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Abstract17

The principal stress rotation induced by moving surface loads has been exten-18

sively investigated, predominantly through hollow cylinder tests. In contrast to19

these element tests, residual stresses are generated within a structural compo-20

nent due to plastic strain accumulation during the loading and unloading process.21

Given the significant influence of residual stresses on principal stress distribu-22

tions, it is essential to investigate the principal stress rotation at the structural23

scale rather than relying solely on element-scale analyses. In this study, a dis-24

crete element method (DEM) model was developed to simulate the mechanical25

response of a cohesionless-frictional particulate structure subjected to moving26

surface loads. The macroscopic stresses responsible for principal stress rotation27

were analytically derived, and their behaviour was found to be significantly28

affected by residual stresses during the unloading process. Furthermore, a com-29

prehensive micro-mechanical analysis was conducted, with particular emphasis30
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on the evolution of fabric anisotropy. The results revealed a pronounced non-31

coaxiality between the principal directions of the fabric anisotropy. Finally, a32

stress-force-fabric (SFF) relationship was employed to validate the concept of33

fabric anisotropy and to establish a connection between particle-scale contact34

mechanics and macro-scale stresses. The influence of branch vectors on macro-35

scopic stresses was found to be negligible under conditions involving the principal36

stress rotation and irregular particle morphologies.37

Keywords: principal stress rotation, stress-force-fabric (SFF) relationship, fabric38

anisotropy, cohesionless-frictional particulate material, moving surface load39

1 Introduction40

In geotechnical engineering, granular materials frequently encounter complex stress41

states, characterised by variations in both the magnitude and direction of princi-42

pal stresses. These variations, commonly referred to as principal stress rotation, are43

induced by factors such as earthquake loads, wave loads, and traffic loads [7, 49, 54].44

The significant plastic strains observed in geotechnical structures are more likely45

attributed to the principal stress rotation rather than dead loads, thereby accelerating46

the degradation of the mechanical performance of the structure [62]. Consequently, the47

influence of principal stress rotation on the mechanical behaviour of granular materials48

has attracted increasing attention in engineering practice [48, 63]. The stress path of an49

element within a half-space geotechnical structure subjected to moving surface loads50

typically comprises vertical, horizontal, and shear components, as noted by Lekarp51

et al [20]. In granular materials, vertical and horizontal stresses are generally com-52

pressive, whereas the shear stress reverses direction as the load moves, resulting in a53

rotation of the principal stresses.54

The hollow cylinder test is widely used to investigate stress paths induced by mov-55

ing surface loads, including principal stress rotation [5, 13, 53]. The hollow cylinder56

test has demonstrated a reduction in the vertical resilient modulus [47] and an accel-57

erated accumulation of plastic strains [31] in granular materials, both attributed to58

the principal stress rotation induced by equivalent moving surface loads. Furthermore,59

a comparative study between the conventional triaxial test and the hollow cylinder60

test revealed that stress paths accounting for principal stress rotation led to greater61

permanent deformation in clay under identical confining pressures [35]. Moreover,62

the intermediate principal stress significantly influences the constitutive response of63

granular materials subjected to stress rotation [57]. Under otherwise identical condi-64

tions, rotational shear behaviour exhibits distinct variations in pore pressure resistance65

and stiffness degradation characteristics under different intermediate principal stress66

parameters. Finally, the liquefaction susceptibility of granular materials and the corre-67

lation between cyclic stress ratio and cycles to failure are significantly influenced by the68

coupled effects of consolidation conditions and principal stress rotation patterns [6].69

A range of methods for quantifying the microscopic structures of physical spec-70

imens has been proposed, employing advanced imaging techniques such as X-ray,71
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CT and stereophotogrammetry [2, 32]. However, acquiring detailed fabric informa-72

tion, including contact normal and contact force components, remains challenging due73

to the limitations of measurement instruments and the significant costs associated74

with physical testing. As a result, the investigation of micro-mechanical behaviour75

and micro-structural evolution becomes equally challenging [21]. The discrete ele-76

ment method (DEM), initially proposed by Cundall and Strack [9], has proven to77

be a powerful tool for obtaining fabric information for microscopic analysis, provid-78

ing a valuable complement to macroscopic mechanical tests [14, 41, 60]. In the DEM79

study, a hexagonal vessel composed of six rigid walls was employed to generate spec-80

imens, facilitating the simulation of stress paths induced by moving surface loads for81

macro- to micro-mechanical analysis [24]. This approach was subsequently extended82

to three dimensions to generate polyhedral specimens, enabling a series of numerical83

tests with the principal stress rotation [30]. Additionally, a hollow cylindrical specimen84

was developed for DEM simulations to investigate the macro- and micro-mechanical85

behavior of granular materials. The results demonstrated that the principal stress rota-86

tion significantly influences both the scalar anisotropy coefficients and the directional87

distributions of fabric parameters [18]. Furthermore, the principal stress rotation inten-88

sifies the development of vertical accumulated plastic strain, particle displacements,89

and the degradation of the microstructure of granular assemblies [8].90

In addition to element tests, numerical experiments have also been conducted to91

model pavement structures and analyse macroscopic stresses and permanent defor-92

mations. For example, Vallejo et al [42] utilized DEM simulations to investigate the93

degradation of the granular base layer in flexible pavements. Additionally, the macro-94

scopic stress path for an element within pavements has been examined using a DEM95

pavement structure model [40, 56]. These studies predominantly focused on the evo-96

lution of normal stress, horizontal stress, and shear stress under moving surface loads97

from a macroscopic perspective. However, the influence of residual stresses induced98

by external loads on these macroscopic stress distributions remains predominantly99

