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1 | INTRODUCTION

Our main aim is to give a family of presentations of the braid group B(d, d, n) of the complex
reflection group G(d, d, n), for positive integers d, n with d > 2 (see [6, section B]), with one pre-
sentation associated to each tagged triangulation (in the sense of [14, section 7]) of an orbifold
given by a disk with a single cone point of degree d. In addition, we show that B(d, d, n) can be
embedded in the n-strand braid group of the orbifold as a subgroup of index d (a result obtained
independently in [12]; see the comment after Theorem A below), generalising a result of Allock
[1, Theorem 1.1]. This allows us to give a geometric interpretation of the generators in each pre-
sentation in the family. This generalises a family of presentations of the Artin braid group of type
D,, given in [18], which can be regarded as the case d = 2.

Recently, there have been a number of articles giving presentations of braid groups using the
theory of cluster algebras, and these form part of the motivation for this paper. In [3], a family
of presentations of finite Weyl groups was given, one for each seed in the corresponding clus-
ter algebra; the subsequent article [18] gave alternative presentations in the simply laced case,
which lifted to the corresponding braid groups (see also [28]). An independent proof of this was
found by Alastair King and Qiu Yu (see [25, Proposition 10.3]). Braid group presentations (for
all finite cases) were also given in [19]. Presentations for types H and I were given in [20, The-
orem 3.5]. Presentations for affine Coxeter groups were given in [10] and groups of a similar
kind were associated to surfaces in [9, 10] (see also [8, 11]). This article can be regarded as pro-
viding presentations similar in style to these cluster algebra-theoretic presentations, but we note
that there is no cluster algebra associated to a complex braid group, and that the mutation con-
sidered here (see Section 3.2), although related, is not the same as Fomin-Zelevinsky mutation
[15, Definition 4.2] (or the corresponding diagram mutation [16, section 8]); in particular, the
quivers considered here have additional decorations that do not appear in the theory of cluster
algebras.

It is also interesting to note the article [22], which associates a groupoid, known as the clus-
ter exchange groupoid, to a cluster algebra of Dynkin type, showing that the fundamental group
is isomorphic to the corresponding Artin braid group [22, Theorem 2.16], giving an alternative
construction of the Artin braid group in these cases. There are also strong relationships with
mapping class groups and groups generated by spherical twists and their presentations; see,
for example, [26] and the references therein, and [27]. In particular, Appendix C in [27] gives
realisations of affine braid groups as fundamental groups of moduli spaces of framed quadratic
differentials.

In the remainder of Section 1, we recall the relevant theory and background for real and complex
reflection groups and braid groups, and state our main results in more detail. In Section 2, we give
an orbifold realisation of the braid group of the complex reflection group G(d, d, n). In Section 3,
we give the promised family of presentations of G(d, d, n) and the corresponding braid group, and
in Section 4, we give a geometric interpretation of the generators in these presentations in terms
of the geometric description in Section 2.
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PRESENTATIONS OF THE BRAID GROUP OF THE COMPLEX REFLECTION GROUP G(d, d, n) 3 of 56

1.1 | (Real) reflection and braid groups

In (a special case of) [3, Theorem 5.4], Barot and Marsh proved that if Q is a mutation-Dynkin
quiver, that is, a quiver that can be obtained by mutating a Dynkin quiver A of type ADE in the
sense of [15, Definition 4.2] finitely many times, then the associated group W(Q) is isomorphic to
the Weyl group W(A). Let n be the number of vertices in A. As shown in [5] (and recalled in [1,
section 2]), the Artin braid group .A(A) of type A is isomorphic to the fundamental group

7r1<(V - SELJZHS>/W(A)>,

where X is the set of reflections in W(A), V is the complexification of R" and H; the
complexification of the set of fixed points of s in R".

More abstractly, the Artin braid group .A(A) can be defined in terms of generators and relations
associated to the corresponding graph of type A. For example, the Coxeter graph of type D,;:

\ hy Ry /. h, )
/

gives the standard presentation of A(D,) = (hy, h,, ..., h,, | R), where R is the set of relations
hihjh; = h;h;h; if there is an edge between h; and hj and h;h; = hjh; otherwise. The Weyl group
W(D,,) is then the quotient of .A(D, ) obtained by adding the relations hl.2 = e for all i, where e is
the identity element.

Allcock described the connection between some Artin braid groups and orbifold fundamental
groups. In particular, in [1, Theorem 1.1], he proved that .A(D,,) is isomorphic to a subgroup of

index 2 of the orbifold fundamental group
Z,(0,) = 77"1(((9;1 —A4,)/Sn),

where O, is the orbifold C/C,, A, = {(x,X,, ..., X,,) € O} @ x; = x; for some i # j}and S,, is the
symmetric group of degree n.

Subsequently, Grant and Marsh studied presentations of Artin braid groups of type ADE. In
[18, Theorem A], they showed that if Q is a mutation-Dynkin quiver, then the associated braid
group is isomorphic to the Artin braid group .A(A) of the corresponding Dynkin type. This way
one obtains many presentations of the Artin braid groups of type ADE.

Moreover, they showed that an orientation of (1) coincides with the quiver Qr, associated with
the initial (tagged) triangulation T, of (X, M), where X is the disk S with an interior marked point
interpreted as a cone point of degree 2, and M is a set of n marked points on the boundary of X;
see [18, p. 91 and figure 5]. See [14, section 7] for the definition of tagged triangulations; see also
[18, section 3]. Note that the interior of X is isomorphic as an orbifold to O,.

Flipping a triangulation corresponds to mutating the quiver associated to it and, using the fact
that the graph of flips of (tagged) triangulations of the disk is connected, it was shown in [18,
Theorem A] that any (tagged) triangulation T of (X, M) gives a presentation of .A(D,,). Moreover,
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4 0of 56 | FEDELE and MARSH

T has an associated braid graph, the edges of which correspond to elements o; in Z,,(©,). In [18,
Theorem 3.6], Grant and Marsh proved that the subgroup By of Z,,(©,) generated by the elements
o; is isomorphic to the group G, associated to the quiver corresponding to T. Hence the group
presentation associated to the triangulation T gives a presentation of .A(D,,) as a subgroup of index
20f Z,(0,).

1.2 | Complex reflection and braid groups

In this paper, we are interested in studying a ‘complex’ version of the above.

A pseudo-reflection s is a non-trivial element in the general linear group GL(C") which fixes a
hyperplane H, pointwise, known as the reflecting hyperplane of s. A group generated by pseudo-
reflections is known as a complex reflection group. The irreducible finite complex reflection groups
were classified by Shepard and Todd in [31]. Broué, Malle and Rouquier provided presentations of
all such groups using Coxeter-like diagrams; see [6, tables 1- 4 in Appendix 2]. Here we focus on
the complex reflection groups of the form G(de, d, n) for positive integers d, n and e. We use the
same notation as in [32]. For o € S,, denote by [(x;, X,, ..., X,,) | o] the n X n monomial matrix
with non-zero entries x; in the i, o(i) positions. Then

n e
G(de,d,n) := {[(xl,xz,...,xn)w] DX € C*,x;je =1, <ij> =1,0€ Sn}.
j=1

Note the close relationship to Weyl groups, which can be seen as a special case of the above. In
particular, note that W(A4,,_;) = G(1,1,n), W(B,,) = G(2,1,n) and W(D,)) = G(2,2,n).

Similarly to the real case above, one can construct the braid group, denoted by B(de,d, n),
associated to the complex reflection group G(de, d, n). This is defined as the fundamental group

711<<C” -U HS>/G(de, d, n)>,
SEX

where X is the set of pseudo-reflections in G(de, d, n). See [6, tables 1,2 and 5] for presentations of
both G(de, d, n) and B(de, d, n). Similarly to the real case, G(de, d, n) is a quotient of B(de, d, n),
obtained by making all generators of finite order. For general d and e, some generators have order
larger than 2, while for e = 1 they all have order 2.

Moreover, note that B(1,1,n) = A(A,,_,), B(d,1,n) = A(B,) foranyd > 2, B(2,2,n) = A(D,),
and B(d, d,2) = A(I,(d)). In particular, [1, Theorem 1.1] states that B(2, 2, n) is isomorphic to a
subgroup of order 2 of Z,(0,). Let d > 2 be an integer and O, be the orbifold C/C,. In our first
main result, we generalise Allcock’s inclusion of groups to the case of arbitrary d, and fit it into a
commutative diagram.

Theorem A. There is a commutative diagram, as in Figure 1, of group homomorphisms where y, ¢
are isomorphisms and a, 3 are monomorphisms, and A(B,,) is the Artin braid group of type B, with
presentation by generators:
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PRESENTATIONS OF THE BRAID GROUP OF THE COMPLEX REFLECTION GROUP G(d, d, n) 50f 56

A

N:(StQS_l,tQ,tg,...,tn> = B(d,d/n)
a | index d B | index d
A(Bn, v
(s(d:e)) ~ Z?L(Od)

FIGURE 1 Commutative diagram of group homomorphisms.

That is, A(B,) = (S, t5, t3,...,t, | R), where R is the set of relations t;t; t; = t; 1 t;t;,; for2 <i<
n—1tt; =t;t;if li — j| > 1 and st,st, = t,51,8.

See Section 2 for more details of the groups and the morphisms, and the proof of the theorem.

We note that Theorem A also follows from [13, Corollary 5.7] and [12, Theorem A(2)]. The proof
here was obtained independently. It is more direct (for this special case), avoiding use of the map-
ping class group and giving a construction specifically related to the approach of [6] (i.e. more in
the style of [1]).

Our second main result generalises [3, Theorem 5.4] and [18, Theorem A] for the groups
G(d,d,n) and B(d, d, n) with d > 2, where the case d = 2 recovers the classical results. Consider
the marked surface (X, M), where X is the disk S with an interior marked point interpreted as a
cone point of degree d. Note that the interior of X is isomorphic to @, as an orbifold. Let M be a
set of n marked points on the boundary of X.

In Section 3.1, we associate a decorated quiver Q to any tagged triangulation T of (X, M) and
a group G, to Q7. In Section 3.2, we introduce a mutation rule for such a quiver with respect to
a chosen vertex, which corresponds to flipping the associated triangulation.

In particular, the initial triangulation T, illustrated in Figure 12, has associated quiver QTO,
which is an orientation of the presentation of B(d, d, n) from [6, table 5]. Proving that at each
mutation step we obtain an isomorphic group, and using the fact that the flipping graph of (tagged)
triangulations of (X, M) is connected, we obtain the following result, providing a family of new
presentations of the groups B(d, d, n) and G(d, d, n).

Theorem B (= Theorems 3.36 and 5.1). Let T be a tagged triangulation of (X, M) and let G’QT be the
group defined in the same way as G, with the additional relations that all generators square to the
identity element. Then

. GQT ~ B(d,d,n) and GQT gives a presentation of B(d, d, n),
. G(’QT ~ G(d,d,n) and G’QT gives a presentation of G(d, d, n).

Finally, we re-interpret Theorem B by assigning explicit elements to the abstract generators in
the newfound presentations both for the braid and reflection groups.

We combine the two theorems above to give a geometric interpretation of the new presenta-
tions of B(d, d, n). Similarly to the real case above, each tagged triangulation T of (X, M) has an
associated braid graph Dy such that the edges of D, one for each vertex i in Q, correspond to
braids o; in Z,(O,). Let By be the subgroup of Z,(©,) generated by these braids o;. The follow-
ing result generalises [18, Theorem 3.6] to the case d > 2, concluding that the group presentation
associated to the triangulation T gives a presentation of B(d, d,n) as a subgroup of index d of
Z,(Oy).
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6 of 56 | FEDELE and MARSH

Theorem C (= Theorem 4.6). Let T be a tagged triangulation of (X, M). Then there is an isomor-
phism from By to G, taking the braid o; to the generator s; of G corresponding to the vertex i in
Qy. Furthermore, By is a subgroup of index d of Z,,(O,).

Finally, combining Theorem B with results from [32], we assign explicit reflections to the gen-
erators of the new presentations of G(d,d,n) as follows. For the definition of the reflections
appearing in the following result, we refer the reader to Section 2.1.

Theorem D (= Theorem 5.7). Let T be a tagged triangulation of (X, M) and fix a numbering
1,2,...,n of the n vertices of Dy. Associate a reflection s(e) = s(a, b;c(e)) to each edge e between
vertices a and b in Dy, where for the edges appearing in the unique cycle of Dr, the integers c(e) have
to obey the condition explained in Setup 5.5. Then, there is an isomorphism of groups v : G,QT -
G(d, d, n) sending the generator of G(’QT associated to vertex v in Qr to the reflection associated to the
edge in Dy that is the dual of v.

2 | THE COMPLEX BRAID GROUP B(d,d,n) AS A SUBGROUP OF
Z,(0,): PROOF OF THEOREM A

The aim of this section is to prove Theorem A, that is, to construct the commutative diagram
of group homomorphisms in Figure 1. Note that the maps o and ¢ are mainly due to [6]. For
the remaining two maps, we proceed with a geometric argument. Details of the groups and
presentations appearing in the diagram are given in the following sections.

2.1 | Building g

We follow [1, section 2], using the notation from [32]. We set V = C", and denote the fixed
hyperplane of a reflections : V — V by H,.

We use the notation from [32]. Let d,n be positive integers with d > 2. Let S,, denote the
symmetric group of degree n, and C* = C\ {0}. For o € S,, and (x;,x,,...,x,) € (C*)", let
[(xy, x5, ..., x,,)] denote the n X n monomial matrix with x; in the i, o(i) position fori = 1, 2, ..., n.
The entries in such a matrix are restricted to powers of w, = e?7/%.

Let I'(d,n) denote the group of all such matrices, and let G(d,d,n) denote the complex
reflection group:

n
G(d,d,n) = {[(xl,xz,...,xn)la] DX € C*,xf =L|]|x;=1l0€ Sn},
j=1

which is a normal subgroup of I'(d, n) of indexd. For1 < a<b<nand0<c<d-1,set

S(a7 bs C) = [(1, ) 13 w(;c’ 1’ e 1: w(ci’ PRI 1)|(a5 b)];

=

and for a > b, set s(a, b;c) = s(b,a,—c). Thus, fora < b,

s(a,b;c)(zy, .5 2,) = (21, s Zi_qs co(;czb, s W2, s Zp)-
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PRESENTATIONS OF THE BRAID GROUP OF THE COMPLEX REFLECTION GROUP G(d, d, n) | 7 of 56

These elements all have order two and, as remarked in [32, 1.5], they constitute the reflections
in G(d, d, n); we denote this set by . Thus G(d, d, n) is generated by X, the set of reflections it
contains.

