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Simultaneous acoustic perfect absorption
and rainbow trapping via topologically
optimized sub-wavelength multi-slit sonic
crystal metamaterials
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Acoustic perfect absorption at 500 Hz and across the low-frequency range of 400-1000 Hz is
demonstrated using a metamaterial structure composed of graded sub-wavelength multi-slit sonic
crystal (MSSC) elements designed through a topology optimization framework that integrates a genetic
algorithm with a novel effective medium approach, rigorously accounting for visco-thermal losses in the
slits via Stinson’s model, avoiding reliance on artificial loss factors. The effective impedances of the unit
cells embedding each MSSC element are precisely tuned to match the surrounding medium, thereby
satisfying the critical coupling condition for optimal absorption. Remarkably, the optimized structure
exhibits spatially graded acoustic properties that sequentially localize energy at designated frequencies,
producing the rainbow-trapping phenomenon. Notably, the largest element measures only 7 cm in
diameter—deeply sub-wavelength at about 1/12 the wavelength at 400 Hz. The proposed design and
methodology offer promising applications in acoustic filtering, energy harvesting, and noise mitigation,

particularly in ventilation systems.

In recent decades, the emergence of acoustic metamaterials (AMMs) has
opened new pathways for unprecedented acoustic wave manipulation. By
carefully designing the geometry and arrangement of sub-wavelength ele-
ments, AMMs have demonstrated remarkable capabilities in controlling
sound waves, including the realization of perfect absorption. Various sub-
wavelength ~ structures, such as meta-membranes'”, space-coiled
materials”™, quarter-wavelength resonators”®, Helmholtz resonators’",
coupled surface-resonator'*"”, and bubble meta-screen'®”, have been
reported to exhibit near-perfect absorption at targeted frequencies by
leveraging the slowing-down effect of sound at resonance and the coupling
among constitutive elements, which cause strong dispersion and energy
localization near resonance frequencies.

However, these structures often suffer from limitations such as narrow
operational bandwidths, weak coupling effects between elements, or geo-
metrical complexity, thereby impeding the realization of broadband perfect
absorption.

To overcome these limitations and improve absorption performance,
researchers have explored a variety of innovative designs. Examples such as
sub-wavelength acoustic panels', meta-surfaces'*”’, micro-perforated

21,22

panels combined with coiled-up cavities’*”, and coiled Fabry-Perot
channels™*, have demonstrated the ability to achieve broadband near-
perfect absorption through impedance matching between different media
and by satisfying the critical coupling condition — where the intrinsic visco-
thermal losses are balanced with energy leakage at resonance'® - over a
much wider frequency range. Additionally, the overlap of multiple local
resonance bandgaps has been shown to further improve broadband
absorption characteristics.

Notably, in conjunction with broadband absorption, the acoustic
rainbow trapping phenomenon arising from the unique dispersive and
graded properties of metamaterial has simultaneously been discovered in
several acoustic structures'**>. The strategically designed spatial variations
in these metamaterial geometries cause different frequency components of
the incoming wave to propagate at different phase velocities. As a result,
these frequency components become spatially separated and locally trapped
at different positions within the structure, leading to broadband energy
confinement and the well-known rainbow trapping effect.

It is worth noting that the earliest demonstration of this phenomenon
can be traced back to an optical setting. In 2007 Tsakmakidis et al.**
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employed a left-handed heterostructure to stop and store light. The concept
has been extended beyond acoustics and optics to other wave domains,
including elastic waves”, and water waves™, highlighting its versatility and
potential across diverse physical settings.

Moreover, the rainbow trapping phenomenon is also present in bio-
logical systems such as the mammalian cochlea. The cochlea leverages
graded material properties to achieve spatial separation of frequencies,
effectively implementing a natural form of graded resonances. An overview
of this mechanism and its relation to metamaterial principles is provided in
ref. 31. Inspired by this biological paradigm, several studies have developed
graded acoustic metamaterials that closely mimic cochlear functionality
using arrays of passive or active resonators” ", marking a specialized and
biologically informed direction within the metamaterials community.

From a practical standpoint, the simultaneous realization of tuneable
rainbow trapping and broadband perfect absorption within a single meta-
material system holds significant promise for transformative applications
across various acoustic domains, such as energy harvesting”, focusing”,
imaging”, and the effective mitigation of low-frequency noise in archi-
tectural features like ventilation windows and ducts*®*!, where both trans-
mission and reflection are undesirable.

