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Differential equations perturbed by multiplicative fractional Brownian
motions are considered. Depending on the value of the Hurst parameter H,
the resulting equation is pathwise viewed as an ODE, YDE, or RDE. In all
three regimes, we show regularisation by noise phenomena by proving the
strongest kind of well-posedness with irregular drift: strong existence and
path-by-path uniqueness. In the Young and smooth regime H > 1/2, the con-
dition on the drift coefficient is optimal in the sense that it agrees with the one
known for the additive case. In the rough regime H € (1/3, 1/2), we assume
positive but arbitrarily small drift regularity for strong well-posedness, while
for distributional drift we obtain weak existence.

1. Introduction.

1.1. Introduction. The regularising effects of fractional Brownian motions as additive
perturbations of differential equations with irregular coefficients, in the sense of restoring
well-posedness, are very well-studied; see, for example, [1, 2, 4, 7, 15-19, 22, 25, 26]. These
works provide far-reaching extensions of results on standard Brownian-driven stochastic dif-
ferential equations, without a large part of the Markovian toolbox (It6’s formula, Kolmogorov
equation, Zvonkin transformation, martingale problem, etc.) available.

One main shortcoming, compared to the standard Brownian case, is that, while therein
most results are valid with multiplicative noise thanks to 1t6 calculus (for a small but diverse
sample, see the regularisation by multiplicative noise with bounded [28] or unbounded drift
[29], even in degenerate equations [8], or the interaction of multiplicative Brownian and mul-
tiplicative rough noise [13]), in the non-Markovian setting no well-posedness with irregular
drift and multiplicative noise has been yet established.

The difficulty can be best illustrated in the most irregular case, which in the present paper
will be the case of Hurst parameter H € (1/3, 1/2). A prototypical equation with multiplica-
tive noise then reads as

t t
(1.1) X,=xo—|—/ b(Xs)derj o(Xs)dBI.
) S0

Here d,dy € N, B is a dy-dimensional fractional Brownian motion with Hurst parameter
H,s0€[0,1), xR and b: R? — RY, o : RY — R¥*%_ The driving noise in (1.1) is
both a friend and an enemy: the former side provides the regularisation of the first integral,
and the latter side makes the second integral ill-defined. By lifting B to a rough path [24],
one can define this as a rough integral, but working pathwise seems to also go in the opposite
direction of the probabilistic aspects of regularisation by noise. The goal of this work is to
reconcile these two sides of the noise and show strong well-posedness of (1.1) with irregular
b. We state the main result here in a somewhat informal way, the precise formulation is given
in Theorems 2 and 3 below after introducing all necessary concepts and assumptions.

Received July 2022; revised December 2023.
MSC2020 subject classifications. 60H50, 60L20, 60H10.
Key words and phrases. Regularisation by noise, fractional Brownian motion, rough paths, stochastic sewing.

1864


https://imstat.org/journals-and-publications/annals-of-probability/
https://doi.org/10.1214/24-AOP1686
http://www.imstat.org
mailto:k.dareiotis@leeds.ac.uk
mailto:mate.gerencser@tuwien.ac.at
https://mathscinet.ams.org/mathscinet/msc/msc2020.html

REGULARISATION THROUGH MULTIPLICATIVE NOISE 1865

THEOREM 1. IfH € (1/3,00) \N, a > (1 —1/Q2H)) Vv 0, b eC*, o € CLV/HIT! and
o is uniformly elliptic, then strong existence and path-by-path uniqueness hold for (1.1). If
He(1/3,1/2),a>1/2—1/Q2H), beC*, o € C?, and o is uniformly elliptic, then weak
existence holds for (1.1).

1.2. Setup.

Probabilistic setup. We fix a probability space (2, F,P) with a complete filtration F =
(Ft)ter carrying a two-sided dp-dimensional F-Wiener process W. For H € (0, 1), we define
B™ through the Mandelbrot-van Ness representation

0 t
Bﬁ:/ (|t—s|H_1/2—|s|H_1/2)dWS+/ It —s|7=12 aw;.
—00 0
For H € (1,00) \ N, we set

BH —

p BrfllftHJdry”erHJ.

/0571§~~§ru-u =t
Conditional expectation, given Fj, is denoted by E°. Denoting [0, 1]25 ={(s,t) €0, 112 :
s <t} (and similarly [0, 112 := {(s,u, ) €[0,1]* : 5 <u <1}), we have that for all (s, ) €
[0, 1]25, B,H — Ef B,H is independent of F; and has Gaussian distribution with mean 0 and

covariance matrix c(H)|t — s|>1, where I is the identity matrix (here in dy x do dimension)
and c(H) is a positive constant depending only H. As a consequence, for any measurable
bounded function f : R% >R, 0<s <t and any J;-measurable R%_valued random vector
X, one has a.s.

(1.2) E*f (B + X) = Pe(rpyji—spn f (B B + X)),

where for r > 0, P, is the heat semigroup on R%, given by P, f = p, * f, with
(0= en 'x'z)

X)=——>=exp| ———

Prit) = Grydor2 P\ ",

for x € R%. More generally, suppose that f : R? — R is a bounded measurable function,
0 <s <t, X is an Fy-measurable R4-valued random vector, and Y is a JFy-measurable R xdo_
valued random matrix such that YY" is a.s. positive definite. Then we have a.s.

(1.3) E*f(YBI + X) =P yspryym f(YE BT + X),

where for a positive definite matrix I' € RY*?_ Pr is given by Pr f = pr * f, with
1 x T~ 1x

Pri®) = o iR Ge )12 eXp<_ 2 )

for x € R?. The natural ordering on positive definite matrices is denoted by >. The exten-
sion of the above observations to (finite dimensional) vector-valued f is straightforward by
working coordinatewise.

1.4)

Function spaces. For details on the path spaces and integration concepts used in the sequel,
we refer the reader to the monograph [12]. For two bounds ((1.9) and (1.10)), which are very
slightly nonstandard, we provide brief proofs in the Appendix.

For @ € (0, 1) and a Borel subset Q of R”, n € N, we denote by C*(Q) the set of functions
f : Q — R such that

I fliceo) := sup|f (x)| + [flce(g) := sup|f(x)| + sup w <0
xeQ xeQ x#yeQ |x _yl
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With a slightly unconventional notation, we set C%(Q) to be the set of bounded measurable
functions equipped with the supremum norm (by convention, the seminorm on C° is set to
be identically 0). These definitions easily extend to spaces of functions with values in an
arbitrary normed space V. If V is a finite dimensional vector space and is obvious from the
context, we do not include it in the notation. The other important case for the present paper
is V = LP (), in which case we use the notation

(1.5) GY[S. T1) :=C*([S. T1: L ().

In addition, Q is dropped from the notation when it is understood from the context. Finally,
for @ € [1, 00), we denote by C*(Q) the set of functions whose weak derivatives of order
0,1, ..., || all have representatives belonging to C*~%J(Q). Their norm is inherited from
the norms of their derivatives of order 0, 1, ..., [« ], while their seminorm is inherited from
from the norms of their derivatives of order 1, ..., |«]. Note that if F € C!(R", R™) and
f eC¥Q,R") with o € (0, 1], then F(f) € C*(Q, R"). Quantitatively, one has

(1.6)  [F(N]e« < [Fle[flce, [F(f) = F(@]ea < [Fle2(1+[flee) Il f — gllce-

For « € (—1,0), we only ever use Q = R?, and we understand C* (R?) to be the inhomoge-
neous Holder—Besov space B, .. For O as above and « € (0, 1], we define Cg(Qz) as the

set of continuous functions f : 0% — R such that

| f G 1 )’)|
I lleg 02 = SUP |f .| +Lf Flego?) = SUP |f(x,y)|+ sup o
x#yeQ | _yl

For o € (1/3,1/2], we denote by R*([O0, 1], Rdo) the set of a-Holder rough paths on
[0, 1]: the subset of C¥([0, 1], R%) x C%"‘([O, 112, Rdo*doy constrained by the nonlinear re-
lation (Chen’s identity) postulating that any (g, g) € R satisfies

t — 8su — 8u,r = (8t — 8&u) ® (8u — &)

for all (s, u, t) € [0, 1]3 Such a (g, g) € R* is also called a [ift of g.

Given g € C%([0, 1], R%) and' y € («, 2a], we denote by Dy([O 1], R™) the set of con-
trolled paths: functions (f, f) : [0, 1] — R” x R"*% gsuch that

' t T Js T Jsl\ot T s)
[(f’ f )]Dg([(),l]) = sup |/ [ f (g gs)|

0<s<t<l lt —s[¥

+ [f/]CV—“([O,l]) < 00.

As before, the target space R” is dropped from the notation when it does not cause con-
fusion. For (s, ) € [0, 1]25, the seminorms [(f, f ’)]Dg (Is.1]) AT€ defined in the obvious way,

and we further set ||(f, f/)||p;,’ = [(f, f/)]pg + 1 llco + I fllco- A function f” such that

(f, f)H e Dg([O, 1]) is also called a Gubinelli derivative of f. Note the trivial embedding
Cr(o,1) c Dg([O, 1]) by setting the Gubinelli derivative to be 0. An embedding in an op-
posite direction is given by Dg([O, 1]) € C*([0, 1]) by dropping the Gubinelli derivative,
along with the estimate

(1.7) Lflex (s, = [(f f/)]pg,’([s,t]) + || f/“cﬂ([s,z])[g]C“([s,t])~

Here and in all other bounds below, (s, t) € [O, 1]25. Note also the two elementary inequalities:
if ' € (y, 2a], then

(1.8) [ P oy s V=177 (£, oy Gy

I'Most statements in [12] are stated with y = 2w, but their generalisation is straightforward; see [12], Exer-
cise 4.7.
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while fork > 1,0 <ug <wuj <--- <ug, one has

k k—1
@9 [ oy quo.ue Z [ )]y i IM])+Z ev- (- L81ce (g -

If (f,f) e Dy(0,1],R") and F € C2(R™,R™), then (F(f),VF(f)f) € Dj([0, 1],
R"1), Moreover, one has a bound on the growth of this composition operation, which we
formulate in a somewhat nonstandard form (compare with, e.g., [12], Lemma 7.3), but the
proof is similarly elementary (see the Appendix). If 8 € [0, 1] satisfies B 4+ « > y, then

LECVEO )y s
(10) = 1Fller (L4 £ o) LU £V )y o

+ ”F”C2 ” f/ ”CO([s,z])(l + [g]C“([s,t]))([(f f )]Dy([a t]) [g]g”([s,z]) “ f/ ’|g0([&t]))-

The reason for this convoluted form is that when (f, f”) is a rough integral (see below), then
| f'llco can be controlled easily via bounds on the coefficients, so the quadratic bound (1.10)
becomes practically linear. Concerning the continuity of the composition, it suffices to recall
[12], Theorem 7.6: if for some K < oo, one has ||(f, f’)llpg([”]), I(f, f/)IIDy s < Ko
then the bound

[(F() = FDVEDS = VED )] s
<N(fs = Sl + 1 = B+ = = Py o)
holds with a constant N = N (K, || F||¢3, | gllce ((s.17))-

Integration. Letn € N and «, B € (0, 1) such that « + 8 > 1. Then for f e C#([0, 1], R")
and g € C*([0, 1], R™), the Young integral

(1.11)

t
hy = / £ dg,
0

is well-defined as the limit as m — oo of the Riemann sums
m
Z fzi’” : (gt,.’:’qm - gt{”/\t)s

where () men = ({0 =1y <--- <1t = = 1})men 1s any sequence of partitions such that
|7 | := max; [t | — ¢/"| — 0. For some N depending only on « + B, the Young integral

i+1
satisfies the estimate
(1.12) \he — hg — f5 (g — 89| < NIt = sITPLf1es (s [8)ce s,

for all (s, 1) € [0, 1]25. This, of course, implies that 7 € C¥([0, 1], R) as well as the bound

(1.13) [Alee sy < NI flles s, [8)ee s -

For s = 0 on the left-hand side of (1.13), one may of course take norm in place of seminorm.
For ng > 1, the extension to R"*"-valued integrands, resulting in R"°-valued integrals, is
straightforward.

Let o € (1/3,1/2] and y € (a, 2a] be such that @ + y > 1. Let (g, g) € R¥([0, 1], R"?)
and (f, f) € Dg([O, 1], R™). Then the rough integral

hy = /0 (f. 1), d(3.8)s
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is well-defined as the limit as m — oo of the Riemann sums
m

Z(ft{" : (gzﬁlAt - gtlmAZ) + fém ) gzi’”m,tﬁlw)’

i=1
where () men = ({0 =1)' <--- < tr’:11+1 = 1} men 1s any sequence of partitions such that
|7tm| = 0. The product of the matrices f’, g € R"*" is understood to be the Frobenius prod-
uct. When both f” and g are clear from the context, we will usually write by some abuse of
notation

t
hy =/0 fidgs.

