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METRIC FIXED POINT THEORY AND PARTIAL IMPREDICATIVITY

DAVID FERNÁNDEZ-DUQUE, PAUL SHAFER, HENRY TOWSNER, AND KEITA YOKOYAMA

Abstract. We show that the Priess-Crampe & Ribenboim fixed point theorem is provable in RCA0.
Furthermore, we show that Caristi’s fixed point theorem for both Baire and Borel functions is equivalent
to the transfinite leftmost path principle, which falls strictly between ATR0 and Π1

1-CA0. We also exhibit
several weakenings of Caristi’s theorem that are equivalent to WKL0 and to ACA0.

1. Introduction

Metric fixed point theorems state that, under certain conditions, a function f : X → X from a metric
space to itself has a fixed point, i.e. there is an x∗ ∈ X such that f(x∗) = x∗. Such theorems have
many applications in geometry, partial differential equations, etc., where the function f is typically
continuous.

One fixed point theorem that does not require the continuity of f is Caristi’s fixed point theorem [1].
Instead, the function f is ‘controlled’ by a non-negative lower semi-continuous function. Specifically, it
applies to what we will call ‘Caristi systems’. As is typical, we will notationally identify a metric space
(X , d) with X . Recall that V : X → R is lower semi-continuous if whenever xn → x, it follows that
V (x) ≤ lim inf

n→∞
V (xn).

Definition 1.1. A Caristi system is a tuple (X , f, V ), where X is a complete metric space, f : X → X
is arbitrary, V : X → [0,∞) is lower semi-continuous, and for all x ∈ X , d(x, f(x)) ≤ V (x)− V (f(x)).

Theorem 1.2 (Caristi [1]). Every Caristi system (X , f) has a fixed point; i.e. there is x∗ ∈ X such
that f(x∗) = x∗.

Caristi’s theorem has various applications and generalizations in metric fixed point theory [6, 7]. We
think of V : X → [0,∞) as a ‘potential’, which diminishes after applying f ; intuitively, after enough
applications of f , no more potential is lost and we have reached a fixed point. In Caristi’s original
proof, f is iterated transfinitely, but this can be avoided by using Ekeland’s variational principle.

Theorem 1.3 (Ekeland [3]). Let X be a complete metric space and V : X → [0,∞) be lower semi-
continuous. Then there is an x∗ ∈ X such that for all x ∈ X , d(x∗, x) ≤ V (x∗) − V (x) implies that
x = x∗.

We call such an x∗ a critical point of V . Theorem 1.2 can be derived from Theorem 1.3 by
observing that any critical point for V will also be a fixed point of f , by the assumption that
d(x∗, f(x∗)) ≤ V (x∗)− V (f(x∗)). Note however that Ekeland’s theorem is equivalent to Π1

1-CA0, so
the transfinite methods are still hidden ‘under the hood’ [4].

Another fixed point theorem that was originally proven via infinitary methods (stated in terms of
an explicit invocation of Zorn’s lemma) is the Priess-Crampe & Ribenboim theorem, which deals with
spherically complete ultrametric spaces. This result is partially motivated by logic programming [10]
and has recently found applications in cut-elimination for ill-founded proofs [12].

Definition 1.4. A metric space X is an ultrametric space if for all x, y, z ∈ X , d(x, y) ≤
max{d(x, z), d(z, y)}. X is spherically complete if whenever ⟨Bρi(xi)⟩i∈N is a decreasing sequence

of closed balls, it follows that
⋂

i∈NBρi(xi) ̸= ∅.
A function f : X → X is strictly contracting if for all x ̸= y ∈ X , d(f(x), f(y)) < d(x, y).

Theorem 1.5 (Priess-Crampe & Ribenboim [11]). Let X be a spherically complete ultrametric space
and f : X → X be strictly contracting. Then, f has a unique fixed point.

Key words and phrases. computability theory, reverse mathematics, second-order arithmetic, fixed-point theorems,
variational principles.
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Our goal is to determine the strength of the Priess-Crampe & Ribenboim theorem and Caristi’s
theorem in the sense of reverse mathematics.

For Caristi’s theorem, in order to deal with ‘arbitrary’ f , we consider the case where f is either
Baire or Borel, as these are wide classes that can readily be coded within second-order arithmetic. The
Caristi theorem for these classes is strictly between ATR0 and Π1

1-CA0, and indeed equivalent to the
theory of the transfinite leftmost path principle introduced by Towsner [14]. This shows that transfinite
methods cannot be avoided altogether. The reversal, however, requires a fairly complicated choice
of X and f : Caristi’s theorem only requires such a strong theory because it covers such complicated
functions on fairly general spaces.

If we restrict X or f to nicer examples, Caristi’s theorem becomes easier to prove. The case where
both f and V are continuous has also been treated by Peng and Yamazaki [9]; this case is interesting, as
it can already be viewed as a generalization of the Banach fixed point theorem [6]. Using our previous
work on the reverse mathematics of Ekeland’s variational principle [4], we extend this treatment to
lower semi-continuous V . As we will see, weakened versions of Caristi’s theorem are equivalent to either
WKL0 when X is compact and both functions are continuous, or ACA0 when either compactness [9] or
continuity is dropped (but not both).

Regarding the Priess-Crampe & Ribenboim theorem, surprisingly it may already be proven in RCA0.
We show this by exhibiting a new constructive proof.

2. Subsystems of second-order arithmetic

We will work within subsystems of second-order arithmetic as in [13]. The language is that of Peano
arithmetic enriched with variables for sets of natural numbers which may be quantified over. We use
∆0

0 to denote the set of all formulas, possibly with set parameters, where no second-order quantifiers
appear and all first-order quantifiers are bounded, and as usual define the classes Σe

n and Πe
n where n

is the number of alternating first-order (for e = 0) or second-order (for e = 1) quantifiers (see e.g. [13]
for details).

We use the notation ⟨x0, . . . , xn⟩ to denote sequences of natural numbers encoded in a standard way.
As usual, sets of pairs may be used to represent binary relations and functions on the natural numbers,
and for a binary relation R, |R| denotes the union of the domain and codomain of R.1 The set of all
finite sequences of natural numbers is denoted N<N. For σ, τ ∈ N<N we write σ ⊑ τ if σ is an initial
segment of τ , σ ⊏ τ if σ is a proper initial segment of τ , and set ↓σ = {τ ∈ N<N : τ ⊑ σ}. If Λ: N → N

and n ∈ N, write Λ ↾ n for the finite sequence ⟨Λ(i)⟩i<n; note that the sequence is empty when n = 0.
For a set X ⊆ N we write X ↾ n for the finite sequence λX ↾ n where λX is the characteristic function
of X. We extend the use of ⊏ by defining σ ⊏ Λ whenever σ = Λ ↾ n for some n. Concatenation of
sequences is denoted by ⌢. If X,Y ⊆ N then X ⊕ Y is {2n : n ∈ X} ∪ {2n+ 1 : n ∈ Y }, the Turing
join of X and Y .

We will represent trees as subsets of N<N which are downward closed under ⊑. Binary trees are
then those trees which are subsets of {0, 1}<N. An infinite sequence Λ is a path through T if for every
n, Λ ↾ n ∈ T , and [T ] denotes the class of paths through T .

If ≺ is a well-order on a subset of N, then ot(≺) denotes the order-type of ≺. If moreover X ⊆ N2 is
a set of pairs, and α ∈ |≺|, we write Xα for {x ∈ N : ⟨x, α⟩ ∈ X} and X≺α for the set of all ⟨n, β⟩ ∈ X
with β ≺ α, with X≼α being defined analogously. Transfinite recursion along ≺ may be defined in
second-order arithmetic, as follows.

Definition 2.1 ([13, Chapter V]). Let θ(x, Y, z⃗, Z⃗) be any formula. We define Hθ(≺, Y, z⃗, Z⃗) to be

the formula which says that, for each α ∈ |≺|, Yα = {x : θ(x, Y≺α, z⃗, Z⃗)} and for α ̸∈ |≺|, Yα = ∅. We

may write Hθ(≺, Y ) when z⃗, Z⃗ are clear from context.

We may choose θ so that for any parameters Y, z⃗, Z⃗, the set {x : θ(x, Y, z⃗, Z⃗)} is a universal

computably enumerable set relative to Y, Z⃗—that is, so that for any Y, z⃗, Z⃗, any set computably

enumerable relative to Y, Z⃗ is equal to some slice {x : θ(⟨e, x⟩, Y, z⃗, Z⃗)}. In this case the choice of θ
only matters up to details of coding, so we omit it.

Definition 2.2. For a fixed θ∗ such that for any parameters Y, z⃗, Z⃗, the set {x : θ∗(x, Y, z⃗, Z⃗)} is a

universal computably enumerable set relative to Y, Z⃗, we write H instead of Hθ∗ .

1Within RCA0, |R| may not exist as a set but one can always find an isomorphic relation R
′ such that |R′| exists as a

set.
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This suffices to define the ‘Big Five’ theories of reverse mathematics: RCA0 includes basic axioms of
arithmetic together with induction for Σ0

1-definable predicates and comprehension for ∆0
1-definable

predicates; WKL0 extends RCA0 with the formalized weak König’s lemma; and ACA0 includes com-
prehension for arithmetical formulas. Then ATR0 ensures that, whenever ≺ is a well-order, there is a

unique Y so that H(≺, Y, z⃗, Z⃗) holds, and finally, Π1
1-CA0 is axiomatized with comprehension for Π1

1

formulas. We have mentioned these theories in strictly increasing order of strength, but there is a less
known theory between ATR0 and Π1

1-CA0 due to the third author [14].

Definition 2.3. When ≺ is a linear order, we say ≺ is a successor if it has a maximal element x, and
we define its predecessor ≺− = ≺ ↾ (|≺| \ {x}). When ≺ is a well-order, we say W is ΣZ

≺ if either (a) ≺
is a successor and W is computably enumerable in the unique Ȳ := Y ⊕ Z so that H(≺−, Y, Z) holds,
or (b) ≺ is not a successor and W is computable in the Ȳ := Y ⊕ Z so that H(≺, Y, Z) holds.2

TLPP0 is defined to be RCA0 together with the TLPP (transfinite leftmost path principle) axiom.
When Λ and Γ are infinite sequences, we write Γ < Λ if there is some n such that Γ ↾ n = Λ ↾ n and
Γ(n) < Λ(n). Then TLPP is the formalization of the following statement: whenever T ⊆ N<N is a tree
with an infinite path and ≺ is a well-order, there is a path Λ through T such that there is no path Γ
through T which is ΣΛ⊕T

≺ and Γ < Λ. We call Λ a relativized ≺-leftmost path for T , or just relativized
leftmost path when ≺, T are clear from context. For a detailed treatment of these and other subsystems
of second-order arithmetic, see [13,14]. The following two characterizations of TLPP0 will be useful;
the proof is simply a relativization of the one in [8].