unexplored. Furthermore, Peng et al [34] examined the macro-mechanical behaviour100

of asphalt pavement subjected to moving traffic loads, with a particular emphasis on101

the variation of shear stress and plastic strain distribution across the depth of the102

asphalt layers.103

As reviewed in previous studies, the investigation of principal stress rotation has104

predominantly relied on hollow cylinder tests performed at the element scale. Residual105

stresses emerge within the structural system as a result of plastic strain develop-106

ments induced by external loads. This study demonstrates that their influence on107

both macro- and micro-mechanical behaviour is significant. Although structural-scale108

testing has been implemented in some studies, its applicability is primarily limited to109

macro-mechanical analysis, failing to consider the investigation of micro-scale mech-110

anisms. Relative to previous numerical studies, micro-mechanical analysis effectively111

utilise the capabilities of DEM simulations in characterising the principal stress rota-112

tion caused by moving surface loads. In this study, micro-parameters, including fabric113

anisotropy and the principal direction of anisotropy, were quantitatively analysed. It114

is demonstrated that fabric anisotropy generally reaches its maximum at the critical115

point during both loading and unloading stages, after which it gradually decreases.116
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Moreover, approximate coaxiality with the principal directions of fabric anisotropy117

is found exclusively at this critical point. Furthermore, a stress-force-fabric (SFF)118

relationship [23, 28, 37] was adopted to establish quantitative correlations between119

particle-scale contact mechanics and macroscopic stress responses. The results demon-120

strate that the branch vector exerts a negligible influence on macroscopic stresses in121

granular materials with irregular particle morphologies subjected to principal stress122

rotation, while the normal contact force constitutes the dominant factor governing123

macroscopic stress development. These findings enrich the theoretical understanding124

of micromechanical behaviour in granular materials and offer essential insights for125

optimizing engineering design.126

2 Numerical implementation127

2.1 Numerical structure128

A square region located beneath the structural surface, referred to as Element A, was129

designated for the analysis of the stress path induced by the moving surface load (see130

Fig. 1). The depth of Element A was deliberately chosen to be small, measuring only131

0.1 m, to account for the shallow distribution range of residual stresses [3, 44]. In132

this way, the influence of residual stresses on stress paths can be effectively analysed.133

Determining the size of Element A presents great challenges in DEM experiments.134

The size of Element A should remain small while ensuring that it contains a suf-135

ficient number of particles. In this study, Element A was defined as a square with136

dimensions of 0.15 m × 0.15 m, comprising approximately 1,400 particles. The par-137

ticle number approximately aligns with the micro-mechanical investigations reported138

by Cai et al [4], Hosseininia [11], and Rothenburg and Bathurst [37]. The macro- and139

micro-mechanical results presented in Sections 3.1, 3.4, and 3.6 further validate the140

feasibility of the size selection.141

A narrow radius range of 1 to 3 mm for circular particles was uniformly generated142

to ensure an adequate quantity of particles within Element A for subsequent micro-143

mechanical analysis. Geotechnical materials, encompassing soils and gravel particles,144

exhibit a wide range of particle size distributions, typically varying from less than145

0.075 mm to over 40 mm [1]. However, fine particles were excluded to simplify numer-146

ical computations, as relatively large particles predominantly contribute to strong147

force chains and facilitate the transmission of macroscopic stress within a granular148

system [15, 43, 55]. Subsequently, irregular particles were substituted for circular ones149

while preserving the same volume and maintaining a uniformly distributed orientation150

to replicate natural gravels more accurately. Accordingly, the diameter of the circu-151

lar particle was defined as the equivalent size of the irregular particle. Furthermore,152

as highlighted by Wang et al [50], the two-dimensional contours of real-shaped grav-153

els can be classified into three categories: long, square, and a general contour that154

lies in between. Following the contour framework outlined by Cai et al [3], this study155

employed the general contour to generate irregular particles (see Fig. 1b), with the156

detailed particle generation methodology described by Wang et al [50].157

The dimensions of the numerical structure (1.80 m long× 0.945 m high) were estab-158

lished through a sensitivity analysis to ensure the stabilization of macroscopic stress159
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within Element A. The detailed methodology for the preparation of the numerical160

structure is provided by Cai et al [3], specifically addressing residual stress evolution161

under post-loading conditions. Following generation, a periodic boundary condition,162

implemented using PFC2D [16], was applied to the left and right sides of the structure.163

The application of the periodic boundary condition allows the left and right bound-164

aries to be treated as connected. The numerical structure was initially isotropically165

consolidated and subsequently brought to a stress-free state (i.e. the confining pres-166

sure σcp = 0). Finally, self-weight consolidation was performed to completion (see Fig.167

1a). A linear constitutive model was adopted for interparticle contacts, as it is widely168

used in DEM experiments to investigate the behaviour of cohesionless-frictional mate-169

rials [16]. With reference to Lashkari et al [19] and Wu et al [52], a particle stiffness170

of 106 N/m is implemented for equivalent particle radii ranging from 1 to 3 mm. For171

granular materials, the contact damping ratio typically ranges from 0.02 to 0.5 in DEM172

simulations. An alternative approach involves adjusting the particle damping coeffi-173

cient. With reference to Lashkari et al [19] and Wu et al [52], the particle damping174

coefficient is set to 0.7 throughout the DEM experiments. The relevant parameters of175

the numerical structure are summarized in Table 1.176

x

y

Periodic boundary

1.8m

Position A B C D E F G

Periodic boundary
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Fig. 1. Numerical structure and Element A subjected to the moving surface load.
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Table 1

Summary of properties for the numerical structure.