Note that in the trivial case (f, 0), the rough and Young integrals coincide. The rough ana-
logue of the remainder estimate (1.12) reads as

(1.14) |ht —hs — f5(g — &) — fs‘/ : gs,t| <N|t— S|a+y[(f7 f/)]Dg([s,z])[(gv g)]RD‘([s,t])

forall (s, 1) € [0, 1]25, where N is a constant depending only on « + y. This and (1.7) implies
that (h, f) € D3*([0, 1], R) as well as the bound

(1.15) [(R, f)]Dga([s,z]) < N([(f. f/)]pg([s,t]) + 1 eoqgs.p) (1 + [(8 @] e gs.imy)-

As before, for ng > 1, the extension to R"0*"-valued integrands, resulting in R"°-valued
integrals, is straightforward.

Conventions. Whenever for some sg € [0, 1), a function X is given on the interval [sg, 1],
it is understood to be extended as a constant function f, = f;, for r € [0, sg]. On finite di-
mensional vector spaces, we always use the Euclidean norm.3 When a statement contains
an estimate with a constant N depending on a certain set of parameters, in the proof we do
not carry the constants from line to line. Rather, we write a < b to denote the existence of a
constant N’ depending on the same set of parameters such that a < N'b.

1.3. Main results. Our assumptions in the three regimes are as follows.

ASSUMPTION 1 (Agmooth). For some M >0, A >0, and ¢« > 1 — 1/(2H), one has
Ibllcx < M, lloller < M, and o6 T > AL

ASSUMPTION 2 (Ayoung). For some M >0, A >0, and « > 1 — 1/(2H), one has
Iblice <M, |lollc2 <M, and oo " > AL

ASSUMPTION 3 (Ajougn). (i) For some M >0, A > 0, and a > 0, one has [|b]jc« <M,
lolles <M, and oo > AL

@i1) For all (s,t) € [O, 1]25, f, is J;-measurable and the event Qpy = {Ve > 0 :
(B, BH) e RH=¢([0, 1])} has probability 1.

For H > 1/2, we shall also use the event Qy = {Ve > 0: B € C#~¢([0, 1])}, but in this
case one has P(Q2y) = 1 trivially. For H € (1/3, 1/2], an example of a rough path lift of
B! that satisfies Arough (ii) is the Gaussian rough path constructed in, for example, [12],
Theorem 10.4. For H = 1/2, this construction gives the Stratonovich lift, another example
satisfying Arougn (i1) would be the It6 lift.

With these preparations we can define what we mean by a solution. Note that the conditions
below in particular imply that all integrals are pathwise well-defined.

2This is not always the optimal choice, especially for matrices. Using their operator norm would allow some
intermediate estimates to be dimension-independent, but we do not pursue these subtleties.
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DEFINITION 1.

1. Let H € (1,00) \ N, and let Agmooth hold. Given w € 2, so € [0, 1), and xo € RY, we
say that a function Y : [sg, 1] — R is a solution to (1.1) if Y € CP([so, 1]) for some 8 > 0
and it satisfies the equality (1.1) for all 7 € [sg, 1].

2. Let H € (1/2, 1), and let Ayoung hold. Given w € Qp, 5o € [0, 1), and xo € R?, we say
that a function Y : [sg, 11 — R? is a solution to (1.1) if Y € C#([so, 1]) for some B>1—H
and it satisfies the equality (1.1) for all 7 € [sg, 1].

3. Let H € (1/3,1/2], and let Agygn hold. Given w € Qy, 5o € [0, 1), and x¢ € RY, we
say that a function Y : [sg, 1] — R? is a solution to (1.1) if (Y, o (Y)) € D;H(w)([so, 1]) for
some y > 1 — H and it satisfies the equality (1.1) for all ¢ € [sg, 1].

4. In all three cases, given so € [0,1) and xg € RY, we say that a stochastic process
(X1)te[so,1] 18 a strong solution to (1.1) if it is adapted to the filtration F and for almost
all w € Qp, the function X () : [so, 1] — R? is a solution to (1.1).

The main results of the article on the strong well-posedness of (1.1) are summarised in the
following theorem.

THEOREM 2. Assume H € (1,00) \ N and Asmooth, H € (1/2,1) and Ayoung, or H €
(1/3,1/2] and Aiough- Then for any 80 € [0, 1), xo € RY there exists a strong solution to
(1.1). Moreover, there exists an event Q2 C Qg of full probability such that for any w € Q,
so€[0,1), x0 € R4, any two solutions to (1.1) coincide.

The notion of uniqueness expressed in the last statement of the theorem is commonly re-
ferred to as path-by-path uniqueness. It is stronger than the usual strong or pathwise unique-
ness classically used in the study of stochastic differential equations in two aspects: the excep-
tional set where two solutions may differ does not depend on the choice of the two solutions,
and the uniqueness extends to the class of not necessarily adapted solutions. This stronger
notion of uniqueness was pioneered by Davie [10].

The various cases are stated and proved in Theorems 4, 5, 6, 7, and 8. The overall strategy
consists of the following steps:

o First, we establish strong uniqueness and a little bit more: stability with respect to cer-
tain data of the equation. This is achieved by stochastic sewing techniques adapted to the
multiplicative setting. Stochastic sewing, initiated by L& [22], is a versatile tool to estimate
increments A, — A of a process A through estimates on a two-parameter process A ; that
is chosen carefully in a way that, on one hand, it is close to the true increments A, — Ay in
an appropriate sense and, on the other hand, admits explicit bounds.

e Having not only uniqueness but also stability has the advantage that it can then be used
to establish existence of a strong solution and a little bit more: existence of a solution
semiflow.

e Finally, adapting a technique from [14, 27], the existence of a sufficiently regular solution
semiflow can be used to upgrade strong uniqueness to path-by-path uniqueness.

To avoid repeating arguments, we give all details in the Young case and refer back in the
other two cases for some of the steps that do not need any significant change.

REMARK 1. In the special case H = 1/2 and B!/? = B, our notion of strong solution
is somewhat different from the standard notion for Itd stochastic differential equations. Defi-
nition 1 requires more from the solution Y': it needs to be controlled on an event Qy C 212
of full probability, but it also gives more: the stochastic integral is defined on the same event
Qy, instead of an unspecified event of full probability.
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REMARK 2. Also, in the H = 1/2 case and with the help of Itd6 calculus/Markovianity,
the condition b € C%, a > 0, can be relaxed to, for example, bounded measurable b; see for
strong strong uniqueness [28] and for path-by-path uniqueness [10, 11].

REMARK 3. One would expect to be able to lower the regularity requirements on o in
Avoung and Arough to 1/H + & by standard arguments, which for sake of easing presenta-
tion we do not pursue. A more interesting question regarding o is how to further reduce its
regularity by stochastic arguments; this is studied in the very recent work [23].

REMARK 4. Continuing the discussion on o, weakening the uniform ellipticity condition
to hypoellipticity condition seems highly nontrivial but not impossible, given that densities
of such equations (with regular drift) are well-studied (see among others [3, 5, 6, 21]). In the
Brownian case, this has been recently achieved in [8]. Note, however, that the H > 1 case
can be seen as a special form of degenerate equation: we can equivalently rewrite (1.1) as

dy! =daB/'~tH,
dy?=vlar,
(1.16)

dX, = (b(X)) +o (X)) Y ar.

The reader familiar with the regularisation by noise literature and in particular with [7]
notices that, in the regime H € (1/3,1/2), we do not quite recover the condition o > 1 —
1/(2H) that is known to be sufficient for strong well-posedness in the additive noise case.
The naive guess for this obstacle would be that for & < 0 the drift coefficient b is in general a
distribution and the meaning of b(Xj) is unclear. However, this is not the our main obstacle,
and in a weaker sense we are able to handle distributional drift in the rough case. This is
the content of Theorem 3, which is proved in Section 3.5. The more concrete reason for the
threshold « > 0 arising in the rough case of Theorem 2 is discussed in Remark 8.

THEOREM 3. Assume H € (1/3,1/2], « > 1/2 —1/2H), ¢ >0 b € C***, 0 € C?,
so € [0, 1), and X0 € RY. Then there exists a probability space (Q, F, IED) with a complete
filtration F = (F);er carrying a two-sided do-dimensional F-Wiener process W such that
BY defined by the Mandelbrot—van Ness representation, based on W, has a rough path lift
(BH ,BH ), satisfying Arougn (i1), and such that there exists an F—adapted stochastic processes
(Xt)relso, 11 and (Dy)ie[sy,1) Such that:

o P-almost surely (X,0(X)) € D;H for some y >1— H,;
o P-almost surely for all t € [sg, 1] it holds that

— _ t - _
X, =x0+ Dy +/ o(Xs)dB!
)
with the integral understood in a rough sense; _
e For any sequence (b"),eN of smooth functions converging to b in C*, one has P-almost

surely for all t € [sg, 1]

_ t _
D; = lim / b (Xs)ds.
S0
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2. The Young case. Throughout the section we fix H € (1/2,1) and o € (1 —
1/(2H), 1). Since lowering « is never a loss of generality, we will also assume o« <2 —1/H.
Furhermore, we fix exponents

1/2<H_<H <H
suchthat H. + H- >1+aH,14+aH_+ (¢ —2)H >0,and H_. — H + aH > 0; all of

which are clearly possible? under the above conditions on « and H.

2.1. A priori bound. First, we observe that appropriate stopping times, based on the driv-
ing process, control the seminorm of all solutions simultaneously. For all K € N, define the
stopping time

tx =inf{r > 0:[BH] > g —H-),

CH™([0,t) =
Note that ¢ — [BY ]cH‘([o - is adapted and almost surely continuous, so tx is indeed a

stopping time. Moreover, for all w € Q, there is a Ko(w) such that tx =1 for all K > K.

LEMMA 1. Let so €0, 1), xo € R%, b € CO and o € C'. Then there exists a constant
N = N(||bllco, llo N1, e, H, d, do) such that if X is a solution of (1.1), then almost surely

[X Arg lon- (Iso, 1) = (2||b||co + 1)K.

PROOF. Letso<U <T <1.For (s,t) €U, T]Zf, we have

[ Xiatk — Xsatg | < [ Diacg — Dsacg | + [Statg — Ssaekls

where D and S are the deterministic and stochastic (or rather, Young) integrals in (1.1),
respectively. Obviously, the first term on the right-hand side can be estimated by ||b]| 0|t — 5|,
while for the second one we have, from (1.13),

H H™
|St/\‘L'K - SsA‘rKl = NO ”G(X'/\Tk)”CHf([U,T])[B-/\‘[K]CH_([O,rK])|t - S|
< (llolleo + o e X arg Jotie ) NoK - —Ho 1t — 517,

where No = No(o, H, d, dp) is the constant from Young integration. Upon dividing by |t —
s|H- and taking supremum over s, f, we get

(X Aeg let- qu.m)
<Ibllco+ (llollco + ol [ X arg Jor qu ) NoK ™~ Ho T — 0|77~ H-
If|IT-U|<K™! (2||o||C1N0)_1/(H__H*), then the inequality buckles, and we get
[X ek et qu.ry) < 2110llco + 1.

By covering the [sg, 1] by intervals of size K_I(Q.”U”CIN())_I/(H__H_) and using the sub-
additivity of Holder norm along union of intervals, we get the claim. [

30ne could, of course, give explicit expressions to write H_ and H ™ as functions of « and H, so in the sequel
we do not consider them as additional parameters.
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2.2. Strong uniqueness and stability. Throughout Section 2.2 we fix K € N and use the
shorthand T = tg . Moreover, if X is a solution of (1.1), we define the process X for ¢ € [sg, 1]
as

B t t
2.1 X,=xo+/ b(xm)dHf o (Xsnr)dBE.
S0 S0

REMARK 5. Let us point out that, although the stopping time is based on the driving
noise, we will only stop the solutions and not the noise itself, in order to maintain the regu-
larising effects.

Recall that by convention we extend processes before their initial times as constants, that
is, X, = xo for r € [0, so], and the same for X. Finally, set the shorthand
[BH] =[(s, 1) > E*B;]

CH™|F = cH™(0,11?)"

For the above, notice that E° B,H has a version which is continuous in (s, ¢). Indeed, by (1.2)
it follows that, for all s, 7, we have with probability one

t
ESBH = BH —/ t—wHi=12aw,.
SNt

The next lemma is the main tool toward uniqueness and stability. Recall the notation Cfl‘j‘
from (1.5).