Lemma 2.4 (RCA0). The following are equivalent:

(1) TLPP0.
(2) Whenever ⟨Tn⟩n∈N is a sequence of trees and ≺ is a well-order, there are a pair of sets Z0, Z1

so that n ∈ Z0 if and only if there is a path through Tn which is Σ
Z0⊕Z1⊕⟨Tn⟩n∈N

≺ .

(3) For any parameters Z⃗, any well-order ≺, and any Σ0
2 formula ϕ, there are sets X0, X1 so that

x ∈ X0 iff for every Y which is ΣX0⊕X1⊕Z⃗
≺ , ϕ(x, Y, Z⃗) holds.

Proof. To show 1 implies 2, let ⟨Tn⟩n∈N be given. We define a single tree T intertwining these trees:
we first define T ′

n = {⟨0⟩⌢σ : σ ∈ Tn} ∪ {σ : ∀i < |σ| σ(i) = 1} (that is, we add a single infinite path to
the right of all paths in Tn) and then take T = {σ : ∀⟨i, n⟩ < |σ| ⟨σ(⟨0, n⟩), . . . , σ(⟨i, n⟩)⟩ ∈ T ′

n}. By
TLPP0, let Λ be a relativized leftmost path for T ′ and let Z = {n : Λ(⟨0, n⟩) = 0}.

If n ∈ Z then there is a path through Tn computable from Λ. If n ̸∈ Z and Γ is a path through

Tn which is Σ
Z⊕Λ⊕⟨Tn⟩n∈N

≺ , then we can modify Λ by setting Λ′(⟨0, n⟩) = 0, Λ′(⟨i+ 1, n⟩) = Γ(i), and

Λ′(⟨i,m⟩) = Λ(⟨i,m⟩) for m ̸= n. But Λ′ < Λ and Λ′ is Σ
Λ⊕⟨Tn⟩n∈N

≺ , contradicting the choice of Λ.

Next we show that 2 implies 3. By the normal form theorem, write ϕ(x, Y, Z⃗) ≡ ¬∀w∃z ψ(w, z, x, Y ↾

z, Z⃗). For each x, let Tx be the tree defined by σ ∈ Tx iff for all i ≤ j < |σ|, σ(i) ⊑ σ(j) ∈ 2N, i ≤ |σ(i)|

and ∃z ≤ |σ(i)| ψ(i, z, x, σ(i) ↾ z, Z⃗) holds.

We extend ⟨Tx⟩x∈N to encode Z⃗ and find sets S0, S1 so that x ∈ S0 iff there is a path through Tx

which is Σ
S0⊕S1⊕⟨Tx⟩x∈N⊕Z⃗
≺ . The complement S0 of S0 is the desired set. If x ̸∈ S0, then there is a path

Λ through Tx which is Σ
S0⊕S1⊕⟨Tx⟩x∈N⊕Z⃗
≺ . Since ⟨Tx⟩x∈N is computable from Z⃗, this path is ΣS0⊕S1⊕Z⃗

≺

and Y = {i : Λ(i)(i) = 1} witnesses ∀w∃z ψ(w, z, x, Y ↾ z, Z⃗). On the other hand, if there is a Y so

that ∀w∃zψ(w, z, x, Y ↾ z, Z⃗) and Y is ΣS0⊕S1⊕Z⃗
≺ then a function Λ defined by Λ(i) = Y ↾ zi where zi

is the smallest z > i such that ψ(i, z, x, Y ↾ z, Z⃗) holds is a path through Tx which is Σ
S0⊕S1⊕⟨Tx⟩x∈N⊕Z⃗
≺

and therefore x ̸∈ S0.
To show that 3 implies 1, let T be a tree with an infinite path P , and let ≺ be a well-order. Let

ϕ(σ, Y, T ) be a formula which holds iff Y is not a path through Tσ = {τ ∈ T : σ ⊑ τ}. By 3, let X0

and X1 be such that σ ∈ X0 iff no Y which is ΣX0⊕X1⊕T⊕P
≺ is a path through T extending σ. Now

recursively compute a path Λ from X0 by setting Λ(n) to be the least i such that (Λ ↾ n)⌢⟨i⟩ /∈ X0.
The value Λ(0) is defined because P ↾ 1 /∈ X0. If Λ ↾ n is defined for some n ≥ 1, then Λ ↾ n /∈ X0, so

there is a ΣX0⊕X1⊕T⊕P
≺ path Y through T extending Λ ↾ n. Then Y ↾ (n+1) /∈ X0, which implies that

Λ(n) is defined and therefore that Λ ↾ (n+ 1) is defined. Thus Λ is a path through T . Now suppose for

2Note that there is an irregularity at the lowest level in our notation, namely, W is ΣZ
∅ means that W is ∆Z

1 and not

ΣZ
0 in the sense that W is defined by a bounded formula from Z.
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a contradiction that there is a ΣΛ⊕T
≺ path Γ through T with Γ < Λ. Let n be such that Γ ↾ n = Λ ↾ n

and Γ(n) < Λ(n). Then Γ ↾ (n+1) /∈ X0 because Γ is ΣΛ⊕T
≺ and hence ΣX0⊕X1⊕T⊕P

≺ . This contradicts
the definition of Λ(n) because (Λ ↾ n)⌢⟨Γ(n)⟩ = Γ ↾ (n+ 1) /∈ X0, but Γ(n) < Λ(n). □

The unrelativized version of (iii)—the existence of a set X so that x ∈ X iff for every Y , ϕ(x, Y, Z⃗)
holds, is sometimes called an impredicative definition (since the set Y might be X itself, or something
defined from X). The relativized version is called a partial impredicativity because we only consider
those Y ’s which are defined from X in a limited way.

3. Baire and Borel functions

Part of the appeal of second-order arithmetic as a foundational system for mathematics is that it
suffices to develop a large part of mathematical analysis, particularly when dealing with separable
metric spaces. However, this requires some coding machinery. In this section, we recall this machinery,
and establish notation that will be used throughout the text.

Definition 3.1 (RCA0; see [13, Definition II.5.1]). A (code for a) complete separable metric space

X = X̂ is defined in RCA0 to be a nonempty set X ⊆ N together with a sequence of real numbers
d : X×X → R such that d(a, a) = 0, d(a, b) = d(b, a) ≥ 0, and d(a, b)+d(b, c) ≥ d(a, c) for all a, b, c ∈ X.

A point of X̂ is a sequence x = ⟨xi⟩i∈N of elements of X such that for all i ≤ j, d(xi, xj) ≤ 2−i. We

write x ∈ X̂ to mean that x is a point of X̂. We set d(x, y) = limn→∞ d(xn, yn), which provably exists
in RCA0.

We say that the space X is compact if there is a sequence of points witnessing that X is totally
bounded [13, Definition III.2.3]. For our purposes, it suffices to mention that RCA0 proves that
both [0, 1] and the Cantor space are compact in this sense. Here, the Cantor space is {0, 1}N with
d(Λ,Λ′) = 2−n, for the least n such that Λ(n) ̸= Λ′(n) and d(Λ,Λ′) = 0 when no such n exists. The
Baire space is defined analogously, but with set of points NN; note that the Baire space is not compact.
In the definitions below, Q>0 denotes {q ∈ Q : q > 0}.

Definition 3.2 (RCA0; see [13, Definition II.5.1]). Let X̂ be a complete separable metric space. The
(code for the) rational open ball Br(a) is the ordered pair ⟨a, r⟩, with a ∈ X and r ∈ Q>0. We define
Br(a) D Bq(b) if d(a, b) + r < q and Br(a) F Bq(b) if d(a, b) + r ≤ q.

We remark that Br(a) F Bq(b) implies that Br(a) ⊆ Bq(b) (in the usual set-theoretic sense), but
not necessarily the converse (consider e.g. the case where X is a singleton).

One challenge in formalizing Caristi’s theorem in the context of second-order arithmetic is that it
applies to arbitrary functions f , which would in principle require a third-order quantification. Instead,
we will work with a rather wide class of functions that can still be formalized as second-order objects:
Baire and Borel functions. To keep our presentation unified and to minimize coding concerns, we
view all functions on metric spaces as special cases of Baire or Borel functions, which is not how
e.g. continuous or lower semi-continuous functions are typically coded in the literature. In Appendix A
we discuss the relationship between our codes and the more standard ones.

The general theory of Borel sets in reverse mathematics is well established, for instance in [13,15],
but Borel functions have been less well studied.

Definition 3.3. When X is a complete separable metric space, recall that a Borel code (that is, a
code for a Borel subset of X ) is a tree of sequences S such that: (a) there is no infinite path through
S, (b) there is exactly one n so that ⟨n⟩ ∈ S, and (c) any leaf σ ∈ S has the form τ⌢⟨Br(a)⟩, where
a ∈ X and r ∈ Q>0.

We view such a tree as coding a Borel set. In fact, every node in the tree will code a Borel set US(σ)
defined recursively by

• when σ = υ⌢⟨Br(a)⟩ is a leaf, US(σ) = Br(a),
• when σ = υ⌢⟨n⟩ where n is odd, US(σ) =

⋃
{US(σ

⌢⟨k⟩) : σ⌢⟨k⟩ ∈ S},
• when σ = υ⌢⟨n⟩ where n is even, US(σ) =

⋂
{US(σ

⌢⟨k⟩) : σ⌢⟨k⟩ ∈ S},
• when σ = ⟨⟩, US(σ) = US(⟨n⟩), where n is unique so that ⟨n⟩ ∈ S.

In particular, open sets may be represented as unions of open balls, hence via a Borel code. By
abuse of notation, we write x ∈ S as an abbreviation for x ∈ US(⟨⟩). Note that the latter is not a
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formula of second-order arithmetic, however it is a theorem that, in ATR0, we can identify membership
in coded Borel sets (see [13, Lemma V.3.3 and Definition V.3.4]).