Remark 2.1. Fori < j, the reflection s(a, b; ¢) fixes the hyperplane
Hype) = H(a,b;c) = {(zy,...,2,) €C" © z, = w;kzb} = ker(s(a, b;c) —idcn).
Moreover, s(a, b; c) has associated hyperline
Lya p:e) = L(a, b; ¢) = im(s(a, b; ¢) — idcn).

Note that C" = Hy, p.c) @ Ly(q b:c)» @nd s0 each element x € C" can be written uniquely as x =
Xy + X, with Xy € Hs(a,b;c) and X; € Ls(a,b;c)'

Let
Vo=V \ UsesHg.

As noted in [1, 2.1] for the D,, case, V,, is connected since each H has real codimension 2 in V.

It is well-known that G(d, d, n) acts freely on V|, (see, e.g. [17]). Since G(d, d, n) is finite, it acts
properly discontinuously on V, and it is clear the action is smooth, so we can form the quotient
manifold V,/G(d, d, n) (by, e.g. [21,7.10]). Let p : V;, — V,,/G(d, d, n) be the canonical surjection,
which is a manifold covering map [23, Theorem 21.13]. Choose X, € V,,. Then the fundamental
group m,(V,/G(d, d, n), p(x,)) is known as the braid group of G(d, d, n) and denoted B(d, d, n)
(see [6, 2B]).

The cyclic group C, acts on C, with a generator sending z to w,;z. Let O, be the orbifold C/Cj.
The underlying space of C/Cy is C, and it has a single cone point of degree d at the origin. The
n-strand pure braid space of O, is O, — A, where

A, ={(zy,25,..,2,) €O : z; = z; for some i # j}.
The symmetric group S,, of degree n acts freely on O — A, and we can form the quotient

X, = (0] —A,)/Sy,
which is the n-strand braid space of O,. Then the n-strand braid group Z,(0,) of O, is the
orbifold fundamental group (in the sense of [33, Definition 13.2.5]) of X, with respect to a choice
of basepoint b = (by, ..., b,) € X,, which does not lie on the orbifold locus. The n-strand pure
braid group P,(O,) of O, is the orbifold fundamental group of A,,.

Proposition 2.2. There is an isomorphism of orbifolds V /C}}
(xf, xg, s xg). This induces an isomorphism ¢ : V/T(d,n) = X, and hence a d-fold orbifold cov-
eringmapV,/G(d,d,n) - X, and an embedding 8 of B(d,d, n) = m,(V,/G(d, d, n)) as a subgroup
ofindexd in Z,(0,) = m,(X,).

= (93 given by (x1,x,,...,X,) —
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8 of 56 | FEDELE and MARSH

Proof. Recall that
Vo =1{z1.23,...2,) €C" : z;#wkz;, foralli+ jand0 <k <d-1}.

The group G(d, d, n) has a normal subgroup isomorphic to Cg‘l consisting of the elements where

the permutation is the identity, that is, using the notation w; := e271/d_ the elements of the form
k, k Kox | s
[(w, v w") | id]

where ki, k,, ...k, €{0,1,...,d — 1} satisfy k; +k,+ - +k, =0 modulo d. Note that
ki,ky,....,k,_; can be chosen freely and they determine k,. It is easy to see that
G(d,d,n) = Ct’i‘_1 X S,. The rest of the argument goes through as in [1, Proof of Theorem
11]. 0

We use the same generating set of reflections for G(d, d, n) as [6, pp. 151-152] with the following
notation. Note that these give a presentation of G(d, d, n) by [6, Proposition 3.2].

Notation 2.3. We set

Zﬂi/dzz’ e27ri/d

~

b 1=5(1,251) (21,2, 23,24 ..., Z,) P> (€7 21323524 s Zps Zn—1s Zn)s

ty :=5801,2;0) : (21,22,23,Z4 > Zp) P> (22,215,235 24 ove s Zy_s Zn—1s Zn)s

t; :=15(2,3;0) : (21,22,23,24 -, 2) = (21,2352, 24 e s Zy2s Zp—1> Zn)s

=8(n—1,n;0) : (21,25, 23, 24 -5 Z) P (21,235 23, Z4 e s 21— Z1p> Zp—1)-

In other words, we are taking n reflections: s(a — 1, a;0) for a € {1,2,...,n} and s(1,2;1) and
renaming them as above. As pointed out in [32], these are all reflections of type I and hence they
have order 2 and they lie in G(d, d, n).

We next need some paths in V|, as defined in [6].

Definition 2.4 [6, section B, eq. (2.13)].. Let s € G(d, d, n) be a reflection. Note that s has order 2.
Let x € V,, with decomposition x = xj; + x; with x;; € H; and x; € L, as in Remark 2.1. Then
¥y = 8(x) = xiy — x;.. Then the straight path p, : [0,1] — V sending ¢ to xj; + (1 — 2t)x; does not
lie in V, since p,(1/2) € H. So we take instead a version of the path which is perturbed close to
H:

X+ 1y —x) = xy + (1 - 20)x;, 0<t< 3

. 1 . 1
ps(t) =qx + (% - %e3m(t_3))(y —-Xx)=xy + %e3m([_3)xL, % <t< %;
xX+t(y —x)=xg+1-2)x,, %<t<1,

which is a special case of the construction in [6, section B, eq. (2.13)].
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T2

[ ]

T3 T4 Tao T
d —e ® -inn.. ° °

[ ]

!

Ty

FIGURE 2 The presentation of B(d, d, n) from [6].

Remark 2.5. In Definition 2.4, the ith entry of py(t) is either constant (if x; = y;) or a path from
X; to y; which is the first third of the straight path in C from x; to y; ending at x; + %(yi —-x) =2,

followed by an anticlockwise semicircle of radius %l ¥; — x;| centred at the mid-point between x;
and y; and ending at x; + %(yl- — x;), followed by the last third of the straight path from x; to y;.

The following result is an instance of [6, Proposition 3.2 and Theorem 2.27].

Proposition 2.6. The set {t/,t,,...,t,} together with the relations described in [6, Appendix 2
and table 2] give a presentation by generators and relations of G(d, d, n). Moreover, for s equal
to, respectively, t;, ty, ts ..., t,, the paths p,, regarded as paths in V,/G(d, d, n), are s-generators of
the monodromy, denoted respectively by ‘L’;, Ty, T3, ..., Tpy, 8iVing the presentation by generators and
relations of B(d, d, n) illustrated in Figure 2, with relations:

— / ! _ / _ . . / _ / .
TiTi1Ti = Ti4117iTit1» T2‘[3T2 = T3T2‘[3, Tl'Tj = TjTifOV |l - ]l > 1, T2Tl' = Tifzforl >3

/ ! _ / / / _ !
T2f2T37272f3 —_ T3T2T2T372T2, TZTZ e = T27.'2 et
N—— N——
d terms d terms

Remark 2.7. We recall part of the proof of Proposition 2.6 from [6, section 3]. Recall the standard
presentation of the Artin braid group of type A,,,,, that is A(A,,,;) or in [6] notation B(n + 1),
is:

By [6, Theorem 3.6], the braid group B(d,1,n) associated to the complex reflection group
G(d,1,n)is, for any d > 1, isomorphic to the subgroup of A(A,,,,) generated by {¢2, &5, &5, ..., €.}
By the discussion following the proof of [6, Theorem 3.6], an application of the Reidemeister-
Schreier method shows that this subgroup is isomorphic to the Artin braid group .A(B,,), with
generators associated to the vertices of its Dynkin diagram as follows:

g.f gz 53 gn—l gn

Recall that, if m > 1, by [6, Lemma 3.3], the complement in C" of the union of the reflecting
hyperplanes of G(md, d, n) is

M#(md’ n) = {(Z15227 ,Zn) | (vjs k7 1 < J ?é k < n)(va € Z)(Zj # 0)(Z] ;é el;:_szk)}s

0 PUe SWLB | 841 805 *[9202/70/0€] U ARIqIT BUIIUO /5| ‘90USIROXT 212D PLE LESH 10} SIMISu| [eUOIEN ‘SOIN Ad 8502 SWI(ZTTT0T/I0P/LI0" &3] 1w ARG [pUI UO"D0STeWIpUO |//Sd Wo1 papeojumoa ‘t ‘920z ‘0GLL697T

LBIIOD" B IM

3501 SUOLLLIOD SATES1D 3R ) AQ PaUBA0B 3. SO YO 5N J0 SaIN 10} ARIGIT SUIUO ABIIM UO



10 of 56 | FEDELE and MARSH

while if m = 1, it is
M(d,n) ={(zy,25,...,2,) | Vj, k,1 < j#k <n)(Va € Z)(z; # e d z))}.
As remarked in [6, section 3C], [6, Proposition 3.8] could be stated in a more general
way, obtaining, by an application of the Reidemester-Schreier algorithm, an injective group
homomorphism

¢ : ﬂl(M#(md,n)/G(md,d,n)) < A(B,),

where, letting &/ := £2£,£°2, the left-hand side group has presentation

2d \ §3 §4 gn—l gn
) 2

!’

In particular, if m > 1, the left-hand side is isomorphic to B(md, d, n), but here we are interested
in the case m = 1. By [6, section 3C], in this case there is an isomorphism of groups

m,(M¥*(d,n)/G(d,d, n))
(5%‘1 =e)

B(d,d,n) =~

and the presentation of B(d, d, n) is obtained from (2) by suppressing the node corresponding to
fd and adding an edge labelled d between &, and &.

Remark 2.8. Note that [6, section 3] uses the base point (x;, X,, X5 ..., X,;1) With x; <X, < x3 <
-+ < X4 real numbers. Instead, we choose basepoint (0, -1, 1, 24 .., (n— 1)d). We also modify
the (2 3)-generator of the monodromy &, (where (2 3) is a generating transposition of S, ; ), taking
the path as in Figure 3 rather than as in [6, section 3]: The arguments of [6] go through unchanged
with these choices. See Remark 2.10 for an explanation of this choice.

*
[ ]
[

FIGURE 3 Path p, to power d.

a ' ‘9202 '05.L697T
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-1 1 od (n-1)¢ -1 1 od (n-1)¢

h/1: 7 e o0 h2: I LI

/d

(n-1)¢4 -1 1 (i-2)* -1 (n-1)¢

-1 1 2d  3d
hs = hy =
d

FIGURE 4 The braids hy, h,, ..., h,. The thicker line (pole) represents the cone point of degree d.

Proposition 2.9. The injective group homomorphism §3 from B(d, d,n) to Z,(O,) from Proposi-
tion 2.2 is given by:

B : B(d,d,n) - Z,(Oy) : Ty hy,7; = h; for2<i<n,

Wwhere T;, Ty, Tz,..., and 7,, are as in the presentation in Proposition 2.6 and the braids hy, h,, ... , h,,
are as illustrated in Figure 4.

Proof. Let us fix the basepoint in V, to be b = (¢77/%,1,2,...,n — 1). We compute the paths p,
associated to each of the reflections s from Notation 2.3 following Definition 2.4.

Note that t,(b) = 1,e7i/d 2, . n—1). By Remark 2.5, the first entry in the path Py, from
Definition 2.4 is the first third of the straight path from e~"/¢ to 1, followed by a semicircular
path centred at the midpoint between e~/ and 1 of radius %ll — e /4| followed by the last

third of the straight path from e~/ to 1. The second entry is a similarly defined path going in
the other direction, while all the other entries are constant. We sketch this, for d = 3, in Figure 5.

We have t/(b) = (e2mi/d ein/d 2 . n—1), so the first entry of Py, is a path from e~"/4 to
e~27i/d while the second entry is a path from 1 to e7/¢ and the other entries remain constant. We
sketch this, for d = 3, in Figure 6.

For 3<j<n, we have t;(b) = (e7"/4,1,...,j—3,j—1,j—2,j,..,n—1), so the (j — st
entry of py is a path from j — 2 to j — 1 and the jth entry of py is a path from j —1to j — 2.
We sketch this, for d = 3, in Figure 7.

By Proposition 2.6, for s equal to, respectively, tg, t,,t;5 ..., t,, the paths pg, regarded as paths in
V,/G(d,d, n), are s-generators of the monodromy, denoted, respectively, by T;, Ty,T3, ..., Ty Their
images under the covering map V,/G(d, d,n) — X,, in Proposition 2.2 are given by taking their
dth powers, entry by entry.

a ' ‘9202 '05.L697T
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12 of 56 | FEDELE and MARSH

* O
—_
[\
S
|
—_

e—im/3

FIGURE 5 The path p, associated to the reflection t,. Note that only the first two entries of the n-tuple are
non-constant paths. The drawing is for d = 3. For larger d, the endpoints of the paths are closer.

eim/3

* O
—_
[\
S

|
—_

N

e—2mif3 e—ir/3
FIGURE 6 The path p, associated to the reflection t}. Note that only the first two entries of the n-tuple are

non-constant paths. The drawing is for d = 3. For larger d, the path starting at e=7/3 lies entirely within the
fourth quadrant of the plane and the endpoints of both paths are closer.

J=2

* O
—_

J-1 n-1

[ ]
e—im/3

FIGURE 7 Thepath 2 associated to the reflection ¢; for 3 < j < n. Note that only the (j — 1)st and jth
entries of the n-tuple (with initial values j — 2 and j — 1, respectively) are non-constant paths. We draw the case
d=23.

These images are illustrated in Figures 3, 8 and 9, for d = 3. Note also that the basepoint for
0 —A,is (-1,1, 24, ..., (n—1)%). It is easy to see, by writing the paths in polar coordinates in
C, that the paths will be in the same half plane (i.e. above or below the real axis) as shown in
these figures, for general d. Drawing these paths as braids using the same conventions as in [1],
that is placing the point of view from below, and recalling that the cone point of order d at 0 is
interpreted as a pole of order d, we see that the elements T;, 75, T3, ..., T, are sent, respectively, to
the braids h,, h,, hs, ..., h,, illustrated in Figure 4. Hence, the injective group homomorphism

a ' ‘9202 '05.L697T
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PRESENTATIONS OF THE BRAID GROUP OF THE COMPLEX REFLECTION GROUP G(d, d, n) 13 of 56

* (] e [ ]

-1 0 1 2d (n-1)4

FIGURE 8 Path py to the power d.

[ ] * [ ] [ ]

5 0 1 G-t (G- (n-1)

FIGURE 9 Pathpt, to the power d for3 < j < n.

from Proposition 2.2 sends B(d, d, n) to the subgroup (hy, h,, hs, ..., h,) of Z,(O,) of index d, as
claimed. L

Remark 2.10. Our choice of basepoint, together with the modified choice of (2 3)-generator for the
monodromy for the braid group of type A (see Remark 2.8) allows to use the same generating set
of reflections for G(d, d, n) as in [6, section 3A] (see Notation 2.3) while ensuring that the diagram
in Figure 1 commutes and the images of the generators under § in Proposition 2.9 are the h;.

