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Quantum scalar field theory on equal-angular-momenta Myers-Perry-AdS

black holes
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We study the canonical quantization of a massive scalar field on a five dimensional, rotating black hole
spacetime. We focus on the case where the spacetime is asymptotically anti-de Sitter and the black hole’s two
angular momentum parameters are equal. In this situation the geometry possesses additional symmetries
which simplify both the mode solutions of the scalar field equation and the stress-energy tensor. When the
angular momentum of the black hole is sufficiently small that there is no speed-of-light surface, there exists a
Killing vector which is timelike in the region exterior to the event horizon. In this case classical superradiance
is absent and we construct analogs of the usual Boulware and Hartle-Hawking quantum states for the
quantum scalar field. We compute the differences in expectation values of the square of the quantum scalar

field operator and the stress-energy tensor operator between these two quantum states.

DOI: 10.1103/414f-xxrk

I. INTRODUCTION

Before compelling observational evidence demonstrated
the existence of rotating black holes in our Universe,
theorists had obtained not only a classical metric describing
a rotating black hole [1] but also investigated quantum
processes on this space-time background [2,3]. Notably,
even before the remarkable discovery that all nonextremal
black holes emit thermal quantum radiation [4], it was
known that quantum particles spontaneously emanate from
rotating black holes [2,3].

These profound discoveries continue, more than 50 years
later, to stimulate research into the behavior of quantum
fields on rotating black hole spacetimes. However, any such
investigation is technically extremely challenging, even
though the Kerr black hole [1] is axisymmetric and the
Teukolsky equation governing linear, classical perturba-
tions of this spacetime is separable [5].

Of central importance in studying quantum processes on
black hole spacetimes is the expectation value of the stress-
energy tensor (SET) operator, which encodes detailed
information about the Hawking emission and governs the
backreaction of the quantum field on the space-time geom-
etry. Computations of the SET expectation value
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on static, spherically symmetric black holes have
been undertaken since the 1980s [6-9] and have received
fresh impetus in the past decade with the development of
new methodologies [10—13] which both improve the effi-
ciency of the numerical calculations and permit the exami-
nation of the SET on a wider range of black hole space-times.

It is striking that, despite the long history of the subject
and the deep motivation for studies of the SET expectation
value, its full computation on a Kerr black hole has been
performed only comparatively recently [14]. This is
because the original techniques [6-9] were adapted to
static and spherically symmetric spacetimes and were not
easily extended to the reduced symmetry of a rotating black
hole geometry. The sophisticated methodology employed
in [14] still faces formidable practical challenges, for
example some four million scalar field modes are required
to produce those results.

These difficulties provide compelling motivation for the
study of quantum fields on alternative rotating black hole
geometries which reduce the technical complexities. One
line of attack is to lower the number of space-time
dimensions to three. The rotating Banados-Teitelboim-
Zanelli (BTZ) black hole [15,16] is constructed by iden-
tifying points in three-dimensional anti—de Sitter (AdS)
spacetime. As a result, the SET expectation value of a
quantum scalar field on this background can be found using
the method of images [17]. The consequent SET expect-
ation value is sufficiently simple in form to enable the
backreaction of the quantum field on the spacetime to be
studied in depth [18,19].

Naively, one would anticipate that increasing the number
of space-time dimensions only aggravates the problem of

Published by the American Physical Society
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the complexity of rotating black hole geometries. However,
when the number of space-time dimensions is odd, there
exist rotating black hole metrics with enhanced symmetries
[20]. Black holes in 2N + 3 space-time dimensions have
N + 1 independent angular momentum parameters [21,22]
and the augmented symmetry arises on setting these
parameters to be equal.

Our principal concept is therefore to explore quantum
scalar field theory on these equal-angular-momenta higher
dimensional black holes, anticipating that the additional
symmetry will ameliorate some of the technical difficulties
of working on a four-dimensional Kerr black hole.
However, as well as computational challenges, there remain
additional complexities in studying quantum field theory
on rotating spacetimes.

Central to these are the subtleties which arise in the
definition of suitable quantum states on rotating black
holes. The Unruh state [23] is the most relevant for the
study of Hawking radiation; it is the analog on an eternal
black hole geometry of the quantum state pertinent to a
black hole formed by gravitational collapse. The physical
definition of the Unruh state on a rotating black hole
spacetime is uncontroversial [24]. Although a rigorous
construction of this state for a neutral scalar field on Kerr is
absent from the literature, such a construction has been
performed rigorously on Kerr—de Sitter spacetime [25] and
for a quantum fermion field on Kerr spacetime [26]. In
addition, the SET expectation value has been computed for
a neutral scalar field in the Unruh state on Kerr [14].