Lemma 3.4 (ATR0). If ⟨xn⟩n∈N is a sequence of points in X and ⟨Sn⟩n∈N is a sequence of Borel codes
then {n : xn ∈ USn(⟨⟩)} exists.

We will need to discuss Borel functions. We encode a Borel function as one where the inverse image
of each basic open set is given by a Borel code.

Definition 3.5. Let X and Y be metric spaces and Υ be a set coding a sequence of Borel codes
⟨Υ⟨a,r⟩ : ⟨a, r⟩ ∈ Y ×Q>0⟩. Write Υ(Br(a)) for UΥ⟨a,r⟩

(⟨⟩).

We say that Υ is a (code for) a Borel function from X to Y if for all basic open balls B,B′ of Y:

(i) if B ⊆ B′ then Υ(B) ⊆ Υ(B′),
(ii) if B ∩B′ = ∅ then Υ(B) ∩Υ(B) = ∅,

The set Υ codes the partial function f : X → Y, where x ∈ dom(f) if there is a (unique) element
f(x) = y ∈ Y such that for every ball B containing y, x ∈ Υ(B).

Recall that the Kleene-Brouwer order of a tree T , denoted kb(T ), is a linearization of T which,
provably in ACA0, remains well founded when T is (see e.g. [13]). When f is a Borel function coded by
Υ, the complexity of f , written ∥f∥, is kb({⟨n⟩⌢σ : σ ∈ Υn}).

In particular, continuous functions may be coded as Borel functions, where the preimage of every
open ball is open.

Lemma 3.6 (ATR0). Let Υ be a code for a Borel function from X to Y. Then, for any x ∈ X , the

image of x under f exists and is Σx⊕Υ
∥f∥ .

Proof. The evaluation function of the set of balls Br(a) such that x ∈ f−1(Br(a)) is Σ
x⊕Υ
∥f∥ . Therefore

we may define an approximation by taking yi to be the least a such that x ∈ f−1(B2−i−1(a)), and then
the sequence ⟨yi⟩i∈N converges to f(x). □

Rather than referring to codes, we will usually talk about the function f : saying that f is coded is
simply saying that, for each Br(a), the set f−1(Br(a)) is given by a Borel code, and these codes are
presented uniformly in a, r.

Definition 3.7. A (code for a) partial Baire function is a well-founded tree Ξ such that each leaf is
labeled by a (code for a) partial continuous function and each non-leaf has an extension for each i ∈ N.

For any x and any σ ∈ Ξ, the value fΞ,σ(x), if it exists, is defined recursively by:

• if σ is a leaf labeled by f then fΞ,σ(x) = f(x),
• if σ is not a leaf and there is any n so that fΞ,σ⌢⟨n⟩(x) does not exist then fΞ,σ(x) does not
exist,

• if σ is not a leaf, fΞ,σ⌢⟨n⟩(x) exists for all n, then fΞ,σ(x) = limn→∞ fΞ,σ⌢⟨n⟩(x) if this exists,
and does not exist otherwise.

We write fΞ(x) for fΞ,⟨⟩(x) and call f a Baire function if it is given by a code for a partial Baire
function such that, for every x, f(x) exists.

It is provable in ATR0 that every Baire function is Borel, and the converse is true on zero-dimensional
spaces, including the Cantor space and Baire space; see Appendix A for details.

Potentials (i.e., non-negative lower semi-continuous functions) can be represented as increasing limits
of continuous functions and hence as Baire class 1 functions. For this, we use the following lemma (not
formalized in second-order arithmetic).

Lemma 3.8. If X is any metric space and V is a potential on X , then there exists a pointwise
increasing sequence of continuous functions Vn : X → [0,∞) such that V = limn→∞ Vn.

Proof sketch. It is easy to check that an increasing limit of continuous functions is lsc. For the converse,
given α ≥ 0, define the α-envelope of V , denoted V(α), by V(α)(x) = infy∈X

(
V (y) + αd(x, y)

)
. Then,

it is not hard to check that (V(n))n∈N is an increasing sequence of continuous functions converging
pointwise to V . □

Thus in second-order arithmetic we define a potential to be a Baire class 1 function which is an limit
of pointwise-monotone continuous functions Vn (i.e. Vn(x) ≤ Vm(x) if n ≤ m). If Vn is the n-envelope
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of V , we say that V is enveloped. Note that V(α) is well defined even when α = 0, in which case we
obtain V(0) = inf V , and thus enveloped potentials have an infimum. As we will see, there is much
more information that can be extracted from continuous envelopes.

This coding machinery will suffice to formalize Caristi’s theorem, but first we turn our attention to
Priess-Crampe, which involves only continuous functions.

4. An elementary proof of the Priess-Crampe & Ribenboim theorem

Recall that Theorem 1.5 states that if X is a spherically complete ultrametric space and f : X → X
is strictly contracting, then f has a unique fixed point. This theorem may be stated in second-order
arithmetic via the coding machinery described above. For spherical completeness, let Bρ(x) denote
the class of y ∈ X such that d(x, y) ≤ ρ for given x ∈ X and ρ > 0. As X is an ultrametric space, we
write Bρ(x) F Bδ(y) to denote that max{d(x, y), ρ} ≤ δ and observe that Bρ(x) F Bδ(y) implies that

Bρ(x) ⊆ Bδ(y). Then, X is spherically complete if whenever ⟨Bρi(xi)⟩i∈N is a sequence of closed balls

such that Bρi(xi) G Bρi+1
(xi+1) for all i, there is an x ∈

⋂
i∈NBρi(xi). We now obtain the following.

Theorem 4.1. The Priess-Crampe & Ribenboim theorem is provable in RCA0.

Proof. Uniqueness follows easily from the assumption that f is strictly contracting, so we focus on
existence.

Let X = X̂, and let ⟨ai⟩i∈N enumerate X with each ai occurring infinitely often. Define ρ(x) =
d(x, f(x)). We claim that there exists a sequence ⟨bi⟩i∈N such that ρ(bi) ≥ ρ(bi+1) for all i and
bi → inf ρ as i → ∞ (in the sense that for all x ∈ X and ε > 0, there is an i with ρ(bi) < ρ(x) + ε).
Construct the sequence (bi)i∈N as follows. Note that ρ(x) < ρ(y) is a Σ0

1 statement, which we may
represent as ∃zϕ(x, y, z). Let b0 = a0, and recursively define bi+1 = ai+1 if there is a z < i witnessing
that ρ(ai+1) < ρ(bi) (in the sense that ϕ(ai+1, bi, z) holds), and otherwise define bi+1 = bi. It is not
hard to check that the sequence ⟨bi⟩i∈N satisfies the required properties.

Let ρi = ρ(bi) for each i. We show that Bρi(bi) G Bρi+1
(bi+1) for all i. To see this, observe that

d(bi, bi+1) ≤ max{d(bi, f(bi)), d(f(bi), f(bi+1)), d(bi+1, f(bi+1))}

= max{ρi, d(f(bi), f(bi+1)), ρi+1} = ρi.

The last equality holds because f is strictly contracting and therefore d(f(bi), f(bi+1)) < d(bi, bi+1).
Thus it must be that max{ρi, d(f(bi), f(bi+1)), ρi+1} = max{ρi, ρi+1} = ρi. It follows that
max{d(bi, bi+1), ρi+1} ≤ ρi, so Bρi(bi) G Bρi+1

(bi+1).

By spherical completeness, there is an x∗ ∈
⋂

i∈NBρi(bi). Then ρ(x∗) ≤ ρi for all i because

d(x∗, f(x∗)) ≤ max{d(x∗, bi), d(bi, f(bi)), d(f(bi), f(x∗))} = max{d(x∗, bi), ρi} = ρi,

since x ∈ Bρi(bi) and f is strictly contracting. If ρ(x∗) > 0 then d(x∗, f(x∗)) > d(f(x∗), f
2(x∗)) =

ρ(f(x∗)), which contradicts the fact that limi→∞ ρ(bi) = inf ρ. We conclude that d(x∗, f(x∗)) = 0. □

5. The Caristi theorem in the Big Five

In this section we study weakenings of Caristi’s theorem provable in WKL0 and ACA0. Caristi’s
theorem follows directly from Ekeland’s variational principle, so we first recall the main results from [4]
regarding the reverse mathematics of the latter. In particular, Ekeland’s variational principle is
derivable in Π1

1-CA0, thus establishing an upper bound for Caristi’s theorem. Ekeland’s variational
principle also has natural weakenings derivable in WKL0 and in ACA0.

Definition 5.1. Given definable classes X of coded metric spaces and V of coded potentials, the
(formalized) Ekeland variational principle for X ∈ X and V ∈ V is the statement that, if X ∈ X is a
coded separable complete metric space and V ∈ V is a coded potential, then there exists x∗ ∈ X such
that for all x ∈ X , if d(x∗, x) ≤ V (x∗)− V (x), then x = x∗.

When not mentioned, we assume that X is the class of all coded complete separable metric spaces
and V is the class of all coded potentials.

The following is proven in [4], and in fact all items reverse.

Theorem 5.2. The Ekeland variational principle holds:

(i) (WKL0) For compact X and continuous V .
(ii) (ACA0) For compact X or continuous V .
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(iii) (Π1
1-CA0) For the class of all metric spaces with an arbitrary potential.

All of these results reverse, although we won’t be needing this. We remark that [4] uses a different
presentation of potentials (i.e. lower semi-continuous functions), but the two are equivalent over RCA0

(see Appendix A). The discontinuous cases are established by reducing to continuous cases via envelopes,
given the following [4, Lemma 8.1].

Lemma 5.3 (RCA0). Let V be any potential and α > 1 be such that V(α) exists. Then, any critical
point x∗ of V(α) is also a critical point of V , and V(α)(x∗) = V (x∗).

We are now ready to state our formalization of the Caristi fixed point theorem and prove it (and its
weakenings) in standard systems of second-order arithmetic.

Definition 5.4. A Caristi system is a tuple (X , f, V ), where X is a coded complete separable metric
space, f : X → X a coded Baire or Borel function, and V : X → [0,∞) a coded potential.