Despite these advances, it is important to note that the geometrical
parameters of many previously reported metamaterial designs are often
determined through manual tuning or intuition-based selection. This lack of
a systematic methodology limits the ability to effectively and systematically
explore the design space. For structures involving multiple elements - as
typically required for achieving broadband absorption and rainbow trap-
ping — manual parameter selection becomes increasingly labour-intensive
and oftentimes suboptimal.

While a few systematic optimization schemes have been proposed for
non-graded metamaterials, such as those in refs. 42-44, these approaches
are typically FEM-assisted, relying on real-time FEM simulations as input to
the optimization algorithm in each iteration. Such FEM-based methods are
known to be computationally expensive due to the need for dense meshing
to ensure accuracy, the geometric complexity of the models, and the large
number of iterations required by the optimization process. Furthermore,
these methods often face challenges in maintaining geometric parameter
continuity, as the geometries are always required to be discretized and
represented as binary matrices for compatibility and communication
between FEM simulations and numerical solvers such as MATLAB during
optimization. This issue becomes particularly pronounced when dealing
with complex geometries, potentially undermining both the quality and
generalizability of the optimized designs. Also, in some cases, if discretiza-
tion constraints — such as pixel connectivity or force distribution - are not
properly defined, the resulting ‘optimized’ structures may actually be phy-
sically unrealistic or impractical for real-world applications.

In the context of graded metamaterials, several studies have success-
fully employed more efficient optimization strategies, often combined with
analytical approaches and sometimes without the aid of FEM. For instance,
in ref. 18, Jiménez et al. achieved broadband perfect absorption and rainbow
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Fig. 1 | Schematic illustration of a 4-slit MSSC element. The grey region represents
the surrounding air as the background medium.

trapping at low frequencies using a graded array of rectangular Helmholtz
resonators with single openings, mounted along the upper boundary of a
waveguide. Their approach represents each resonator using a single matrix
that also accounts for inherent visco-thermal losses, allowing for the direct
computation of the absorption coefficient from a global matrix system.

Similarly, in ref. 30, Wilks et al. extended the concept to linear water
waves using a graded array of submerged vertical barriers. They formulated
the approximated scattering matrix through the solution of an integral
equation system using the Galerkin method, which allowed them to effi-
ciently evaluate the overall performance of the barrier array. Based on these
results, they employed a modified optimization algorithm (also discussed in
ref. 18), enabling highly effective optimization.

In the domain of elastic waves, analogous effects of wave confinement
and amplification were demonstrated by Rosafalco et al.”” using an array of
resonators attached to an elastic plate. Notably, their design geometrical
parameters were optimized using a reinforcement learning framework
based on a Markov decision process. While FEM simulations were still
required to assist in training the model, their innovative application of
machine learning to metamaterial design highlights the growing potential of
advanced Al-based optimization techniques for discovering high-
performance meta-structures.

Therefore, motivated by these developments, and recognizing the
limitations of the existing approaches, in this study, we introduce a compact
and efficient acoustic metamaterial in the form of graded multi-slit sonic
crystals (MSSCs), designed to achieve both single-frequency perfect
absorption at 500 Hz and broadband perfect absorption across the
400-1000 Hz range. Notably, this structure also exhibits the rainbow trap-
ping effect. For its design, an effective medium approach (EMA) is com-
bined with the Genetic Algorithm optimization, i.e., a homogenization-
aided optimization framework is developed. Importantly, visco-thermal
losses in the slits are rigorously modelled using the Stinson’s model™ in both
of our theoretical and numerical models, rather than simplified loss-factor
approximations seen in some of the previously studies on alternative
structures. The accuracy of this homogenization scheme has been validated
in our prior work. To the best of the authors” knowledge, the simultaneous
realization of broadband perfect absorption and rainbow trapping using an
MSSC structure has not been reported in the existing literature. Also,
noteworthily, the proposed MSSC array is amenable to integration within a
waveguide without requiring additional boundary treatments, while also
maintaining the potential for ventilation.

Each MSSC element of, as depicted in Fig. 1, is characterized by its
outer radius Tom inner radius r; ,, thickness h,, slit width d,,, and number of
slits N,,, where the subscript n denotes the index of each element. Through
homogenization, the square unit cell (with lattice constant L) embedding the
MSSC element is equivalently defined by an effective wavenumber k,; and
normalized characteristic impedance z,4, both of which are dependent on
the element’s geometrical parameters. This framework allows the
frequency-dependent transmission T'( f), reflection R(f), and absorption
a(f) coefficients of the metamaterial to be expressed in terms of the
effective parameters, enabling efficient topology optimization to be
conducted.