Numerical structure properties

Structure size: length × height (m) approx. 1.80 × 0.945
Number of particles approx. 105,600
Porosity 0.155

Particle properties

Equivalent particle radius (mm) 1.0-3.0
Particle friction coefficient 0.7
Particle specific gravity 2.65
Normal stiffness of Pebble-Pebble (N/m) 1× 106

Tangential stiffness of Pebble-Pebble (N/m) 1× 106

Particle damping coefficient 0.7

2.2 Numerical procedure177

A loading particle with a radius r of 0.13 m was positioned on the top surface of the left178

boundary of the numerical structure. A surface load (Fsf = 1500 N) was subsequently179

applied to simulate the traffic load (see Fig. 1a). Following this, the loading particle180

traversed the surface of the structure, moving from the left boundary to the right181

boundary. Consequently, the stress path in Element A could be determined for various182

surface positions, ranging from Position A to G, corresponding to the locations reached183

by the loading particle. The central position D represents the critical point for both184

the loading and unloading stages. After reaching Position D, the unloading stage185

commences and concludes at the right boundary of the structural surface. To maintain186

a quasi-static state, the spin velocity ω of the loading particle was kept constant at187

a low value of 3.85 m/s [17, 45]. Additionally, the friction coefficient of the loading188

particle was set to 0.7, consistent with that of the structural particles. The contact189

width 2a between the loading particle and the structural surface was maintained at190

approximately 0.06 m by adjusting the stiffness of the loading particle. A load pass191

was considered complete when the loading particle moved from the left boundary to192

the right boundary.193
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3 Numerical results and discussion194

3.1 Macroscopic stress195

The average stress tensor in a granular assembly can be expressed as follows [39, 51, 61]:196

σij =
1

V

∫ 2π

0

vi ⊗ fr,jdθ =
1

V

∑

Nc

vi ⊗ fr,j (1)

where V represents the volume of the assembly, and Nc denotes the total number of197

interparticle contacts. vi indicates the branch vector connecting the centroids of two198

contacting particles, while fr,j represents the interparticle resultant force at a contact199

(see Fig. 2).200

n
t fr

v

A

B

Fig. 2. Two contacting irregular particles and the associated normal contact vector (n),
tangential contact vector (t), force vector (fr) and branch vector (v).

The macroscopic stress in Element A can be calculated using Eq. (1) as the load-201

ing particle moves across Positions A to G along the structural surface (see Fig. 3).202

The initial stress state shows non-zero vertical and horizontal components, reflecting203

self-weight contributions. The vertical stress component σyy exhibits a characteristic204

symmetric pattern during both the loading and unloading processes. These findings205

align qualitatively with the theoretical work of Lekarp et al [20] and the numerical206

studies of Yan et al [56] on comparable structures subjected to moving surface loads.207

As the loading particle passes through the central position D, the shear stress com-208

ponents σxy and σyx undergo directional reversal, thereby inducing principal stress209

rotation. Unlike the findings of Lekarp et al [20], the shear stresses σxy and σyx retain210

non-zero values at the central position D as a result of rolling friction effects.211

In contrast to the observations of Lekarp et al [20], the horizontal stress σxx demon-212

strates asymmetric behaviour during the load pass, which can be attributed to the213

accumulation of horizontal residual stress σr
xx. During the load pass, Element A expe-214

riences plastic deformation, resulting in particle reorganization and an increase in215
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interparticle forces, as observed by Cai et al [3]. This process gives rise to the develop-216

ment of residual stresses. As demonstrated by Yu [58], Yu and Wang [59], and Wang217

and Yu [46], residual stresses in two-dimensional half-space systems under moving218

surface loads exhibit a uniform distribution pattern exclusively along the horizontal219

direction. Owing to the contribution of horizontal residual stress σr
xx, the magnitude of220

σxx during the unloading phase consistently exceeds that observed during the loading221

phase. Figure 4 illustrates the depth-dependent residual stress field, which is quanti-222

fied by comparing the stress components σij before and after the load pass [3]. The223

residual stress pattern σr
ij demonstrates strong qualitative agreement with the exper-224

imental observations of Radovsky and Murashina [36] and the finite element analysis225

conducted by Wang and Yu [45]. Figure 4 reveals a substantial horizontal residual226

stress σr
xx in Element A, highlighting its significant influence on the macroscopic stress227

field. The presence of σr
xx induces the asymmetric behaviour observed in σxx.228

Figure 5 presents the heart-shaped stress path in the deviatoric plane, expressed229

as
(σyy−σxx)

2 versus σxy, which clearly demonstrates the principal stress rotation phe-230

nomenon. Due to the presence of rolling friction and horizontal residual stress σr
xx, the231

heart-shaped stress path exhibits asymmetry about the horizontal axis. Furthermore,232

the deviatoric stress exhibits persistent deviation from its initial state, resulting in an233

open heart-shaped stress path.234
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Fig. 3. Macroscopic stress path induced by the moving surface load.