Given definable classes X of complete, separable metric spaces and F,V of functions such that
elements of F are Borel or Baire functions of the form f : X → X and elements of V are potentials of the
form V : X → [0,∞), the (formalized) Caristi fixed point theorem (CFP) for X ∈ X, f ∈ F, and V ∈ V

is the statement that, if (X , f, V ) is a Caristi system whose elements belong to the aforementioned
classes, then there exists x∗ ∈ X such that x∗ = f(x∗).

When not mentioned, we assume that X is the class of all coded separable complete metric spaces, F
is the class of all Baire or Borel functions, and V is the class of all coded potentials.

The following is a corollary of Theorem 5.2, using the fact that the Ekeland variational principle
implies Caristi’s theorem.

Proposition 5.5. The CFP holds whenever:

(i) (WKL0) X is compact and V is continuous.
(ii) (ACA0) X is compact, f is continuous, or V is continuous.
(iii) (Π1

1-CA0) Always.

Proof. Most items follow by using Theorem 5.2 and the fact that every critical point of V is a fixed
point of f . The exception is (ii) for continuous f , but the proof of Peng and Yamazaki [9], itself a
version of the classic proof of the Banach fixed point theorem, works in this context.

Let ⟨X , f, V ⟩ be a Caristi system where f is continuous and x0 ∈ X . Define a sequence xn given
recursively by xn+1 = f(x); this sequence is readily available in ACA0 using the continuity of f . Similarly,
the sequence given by vn = V (xn) exists, as ACA0 can compute suprema uniformly. Since d(xn, f(xn)) ≤
V (xn) − V (f(xn)) = V (xn) − V (xn+1), we must have that V (xn+1) ≤ V (xn), hence ⟨vn⟩

∞
n=0 is a

decreasing sequence of real numbers and thus Cauchy. The inequality d(xn, xm) ≤ V (xn) − V (xm)
for m > n implies that ⟨xn⟩

∞
x=0 is also Cauchy, hence it has a limit, say x∞. By the continuity of f

and the definition of xn we see that x∞ = limn→∞ xn = limn→∞ f(xn) = f(limn→∞ xn) = f(x∞), so
indeed, x∞ is a fixed point of f . □

In the rest of this work we will show that all of these items reverse, except for (iii). (Note that the
function in (iii) is required, by our definition of a Caristi system, to be Baire or Borel.)

Proposition 5.6. The CFP for X = 2N and both f and V continuous implies WKL0 over RCA0.

Proof. We prove the contrapositive over RCA0. Assume that WKL0 fails, and let T ⊆ 2<N be an
infinite binary tree with no infinite path. We define continuous f : 2N → 2N and V : 2N → [0, 3] so that
(2N, f, V ) is a Caristi system with no fixed point. Our V is the potential from the proof that Ekeland’s
variational principle for continuous potentials on 2N implies WKL0 of [4, Proposition 9.1].

As in the proof of [4, Proposition 9.1], let T ◦ = {σ ∈ T : σ⌢0, σ⌢1 /∈ T} be the set of leaves of T .
The set T ◦ is infinite because T is infinite but has no path. For each σ ∈ T ◦, let

Aσ = {i < |σ| : ¬(∃τ ∈ T )(|τ | = |σ|+ 1 ∧ τ ⊒ (σ ↾ i)⌢(1− σ(i))}.

For each σ ∈ 2<N, let σ̃ ∈ 2<N be the sequence of length 2|σ| where σ̃(2i) = 0 and σ̃(2i+ 1) = σ(i) for

all i < |σ|. Define T̃ = {σ̃ : σ ∈ T}, T̃ ◦ = {σ̃ : σ ∈ T ◦}, and

S = {τ ∈ 2<N : (∀σ ∈ T )(|σ| ≤ |τ | → τ ̸⊑ σ̃) ∧ (∃σ ∈ T )(|σ| ≤ |τ | ∧ τ ↾ (|τ | − 1) ⊏ σ̃)}.

The set S consists of the shortest binary sequences that move away from T̃ before reaching an element
of T̃ ◦. The elements of T̃ ◦ ∪ S are pairwise incomparable, and the fact that T has no infinite path
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implies that for every x ∈ 2N, there is a σ ∈ T̃ ◦ ∪ S with σ ⊑ x. Define the continuous function
V : 2N → [0, 3] by

V (x) =

{
2−

∑
i∈Aσ

2−2i if x ⊒ σ̃ for a σ ∈ T ◦

3 if x ⊒ τ for a τ ∈ S.

One may obtain a code for V via [4, Lemmas 3.8 and 3.9].
Before defining f , observe that for any σ ∈ T ◦, there is a τ ∈ T with |τ | = |σ|+1 because T is infinite.

Such a τ does not extend σ because σ is a leaf, so there is an i < |σ| such that τ ⊒ (σ ↾ i)⌢(1− σ(i)).
Thus there is an i < |σ| with i /∈ Aσ. Given σ ∈ T ◦, let iσ be greatest such that iσ < |σ| and iσ /∈ Aσ,
and let σ+ be the first element of T ◦ in lexicographic order with |σ+| > |σ| and σ+ ⊒ (σ ↾ iσ)

⌢(1−σ(iσ)).
Then iσ ∈ Aσ+

because any τ ∈ T with τ ⊒ (σ+ ↾ iσ)
⌢(1 − σ+(iσ)) satisfies τ ⊒ σ ↾ (iσ + 1) and

therefore also satisfies |τ | ≤ |σ| < |σ+| by the maximality of iσ. Furthermore, if i < iσ and i ∈ Aσ,
then i ∈ Aσ+

as well because σ+ ↾ iσ = σ ↾ iσ and |σ| < |σ+|.

Fix the first η ∈ T ◦. Define the continuous function f : 2N → 2N following V by

f(x) =

{
σ̃+

⌢0N if x ⊒ σ̃ for a σ ∈ T ◦

η̃⌢0N if x ⊒ τ for a τ ∈ S.

Again, one obtains a code for f via [4, Lemmas 3.8 and 3.9]. The function f has no fixed point.
However, (2N, f, V ) is a Caristi system. Let x ∈ 2N. If x ⊒ σ̃ for a σ ∈ T ◦, then d(x, f(x)) = 2−2iσ−1

and

V (x)− V (f(x)) =
∑

i∈Aσ+

2−2i −
∑

i∈Aσ

2−2i ≥ 2−2iσ −
∑

i∈Aσ
i>iσ

2−2i

≥ 2−2iσ − 2−2iσ−1 = 2−2iσ−1 = d(x, f(x)),

where the first inequality is because iσ ∈ Aσ+
\Aσ and because i ∈ Aσ → i ∈ Aσ+

for i < iσ. If instead
x ⊒ τ for a τ ∈ S, then

V (x)− V (f(x)) = 1 +
∑

i∈Aη

2−2i ≥ d(x, f(x)).

Therefore (2N, f, V ) is a Caristi system with no fixed point, which completes the proof. □

Peng and Yamazaki [9] showed that ACA0 is equivalent to the CFP for continuous f and V . We
sharpen this result by showing that we may assume that X is the Baire space.

Proposition 5.7. The CFP for X = NN and both f and V continuous implies ACA0 over RCA0.

Proof. We prove the contrapositive over RCA0. Assume that ACA0 fails, and let h : N → N be an
injection whose range does not exist as a set. Let T ⊆ N<N be the tree constructed from h as in the
proof that König’s lemma implies ACA0 of [13, Theorem III.7.2]. This T is the set of all σ ∈ N<N such
that (∀m < |σ|)(∀n < |σ|)(h(m) = n↔ σ(n) = m+ 1) and (∀n < |σ|)(σ(n) > 0 → h(σ(n)− 1) = n).
The tree T does not have an infinite path because the range of h does not exist as a set. We define
continuous f : NN → NN and V : NN → [0, 3] so that (NN, f, V ) is a Caristi system with no fixed point.

To every σ ∈ T , assign a σ+ ∈ T with |σ+| > |σ| and {n < |σ+| : σ+(n) > 0} ⊇ {n < |σ| : σ(n) > 0}
as follows. Given σ ∈ T , let k = max{|σ|,max{σ(n) : n < |σ|}}. Let X be the finite set X = {h(m) :
m ≤ k}, and let σ+ be the sequence of length k + 1 where for n ≤ k

σ+(n) =

{
m+ 1 if n ∈ X and h(m) = n

0 if n /∈ X.

Then σ+ ∈ T . Furthermore, if n < |σ| and σ(n) > 0, then σ(n) ≤ k, so h(σ(n) − 1) = n ∈ X, so
σ+(n) = σ(n) > 0.

Define continuous f : NN → NN and V : NN → [0, 3] as follows, using [4, Lemmas 3.8 and 3.9] to
obtain the codes. Given x ∈ N, let σ ⊑ x be the longest initial segment with σ ∈ T , which exists
because x is not a path through T . Let

V (x) = 1 + 2−|σ|+1 −
∑

n<|σ|
σ(n)>0

2−n f(x) = σ+
⌢0N.
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Notice that f(x) ̸= x because σ+ ∈ T but x ↾ |σ+| /∈ T as |σ+| > |σ|. So f has no fixed point. To see
that d(x, f(x)) ≤ V (x)− V (f(x)), first observe that the longest initial segment τ ⊑ f(x) with τ ∈ T
has the form τ = σ+

⌢0ℓ for some ℓ because σ+ ∈ T . Therefore

V (f(x)) = 1 + 2−|τ |+1 −
∑

n<|τ |
τ(n)>0

2−n ≤ 1 + 2−|σ+|+1 −
∑

n<|σ+|
σ+(n)>0

2−n

because |σ+| ≤ |τ | and {n < |σ+| : σ+(n) > 0} = {n < |τ | : τ(n) > 0}. Thus

V (x)− V (f(x)) ≥ 2−|σ|+1 − 2−|σ+|+1 +
∑

n<|σ+|
σ+(n)>0

2−n −
∑

n<|σ|
σ(n)>0

2−n

≥ 2−|σ| +
∑

n<|σ+|
σ+(n)>0

2−n −
∑

n<|σ|
σ(n)>0

2−n,

where the second inequality is because |σ| < |σ+|. If σ ⊑ σ+, then d(x, f(x)) = 2−|σ|, so

d(x, f(x)) = 2−|σ| ≤ 2−|σ| +
∑

n<|σ+|
σ+(n)>0

2−n −
∑

n<|σ|
σ(n)>0

2−n ≤ V (x)− V (f(x)),

where the first inequality holds because {n < |σ+| : σ+(n) > 0} ⊇ {n < |σ| : σ(n) > 0}. If σ ̸⊑ σ+,
then let j < |σ| be least with σ(j) ̸= σ+(j). It must be that σ(j) = 0 and σ+(j) > 0 because if σ(j) > 0,
then σ+(j) > 0 as well, in which case σ(j) = σ+(j) as both σ and σ+ are in T . Therefore

2−j ≤
∑

n<|σ+|
σ+(n)>0

2−n −
∑

n<|σ|
σ(n)>0

2−n

because σ+(j) > 0, σ(j) = 0, and {n < |σ+| : σ+(n) > 0} ⊇ {n < |σ| : σ(n) > 0}. Thus

d(x, f(x)) = 2−j ≤ 2−|σ| +
∑

n<|σ+|
σ+(n)>0

2−n −
∑

n<|σ|
σ(n)>0

2−n ≤ V (x)− V (f(x)).