The Unruh state does not preserve all the symmetries of
the underlying spacetime (in particular, it is not symmetric
under the simultaneous inversion of the time and azimuthal
angular coordinate). For this reason, both the original
methods [6-9] for computing the SET expectation value
and a more recent approach [12] have used the Hartle-
Hawking state [27]. This latter state is particularly well-
adapted to SET computations, being a thermal equilibrium
state, regular across both the future and past event horizons,
and respecting the symmetries of the underlying black hole
geometry. Furthermore, since differences in expectation
values between two Hadamard quantum states do not
require renormalization, they are comparatively straightfor-
ward to compute.

Unfortunately, the Hartle-Hawking state does not exist
on a Kerr black hole background for a quantum scalar field
[28]; there is no state representing a Kerr black hole in
equilibrium with a thermal heat bath at the Hawking
temperature. This can be understood heuristically by
considering the toy model of a rotating thermal state in
Minkowski spacetime [29]. In unbounded Minkowski
spacetime, a rigidly rotating thermal state does not exist
for a quantum scalar field [29], but such a state can be
constructed if Minkowski spacetime is bounded by an
infinite cylinder, symmetrical about the axis of rotation, of
sufficiently small radius that there is no speed-of-light

surface [29]. The speed-of-light surface is the surface on
which rigidly rotating observers must travel at the speed of
light. Correspondingly, if a Kerr black hole is surrounded
by a perfectly reflecting mirror inside the speed-of-light
surface, then a Hartle-Hawking state can be defined for a
quantum scalar field [30]. One disadvantage of introducing
a reflecting boundary in order to construct rotating thermal
states is that Casimir divergences result on the boun-
dary [29,31].

The issue of Casimir divergences can be circumvented
by considering black holes which are asymptotically AdS
rather than asymptotically flat. For example, the BTZ black
hole [15,16] does not have a speed-of-light surface,
enabling the construction of a well-defined Hartle-
Hawking state. Indeed, this is the state for which the
SET expectation values are computed in [17]. In four space-
time dimensions, Kerr-AdS black holes [32] do not have a
speed-of-light surface if their angular momentum is suffi-
ciently small. In this case there are no superradiant
instabilities [33,34] and the black hole can be in thermal
equilibrium with a heat bath at the Hawking temperature
[35]. In the absence of a speed-of-light surface, the
spacetime possesses a Killing vector which is timelike
outside the event horizon. This Killing vector plays a
central role in the rigorous construction of the quantum
scalar field Hartle-Hawking state on a four-dimensional
stationary black hole without a speed-of-light surface [36].

We are therefore motivated to study quantum fields on
asymptotically AdS equal-angular-momenta black holes.
While such black holes have enhanced symmetry in any
number of odd space-time dimensions, for simplicity we
consider only the five-dimensional case. This has the
advantage that there are no ‘“ultraspinning” instabilities
[37]. We assume that the angular momentum of the black
hole is sufficiently small that there is no speed-of-light
surface. In this case there is an elegant argument [35] that
the black holes are classically stable (see also [20,38—41]
for studies of the gravitational perturbations of these black
holes, confirming the absence of instabilities). The argu-
ments in [35], valid for a general five-dimensional asymp-
totically AdS rotating black hole without speed-of-light
surface, reveal that the black holes we study can be in
thermal equilibrium with a heat bath at the Hawking
temperature. Accordingly, we conjecture that it will be
possible to construct a Hartle-Hawking state in this
scenario.

While the Hartle-Hawking state is our primary interest,
we also seek to define a second quantum state, in order to
study differences in expectation values between two
Hadamard quantum states without recourse to renormali-
zation. The existence of an Unruh-like state on asymptoti-
cally AdS black holes is complex. For an asymptotically
AdS black hole formed by gravitational collapse, the nature
of the quantum state at late times depends on the details of
the collapse process and the boundary conditions applied to
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the quantum field far from the black hole [42-44]. On an
eternal, asymptotically AdS black hole, if reflecting boun-
dary conditions are applied to the quantum field (as will be
the case in our study), then it is not possible to define an
Unruh-like state.

We therefore seek an analog of the Boulware state [45],
in other words a zero temperature state, which is expected
to be a Hadamard state away from the event horizon. For a
nonrotating black hole, this state is as empty as possible as
seen by a static observer far from the black hole, although it
is divergent at the event horizon [46]. On Kerr spacetime,
for a quantum scalar field there is no corresponding state
which is empty at both future and past null infinity [24].
This is because a rotating black hole spontaneously emits
particles even if its temperature is zero [2,3]. For a bosonic
field (such as quantum scalar field on which we focus in
this paper), this spontaneous nonthermal quantum emission
occurs in precisely those field modes which are subject to
classical superradiance [47]. For a scalar field, such super-
radiant modes are absent on Kerr-AdS black holes when
reflective boundary conditions are applied [48]. Similar
conclusions can be drawn for a scalar field on the
asymptotically AdS equal-angular-momenta black holes
[49]. We therefore expect that a Boulware-like state can be
constructed in our setup.