Fig. 4. Residual stress field uniformly distributed with the numerical structure depth.
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Fig. 5. Heart-shaped stress path induced by the moving surface load.
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3.2 Contribution of interparticle component forces235

In a cohesionless-frictional granular assembly, interparticle contacts are characterised236

by two force components: the normal force fn and the tangential force ft. The con-237

tributions of fn and ft to macroscopic stresses have been investigated by Li et al [22]238

and Zou et al [64], resulting in the following reformulation of Eq. (1):239

σij =
1

V

∑

Nc

vi ⊗ fr,j =
1

V

∑

Nc

vi ⊗ (fn,j + ft,j)

=
1

V

∑

Nc

vi ⊗ fn,j +
1

V

∑

Nc

vi ⊗ ft,j

= σij(fn) + σij(ft)

(2)

where σij(fn) and σij(ft) respectively represent the contributions of fn and ft to the240

macroscopic stress σij . fn provides the dominant contribution to σij , with σij(fn)241

exhibiting patterns similar to σij across all components (σyy, σxx, and σxy) (see Fig.242

6). These findings align with the numerical results reported by Li et al [22] and Zou243

et al [64]. The contribution of ft to σyy and σxx becomes significant exclusively near244

Position D, where it coincides with the reversal in shear stress direction. However,245

ft contributes reversely to σyy and σxx, as evidenced by the negative sign of σxx(ft).246

On the other hand, the contribution of ft is substantial for σxy, as σxy(ft) exhibits247

patterns consistent with both σxy and σxy(fn).248

A B C D E F G

-5000

0

5000

10000

15000

yy
(P

a)

Position

 yy

 yy(fn)
 yy(ft)

(a) Vertical stress

A B C D E F G
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0

5000

10000

15000

xx
(P

a)
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 xx

 xx(fn)
 xx(ft)

(b) Horizontal stress

A B C D E F G

-5000

0

5000

10000

15000

xy
(P
a)

Position

 xy

 xy(fn)
 xy(ft)

(c) Shear stress

Fig. 6. Contributions of interparticle component forces to macroscopic stresses.
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3.3 Micro-mechanical parameters249

The probability density distribution of fn, denoted as PDD(fn), exhibits a similar250

behaviour to that of PDD(fn/f̄0), both characterised by an exponential decay pattern251

(see Fig. 7a and Fig. 7b). f̄0 denotes the global average magnitude of normal contact252

forces. The proportion of interparticle contacts carrying relatively small forces, denoted253

as Psf , (e.g. fn < 10N , fn/f̄0 < 1), accounts for the majority of interparticle contacts.254

At the initial stage of the loading process, the moving load is located far from the255

central position D of Element A, and a peak is observed simultaneously in PDD(fn).256

Psf (fn) decreases rapidly as the moving load progresses, particularly from Position C257

to D during principal stress rotation, and reaches its minimum at the central position258

D. The growth of f̄0 (see Fig. 7a) exerts a dominant influence on the reduction of259

Psf (fn) during this stage. During the unloading stage, the principal stress continues to260

rotate from Position D to F , accompanied by a progressive increase in the magnitude261

of Psf (fn). However, the development of horizontal residual stress σr
xx inhibits its262

complete restoration to the initial state (see Fig. 4).263

On the other hand, Psf (fn/f̄0) exhibits a slight increase with the growing num-264

ber of contacts (see Fig. 7b), corresponding to the movement of the surface load from265

Position B to C. Subsequently, Psf (fn/f̄0) demonstrates accelerated growth as the266

surface load progresses from Position C, through D, to Position E. At this stage, it can267

be inferred that interparticle contacts transmitting relatively large forces, specifically268

those exceeding f̄0, decrease significantly. Toward the end of the load pass from Posi-269

tion E to F , Psf (fn/f̄0) diminishes to a comparatively low magnitude. However, due270

to the accumulation of residual stress σr
xx, a considerable Psf (fn/f̄0) persists relative271

to the initial state.272

In contrast to PDD(fn) and PDD(fn/f̄0), the distribution of interparticle contacts273

for PDD(ft) and PDD(ft/f̄0) exhibits a predominant concentration at lower interparti-274

cle forces (e.g. ft < 5N , ft/f̄0 < 0.5) (see Fig. 7c and Fig. 7d). The evolution of Psf (ft)275

throughout the load pass demonstrates similar characteristics to that of Psf (fn). A276

notable reduction is observed prior to the central positionD, predominantly attributed277

to an increase in f̄0, particularly evident in between Position C and D. Throughout278

the unloading stage, a significant increase of Psf (ft) is observed with the continued279

principal stress rotation, primarily attributed to the elimination of contacts sustain-280

ing relatively large forces. On the other hand, a significant reduction of Psf (ft/f̄0) is281

observed at the initial loading stage, followed by a minor reduction of Psf (ft/f̄0) from282

Position C to D. Subsequently, an approximate restoration of Psf (ft/f̄0) to the state283

at Position C manifests during the unloading stage, progressing from Position D to284

E, and ultimately to Position F .285

The average normal contact force, denoted as f̄0, initially rises to reach its max-286

imum value at Position D. Following this peak, f̄0 decreases but remains at a287

comparatively elevated magnitude in relation to the initial state. This phenomenon288

can be attributed to the existence of the residual stress component, σr
xx (see Fig. 7a).289

In contrast, the global average branch vector v̄0 exhibits a reverse pattern compared290

to f̄0 (see Fig. 7a). The coordination number, γ, is defined as the ratio between the291

total number of interparticle contacts (Nc) and the total number of particles (Np).292

Due to the invariance of the particle count within Element A, the coordination number293
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exhibits an initial increase corresponding to the formation of additional interparti-294

cle contacts. Subsequently, it reaches a peak at the central position D, followed by295

a decrease during the unloading stage (see Fig. 7b). Relative to the initial state, the296

final coordination number exhibits a lower magnitude, attributed to the development297

of plastic deformations induced by the load pass. This observation is consistent with298

the numerical results reported by Cai et al [3].299

(a) Normal contact force (b) Normalised normal contact force

(c) Tangential contact force (d) Normalised tangential contact force

Fig. 7. Probability density distribution of contact forces and the variation of γ, f̄0 and v̄0
with the load pass.
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3.4 Fabric anisotropy300