If we did not modify the (2 3)-generator of the monodromy, we would need to replace the reflec-
tion t; = s(1, 2; 1) with the reflection t;’ = s5(1,2;—1); by [32, Theorem 2.19], we would still have a
generating set of G(d, d, n). We would also need to replace the basepoint b = (e7i7/d 1,2,....,n—
1) in the proof of Proposition 2.9 with (/4 1,2,...,n — 1) and the element 52 in Remark 2.7
with £ 2E, f also switching the labels &, and &’ on the presentation of B(d,d, n) given there.
Modifying the morphisms «, ¢ and y in Figure 1 appropriately (so that a(a,) = t,, a(b,) = s~'t,s,
p(ay) = 75, p(by) = 75, B(7,) = hy, B(T)) = hy, ¥(t,) = hy and y(s't,5) = h,), this would also be a
valid construction. For d = 2, the paths p, we consider here do not coincide with the paths g, ... g,
from [1, proof of Theorem 1.1] (even choosing € = 1). However, with this change, the basepoint
would be (i,1,2,...,n — 1) as in [1], and we would recover exactly the same paths as in [1].

2.2 | Building @ and ¢

A(By)
(sT=c)

Lemma 2.11. The subgroup N := (st,s™}, 5,15, ...,1,) C is a normal subgroup of index d

and

Z " _NUNsuUNs?uy..Ns¢ 1,
(sd =e)

a ' ‘9202 '05.L697T
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14 of 56 | FEDELE and MARSH

Proof. We first prove N is a normal subgroup by showing that its normaliser is the whole ambient
group. Note that by construction st,s~! € N and fori = 3,...,nwe have st;s~! = t; € N. Moreover,
using the relation st,st, = t,st,s, or equivalently st,s~! = 5 Ls=1t,st,, we have that

s(st,sHs™! = stz_ls_ltzstzs_1 = (st,s 7, (st,s™h),

and thisisan elementin N since itis a product of three elements in N. Hence sNs~' C N. Then the

normaliser of N contains both s and all the elements of N. In particular it contains the generators
ABy)
(sd=e)"

is the semidirect product of (s) and N. First we show that s ¢ N.

S, t,, ..., t, of the ambient group. Hence N is a normal subgroup of
A(B,)
(sd=e)
Recall that s~! = 59~! and the relations in the group preserve the sum of the exponents of copies
of s modulo d in the expression of any element of the group. Then, we have that the sum of the
exponents of copies of the element s in the expression for any element in N is always a multiple
of d. Hence s ¢ N and N N (s) = {e}, where e is the identity element. Now, we have

‘We now show that

A(B
AB _ NUNsuUNs?u...Ns¢!
(st=e)
A(Bn) H
and ey = (N, (s)) and N is a normal subgroup, so
A(B

L8 _ Ny

(st =e)
and N is a subgroup of index d. O

We define a to be the embedding of N into %.

Theorem 2.12. There is a group isomorphism
¢ : N— B(d,d,n) : st,s ' =1}, ;> 1, for2<i<n,

Proof. This can be seen by applying the Reidemester—Schreier algorithm to find a presentation of
the subgroup N, using the set of coset representatives {e, s, s, ..., sd‘l}, and noting the presenta-
tion of B(d, d, n) in Proposition 2.6 (from [6]). This is very similar to the proof of Proposition 2.6
in [6, sections 3.7 and 3C]; see Remark 2.7. O

2.3 | Building y

Lemma 2.13. The element | € Z,(O,) has order d.

Proof. By [29, section 4], P,(©,) is a subgroup of Z,(O,), embedded as the subgroup of braids
in Z,(©,) in which each strand starts at ends at the same corresponding point in @, (i.e. pure

braids). By [29, Remark 2.15], there is a homomorphism &, : P,(O,) — P,_,(O,) obtained by
removing the nth strand. Iterating this homomorphism gives a homomorphism £ from P, (O,) to
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-1 1 od (n-1)2
l - e o o

FIGURE 10 Theloopl.

P,(0,) = 7,(O4) removing all strands except the first. It follows from [7, Remark 2.2.2] that £(I")
is not equal to the identity for 1 < r < d — 1, from which the result follows. O

Lemma 2.14. Let hy, ..., h,, 1 be the elements of Z,(O,) shown in Figures 4 and 10. We have that
Z,(0y) = (imB) v (imB)l W (imP)I2 ¥ - v (imB)l9~! = (hy, ..., h,, ).

Proof. Note that B(d, d, n) is torsion free by [4, Theorem 0.4] (see discussion after the theorem),
noting that G(d, d, n) is well-generated (see, e.g. [24, section 2.2.2]). Hence, img = §(B(d,d,n)) C
Z,(0,) is torsion-free. Hence, apart from the identity element, im$ has no element of finite order.
Since the element [ has finite order d, we conclude that [9 ¢ imf for any q ¢ dZ. Suppose now
that bl9 = b’IP for some b, b’ € impB and non-negative integers g, p. Then [97P = (b’)~'b € imf
and so 977 = e. By Lemma 2.13, g = p modulo d and [P = 9. In other words, if I? # 19, that is
p # g modulo d, then (imB)IP N (imB)l9 = @ and, since imf is a subgroup of index d in Z,(O,;) by
Propositions 2.2 and 2.9, the cosets of img are (imB)IP for 0 < p < d — 1. Since imB = (hy, ..., h,)
by Proposition 2.9, we conclude that Z,(O,) = (hy, ..., h,, ). O

Theorem 2.15. The following is a group isomorphism

A(B,) - .
———Z,(0y) s Lty hy, t; > hfor3<ign,

(st=e)
satisfying y(st,s™') = hy. See Figures 4 and 10 for hy,....h,,l. Furthermore, the diagram in
Figure 1 commutes.

Proof. We first show that the map y preserves the relations and it is hence a well-defined group
homomorphism. By composing the braids, it is easy to see that y(st,s~!) = lh,I! = h,.

Composing the corresponding braids, it is immediate to see that the following relations are
preserved by y:

Lty =ttty for2<i<n—1, tit; =t;t;for |i—jl>2,i,j>3,
Lt =t forda<ign, st; =t;sfor3<ig<n.

Moreover, since the pole has degree d, it follows that [4 is the identity and the relation s¢ = e

is preserved. It only remains to show that the relation st,st, = ¢,st,s is preserved. Note that
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FIGURE 11 The braids lh,lh, on the left and h,lh,l on the right are equal.

lh,lh, = h,lh,l as braids, see Figure 11 and note that this relation does not depend on the order of
the pole. Since only the first two strands and the pole are involved in this computation, we have
omitted all the remaining strands from the pictures. Hence we conclude that y is a well-defined
group homomorphism.

Using the description of ¢ in Theorem 2.12 and the description of 8 in Proposition 2.9, we have
y(a(t) = y(t;) = h;, and Bo(t;) = B(r;) = h;. We also have ya(st,s~1) = y(st,s~') = hy (as noted
above), while Bgp(st,s7!) = [5’(1';) = h;. Hence the diagram in Figure 1 commutes.

We now prove that y is a group isomorphism. First note that y is surjective by Lemma 2.14,
noting that hy, h,, ..., h,, [ are all in the image of y.

Recall that by Lemma 2.11,
A(B
B _ NUNsUNs?u...Ns? L.
(s4 =e)
Then, if y(nsP) = y(n's9) for two elements nsP and n’s? in Z:é—i’;;, where n,n’ € N and 0 <

p,q < d —1, we have that y(n)I? = y(n’ )lq. Since the diagram in Figure 1 commutes, we have
Blpn)IP = B(p(n'))14. By Lemma 2.14, B(¢(n)) = B(p(n')) and p = q.Since 8 and ¢ are injective,
n = n’ and we see that y is injective and therefore an isomorphism as required. O

This completes the proof of Theorem A.

3 | PRESENTATIONS OF B(d,d,n) AND G(d,d,n)

In this section, we give new presentations of the complex braid groups B(d, d, n) and their corre-
sponding complex reflection groups G(d, d, n). In Definition 3.2, we associate a (decorated) quiver
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v e ~
.7, n=1 n-2
s / - -7
'n//V/’\‘ [ Be
/7 ® - -
’s - [
///// -
PSP S,
e BN |-
| e~ T~ T e 3 4 5 n-2 n-1 n
! = ® «— 0 «— O «-------- ® «— 0 «— O

FIGURE 12 Original presentation from [6] (shown on the right) embedded in a disk with n marked points
on the boundary and a cone point of degree d in its interior.

Qr to an arbitrary tagged triangulation T of a disk with n marked points on the boundary and a
cone point of degree d > 2 in its interior. (Note that we assume d > 2 throughout this section,
except where otherwise stated, for some lemmas where it is convenient to allow the case d = 1).
The quiver may have 2-cycles, which we consider to be unoriented edges. In Definition 3.4, we
associate a group G, to such a quiver, given by generators and relations. A special case is Figure 12.
The corresponding presentation is the known presentation of B(d, d, n) from [6, Theorem 2.27].
The associated quiver in this case is an orientation of the diagram associated to the presentation
in [6, table 5] (drawn on the right in Figure 12); this formed part of the motivation for the approach
we employ here. In Definition 3.9, we introduce a mutation rule for such a quiver which is com-
patible with flipping triangulations. We complete this section by showing that the group G is
invariant under mutation. Since the mutation graph of tagged triangulations of the disk is con-
nected [14, Proposition 7.10], it follows that all the quivers constructed as above give presentations
of the group B(d, d, n). Adding the relations that the square of each generator is the identity gives
a presentation of G(d, d, n) by applying a result from [2]; see Theorem 5.1.

3.1 | Quivers from triangulated surfaces and groups from quivers

We now fix the surface (X, M) we will be working with: X is the disk S with an interior marked
point interpreted a cone point of degree d > 2 denoted by @ in figures, and M isa setof n > 2
marked points on its boundary.

Next, we give a way of associating a decorated quiver Q; to each tagged triangulation of (X, M).
We then give a way of associating a group G, to any such quiver.

Let T be a tagged triangulation of (X, M), regarding C as a marked point, as in [14, section 7].
Note that C is the unique marked point in the interior of S.

Remark 3.1. By [14, Remark 4.2], the tagged triangulation T can be built up by gluing puzzle pieces
of the kind shown in Figure 13 by matching their boundary arcs (respecting the orientation).

Let B; be the skew-symmetric matrix associated to T in [14, Remark 4.2], and let GT be the
corresponding quiver.
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FIGURE 13 Puzzle pieces for a disk with a single interior marked point.

FIGURE 14 Building up the associated quiver for a disk with cone point. We show the corresponding
quivers separately. Note that the cone point itself does not appear in the quiver in the second and third cases.

Definition 3.2. We associate a quiver Q; to each tagged triangulation T as considered above by
modifying Qy in the following way.

If the triangulation T has precisely two arcs incident with the cone point then, from each of
the two vertices in Qy that have arrows to or from the corresponding vertices in Q, we draw a
double edge pointing towards the conepoint. Thus, we draw such a double edge from each vertex
labelling an arc in the triangulation T bounding a region in the complement that has the cone
point on its boundary. We also add an unoriented edge, labelled d, between these two vertices.

If the triangulation has at least 3 arcs adjacent to the cone point, there will be an oriented cycle
between the corresponding vertices in Q. We put the label @ in the middle of such a cycle. Note
that there is at most one such labelled cycle.

See Figure 12 for a complete example of Definition 3.2.

Remark 3.3. It follows from Remark 3.1 that the quiver Qr is built up from individual portions
associated to triangles (as on the left of Figure 13) and a portion associated to the union of the
puzzle pieces incident with the cone-point as shown in Figure 14 (or with versions of the three
right-hand figures where the tags on all the arcs incident with the cone point have been flipped).
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PRESENTATIONS OF THE BRAID GROUP OF THE COMPLEX REFLECTION GROUP G(d, d, n) | 19 of 56

Definition 3.4. Let Q be a quiver as in Definition 3.2 and G, be the group with generators S, =
{si}icq, subject to the following relations:

(1) s;8; = s;s; if i and j are vertices with no arrows between them,

1
(2) s;858; = s;s;8; if there is an arrow between i and j (in either direction).
(3) 8;8;SkcS; = 8jS8;8j = 8i.5;8;8) if Q contains an oriented 3-cycle with no label @ in the middle

of the form

i
k

4) s;s j o =sjs; - if there is an (unoriented) edge labelled d between i and j,

N—— N——

dterms  dterms
(5) $18y 8,81 o. = 8y ++* 8,81 .. = ++ = §,.8; +++ §,8; ... if Q contains an oriented labelled chordless

—
d(r — 1) terms d(r — 1) terms d(r — 1) terms

r-cycle, for r > 3, of the form

(6) sic8;8SkS;S; = 8;8;5;8;8;5 if the vertices i, j, k appear in either of the following configurations

inQ
i i
[ ] [ ]
\ i r\ .
d 1) d 1]
[ ] /
J J
Note that s; appears before s; in the relation because i appears to the right of the double edge.
(7) 8;851c8;8;8; = 515;8;5;8; and $;5y.5;8;8; S, = 8¢.5;5;8;5;.8; if the vertices i, j, k, | appear as follows
inQ

J

[ PE—

A

o—»

k l

Let H, be the group defined as above, omitting the length d relations (4) and the cycle relations
(5).

Remark 3.5. Note that when n = 2, the only possible tagged triangulations are the middle two
figures in Figure 14, with the outer edges part of the boundary, or the same figures with tags

a ' ‘9202 '05.L697T

woyy

0 PUE W L 34} 885 *[9202/70/0€] U0 Ar1q1T8UIIUO AB]1M ‘20UB|BOXT 818D PUR U3EeH 04 3Imiisu| uoieN ‘FOIN Ad 8270L SWIIZTTT OT/I0pALOD A1

LBIIOD" B IM

3501 SUOLLLIOD SATES1D 3R ) AQ PaUBA0B 3. SO YO 5N J0 SaIN 10} ARIGIT SUIUO ABIIM UO



20 of 56 | FEDELE and MARSH

flipped. In each case, the corresponding quiver is a pair of vertices connected by an unoriented
edge labelled d, and the corresponding group has two generators, s; and s,, with a relation of type
(4) from Definition 3.4, that is, it is the Artin braid group of type I,(d).

The construction of Grant and Marsh [18] becomes a special case of the above construction as
follows. Our aim is to generalise their construction for larger values of d.