Our paper is structured as follows. In Sec. II we review
the geometry of five-dimensional, equal-angular-momenta
black holes in asymptotically AdS spacetime, paying
particular attention to the symmetries of the geometry.
The properties of a classical massive scalar field on this
background are examined in Sec. III, where we derive
separable mode solutions of the scalar field equation. In
Sec. IV we turn to the canonical quantization of the scalar
field, constructing analogs of the standard Boulware and
Hartle-Hawking states. Differences in expectation values of
the square of the quantum scalar field and the SET between
these two states are computed in Sec. V. Finally, Sec. VI
contains further discussion and our conclusions.

II. EQUAL-ANGULAR-MOMENTA BLACK HOLES
IN FIVE DIMENSIONS

The higher-dimensional, asymptotically flat, rotating
Myers-Perry black hole solutions [21,22] of the vacuum
Einstein equations are generalizations of the four-
dimensional Kerr metric [1]. Including a cosmological
constant further complicates the metric in higher dimen-
sions [50-53]. Working in five space-time dimensions, the
general rotating black hole geometry [50] has, in addition to
the cosmological constant, a mass parameter and two
independent angular momentum parameters. Setting these
two angular momentum parameters equal results in a space-
time geometry which has enhanced symmetry [20] and
these equal-angular-momenta black holes are the focus of
our study.

In terms of the coordinates (¢,r,6,¢,y) which are
adapted to the enhanced symmetry, the black hole metric
takes the form [[20] Eq. (1)],

2

ds? = —f(rPdi> + g(r)2dr? + - [d6* + sin*0 dg)

1 2
+ h(r)? |:dl// + zcos&d(p - Q(r)dt} , (2.1a)
where € [0, 7), p €[0,4x), w €[0,2x), and
2 2M  2Ma* 2Ma*\ !
g(}’)zz (1+P_7+W+T> s (21b)
5 5 2Ma?
h(r)> =r(1+——), (2.1¢)
r
2Ma
Q(r) = , 2.1d
(r) rzh(r)z ( )
£(r) =~ (2.1¢)
r) = le
g(r)h(r)

Throughout this paper, the space-time signature is
(—,+,+,+,+) and we use units in which 872G = ¢ =
h = kg = 1. The constants in the metric (2.1) have the
following interpretation: M is the mass parameter, a is
the angular momentum parameter, and L is the AdS length
scale, related to the cosmological constant A by A =
—6L72. Taking the limit L — oo gives an asymptotically
flat black hole, considered (using different coordinates) in
[54,55]. The mass E and angular momentum J of the black
hole are given in terms of the parameters M and J by [[20]
Eq. )],

a>

E = 27r2M<3 +L2

), J=8x%aM. (22)

The square root of minus the determinant of the metric (2.1)

is
15
g:,/—detgﬂyzzr sin 6.

The inverse metric ¢* has the following nonzero compo-
nents:

(2.3)

g'=~f(r)7> (24a)
gv = =Q(r)f(r)7, (2.4b)
g =g(r)2 (2.4¢)
¢ =42, (2.4d)
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FIG. 1. Penrose diagram of an equal-angular-momenta, asymp-
totically-anti-de Sitter, Myers-Perry black hole [56]. Dotted lines
denote horizons. The event horizon is located at r = r ., and the
inner horizon at r = r_. Null infinity is the time-like surface at
r = oo, while there is a curvature singularity at r = 0 (denoted by
the dashed lines).

g’ = 4r~% csc? 0, (2.4¢)
g" = =2r~2cotfcscH, (2.4f)
g =r2cot? O+ h(r)=2 = Q(r)*f(r)=%. (2.4¢g)

By evaluating the Kretschmann scalar R,,;R%"°, where
Rp,5 is the Riemann tensor, we find that the metric (2.1)
has a singularity at » = 0. The Penrose diagram for this
black hole geometry can be found in Fig. 1 [56].

It is striking that the black hole metric (2.1) essentially
depends only on the radial coordinate r. The angular
coordinates (@, ,y) are coordinates on the three-sphere
S?, here written as an S' fiber (parametrized by the angle
w) over CP! [20]. With this interpretation, the part of the
metric

-

7 [0 +sin” 0y’ (2.5)

corresponds to the Fubini-Study metric on CP!, while

1
508 Ody (2.6)
is the Kihler form on CP! [20].