The optimization intervals for the geometrical parameters are set as:
[16 mm, 35 mm] (r, ), [1 mm, 8 mm] (k,,), [0.1 mm, 1 mm] (d,),and [2,4]
(N,,), targeting for absorption maximization within the designated fre-
quency range. It should be noted that N, is enforced with an integer con-
straint, and the remaining parameters are treated as continuous variables
within their respective bounds.

Results

Single-frequency perfect absorption

We commence our analysis by investigating single-frequency perfect
absorption (SFPA) at 500 Hz, achieved through a topologically optimized
MSSC array consisting of 2 elements. The associated geometrical para-
meters are presented in Table 1, and the configuration is illustrated in Fig. 2.
Particularly, the resonance frequencies of the individual elements predicted
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Table 1 | Geometrical parameters of the SFPA-optimized MSSC array consisting of 2 elements, including the predicted

resonance frequencies (Re (s joss, »)) from Eq. (29) (Analytical) and FEM (Numerical)
n o (Mm) ri, (Mmm) h,, (mm) d, (mm) N, Re (fros ossy.n) (HZ) (Analytical) Re (fros jossy.n) (Hz) (Numerical)
1 32.8 30.5 2.3 0.4 540 544
2 35.0 29.1 5.9 0.9 458 466
n=1 n=2 Figure 3 presents both the analytical (Eqgs. (1-3)) and numerical
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Fig. 3 | The SFPA-optimized MSSC array and the individual elements (n = 1 and
n = 2). Analytical (EMA) and numerical (FEM) (a) absorption, (b) transmission,
and (c) reflection coefficients. The dotted lines mark the target frequency of 500 Hz
for reference.

using Eq. (29) (the real part) are also compared with the peak frequencies
extracted from the FEM absorption coefficient curves. The negligible dis-
crepancies between analytical and numerical values highlight the remark-
able accuracy of our derived prediction formula, with visco-thermal losses
rigorously taken into account.

(FEM) absorption, transmission, and reflection coefficients of the
optimized MSSC array, as well as for the individual elements (n = 1 and
n = 2). Excellent agreement is observed between the results. Notably,
the dips in transmission and reflection, along with the peak in
absorption, are perfectly collocated at the target frequency of 500 Hz in
both methods. Significantly, at this frequency, the absorption coeffi-
cients attain near-unity values - 0.99 (analytical) and 0.98 (numerical) -
indicating the establishment of a near-perfect absorption condition and
the realization of quasi-critical coupling in this metamaterial composed
of MSSC elements n = 1 and n = 2. Remarkably, this sub-wavelength
structure has a total length of merely 14.8 cm - almost 4.7 times shorter
than the corresponding wavelength.

Notably, single-frequency perfect absorption is not achieved at the
resonance frequencies of individual elements when considered in isolation.
A considerable amount of reflection and transmission remains at these
frequencies. This limitation arises primarily from two factors: (i) the narrow
intrinsic resonance bandwidth of individual elements, which restricts full
energy absorption at resonance, and (ii) the lack of sufficient interaction
between the individual elements to satisfy the critical coupling condition,
where visco-thermal losses precisely balance energy leakage at resonance.
However, by assembling these elements into a strategically optimized MSSC
array, these constraints are effectively mitigated, enabling single-frequency
perfect/near-perfect absorption.

To demonstrate the occurrence of quasi-critical coupling in this opti-
mized structure at 500 Hz, the normalized effective impedance z;/z, is
plotted in Fig. 4a, b. Clearly, at this frequency, the normalized effective
resistance (the real part of z,;/z,) is very close to unity, indicating excellent
impedance matching between the MSSC array and the surrounding med-
ium (air). Simultaneously, the reactance (the imaginary part of z.;/z,) is
almost zero, attaining a value of just —0.02, suggesting that the intrinsic losses
are effectively balanced - an essential condition for achieving quasi-critical
coupling.

In contrast, as shown in Fig. 4c, d, the individual element n =1
exhibits a normalized effective resistance of 1.14 at 500 Hz, while its nor-
malized reactance remains significantly non-zero, reaching approximately
-0.48. Moreover, although unit resistance is observed at its own resonance
frequency, the reactance does not vanish, indicating that while the matching
of resistance with air is achieved, the intrinsic losses remain uncompensated.
The situation is even less favourable for the element n = 2, as illustrated in
Fig. 4e, f, where neither the normalized resistance nor reactance approaches
unity or zero — at 500 Hz or at its own resonance frequency. These results
thus demonstrate that, for a single element, fundamental impedance mis-
match with the surrounding medium is inevitable at resonance, and the
absence of sufficient coupling prevents the balance between intrinsic losses
and energy leakage. Consequently, as previously discussed, the absorption
coefficient remains well below unity, and coherent absorption cannot be
achieved.