Remark 3.6. Note that when d = 2, the relations from Definition 3.4 simplify. In fact, arrows
labelled 2 give commutation relations, so they can be omitted following rule (1). Moreover, we
can see that double edges can be omitted as well. In fact, in the situation of relation (6), we have
8iSj = 8;8;, $;SkS; = S5 and s;s.8; = 5;.8;5) and so

SkSiSjSkSiSj = SijSiskSl'Sj = SijSkSiSij = SjSijSiSij = SjSkSiSjSij

= SjSSiSkSjSk = SjSiSiSiSjSk = SiSjSicSiS Sk,
that is relation (6) becomes a consequence of the other relations. Note also that cycle relations as
in (5) and (7) reduce to cycle relations as in [18, Definition 2.2]. Hence in this case the defining
relations coincide with those in [18, Definition 2.2] and G, is isomorphic to .A(D,,), that is the Artin
braid group of type D,,, by [18, Remark 2.3 and Theorem 2.12]. Recall also that .A(D,,) = B(2,2, n);
see, for example, [6, p. 188].

Remark 3.7. Note that there are only two relations in (7) corresponding to the 4-cycle i —» j —
k — | — i, in contrast to the four relations appearing in [18, Definition 2.2]:

Sisjskslsi‘sj = Sjskslsisjsk = Skslsisjsksl = Slsisjskslsi'

When d = 2, these relations are equivalent to those in (7) (see Remark 3.6), but when d > 2, we
can see that the relations in [18, Definition 2.2] would imply the unexpected relation s;5; = s5;.
In fact, using one of the two equalities from (7), together with the other relations, we have

= 555855, ' 8;

S SiSSSiS) = 85,85, 5SS < 5588 ;

J J J

<: S]SkSlSlsj Sksl b = SlSlS‘]SkSlSIZISl SkSl A
N—— N——
d — 2 terms d — 2 terms
— Sjskslsisj SESi e = Slsisjskslsi N S;l
N—— | S —
d — 2 terms d — 1 terms

— SjskSlSiSjsk SiSk Sy = SlSiSjSkSlSi SESi
—— ——

d — 2 terms d — 2 terms

where x = i or k depending on whether d is odd or even, respectively. If the four relations from

[18, Definition 2.2] were true for d > 2, this would imply that s;s; -+ = s§;5; -+ and so by (4),
N——— N———
d—2terms d—2terms
that s, 5; = s;5;,. However, this statement is false for d > 2 (see Remark 4.7).
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i k M g k i J i J J i J i
(o] [ ] (] [ ] (o] o ,U/k (o] (6] (o] (o] IU/k- O— >0
\./ PRI \./ \./ PRI \./
k k k k
i J i J i J i J
O «— O O «— O O —» O O —» O

[ ] [ ] L L]

k k k k

[ [

i ° LR LR
j/d\z' TN VARY " ‘
o o o o I : — l\:
\H/ \./ .<7Cv) .—»C‘)

k k k k-1 ko k-1

FIGURE 15 Local mutations following the rules from Definition 3.9. In the third line, in the first mutation
vertex [ might not exist (if it corresponds to a boundary segment of the disc); in the second mutation we are
assuming k is at least 4.

We can now use our construction to embed the presentation of the group B(d, d, n) given by
Broué, Malle and Rouquier [6] B(d, d, n) into a triangulation of the surface S as follows.

Remark 3.8. Consider the triangulated surface in Figure 12, where we have drawn the correspond-
ing quiver following the rules in Definition 3.2. The associated group G, with generators and
relations as in Definition 3.4 is exactly the presentation of the group B(d, d, n) given by Broué,
Malle and Rouquier in [6, table 5].

3.2 | Mutation of quivers and triangulations

By [14, section 7], given a tagged triangulation T of the disk S, and a choice of tagged or untagged
arc, there is a unique tagged triangulation which coincides with T except for this arc, that is,
the flip of T at the given arc. We give a way of mutating the quivers constructed as in the previ-
ous section that agrees with flipping the triangulation. This will coincide with Fomin-Zelevinsky
mutation, see [16, Lemma 8.5], for the portion of the quiver ‘far from the cone point’, but we need
different rules for the double edges, labelled (unoriented) edges and labelled cycles.

Note that by the construction of Q, all 3-cycles in Q where arrows have no labels are oriented
cyclically by [16, Lemma 7.5]; see also [3, p. 1948]. On the other hand, we sometimes have an
unoriented edge labelled d creating ‘unoriented’ cycles, see, for example, the situation of (7) in
Definition 3.4.

Definition 3.9. Let Q be a quiver as in Definition 3.2 and k be a vertex in Q. We define the
mutation of Q at k, denoted by 1, (Q), as the following quiver on the same vertex set. See Figure 15
for a pictorial representation of the following rules.
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(1) Reverse the orientations of all (oriented) arrows in Q incident with k.
(2) For any path of the form j - k - iin Q:
+ if there is no arrow between i and j in Q, then there is an arrow j — i in 14 (Q);
* ifthereisanarrowi — jand j, k, i do not form a 3-cycle labelled @ in Q, then there is no
arrow between i and j in u; (Q);
* if j, k, i form a 3-cycle labelled @ in Q, then there is an edge labelled d between i and j
in ;. (Q), the 3-cycle looses the label and the neighbours of i, j in 14 (Q) acquire a double
edge towards the labelled edge in 1, (Q);
» if there is an edge labelled d between j and i in Q, then there is an arrow j — i in 1, (Q),
the 3-cycle j, i, k acquires the label @ and all double edges are removed in 1 (Q).

(3) If j » k — i is part of an r-cycle labelled @ in Q for r > 4, then the rules above apply and
the label is kept in the (r — 1)-cycle including i, j but not k in 1, (Q).

(4) If there are arrows j — k — i and i, j, but not k, are part of an r-cycle labelled @ in Q for
r > 3, then the rules above apply and the label is kept in the (r + 1)-cycle which includes
i—-k— jin Q).

(5) Ifin Q there is one of the following configurations:

5—d or b_d

N NV

then follow the above rules (keeping also the double edge at k) and
» if there is a vertex [ different from k with a double edge in Q, remove the double edge at

in 4, (Q),

* if there is a vertex n different from [ and k such that in Q

J_a }_a

\kn/ S \k |/

1
o

Se<+—o
Se—> o

then add a double edge at n.

Remark 3.10. Note that when d =2 the mutation rules simplify. In fact, as explained in
Remark 3.6, arrows labelled 2, double edges and labels on cycles can be omitted and we simply
recover Fomin-Zelevinsky mutation. In Figure 16, we illustrate the effect of Fomin-Zelevinsky
mutation on the full subquiver containing the mutation vertex, k, and two additional vertices i
and j (see [3, Corollary 2.3]).

Lemma 3.11. Let T and T’ be tagged triangulations of S such that T’ is obtained from T by flipping
thearca asin [14, section 7]. Let Qr and Q be the corresponding quivers as in Definition 3.2. Then,

(a) theflip of a is given locally by one of the mutations in Figures 17, 18, 19, 20 or 21 (from left to right
or right to left), or by one of the mutations from Figure 18, 20 or 21 with all of the tags flipped;
(b) the quiver Qs can be obtained from the quiver Qr by applying the mutation rule in Definition 3.9.
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(a) (b)

7 k ok 7 k 7 J 7 J
O— »@® <—3% O<+0® o o 1 o o
NS S NS

[ ] [ ]

k k
(© j ; j (d j ) j
(@] o] [,[/k, O—»O0 O — 0 Mk O—»0

[ ] [ ) [ ) [}

k k k k
(e) j i j ) J i J
O<«——O Mk Oi‘io O<«—0O /,Lk O<«—O

\. [ ] [ ] [ ]

k k k

FIGURE 16 Cases for Proposition 3.13.

Proof. Part (a) follows from Remarks 3.1 and 3.3 on consideration of which vertex is the conepoint
when gluing together puzzle pieces. Part (b) follows from part (a) by computing the quiver in each
case before and after mutation (see Figure 14). O

3.3 | Mutation of groups

In this section, we will show that the group associated in Definition 3.4 to a quiver as in
Definition 3.2 is invariant under the mutation introduced in Definition 3.9:

Theorem 3.12. Let Q be a quiver as in Definition 3.2, G, its associated group as in Definition 3.4
with generators s;, and k a vertex of Q. Let 1 (Q) be the mutation of Q at k as in Definition 3.9,
and let t; be the generators of G, (@) Then there is a group isomorphism gog 1 Go = Gy (o) given by

qog(si) = tktitlzl ifi > k in Q or the vertices i and k correspond to the only two arcs incident with
the conepoint in T and the arc corresponding to k is rotated anti-clockwise to the flipped arc; and
@(s;) = t; otherwise.

Note that, in the above theorem, the situation when there are only two arcs incident with
the conepoint in T means that there is an unoriented edge between the corresponding vertices,
labelled d.

We have already seen that the triangulation from Figure 12 satisfies Gy = B(d, d, n), so this will
allow us to conclude that every tagged triangulation gives a presentation of the group B(d, d, n).

Proposition 3.13 [18, Proposition 2.9]. Let Q be one of the quivers on the left or right of (a)-(f)
in Figure 16. Let k be a vertex of Q. Let Q' = u, (Q) be the quiver obtained from Q by mutating at
k. Suppose that the t; are elements of a group satisfying the defining relations (1), (2) and (3) from
Definition 3.4 for the quiver Q'. Fori € Q,, let

Si=

_1 . . .
{tktitk, i kinQ;

L, else.
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24 of 56 FEDELE and MARSH

FIGURE 17 A mutation far from the conepoint.

Then, for each of the cases in Figure 16, the elements S; satisfy the defining relations (1), (2) and (3)
of Definition 3.4 for the quiver Q.

Lemma 3.14. Let Q be the quiver on the left of Figure 17 and Q' the quiver on the right. Let G (respec-
tively, G) be the group with generators s; (respectively, t;) with 1 < i < 5 satisfying the relations
associated with Q (respectively, Q'). Then, there are group homomorphisms:

* 9l 1 Gy = Gy with (s)) =8, =ts1)15", p2(s3) =S5 = 15315, ¢3(s) =S, =1; for i=
2,4,5

. §0SQ Gy = Go with @s(ty) =Ty = 5554857, @s(t) =T, = 558,57, @s(t) =T;=s; for i =
1,3,5.

Proof. For the first statement, it is enough to check that the elements S; satisfy the defining
relations of G, . This follows directly from Proposition 3.13. The proof of the second statement
is similar. O

Setup 3.15. Let Q be the quiver on the left of Figure 18a (respectively, the quiver on the left of
Figure 18b) for n > 3 (respectively, for n = 2) and let Q’ be the quiver on the right in each case.
Let H, be the group defined in Definition 3.4, with generators s;, and let Hy be the group defined
in Definition 3.4, with generators t;. Let S) = tot,t; ", S, = tot.t;', and S; = t; for i # n,c. We
regard the subscripts of the s; and S; for 1 < i < n to be taken modulo n (with representatives
{1,2...,n}), and the subscripts of the ¢; for 0 < i < n to be taken modulo n + 1 (with representatives
{0,1,2, ..., n}).

Lemma 3.16. Let n > 2 be an integer. In Setup 3.15, the elements S; satisfy the defining relations of
H,.
Q

Proof. This follows from Proposition 3.13. [l

Lemma 3.17. Let n > 2 and d > 1 be integers. Suppose we are in Setup 3.15, and that 0 < i,r < n
andr #i—1,imod n + 1. Then we have the following:

(a)

-1 _ (-1
L n1br—nea = trti - ti+1tr—n+1tr—n+2 e
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_® Y
o -"® "7/ o -/
7 N \// 7 N2 \//
o d—¥3 oo e—>%3
7 \ 7 \
4 \1/ NS @ :
®----o o---o o----o-- ~e---0

?_
Ho :/
— |
b O—»>
N S
(b) Case n = 2.

FIGURE 18 A mutation involving a cycle around the conepoint. In case (b), one of the vertices is labelled a
to avoid confusion in arguments involving indices taken modulo n.

(b)
- 1
tr—dn+1 tr—ltrti - td_Htr dn+1 """ b1 Ly
Proof. For (a), we have
-1 _ -1
b pi1tr—pgn trti =l _pyp ity trti

— -1

=l _py1 titi+1ti Liyp ety

— 1

=l _py1 tl+1t Ligitipp - by

-1
- tl+1tr nt1br—ns2 0 b

For (b), we argue by induction on d. If d = 1, the result follows from part (a). Suppose the result
holds for d. Then

-1 _ -1
tr—(d+1)n+1 tr—ltrti - tr—(d+1)n+1 b dnbr—dna1 trti
— -1
= tr—(d+1)n+1 tr—dn[i+dtr—dn+1 oL

_ 1
= ti+d+1tr—(d+1)n+1 bty

Q ‘v ‘9202 ‘0SLL69YT
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using the induction hypothesis and then noting thatr —dn #i+d,i +d —1 mod n + 1, since
r—dn=r+d modn+1. O

Lemma 3.18. Letn > 2 and d > 1 be integers. Then, in Setup 3.15, for any 1 < r < n, we have:

Lalg—y 1y Sr—d(n—1)+1 S 1Sy = b1 v bty

d(n—1) terms dn terms
Proof. We prove the result by induction on d. For d = 1, we have (for the case r = n),
t1S2 e Sn = t1t2 .ee t}’l’
as required. For r # n, we have
tlsr—(n—1)+1 oSy =4 Spyn oSSy S,
-1
= llpy o Il Ly I o Iy
-1
=Lyl yp e bty Tl by o L
-1
= t1[1 bryo oo Eploly =+ 8,
= tr+2 tntOtl by
= tr—(n+1)+2 el gty
= bepy1 ot bl

as required, giving the result for d = 1. Assume the result holds for an integer d > 1. Then, using
the induction hypothesis, we have (for r = n):

tas = B Su—@rnin=1)+1 = Sn = Las1(8aq = £1)Sp_(@+1)n—1)41 = SpS1)S2 =+ Spy

(d+1)(n—1)terms
= ta (b 1)(S1—dqn—1)41 = SpS1)S2 = Spy
= tg1(t—dgn1 = )b Ly,

as required, noting that1 —dn +1=d + 2 mod n + 1. For r # n, we have,

tapr = 0 Se—@e =41 Sr = tap (g -+ 1) (Sr—(@s1)(n=1)+1 " Sr=(n=1) Sr—(n=2) *** Sr

(d+1)(n—1)terms d(n—1)terms n—1 terms

=t (tq = 1) (Sr—(@s1)n—1)+1 " Sr—(n=1) Sr42 =+ SuS1 -+ S,
I ——
d(n—1)terms n—1 terms

= tap1(ta - 1) (Srp1-d(n-1)+1 * Sr41) Spiz =+ SpS1 Sy

d(n—1)terms n—1 terms
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- -1
= lag1 bpr—dna1 7 b L o Bnlolaly By o
—_—
dn terms

— -1
- td+1 tr+1—dn+1 tr+1 Lryp e tntl Lolyty ==+ L,
N——m—_—
dn terms

-1
= lg1 bridna1 o L By Leg o Blgly by oo By
—_——
dn terms

using the induction hypothesis. Note that the subscripts of the T's are reduced mod 7 first before
being applied to the T's (and then reduced mod n + 1).Since1 < r <n—1,r+1#0,1 mod n +
1, so by Lemma 3.17,

-1 _ -1
Lrp1—dnt1 b1 t1 - td+1 Lrv1—dnt1 = brat -

dn terms dn terms
It follows that
— -1
a1 = b1 Sr—(@+1)n+1)+1 7 Sr = L1ty brimdnt1 o bt Braz o Enbotaty o Gy
N~—m—_——
(d+1)(n—1)terms dn terms

= lep1—dnt1 " b1 L2 e Lnlolaln oo Ly
T ———
dn terms

with (d + 1)n terms in total, as required, noting thatr + 1 —dn+1=r—(d+ 1)n+1 mod n+
1. ]

We have the following generalisation of [18, Lemma 2.4].