LEMMA 2. Let p > 2, so € [0,1), xo € R¢, (S,T) € [s0, 112, and let b and o
satisfy Avyoung. Let X be a strong solution of (1.1). Then there exists constants N =
N(a,H,d,dy, M, L, p,K) and ¢ = e(a, H) > 0 such that for all f € C%, all adapted
stochastic processes Z, and all (s, t) € [S, T]2<, the following bound holds:

[ Gtz = rE)ar

Lp(€2)

22) < NIflleel Zlgoqs,rple — I+

H 1
+ NI flle=(|(1+[B ]CH_\F)ZHCKIQ([S,T]) + [Z]cg;/z([sj]))ﬁ —s| T

PROOF. We may and will assume || f||ce = 1. We wish to apply stochastic sewing in the
form of Lemma 11 to estimate the increments of the process

l ~ ~
A= [(FC+2) = F(Ep))dr,

The approximate increments A; ; are constructed as follows. For S <s <u <r <t <T, set

S
Oy, = / b(Xyne) dv +b(Xone)(r —5),
50

S
%, = / o (Xone) dBH,
\Y

S0

Es,r = ®s,r + 2 +U(XS/\1')(B;{_I - BSH)»
és,u,r = ®s,r + 25 + O'(XS/\'[)(EuBrH - BH)'

N
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Introducing the shorthand s_ = s — (¢ — s), recall from Lemma 11 the notation [S, T]2f =
{(s,) €[S, T1?:s_ > S}. We then set

t
Ayy = E- f F(Bsr+Zs ) — f(Es_)dr.
S

In this way we can decouple the F;_-measurable and the F;_-independent part in such a way
that the law of the latter is explicitly known and is conditionally Gaussian. Note that with the
notation

D(s,u,r)=c(H)(r —u)* oo T (Xsa0),
we have by (1.3) the identity EY f(E;.,) = Prs.u.r f(Es.ur)- Therefore, by (A.5), (A7),

and the lower bound assumed on oo |, we have almost surely

t R “
|As,t| = ’/ ,PF(S_,S_,r)f(Es,,s,,r + Zs,) - ,PF(S_,s_,r)f(Es,,s,,r)dr
s
t
<1Zo | [ Pro s fler dr
s

t
<z, | / (r — )@ DH g,
S

After taking L ,(£2) norms, we get
lAsellL, @ S 1Zllg0qis.71) ¢ — g)lH@=DH

Since 1 + (o« — 1)H > 1/2, condition (A.1) is satisfied with Ny = N||Z||¢5]9([&T]).
Moving on to (A.2), recall that therein we use the notation u = (s +¢) /2. We can, therefore,
write

E-8As

u
=E"- / f(Es_,r + Zs_) - f(Es_,r) - f(Es—(u—s),r + Zs—(u—s)) + f(Es—(u—s),r)dr
K

t
+ B~ / F(Bs v+ Zs )= f(Bs ) — f(Bsr+ Zs) + f(Esp)dr = 1"+ 1%
u

The two terms /! and 72 are treated in a virtually identical way, so we only detail the latter.
By the tower property of conditional expectations and conditional Jensen’s inequality, we can
write

1720y < [ 1l o dr.
where
S =E f(Es_r+Z; ) —E f(Es_ ) dr —E' f(Es,r + Zs) + E’ f(Es )
=Pris_s. f Es_sr +Z5) = Pris_ s f(Es_s.r)
— Priss f Bsusr + Zs) + Pris,san f (Es.sr).-
Therefore, we can further decompose as J, = J,! + J2, with
I =Pr_ s f Es_sr +Zs) = Pri_sin f(Es_sr)

2.3) R .
- ’PF(S,,s,r)f(Es,s,r + Zs) + PF(.L,s,r)f(Es,s,r)’
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and
J2=Pris_snfEssr+Zs) — Priss.) f (Bs.sr + Zs)
— Pris_sy f Bisr) + Pris.sy f Ess.r)-
Concerning J L by (A.6) and (A.7), we have
|7 <1Zs— = Z[Pris_ s flot +1Zs | E_sr — B [Pris_s.n fle2

SN Zg — Zg|(t — )@V 11218 s — Bygr |t — 5)@DH

2.4)

(2.5)

Here we used that r — s > (¢t — s5)/2 for r > u. Notice that this is the point where the shifted
variant of the stochastic sewing lemma is used, otherwise the power (« — 2) H would need to
be integrated, which would result in the “wrong” condition o > 2 — 1/H. Next, notice that

1Es_sr — Esr| <105 — Oy 1|
+Z o X ) (E B — BI) - =y — 0 (Xsn0) (BB — B
<105, — Oy | +|E — S5+ 0(Xs_n0)(BI — BE)|
+ B (0 (Xs_a0) = 0 (Xsn0)) (B = BJY)).

For the first term recall that, by Lemma 1, we have [X. ¢ ]-n_ (0.17) < 1, and, therefore,

|®s,r - ®s,,r| =

[ (600 = b)) v+ (B(Xin0) = X)) = 5)
< (1 — 5)l Tl
For the second term, by Young integration we have
B0~ Bt o (X (B — B < o (Xoro)]en [B" o s — s )+
S[BMen- e =)=+

where for the last inequality we have used (1.6) and Lemma 1. Finally, for the third term we
have

B (0 (Xs_nr) = 0 (Xsp0)) (B = BI)| S [B ] o gt — )+
Recalling that H_ 4+ H™ > 14+ o H_, we can conclude
EA ||L,,(sz) S+ [BH]CH’HF)ZH‘KIQ([S,T])U — )l reti Dl

/24 —DH
+ [Z]Cgll/z([S,T])(t s) .

For J? and by (A.5) and Propositions 3 and 4, we have
‘Jrz| <|Zs|[Pres_.s,r) S = Press.n flet
S r r “IyvIr —11\3/2-a/2
2.6) S|Zsl|T(s—, s,7) = T(s, s, 0)|(|T(s=, s, 7) 7|V |T(s,5,7)7"])
5 |ZS||XS_/\‘[ - XS/\‘[|(” — s)ZH(r _ S)—3H+O{H
S| Zs|(t — s)H-—HtoH
and, therefore,

|| Jr2||Lp(Q) 5 ”le(@og([S,T])(t _ S)H——H-HxH.
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By assumption, allof 1 + o H_ + (0« —2)H, 1/2+ (0 —1)H,and H_ — H + « H are positive,
so after integration we get the bound

”ES‘SAYut”L p(Q) ~ (”( [ ]cH*\F)Z

for some &, > 0. Therefore, condition (A.2) is satisfied with No = N(]|(1 + [BH]CH—”F) X
Zllgoas.ry + L2125 y)-
It remains to verify (A.3). Introduce the auxiliary quantity

Ay = —9)(f(Xs +2Zs ) — f(Xs)).

s)1—|—82

s,y T 2112 (5.0 =

We then trivially have
~ t ~ ~ ~ ~
||At - -AS - As,t”L,,(Q) =< / ”f(Xr + Zr) - f(Xr) - f(Xs_ + Zs_) + f(Xs_)”Lp(SZ) dr

Since [f(]%,f]‘ < [}?]Lp(Q’CH_) <1and [Z]Cg;/z < 0o (otherwise the right-hand-side of (2.2)

is infinite and the claim is trivial), by the Holder continuity of f we get

2.7) 1A — As — Agill @ < N3t —s)! o/

with some constant N3 > 0. Second, since Ay ; is F;_-measurable, by conditional Jensen’s
inequality we can write

A t ~ ~
”As,t - As,t”Lp(Q) f/ Hf(Es,,r + Zs,) - f(Es,,r) - f(Xs, + Zs,) + f(X_SL)HLp(Q) dr
s

From the trivial bound || & , — )?S“LP(Q) Sr— s|®, we get

(2.8) 1As: — AgillL @ S (6 — ).

By (2.7)—(2.8) we get (A.3). Therefore, all conditions of Lemma 11 are satisfied, and (2.2)
follows from (A.4). [

As is often the case with uniqueness statements, it is useful to prove a stronger statement
including some form of stability of the solutions with respect to changing certain data. There-
fore, we consider the auxiliary equation

r t
(2.9) Vo=yo+ [ b0ds+ [ o(r)aBl.
50 S0

LEMMA 3. There exists po = po(a, H) such that the following holds. Let p > pg, so €
[0, 1), x0, yo € RY. Let b, b, and o satisfy Ayoung. Then there exists a constant N1, depending
onlyona, H,d, dy, M, A, p, and K as well as a constant y = y («, H) € (0, 2), with the
following property: for any X and Y strong solutions of (1.1) and (2.9), respectively, and for
all C > 1, the following estimate holds:

o ~
| X Az — Y.AfHng/z([m’l]) < NIC y(|x0 — yo| + (]P’([BH]CH_”F > C))I/ZP + b — bHCO(Rd)).

PROOF. Take (U, T) € [so, 1]25. Denoting Z = X — Y, one has

+ 2[S,/\T](6jpl/2([U7T]) + Z[E'AT](KI/Z([U,T])’
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where

t t
D= [ Xy =bp)dr. 5= [ (o) —a(r)aBl,

0 0

t -
E,=/ (b(Y,) — b(Y,))dr.

0

We have the trivial estimate
(2.11) LE el 7y < 10 = Bllcoge)-

Further, since

0

‘AT

(bR b, - 20 |,
¢ (LU, TDH

<| [ ek - bk~ 2z ar]

50 )/ *([U,T])

we may apply Lemma 2 with f = b to get

+ (| (14 [B™on- g) Z Ae

_rril/2+e
‘é}?([U,T]) + [Z'AT]CK[&/Z([U,T]))lT Ul .
This in turn implies that, for any C > 1,

[D.Z/\f]cg;/z([UvT]) S C”ZUAT”LP(Q) + C”Z/\'L’ ”‘K,l/z([U,T])lT - U|1/2+€
(2.12)
+ [ 158,

CH_lec[BH]cH*mZN leoqu.ry-

Then, notice that

H
HI[B”]C,_F”FZC[B ]cH‘uFZ'M € (U, T])

(2.13) < (P([BM] > C))'/?|[BH]

CH_lF - Z-/\‘[

CH™|F 4y, (U T])

< (@(B"] > )",

cH™|F

where for the last inequality we have used the fact that ||[B H ]CH—”FHL,,(Q) < 1, while for
Sup;eqo,171Z.Ar| we have by Lemma 1 the almost sure bound

sup |Z.arl <1 Zol + [Z.aclor- < |xo — Yol + [Xacler + [Yoaclen- SL
tel0,1]

Consequently, from (2.12) we arrive at

_ 1/2+¢
[D'AT](@I/Z([U,T]) S C”ZUAT”LP(Q) + C”Z/\T ||<6);/2([U,T])|T Ul

(2.14) u 1
+ (P([B" ]en-p = €)'

Next, consider the third term on the right-hand side of (2.10). By (1.12), upon choosing g9 > 0
small so that 1/2 — g9+ H™ > 1+ g9, and by (1.6), it follows that

t
[ o (or0) = oV n00dBY!
S

S ||U(X~/\1:) - O—(Y~/\T)Hco[BH]CH* |t - SlH_
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H 1
+ [0 (X.Ag) — U(Y-Ar)]cl/Z—Eo([UvT])[B ]CH* [t —s| +eo
5 [BH]CH* | Z. Az ”(,’0|l - SlH_ + [Z~/\T]C’1/2*50([U7T]) [BH]CH* |t — SlH—gO

S [BH]CH FlZuncllt = sI'? + [Z.m]c'/z—so([U,T])[BH]CH‘|1F|f — 5|10,

Upon taking L ,(£2) norms and using Kolmogorov’s continuity theorem in the form of the
i 1 . < . 1
inequality || ”L,,(Q;CI/Z‘SO([U,T])) S ll‘zv”,i/z([U,T]) for continuous processes for all p > po,

provided py is sufficiently large, we get

1/2

t
[ o (or0) = oV n0 dBY!
S

< ||ZUAr[BH]cH—uF||L,,(Q)|t — sl
p(§2)

+ [Z./\,[BH]CH IF] 1/2([U,T])|t —S|1+€0.

1/2

The latter, upon dividing by |t — s|'/~ and taking suprema over (s, t), gives

[Shcl i 5[/0(}( ) — o (Y, )dBH]
AT &) ([U.T) 0 rAT rAT r %;/2([(]’7“])

5 ” ZU/\T[BH]CHW]FHL,,(Q)

(215) + [Z~/\‘E [B ]CH |I[T] ]/2([U,T])|T _ U|1/2+80

<C”ZU/\1:”L,,(Q)+C||Z/\-[” % |T — U|'/?+eo

(v, 1h
H 1/2p
+ (P([B ]cH F = = C)) ’

where we used the argument from (2.12)—(2.13) in the last inequality.
Consequently, by (2.10), (2.11), (2.14), and (2.15), we get

(Z a1y S CNZunelLy@ + CNZnclgrn gy o)1 T = U|l/2te

1/2 7
+ (P([B")on- 5 = C)'*P + 116 = bllcoggay).
with &1 = &g A ¢. In other words (after using the trivial inequality || - |12 <[l ‘v Iz, @) +
“p
2[-].1/2), with a constant No < 1 we have
p

016 1Zrell 12y 7y < NOCNZUne L@ + NoClZenellg1r2 gy ) 1T = U
' 1/2
+ No(P([B"]on—p = C)'/*P + Nollb — bl coggay-

If |T — U|'/7+¢1 < (2NoC)~!, then the inequality buckles, and we get

017 1Zrellgrr gy oy = NClIZunelin, @ + N®(Bon- 5 = C))!/?