Meanwhile, the asymmetric nature of the absorption character-
istics exhibited by this optimized MSSC array warrants further dis-
cussion. As illustrated in Fig. 5a, b, by reversing the order of the
constituent elements and allowing the incident wave to first impinge
upon the element n =2 with the lower resonance frequency, a
markedly different response is observed. The absorption peak shifts
leftward to 443 Hz, while the absorption coefficient severely drops to
merely 0.64, failing to achieve single-frequency perfect absorption at
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Fig. 4 | Real and imaginary parts of the normalized effective impedance z, /7.
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respectively, over the frequency range [400, 600] Hz. The dotted lines mark the target
frequency of 500 Hz and the resonance frequency of each element for reference.

both 443 Hz and 500 Hz. Additionally, significantly stronger reflection
arises between 450 Hz and 1200 Hz, whereas transmission remains
largely unaffected throughout the spectrum. A careful investigation
into the effective impedance for this reversed structure, shown in
Fig. 5¢, d, reveals that the near-perfect impedance matching previously
achieved is disrupted. The inherent losses are no longer sufficiently
compensated, as evidenced by the absence of any frequency exhibiting
both unit normalized resistance and zero reactance. These findings
confirm that the critical coupling condition necessary for perfect
absorption is lost when the structure is reversed, highlighting the
pronounced asymmetry in both absorption and impedance behaviour
inherent to this metamaterial design.

Additionally, a notable physical characteristic of the optimized struc-
ture is its graded distribution in both the outer radius r, and the resonance
frequencies of the individual elements. Through the optimization process,
the smallest element — corresponding to the highest resonance frequency - is
automatically positioned at the front of the structure. This arrangement
contributes significantly to enhancing impedance matching within the
metamaterial. As will be discussed in the next subsection, this graded
configuration also plays a crucial role in achieving perfect absorption over a
broader frequency range and enables the realization of the rainbow trapping
phenomenon using a larger array of elements.

Broadband perfect absorption

By incorporating a greater number of MSSC elements and allowing inter-
action among their resonance behaviours across a wider frequency spec-
trum through the proposed optimization framework, the critical coupling
condition can be satisfied in an extended metamaterial config-
uration,ultimately enabling the realization of broadband perfect absorp-
tion (BBPA).

In this subsection, a structure consisting of 8 elements is optimized to
achieve broadband perfect absorption over the low-frequency range of [400,
1000] Hz. The optimized geometrical parameters are presented in Table 2,
and the corresponding structure is illustrated in Fig. 6. The analytical and
numerical resonance frequencies of each element are also included in the
table to demonstrate their distribution. Again, as anticipated, only negligible
discrepancies are observed between the analytical and numerical predic-
tions. Furthermore, the feature of graded distribution in both the outer
radius r, and the resonance frequencies is preserved in this broadband-
optimized structure.

The analytical and numerical transmission, reflection, and absorption
coefficients of this optimized structure are plotted in Fig. 7a. Once again,
excellent agreement is observed between the two approaches. Within the
designated frequency range of 400-1000 Hz, the absorption coefficient
exhibits an almost-flat curve close to unity, while both the transmission and
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Table 2 | Geometrical parameters of the BBPA-optimized MSSC array consisting of 8 elements, including the predicted
resonance frequencies Re (f,es,,ossy,,,) from Eq. (29) (Analytical) and FEM (Numerical)

n ron (Mmm) r, (mm) hy, (mm) d, (mm) N, Re (f e jossy n ) (HZ) (Analytical) Re (fres jossy.n) (H2) (Numerical)
1 18.3 15.7 2.6 0.3 3 926 938
2 24.8 21.2 3.6 0.5 4 877 879
3 26.5 25.0 15 0.3 4 862 863
4 27.6 24.7 2.9 0.4 4 741 743
5 29.0 26.8 22 0.3 4 648 662
6 33.0 31.2 1.8 0.3 3 496 509
7 34.0 30.4 3.6 0.4 2 393 402
8 35.0 31.9 3.1 0.3 3 375 400

Fig. 6 | Geometry of the BBPA-optimized
MSSC array.

reflection coefficient curves stay very close to zero, clearly indicating the
achievement of near-perfect absorption across this interval. Impressively,
the averaged absorption coefficient over this frequency range is 0.99.
Notably, this remarkable high-performance absorption across a 600 Hz
bandwidth is achieved using a compact, sub-wavelength structure mea-
suring only 45.6 cm in length - approximately half the wavelength at 400 Hz.
Also, with the individual absorption coefficients of each MSSC element
depicted in Fig. 7b, it is reaffirmed that achieving perfect absorption with a
single element alone is infeasible, and the importance of inter-element
interaction is further emphasized.