So d(x, f(x)) ≤ V (x)− V (f(x)) in both cases. Therefore (NN, f, V ) is a Caristi system with no fixed
point, which completes the proof. □

Proposition 5.8. The CFP for [0, 1] with Baire class 1 f implies ACA0 over RCA0.

Proof. We work in RCA0 and prove the contrapositive. Over RCA0, ACA0 is equivalent to the monotone
convergence theorem (see [13, Theorem III.2.2]). In fact, by inspecting the proof of [13, Theorem III.2.2],
ACA0 is equivalent to the statement “every strictly increasing sequence of rationals in [0, 1] has a
supremum.” Thus we let ⟨cn⟩n∈N be a strictly increasing sequence of rationals in [0, 1] with no
supremum, and we define a Caristi system ⟨[0, 1], f, V ⟩ with f Baire class 1, but with no fixed points.

First we define V . Let Vn : [0, 1] → [0, 2] be a piecewise linear function such that Vn(x) = 2 for
x ≤ cn, Vn(x) = x for x ≥ cn+1, and Vn descends linearly on [cn, cn+1]. Let V = limn→∞ Vn. Clearly
the functions Vn are continuous and increasing on n, so V is a potential and it is easy to see that

V (x) =

{
2 if ∃n(x < cn)

x otherwise.

Now we define f , show that ([0, 1], f, V ) is a Caristi system, and show that f has no fixed points.
Define a sequence ⟨fn⟩n∈N of piecewise-linear functions fn : [0, 1] → [0, 1] as follows. For each n, first
find the sequence ⟨qni ⟩i≤n+2, where

• qn0 = 1;
• for each i ≤ n, qni+1 is the rational in (cn, q

n
i ) with the least code;

• qnn+2 = cn.

Now define fn so that

• for i ≤ n, fn is linear on [qni+1, q
n
i ] with f(q

n
i+1) = qni+2 and f(qni ) = qni+1;

• fn is linear on [qnn+2, q
n
n+1] with f(q

n
n+2) = 1 and f(qnn+1) = qnn+2;

• fn is constantly 1 on [0, qnn+2].
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We show, for every x ∈ [0, 1], that f(x) = limn→∞ fn(x) exists, that d(x, f(x)) ≤ V (x) − V (f(x)),
and that f(x) ̸= x. Let x ∈ [0, 1]. First suppose that there is an n0 such that x < cn0

. In this case,
fn(x) = 1 for all n ≥ n0, so limn→∞ fn(x) = 1. Thus f(x) = 1 ̸= x. Moreover, d(x, f(x)) ≤ 1 =
2− 1 = V (x)− V (f(x)).

Now suppose that ∀n(cn ≤ x). As x is not the supremum of ⟨cn⟩n∈N, there is a rational v such that
v ≤ x and ∀n(cn ≤ v). Thus by IΣ0

1 in the guise of the Π0
1 least number principle, there is such a v

whose code is least. Similarly, there is a rational u whose code is least such that u < v and ∀n(cn ≤ u).
Let Q be the finite set of rationals ≥ u whose codes are at most the code of u. Let ⟨qi⟩i≤m be the
longest sequence of elements from Q ∪ {1} where q0 = 1 and, for each i < m, qi+1 is the element
of [0, qi) ∩ Q with the least code. Observe that qm = u and qm−1 = v. Now, by the choice of u, let
n0 ≥ m be large enough so that p ≤ cn0

for every rational p ∈ [0, u) whose code is less than the code
of u. Then n ≥ n0 implies that (∀i ≤ m)(qni = qi). Thus, as x ∈ [qm−1, qm−2], n ≥ n0 implies that

fn(x) =
qm−1−qm

qm−2−qm−1
(x− qm−1) + qm. So f(x) = limn→∞ fn(x) =

qm−1−qm
qm−2−qm−1

(x− qm−1) + qm. We thus

have that qm ≤ f(x) < x. Hence ∀n(cn ≤ qm ≤ f(x)) because qm = u. Therefore V (x) = x and
V (f(x)) = f(x), so d(x, f(x)) = x− f(x) = V (x)− V (f(x)).

We have now defined a potential V : [0, 1] → [0,∞) and a Baire class 1 function f : [0, 1] → [0, 1]
such that ([0, 1], f, V ) is a Caristi system but such that f has no fixed points. This completes the
proof. □

Let us put together some of our results so far:

Theorem 5.9 (RCA0). The following are equivalent:

(a) WKL0;
(b) the CFP for continuous V and compact X ;
(c) the CFP for continuous f, V on the Cantor space.

Proof. That (a) implies (b) is Proposition 5.5, (c) is a special case of (b), and (c) implies (a) is
Proposition 5.6. □

Theorem 5.10 (RCA0). The following are equivalent:

(a) ACA0;
(b) the CFP for either f or V continuous;
(c) the CFP for compact X ;
(d) the CFP for Baire class 1 f on [0, 1];
(e) the CFP for continuous f, V on the Baire space.

Proof. Proposition 5.5 shows that (a) implies both (b) and (c). Item (d) is a case of (c) and (e) is a
case of (b). That (d) implies (a) is Proposition 5.8 and (e) implies (a) is Proposition 5.7. □

We remark that the strength of the CFP for compact X , continuous f , and arbitrary V is left open,
although by the above, it must fall between WKL0 and ACA0.

6. Caristi’s theorem and the TLPP

In this section we will show that the unrestricted CFP is equivalent to TLPP0; recall that we defined
the latter in Section 2.

We first prove Caristi’s theorem in TLPP0. We derive this from a ‘relativized’ version of Ekeland’s
variational principle provable in TLPP0. The idea is that for a potential V , we can find a potential V ′

which is the same as V on hyperarithmetically definable points (with suitable parameters) and so that
V ′ has a critical point. Below, we let X Y

≺ be the set of all points of X that are ΣY
≺.

Definition 6.1. Let X be a complete separable metric space and V be a potential on X . Let Z ⊆ N.
A ΣZ

≺ relativization of V is a potential V ′ = limn→∞ V ′
n whose Baire code is arithmetical on some set

W and such that for every x ∈ XW⊕Z
≺ and n > 0,

V ′
n(x) = inf

y∈XW⊕Z
≺

(V (y) + nd(x, y)). (1)

We call W the parameter of V ′.

Roughly speaking, V ′ represents a “smoothed” version of V in which discontinuities at points of
high complexity are forgotten.
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Lemma 6.2 (TLPP0). For every potential V and every set Z, there is a ΣZ
≺ relativization of V .

Proof. Fix Z and V . Note that for any set W , the function V ′
n−1(x) defined by (1) is uniformly

continuous (when defined), because for x, x′, y ∈ X , we have that

|(V (y) + nd(x, y))− (V (y) + nd(x′, y))| ≤ nd(x, x′),

hence |V ′
n(x)− V ′(x′)| ≤ nd(x, x′). It is moreover evident that V ′

n(x) ≤ V ′
m(x) whenever n ≤ m, given

that nd(x, y) ≤ md(x, y) for all x, y. It remains to show that limn→∞ V ′
n has a Baire code as a sequence

of continuous functions.
Let X be a complete separable metric space, let V : X → [0,∞) be a potential, and let Z be any set.

The property c < V (y)+nd(a, y) is Σ0
1, hence using TLPP0 in the form of Lemma 2.4 item 3, we obtain

sets ∆ and Y so that for x ∈ X, (a, c, n) ∈ ∆ if and only if for all y ∈ X∆⊕Y⊕Z
≺ , c < V (y) + nd(a, y).

We set W := ∆⊕ Y and write X ′ for XW⊕Z
≺ .

From ∆, we may arithmetically define a code Υn for V ′
n. Let us represent open balls in R as intervals

(c, d). Then, enumerate Br(a) into Υn((c, d)) if there are c′, d′ such that c < c′ < d′ < d and for all
b ∈ Br(a) ∩X, V ′

n(b) ∈ (c′, d′). We check that Υn thus defined satisfies Definition 3.5 and codes the
desired function V ′

n.
For Item (i), it is immediate that if (c0, d0) ⊆ (c1, d1) and Br(a) is in Υn((c0, d0)) via (c′, d′), then the

same sub-interval witnesses that Br(a) is in Υn((c1, d1)). For Item (ii), if Υn((c0, d0))∩Υn((c1, d1)) ̸= ∅,
since these sets are open and X is dense, we may find a ∈ Υn((c0, d0))∩Υn((c1, d1))∩X, which implies
that V ′

n(a) ∈ (c0, d0) ∩ (c1, d1), so the two intervals must intersect.
It remains to check that Υn indeed codes the desired function V ′

n of (1). Let x ∈ X and write
x = limi→∞ xi, with xi ∈ X. By uniform continuity, the value V ′

n(x) as given by (1) is limi→∞ V ′
n(xi),

which exists in ACA0 as a real number. Now, suppose that (c, d) is an interval containing V ′
n(x), and

let c′, d′ be such that c < c′ < V ′
n(x) < d′ < d. Since V ′

n is continuous, for small enough δ, we see
that V ′

n[Bδ(x)] ⊆ (c′, d′). Let a ∈ X be such that d(a, x) < δ/2, so that x ∈ Bδ/2(a) ⊆ Bδ(x). Then
V ′
n[Bδ/2(a)] ⊆ (c′, d′), so V ′

n[Bδ/2(a)] is enumerated in Υn((c, d)) and x ∈ Υn((c, d)). Since c, d were
arbitrary, we see that x is in the domain of the coded function by Υn and V ′

n(x) is indeed the value
assigned to x. □

When looking at points of not-too-high complexity, we want V ′ to look essentially the same as V .
The next lemma makes this precise.