+ NIb = bllcoga

for some N. Let us now set So =so and S, +1 = S, +1/m1, where m| = (2N0C)2*V1, and y
is defined by 1/(1/2+¢&1) =2 — ;. In particular, |S,41 — S, |1/ = (2NoC)~!. We apply
217y with U = §,, and T = S, 11, and we iterate to get

1Zrell 12 s, 000 = VO™ 0 = ol

+ 3 INCY (P((B™ Jen- 5 = ©) /P + 1 = Bllcoray)
Jj=0
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1/2 ~
< (NCY"(1x0 = yol + (P([B o5 = €))/* + 116 = Bl coray)
for some N (which may change from line to line). Since Sy > 1 as soon as k > m |, we get
2 H 1/2 ~
1Zenellgir2 oy = VO™ 2 (150 = yol + (BB Jou- g = €)'/ + 116 = bll cogeay )-

From this the claim follows for any y < y1, with N chosen sufficiently large. [J

COROLLARY 1. Let p>1,s9€]0,1), x0, Y0 € R4, and let b and o satisfy Ayoung. For
any 0 € (0, 1), there exists a constant N =N O, «a, H,d,dy, M, A, p, K) with the following
property: if X and Y are strong solutions of (1.1) with initial conditions xy and yg, respec-
tively, then
(2.18) 1X-ne = Yonellgrzgg, 1y < Nlxo = yol.

PROOF. Note that due to the a priori bounds on X and Y by Lemma 1, it suffices to
prove (2.18) when |xg — yo| is sufficiently small. Further, by Jensen’s inequality we may

assume p > po, where pg is from Lemma 3. Recall that by Fernique’s theorem there exists
B = B(a, H, p) > 0 such that

(BB ]pu-p = C)'/* <€

CHT|F
If xo = yo, the above exponential bound together with Lemma 3 imply that

- crv _—pC?
| X Az = YAr ||%;;/2([S0’1]) = N] e

with the constants N and y as in Lemma 3, in particular, independent of C. We can let now
C — 00, and since y > 0, we see that the right-hand side above converges to 0.
If xo # yo, then Lemma 3 yields

2—
X pe = Yonellgirn g 1y = NE T (Ixo — yol + (P([BH]CH—W > C))/?7).

Consequently, by choosing C = 8~1/2,/log(1/]xo — yo) (which is larger than 1 if |xo — yo
is sufficiently small), we get

))(2—}’)/2)

with some new constant N3. The bound (2.18) now follows: since (2 — y)/2 < 1, for any
6 € (0, 1), we can choose N large enough, depending only on N3, 6, and y, such that

exp(N3 (log(1/1x0 — yol))®™""%) < Nixo — yol* " O

2.3. Strong existence and the semiflow. The advantage of the generality allowing the
stability bounds in Lemma 3 is that one can easily deduce strong existence of solutions as
well as the existence of a certain notion of solution semiflow.

THEOREM 4. Letsg€[0,1), xg € RY, and let b and o satisfy Ayoung. Then there exists
a strong solution X*0-*0 of (1.1). Moreover, the random field X, given by
(QN0, 1)) x R x [0, 113 (s0, x0, 1) > X" e RY,

has a modification X such that with an event Q C Qpy of full probability one has for all
w e Q:

(i) Forallsy€e[0,DNQ, xg € R4, the map [sg, 1] >t — ff”’xo(a)) is a solution of (1.1).
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(i1) For all 50, o e [0,1)NQ, so <ug, t €lug,1], xg € RY, one has the identity
30 xo( ) ’40 XMO O(CU) ((,())
(111) For all 6 € (0,1) and R < oo, there exists a constant N(a) 0, R) such that, for all
50 € [0,1) N Q, 7 € [s0, 11, x0, yo € Rd Ix0l, [yol < R, one has |X;"" (@) — X;"”"" ()| <
Nlxo — yol®.

PROOF. We start with the first statement, so let us fix sg € [0, 1), xo € R?. Let Be(l—
H™,1/2), and let us take p > 1 large enough so that

holds for continuous processes. Since b € C* and « > 0, there exists a sequence (b”);'f’zl cc!
such that " — b uniformly as n — oo. Let X" denote the strong solution of

t t
(2.20) x;’:x0+/ b"(xg)ds+/ o(X")dB!.
S0 S0

The existence and uniqueness of X" is well-known. By Lemma 3 it follows that, for
Mg Iney is Cauchy in € 12 ([s0, 11), and hence by (2.19), in

L, (82; CP([s0, 11)) as well. Consequently, there exists an adapted process X such that, for
eaCh K eN, X-/\‘L’K € Lp(92 Cﬁ([SO, 1)) and lim;, s o0 | X Az — X.nATK ||Lp(9;cﬂ_([50,1j)) = 0.
Notice that this and the fact that almost surely, tx = 1 for K large enough, implies that
X" — Xlles (10,17 —> O in probability, as n — oco. By the uniform convergence of b, to b,
we get immediately

each K € N, the sequence (X’

—0

/' b (X")ds — f b(Xs)ds
50 50 CO([so,11)

in probability. By (1.13), the regularity of o, and (1.6), we see that
/ o(X")dBY — / o(Xs)dBY
S0 S0

< o (XT) - U(X~)“cﬁ([so,l])[BH]cH*([50,1])

CH™ (Is0.1D)

Sx" - X”cﬂ([so,l])[BH] —0

CH™ ([s0,1])
in probability. Hence, we can pass to the limit in (2.20) and get that X is a strong solution.

Now, we vary so and x, so let us also include them in the notation. Fix 6 € (0, 1), and take
p large enough so that 6 :=6 + 2/p < 1. From Corollary 1 and (2.19), we get that, for all
X0, Yo € R4 and K € N, one has

NIX27 = XR2R s up. 2@ S %0 = yol”.

Therefore, by (again) applying Kolmogorov’s continuity criterion, we get a modification X
of X: arandom field (X*0-*), ' pa that takes values in CP([so, 11) and satisfies for all K and
R

XSo X0 X‘So,yo '
2.21) H sup  IXnk = Xz !Cﬂ([éo,l]) <1.
X0 Y0 lxo — Yol Ly(Q)
[xol,1yol<R

We claim that this modification satisfies (i)—(iii). By continuity of X as well as the regularlty
of the coefficients, to verify (i) it suffices to check that, for any 5o € Q, xo € Q¢, 1 > X X500 §

a.s. a solution, which is immediate. The bound (2.21) implies (iii). As for (ii), by countablhty
it is sufficient to check for any two fixed sg, 1o, and by continuity, for any fixed xg, the claimed
identity holds a.s. for all ¢ € [ug, 1]. This follows from the limiting procedure: the solution



1880 K. DAREIOTIS AND M. GERENCSER

X 50-%0
to (2.20) is path-by-path unique, and since both X"*** and X" are a.s. solutions

of the approximate equation on [, 1] with initial time u( and initial condition Xy,;""*, they
coincide a.s. for all ¢ € [ug, 1]. Next, notice that from Corollary 1 and (2.19) we get for all R,
K, and p,
n;ug,
IX A7 ™ = X Xew " I @08 o, 1))
sup  sup < 00.

no xo#Yo lxo — )’0|9
[xol,[yol<R

. . . . niugp,Xx
The above, combined with the pointwise convergence lim,_, ||X. /\r10< 0 —

)’(\."/Q’Tf(o ”LP(Q;Cﬂ([MO’l])) =0, for xo € R?, implies that X"X,’g — 5(\710;1( in the space C?/?(Bg;
LP(Q;Cﬂ([uo, 11))), where Bpg is the ball of radius R in R. Again, by Kolmogorov’s
continuity criterion, we can conclude that the convergence also takes place in the space

L (Q'C9/3(BR;C/3([140, 1]))). Since R, K were arbitrary, this, combined with the fact
that X” 0% have moments of any order uniformly bounded in n € N, implies that

Xy . . : .
x" S x0T C#([uo, 11), in probability. Recall that also X"**"0 — x*0-%0 jp
Il;So,JCO

U0, Xy .. .
C# ([s0, 1]), in probability. Since X"**** and X R0 oincide, the claim follows. [

2.4. Path-by-path uniqueness. Now, we see the advantage of the more general existence
formulation in Theorem 4: one can deduce the path-by-path uniqueness of solutions.

THEOREM 5. Let b and o satisfy Ayoung and take Qceo g obtained from Theorem 4.
Letwe Q,50€[0,1), x0 € R?, and let Y, Y’ be solutions of (1.1). Then Y =Y’.

PROOF.  The proof is inspired by [27]. By continuity, it suffices to show thatif so <7 € Q,
then Y¥; = X;°**(w) on rationals. Indeed, extending to arbitrary ¢ is trivial, while for arbitrary
so take a sequence (sq)nen C Q such that s; “\( so and let n — oo in the bound

TR B S50 )
Y - Y[ =X, (w) — X, (w){§|YS8—YS8| .

Since w is fixed throughout the proof, we drop it from the notation. For s € [sg, ] N Q, define

f(s) = S Ys . Clearly, f(so) = SO “0 and f(t) = Y;, so it suffices to show that f is constant.
Using propertles (i1) and (iii) of X we can write for any u, r € [so, 1] NQ,u <r,0 €(0,1):

(2.22) 1F(r) = Fa)| = [ — Y| = |XrY,_Xry| oy Y, — XiYalf

1<

Here and below the proportionality constant in < may depend on anything other than the time
parameters. By property (i) of X and the assumption on Y, both r — X“Yu and r > Y, are
solutions of (1.1) with so = u and xg = Y,,. Therefore, we have, for all v € [u, r],

Y, — )?Z’Yu = Du,v + Su,v,

where

U -~
Du,v=/ b(Y,) — b(X"Ye) ds,
u
v -~
Suo =/ o (Ys) —o(X{"1)dB!
u

_ /UG(YS) — o (XT)dBY — (o(Y,) — o (R2V))(BH — BH).
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Note that by the definition of a solution, both of the processes Y. and Xu-Yu are regular enough
to make the Young integral Sy , well-defined: they belong to C# for some p>1— H. So
choosing H € (1 — B, H), we have B ¢ CH and from Young integration we immediately
get |Syo| Slv— u|PtH | Furthermore, the boundedness of b implies |Dy | S |v —ul. In

particular, we get |Y; — X Y”l < |s — u|, which, combined with the a-Holder continuity of

b, we can use to upgrade the bound for D to | D, | < |v — u|!T¥. Using these bounds with r
in place of v and substituting in (2.22), we get

[F0) = fa)] S Ir — uf (0P,

Since ¢ > 0, B + H > 1, and 6 can be chosen arbitrarily close to 1, the exponent on the
right-hand side can be made to be greater than 1, and hence f is indeed constant. [

3. The rough case. Throughout the section we fix H € (1/3, 1/2] and assume that the
random rough path lift (B#, Bf) of B satisfies Aougn (ii). In addition, up until Section 3.5
we fix o € (0, 1).

3.1. A priori bound. Fix
1/3<H_-<H <H

(in particular, 2H_ 4+ H~ > 1) such that 2H_ —2H +«H >0and 3H_ — H4+aH > 1/2
(as before we consider H_, H~ as functions of «, H).
For all K € N, define the stopping time

tx =inf{r > 0: [(BH, BH)]RH‘([(),;]) > K}.

Note that by assumption ¢ — (B, BH )]RH_ 0.1 is adapted and continuous, so tx is in-
deed a stopping time. Moreover, for all w € Qp, there is a Ko(w) such that tx =1 for all
K > Kj. To (slightly) ease the notation, we set

(3.1) Zx((S,T1) =D}y (IS, T)).
~/\‘EK

LEMMA 4. Let sg €[0,1), xg € RY, b e C°, and o € C%. Then there exists a constant
No = No(K, ||bllco, llollc2, o, H,d, dy), such that if X is a solution of (1.1), then almost
surely

< Np.

[(X-/\‘[K , O (X~A‘EK)]@[2(H— ([s0,1]) =

PROOF. Letso <U < T <1, and as before, denote by D and S the first and second
integrals in (1.1), respectively. For (s, t) € [U, T]<, we have the trivial estimate

(32) [(D ATK O)] 2H— (U, T == [D'/\TK]CZH_([U,T]) S ”b”c()
Further, by (1.8) we have

2(H™—H-
[(S AtKva(X /\TK)] ZH—( [(S ATK » U(X ATK)]jZH (U, T])lT Ul ( )

(U, 1) —

By (1.15) applied with = H™ and y =2H ™~ and by the definition of 7, we get
[(S'/\TK , O (X'/\TK)]-(ZZH7 (U, T

[(U(X /\TK) VUU(X /\TK)] + || VO—O—(X-/\TK)HCo([U,T])-

- qu.T)
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By (1.10) with 8 = 1, the bounds on o, and the definition of 7x, we obtain
[(0 (X Atg)s Voo (X aeg)],

2oy T 1V Xorzo) leogu.
SJ ([(X-/\‘E](s O'(X-AT[()]Q?(H— (U.TY) + 1)

Consequently, from the three estimates above, we obtain

[(S AT > o(X. /\rK)] 2H*([U,T])

(3.3) )
< N([(Xnrg, 0 (Xar)], )T — UPH H,
with N = N(K, |02, H, d, dp). By (3.2) and (3.3), we get

[(X-A‘L'Kv 6(X~AIK)]

77 (.

