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Abstract

This paper proposes a new simple test for model selection between two pos-
sibly misspecified competing semiparametric models. An important feature
of the test is that it controls uniformly its size regardless as to whether the
competing models are nested, overlapping or non nested and can be applied
to overidentified models with weakly dependent observations.
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1. Introduction

Let {Zu,n > 1,1 <t < n} be a triangular array of random vectors on
the probability space (92, Z, P), and let

Mnf(ﬁa h) = EPf (f(Z’Vlta ﬁv h))? Mng(evl) = EPg (Q(Znta 07 l))

denote two competing semiparametric models, where f : R% x B x H —
R¥, g:RZxOxL - Rl BCRF, O CRL,H=%H x...xHy,
L =Ly x...x...Lg are pseudo metric spaces of functions, that is M, ¢(3, h)
and M,4(0,1) consist of the set of all distributions defined by the moment
conditions Ep,(f(-)) and Ep,(g(-)). Mns(B,h) is said to be correctly speci-
fied if for all t,n M, s(B8,h) = 0 for some 3 € B,h € H and misspecified if
for all t,n, My,¢(B,h) # 0 for all § € B,h € H (and similarly for M,,(6,1)).
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This paper proposes a test for model selection between possibly misspeci-
fied M, f(B,h) and Mp4(6,1), which is quite general because it applies to
possibly overidentified models with weakly dependent observations, which is
empirically relevant because, for example, it is well known that many com-
monly used asset pricing and economics models (see for example Hansen
and Jagannathan (1997) and Hansen and Marinacci (2016), respectively)
are misspecified and are characterized by observations that exhibit some
form of serial dependence. The test has a number of important and de-
sirable features: First, it is based on estimators that have an information
theoretic interpretation (as the unique minimizers of the Kullback-Liebler
distance between the unknown distribution of the observations and the em-
pirical distribution). This compares favorably with the alternative test based
on generalized method of moments estimators, which are not unique as they
depend on the choice of the weighting matrix (see Hall and Pelletier (2011)
for more details). Second, it uniformly controls its size, which is an impor-
tant property because if the model selection procedure were based only on
pointwise correct asymptotic levels, for any sample size N there would exist
a sequence of distributions P, consistent with the null hypothesis such that
for any n > N, the rejection probability under such a sequence would be ar-
bitrarily close to one. This possibility is ruled out when the test is uniformly
of correct asymptotic level, that is, for any € > 0, there is a sample size N
such that, for all n > N the rejection probability under any sequence P,
consistent with the null hypothesis is at most a+e¢. Third, the test statistic
is asymptotically normal regardless as to whether the two competing models
are non nested, overlapping or nested ? under the null hypothesis that both
models are observationally equivalent (that is they have the same Kullback-
Liebler distance). Finally, the test is computationally easy to implement.
The test of this paper is related to the one proposed by Liao and Shi (2020),
which also has uniform size control and has power against n'/2 local alter-
natives. The two tests complement each other because they are based on
different semiparametric models, a different way of achieving uniform size
control and a different sampling scheme. From a technical point of view, the
main contribution of the paper is to derive a central limit theorem for semi-
parametric models with triangular arrays of strong mixing random vectors
which extends results of Andrews and Pollard (1994), Ekstrom (2014) and

>The two semiparametric models M, (3, k) and M,,(8,1) are (strictly) non nested if
given the true distribution Py of the observations, Py N Py = &; they are overlapping if
Py N (Pf N Py) # @ with Py ¢ P, and P, 2 Py; they are nested if either Py C Py (Py is
nested in Py) or P, C Py (P, is nested in Py).



Bravo et al. (2017) among others.

The main results of the paper are contained in the next section, whereas
Section 3 briefly discusses how to choose the regularization parameter €,.
A Supplemental Appendix contains the regularity conditions, all the proofs,
a detailed discussion on how to choose the regularization parameter €, and
some simulation results.

2. Main results

The estimators for M, (8, h) and M,4(6,1) are a semiparametric exten-
sion of the exponential tilting method proposed by Kitamura (2000) in the
context of misspecified parametric estimating equations models. They are
two-step in nature and rather general because they simply assume the exis-
tence of preliminary consistent (in a suitable norm) estimators, say h, and
I, of the unknown infinite dimensional parameters h,[. The estimators are

o~ o~ / o~
X, = argmax arg Jin g (8.2 7) (1)

~ !/ ~
[ ;,’%] = argmaxarg min Xng(0,7,1n) (2)

where A (B) C R, X,¢ (B, A\, h) = > 1y exp (N fur (B, R)) [, A =2 A (B, h),
fut (B, h) =t f (Zut, B, 1), T(©) C RY, Xy = ST, exp(Y g (B, 1)) /1, v =
v(0,1) and gni(8,1) =: g(Znt, B,1). It is important to note that the solution
to (1) corresponds to

an (B\na}\\naﬁn> = exp (}Drél}?l KL (Pa Pn)) )
f

and similarly for (2), where K L(-,-) is the Kullback-Liebler distance, that is,

the proposed two-step semiparametric estimator can be interpreted as the

one that estimates among the set of distributions P defined by M, (5, h) the

closest one, as measured by the Kullback-Liebler distance, to the empirical
distribution P,. In this context, 8, is the pseudo-true value assumed to be

the unique minimizer of minpep, K L(P, Py), where Py is the true unknown
distribution of the observations, and A, is the unique minimizer of the corre-
sponding convex minimization population problem minye gy E(exp(X f(Znt, Bs, hs)))
and similarly for 0, and ~y,. The null hypothesis is