Lemma 3.19. Let d be a positive integer and n > 3 be an integer. Let g, gy, -.- , 9,1 be elements of a
group G, with subscripts taken modulo n, satisfying the relations:

9i9i+19; = 9i+19i9i+1» 0<isn-—-1
99; = 9j9,0<i,j<n—1,j#ii+1modn.

Then

@) 9739 Gin—a = 0 Gipn20 LSorl<i<n
() g7 (G091 *** Yn-1d—1) = 991 " In-1)d—19 - 1)d41
(c) Ifthe relation

Ir9r+1 " In-1d+r-1 = Ir+19%+2 " Y(n—1)d+r (3)

holds for somer € {0,1,...,n — 1}, then it holds for all r.
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Proof. For (a), we have:
91919419142 Gien— = 9191419, G2 "+ Girn—2
= 041 gi+n—29i_1’
as required, using commutations in the second step. For part (b), we have:
97909+ Yn-1yd—1) = 91 (o = In-2)Gn1 " Gon—3) = (Gd—1)n-1) ** In—1)d1)
= (90 9n—2)(Gn-1 """ Gan—3) (!J(d—1)(n—1)-~gm,l)d,l))!h—d’

using part (a) d times. Finally, note that 1 —d = (n — 1)d + 1 mod n. For part (c), assume first
that Equation (3) holds for r = 0, so that

9091 " Yn-1)d+r-1 = 9192 *** Y(n-1)d"

Multiplying this on the left by g, ! and on the right by I(n—-1)d+1 8ives

9091 = Yn-1)d—1 = 9293 " Y(n-1)d+1>
by part (b). Repeated application of this argument gives the desired result. O

Lemma 3.20. Let n > 3 be an integer. Let Q be the quiver on the left of Figure 18a and Q' the quiver
on the right. Let G, (respectively G) be the group with generators s; (respectively t;), with i ranging
through the vertices of the quivers, satisfying the relations associated with Q (respectively Q’). Then,
there is a group homomorphism

9l © Go = G given by (s)) = Sy = tot 15", p(s.) = S, = totty ™, @2(s) = S; =1, fori # L,c.

Proof. The defining relations for G, apart from those corresponding to the n-cycle1 - 2 — --- —
n — 1, hold by Lemma 3.16.

The defining relations for G corresponding to the n + 1-cycle0 > 1 — - > n+1 — 0 can
be written in the form:

b nds1 o broaly = Lypder - by

dn terms dn terms

forO<r <n.
The defining relations for G, corresponding to the n-cycle 1 — 2 — -+ — n — 1 can be written
in the form:

(Sr—d(n—1)+1 Sr—lsr) = (Sr+1—d(n—1)+1 SrSr+1)’

d(n — 1) terms d(n — 1) terms

forl1<r<n.
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The cycle relations for G, for 1 < r < n — 1 now follow from Lemma 3.18. The cycle relation for
r = n follows from Lemma 3.19(c), taking gy = Sy, g, = S5, ..., g—1 = S, This gives the required
result. O

Lemma 3.21. Let n = 2. Let Q be the quiver on the left of Figure 18b and Q' the quiver on the right.
Let G, (respectively, Gy ) be the group with generators s; (respectively, t;), with i ranging through the
vertices of the quivers, satisfying the relations associated with Q (respectively, Q'). Then, there is a
group homomorphism

gog : Go = Gy given by cpg(sl) =8, = totyty ", gog(sc) =8, =totty", qa(?(si) =S, =t fori#1,c.

Proof. The defining relations for G, apart from those corresponding to the 3-cycle 0 - 2 — 1 —
0, the 4-cycle0 - 2 — a — 1 — 0, the double edges and the unoriented edge labelled d in Q, all
hold by Lemma 3.16.

We have t,t,t; = t,t;t,, which gives:

S5 181505,8, 1818y = 5,5, 151505,
Multiplying on the left by S, gives

515055551818y = 505,55 15150S,.

Applying the braid relations corresponding to the arrows 1 — 0 and 0 — 2 in Q we obtain:
S1505,81808; " = S51505,5150S,,
and hence, multiplying on the left by S, and on the right by S;:
S,51505251S0 = S05,515¢5,51,

which is the relation associated to the double edge incident with 0 in Q.
The relation associated to the double edge incident with the vertex a in Q is:

Sa51525a5152 = 5152Sa51525a. (4)
We apply transformations to (4) to give a series of equivalent versions. Firstly, (4) is equivalent to
-1 -1, _ -1 -1
tatot by ottt 157ty = tot 5 ot oty M 0t

Applying the commutation ¢,t, = tyt, and the braid relation corresponding to the arrow 0 — 1
in Q' on both sides gives

fotatyty ot t oty by = totyty ot 1 ot 1t .
We multiply on the left by ;¢ to obtain:

-1 -1 -1 _ 1 -1
O T S S O S Y ST e Y e A Y Y

a ' ‘9202 '05.L697T

woyy

0 PUE W L 34} 885 *[9202/70/0€] U0 Ar1q1T8UIIUO AB]1M ‘20UB|BOXT 818D PUR U3EeH 04 3Imiisu| uoieN ‘FOIN Ad 8270L SWIIZTTT OT/I0pALOD A1

LBIIOD" B IM

3501 SUOLLLIOD SATES1D 3R ) AQ PaUBA0B 3. SO YO 5N J0 SaIN 10} ARIGIT SUIUO ABIIM UO



30 of 56 | FEDELE and MARSH

Since t,t,t1t, = t,t;t,t,, we may substitute in
byt =t ottt

on the right-hand side, while on the left-hand side we apply the braid relation for the arrow 3 — 1
in Q' to get:

tat 7 e T gt by = 15 8T 0t et 1 8
Multiplying on the right by ¢;'#;" and on the left by ¢, gives:
totatity 15 totat by = blaty Lot ot

Applying the commutation ¢,t, = t,t, twice on the left-hand side, and multiplying on the right
by t, gives:

tatolyty Mt ot ] g = byttt Mt
We apply the braid relation corresponding to the arrow 2 — 3 in Q’ to obtain:
tatotyty 't ottty = byt ot ottt
and, multiplying on the right by ¢, we obtain:
tatotyty  t ot ot oty = byt ] ot
Applying the braid relations corresponding to the arrows 0 — 1 and 2 — a in Q’ gives:
Lt ot bt 85 oty = byt b ot t
Since t,t,t1t, = t, b t,t,, We may substitute in
—1,-1 _ -1
Lttt e =1t
on the left-hand side to obtain:
-1, -1 _ -1
taty ot ot g toty = tot t] oyt .
Applying the commutation ¢y, = t,t, on the left-hand side twice, we obtain:
Lt ottt gty = byt oty gyt
a1 *q *0%2%0%a*2 — *2%a'1 *0*2%a-
Applying the braid relation corresponding to the arrow a — 1 in Q’ gives:

—1,-1 _ -1
N bttty = bt at] gtyt,.
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Multiplying on the left by ¢, gives:

tlobytotaty = tatitalatT bty

Since t,t1t,t, = t;t,t,t;, we may substitute in tat1fztat1_1 = t,1,t, on the right to get:

Applying the braid relation corresponding to the arrow 2 — 0 in Q' on the left-hand side, we

obtain:
tibatobytyty = tybytytolyty.
Multiplying both sides on the left by £;'t;* gives
tolylyty = tylolyty.

Since this final equivalent version holds, we see that (4) holds, as desired.

Next we check the two relations associated to the 4-cycle 0 - 2 - a - 1 — 0 in Q. Since

tatltzta = tltztatl’ we haVCZ

84Sy 181505,S, = S;151505,5,55 S, S,

Multiplying on the left by S, and applying the commutation S,S, = S,S, gives:

Sa51808584 = 81505555, ' S1S-
Applying the braid relation associated to the arrow 1 — 0 in Q gives:

545186525, = $1505,54518,57 "
Then, multiplying on the right by S; gives:

SaS1505:8,51 = S1505,5,51S0

which is one of the relations associated to the 4-cycle in Q.
Since t,t,t,t, = t,t;t,t, we have, multiplying on the left by ¢,¢,, that:

tztotztatltz = tztotatltzta.
Applying the braid relation corresponding to the arrow 2 — 0 in Q' gives:
totztotatltz = tztotatltzta.

Applying the commutation t,t, = t,t, on the right-hand side gives:
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tobatalolity = Lyt ytot sty
We insert the product ¢ 1t, in two places to obtain:
totatatotyty toty = bytytotity  totsty,
which can be rewritten as:
56555451505, = 555,5,505,5,,

which is the other relation associated to the 4-cycle in Q.
One of the relations corresponding to the 3-cycle1 - 2 - 0 — 1in Q' is

Lty - thg = bolz o Lygyq-

By Lemma 3.18, taking r = 1, 2, we have

tata—1 = 11S1—d41 - SoS1 = ti—ad41 Loty

and
tata_y - t1Sygy1 =+ S152 = by ogy1 = tibo.
o}
S1—ds1 - S0S1 = Sa-dq1 5152
which can be rewritten as
518584 = 8,53 Sg1

(switching the two sides of the equality if d is even). This is the remaining required defining rela-
tion of G, (corresponding to the unoriented edge labelled d in Q). Hence all the defining relations
of Go hold, and the result is shown. O

We consider the following setup:

Setup 3.22. Let Q be the quiver on the right of Figure 18a (respectively, the quiver on the right of
Figure 18b) for n > 3 (respectively, for n = 2) and let Q' be the quiver on the left in each case. Let
H, be the group defined in Definition 3.4, w1th generators s;, and let Hy be the group defined
in Definition 3.4, with generators ¢;. Let S, = tyt,t; LS, = Lolpty 1 and S; =, for i # n,b. We
regard the subscripts of the s; and S; for 0 < i < n to be taken modulo n + 1 (with representatives
{0,1,2...,n}), and the subscripts of the ¢; for 1 < i < n to be taken modulo »n (with representatives

{1,2,...,nd).

We note the following:
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Lemma 3.23. Let n > 2 be an integer. In Setup 3.22, the elements S; satisfy the defining relations of
H,.
Q

Proof. For n > 3, this follows from Proposition 3.13.

For n = 2, the braid and commutation relations and the relations for the 3-cycles all hold by
Proposition 3.13, except for the relation for arrow from 1 to 2 and the relations for the 3-cycle
2-5a->1-2.

The relation for the double edge incident with 0 in Q is:

totatitotat; = botitotsty .
Substituting, this gives
S0S515,5051508;5 15,5051 = S575,5051505; " 5,5051 S0,
which simplifies to
S05250515550S1 = 535051525051 50-
Using the braid relations for the arrows 0 - 2and 1 — 0in Q:
50525051525051 = 8250515250510
gives:
5580525155505 = 5550515251501,
which, after cancelling elements on the left and right, gives
S,518, = 85,5,5;.
There are two relations for the 4-cycle on vertices 2, a, 1 and 0 in Q’. One of these is:
tobatatitols = byt atitotstys
which gives
S0S515,5054515055 18280 = S5155805,515055 " 5,505 4
and hence
5052505451550 = 525052515250
Applying the braid relation for the arrow 2 — 0 in Q and the commutation S,S, = S, gives

SZSOSZSaslsZSO = SZSOSaSISZSaSO'
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Applying cancellations on the left and right gives
85545155 = S4515,8,-
By [18, Lemma 2.4], we conclude that
55845155 = S;515,S, = S15,5,5:,

giving the result for n = 2. O
Lemma 3.24. In Setup 3.22, let d > 1 be an integer. We have:
(a)

-1 _ -1.
Si Si+2 " Sitn+1 = Sig2 Si+n+15i_1’

(b)
S;l(SlSz <+ Spg) = (S -+ Snd)S;id-
Proof. We use Lemma 3.23 throughout. For (a), we have:
Si_lsi+zsi+3 “Sipne1 = Sig2Sipz Si+n—1Si_1$i+nSi+n+1
=S54z Si+n—lsi+nSi+n+ISi_+1n’

as required, using commutations in the first step and noting thati+n+1=iandi+n=i—-1
mod n + 1. For part (b), note that

Sy Spg = (81 S)(Spp1 = San) =+ (Sg - Sgin_1)»
and use part (a) d times. O

Lemma 3.25. In Setup 3.22, let d > 1 be an integer. Then, for any 1 < r < n, we have:

(tplpy td(n—1)+r—1) (SpSp—1 " Sn—ds1) = SpSpp1 " Srnd—1 -

d(n —1) terms d terms dn terms

Proof. We prove the result by induction on d, using Lemma 3.23 throughout. For d = 1, we
have t;t, -+ t,_1S,, = 515, -+ S,,. For r > 2, we have (recalling that subscripts of the ¢; are written
modulo n):
bbrgy s boynaSpy = b by atptity =ty 5 1Sy
= (S, - Sn—l)(S()_ISnSO)(Sl‘Sz Sr—z)Sn
= (S, Sp_1)(S,S0S, )(S15, S,y

= (S, Sp_1)S,So(Sy - Sr—Z)SrTlSn’
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and we see that the result holds for d = 1.
Assume the result holds for an integer d > 1. Then, using the induction hypothesis,

(tltZ t(d+1)(n—1))(SnSn—1 Sn—(d+l)—1) = (tlt2 tn—l) (tntn+1 t(d+1)(n—1))((SnSn—1 Sn—d+l)Sn—d

(d+1)(n—1)terms d + 1 terms d(n —1) terms d terms

= ([1t2 [n—l) (SnSn+1 Sn+nd—1)Sn—d

nd terms

- SISZ Sn+nd—1sn+dn’

noting that n—d=n+dn mod n+1. We also have, for 2 <r < n, using the inductive
hypothesis in the second step:

Wt = L@y (n=1)4r—1)SpSp_1 = Sp_(d+1)+1)