As illustrated in Fig. 8a and b, analysis of the normalized effective
impedance of the BBPA-optimized MSSC array reveals that, between 400 Hz
and 1000 Hz, the normalized resistance and reactance remain consistently
close to unity and zero, respectively. This confirms that the optimized struc-
ture achieves exceptional impedance matching with air across a much broader
frequency range, enabling broadband quasi-critical coupling. As a result, both
transmission and reflection are effectively suppressed within this range.
However, outside the designated frequency range, the normalized resistance
and reactance respectively start deviating significantly from unity and zero,
leading to emerging substantial transmission and reflection, as seen in Fig. 7a.
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Furthermore, similar to the SFPA-optimized MSSC array, this BBPA-
optimized MSSC array also exhibits pronounced asymmetry. Its impedance
characteristics and acoustic response become markedly altered when the
structure is reversed. The broadband impedance matching, critical coupling,
and perfect absorption are no longer preserved, as demonstrated by the
normalized effective impedance in Fig. 8c and the absorption, transmission,
and reflection coefficients in Fig. 9a and b. Notably, reversing the structure

(a) T M
0.8+

o =, (EMA) o o (FEM)
206 =TI EMA) © [T/ (FEM)
E =IR? (EMA) ¢ |R” (FEM)
EZOA

0.2r

bt

0 \ poray PN purn N

200 300 400 500 600 700 800 900 1000 1100 1200
Frequency (Hz)
(b) =——n=1(EMA)  n=3 (EMA) ——n=5 (EMA) ==n=7 (EMA
=san=1 (FEM)  n=3 (FEM) ***n=5 (FEM) **=*n=7 (FEM

)

)

0.8 n=2 (EMA) =—n=4 (EMA) =—=n=6 (EMA) —n=8 (EMA)
n=2 (FEM) ****n=4 (FEM) ****n=6 (FEM) **** n=8 (FEM)

— ]

1200

600 700 800 900 1000 1100

Frequency (Hz)

200 300 400 500

Fig. 7 | The BBPA-optimized MSSC array. Analytical (EMA) and numerical (FEM)
(a) absorption, transmission, and reflection coefficients. b Absorption coefficients of
individual elements (n = 1 to 8).

2
=== Real
|==Imaginary|

600 700 800 900 1000 1100 1200

Frequency (Hz)

A . . .
200 300 400 500

increases the reflectance substantially, while transmission remains
unaffected.

A point of particular interest regarding this broadband optimized
structure is its ability to also manifest the renowned rainbow trapping
phenomenon. Attributed to its inherent graded geometrical profile and
the cascading sequence of resonance frequencies of its elements, as
depicted in Table 2, this structure is capable of predominantly localizing
acoustic energy near these resonance frequencies in descending order.
However, it should be reminded that due to the interacting effect
between elements, some localization frequencies are shifted slightly.
The actual frequencies at which the localization occurs are observed to
be [300, 353, 435, 535, 650, 775, 780, 895] Hz. With the FEM-simulated
pressure fields at these frequencies presented in Fig. 10, the rainbow
trapping effect and the dominant energy localization at each successive
frequency is apparent. Utilizing this structure, simultaneous broadband
perfect absorption and energy harvesting near each of the resonance
frequencies becomes feasible.