Rothenburg and Bathurst [37] established a stress-force-fabric relationship for granular301

assemblies by employing Fourier series approximations of directional fabric distri-302

butions. This approach involved analysing the directional distribution of the fabric,303

including the contact normal density and average contact forces (normal component304

f̄n and tangential component f̄t). By integrating these approximated distributions305

over all possible directions, they derived a theoretical relationship linking microscopic306

particle interactions to macroscopic stress states. The stress tensor expression for a307

granular assembly presented in Eq. (1) can be reformulated as follows [18, 29]:308

σij =
Nc

V

∫ 2π

0

E(θ)v̄i(θ)f̄r,j(θ)dθ =
Nc

V

∑

Nθ

E(θ)v̄i(θ)f̄r,j(θ)∆θ (3)

where Nc denotes the total number of interparticle contacts within the granular309

assembly, while Nθ represents the number of discrete angular intervals. The terms310

v̄i(θ) and f̄r,j(θ) indicate the average branch vector and average contact force,311

respectively, acting on contacts whose normal directions lie within the interval θ ∈312

[θ −∆θ/2, θ +∆θ/2], denoted as [θ]. Let ∆Nc(θ) denote the number of interparti-313

cle contacts with normal directions confined within [θ]. The contact normal density314

function E(θ) can be determined through the following expression:315

E(θ) =
∆Nc(θ)

Nc∆θ
(4)

The average contact force acting on contacts oriented within [θ] can be decomposed316

into two components, the average normal force f̄n(θ) and average tangential force317

f̄t(θ), which are expressed as follows:318

f̄r,i(θ) = f̄n(θ)ni + f̄t(θ)ti (5)

The directional distribution of the contact normal density and interparticle com-319

ponent forces can be approximated by the 2nd-rank Fourier series function as320

follows [12, 37]:321















E(θ) =
1

2π
[1 + accos2(θ − θc)]

f̄n(θ) = f̄0 [1 + ancos2(θ − θn)]

f̄t(θ) = f̄0 [aw − atsin2(θ − θt)]

(6)

where the non-dimensional coefficients ac, an, at and aw quantify the anisotropy of322

contact normal density and corresponding contact forces. Simultaneously, the terms323

θc, θn and θt represent the major principal direction associated with the respective324

anisotropies. Equation (6) has been validated for isotropic assemblies under mono-325

tonic loading conditions, where the assumption of coaxiality is satisfied, such that326
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θc = θn = θt [37]. In contrast, the applicability of 2nd-rank Fourier series for approx-327

imating the directional fabric distribution has been demonstrated for anisotropic328

granular assemblies subjected to loading paths involving the principal stress rota-329

tion [25]. While maintaining minimal influence on micro-mechanical behaviour, this330

simplification facilitates subsequent characterisation of fabric anisotropy. However,331

under such loading conditions, the assumption of coaxiality between principal direc-332

tions of contact normal density anisotropy and contact force anisotropy is no longer333

valid. Therefore, the non-coaxiality of the principal directions of anisotropy is explicitly334

considered in this study.335

The initial structure undergoes self-weight consolidation and, as a result, exhibits336

anisotropic characteristics. In the initial state, the directional distribution of contact337

normals exhibits a preferential vertical orientation, resulting in non-zero initial values338

for ac and θc. The anisotropy of the contact normal density, ac, initially decreases grad-339

ually as the moving load approaches the central position D (see Fig. 8a), attributed340

to the gradual increase of the horizontal stress σxx induced by the moving load (see341

Fig. 3). The increase of horizontal stress σxx diminishes the preferential vertical ori-342

entation of contact normals, consequently reducing the magnitude of ac. However, as343

the moving load approaches Position D, the vertical stress σyy becomes dominant in344

determining ac, thereby enhancing the preferential vertical orientation. Consequently,345

the magnitude of ac exhibits a rapid increase. Subsequently, during the unloading346

path, the influence of σyy on ac diminishes more rapidly than that of σxx, result-347

ing in a progressive decrease in ac. Furthermore, the horizontal residual stress σr
xx348

exerts an influence on ac. Therefore, the magnitude of ac during the unloading stage349

is reduced compared to that observed during the loading path. Finally, as the moving350

load departs from Position D, specifically progressing from Position F to G, its influ-351

ence gradually diminishes. Nevertheless, σr
xx continues to influence ac, maintaining its352

magnitude at a relatively low level.353

During the load movement from Position A to B, while σyy remains approximately354

constant, σxx increases until approaching the magnitude of σyy. Simultaneously, the355

shear stress σxy remains zero (see Fig. 3). In response to the nearly isotropic macro-356

scopic stress field present in Element A, the magnitude of an is observed to decrease,357

reaching a significantly low value (Fig. 8b). As the surface load progressively traverses358

toward the central position D, a monotonic increase in the magnitude of an is observed359

(Fig. 8b). This phenomenon arises from the enhanced anisotropy in macroscopic stress360

fields, driven by the widening differential between σxx and σyy components, coupled361

with an increasing magnitude of the shear stress component σxy. At the central posi-362

tion D, where the maximum differential is observed, an exhibits a decreasing trend,363

which can be attributed to the observed reduction in the shear stress component σxy364

(see Fig. 3). Subsequently, a nearly constant reduction of an is observed until Posi-365

tion F throughout the unloading phase. Toward the end of the unloading stage from366

Position E to G, an, in contrast to ac, exhibits a greater magnitude compared to that367

observed during the initial loading stage, which can be attributed to the development368

of residual stress σr
xx.369

As a result of self-weight consolidation, the macroscopic shear stresses σxy and σyx370

are nearly negligible in the initial state, thereby rendering the magnitudes of at and aw371
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insignificant (see Fig. 8c). Following the application of surface loading on the structure,372

at gradually increases, reaching its peak between Position C and D, where σxy grows373

rapidly, subsequently followed by a sharp decrease (see Fig. 3). At the central position374

D, a valley value of at is observed, corresponding to the reduction in shear stress (see375

Fig. 3). Departing from the valley value, at decreases rapidly with the reduction of376

shear stresses. The other parameter characterising the anisotropy of tangential contact377

forces, aw, consistently remains small. However, its sign transitions to negative, and378

its magnitude exhibits a slight increase during the load pass. The influence of aw on379

macroscopic stresses will be analysed in detail in the subsequent section.380
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Fig. 8. Variation of the anistotropy of contact normals and contact forces with the load pass.