(d+1)(n—1)terms d + 1 terms

= ([rtr+1 tr+n—2) (tr+n—1tr+n t(d+1)(n—1)+r—1)(SnSn—1 Sn—d+1)Sn—d

n —1 terms d(n —1) terms d terms

= (ttpgy o brgng) (Gt o tr—1+d(n—1)—1)(snsn—1 “Sp_d+1)Sn—d

n — 1 terms d(n —1) terms d terms

=ty brn—2) (Sr1Sp S _14nd—1) Sn—d

n —1 terms dn terms
= (SrSr+1 Sn—l)S()_ISnSO (5185 -+ 8, 5) (S, 1Sy -+ Snd+r—2) Sn—d
N ————e
n —r terms r — 2 terms dn terms
= (Srsr+1 Srz—l)SnSOS;;1 (5185 -+ Sgn) (Sdn+lsdn+2 Sdn+r—2)5n—d
N———e
n —r terms dn terms r — 2 terms
= (SrSr+1 S;’l—l)‘S’WgO‘S‘;1 (SISZ Sdn) (Sdn+lsdn+2 Sdn+r—2)Sn—d
N—_———_—
n —r terms dn terms r — 2 terms
= (SrSr+1 Sn—l)SnSO (SISZ Sdn)S;id (Sdn+lsdn+2 Sdn+r—2) Sn—d
N—_——m—_— -
n —r terms dn terms r — 2 terms

asrequired, using Lemma 3.24 in the last but one step. Note thatdn +i=n—-d+i+1 mod n +
1 for 1<i<r—2, so S;Ed commutes with S,;,1 =S, 412, Snd42 = Sn_da3> > Sndar—a =
Sp—d+r—1, giving the required result for d + 1, since 2 < r < n. The result follows by induction
ond. O

Lemma 3.26. Let n > 3 be an integer. Let Q be the quiver on the right of Figure 18a and Q' the quiver
on the left. Let G, (respectively, G) be the group with generators s; (respectively, t;)with i ranging
through the vertices of the quivers, satisfying the relations associated with Q (respectively, Q'). Then,
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there is a group homomorphism, gog : Gg = Gy given by:

(Sn) = tntal’ (00 (Sb) - Sb - tOtbto > ‘;00 (S) - S =1 forl #n, b.
Proof. The defining relations for G, apart from the relations corresponding to the (n + 1)-cycle

0—1- -+ —n—0, hold by Lemma 3.23. The relations for G, corresponding to the n-cycle
1-2—>--—>n-lare:

(R td(n—1)+r—1) = (tryrlrgn td(n—1)+r)’

d(n—1)terms d(n —1) terms

for 1 < r < n. The relations for GQ corresponding to the (n + 1)-cycle0 > 1 — - > n+1-0
are:

SpSri1  Srnd—1 = Sr415r42 7 Sdnrs

dn terms dn terms
for 0 < r < n. For 1 £r < n—1, these relations now follow from Lemma 3.25. The relations for
r=0 and r=n follow from Lemma 3.19 applied to g, = Sy, 91 = Si, -+ 9, = Sp- O

Lemma 3.27. Let n = 2. Let Q be the quiver on the right of Figure 18b and Q' the quiver on the left.
Let G, (respectively, G ) be the group with generators s; (respectively, t;), with i ranging through the
vertices of the quivers, satisfying the relations associated with Q (respectively, Q'). Then, there is a
group homomorphism, (pg : Go = Gy given by:

cog(sn) =S, = tot,ty ", GOO(Sb) =Sy = tolpty ", CPO(S) =S; =t; fori #n,b.
Proof. The defining relations for G, apart from the relations corresponding to the 3-cycle 0 —
1 - 2 — 0, hold by Lemma 3.23.

The relations for the G, corresponding to the unoriented edge in Q" between vertices 1 and 2
labelled d are

Lily e lg =ty gy
By Lemma 3.25, taking r = 1, 2, we have
(tyty -+ £g)(S3S7 =+ Spgi1) = $185 ++ Sag
and
(tat3 -+ tq41)(S2S1 - Sa_gq1) = S283 -+ Saqp1s
giving

S185 0+ S5q = 5253 - Sady1
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FIGURE 19 A mutation near the cone point.

which is one of the cycle relations for the 3-cycle 0 - 1 — 2 — 0 in Q. The other cycle relations
for this cycle follow from Lemma 3.19, taking g, = Sy, ¢; = S; and g, = S,. Hence all the defining
relations for G, hold. O

Lemma 3.28. Let Q be the quiver on the left of Figure 19 and Q' the quiver on the right. Let G (respec-
tively, G) be the group with generators s; (respectively, t;) with 0 < i < 5 satisfying the relations
associated with Q (respectively, Q'). Then, there is a group homomorphism:

gof 1 Go = Gy given by qoff(so) =S, = t4t0t;1, gof(sz) =S, = t4t2t;1,
¢4Q.(S5) = SS = t4t5t21, @?(Sl) = Si = tifori = 1, 3,4
Proof. In order to check that goff is well-defined, it is enough to prove that the elements S;, for
0 < i < 5, satisfy the defining relations of Go-

All the braid and commutation relations for G, as well as the cycle relations:

hold by Proposition 3.13. Moreover, the relation

Ltgtyty - = Lolyloly -+

d terms d terms

implies that

S, 15,845, 50545, 15,845, 1508y S4 = 8,180548, 15,545, 1S054S, 1S5S4+ Sy .

3d terms 3d terms
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Since S4S;1 is the identity, we can cancel the d — 1 occurrences of this product on both sides,
reducing the number of terms to 3d — (2d — 2) = d + 2 on both sides. Finally, since the two sides
start and end with the same element, these can be cancelled to obtain

stoszso e = SOSZSOSZ eee .

d terms d terms

The double edge relation at vertex 4 in Q' is:
Eytotatatoty = tatstotststy.
This, together with the definition of the S;s, implies that
S, 15,845, 5054545, 5,545, 1 S0S4Sy = 545, 15,545, 15054545, 15,545, 1SS,

Multiplying both sides by S, on the left and by S;l on the right and cancelling the occurrences
of S4S;1, we obtain S,5,545,50Ss = S45,5¢545,S- It only remains to show the double edge
relation at vertex 1 holds. Using the definition of the S;s and the defining relations of G/, we
have

_ - -1 - “1, _ -1 -1
85808152808 = tutyt Platot ) titato t oty = tytytot ity bt
= t4ty bttty ot T ) =ttt tyty oty )

-1

=ty tatytotytotot T =ttt bttty bt !

=ttty bt Lt bty = byt ettt

where the underlined relation is the relation for the double edge at vertex 4 in Q’, while all the
other equalities follow from braid relations, commutations or multiplying by, or simplifying, the
identity ti‘lti. Hence all the defining relations of G, hold. O

Lemma 3.29. Let Q be the quiver on theright of Figure 19 and Q' the quiver on the left. Let G, (respec-
tively, G) be the group with generators s; (respectively, t;) with 0 < i < 5 satisfying the relations
associated with Q (respectively, Q'). Then, there is a group homomorphism

(05 : Go = Gy given by CPE(Sl) =S, =4t ¢§(33) =83 = 157", ¢$(Si) =S =t fori#1,3.

Proof. In order to check that ¢, is well-defined, it is enough to prove that the elements S;, for
0 < i < 5, satisfy the defining relations of GQ.
First note that the relations

525054525054 = S4SZSOS4SZSO’ S()Sz e = SZSO oo
———— N————
d terms d terms
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trivially follow from the corresponding relations for Q’. Moreover, all the braid and commutation
relations for Q, as well as the cycle relations

hold by Proposition 3.13. It only remains to show the second double edge relation holds. Using
the definition of the elements S; and the defining relations of G, we have

= 17 ottty toty sty = 1 1t bttt ts =t 1 byt 5t
— —1.,-1 — -1 -1 _ -1 -1
= t4t3t4 t3 t2t0t4t3t2t0 = t4t3t4 t2t0t3 t4t3t2t0 = t4t3t4 t2t0t4t3t4 tZtO

= 53555053555,

where the underlined relation is the relation for the double edge at vertex 4 in Q’, while all the
other equalities follow from braid relations, commutations or multiplying by, or simplifying, the
identity titi‘l. Hence all the defining relations of G, hold as required. O

Lemma 3.30. Letd > 1 be an integer and let G be a group containing elements a, b satisfying

ab---=ab---. (5)
N——t N——
dterms  dterms

Then the elements A = a and B = aba™! satisfy the same relation:

AB .- = AB ..
———  ——
d terms d terms

Proof. By relation (5), we have

AT'BAAATBAA .- A = AATBAAATAB - A,

3-[d/2] + [d/2] terms 3-|d/2] + [d/2] terms

where for a real number r, || (respectively, [r]) is the largest (respectively, smallest) integer less
than or equal to (respectively, greater than or equal to) r. Cancelling the occurrences of AA~1, on
the left-hand side we cancel 2 - ([d/2] — 1) terms, while on the right-hand side we cancel 2 - |d/2]
terms. Hence we have d + 2 terms on the left-hand side and d terms on the right-hand side. Since
the last term on both sides is A, we can cancel it. Moreover, multiplying both sides by A on the
left and simplifying the left-hand side, we obtain

BA..-= AB ...,
N———— N————

d terms d terms

as required. O

a ' ‘9202 '05.L697T
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FIGURE 20 Mutation of a tagged to an untagged arc and viceversa, case 1.

Lemma 3.31. Let Q be the quiver on the left of Figure 20 and Q' the quiver on the right. Let G (respec-
tively, G) be the group with generators s; (respectively, t;) with 0 < i < 3 satisfying the relations
associated with Q (respectively, Q'). Then there is a group homomorphism as follows:

go2Q : Go — Gy defined as (pZQ(sl) =S, = tztltz‘l, qon(ti) =S, =T, fori =0,2,3.
Proof. In order to check that qon is well-defined, it is enough to prove that the elements S;, for

0 < i < 3, satisfy the defining relations of GQ.

50S, = 8,8, -
N———— N————
d terms d terms

trivially follow from the corresponding defining relations of G,. Moreover, the relations
S,83S, = 835,53, 815351 = 835,53, 5,55, = 515,5; and S;5,5;S5; = S5,535,S, = S35,5,5; hold
by Proposition 3.13.

The relation for the double edge at 1in Q’:

Lolalibolaty = Lttty Ept,
implies that
S052577515,508:87 75,5, = 5571815,5,55877515,50S, <> 5,50515,5,5) = 515,505,550

that is the double edge relation corresponding to vertex 1in Q.
The braid relation ¢, tyt; = tyt, ¢, together with the relations proved above imply that

52_151523052_15152 = S()SZ_lSlSZSO — 515250515251_1 = 5250515231_150
& 5755515750515, ST = 5755515357 'S0
= Slsosl = SOSlSO'

The relation ¢, tyt3t,t = 38,6 tyt;t, together with the relations proved above imply

a ' ‘9202 '05.L697T
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55877518,505:8:87781S, = 8:,8:557815,80555, <> 515,8,5:81 = 535,5,5,5;
& 5555555555 1S) = 5555515515055
@ 5;1505351 = SISOS:;SSI

— 50535150 = S3SISOS3.

By [18, Lemma 2.4], we conclude that S,S55,S, = S35,5,S; = S15,55S;. Hence all the defining
relations of Go hold, as required. O

Lemma 3.32. Let Q be the quiver on the right of Figure 20 and Q' the quiver on the left. Let G, (respec-
tively, Go) be the group with generators s; (respectively, t;) with 0 < i < 3 satisfying the relations
associated with Q (respectively, Q"). Then there is a group homomorphism as follows:

9 : Gy — Gy defined as p3(s3) = S5 = tyt3t51, 93(s0) = Sp = tototy L, S(s) = ¢, fori =1,2.

Proof. In order to check that gon is well-defined, it is enough to prove that the elements S;, for
0 < i < 3, satisfy the defining relations of GQ.

The relations 5,555, = 535,53, S,5:5, = 5,5,5; and S;S; = S3S; hold by Proposition 3.13,
while

SoS, = 8,8
N———— ————
d terms d terms

holds by Lemma 3.30. The relation t5¢t; = tyt5t, implies that

S718:8:87788,877555, = §57508,857535,8775,S,.

Since the first and last terms are equal on the two sides, we can cancel them and obtain S;5,S; =
SyS5S,- The relation t,tyt, tytyt; = t1t,tyt;t,t, for the double edge at 1in Q” implies that

52877508,5152557505,51 = 5152877505,515255 75,5,
So the relation for the double edge at1in Q
505551805551 = 51505,51505,

follows after cancellations. The relation t,t,t5t,tot; = tst,tyt5t,t, for the double edge at 3 in Q’
implies that

82877 5052577535,8257 75082557555, = 51538,5:57 750587 7535,5:87 505

Multiplying both sides by S, on the left and by S ! on the right and simplifying, the relation for
the double edge at 3in Q:

S25053525053 = 835,50535,5

follows.

a ' ‘9202 '05.L697T
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FIGURE 21 Mutation of a tagged to an untagged arc and vice versa, case 2.

Using one of the braid relations from the left diagram and the relations found above, we have
that

tltotl :[Otlto @ SISZ_ISOSZSI = 52_150525152_18052 @ 51_15251505281 = S()Sl_lSleS()SZ
= 5,51505:5, = 515051_152515052 S SalslsOSTSTSFSE = SlsosflsisTSFSi
— SIS()Sl = S()SlS(),
where the underlined relation follows from the double edge relation at vertex 1in Q.

The last two relations left to prove correspond to the 4-cycle around the cone point in Q. The
relation £ytyt3t, = tyt3tq Ly = t3t1fyt; implies that

S155"505,877559,8, = S5718,5,557555,5157 1508, = S51835,5,5; 505,85 7S5S,.