Discussion
In this work, we present two metamaterial structures composed of sub-
wavelength multi-slit sonic crystal (MSSC) elements, optimally engineered to
achieve exceptional acoustic performance: single-frequency perfect absorp-
tion at 500 Hz and broadband perfect absorption over the range of 400-1000
Hz, using arrays of 2 and 8 elements, respectively, in a transmission setting.
The topology optimization of these MSSC-based metamaterials is conducted
by combining a Genetic Algorithm with a proposed effective medium
homogenization scheme. Crucially, this homogenization model accounts for
visco-thermal losses inherent to the slit regions, thereby making the theoretical
framework more comprehensive and robustness in predicting the lossy
behavior of the elements and thus the array, and further enhancing the
reliability of the illustrated homogenization-aided optimization methodology.
The excellent agreement between analytical predictions and numerical
simulations validates the accuracy of the proposed theory and confirms the
feasibility of achieving perfect absorption using very simple and compact
structures through strategic topology design. Notably, due to the intrinsic
sub-wavelength resonance characteristics of the elements, the total lengths
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Fig. 8 | Real and imaginary parts of the normalized effective impedance z, /z,. a The BBPA-optimized MSSC array, and (c) the reversed BBPA-optimized MSSC array.
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of the optimized structures are significantly reduced — approximately 6 and
2 times shorter than the wavelength at 400 Hz for the single-frequency and
broadband configurations, respectively. While the size reduction in the
design of broadband perfect absorption is relatively modest, its ability to
sustain high absorption over a wide 600 Hz bandwidth remains a remark-
able feature, underscoring its strong potential for practical applications.
Additionally, both optimized metamaterial configurations exhibit a graded
profile, with the size of each element increasing along the array and the
corresponding resonance frequency decreasing — a characteristic similarly
observed in previous studies in refs. 18,29,30 in connection with achieving
perfect absorption and the rainbow trapping effect.

Furthermore, both the single-frequency and broadband configurations
exhibit quasi-perfect impedance matching with the surrounding medium,
accompanied by quasi-critical coupling between energy leakage and internal
losses. This results in vanishing transmission and reflection within their
respective target frequency ranges. These structures also display pro-
nounced asymmetry: when the direction of wave incidence is reversed, the
optimized impedance matching and critical coupling conditions break
down, leading to significant deterioration of absorption performance,
highlighting the importance of structural orientation in the design of high-
efficiency acoustic metamaterials.

Thanks to the frequency-cascade property of the MSSC array opti-
mized for broadband perfect absorption, the rainbow trapping effect is
realized, wherein acoustic energy is progressively confined within the ele-
ments - from high to low frequencies. This demonstrates that rainbow
trapping is not exclusive to complex architectures such as sawtooth arrays,
coiling-up space designs, side-branch Helmholtz resonators, or graded
grooves shown in previous studies, instead it can be effectively achieved with
this compact and structurally simple MSSC-based metamaterial.

In summary, we demonstrate that carefully engineered MSSC arrays
can achieve both single-frequency and broadband perfect absorption
through an efficient homogenization-assisted topology optimization
approach. Compared to conventional FEM-based optimization methods,
our framework offers a much more cost-effective and attractive alternative
for navigating unmanageably large parameter spaces, without compro-
mising accuracy. The proposed optimization strategy and the MSSC-based

designs reported herein are expected to contribute valuable insights to future
research in acoustic energy harvesting, cloaking, and confinement. In par-
ticular, the strong low-frequency absorption capabilities make these struc-
tures promising candidates for practical noise mitigation applications, such
as in plenum windows, ducts, and building materials.

Looking ahead, integrating MSSC-based metamaterials with com-
plementary components — such as porous materials, meta-membranes, or
coiled-up structures — may pave the way for more sophisticated and versatile
acoustic control solutions. Furthermore, inspired by the work of Davies
et al.*’, future research would carefully examine the sensitivity of material
properties and effective parameters, as well as the formulation of objective
functions, to ensure robust and physically meaningful optimization out-
comes across diverse physical scenarios.

Methods

Theoretical Model: Effective Medium Approach

Consider a normally incident plane wave given by p, = ¢, where
i=+/—1,k = w/cis the ambient wavenumber, w the angular frequency,
and ¢ the ambient sound speed in air. A rigid multi-slit sonic crystal (MSSC)
element is characterised by the outer radius r, inner radius r;, thickness h,
slit width d, and slit number N, and is embedded within a square unit cell
with lattice constant L. In the frequency regime where kL < 27, the trans-
mission T, reflection R, and absorption « coefficients of the MSSC element
within a rigid waveguide can be analytically expressed as*”**

_ 2\ L
T_<1+kLZAn)e , (1)

n=-—00

R= (kiL > (—1)”An>e’“, @)

a=1—|TP — R 3)

If no visco-thermal losses are accounted for, the equality |T|* +
IRI> = 1 holds. In the regime kr, <2, it is adequate to consider only A,

corresponding to n € [—3, 3]*:

1—2z,(Hy+ Hy — 2H,)
(l - ZOHO) [l — 2, (HO + H4)] —2zyz,H2’

4)

Ay =27

1—z,(Hy+ Hg — H, — H,)

A =1z 3
[1 =2, (Hy +H,)] [1 = 25 (Ho + He) | — 2125 (H, + H,y)
(5)
_ 1—zy(Hy —H,)
h=n (1 - ZOHO) [1 - % (Ho + H4)} - 220227'[22 7 ©
1—-2z ('HO — H4)
A3 = ZS 2
1=z, (Hy +H,) | [1 — 23(Ho + He)] — 2125 (H, + H,y)
(7)

in which H,, to H, are given in ref. 49 for the low-frequency regime,
considering only one propagating mode, as

n(3)+ Y| == ©
q=1

1 21
Hy=——1——
R b1
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Fig. 10 | FEM-simulated pressure fields of the
BBPA-optimized MSSC array. At (a) 300 Hz, (b) (a)
353 Hz, (c) 435 Hz, (d) 535 Hz, (e) 650 Hz, (f) 775 Hz,
(8) 780 Hz, (h) 895 Hz. The colour scale represents
}P/PO{Z, where Py = 1Pa.

)
k,

Y aYa /\/“)/'\f“)
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I2
0
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101 D (n+q—1)1By  2(-1)" & P_qu_a]
HLfey D yATES)
n L — g — 0

i
Hyp = 7w = (29)!(n— q)!6%

(©)

where 8 =kL/2n, B~ 1.718, B,’s are the Bernoulli num-
bers,n =1, 2, 3.

In Egs. (4-7), the scattering coefficient z,, of the MSSC element, con-
sidering visco-thermal losses in the slits, is™

_ AW Wi/, (kro) =Pl (kro) [WIJ:’I (klru) + W,Y, (kl”o)}

Zn - / ! /
PIWI W3Hn (kra) - PHn (kru) [Wl]n (klru) + WZYn (klro)]
(10)

where J, Y, H denote the Bessel function of first, second kind, and
Hankel function of the first kind, respectively. The prime notation indicates
differentiation performed with respect to the radial argument, p is the
ambient density of air, and details of W,, W,, and W, can be found in
ref. 50. The effective fluid parameters k; and p;, of the MSSC element, are

derived as
2N p
=kg/14+— -— 11
kl kslzt + h Pglir7 ( )
1 2A
=z \PutpP) (12)
where”!
Nd
F = 3 , (13)
ﬂreﬂ'
ri+r,
reﬁ = T, (14)
d sin*(nnF)
A= fzﬂ3; poanng (15)

F, rg> and A are respectively the filling fraction of the slits, the
effective radius of the resonator, and the end-correction term
accounting for the effect near the slits. More derivation details for
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Table 3 | Physical parameters and their values

Physical Parameters Values [unit]
343[m/s]

1.204 [kg/mq]

Sound speed in air (c)

Density of air (p)

Dynamic viscosity of air (1) 1.825x107°[Pa - 5]

Specific heat ratio of air (y) 14

Prandtl number of air (Pr) 7.309x107"

Thermal conductivity of air (ky,) 2.514x1072 W/(m - K)]

Heat capacity at constant pressure (C,) 1.007 x 10°[J /(kg - K)]

Egs. (11) and (12), and the physical interpretation of the latter, can be
found in Supplementary Information. The parameters p;,, ¢y;;» and kg,
are correspondingly the complex frequency-dependent effective den-
sity of air, sound speed, and wavenumber, within the slit, accounting
for visco-thermal losses and are defined through the Stinson’s model®,

tanh( G
p
PS’it = p 1- G<p ) ) (16)
h(Ge)]
K= K[t (-1 ] a7

as ¢y = v/Kuu /P Kt = @/ In Egs. (16), (17), K = pc? is the
ambient bulk modulus of air, G, = (d/2)/—iwp/n, and
Gy = (d/2)/—iwp Pr /5, where y, ,and Pr signify the specific heat ratio,
dynamic viscosity, and Prandtl number of air, respectively. The values used
for these physical parameters are listed in Table 3 in below. It is also
reminded that p,, ¢, and kg, are functions of w and d, with the involved
physical parameters being constant.