78 (U, T1)

<|1bllco + N([(X-Arg» 0 (X. A,K)] +1)|T — UPH —H),

X (u.T)
If |T —U| < 2N)Y/(H"=H-) then the estimate buckles, and we get

[(Xonei o0 Kene)] 2 gy ) < 20blco-

Let us now choose M € N so that 1/M < QN)YH"=H-) "and let us set Sy = 0 and Snt1 =
Sy +1/Mforne0,...,M — 1. Then by (1.9) and the above inequality applied with U and
T replaced by S,, and S+, we get

[(X ATK G(X /\TK)] _([A 1]

M—1

= (([B.Izr,(]cﬂ*([al]) +1)Y Y [(Xorrg, 0 (Xoarg)],
n=0

< (K + DM M2|1b| 0 =: No.
This finishes the proof. [J

D[S Sn1])

REMARK 6. Notice that since 2H_ + H~ > 1 and H~ < H_ < 1/2, it follows that
H™ <2H_.This in turn implies that [X. Az ]-n- (501D = < [(X.arg> 0 (X Arg)] zﬂ,( ( +

[BH /\.[K]CH_ SO’I]). In particular, by the previous lemma, we get that [X. A, ] < N;

for some Nl = Nl(Kv ”b”COv ||U||029a7 H7 da dO)

CH™ ([s.1]) —

3.2. Strong uniqueness and stability. Throughout Section 3.2 we fix K € N and use the
shorthand T = tg . Moreover, if X is a solution of (1.1), we define the process X for ¢ € [sg, 1]
as in (2.1). Let us highlight that the second integral in (2.1) is best rewritten as

t " SoV(EAT)
[ o(undBl = [T o(Xon) dBI + o (X(BI ~ Bl 00)
S0 S0

(3.4)
soV(tAT) H H H
:/ o(Xy)dBY +o(X,)(B — B

so\/(tm:))’

where the integral on the right-hand sides can be understood in the rough sense.

LEMMA 5. Let p > 2, so €[0,1), xo € RY, (S, T) € [s0,11%, and let b and o
satisfy Arough. Let X be a strong solution of (1.1). Then there exists constants N =
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N(a, H,d,dy, M, A, p,K) and ¢ = e(a, H) > 0 such that, for all f € C%, all adapted
stochastic processes Z, and all (s,t) € [S, T]ZS, the following bound holds:

1+(@—DH

[+ 20— rEp)ar

=< N||f||Ca||Z||<gg([s,T])|f —s|

Ly(

(3.5) + NI fllea(1(1+[B" ]on-12)Z

€(1S.T])

+ [Z]cg;]* ([S’T]))It _ s|1+2H_—2H+OlH‘

REMARK 7. Itis a convenient feature of (3.5) that only the norm of BH  and not of B,
appears on the right-hand side of (3.5). One has much better exponential estimates for the
former, which plays a role in the proof of Lemma 6 below.

PROOF. We may and will assume || f|lce =1.For S <s <u <r <t <T,set

S
O, = / b(Xyne) dv,
S0

s
Zs=/ O—(XvAr)dBl{-I»
s

0

ES,}“ = ®S + ES +O_(Xs/\'[)(BrI{ - BSI-I),
Eyur = Oy + 55 + 0 (Xoa)(E“BF — BI).

We wish to apply stochastic sewing, that is, Lemma 11. A slight simplification, compared
to the proof Lemma 2, is that the shifting is not necessary, so the original stochastic sewing
lemma [22] suffices. We wish to verify the conditions of the lemma with the processes

t
As,l :Es/ f(Es,r + Zs) — f(Es,r)dr,
s

t ~ -
A= [ (fGe+20) = F(Ep))dr,
Recall that as before, with the notation
D(s,u,r)=c(H)r —uw)* oo (Xsno),

we have by (1.3) the identity EY f (&) = Prs.u.r f(Es.ur)- Therefore, by (A.5), (A7),
and the lower bound assumed on oo |, we have almost surely

t R N
|As,l| - ’/ Pr(s,s,r)f(Es,s,r + Zs) - Pl"(s,s,r)f(as,s,r)dr
s

t
< |Zs|/ [Prs,s,n flcrdr
N

t
SIZ [ =9 ar
)

After taking L ,(£2) norms, we get

1+(«e—1)H
lAsill, @ S ||Z||<gg([s,r]) (t—s) .

Since 1 + (¢ — 1)H > 1/2, condition (A.1) is satisfied with N| = N||Z||(gg([S’T]).
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Moving on to (A.2), without the shifts in the definition of A, we have a simpler expression,

t
ESSAs,u,t = ESEM/ f(Es,r + Zs) — f(Es,r) - f(Eu,r +Z,)+ f(Eu,r)dr-
u

As before, by conditional Jensen’s inequality we may drop the first conditioning and write

1551 < [ 1900+ 1921 0
where J! and J? are slightly simplified versions of (2.3)—(2.4),
I =Priunf Csur + Zs) = Prisar f Esur)
— Presun f Cuur + Zu) + Prosury f Euur)s
T2 =Preun f Cuur + Zuw) = Prowur f Euur + Zu)
— Presary f Cuur) + Praury fEuur):
Concerning J L by (A.6) and (A.7), we have
3.6 |4 S1Zs = Zulr = 11 Zu)1E iy — |0 — )@
We have
I

9K

sar = Bl =105 = Oul + [E" (0 (Xore) = 0 (Xuno) (B, = B,))|
+ {ZS - 2:M + O_(Xs/\r)(BMH - BH){

N

SG-w+6—w" - B

+ (85 = By + 0 (Xsn0) (B — BI).

The last term is a rough remainder, but we have to be a little careful: as mentioned, we do not
want the norm of the (nonstopped) B to appear. As in (3.4), we can write

Y- X — U(Xs/\t)(Bzfl - Bfl)
SV(UAT) H H H
3.7 = (/ 0 (Xyar)dBy,; — J(XSAf)(BSv(uAT) — By ))
s

- (U(st(LtAr)) - O-(Xs/\t))(Bf - lei(u/\t))'

In this form it is clear that the first term is a rough remainder of the stopped process against
the stopped noise, whose controlled and rough norms are of order 1 by Lemma 4 and by
definition, respectively. Therefore, the remainder is bounded a.s. by a constant of order 1

times |t — s|*f~. The second term in (3.7) is easily bounded a.s. by (u — s)ZH_[BH]ch.
Combining all of the above gives the almost sure bound

1€5r = Bl S (0 =) (14 [BM] - p)-
Using this in (3.6) and taking L ,(£2) norms, we can conclude

1710 S 125,y = 9™ =) @D

— )2H- (= )@ DH

+12(1+[B" ] ) loqs. @

Bounding J? goes the same way as in (2.6) (the only minuscule difference is that here by
(1.7) and Lemma 4 even the H~ norm of X., is bounded), yielding

1721 < IZllg0qs, T = $YH ™ (r — ) 2H—3H+oH
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Since all powers of (r — u) are integrable and H™ +«H — H >2H_ + (¢ —2)H > 0 are
positive, we get

(B0 Al S 120+ B Jen- @) lpqs ry + 1 Z)gpm s,y (0 =) 27200

Therefore, (A2) is satisfied with N2 = (”Z(l + [BH]Cyf |F)”('6);,)([S7T]) + [Z](bpﬂf([s T])) The
» )

verification of (A.3) carries through from the proof of Lemma 2 without any serious change:
note that the argument only requires [X ]ng < 0o for some y > 0 (which here is satisfied

withy = H7)and || E; , — X, ||LP(Q) < |r —s|¥ for some y > 0 (which is also satisfied with

y = H7™). Therefore, all the conditions of Lemma 11 are satisfied, and (3.5) follows from
(A4). O

Recall the notation .@}; from (3.1). Note that .@}; is an w-dependent path space, and one
can define a complete space L (£2; @};) by defining the norm in the obvious way.

LEMMA 6. There exists pg = po(e, H) such that the following holds. Let p > po,
s0 €10,1), x0, 0 € RY. Let b, b, and o satisfy Acough. Then there exist constants Ny, N2,
depending only on o, H, d, dy, M, A, p, and K as well as a constant y =y («, H) € (0,2)
with the following property: for any X and Y strong solutions of (1.1) and (2.9), respectively,
and for all C > N,, the following estimate holds:

H (X~/\r —Yar,0(XAg) — U(Y/\r))H
2—
< NE (Ixo = yol + (P((B" ] on- 5 = c))”zf’ +11b = bllcoggay)-

PROOF. Take (U, T) € [so, 1]25. Denoting Z=X — Y and Z' =0 (X) — o (Y), one has

” (Z-/\r, Z./Af) ” @11;1'17 (U.TD SJ ”ZU/\r ||L1,(Q) + [D-/\t]clfﬂf([U’T])

(3.8) /
+ [(S./\f, Z'/\T)]@[';H*([U,T]) + [E./\r]cl([u,T]),
where
t t
D, = / (b(Xr) — b(Yr)) dr, Si = / (U(Xr) - O(Yr)) dBfI’
S0 S0
t ~
E, = / (b(Y,) — b(Y,))dr
)
The bound
(3.9 [Enclervqu.ry < I — I;”co(Rd)

is trivial. Bounding S, by working pathwise, is also easy: by (1.15), (1.11), the bounds
(by definition of v and Lemma 4) [(BY B)], ;- (0. [Xenrs 0 (XA i, [Yorr,
’ K

o(Y.Ap)] gl < 1, and the fact that o € C3, we get

[(S-A‘[a Z.//\r)]@;H’ (o, 11

S[(0(Xar) =0 (Yoar), Voo (Xar) = Voo (Yoar)], 1-u
(3.10) Zx - (AOTD

+||[Voo (X.ar) — VUU(Y-M)”CO([U,T])

5 | Zune| + [(Z~/\r’ Z?/\r)]_@ll(_H_ (U, T
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Concerning D, first note that for p > pg, provided pg is large enough, one has

LD-nelp,uer-r-qu.ry) = [/ (b(X,) = b(X, — Zmr))dr] .
%0 Ly(:C'=H-(U.T])

< [ / (b(X,) = b(X, — zm>)dr}

50 %,}—”([U,T])’

and the latter term can be bounded via Lemma 5 with f = b. Indeed, we get

[ 6o~ zar|
S0 %, (U, T)
5 ||Z-/\7_' ||<6’]9([U’T])|T _ U|1+(O{—1)H—1+H

|T _ U|1+2H,72H+OZH71+H'

+ (| (1 + [BMon- g) Z ae woqu.ry T Zndlgn=qu.ry)

Note that the exponents on the right-hand side simplify to « H and 2H_ — H 4+ o H,
respectively. In particular, by the trivial inequality ”Z-/\T“‘K[(}([U,T]) < 1Zuazll Ly +

[Z‘”]‘fH_([U ™ |T — U|"", we can slightly simplify to
)P N

[/ (b(Xr) - b(ir - Zr/\r)) dri| n

fo p " (S.T])

S Zunele,@IT — UM
+ (10 + [Benp) Z e lgqu.rp + Zonadlgpqu ) IT — U

To treat the factor [BH] cn—» We proceed similarly to Lemma 2: on the event {{IBH] en->C IR

we bound as in (2.13); while on {{B] o < C}, we bound the factor by C and the resulting
contribution of C||Z. A ||(,6/~!()>([U’TD as above. We, therefore, get

[ / (BX) = b(Xy = Zyao) dr]

0

SClZuaellL,@IT — U™

&y 1 (U, T

2H_—H-+aH

(3.11) + [Z.M]%f_(wﬂ)w _ U w
O nelepmquryIT = y|H i Hrel

+ (P([BH]CH_HF Z C))l/zplT _ U|2H—_H+01H‘

The only information about the four exponents on the right-hand side that we care about at
this point is that they are nonnegative, positive, bigger than 1/2, and nonnegative, respec-
tively. Therefore, in the sequel we bound them from below by 0, gp, 1/2 + g9, and 0, re-

spectively, where g > 0. Further, by (1.7) and the definition of 7, clearly [Z. atlgn- (U.T)) <
f ,

I(Z.Az, Z,//\.[)”@l—H,([U D" Putting (3.9), (3.10), and (3.11) together, we get that with some
K E)

No <1

(Z.nzs Z',,) HL,?(Q;Q,I{H‘([U,T]» < NoCllZyncllL @) + 2I1b — bllcora)

+ NO(P([BH]CH*HF = C))l/zp
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+ No|[(Z.res Z14)| |T — U|%

Loy " (u.T))

+NoC|(Z.res Z.01) 1T — U\,

1,00t qu.rm)
If |T — U|Y/*"% < (4NoC)~!, then for large enough C this also implies |T — U <
(4No)~!, and, therefore, the inequality buckles. The remaining argument from the proof of
Lemma 6 (following (2.17)) carries through unchanged. [

REMARK 8. The condition & > 0 can be traced from the above proof. We buckle the
difference in _@}(_H‘, which is the minimal regularity required to make sense of the rough
integral. On the other hand, Lemma 5 provides a bound on drift difference in ¢ ;Ha_l) H,

leading to the requirement 1 4+ (¢« — 1)H > 1 — H_.