As the surface load approaches the central position D, an initial increase in θc is381

observed, attributed to the growth of σxx (see Fig. 9). In this study, the vertical direc-382

tion is defined as 90 degrees. Therefore, the increase in θc indicates that the principal383

direction of the anisotropy of contact normal densities transitions from near-vertical to384

horizontal in a counterclockwise direction. As the moving load progresses from Posi-385

tion C to D, the rapid increase in σyy (see Fig. 3) results in a decrease in θc near386

Position D, indicating a reorientation of the principal direction of anisotropy toward387

the vertical direction. As the moving load traverses from Position D to E, the influ-388

ence of σyy diminishes significantly, resulting in a clockwise deviation of θc from the389

vertical direction, gradually reverting toward the horizontal direction. Subsequently,390

during the movement of the surface load from Position E to F , the reduction in σxx391

leads to an increase in θc, causing the principal direction to shift back toward the ver-392

tical direction. Finally, during the concluding stage of the load pass from Position F393

to G, given the negligible magnitude of σxx and σyy, the dominant σr
xx prevents θc394

from returning to its initial state. As demonstrated in Fig. 10a depicting the direc-395

tional distribution of the contact normal density, a distinct variation in θc is observed396

between Positions C and E.397

The initial principal orientation of normal contact force anisotropy, θn, predom-398

inantly aligns with the vertical direction attributed to the self-weight consolidation.399

During the movement of the surface load from distal positions to the central posi-400

tion D, θn exhibits a progressive increase from approximately 90 degrees (see Fig.401
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9), demonstrating a systematic rotation of the principal stress direction from near-402

vertical to horizontal alignment. As the surface load approaches Position D, θn rapidly403

decreases toward 90 degrees. This behaviour can be attributed to the significant404

increase in σyy, which causes the principal direction to shift back toward the vertical405

orientation. The shift in the principal direction of the anisotropy is reflected in the406

directional distribution of contact forces, as shown in Fig. 10b. During the subsequent407

unloading stage, σxx primarily influences the evolution of θn, resulting in the principal408

direction of anisotropy gradually rotating clockwise toward the horizontal orientation409

(see Fig. 9 and Fig. 10b). Following the unloading stage, θn stabilises at a constant410

value close to zero, indicating a near-horizontal orientation for θn, which is attributed411

to the accumulation of σr
xx.412

At the onset of the load pass, the principal direction of the anisotropy of tangen-413

tial contact forces, θt, is observed to be approximately 140 degrees (see Fig. 9). As414

the surface load progresses toward Position B, θt exhibits an initial increase, with415

only negligible variations in shear stresses (see Fig. 3), indicating a counter-clockwise416

rotation of the principal direction of the anisotropy. Subsequently, a decrease in θt is417

observed with the development of shear stresses, accompanied by a clockwise rotation418

of the principal direction of the anisotropy, as evidenced by the directional distribu-419

tion of tangential contact forces (see Fig. 10c). Finally, toward the end of the load pass420

from Position E to G, θt approaches zero, and the principal direction of the anisotropy421

aligns with the near-horizontal direction.422

As previously discussed, the asymmetric evolution of fabric anisotropy and its423

principal direction during the load pass is mechanistically linked to corresponding424

asymmetries in macroscopic horizontal stress, primarily induced by the residual stress425

component σr
xx. The principal directions of anisotropy for the contact normal den-426

sity and contact forces are generally non-coaxial. Overall, at the macroscopic scale,427

the divergence of fabric anisotropy principal directions is primarily induced by prin-428

cipal stress rotation in the present study, as demonstrated in Li and Yu [26]. From429

a micro-mechanical standpoint, particle rotation induced by loading path variations430

constitutes the primary mechanism underlying this divergence. When the surface load431

is sufficiently distant from the central Position D (i.e., when moving from Position A432

to B), its effect on particle rotation becomes negligible, leading to θc ≈ θn. With the433

surface load approaching Position D, the induced substantial particle rotations cause434

a significant divergence increase between θc and θn. However, as the moving load is in435

close proximity to the central position D, the principal directions of fabric anisotropy436

become approximately coaxial, exhibiting minimal disparity (see Fig. 9). Specifically,437

at the central position D, the coaxial principal direction is oriented approximately 90438

degrees, aligning with the vertical orientation. Coaxiality is exclusively observed at439

Position D, where the loading direction of Element A coincides with the initial vertical440

consolidation direction. With minimal shear stress observed at Position D (see Fig. 3),441

rolling friction demonstrates insignificant effect on fabric anisotropy evolution, main-442

taining undisturbed coaxiality of fabric anisotropy principal directions. After passing443

PositionD and receding, the surface load induces significant θc−θn divergence through444

σr
xx influence.445
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3.5 Branch vector anisotropy446