Using the relations already proved, we see that the equality of the first and third expressions above
is true if and only if

55155 150558,8) = S357"8,55,53S, <> 87'5,51505:5,S, = S71535,5,5,555,
= 5,8150535,51 = 535,515053S;.
Similarly, the equality of the second and third expressions above is true if and only if
S0S35718,8,80 = S35718,8,5,S5 <= 5,5,57 555,515y = 535,51505;
<= 5;'515,535,55 = 535,515,5;
<= 5150535,51S) = 5¢535,5150S5.
Hence all the relations corresponding to the quiver Q hold, as required. O

Lemma 3.33. Let Q be the quiver on the left of Figure 21 and Q' the quiver on the right. Let Go
(respectively, G) be the group with generators s; (respectively, t;) with 0 < i < 3 satisfying the rela-
tions associated with Q (respectively, Q'). Then there is a group homomorphism: goZQ 1 Gg — Gy
defined as:

a ' ‘9202 '05.L697T
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Proof. In order to check that go‘z2 is well-defined, it is enough to prove that the elements
S;, for 0 < i < 3, satisty the defining relations of G,. The relations S,S3S, = S35,53, 51535, =
835153, 8,515, = 5,5,5; and §,5,535; = 5,535:S, = S35,5,5; hold by Proposition 3.13, while the
relation

5,8+ =SS, -+
———— N————
d terms d terms

holds by Lemma 3.30. The relation ¢, tyt; = tyt; £, implies that

S31915:877808:85751, = 551505255 7515:57 75,5,

Since the first and last terms are equal on the two sides, we can cancel them and obtain S;S,S; =
SyS;S,- The relation for the double edge at 1 in Q’

Lolytitolyty = tilplytitply
implies that

83 1505,555575155557505,8555 7515, = 85515:8775,5,5,577515555 750555,

that is the double edge relation corresponding to vertex 1in Q. Similarly, the relation for the double
edge at 3in Q':

Ltgtstylglts = t3t5LgE3t5L,
implies that

%505253%505253 =53%505253§25§/r5052 = 505,53505,53 = 53505,53505,

that is the double edge relation corresponding to vertex 3 in Q. Using the defining relations of Q’,
we have that

S0S3S0 = tytots ' tatytoty ! = tytotstytotsts ey s ot
— —1,= -1 _ -1 —
= b3ty totsty gt ] %}{Otz = t3tytot; 3t = S58,S;.

The relation £, tyt5t,t; = t3t,tyt5t,, together with the relations proved above, implies that

52877518:577505,535257 7515, = 538,8;7515:577505,555,

=" S15052535152 = S3SISOSZS3SZ
= 515053515757 = 535150535753

a ' ‘9202 '05.L697T
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By [18, Lemma 2.4], we conclude that S;S5,S5S; = S35;5¢S3 = S¢S35,S,. Hence all the defining
relations of GQ hold, as required. O

Lemma 3.34. Let Q be the quiver on the right of Figure 21 and Q' the quiver on the left. Let G (respec-
tively, G) be the group with generators s; (respectively, t;) with 0 < i < 3 satisfying the relations
associated with Q (respectively, Q'). Then there is a group homomorphism as follows:

cpzo : G — Gy defined as ¢2Q(s3) =S = Lyt3t; ", cpzo(si) =S, =t fori=0,1,2.

Proof. In order to check that qon is well-defined, it is enough to prove that the elements S;, for
0 < i < 3, satisfy the defining relations of Go-

The relation S;S,S; = S,S;S, trivially follows from the relation t,tyt; = tyt,t,. The rela-
tions S,5;S, = 535,53, S,5:5, = 5;5,S; and S;S; = S;S; hold by Proposition 3.13, while the
relation

SZSO oo = SOSZ
—_———— e
d terms d terms

is trivial to check. The relation S;5,5;5,5,S; = 515¢5,5:5,S, for the double edge at 1 follows
trivially from the corresponding relation for Q’. Moreover, the relation tt,t5tyt5t5 = t3totststot,
for the double edge at 3 in Q’ implies that

505287 7835,505257 7535, = 877535,508:877535,505: < $,50535:5053 = 535,50835,5,

that is, the relation for the double edge in Q follows.
Using the relations found above, we have that

t0t3t0 = t3t0t3 =" 5052_1835250 = 52_183528082_15352 =" 8082_1535250 = 82_1535250535253_1
= 5052_1835280 = S()S?,SZsOS:;S(;lS?’_l = S3SZSOS3SO = 5283525053
= %SOSSSO = S?SES:;SOS:; — S()S3SO = S3SOS3,
where the underlined relation follows from the double edge relation at vertex 3 in Q. The last

two relations left to prove correspond to the 4-cycle around the cone point in Q. The relation
t1t0t3t1 = t0t3t1t0 = t3t1t0t3 lmphes that

518085 "835,8) = SyS, 535,515y = S5 1535,51505, ' S35,

Using the relations already proved, we see that the equality of the first two expressions above
is true if and only if

$150535,55 18, = 50535,55"8,S) < 5150535,5,55" = S4555,5,55 1S,
< 55,5355,8, = 5535,515,555; "

= 5,5,5:5,5,8 = S9S55,5,50S;.
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Similarly, the equality of the first and third expressions above is true if and only if

5,8150558,851S) = S35,5150535,8;1 <= 5,515,535,5,55" = 535,5,50555,55 "

= 5,5150555,5] = 555,515053S,.
Hence all the defining relations for Q hold, as required. O

Remark 3.35. Flipping all of the tags in Figure 18, Figure 20 or 21 does not affect the corresponding
quivers or groups, so it follows that Lemmas 3.20, 3.26, 3.21, 3.27, 3.31, 3.32, 3.33 and 3.34 hold for
these cases too.

Proof of Theorem 3.12. Let T be a tagged triangulation of S, and Qy the associated quiver as in
Definition 3.2. Let G be the associated group as in Definition 3.4, with generators s;. Let a be
an arc in T and k the corresponding vertex of Q. Let T’ be the tagged triangulation obtained by
flipping T at «t, so that Qp» = 1 (Q) is the mutation of Q at k as in Definition 3.9, by Lemma 3.11(b).
By Lemma 3.11(a), the flip of « is given locally by one of the mutations in Figures 17, 18, 19, 20 or 21
(from left to right or right to left), or by one of the mutations from Figure 18, 20 or 21 with all of
the tags flipped.

It follows from Lemmas 3.14, 3.20, 3.26, 3.21, 3.27, 3.28, 3.29, 3;.31, 3.32,3.33, 3.34 and Remark 3.35
that there are group homomorphisms qog : Gg = Gy and qog : Gy — Gg.

Note that arcs appearing on the boundary in each figure could be on the actual boundary of S.
Each defining relation in Gpto be checked involves a certain collection of unmutated vertices, plus
possibly the mutated vertex. It is easy to check that, in each case, the proof that this relation holds
involves relations involving only the same collection of vertices. If we consider the same situation
where one of the vertices corresponds to an arc on the boundary of S, the corresponding relation
does not appear and therefore does not need to be shown. It follows that the corresponding results
hold in the situation where some or all of the dashed diagonals on the boundary of the figure are
on the boundary of the disk.

It is easy to check in each case that qo]?,qog(si) = s;lsisk foralli,so ¢

Q
k

QI
Q. . .k .. Q
¢, isalsoanisomorphism,and hencesoisg,”. []

qog is an isomorphism. By

the same argument, the other composition ¢

Theorem 3.36. Let T be any tagged triangulation of (X, M), and Qy the associated quiver. Then
Gy, is isomorphic to the braid group B(d, d, n), and thus gives a presentation for B(d, d, n).

Proof. There is a tagged triangulation of (X, M) for which the corresponding group G, is the pre-
sentation of B(d, d, n) from [6, Theorem 2.27] (see Figure 12). The result follows from combining
this with Theorem 3.12 and the fact that there is a sequence of flips connecting any two tagged
triangulations of (X, M) by [14, Proposition 7.10]. O

4 | GEOMETRIC INTERPRETATION OF THE NEW PRESENTATIONS

We work with the same surface (X, M) as in the previous section: X is the disk S with an interior
marked point, interpreted as a cone point of degree d > 2, and M a set of n > 2 marked points
on the boundary of X. In Section 3.1, we defined a way to associate a quiver Qr to any tagged
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triangulation T of (X, M) and a group Go,- Asin [18, Definition 3.1], we associate another graph
to T as follows.

Definition 4.1. Let T be a tagged triangulation of (X, M). We define the braid graph D of T to be
the geometric dual of T regarded as a graph embedded in the disk. Thus, D has a vertex in each
connected component of the complement of T and, whenever two connected components share
an edge of T, there is a corresponding edge in D, between the two corresponding vertices. Note
that, in general, D can have multiple edges between vertices.

If we regard T as a graph embedded in the plane, then Dy is the geometric dual in the plane
with the vertex corresponding to the external face removed.

Moreover, note that the interior of X is isomorphic as an orbifold to O, := C/C; and hence we
identify the two orbifolds in our arguments.

Givenaset of nvertices V in O, that is O; minus the cone point, one can define the correspond-
ing braid group Z,(0,) (denoted I'(®,4, V) in [18]). Each element of Z,,(O,), also called braid, can
be regarded as a permutation g of V' together with a tuple y = (y,),ey of paths y, : [0,1] = O
with y,(0) = vand y,(1) = g(v) for each v € V and, for each t € [0, 1], the points y,(t) forv € V
are all distinct for all v € V. See [1] and [18, section 3] for further details. Moreover, each path 7
in (92 with endpoints in V determines a braid o, in Z,,(O,) (see, e.g. [18, Definition 3.3]).

Let T be a tagged triangulation of (X, M), and note that this is a collection of n (tagged) arcs.
Each (tagged) arc «; in T corresponds to a vertex i in the quiver Q; and to an edge 7; in the
braid graph D;. Following the same notation as [18], we let g; := o, denote the correspond-
ing braid in Z,(O4) and B; be the subgroup of Z,(0,) generated by the braids o;, for i vertex

in Qr.

Proposition 4.2. Let T, be the triangulation of (X, M) shown in Figure 12. Then there is an isomor-
phism from By to G, taking the braid o; to the generator s; of G, . Furthermore, the subgroup
0 0

By, is a subgroup of Z,,(Oy) of index d.

Proof. Note that, via an isomorphism of the kind in [18, Remark 3.2], the element o; coincides
with hi_1 for 1 <i < n, for the braids h; in Z,(Oy) illustrated in Figure 9. Hence, By, coincides
with the subgroup of Z,(0,) generated by the h; and the map § from Proposition 2.9 gives an
isomorphism from B(d, d, n) to By, taking 7’ to hy and 7; to h; for 2 < i < n. By Proposition 2.2,
Br, is a subgroup of Z,(Oy) of index d.

Since reversing the defining relations of B(d, d, n) gives the same relations with 7, and 7
exchanged, there is an isomorphism from B(d, d, n) to By, taking 7, to hl_l =0y, Thtoh; =g,
and 7; to h; = o; for 3 < i < n. By Remark 3.8, there is an isomorphism GQT0 ~ B(d, d, n) (with the
presentation from [6]) taking s; to 7,, 5, to 7, and s; to 7; for 3 < i < n. The composition of these
two isomorphisms gives the required isomorphism. O

Before stating and proving our final result, we recall a result from [30, Théoréme, part(iv)]; see
also [18, Lemma 3.5].

Lemma4.3. Let A, B, C be three distinct points in OF and suppose there is a topological disk in O,
with A, B, C lying in order clockwise around its boundary. Let AB denote the arc on its boundary
between A and B, and define BC and CA similarly. Then o ,zg0pc = Oc0cy-
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Definition 4.4. Let T be a tagged triangulation of (X, M). Suppose that there is an arrow i —» k
in Q7. Then there are vertices X;, Y; and Z; and edges X;Y; and Y;Z; in D such that o; = oy y,
and gy = oy, ;. We say that an embedding of Dy into (X, M) is good at k if, for every such i, the
vertices X;, Y; and Z; are in clockwise order.

Remark 4.5. Note that our convention for orienting the arrows of the quiver of a triangulation is
opposite to the convention used in [18]. However, the proof of [18, Theorem 3.6] actually requires
this opposite convention: then it goes through as stated (provided we regard k as the mutation
vertex). For example, in the notation used there (see [18, fig. 6]), we have 0z, =0, lg,0,, while
T, = 0, as there is no arrow from 2 to 1in the quiver used there. Thus the claim that oz = 7, does
not hold, but this is resolved if the opposite convention for orienting the quiver is adopted, as we
do here.

Theorem 4.6. Let T be a tagged triangulation of (X, M). Then there is an isomorphism from By
to G, taking the braid o; to the generator s; of G,.. Furthermore, By is a subgroup of index d of
Zn(od)-

Proof. By Proposition 4.2, the result holds for the triangulation T = T,. Since any tagged trian-
gulation can be obtained by flipping T, a finite number of times, it is enough to show that if
the theorem holds for a tagged triangulation T, then it also holds for the flip of T at any of its
tagged arcs.

Assume that the result holds for a tagged triangulation T, that is there is an isomorphism ¥ :
Br — Gy, sending the braid o; to the generator s;. Let the triangulation T’ be obtained by flipping
T at the arc o and the generators of By and G, , be denoted by 7; and ¢;, respectively. In the
following arguments, we label the paths in O, as the corresponding braids in By and By, to avoid
heavy notation.

Define 7; = a;loiak € By ifi = k in Qp or the vertices i and k correspond to the only two arcs
incident with the conepoint in T and the arc corresponding to k is rotated anti-clockwise to the
flipped arc; and 7; = o; € By otherwise. Note that By is generated by the 7;, for i running through
the vertices of Q.

The possible types of flips that can occur are given locally by one of the mutations in Figures 17,
18, 19, 20 or 21 (from left to right or right to left), or by one of the mutations from Figure 18, 20 or
21 with all of the tags flipped.

Consider first the flip in Figure 17, that is a flip far from the cone point. The left-hand side
of Figure 22 shows an embedding of D; which is good at 5. Applying Lemma 4.3, the middle
figure shows the paths corresponding to the braids 7;. Rotating the vertices A and B clockwise,
we get the diagram on the right of Figure 22, where we used the isomorphism ¢ : Byy — By given
by 7; = 7; from [18, Remark 3.2]. Consider the composition of isomorphisms ¢so3ot, where gs
is the isomorphism from Theorem 3.12. If i — 5 in Qg, then

psoprou(t;) = ¢5°¢T(05_15i05) = §05(Ss_15i55) = tgltstits_lts =1,
and otherwise

®s0hrod(z;) = psopr(0;) = ps(s;) = t;.
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FIGURE 22 Flip of an arc: Type A situation.

Hence we obtain an isomorphism By, — GQ/ sending 7; to t; as required. A symmetric argument
works if we start with the triangulation on the right, with the shown embedding of the dual graph
good at 5, and flip it to the triangulation on the left of Figure 22.

For the flips in Figures 18 and 19 (from left to right or right to left or with all the tags flipped),
the result follows by arguments very similar to the above case, hence we omit the details. Since
flipping the tags does not affect the arguments, it only remains to show that the result holds for
the flips in Figures 20 and 21.

Consider the flip in Figure 20 with T on the left. The left-hand side of the top part of Figure 23
shows an embedding of Dy which is good at 2. Applying Lemma 4.3, the middle figure shows the
paths corresponding to the braids 7;. Note that, following the definition of 7;, the only conjugated
element is o; in this case as the mutated arc «, is not rotated anti-clockwise to the flipped arc
and so o, is not conjugated. Rotating the vertices A and B clockwise about the cone point, we get
the diagram on the right of Figure 23, where we used the isomorphism By — By given by t; = T;
from [18, Remark 3.2]. Composing this with the isomorphism ¢, o), where ¢, is the isomorphism
from Theorem 3.12, we obtain an isomorphism By — GQ/ sending 7; to t; as required.