The stability of solutions with respect to their initial conditions follows from Lemma 6 by
following the proof of Corollary 1 without any change.

COROLLARY 2. Let p>1,s0€10,1), x9,y0 € RY, and let b and o satisfy Arough. For
any 6 € (0, 1), there exists a constant N = N0, «a, H,d,dy, M, L, p, K) with the following
property. if X and Y are strong solutions of (1.1) with initial conditions xo and yg, respec-
tively, then

6
(3.12) ” (X~/\T_Y~/\‘L'v 0 (X A7) — G(Y~A1)) ||LP(Q?911(_H_) =< Nl|xo — yol”-

3.3. Strong existence and the semiflow.

THEOREM 6. Let so € [0, 1), xo € RY, and let b and o satisfy Arough. Then there exists a
strong solution X*0*0 of (1.1). Moreover, the random field X, given by

(QN[0,1)) x R? x [0, 1] 3 (50, x0, 1) > X;°™ e R,

has a modification X such that with an event Q@ C Qy of full probability, X satisfies (1), (i),
and (iii) from Theorem 4 for all w € Q:

REMARK 9. Note that although we require the same properties (i)-(ii)-(iii) from the
semiflow X in the Young and the rough case, the meaning of (i) (namely, what being a solu-
tion of (1.1) entails) is different (c.f. Definition 1).

PROOF. The existence of a strong solution for fixed initial time and initial condition is
obtained as in the proof of Theorem 4: taking a sequence (b"),cn C C! converging uniformly
to b, the classically well-posed rough differential equations

t t
Xp=xo+ [ 0(x2)ds+ [ a(x)aBl,
S0 S0

and their solutions X", the application of Lemma 6 yields that, for any K € N, the sequence
(X,”MK, o(X,”MK)),,eN is Cauchy with respect to the norm L, (£2; .@11<_H’). In particular, by

the completeness of the space, ||(X" — X, o(X") — U(X))”DI—H_ — 0 in probability for
BH

some adapted process X such that (X, o (X)) € D;,H‘ a.s. As in the proof of Theorem 4, it
is straightforward to verify that X is a strong solution to (1.1).
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As for the semiflow, we proceed slightly differently, due to the w-dependence of the solu-
tion space D}B;H_. From Corollary (2) we get that for all K € N, § € (0, 1) one has uniformly
over xg, Yo € R4 the bound

X250 — X230 e 1 Lo S 10 — 3ol
Therefore, by applying Kolmogorov’s continuity criterion, we get a modification X of X:
a ra_ndom field (X%0-%0) xockd that takes values in C”" ([s0, 1]) and such that, for any 0 €
(0,0 — 1/p), satisfies for all K and R

”XSO »X0 SO Yo

(T
(313) ” Sup ATK ATK g ([SO 1]) ,S 1
X07#Yo lx0 — Yol L, ()
[xol,|yol<R

Verifying (ii) and (iii) goes just as in the proof of Theorem 4. Concerning (i), take the event
of full probability on which, for all xy € Q¢, X#0-%0 coincides with X%0-%0 (in particular, is
a solution) and the random variable on the left-hand side of (3.13) is finite for all K and R.
We then want to show that on this event for any yg € R, X X50:30 is also a solution. Let K >
[(BH,BH Mg u- [0.1])° R > |yo| + 1, and let (x()nen C @d such that xj; — yo. By Lemma 4
and (3.13), we have

SuP||( xeo U(XS”O))H - S 1L [ X0 — X030 oy — 0.

This implies

” (X‘so,x(’)’ _ X\Sovyo, U(S(\Sva(I)l) (XS" yo))” 26— —> 0

BH

for any & > 0, which is enough to pass to the limit and conclude that X030 js a solution. [
3.4. Path-by-path uniqueness.

THEOREM 7. Letb, o, and B satisfy Arough and take QceQ g obtained from Theorem
6. Letw € Q, s0€[0,1), x0 € RY, and let Y, Y’ be solutions of (1.1). Then Y =Y.

PROOF. The proof is similar to that of Theorem 5, with a bit more care due to the rough
integrals. Again, it suffices to consider the case so € Q and to show that ¥ = X500 (w). We
drop w from the notation for the rest of the proof. For an arbitrary ¢ € (sg, 1] N Q and for
s € [s0, 11N Q, we define f(s) = X" Y5 and since f(s0) = X" and f(r) = Y,, it suffices to
show that f is constant. Precisely as in (2.22), for arbitrary 6 € (0, 1) we get

(3.14) f0) = fal S Y = X
By the definition of a solution, we have
(Y. oY), (X1, o (X)) € DY ([u, )
for some y > 1 — H and, therefore, also
(0(Y), Voo (Y)), (O'(X\M’Y“), VUU()?”’Y“)) € D;H([u, rl).

Moreover, the two processes (including their Gubinelli derivatives) coincide at time u. Let
us fix H € (1 — y, H) and recall that (B ,Bf) ¢ R . Therefore, by rough integration we
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have, for all v € [u, r],

v —~
/ o(¥y) —o(X“Y)dBH

/Ua(ys) —o(X"Y)yaBH
— (0 () — o (X "))(B, - B,)

<|v —u|’tH,

— (Voo (Yy) — VO’O‘(X\Z’Y“)) .BH

u,v

From here the argument concludes as the proof of Theorem 5: the drift difference

(3.15) /Ub(Ys) — b(X"“Yv)ds

can first be bounded by |u — v|, and since that implies | Yy — )A(?’Y” | < |s — u|, combined with
the a-Holder continuity of b, we can in fact bound the drift difference (3.15) by |v — u|!T.
We, therefore, have |Y, — }??’Yl‘l < |s — u|IHONr+H) "and so if one chooses 6 sufficiently
close to 1, (3.14) shows that f is constant. [

3.5. Weak existence for distributional drift. The purpose of this section is to prove The-
orem 3. Unlike in the rest of the article, here we do not need to compare solutions from
different initial times and initial conditions, so for simplicity we take so =0, xo = 0. Let us
also recall the main regularity condition in Theorem 3: in this section we assume that

(3.16) 2 ! ! !
. ——>a>=-——,
H "2 2H
where the first inequality can be freely assumed for convenience since lowering « is never a

loss of generality. Fix
1/3<H_<H <H<HT

suchthat2H_ > 1+oH T, aHt+2H_—H  >0,and | +oH +«Ht — H > 0. First, we
define what the integral of a distribution along certain paths is. Given a continuous process X
and f € C', let us define the integral process ZX (f) by

IX(f) = /O F(X)ds.

To make sense of the equation, we wish to extend ZX to C* for negative «. This relies on the
following estimate.

REMARK 10. In the proof we will apply stochastic sewing in the following somewhat
unusual way. In [22] and all subsequent variations, all bounds are required to hold in some
L ,(€2) norm with p > 2. Note, however, that this is only really necessary for the martingale
part. The remaining terms can be treated with almost sure arguments, which will be quite
convenient for our purposes.

LEMMA 7. Fix A >0, K < 0o. Assume that D is an adapted process belonging to
clteH” a.s., (S,8") is an adapted process belonging to Déz_ a.s., and that ||S'|| < K

and S'S'T > Al Set X = D + S. Then there exists €,y > 0 depending only on o, H such
that, for any f € C\, there exists a random variable & € N p=1Lp(82) such that, a.s. for all

(s.1) € [0, 112, one has the bound
IZX () =T
G17) < Ifllcet(t — )i

H 1
+ NI lles (EDersan gy ) + (5. S/)]D;Z_([S,t]) + (B gy ) =)
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The constant N as well as any L ,(S2) norm of &, p > 2, depends only on o, H, d, dp, A, K,
p.

PROOF. We may and will assume || f||c« = 1. It is trivial by continuity that it suffices to
prove (3.17) for rational points. Somewhat less trivial, but follows from invoking the classical
argument in Kolmogorov’s continuity theorem (see, e.g., [12], Theorem 3.1), that it is, in fact,
sufficient to consider the case

(s, ) eM:={((—1)27",i27"):neN,i=1,...,2"}.

Therefore, take (U, T) € I1. For (s, 1) € [0, 112 we set
t
Asi = Esf f(Xs+ Ss(B = BT))dr
N
t
= [ Prosnf (X +SUE B! — BI))ar
N

with the notation I'(s, u,r) := S/S.T(r — u)?H . On the probability 1 event where X € 7~
and [BY ]cH‘|IF < 0o, Ay reconstructs X( f), that is, for any sequence of partitions
(Tnen =({U =15 <--- < t,:’(n) = T}nen of [U, T] such that |m,| :=min{t; — t;_1 :i =
1,...,k(n)} = 0, one has

k(n)
(3.18) ¥ (f) —Ig(f)=nlggoZArf_w£‘-
i=1

We may as well simply take 7, to be the uniform partition with meshsize (T — U)27". By
(3.18) we have

ZX () - TE (D] < lAv | +

Z ZaAs,u,t - ES(SAS,M,I

neN

+ Z Z|E55As,u,t|.

neN

The inner summation is over all (s, ¢) such that s < ¢ are consecutive points in 7, and u =
(t + s)/2. For the sake of not further overcrowding notation, the index set will be dropped.
By Proposition 3 we have

t
(3.19) Ayl < f 1 Prs.s flleo dr < (0 — s) 1+t
A

Since @ > —1/2H, the usual stochastic sewing arguments (see [22], Section 2) show that the
limit
(3.20) Zyri=_ Y 8Asus—E8Asu,

neN

exists in L ,(£2) for any p > 2 and satisfies
(3.21) 1Zu. 7L, S (T —U)!HeH

It is again a consequence of the proof of Kolmogorov’s continuity theorem that the fact that
(3.21) holds for all p > 2 implies that the random variable

£y = sup |Zs ;]
(s.nyen (t —s)ltoH”
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is a.s. finite* and satisfies ||& Iz, S 1forall p>2. Denoting § = N + &, by definition we
have the bound

(3.22) IZX () —TEH| < EIT —UIHeHT 157 ST ESS A |
neN

forall U, T. It remains to estimate E*§A; ,, ;. We have

t
EsaAs,u,t = ES/ PF(s,u,r)f(XS + S; (EMBVH - BSH)) dr.
u

t
_ES/ Praur S (Xu+ S, (BB — B,))dr = Fi + Py,
u
where

t
Fy :Es/ 7Dl“(s,u,r)f(xs + S;(EMBrH - BsH)) - PF(s,u,r)f(Xu + S;(EMBrH - Bzf{)) dr,
u

t
Fo =B [ Priun f(Xu+ SE B = B) = Priwun f (X + S(E"BI! — BI')) dr.
u

For F), first take § = 0 (a, H) € (0, 1) such that H~ +6(2H_— H™) > 1 +aH ™. By Propo-
sition 3 we have

t
|F1| 5 / [,Pl"(s,u,r)f]cl{Ds - Du + Ss - Su + S;(BMH - BSH)
u

+(S; = 8,) (E"B/" — By)|dr

e Iadl” 2H_
S =) T (DN a5 =0 (S )] iy 5 =00
0 - - _H-
+ [S/]CZH_fH* (U.T]) [BH]CH* |F(t _ S)H +62QH_—H )),

where we have used the fact that (0@ — 1)H > —1 and that || S’||c0 < 1. First, we note that the
smallest power of the time increments in the big brackets is 1 + o H ™. Next, we use Young’s
inequality a®b <a+ 519" so with y = (1 —0)~!, we get

< (+ _ 2+eH+aHT—H ’ HY
(3.23) [F1l S (@ —s) ([D)ersar+ .y T (S S )]DZZ*([U,T]) +[B ]CH,”F).