The effective wavenumber k,; and normalized characteristic impe-
dance z,; of the unit cell can thus be retrieved via a standard method
outlined in ref. 52 as

z _L 18)
(1 —RE -1 (
—i 1+ T? - R*—R
=— . In(—/—— """ 19
kop = n( T ) (19)

where R = + \/ (R — T? — 1)" — 4T* and the sign is determined by the
condition Re(ze)>0. The effective density pey and sound speed c,y
follow as

Py = Zetkeip/ K, (20)

@1

The frequency-dependent transmission Ty, reflection Ry, and
absorption ay, coefficients across a Nj-layer structure of effective media
(equivalently, an array of MSSC elements in our case) each defined by its
own parameters z,;; and k, ;, and thickness L, where j =1, 2,..., N,
denotes the indexing of each layer, can be calculated based on a recurring
approach™

o = W/ kg

T, = ] M 22)

k]
1

=0 Zi(nq) + Zq+1

z) -z
N T (23)
Zin +ZO
2 2
ay, =1 |Ty| = |Ry " (24)
where
0, p=0
¢, = ) (25)
P kEff,PL7 p=1727""Nl
(p) _ z P=0,N,+1
Zin" = { [(z,(f“) -z, tan(kgf_pL))/(Zp — izt tan(kemL))]Zp p=12..N
(26)
z  p=0,N,+1
z,= PR @)
Zp P=1,2,...,N;

and z = pc is the characteristic impedance of air. Therefore, based on
Egs. (22-27), topology optimization of MSSC array can be performed.

Regarding the Genetic Algorithm for optimization, targeting max-
imum absorption over the frequency range [f;,f;] with a resolution of
1 Hz, the optimal geometrical parameter set of the MSSC array is the
argument of the maximized multivariate objective function F,,

fu
Fabj = Z‘XN[(f)'

f=f1

(28)

The values used for the population size, crossover rate, objective
function tolerance, and constraint tolerance in the algorithm are 100, 0.8,
1078, and 1078, respectively.

Besides, the resonance frequency f  ,,, of MSSC element considering
visco-thermal effects can be estimated by our derived prediction formula

fR,lassy =A- fR,lossles: (29)
where
(30)
c 2Ndh
fR,Zossless = 2_ (31)

T\ 7 (r, +1;) (h + liAfz)ln (%)

Noteworthily, Eq. (31) is the resonance frequency of MSSC element in
the lossless case. Here, p, = pyi (@ )s With @, = 27f g 1y igeee- It s
important to note that Eq. (29) establishes the lossless-lossy relationship
between the resonance frequency without and with visco-thermal losses
accounted for. Besides, Eq. (29) will simply reduce to Eq. (31) if p;;, = p.ie.,
when visco-thermal losses are absent in the slits. Also, regarding the shift in
resonance frequency when losses are considered, it should be noted that
from Eq. (30) this shift is mainly attributed to the medium’s viscosity.

Numerical Model: Finite Element Method

COMSOL Multiphysics 5.5™ based on the Finite Element Method (FEM) is
used to validate the performance of the optimized MSSC array. The model
height corresponds to the lattice constant L = 0.08 1, and the length is
(N, + 2)L m. The background medium is set as air. Two ports are defined
at the left and right ends of the model to generate a 1-Pa normally incident
plane wave and to absorb the outgoing acoustic wave, respectively. All
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boundaries except these ports are defined as rigid. No higher order acoustic
modes arise within the model during the simulation. Visco-thermal losses
within the slits are considered by specifically implementing the build-in
‘Thermoviscous Acoustics’ module, which is based on the Low Reduced
Frequency model™. For all other domains, the ‘Pressure Acoustics’module is
applied. To capture also the coupling effects between these two modules, an
‘Acoustic-Thermoviscous Acoustic Boundary’ condition is imposed at the
openings and ends of each slit, i.e., at the interfaces between the modules.
The frequency sweep covers 100 Hz to 1200 Hz with 1 Hz increments.
Numerical transmission, reflection, and absorption coefficients are extrac-
ted directly using built-in commands.

For meshing, a frequency-dependent element sizing approach is
adopted to reduce computational time by avoiding unnecessary refinements
at lower frequencies, while maintaining at least 10 elements per wavelength
throughout the target frequency range. To accurately capture the physics
within the slits, a much finer mesh is applied there, with element sizes 5.5 to 6
times smaller than the slit width. This mesh density is determined through a
convergence test, where the number of elements inside the slit is gradually
increased until no further shift in the peak absorption frequency (numerical
resonance frequency) is observed.

Data availability

Data available on request from the authors.

Code availability
Software MATLAB (version R2020b) and COMSOL Multiphysics (version
5.6) are used in this study. Code is available on request from the authors.
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