Lemma 6.3. Let V be a potential on X , and let V ′ = limn→∞ V ′
n be a ΣZ

≺ relativization of V . Then,
V (x) = V ′(x) for every x ∈ X ′.

Proof. Let x ∈ X ′. From the definition of V ′
n, we see that we may instantiate y as x and obtain

V ′
n(x) ≤ V (x) + nd(x, x) = V (x), so V ′(x) ≤ V (x).
To show that V (x) ≤ V ′(x), we show that V (x) ≤ V ′(x)+ ε for all rational ε > 0. It suffices to show

that for all ε > 0 there is an n such that V (x) ≤ V ′
n(x) + ε.

Since V is lsc, let δ be so that d(x, y) < δ implies V (y) ≥ V (x)− ε. Choose n so that nδ > V (x).
Then, V (x) ≤ V (y) + nd(x, y) + ε for every y ∈ X ′: if d(x, y) < δ this is because V (x) ≤ V (y) + ε by
our choice of δ, otherwise V (x) ≤ nδ ≤ nd(x, y) by our choice of n. We conclude that V (x) ≤ V ′

n(y)+ε,
as needed. □

As mentioned, V ′ is meant to be a version of V where discontinuities of high complexity are removed.
The following makes this precise.

Lemma 6.4. Let V : X → [0,∞) be any potential and V ′ a ΣZ
≺-relativization of V . If x ∈ X and

ε > 0, then there is y ∈ X ′ such that d(x, y) < ε and V ′(y) < V ′(x) + ε.

Proof. Assume toward a contradiction that x ∈ X and ε > 0 are such that V ′(y) ≥ V ′(x) + ε whenever
y ∈ X ′ is such that d(x, y) < ε.

Choose n > V ′(x)/ε + 1 and let y ∈ X ′ be arbitrary. If d(x, y) < ε,

V ′(y) + nd(x, y) ≥ V ′(y) ≥ V ′(x) + ε,

while if d(x, y) ≥ ε, we see by our choice of n that

V ′(y) + nd(x, y) ≥ nε > (V ′(x)/ε + 1)ε = V ′(x) + ε.

But V (y) = V ′(y) by Lemma 6.3, so we conclude that V (y) + nd(x, y) ≥ V ′(x) + ε for all y ∈ X ′. We
obtain V ′

n(x) > V ′(x) + ε by (1), contradicting V ′
n(x) ≤ V ′(x). □
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With this, we can show that V ′ is indeed enveloped.

Lemma 6.5 (RCA0). Let V be a potential on X , and let V ′ = limn→∞ V ′
n be a ΣZ

≺ relativization of V .
Then, V ′

n(x) = V ′
(n)(x) for all n.

Proof. Fix x ∈ X . First we show for y ∈ X arbitrary that V ′
n(x) ≤ V ′(y) + nd(x, y). Let ε > 0. Using

Lemma 6.4, let y′ ∈ X ′ be such that d(y, y′) < ε/2(n+1) and V ′(y′) < V ′(y) + ε/2. Then,

V ′
n(x) ≤ V (y′) + nd(x, y′) by definition of V ′

n,

= V ′(y′) + nd(x, y′) since y′ ∈ X ′,

< V ′(y) + nd(x, y) + ε by our choice of y′.

Since ε was arbitrary, V ′
n(x) ≤ V ′(y) + nd(x, y).

Finally we check that if ε > 0, then there is y ∈ X such that V ′
n(x)+ε > V ′(y)+nd(x, y). By definition,

V ′
n(x) = infy∈X ′(V (y) + nd(x, y)), so we can choose y ∈ X ′ such that V ′

n(x) + ε > V (y) + nd(x, y).
Since y ∈ X ′, V ′(y) = V (y), so that

V ′
n(x) + ε > V ′(y) + nd(x, y),

as required. □

Since ACA0 proves that all enveloped potentials have a critical point by Theorem 5.2 and Lemma 5.3,
we obtain the following.

Corollary 6.6 (ACA0). Every ΣZ
≺ relativization with parameter W has a critical point that is arith-

metical in W ⊕ Z (hence ΣW⊕Z
≺ if |≺| is infinite).

With this, we may prove Caristi’s theorem for Baire or Borel functions.

Proposition 6.7 (TLPP0). Caristi’s fixed point theorem holds for arbitrary lower semi-continuous
potentials V and arbitrary Baire or Borel functions f .

Proof. Since TLPP0 extends ATR0, we may appeal to Lemma A.5 to see that every Baire function is
Borel, so we may assume that f is Borel.

Let X be a complete separable metric space, let Φ ⊆ N×X ×Q>0 ×Q code a lower semi-continuous
potential on X , and let f be a class-ot(≺) Borel function coded by Υ; it is convenient to assume
that ot(≺) is infinite. By Lemma 6.2, V has a ΣΥ

≺ relativization V ′ with parameter W , and by
Corollary 6.6, V ′ has a critical point x∗ that is arithmetical in W ⊕Υ. Since TLPP0 extends ATR0, we
may use Lemma 3.6 to see that f(x∗) is Σ

W⊕Υ
≺ . We have d(x∗, f(x∗)) ≤ V (x∗)− V (f(x∗)), and since

V (f(x∗)) = V ′(f(x∗)), V (x∗) = V ′(x∗), and x∗ is a critical point of V ′, this implies that x∗ = f(x∗),
as required. □

Our next goal is to prove that the Caristi fixed point theorem for Baire/Borel functions is equivalent
to TLPP0 over RCA0. As a first step, we show that ATR0 is already provable at a rather low stage in
the Baire hierarchy.

Theorem 6.8. Over RCA0, Caristi’s theorem for Baire class-1 f implies ATR0.

Proof. Since Caristi’s theorem for continuous functions implies ACA0, we can work over ACA0. Recall
that the formula H describes the transfinite recursion for θ∗(n, Y ) which defines a universal computably
enumerable set relative to Y . Here, we may safely use a parameter Y ∈ NN instead of a member of 2N.
By the normal form theorem, we write θ∗(n, Y ) ≡ ∃mθ0(m,n, Y ↾ m).

In what follows, we will emulate the transfinite recursion on NN. Let ≺ be a well-order on N. We
will construct a sequence of trees ⟨Tα : α ∈ N⟩ by ∆0

1-transfinite recursion which is implied from ACA0

(see [2, 5]). For a given α ∈ N and ⟨Tβ ⊆ N<N : β ≺ α⟩, we let Tα =
⊕

β≺α Tβ := {σ ∈ N<N : for any

β < |σ|, σβ ∈ Tβ if β ≺ α and σβ is a sequence of 0’s otherwise}, where σi ∈ N<N is σi(x) = σ(⟨x, i⟩) if
⟨x, i⟩ < |σ|. (Here, the domain N may be identified with N× N by the pairing function. Without loss
of generality, we may assume that ⟨x, i⟩ ≥ i in the sense of N.)

Next we construct Tα from Tα. Here, the range N may be identified with {0, 1} × N<N, and for a
given n = ⟨s, τ⟩ ∈ N, we write s = (n)◦ and τ = (n)◦. (The idea here is that the second coordinate
encodes a path g ∈ [Tα] and the first coordinate encodes the Turing jump of g.) Then we define Tα as
follows: σ ∈ Tα if

• for any s < |σ|, s ≤ |(σ(s))◦| and (σ(s))◦ ∈ Tα,
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• for any t < s < |σ|, (σ(t))◦ ⊏ (σ(s))◦,
• for any s < |σ|, (σ(s))◦ = 0 → (∀m ≤ |(σ(|σ| − 1))◦|)¬θ0(m, s, (σ(|σ| − 1))◦ ↾ m), and
• for any s < |σ|, (σ(s))◦ = 1 → (∃m ≤ |(σ(s))◦|)θ0(m, s, (σ(s))

◦ ↾ m).

Now, let ⟨Tα ⊆ N<N : α ∈ N⟩ be the result of the transfinite recursion. If g ∈ [Tα] for some α ∈ N, we
let (g)◦ :=

⋃
{(g(s))◦ : s ∈ N} and (g)◦ := {g : (g(s))◦ = 1}, then (g)◦ ∈ Tα and (g)◦ = {n : θ∗(n, (g)

◦)}.
Moreover, let fβ := ((g)◦)β =

⋃
{((g(s))◦)β : s ∈ N} for β ≺ α, and fα = g. then, by the definition,

we have fβ ∈ [Tβ] for any β ≼ α. Now, by arithmetical transfinite induction up to α, we may verify

that fβ computes a set Y β such that Hθ(≺β , Y
β) for any β ≼ α, where ≺γ is a restriction of ≺ to

the domain {γ′ ∈ N : γ′ ≺ γ}. Hence, if f̂ ∈ [
⊕

α∈N Tα], then (f̂)α ∈ [Tα] for any α ∈ N, and thus f̂
computes a set Y such that H(≺, Y ).

Finally, we construct a Caristi system whose fixed point is a path of
⊕

α∈N Tα. We define a potential

function V : NN → [0,∞) by V (f) =
∑

{2−α : (f)α ̸∈ [Tα], α ∈ N}; this defines a total potential on
NN provably in ACA0 ([4], together with Lemma A.4). We will construct a Baire class 1 function
F : NN → NN which ‘descends along’ V . For each s ∈ N, we will define a continuous function
Fs : N

N → NN as follows. For a given f ∈ NN, let If,s := {α < s : (f ↾ s)α /∈ Tα, α ∈ N}. If If,s = ∅,
then put Fs(f) = f . Otherwise, let βs be the ≺-smallest element of If,s. Put (Fs(f))γ = (f)γ if γ ≠ βs,
and (Fs(f))βs to be the s-approximation of a path of Tβs computed from (the s-approximation of)

fβs :=
⊕

γ≺βs
fγ . (Note that fβs ↾ s ∈ T βs by the definition.) More formally, we define h = (Fs(f))βs

as follows: for t < s define h(t) inductively as h(t) = (0, fβs ↾ t̄) if (∀m ≤ s)¬θ0(m, t, f
βs ↾ m)

and t̄ = max{t} ∪ {|(h(t′))◦| : t′ < t} and h(t) = (1, fβs ↾ t̄) if t̄ is the smallest u ≤ s such that
(∃m ≤ u)θ0(m, t, f

βs ↾ m) and u ≥ max{t} ∪ {|(h(t′))◦| : t′ < t}, and put h(t) = 0 for t ≥ s. It is a
routine to check that such Fs is continuous.