For F, we have

t
|F2|§/ IT (s, u, ) = D, u, 1) || (- — u)~2H+eH gy
u

t
< 88T = 8,8 —we ar
(3.24) u

S_, (t _ M)I-HYH(M _ S)ZH_—H_ [S/]

cH-—H"(u, 1)

< (+ _ N+aH+2H_—H~ ’

S =) [(s.5 )]Dz’i,—qU,T])’
Here, similarly to before, we have used « H > —1 and || §"||co < 1. It remains to put (3.23)
and (3.24) together and notice that by assumption both exponents 2 + «H + o H + _ H and
l+aH +2H_ — H™ are greater than 1. Therefore, with some ¢ > 0, one has the bound

|]ES8AS,M,I| 5 (t - S)1+8([D]CI+KXH+([U’T]) + [(S, S/)] + [BH]V )

D2 (U.TY) CH™[F

¥
4Note that at this point we do not claim an a.s. CQH'O‘H modification of Z. That would require bounding
moments of Zs ; — Zs y — Zy,t + Zy v for generic time-quartuples [20], which is far more demanding.
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Using this bound in (3.22) in the standard way (let us again refer the reader to [22] for more
details), we get the claimed bound (3.17). [J

We formulate a few corollaries of Lemma 7, the first of_which is the claimed extension
of ZX. Denote by /C“ the closure of C Uin C*. Recall that C* is separable and that, for any
a < o', one has C* C C* and this embedding is compact.

COROLLARY 3. Take X, D, S as in Lemma 7, and suppose furthermore that, for some
p=>1land M < oo,
/
(3.25) |[DYervar+ o1y + [(S S )]DZZI— [0.17) ||L,,(Q) =M.

Then f v+ TX(f) extends as a continuous linear map from C% to %I}”L“H " whose norm
depends onlyon M, o, H, d, dy, A, K, p.

The other important consequence is that we obtain a priori bounds for solutions to (1.1)
with drift that is regular but using only its distributional norm in the bounds.

COROLLARY 4. Take X, D, S as in Lemma1,b € C', o € C%, and suppose furthermore
that

f f
D= [ bXyds.  Si=[ o(XpdBl,  S/=o(X),
0 0
with the latter integral understood in the rough sense. Then for any p > 2, there exist a

constant N depending on o, H, d, dy, A, p, ||bllce, ||o||c2 such that
(326) H[D]CI+OIH+ (Is,1]) + [(S, O'(X))]DZII-{[_ (Is.1]) ”L[’(Q) =< N.

PROOF. Since ZX(b) = D, we can apply (3.17) and buckle with respect to D. We get,
for any s, f,

(3.27) [Dlgrsan+ (. S &+ [(S,0(X0)] +[B"]”

o (st cH™ I’

Concerning S, with by now usual arguments (i.e., by (1.8), (1.15), keeping in mind that
l4+aH"™ 4+ H™ > 1),(1.10) with 8 = 1, triangle inequality, and (3.27)), we have, for any U,
T,

L5 G(X))]DZJ([U,T])
< [(8: 0O oy g, 7| T = UPH 1
(e ). Yoo )] prsent gy 1y + Y00 Dlleogo )
x (14 [(B", BM)] oy )IT — UPH—H)
=l G(X))]DLZ’”W[U,T]))(I +[(BY BT )T — U P 1)

< (1 + [D]Cl+aH+ ((U,TD + [(S’ G(X))]DZIZI ([U,T]))

x (1+[(B", B2 - )IT — U2 —H)

S A&+ o XN pn iy, T B )

x (1+[(B",B*) ]2y )IT — UPH ),
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On small enough intervals, the inequality buckles. That is, with y =3/(2(H~ — H_)), we
can take an ~equidistant partition {0 = Uy < Uy < ---Up = 1} of [0, 1] such that L <1+
[(BH, BH)]VRH_ and such that, foreachi =1, ..., L, one has

[(SvG(X))] 2H_ 1+$+[BH]

Dyn Wi-1,Ui) ™~ cH™IF

Applying the generalised subadditivity rule (1.9) for the Déz_ norm, we get

(5,0 CON g ) S L+ 6+ (B, )1+ (B )

<O+ [B7 B, )1+ +[B" ] )1+ [B ).

Taking L, (2) norms in here as well as in (3.27) finishes the proof. []

PROOF OF THEOREM 3. For the present proof we need two more exponents H__ and
H*T. We require them to satisfy H__ < H_, Ht* > H*, and e H*" + H__ > 0. Since
b € C**¢, one has b € C¥. In particular, we can take a sequence (b"),en C C! converging to
b in C* and consider the the classically well-posed rough differential equations

t t
x;’:/ bn(x;?)dH/ o (X" dBY.
0 0

Denote the first and second integral by D" and S”, respectively. Applying Corollary 4, we
get

(3.28) rSllelg” [Dn]CHaH*([o,]]) + [(Sn’ O'(Xn))],sz;l_ ([0,17) H Lp(2) =N.

It follows that the laws of the quintuples Z" := (W, BH Bg , D", 8™) are tight on the Polish

space Z :=CH x CH- x CH- x C1+eH"" x CH-— Therefore, by Prokhorov’s and Skorohod’s
theorems, there exists a subsequence (for which we use the same notation), a probability
space (S_Zl F.,P), and random variables Z" such that Z" ' 71 and Z" converge P-a.s. in Z
to some Z.

It is easy to check (see, e.g., [1], Section 7.3, or [14], Theorem 8.2) that W is a F-Wiener
process and that B satisfies the Mandelbrot — van Ness representation based on W.

Recall that owing to Chen’s identity, (BS,,)(M)E[O,I]z is a deterministic function, say F,

o H

of B )icro.1y and B: BY, = B{!, — B! — B! @ (B — BI"). Set B;;")(;.epo.1p =
F((Bg;")le[_o,l], B_H’”) and (Bf,)(s’[)e[o’l]z = F((Bg,)ze[o,l], Bf). Note that, for any p €
[1,00), ||(BH-", BH-m) o7 IlL, () is uniformly bounded in n. This and the uniform conver-
gence B — BH BH-n s BH implies (Bf", BH") — (BH BH) in R~ in probability.
Note also that since (BH B/) = law (BH BH) one has (BY ,Bf) e MNe=0 RH=¢ as.

Denote X" = D" + §”" and X = D + §. Similarly to the previous argument, the uniform
bound on ||[(S", o (X™))] ”LP(Q) (which follows from (3.28)) and the uniform con-

Ip2- o1
vergence " - S, 0(X") - o(X), BH"  BH implies the convergence in the controlled
metric, that is,

(Sr— 8§ — o (X)(B/™" — BH") — (5, = §, — o (Xs) (B — BI))
|t _ s|2H——

sup —0

O<s<t<l1
in probability. By stability of rough integration ([12], Theorem 4.17) and the condition on the
exponents, we also get from the convergence that

__ s _n_ s vl _H’”_ v nH
§= lim § —,,ILIEO/U(Xz)dBt —/O(Xt)dBl .
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Moreover, passing to the limit in the bound (3.28), we have the D,S,§ =0(X) satisfy the
condition (3.25). Since all the required adaptedness properties are satisfied by definition, by

Corollary 3 the process ZX(b) is well-defined. All that remains to check is that D =TX(b),
or, in other words, ZX" (b") — ZX (b). To this end, we write

X" (") = TX (b) = (T (b") = ZX" (b)) + (ZX" (™) — TX (b™)) + (ZX (b™) — X (b)),
If n and m are large enough, the first and third terms are small in L ,(£2), thanks to Corollary
3 and the fact that D", ", (§") = o (X") satisfy the condition (3.25) uniformly in n. The

second term can be made small for any m by choosing n sufficiently large, simply using the
convergence X" — X in C¥- and the Lipschitzness of »”. This finishes the proof. [J

4. The smooth case. Throughout the section we fix H € (1,00) \ N and o € (1 —
1/(2H), 1). Furthermore, fix H~ € (|H], H) such that 1 + « H~ + (¢ — 2)H > 0 and
l+aH™ > H™.

4.1. A priori bounds. As far as the the integration of the stochastic term goes, the clas-
sical regime is, of course, the easiest. However, the a priori bounds are more delicate. As
observed in [18], estimating the processes in classical Holder spaces is not sufficient, one
should rather work with a type of “stochastic regularity” that allows one to control condi-
tional increments.

Similarly to before, for K € N we define the stopping times

g =inf{r > 0: [BH]CH*([OJ]) > K}.
Not that by definition of B and the C”" norm, we have [B,PAI;K’" ]CH—_m (0.17) < K for all
m=0,1,...,H].One, of course, has the trivial estimate [X.,; ]o1 < 1 for any solution X.

A much higher order priori bound reads as follows. As before, we denote by D and S the first
and second integrals in (1.1), respectively.

LEMMA 8. Let sg€[0,1), xo € R, and let b and o satisfy Asmooth. Then there exists a
constant N = N(K,«, H,d, dy, M) such that if X is a strong solution of (1.1), then for all
(s, 1) €[s0, 1]25, one has almost surely

(4 1) HDI/\‘L’K _EsDt/\tK ”Loo(ﬂ) < Nlt _ S|1+0(H_’

H St/\‘[]( - Es St/\‘[l( ”Loo(Q) = Nlt - S|H7-

PROOF. Suppose that the bounds (4.1) hold with some 0;,6, > 0 in place of 1 + o H ",
H ™, respectively. This is certainly the case with §; = 6, = 0, thanks to the boundedness of
b, o, and (due to the stopping) of B ~!. Recall that for any two bounded random variables
X, Y,if Y is Fs-measurable, then || X — E°X||;_ (o) <2|IX — Y|lL.(o)- Since the random
variable 1. ., D, is Fs-measurable, we can, therefore, write

H Df/\TK - ESDT/\TK HLOO(Q)

<2

1S>TK D‘L'K + ISETK Dt/\‘L’K - 1S>‘L’K D‘L’K

s INTK
X —ly<rg (/ b(X,)dr —/ b(IE“Xr)dr>
50 K

Lo (S2)

INTK
—2||Ly<ry / bXrnee) — B(E Xyne ) dr L)
S

< |t _ S|1+Ol(91/\92)’

~
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using the hypothesis on 61, 6, in the last step. As for the stochastic part, we can proceed
similarly to first get a bound

ISinek — E* Siack “LOO(Q)

InTK H—1 H—1
<2|15<r4 / 0 (Xr k) Brneg — a(]EsXMTK)ESBMTK dr .
s Loo(2)
Note that
H-1 H-1 H —1|[pH-1 H —1
| By ey = B By | o) =217 — sl |[B Ak ]CH_*l([O,l]) |1 <Ir =5l K.

This and the hypothesis on 61, 65, therefore, yields
‘St/\rK - ESSMTK| <|r— S|(l+a(91/\92))/\H*‘

It is elementary to see that iterating the mapping (01, 62) — (1 + (61 A 62), (1 + a (61 A
62)) A H™), starting from (0, 0), one reaches the value (1 + o H~, H™) after finitely many

steps (this is true, in fact,even under the weaker condition « > 1 —1/H ™), finishing the proof.
]

The other change, compared to the H < 1 case, is that when approximating the stochastic
integral, simply freezing the diffusion coefficient is not sufficient. We will need a more com-
plicated approximation, which in turn leads to a somewhat more involved version of (1.3).

PROPOSITION 1. Let (s,t) € [O, 1]25, and let Y = (Y;)res,r] be an Fs-measurable
R4*_yalyed random process. Then conditionally on Fy, the vector

t
V4 =/ Y, BA " dr
A
is Gaussian with covariance matrix
L[Y](s,0) =FE(Z-E*Z2)(Z—E°Z)")
t t t
=c’(H)f f / YY) v — #7320 — w7 dvav' du,
S u u

where ¢’ (H) is a positive constant depending only on H .
Moreover, there exist a constant N = N(H) such that, for any two processes Y', Y? as
above, one has the a.s. bound

IT[Y'](s, 1) = T[Y?](s, 1))

=N|r— S|2H(”Y1”C0([s,t]) + [v? ||c0([s,z]))||Y1 —v? HCO([s,t])'

4.2)

4.3)

Let furthermore A > 0, K e R, and IZ be an F,-measurable R?*% -valued random vari-
able such that~YYT > Al and |Y| < K a.s. Then there exist constants ¢"(H) and § =
8(H,d,do, », K) such that if |Y — Y|lco <& a.s., then T[Y](s, 1) = ¢ (H)A|t — s|2HT a.s.

