require the lowest Nλ̂. The resolution of the velo-
city space in GS2 is ngauss= 6,negrid= 12. Upon impos-
ing all the criteria from table E1 we can separate out the
KBMs from the rest of the unstable modes. A typical set
of eigenfunctions corresponding to the KBM are provided in
figure E1.
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