Consider now the flip in Figure 21 with T on the left. The left-hand side of the top of Figure 24
shows an embedding of the braid graph Dy which is good at 2. Applying Lemma 4.3, the middle
figure shows the paths corresponding to the braids 7;. Note that this time, the conjugated elements
are o, as there is an arrow 1 — 2, and o, as the mutated arc «a, is rotated anti-clockwise to the
flipped arc and « is also an arc at the cone point. Rotating the vertices A and B (with A moving
clockwise and B anti-clockwise around the cone point), we obtain the diagram on the right of
Figure 24, where we used the isomorphism By, — By given by 7; — T; from [18, Remark 3.2].
Composing this with the isomorphism ¢,0tr, where ¢, is the isomorphism from Theorem 3.12,
we obtain an isomorphism By — GQ'T sending 7; to ¢; as required. Note that not conjugating o,
would result in a final braid r() swirling around the conepoint. In the case d = 2, 16 isisotopic to the
braid 7, and hence conjugating o, or not does not make a difference, see [18, proof of Theorem 3.6].
However, for d > 2, T(/) is not isotopic to the braid 7, appearing in By» and hence it is necessary to
conjugate o,.

Note that the right-hand side diagrams in Figures 23 and 24 coincide. Consider this as T and
mutate the red arc. There is now a choice on whether rotating this arc anti-clockwise, see the
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FIGURE 23 Mutation of a tagged to an untagged arc or vice versa, case 1.

bottom row of Figure 23, or clockwise; see the bottom row of Figure 24. The two options corre-
spond, respectively, to conjugating or not conjugating the braid corresponding to vertex O in the
associated quiver. Following arguments similar to the above two cases, one can check that in both
cases the result holds.

As the above covers all the possible mutations, and the theorem follows. O

We now have the ingredients we need to complete Remark 3.7.

Remark 4.7. 1In the situation of Remark 3.7 with d > 2, we have s;s; # s;5;. The situation
described there is the (top) right-hand diagram of Figure 23 with i = 0 and k = 2. The element
o=1, 17517270 isapurebraid and §(o) € 7,(0,) is asingle strand winding around the pole twice,
where £ is the map from the proof of Lemma 2.13. Arguing as in the proof of Lemma 2.13, we have

that o is not equal to the identity, so 7,7, # 7,7, and hence s;s, # 5,5, by Theorem 4.6.

5 | PRESENTATIONS OF G(d,d,n)

Let T be a tagged triangulation of (X, M), and Qr the associated quiver. Let G’QT be the group

defined in the same way as Go, (see Definition 3.4) with the additional relations sl.2 = e for all i.
Then we have the following:
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FIGURE 24 Mutation of a tagged to an untagged arc or vice versa, case 2.

Theorem 5.1. Let T be a tagged triangulation of (X, M). Then G(,QT is isomorphic to G(d, d, n), thus
giving a presentation of G(d, d, n).

Proof. The fact that this is true for the tagged triangulation in Figure 12 follows from Theorem 3.36
and the presentation of G(d, d, n) given in [2] (see [6, Proposition 3.2]). Note that the braid diagram
that gives the presentation of B(d, d, n) in [6, table 5] is the opposite of the diagram that gives the
presentation of G(d, d, n) in [6, table 2] (see [6, Theorem 2.27]), but the presentation corresponding
to the opposite diagram in this case is equivalent to that corresponding to the original diagram:
Passing to the opposite diagram amounts only to a relabelling, and therefore does not change the
isomorphism class of the presented group.

The fact that it is true for an arbitrary tagged triangulation follows from iterated application of
Theorem 3.12, noting that the proof of this goes through when adding relations stating that the
generators have square equal to the identity, and the connectedness of the mutation graph [14,

7.10]. O

Finally, we will show that, by applying a result from [32], the generators can be regarded as
reflections in G(d,d, n), and explain how this can be done explicitly. Note that, although Shi
assumes that d > 2 and n > 2, the results in [32, sections 2 and 3] still hold ford =2 orn =2
(replacing ‘reflection of order m’ with ‘reflection of Type II of order m’ throughout, e.g. in [32,
Lemmas 2.1, 2.9, Theorem 2.8]).
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We also note that if n = 2, the presentation from Theorem 5.1 is just given by the relation (4)
from Definition 3.4, together with Sf = sg = e: in this case G(d, d, 2) is the real reflection group of
type I,(d); see Remark 3.5.

We first recall the result of Shi [32] that we need. For this we need the following definition of a
graph from the paper (slightly modified in our discussion here).

Definition 5.2. Let R be a set of reflections in G(d, d, n). Then I:R is the edge-labelled directed
(multi-)graph with vertex set {1, 2, ..., n}. We take R as the set of directed edges. An element r =
s(a,b;c) in R (see Section 2.1) has start vertex a, end vertex b and is labelled c. We adopt the
convention that such a directed edge is equivalent to a directed edge from b to a labelled —c.
This convention ensures that l_“R is well-defined, noting that s(a, b; c) = s(b, a; —c). We define I'p
to be the underlying unoriented graph of T'p with the labels removed: Note that this graph is
also well-defined.

Suppose that I'y is connected and contains precisely one cycle. By reversing some directed edges
in T if necessary (and thus also negating their labels), we may assume that the corresponding
directed edges in I:R form an oriented cycle, C. Set §(R) to be the absolute value of the sum of the
labels on the directed edges in C. Note that by taking the absolute value here, we ensure that §(R)
is well-defined. Then, we have the following:

Theorem 5.3 [32, Theorem 2.19]. Let R be a set of reflections in G(d, d, n) such that Ty, is connected
and contains precisely one cycle. Then R generates G(d, d, n) if and only if 5(R) and d are coprime.

Lemma 5.4. Let T be a tagged triangulation of (X, M), and let Dy be the corresponding braid graph
(see Definition 4.1). Then Dy contains a unique cycle. In fact, it can be obtained from a cycle by
adjoining a binary tree (possibly consisting of a single vertex) to each of its vertices.

Proof. By Remark 3.3, the induced subgraph of the braid graph on the vertices associated to the
connected components of the complement of T incident with the cone point will be a cycle of
length at least two. The vertices on the boundary of this union U of connected components must
be on the boundary of X (since they are not the cone point), so the tagged triangulation must be
built up from U by adding a triangulated polygon to each boundary edge of U intersecting U only
in that edge (where we allow a degenerate case consisting of an edge only, i.e. where no polygon
is attached).

It follows that the braid graph can be obtained from an oriented cycle by adjoining a binary
tree (possibly consisting only of a single vertex) to each of the vertices of the cycle. In particular,
it contains a unique cycle as claimed. O

For the rest of this section, we will work in the following setup.

Setup 5.5. Let T be a tagged triangulation of (X, M), and let D be the corresponding braid graph
(see Definition 4.1). Fix a numbering 1,2, ..., n of the n vertices of D;. Let D be a directed graph
with underlying unoriented graph D, chosen so that the unique cycle in Dy is an oriented cycle
in Dy.

We then associate a reflection s(e) = s(a, b; c(e)) to each edge e of Dy, where the corresponding
directed edge in Dy has initial vertex a and end vertex b and c(e) is an integer. We do this in such
away that, if the unique oriented cycle in BT consists of vertices a;, a,, ..., a, with a directed edge
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FIGURE 25 Two possible local behaviours appearing in T. The dashed arcs are arcs in T (in the right-hand
picture the arcs shown on the boundary are also allowed to be boundary segments). The solid edges are edges in
D; and edges in Q; are oriented.

fm from a,, to a,,,, for all m (with a,,, interpreted as a;), then |}’ _ c,,| and d are coprime,
where c,,, = c(f,,). We define R to be the set of all reflections s(e) for e an edge of D;. Note that,
by construction, I'y - can be identified with Dy.

Proposition 5.6. Let T be a tagged triangulation of (X, M). Then the set R of reflections satisfies the
defining relations of G(,QT’ where each s(e) is identified with the generator s; associated to the vertex i

of Qr corresponding to the edge e of Dr.

Proof. Note first that each s(e) squares to the identity by definition. The commuting and
braid relations from Definition 3.4, parts (1) and (2), respectively, are then satisfied by [32, sec-
tions 3.3(2),(3)]. Moreover, if the unique cycle in Dy has length r = 2 then, by [32, section 3.3(4)]
we have that

s(a;, ay;cp)s(ay, ag;c0)s(ay, ayscp) - = 8(ay, ag;cy)s(ag, ay;cp)s(ay, ag;cy) -

d terms d terms

Hence, the relation from Definition 3.4(4) is satisfied.

Consider the situation of the left drawing in Figure 25, where s, t and u are the associated
reflections. Then, by [32, sections 4.5(v)], we have sutu = utus. Using the braid relations and the
fact that the reflections square to the identity, we have that

sutu = utus < stut = tuts < stutts = tutsts < stus = tuttst < stus = tust.

Similarly, one can see that the third equality in the cycle relation is true and stus = tust = ustu,
that is, the relations from Definition 3.4(3) are satisfied.

As pointed out before, double edges in Q only appear if there are exactly two arcs at the cone-
point in T, or equivalently the only cycle in D; has length 2. Suppose that this is the case. Let
Jj be a vertex connected to one of two vertices a; and a, in the 2-cycle, say a, via an edge g. In
other words, there is a double edge at the vertex in Qr corresponding to the edge ¢g between a,
and j in Dy. Denote the vector with a 1in the ith-entry and 0 everywhere else by e; and recall that
wy = e?/4, By direct computation, one can check that

(s(ay, jie )s(ay, aysep)s(ay, ay;¢y))* = (s(ay, ay; ¢)s(ay, ags¢p)s(ay, jie,))?,
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that is, the expected double edge relation from Definition 3.4(6) holds. In fact, both products
clearly only affect the entries in a;, a, and j positions and we compute that under both the left-
and the right-hand side products of reflections, we have

—2c,—2c
w 2T

Cr+Cp Ccy+Cr
a d ap ea2 e > w e;

e ol e, e i it
Similarly, it is easy to see by direct computation that when there are exactly two arcs at the cone-
point, incident with two different vertices on the boundary, then the corresponding reflections
satisfy the relations from Definition 3.4(7).
Consider now the situation on the right-hand side of Figure 25, showing the unique cycle in Dy
of length r, where r > 3. We show that the reflections satisfy the relations from Definition 3.4(5).
In the following computations, subscripts are taken modulo r and addition of the elements c; is

carried out modulo d. For 1 < m < r, consider the product of d(r — 1) reflections

S(am’ Am+15 Cm)s(am+1’ U425 Cm+1) S(am+d(r—1)—1’ Qtd(r-1)» Cm+d(r—1)—1)' (6)

Fix j €{0,1,...,7r — 2}. When computing the image of e under the product (6),

Amtd(r-1)-1—j
only the reflections s(@4d(-—1)-i(r—1)> Em+d(—1)—i(r—1)> Cm+d(r—1)—i¢—1)) for i =0,1,...d — 1 act

non-trivially. We compute that:

d-1 d—1
Zi:() Cm+d(r—l)—1—j—i(r—1)e — wZ,-:o Cm+d(r—1)—1—j+ie

e .
Antd(r-1)-1—j d Ap—1—j d Ap—1—j

When computing the image of €y under the product (6), every reflection in the product

acts non-trivially, and we compute that:

m+d(r—1)—1
e - Liem ‘e
Amtd(r-1) d am’
Note that
m+dr—1
— Z ¢; =0 modd,
i=m

since this involves adding up a multiple of d copies of each c;. Hence, we have:

m+dr—1 m+d(r-1)-1 m+dr—1 m+d(r—1)-1 d-1
0=- Z G <= — Z G = Z ¢ &= — Z ¢ = Z Cid(r—1)+1  mod d.
i=m i=m i=m+dr—d i=m i=0
It follows that

d-1
Yico Crmd(r—1)+i
5 - .
Am+d(r-1) CL)d eam

Hence, for p = 1,2, ...,r we have:

a ' ‘9202 '05.L697T

woyy

0 PUE W L 34} 885 *[9202/70/0€] U0 Ar1q1T8UIIUO AB]1M ‘20UB|BOXT 818D PUR U3EeH 04 3Imiisu| uoieN ‘FOIN Ad 8270L SWIIZTTT OT/I0pALOD A1

LBIIOD" B IM

3501 SUOLLLIOD SATES1D 3R ) AQ PaUBA0B 3. SO YO 5N J0 SaIN 10} ARIGIT SUIUO ABIIM UO



54 of 56 | FEDELE and MARSH

and we see that the products (6) are equal for all 1 < m < r and hence the reflections satisfy the
relations from Definition 3.4(5). This completes the proof of the result. O

Theorem 5.7. In the situation of Setup 5.5, there is an isomorphism of groups v : Gér - G(d,d,n)
sending the generator of Gf,)r associated to vertex v in Qr to the reflection associated to the edge in Dy
that is the dual of v.

Proof. Let R be the set of reflections associated to the edges in Dy, as in Setup 5.5. By Proposi-
tion 5.6, these reflections satisfy the defining relations of G/ .+ SO there is a group homomorphism
v G‘IQT — G(d,d, n) sending the generator of G,QT associated to vertex v in Qr to the reflection
associated to the edge in D; that is the dual of v.

By Lemma 5.4, Dy has a unique cycle. By assumption (see Setup 5.5), (R) and d are coprime.
Hence, by Theorem 5.3, R generates G(d, d, n). Hence v is surjective. By Theorem 5.1, |G’QT| =
|G(d,d, n)|, so v is also injective, giving the required result. O

Remark 5.8. Note that, in contrast to the braid group case, in the complex reflection group pre-
sentation the double edge relations can be made more symmetric. In fact, for reflections chosen
as in Setup 5.5, by direct computations one can check that in the situation of Definition 3.4(6), we
have

Sksisjsksisj = SiSjSksiSjsk = Sjsksisjsksi‘

On the other hand, in the situation of Definition 3.4(7), for d > 2, we still get two separate
relations also in the complex reflection group. To see this, let s; = s(a;, a,;¢;), s; = s(ay, j; c(g)),
s, = 8(ay, ay5¢,) and s; = s(a,, l;c(h)) be reflections satisfying Setup 5.5 and corresponding,
respectively, to the vertices i, j, k and [ in Definition 3.4(7). Then, it is easy to compute that

. 1
SiSjSKS|S;S) 1 eq > @ eg

. —2c,—¢;
SjSKSISiSjSk 1 €q, > @ a0

As, by assumption, ¢; + ¢, is coprime to d, and hence invertible modulo d, we have that
—2c,—c¢;=c;modd © 2(c; +¢,)=0modd & d = 2.
Hence, for d > 2 we have that s;s;s,5;5;5; # ;5.55;8;Sk-
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