PROOF. The conditional Gaussianity of Z is trivial. As for its conditional covariance
matrix, we can write

t
Z-EZ :/ Yy, / luq —uolH_LHJ_l/Zquodul - du g
s SSUQSUI=SU|H |

= YMLHJ|M1 —u()|H_LHJ_1/2du1---duLHJ dWy,

SSUOSUI==U|H| ST

=/ (H) YMLHJ|MLHJ —u0|H_3/2duLHJdWMO,

SSUO=U|H|=t
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where ¢’(H) is defined by the last equality. It0’s isometry yields (4.2).
The bound (4.3) follows directly from (4.2).
Concerning the last claim, it follows viewing Y as a constant in time process, we have

_ _ t t t H—3/2
P71, 0 =TT [ [ [ o= a2 =" dvav’ du
S u u
=CW(H)??T|Z—S|2H

with another positive constant ¢”/(H). This yields the claim for Y in place of Y, and to get
the claim for Y as stated, it remains to use (4.3). [

4.2. Strong uniqueness and stability. Throughout Section 4.2 we fix K € N, use the
shorthand 7 = tg, and for a solution of X (1.1) we define X as in (2.1). As in the previ-
ous cases, a certain conditional regularity seminorm of B appears, so this time we set the
shorthand

[BM]cyp= sup [E*B.
s,tel0,1]

LEMMA 9. Let p > 2, so €[0,1), xo € RY, (S,T) € [s0, 112, and let b and o
satisfy Asmooth- Let X be a strong solution of (1.1). Then there exists constants N =
N(a,H,d,dy, M, L, p,K) and ¢ = e(a, H) > 0 such that for all f € C%, all adapted
stochastic processes Z, and all (s, t) € [S, T]2<, the following bound holds:

[ G+ 2= fEyar

Lp(2)

44) < NIl fllel| Zllggqs, rylt = 12+

H 1+
+ NI e (10 + [B Jerp) Zleoqs.ry + [ Z) g1 s ppp) 1t =517
PROOF. We may and will assume || fljce =1.For S <s<u <r <t <T,set

®s,r=/ b(EsXv/\t)dv,
s

0

;
X r :/ U(ESXUAT)Bf_l dv,
¢

0

—_
Sy = ®s,r + 2:s,ry

o

r
s,u,r — ®s,r + 2:s,u +f U(ESXU/\r)EMBf_I dv.
u

We wish to apply stochastic sewing in the form of Lemma 11 with the processes

t
Ay =E- / F(Bsr+ Zs ) — f(Esp)dr,
S

t ~ ~
A= /S (f Ry +Z0) — (X)) dr

with s_ = s — (¢t — s5), as before. We shall restrict to pairs (s, ¢) satisfying |t —s| < § for some
8 > 0 to be soon chosen (and depending only on the parameters of N), by Remark 11 this is
not a restriction. Let us denote

s, u,r)= I'o(E* X A7)](u, 1),
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where we use the notation I'[-](-, -) from ({.2). Note that by Proposition 1, for s <u <r, one
has the identity E* f(E; ;) = Pf‘(s wr) f(Es.u.r). Let us furthermore use the last statement

of Proposition 1, with Y = 0 (Xsar) and Y. = o (E* X A;). The required properties of Y are
trivially satisfied thanks to the assumption on o. As for the difference ||Y — Y ||-0, we have,
forall v € [u,r],

|Yv - Y| S ’ESXU/\‘E - Xs/\r‘ = |Xv/\t - Xs/\rl 5 |r _Sla

simply using the boundedness of b, o, and the stopped B! in the last step. Therefore, if
|r — s] is sufficiently small, then the condition of Proposition 1 is met, and we have

(4.5) 10 G, u, ) < 1= u)?H

We can then proceed similarly to before; the first bound follows easily: we have a.s.

|As,t| =

t A A
'/s‘ lpf‘(s_,s_’r)f(as_,s_,r +7Zs ) — ,Pf*(s_,s_’r)f(as_,s_,r)dr

1t
< 1Zo | [ Pr_ oy flerdr
R

t
<z, | / (r — )@ gy,
S

making use of the bound (4.5) to get the last line. After taking L ,(£2) norms, we get

1Asi 2@ SN Z N7y =)' TV
Since 1 + (¢ — 1) H > 1/2, condition (A.1) is satisfied with N| = N||Z||(gg([S,T]).

Moving on to (A.2), we proceed similarly to the proof of Lemma 2 and aim to bound
the quantities J Uand J2, introduced in (2.3) and (2.4), respectively. For J I' we use the bound
(2.5), whose second line is now justified by (4.5). The only real difference is how we estimate
the term | & S r — c s.s.r|, whose definition has changed compared to Lemma 2: this time we
have

]

. r
s,8,r EL,s,r = ®s,r - ®L,r + 2:s,s +/ o—(ESXU/\I)IESBJJ_1 dv
s

-
. S / o (B~ Xyne)ES B du.
N
First, we have

|®s,r - ®s_,r| =

/ B(E’ Xoyne) — b(E Xone) dv
S—

r —
5/ UESXU/\‘[ - ES_XU/\r|a dv S, [t — s|1+aH ,
S—
using Lemma 8 in the last step. Second, we write

|Zs,s - E.L,s| = 5 |t - S|I+H_ [BH]

/s (0 (Xynr) — 0 (B~ X0 ))BE dv

ct-
And finally, we can write

Sle— S|1+H7[BH]61|IF'

/ (0(E* Xone) — 0 (B Xone)) ES BA 1 dv
s

Therefore, we get the a.s. bound

| S_,8,r és,s,r| S It - S|1+aH_(] + [BH]CI\IF)’

a1
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and using this in (2.5), we conclude
1971, i@ S 11+ [Bler) Z

t 121,

)1+aH_+(a—2)H

woas, T =
(4.6)

_ \1/24@-DH
as.rp® =) :

For J? we write
P <1ZPrs sy f = P e
< |ZS|}TA‘(S_, s, 1) — f‘(s,s,r)|(|f‘(s_,s,r)_l| Vv |f‘(s, s,;’)_l})g/z_o‘/2
< |Zs||f‘(s_,s,r) —T(s, s, r)|(r — g) 3 +He
By the definition of [ and (4.3), we have
}f‘(s_, s,r)—[(s, s, NISIr— 5|2 |o(E=X.Ar) — G(ESX.M)HCO([”D
<|r—sPHH

using Lemma 8 in the last step. Therefore, we can conclude
4.7) |77 Iz, S 1Zlg0qs.mylt - s| et

By assumption, all of 1 +«H~ + (¢ —2)H, 1/2+ (¢« — 1)H, and H™ — H + o H are
positive. Therefore, as in the proof of Lemma 2, from (4.6)—(4.7) we get the desired bound
on E*-5A 1,

5 Al o < (10 +[B"]or o) L2 qs.ry)

for some &, > 0. Indeed, this verifies condition (A.2) with No = N(||(1 + [BH ]CI”F) X
Z”%,?([S,TD + [Z]eg;/z([s,T]))'

The verification of (A.3) carries through from the proof of Lemma 2 without any serious
change: note that the argument only requires [X ]%»py < oo for some y > 0 (which here is

14¢3

t—s|

satisfied with y =1) and || &5 , — X, ”LP(Q) < |r —s|¥ for some y > 0 (which is also satisfied
with y = 1). Therefore, all the conditions of Lemma 11 are satisfied, and (4.4) follows from
(A4). O

LEMMA 10. There exists po = po(c, H) such that the following holds. Let p > po, so €
[0, 1), x0, Yo € RY. Letb, b, and o satisfy Asmooth. Then there exists a constant N1, depending
onlyona, H,d, dy, M, A, p, and K as well as a constant y = y(«, H) € (0, 2), with the
following property: for any X and Y strong solutions of (1.1) and (2.9), respectively, and for
all C > 1, the following estimate holds:

||X/\T - Y‘/\T ”%[1/2([50’1])
(4.8)

2— ~
< NE 7 (1xo = yol + (P([B"]or g = ©)'*P + 116 = bll coggeay)-

PROOF. The proof is in large part identical to that of Lemma 3. As therein, taking
(S, T) €[so, 1]2< and denoting Z =X —Y, one gets (after applying Lemma 9)

1/2
(4.9) +@([(B" )15 = €)' + 16— b||co(Rd)

| [0 = o) 8/ dr]
50

A2as.TY)
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The only difference lies in the treatment of the last term: for (s, ¢) € [S, T]ZS, we can write

t
/s (0(Xrne) — o (Yrn)) B Lar| <1t — sl Zoaclleogs.ry (B ] -

Choose p large enough so that || - ”LP(Q;CO([S’T])) S . Taking L ,(€2) norms and

legises.rp
taking supremum over (s, t) € [S, T]ZS, we get

I (a(er—a(YW))Bﬁ—ldr] -
0 28,11

SIT =S Zae[B") el 0s00qs,71)
S C|T _ S|1/2||Z-/\r”LP(Q;CO([S,T])) —+ (]P)([BH]CI > C))I/ZP

SCIT =8I0 Zrel it g 7y + (BB | 2 €))7

{s. 1D

S ClZsacllL @ +CIT = SN Z el g1 5.y + BB e = €)'

s, 1D

Using this bound in (4.9), we get the exact analogue of (2.16). The proof is then concluded
in the exact same way. [J

4.3. Strong existence and path-by-path uniqueness. Once the estimate (4.8) is available,
the rest of the argument from Section 2 carries through with minimal changes; all of which
are, in fact, simplifications due to the “stochastic” integral being easier to handle. We, there-
fore, only state the main conclusions.

THEOREM 8. Let b and o satisfy Asmooth- Then for any sg € [0,1) and xg € RY, there
exists a strong solution to (1.1). Moreover, there exists an event QcQy of full probability
such that for any w € Q, so € [0, 1), xo € RY, and any two solutions Y and Y’ of (1.1), one
hasY =Y.

APPENDIX: TECHNICAL TOOLS

We recall a number of basic ingredients for stochastic sewing. First, let us recall the follow-

ing version of the stochastic sewing lemma. We use the notation [, T]2S ={(s,1) €[S, T]*:
s—(—s)>S}

LEMMA 11 (Shifted stochastic sewing lemma [18, 22]). Let0<S<T <1, p>2,and
let (Aq ,)(s ST be a family of random variables in L ,(S2, RY) such that Ay is Fi-

measurable. Suppose that, for some €1, &2 > 0 and N1, Ny > 0, the bounds
(Al) ”AS,ZHLP(Q) SN1|I_S|1/2—|—51’

(A2) HES—(Z‘—S)(SAS’M’ZHLP(Q) < N2|l‘ _ S|1+€2

hold for all (s, t) € [S, T]2§ andu = (s +1t)/2. Suppose furthermore that there exists a process

A={A; :t €[S, T1} and constants €3 > 0, N3 > 0, such that, for any (s, t) € [S, T]ZS, one
has

(A.3) A, — As — AgillL @ < Nalt —s|' 3.

Then there exist constants K1, K> > 0, which depend only on €1, €3, p, and d, such that, for
any (s,t) €[S, T]ZS, one has the bound

(A.4) A, = Al @) < KiNilt —s|'/2TE0 4+ Ko No |t — |2
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REMARK 11. A trivial extension of Lemma 11 is that if for some § > 0 one requires
(A.1)-(A.2)—(A.3) to hold only for (s, ¢) such that |t — s| < §, then (A.4) still holds for all
(s,1) €[S, T]ZS, but with the constants K1, K7 also depending on §.

PROPOSITION 2. Let f € Cl(Rd), ge€ Cz(Rd), and x1, X2, X3, X4 € R?. Then one has the
bounds

(A.5) |f(x1) = F(x2)| < lx1 = x20[ fler,s

(A.6) g(x1) — g(x2) — g(x3) + g(x4)]

< lx1 —x2 —x3 +x4llgler + |x1 — x2llx1 — x3[[g]e2-

For the next two heat kernel bounds, recall the notations pr and Pr from (1.4). Proposi-
tion 3 is very standard, Proposition 4 is also folklore, and in this exact form it is proved in
[9], Proposition 2.7.

PROPOSITION 3. Let K > 0, and let T' € R¥*? pe a positive definite matrix such that
IT|| < K. Then for any —1 < «a < B < 2, there exists a constant N = N(d, «, B, K) such
that, for any f € C%, one has the bound

(A7) IPr Fllee < NITHE™972) £l ce.

PROPOSITION 4. Let K > 0, and let T', I' € R¥*4 be positive definite matrices such that
K~ < I'T~! < KI. Then there exists a constant N = N(d, K) such that, forall x € R,
one has the bound

(A.8) |pr(x) — pr ()| < N[T=TT 7 (pr/a(x) + pr o (x)).

PROOF OF (1.9). Using the shorthand f; ; := f; — f; for increments, the bound follows
from the following telescopic rearrangement:

k

k
Jug = Sug — féoguo,uk = Z(fui—l,ui - fu,,-,lgui—bui) - fuloguo,uk + Z fu/i,lgui—l,ui

i=1 i=1
k—1

k
Z Juioyu; = M: 1 8ui-i, ”)+Zf'/:i—l,uig”i’”k' O

i=1

PROOF OF (1.10). With the shorthand notation for increments as before, for v, u € [s, t]
we have

|F(fu) = F(fo) = VF(f) f18v.ul
1
- ‘ [V F G+ 000 foudd = VF (1) g0

1
< | [P+ 0F10 = TP £i80 0| + IFI [ Vg ey — o0

< Flleres | £l eollglieal £1Galv = ul* ™ 41 Fllei (£ F) oy ol — o1
More easily, one has

IVE(fu) fu = VE(f) fol SIF Nl [f ]palv —ul® + 1 Flicres 1|f'||co[f]ga|v —ulf?.
Combining these two bounds with (1.7) yields (1.10). [
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