If f ∈ [
⊕

α∈N Tα], then Fs(f) = f for any s ∈ N. Otherwise, let β̂ be the ≺-smallest α such that

(f)α /∈ [Tα]. Then, for large enough s, βs = β̂. Thus, g = lims→∞ Fs(f) exists and (g)γ = (f)γ for any

γ ≠ β̂ and (g)β̂ ∈ [Tβ̂]. Moreover, we have d(f, g) ≤ 2−β̂ ≤ V (f)− V (g). Therefore, F = lims→∞ Fs

exists, (NN, F, V ) forms a Caristi system and its fixed point is a path of
⊕

α∈N Tα. □

Question 6.9. Is Caristi’s theorem for Baire class-1 f provable in ATR0?

Theorem 6.10 (RCA0). The following are equivalent:

(1) TLPP0,
(2) CFP for Baire f ,
(3) CFP for Borel f , and
(4) CFP for Borel f on the Baire space.

Proof. By Proposition 6.7, the first item implies the third. The first moreover implies the second, since
TLPP0 implies ATR0 and so by Lemma A.5 shows that every Baire function is a Borel function. To see
that the second implies the fourth, Theorem 6.8 shows that it implies ATR0, and therefore by Lemma
A.7, it implies that every Borel function from NN to itself is a Baire function, so the fourth follows.

To complete the loop, it remains to show that the fourth implies the first. By Theorems 5.10
and 6.8, we may argue within ATR0. Using Lemma 2.4, we will show the equivalent form: given a
sequence of trees ⟨Tn⟩n∈N and a well-order ≺, we will obtain a pair of sets Z0, Z1 so that n ∈ Z0 iff

there is a path through Tn which is Σ
Z0⊕Z1⊕⟨Tn⟩n∈N

≺ . To show this, we define V : NN → [0,∞) by
V (f) =

∑
{2−i : (f)i ̸∈ [Ti]} as in the proof of Theorem 6.8.

We wish to define a Borel function F : NN → NN by having F (f) look for a g which is a counterexample
to f being a critical point of V and which is not too much more complicated than f . Let ≺′ be the
successor of ≺. Then pick a uniform enumeration ψ0, ψ1, ψ2, . . . of the partial computable functions and,

given f , we let Yf be the set such that H(≺′, Yf , f⊕⟨Tn⟩n∈N). Then for each e such that ψ
Yf
e is total, we

can let ge = ψ
Yf
e . We wish to choose F (f) to be ge where e is least such that 0 < d(f, ge) ≤ V (f)−V (ge)

if there is such an e, and to be f otherwise.
We need to check that F is Borel. It suffices to show that, for any finite sequence σ ∈ N<N, the set

of f such that there is e such that ψ
Yf
e exists and satisfies σ ⊏ ge and 0 < d(f, ge) ≤ V (f)− V (ge) is

Borel.
The main step is translating the construction of Yf into a statement about Borel sets. By recursion

on α ∈ |≺′| we argue that the set of f such that m ∈ (Yf )α is Borel: when α is minimal, m ∈ (Yf )α iff
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θ∗(m,∅, f ⊕ ⟨Tn⟩n∈N), and since θ∗ is Σ0
1, the set of such f is open, namely a union of those initial

segments that witness this.
Suppose that, for all m, the set of f such that m ∈ (Yf )≺α is Borel. Then m ∈ (Yf )α if and only if

θ∗(m, (Yf )≺α, f ⊕ ⟨Tn⟩n∈N). This is a union of sets which are, by the recursion, Borel sets intersected

with open sets, and is therefore also a Borel set. In particular, for each e, the set of f such that ψ
Yf
e is

total is a Borel set.
The set of f such that V (f) < q is easily seen to be Borel. Since, for any i and j, the set of f such

that ψ
Yf
e (i) = j is Borel, also for any rational q, the set of f such that 0 < d(f, ge) < q is Borel, as is

the set of f such that V (ge) < q. Then the set of f such that 0 < d(f, ge) ≤ V (f)− V (ge) is precisely
the set of f such that, for every pair q, q′ such that V (f) < q and V (ge) ≥ q′, 0 < d(f, ge) < q − q′,
which is also Borel.

Therefore the function F is Borel. By CFP for Borel functions, there is a fixed point f∗ for F , and
so F (f∗) = f∗. Let X = {β : (f∗)β ∈ [Tβ ]}. Clearly if β ∈ X then Tβ has a path. Conversely, suppose

that β /∈ X, and suppose for a contradiction that Tβ has a path h which is Σ
X⊕f∗⊕⟨Tn⟩n∈N

≺ . Then we

may define g(⟨γ, n⟩) by h(n) if γ = β and f∗(⟨γ, n⟩) otherwise, so g is Σ
X⊕f∗⊕⟨Tn⟩n∈N

≺ , and therefore

Σ
f∗⊕⟨Tn⟩n∈N

≺′ . It follows that g = ge for some e.

Moreover, 0 < d(f∗, g) ≤ 2−⟨β,0⟩ ≤ 2−β = V (f∗)− V (g), which means that F (f∗) = ge0 for the least
e0 with 0 < d(f∗, ge0) ≤ V (f∗) − V (ge0), and so we must have F (f∗) ̸= f∗, which is a contradiction.
Therefore X and f∗ are the necessary witnesses. □

Appendix A. Remarks on Function Codes

In order to maintain some generality in the formalization of Caristi’s theorem, we have based our
presentation on Baire and Borel codes. In this Appendix we establish how these codes relate to each
other, as well as to other codes used in the literature.

First, we recall the standard coding of continuous functions used in e.g. [13].

Definition A.1 (RCA0; [13, Definition II.6.1]). Let X = X̂ and Y = Ŷ be complete separable metric
spaces. A continuous partial function f : X → Y is coded by a set Φ ⊆ N×X ×Q>0 × Y ×Q>0 that

satisfies the properties below. Let us write Br(a)
Φ
→ Bq(b) for ∃n(⟨n, a, r, b, q⟩ ∈ Φ). Then, for all

a, a′ ∈ X, all q, q′ ∈ Q, and all r, r′ ∈ Q>0, Φ should satisfy:

(cf 1) if Br(a)
Φ
→ Bq(b) and Br(a)

Φ
→ Bq′(b

′), then d(b, b′) ≤ q + q′;

(cf 2) if Br(a)
Φ
→ Bq(b) and Br′(a

′) D Br(a), then Br′(a
′)

Φ
→ Bq(b);

(cf 3) if Br(a)
Φ
→ Bq(b) and Bq(b) D Bq′(b

′), then Br(a)
Φ
→ Bq′(b

′).

A point x ∈ X is in the domain of the function f coded by Φ if, for every ε > 0, there are

Br(a)
Φ
→ Bs(b) such that d(x, a) < r and s < ε. If x ∈ dom(f), we define the value f(x) to be the

unique point y ∈ Y such that d(y, b) ≤ s for all Br(a)
Φ
→ Bs(b) with d(x, a) < r.

Lemma A.2 (RCA0). Let X ,Y be metric spaces. A function f : X → Y can be coded as a continuous
function in the sense of Definition A.1 if and only if it can be coded as a Borel function where the
preimage of every open ball is open.

Proof sketch. If Φ is a code for a continuous function f and Bs(b) is any open ball in Y, we can

enumerate f−1[Bs(b)] by enumerating Br(a) if Br(a)
Φ
→ Bs′(b

′), where dY(b, b
′) + s′ < s (the latter is

needed since Br(a)
Φ
→ Bs′(b

′) only guarantees Br(a) ⊆ f−1[Bs(b)]). Conversely, if Ψ is a Borel code for
f , we note that for Bs(b) ⊆ Y , f−1[Bs(b)] is represented in the form

⋃
i∈NBri(ai). We thus enumerate

Br(a)
Φ
→ Bs(b) if a = ai and r = ri for some i. □

Indeed, the proof of Lemma A.2 is effective in the sense that there exist (provably in RCA0) ∆
0
1

formulas which define Turing functionals for these conversions of codes, and thus any sequence of codes
of functions in one way can be converted to the sequence of codes in the other way.

The results of [4] were originally stated with respect to the following coding of lower semi-continuous
functions, but as we will see, it is equivalent to our Baire representation for them.

Definition A.3 (RCA0; [4, Definition 4.1]). Let X be a complete separable metric space. A lower
semi-continuous partial function V : X → R is coded by a set Ψ ⊆ N×X ×Q>0 ×Q that satisfies the
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properties below. Let Br(a)
Ψ
⇁ q denote ∃n(⟨n, a, r, q⟩ ∈ Ψ). Then Ψ must satisfy that for all a, a′ ∈ X,

all q, q′ ∈ Q, and all r, r′ ∈ Q>0,

(lsc 1) if Br(a)
Ψ
⇁ q and Br′(a

′) D Br(a), then Br′(a
′)

Ψ
⇁ q, and

(lsc 2) if Br(a)
Ψ
⇁ q and q′ < q, then Br(a)

Ψ
⇁ q′.

A point x ∈ X is in the domain of the function V coded by Ψ if

y = sup{q ∈ Q : (∃⟨a, r⟩ ∈ X ×Q>0)(Br(a)
Ψ
⇁ q ∧ d(x, a) < r)}

exists, in which case V (x) = y. If V has codomain [0,∞) (in the sense that Br(a)
Ψ
⇁ 0 for every a, r),

we call V a potential.

Let X be a complete separable metric space. The idea behind Definition A.3 is that Ψ enumerates
pairs ⟨Br(a), [q,∞)⟩ with the property that if V is the function being coded by Ψ and x is in
Br(a) ∩ dom(V ), then V (x) is in [q,∞).

Lemma A.4.

(1) Over RCA0, it is provable that a function f has an lsc code as given by Definition A.3 if and
only if it is a pointwise increasing limit of continuous functions.

(2) Over Π1
1-CA0, it is provable that for every potential f and every α > 0, the α-envelope of f

exists.