Hy : E(an(ﬂ*a Ass h*)) = E(Xng(e*aly*a l*))a (3)



that is the two competing semiparametric models are observationally equiva-
lent in terms of their Kullback-Liebler distance, which implies that no model
selection is possible. To test for (3) we use the same sample splitting tech-
nique as that of Schennach and Wilhelm (2017), which avoids the discon-
tinuity problem?® of Vuong (1989)’s model selection procedure, and propose
the following test statistic

~ 1< ~ ~ ~ ~ ~ ~
Va (en) = m Z (Wt (En) exp (A%fnt (Bna hn)) — W1 (En) €xp ('77,19nt (9117 ln))) )
t=1
1 o
where (w; (6,))]7, is a sequence of weights depending on a possibly data-
dependent real valued regularization parameter €, such that

wr (@) = 1 for ¢t odd
)= 14 €, for t even

A straightforward calculation shows that the asymptotic variance of (4)
0-3 (ﬁ*a )‘*7 h’*v 9*7 Vs l*a En) = Uz (En) iS

- <nll/2 > (exp (N, fut (ﬂ*,h*)))> +
t=1
(5)
Var <n11/2 Z exp (’Yignt (9*, l*)))] )
t=1

2
02 (en) = (14 €,) 02 + %L lim

n—oo

. 1
02 = lim Var (1/2 Z(exp(kifm(ﬁ*,h*) - eXP(ViQntW*J*))) )

and e, is the (possibly probability) limit of €,. Thus o2 (e, ) is always positive
regardless as to whether the two competing models are non nested (which im-
plies 02 > 0) or overlapping (which implies 02 = 0). Let 52 (B8, Ans Py Ons Vs Yy by €

denote an estimator? for o2(e,),

tn(en) = = = = )

a\n(ﬁm}\\nyﬁm emfy\nv Ly, en)

3See Section 1 in the supplemental Appendix for a discussion of this important point.
4See Section 4 in the supplemental Appendix for an example of such an estimator.



and let P, denote the set of distributions that satisfy Assumptions A1-A6
(given in the supplemental Appendix) and the null hypothesis (3).

Theorem 1. Under Assumptions A1-A6 and the null hypothesis (3)

i )l > = Q.
Jim sup P (jtn (€)] 2 #1-0/2) =

Next, we consider the local power of t,(€,), and consider the case where
n1/2(E(an(B*v A, h*)) - E(‘Xng(e*v Y l*))) -, (6)

as n — oo for some w € R. Let P, denote the sequence of distributions
satisfying Assumptions A1-A7 (in the supplemental Appendix) along which
(6) is satisfied. Let P, € Ppr.

Theorem 2. Under A1-A7 and P,
—~ d
tn(€,) — N(IL, 1),

where

oo 1 n'2(E(Xpn(Bas Avy b)) — E(Xg (0,75, 1)) (1 + €0/2)
= 2 \\1/2 :
n—o0 (1 +€n)o? + €k(o2, + 03,))Y

Note that the mean II coincides with that derived by Schennach and Wilhelm
(2017) (hence it is always finite regardless as to whether o2 > 0 or o2 — 0)
because under assumption A5 the estimation effect of the infinite dimensional
parameters is asymptotically negligible. Note also that if 7 — oo the test is
consistent.

3. Choosing the regularization parameter

We briefly discuss how to choose the regularization parameter €,, which
can be data dependent or a deterministic sequence ¢,. The latter can be a
finite positive constant or more generally can vary with n as long it satisfies
the requirement n'/%¢, — oo (see A6 in the supplemental Appendix). For
such a choice the proposed test is asymptotically valid, but caution should
be warranted because it leaves open the possibility of a user choosing a value
that produces a desired outcome. For the data dependent choice one could
start with the procedure suggested by Schennach and Wilhelm (2017), which
is optimal (in the sense of simultaneously minimizing the size distortion and
potential power loss) in the absence of infinite dimensional parameters, and



then perform a grid search around the chosen €,. In the supplemental Ap-
pendix we provide a rigorous theoretical justification of the Schennach and
Wilhelm (2017) data dependent regularization parameter choice for possibly
nonstationary strong mixing processes without infinite dimensional parame-
ters, which is of independent interest, and provide some simulation evidence
about the finite sample performance of the proposed test under different
choices of €,, which seems to suggest that a simple grid search about the
Schennach and Wilhelm (2017) choice of €, delivers a model selection pro-
cedure with good finite sample size and power properties.
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