Compared to Eq. (3), a more general stress-force-fabric relationship was proposed as447

follows [27, 33]:448

σij =
Nc

V

∫ 2π

0

E(θ)vifr,j(θ)dθ =
Nc

V

∑

Nθ

E(θ)vifr,j(θ)∆θ (7)

while a simplified relationship is commonly utilised in macroscopic stress calculations449

as follows [11, 38]:450

σij =
Ncv̄0
V

∫ 2π

0

E(θ)fr(θ)ninjdθ =
Ncv̄0
V

∑

Nθ

E(θ)fr(θ)ninj∆θ (8)
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where v̄0 denotes the global average branch vector. As mentioned by Li and Yu [25, 29],451

and Khakpour and Mirghasemi [18], even for an anisotropic specimen involving the452

principal stress rotation, the assumption vifr,j = v̄if̄r,j is both feasible and broadly453

applicable in micro-mechanical studies. The assumption in Eq. (8) implies that the454

directions of the contact normal and the branch vector are coaxial, which is considered455

reasonable for circular particles. However, in this study, the irregular particle mor-456

phology leads to a significant deviation from coaxiality between the contact normal457

direction and branch vector orientation, as illustrated in Fig. 2. With reference to Hos-458

seininia [11], the average branch vector acting on contacts in the normal direction [θ],459

denoted as v̄i(θ), can be decomposed into two component average branch vectors, the460

normal component v̄n(θ) and the tangential component v̄t(θ). As a consequence,461

v̄i(θ) = v̄n(θ)ni + v̄t(θ)ti (9)

Following the mathematical framework established for characterising the direc-462

tional distributions of average contact normals and contact forces in Eq. (6), the463

average branch vector components in both normal and tangential directions are sim-464

ilarly represented using the 2nd-rank Fourier series functions, as demonstrated in465

previous studies [11, 12]:466

{

v̄n(θ) = v̄0 [1 + alncos2(θ − θln)]

v̄t(θ) = v̄0 [alw − altsin2(θ − θlt)]
(10)

where v̄0 retains the same meaning as defined in Eq. (8). The terms aln, alt, and alw467

represent the anisotropy of the average normal and tangential branch vectors, while θln468

and θlt denote the principal directions associated with the corresponding anisotropy.469

As the surface load progresses to Position C, aln and alt begin to increase slightly,470

eventually stabilising after reaching Position E (see Fig. 11a). In general, the magni-471

tudes of aln and alt remain very small, with aln particularly negligible, having a value472

of less than 0.05. This is supported by the nearly isotropic directional distribution of473

the average normal branch vector (see Fig. 12a). alw remains close to zero through-474

out the load pass, with its sign reversing after the central position D. The principal475

directions of the anisotropy of branch vectors, θln and θlt, exhibit values approaching476

zero, indicating an almost horizontal orientation. Furthermore, their variations with477

respect to the load pass demonstrate negligible significance (Fig. 11b), as evidenced478

by the directional distribution patterns of the average normal and tangential branch479

vectors (Fig. 12).480
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3.6 Stress-force-fabric (SFF) relationship481

This study examines an anisotropic structure composed of irregular particles, which482

is generated through an initial isotropic consolidation followed by self-weight consoli-483

dation (see Section 2.1). This numerical structure is subjected to the principal stress484

rotation induced by the moving surface load. The principal directions of anisotropy for485

both contact normal densities and contact forces exhibit a distinct non-coaxial align-486

ment, as illustrated in Fig. 9. Consequently, the influence of non-coaxiality cannot487

be disregarded in the calculation of macroscopic stresses. Furthermore, the influences488

of the term aw and the average branch vector v̄i(θ) on the stress calculation will be489

addressed in the following study.490

The macroscopic stress σij can be simply calculated by substituting Eq. (5) into491

Eq. (3) as follows:492

σij =
Ncv̄0
V

∫ 2π

0

[

f̄n(θ)ninj + f̄t(θ)tinj

]

E(θ)dθ (11)
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where f̄n(θ) and f̄t(θ) are determined using Eq. (6). Initially, macroscopic stresses493

calculated using Eq. (1) and Eq. (11) are compared to validate the SFF relationship.494

In general, σij calculated through the SFF relationship, denoted as σij(sff), demon-495

strates marginally higher values compared to those obtained from Eq. (1), denoted as496

σij(forCont). However, a consistent evolution trend is observed throughout the load497

pass in both cases, as illustrated in Fig. 13. The characteristics of σij(sff) accord well498

with those of σij(forCont). The root mean square errors (RMSEs) for σyy, σxx, and499

σxy are calculated as 1090, 783, and 246 Pa, respectively, with corresponding coef-500

ficients of determination (R2) of 0.812, 0.809, and 0.907, respectively. Furthermore,501

a comparison of σij with and without the consideration of the term aw, denoted as502

σij(sff) and σij(sff/aw), respectively, is conducted based on Eq. (11) (see Fig. 14).503

The results reveal no significant variation, demonstrating that the influence of aw on504

σij is negligible under the investigated conditions.505

The expression for σij , accounting for the influence of v̄i(θ), denoted as σij(v̄i(θ)),506

can be derived by substituting Eq. (5) and Eq. (9) into Eq. (3), as follows:507

σij =
Nc

V

∫ 2π

0

[

v̄n(θ)f̄n(θ)ninj + v̄t(θ)f̄n(θ)tinj + v̄n(θ)f̄t(θ)nitj + v̄t(θ)f̄t(θ)titj
]

E(θ)dθ

(12)

where v̄n(θ) and v̄t(θ) can be determined through Eq. (10). The influence of v̄i(θ) on508