Proof sketch. The second claim is proven in [4], so we focus on the first. First we approximate the
indicator function of an open ball, χBr(a); for ε ∈ (0, 1), define χε(x) to be 1 if x ∈ Br(1−ε)(a), 0 if
x /∈ Br(a), and otherwise χε(x) = 1/ε − d(a,x)/εr. Then, if we define χn

Br(a)
:= χ2−n−1 , it is clear that

χn
Br(a)

→ χBr(a) as n → ∞. If ⟨⟨Bi, qi⟩ : i < m⟩ is a tuple of pairs consisting of an open ball and a

positive rational, we may similarly approximate maxi<m qiχBi
by maxi<m qiχ

n
Bi
. If we enumerate an

lsc code Ψ as {⟨Bi, qi⟩ : i ∈ N}, we may then approximate the function V coded by Ψ by diagonally
approximating V as maxi<n qiχ

n
Bi
.

Conversely, if V = limn→∞ Vn where ⟨Vn : n ∈ N⟩ is pointwise increasing, we may define a code for

V by putting B
Ψ
⇁ q if there is n such that Vn(x) > q for all x ∈ B, which may be extracted from the

continuous code for Vn. □

Lemma A.5 (ATR0). Every Baire function is Borel.

Proof. Let f = fΞ be a Baire function coded by Ξ. It suffices to show that for all Br(a), the inverse
image f−1[Br(a)] is a Borel set in a uniform way. We show this by recursion on Ξ. The case where f
is continuous is given by Lemma A.2, so we assume otherwise.

Suppose we have f = limn→∞ fn and each fn is given as a Borel function. Then we may set

f−1[Br(a)] =
⋃

r′<r

⋃

n

⋂

m≥n

f−1
m [Br′(a)].

□

In general it is not true that every Borel function is Baire, but for many specific spaces this does
hold. However, it does hold for zero-dimensional spaces, are spaces that have a basis consisting of
clopen balls.

Lemma A.6 (ATR0). If X is zero-dimensional, then every Borel function from X to N is Baire.

Before beginning the proof, it will be helpful to refine our definitions a bit. Let A be the algebra
generated by the basic clopen sets of X—that is, the collection of sets generated from basic clopen sets
by complements, finite unions, and finite intersections. We can choose some encoding of the elements
of A by natural numbers.

We next modify our notion of a Borel code slightly. First, we restrict ourselves to codes where the
levels alternate between unions and intersections—that is, which have the form

⋃
n

⋂
m

⋃
p · · · . We can

easily obtain a code with this property from one without by compressing runs of numbers with the
same parity. For example, when σ⌢⟨2n⟩ ∈ S is not a leaf, we can replace this node with nodes of the
form

σ⌢⟨2⟨2n, 2m1, . . . , 2mk⟩⟩
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such that σ⌢⟨2n, 2m1, . . . , 2mk⟩ ∈ S, and similarly converting runs of odd numbers to a single odd
number.

Second, we require that the top level be a union—that is, unless S contains only a single leaf, we
require that the unique n so that ⟨n⟩ ∈ S be odd. This is easily arranged, because if S does not have
this property then we replace it with {⟨1⟩⌢σ : σ ∈ S}.

Finally, we allow leaves to be labeled by elements of A; this does not change what sets are Borel,
though it can slightly reduce the complexity. For purposes of the proof, we call these clean Borel codes.
We note that, because leaves are labeled by elements of A, a clean Borel code is not quite a Borel code.
Nonetheless, the basic properties of Borel codes hold for clean Borel codes with no changes to the
proofs.

The advantage to clean Borel codes is that we can easily take finite unions and intersections without
changing the complexity, and can take the complement while increasing the complexity by at most one
(because we need to add an extra, trivial, union step at the root).

Proof of Lemma A.6. We assume f is given as a clean Borel function—that is, the code for f gives us,
for each n, a clean Borel code for f−1(n).

We will define a well-founded tree U and, for each node σ ∈ U , a clean Borel function fσ. Additionally,
we need to give some sort of ordinal bound on the Borel codes we use, which will ensure that they
are getting simpler as we progress to larger nodes in U ; we take an approach which is inefficient but
relatively simple to describe. Take the tree combining all the Borel codes for f—that is, the tree Υ
with branches indexed by N, and above each n, the Borel code Sn for f−1(n). Then Υ is a well-founded
tree.

For each σ and each n, we will have an assignment πnσ from the tree Sn
σ encoding f−1

σ (n) to Υ so
that if τ ⊏ τ ′ then πnσ(τ

′) <kb(Υ) π
n
σ(τ). We have ⟨⟩ ∈ U and f⟨⟩ = f . The map πn⟨⟩ is the inclusion of

Sn in Υ.
If, for every n, f−1

σ (n) is presented as an element of A (that is, the clean Borel code for f−1
σ (n) is

simply a single leaf labeled by an element of A) then σ is a leaf of U .
Otherwise, we will define a sequence of functions fσ⌢⟨s⟩ so that lims→∞ fσ⌢⟨s⟩ = fσ. If any

f−1
σ (n) = B ∈ A, we may replace it with f−1

σ (n) =
⋃1

i=1B, so we assume that, for all n, f−1
σ (n) =

⋃
i S

n
i .

Suppose that either {πnσ(⟨⟩) : n ∈ N} doesn’t have a largest element or Sn
i ∈ A for any i, n ∈ N. Then

we define

f−1
σ⌢⟨s⟩(n) =

⋃

i≤s

Sn
i

for n < s,

f−1
σ⌢⟨s⟩(s) =

⋂

n<s

⋂

i≤s

Sn
i

and f−1
σ⌢⟨s⟩(n) = ∅ for n > s. Then it is immediate that lims→∞ fσ⌢⟨s⟩ = fσ. The functions πnσ⌢⟨s⟩

can be defined in the obvious way by copying over the definitions of the πnσ where possible and, in
πnσ⌢⟨s⟩, mapping the extra levels to successors. In particular, supn π

n
σ⌢⟨s⟩(⟨⟩) < supn π

n
σ(⟨⟩).

Otherwise, {πnσ(⟨⟩) : n ∈ N} has a largest element and at least one f−1
σ (n) has the form

⋃
i

⋂
j S

n
i,j ;

then, again, we may assume that every f−1
σ (n) has this form (by replacing

⋃
iBi with

⋃
i

⋂1
j=1Bi).

For each s and n, we set

f−1
σ⌢⟨s⟩(n) =

⋃

t1


 ⋂

m≤s

Sn
t1,m ∩

⋂

⟨u0,u1⟩<⟨n,t1⟩

⋃

m≤s

Su0
u1,m


 .

That is, fσ⌢⟨s⟩(x) is chosen by finding the smallest pair ⟨n, t1⟩ such that x ∈
⋂

m≤s S
n
t1,m. Such a

pair ⟨n, t1⟩ clearly exists and is unique, so fσ⌢⟨s⟩ also defines a unique Borel function. Since, for
each x, there is an n so that, for some t1, x ∈

⋂
m S

n
t1,m, there is some large enough finite s so that

s ̸∈
⋃

⟨u0,u1⟩<⟨n,t1⟩

⋂
m≤s S

u0
u1,m, and therefore fσ⌢⟨s⟩(x) = fσ(x); in particular, the functions fσ⌢⟨s⟩

converge pointwise to fσ.
We need to define the functions πnσ⌢⟨s⟩, and we have to do this a bit carefully to make sure that

supn π
n
σ⌢⟨s⟩(⟨⟩) < supn π

n
σ(⟨⟩). For simplicity, assume that each Sn

t1,m =
⋃

j S
n
t1,m,j . (In the cases where
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this fails, Sn
t1,m ∈ A, and the coding is similar but simpler.) Then we have, for each t1,

⋂

m≤s

Sn
t1,m ∩

⋂

⟨u0,u1⟩<⟨n,t1⟩

⋃

m≤s

Su0
u1,m =

⋃

j1,...,js


 ⋂

m≤s

Sn
t1,m,jm ∩

⋂

⟨u0,u1⟩<⟨n,t1⟩

⋃

m≤s

Su0
u1,m


 ,

and using the closure of clean Borel codes under finite unions and intersections, the interior of the
union is a single clean Borel code. Note that πnσ maps the node corresponding to each Su0

u1,m (or Sn
t1,m)

to a level at least three nodes below supn π
n
σ⌢⟨s⟩(⟨⟩) (there must be a node above for

⋂
j , then one for⋃

i, then one for the root of the Borel code). By mapping to level-wise maxima, we may arrange for
πnσ⌢⟨s⟩ to map the root of this intersection to a level at least three below supn π

n
σ⌢⟨s⟩(⟨⟩) as well. Then

we can map the union over t1, j1, . . . , js to the level immediately above that, and the root to the level
above that. In particular, πnσ⌢⟨s⟩(⟨⟩) + 1 ≤ supn π

n
σ(⟨⟩), and therefore supn π

n
σ⌢⟨s⟩(⟨⟩) < supn π

n
σ(⟨⟩).

Since kb(Υ) is well-ordered, the map from U to Υ given by σ 7→ supn π
n
σ(⟨⟩) shows that U is

well-founded. The leaves σ of U are functions where each f−1
σ (n) ∈ A, and since each open ball is

clopen, each element of A is open, so f−1
σ is continuous. We may replace each leaf with a code for fσ

as a continuous function, and we have therefore obtained a representation of f as a Baire function. □

Lemma A.7 (ATR0). Every Borel function from NN to itself is Baire.

Proof. First, given a Borel function f coded by Υ, let f ′ : NN × N → N be the function which maps
⟨Λ, n⟩ to the n-th position of f(Λ). We view NN × N as a metric space in which d(⟨Λ, n⟩, ⟨Λ′, n′⟩) = 2
iff n ̸= n′ and d(⟨Λ, n⟩, ⟨Λ′, n⟩) = d(Λ,Λ′) ≤ 1. Then f ′ is also Borel: the inverse image of a is the
union over all sets UΥ

⟨σ,2−|σ|⟩
× {n}, where n ∈ N and σ ∈ N<N such that σ(n) = a.

By the previous lemma, f ′ is also Baire. Taking the (continuous) leaves f ′σ : NN × N → N, we can
define fσ : NN → NN by fσ(Λ) = ⟨f ′σ(⟨Λ, n⟩) : n ∈ N⟩. This function is still continuous and respects the
limits of the f ′σ sequence, so the same tree gives a representation of f as a Baire function. □
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