σij has been studied, as illustrated in Fig. 14, which reveals only negligible deviation509

between σij(v̄i(θ)) and σij(sff). This conclusion is in agreement with the results510

obtained for ellipsoid-packed assemblies, as reported by Ouadfel and Rothenburg [33].511

Furthermore, as discussed in Section 3.5, the anisotropy terms associated with branch512

vectors, aln, alt, θln and θlt, exhibit negligible magnitudes, while the normal branch513

vector demonstrates an approximately isotropic directional distribution. Consequently,514

the consideration of v̄i(θ) as a non-dimensionless term, v̄0, as stated in Eq. (8) and515

Eq. (11), is feasible under the present conditions.516

The contributions of the normal and tangential contact forces to σij(sff) have been517

analysed, as illustrated in Fig. 15. These contributions are generally consistent with the518

discussions presented in Section 3.2 (see Fig. 6). fn contributes positively to σyy(sff),519

denoted as σyy(sff fn), exhibiting a synchronized variation pattern with σyy(sff)520

throughout the load pass. The contribution of ft, denoted as σyy(sff ft), appears521

insignificant, except for a relatively apparent influence near the central position D.522

Compared to σyy(sff ft), the contribution of ft to σxx(sff), denoted as σxx(sff ft),523

exhibits an inverse relationship, with a negative contribution observed near Position524

D. In contrast, the contribution of ft to σxy(sff) is non-negligible and exhibits a525

trend analogous to that observed for σxy(sff). In conclusion, fn contributes more526

significantly to σij(sff) in comparison with ft.527

The SFF relationship facilitates stress state characterisation in granular materi-528

als via particle-scale investigations. Furthermore, the SFF relationship demonstrates529

direct correlation with fabric anisotropy, enabling the construction of multiscale con-530

stitutive relations from macroscopic to microscopic levels. Moreover, fabric anisotropy531

exhibits direct correlation with shear strength of granular materials [26, 37], while532
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being significantly influenced by particle morphology and other particle physical char-533

acteristics [10, 12]. Consequently, the SFF relationship provides a critical framework534

for investigating the connection between shear strength and particle-scale physical535

properties in future studies.536
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4 Concluding remarks537

The principal stress rotation in a structure composed of irregular particles subjected538

to moving surface loads was investigated through DEM numerical simulations. Subse-539

quent analysis of the residual stress σr
xx induced by the external loads provided insights540

into both macro- and micro-mechanical behaviours. During the unloading stage, the541

horizontal macroscopic stress σxx demonstrates a significant increase compared to the542

loading stage, in contrast to the behaviour observed in vertical and shear stresses. This543

phenomenon is primarily attributed to the accumulation of residual stress σr
xx. After a544

single load pass, the residual stress σr
xx induces contrasting effects, as it increases the545

global average normal contact force f̄0 while simultaneously decreasing the average546

branch vector v̄0. The majority of interparticle contacts are characterised by relatively547

small forces, and exhibits significant variation in response to changes in macroscopic548

stresses.549

The anisotropy coefficients characterising contact normal densities and contact550

force components, denoted as ac, an, at, and aw, were systematically investigated.551

Under variations in macroscopic stresses, the terms ac, an, and at exhibit an increas-552

ing trend, attaining their maximum values near the central position D, followed by553

a gradual decrease. Notably, σr
xx exhibits a reverse influence on ac and an toward554

the end of the load pass. The variation in aw is observed to be insignificant, as con-555

firmed by the calculated macroscopic stresses using the SFF relationship. On the other556

hand, the principal directions of the fabric anisotropy, θc, θn, and θt, maintain a non-557

coaxial orientation throughout the load pass. However, near the central position D,558

approximate coaxiality is observed, occurring at an angle close to 90 degrees.559

Non-coaxiality generally exists between branch vectors and contact normals,560

attributed to the irregularity of particles within the numerical structures. Nevertheless,561

the anisotropy coefficients for branch vectors remain relatively small, exhibiting mini-562

mal variation throughout the load pass. Simultaneously, small variations are observed563

in the principal directions of the anisotropy, as reflected in the directional distribution564

of branch vectors and further validated by the macroscopic stresses calculated using the565

SFF relationship. On the other hand, the stress estimated using the SFF relationship566
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slightly exceeds the actual macroscopic stress. The normal contact force predominantly567

contributes to the macroscopic stresses, exerting a particularly significant influence on568

the vertical and horizontal stress components.569

In summary, unlike previous studies, the development of residual stresses within the570

structure was explicitly considered, resulting in the observed asymmetric distribution571

of σxx throughout the load pass. Furthermore, the micro-mechanisms associated with572

principal stress rotation induced by moving surface loads were quantitatively analysed573

in this study. The results indicate that the development of macroscopic stresses is574

consistent with the evolution of fabric anisotropy. Finally, based on the SFF relation-575

ship, it is demonstrated that branch vectors have a negligible influence on macroscopic576

stresses, while the normal contact force constitutes the primary contributor to macro-577

scopic stress development. These findings provide valuable insights for researchers to578

better understand the micro-scale behaviour of granular materials and for engineers579

to optimize designs in practical engineering applications.580

It is important to acknowledge the limitations of this study and propose construc-581

tive improvements for future investigations. While two-dimensional DEM simulations582

have yielded valuable insights into principal stress rotation phenomena [24, 40], this 2D583

simplification fundamentally limits full three-dimensional stress field characterisation,584

thereby omitting the intermediate principal stress which has been demonstrated to585

potentially influence shear strength behaviour of granular materials [57]. Furthermore,586

neglecting lateral displacement components may lead to underestimated predictions587

of permanent deformation in future studies.588
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