The metric (2.1) possesses the following independent
Killing vectors [[57] Sec. IV and Eq. (8)] (see also [54]),

0 0 0
= -, -, _ 27
Vi 5 V) 30 V3 pw (2.7a)
V,=2cos 9 2sin cot6’£+ sin cscHi (2.7b)

d d 0
Vs = —ZSin(p@—2cos¢c0t9%+cos¢csceﬁ. (2.7¢)

In addition, the metric (2.1) has “hidden symmetries”
(Killing-Yano tensors) [58,59] which we do not need to
consider in detail, but which become manifest in the
separability of the Klein-Gordon equation, as studied in
Sec. IIL.

Horizons occur at the zeros of the polynomial g(r)

This gives a cubic in x = 72,

-2

4 L2x? +2M(a* — L?)x + 2a°L*M =0,  (2.8)
the discriminant of which is always positive, so that there
are three real roots, which we will denote by r(z), r2 and r%r.
One of these roots (taken to be r3 without loss of generality)
is negative, and the other two are positive. The larger of the
two positive roots, %, corresponds to the (outer) event
horizon of the black hole, while 72 corresponds to the inner
horizon. The event horizon radius r, is given by

2= % {Nﬂcos G cos™! [— \gﬂ > - LZ}, (2.9a)

where

A = L* —6M(a* - L?),

B = L6+ 9L>M (24> + L?). (2.9b)

Using (2.8), we can write the mass parameter M in terms of
a, L and r,

ri(r+1%)
2

M=- .
2(rt[a® — L?] + a*L?)

(2.10)

Substituting for M in the cubic (2.8) then gives a quadratic

having roots x = r2 and x = r},

272,2 (2 2
) ) ) a*L*ri(ri +L?%)
L =
x4 (ri + )x+ri(a2—L2)+a2L2

0. (2.11)

The roots of this quadratic are then,

1
r% :—5(7%_ +L2)

Xll_

(L2 =7 = L2P (7 + L)
Al L2+ L) +17) ||

(2.12a)
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1
r%:—z(r2++L2)

a*(L>=r2)?—L?r2(ri +L?)
1*¢v[ﬁ L er) ) |

The following relations involving the roots of the cubic
(2.8) will be useful in Sec. III B 2,

(2.12b)

A4t +rh=-L% (2.13a)
P2 2+ 3t = 2M(a? - L?), (2.13b)
PR =-2a®MIL?, (2.13¢)

and from these we can write M and a? as follows:

2.2.2
o PERE R +2ro)r2 , (2.13d)
P+ 2P R)R+R)
(R R)2 R+ (2.13¢)

2(r + 2 +r3)?

The outer and inner horizons coincide (so that r, = r_
and the black hole becomes extremal) when the spin
parameter a = da.y, which is given, in terms of the event
horizon radius, by

,  L*A(2ri +L%)
Aexy = ﬁ (214)
(ri+L?%
For values of the spin parameter a above a.,, there is a
naked singularity.

Since the black hole is rotating, it possesses an ergo-
sphere, inside which an observer cannot remain at rest
relative to infinity. The boundary of this region is the
stationary limit surface, given by

2 2M

- h(r)*Q(r)? = —7—1- 1.

0=-g,= f(r)2 ~ 2 (2.15)

This has two roots for x = r2, only one of which is positive.
This gives the radius rg of the stationary limit surface,

, L? 8M
rs= [ 1+— 2 1}. (2.16)
Thus, unlike the situation in four-dimensional Kerr space-
time, the radius of the stationary limit surface is a constant
and does not depend on any of the angular coordinates.
This is a result of the enhanced symmetry of equal-angular-
momenta black holes. Surprisingly, the radius (2.16) is
independent of the spin parameter a and depends only on
the mass parameter M and the AdS length scale L.

The event horizon at r = r,_ is a Killing horizon for the
Killing vector

d 7}
_+Q+_’
o

V+:at

(2.17)

where Q, is the angular speed of the event horizon, given
by [[20] Eq. (4]

2Ma

Q. =Q = 0. 2.18
Q) = (219)

The surface gravity of the event horizon x, is given
by k2 = (V [V ) (V*V,]) [[52] Eq. (14)] where |V, |> =
—Jay V4 V', and takes the form

Zri + r‘_tL2 —2Ma?L*?

K‘ =
* Lzri\/ri + 2Ma?

Kruskal coordinates regular across the event horizon can be
constructed by first defining a corotating coordinate v,

(2.19)

vi—p-Q (2.20)
in terms of which the metric (2.1) becomes
ds> = —f(r)*dt* + g(r)>dr? + 2 [d92 + sin?0 d¢?|
1 2
+h(r)?|dy, + Ecos@d(p —{Q(r) — Q. }dt
(2.21)
Next, the “tortoise” coordinate r, is given by [[20]
Eq. (14)]
dry, g(r) 1 )
il S h 2.22
G = ) = o). (222)
and the usual double-null coordinates are
u=-_t-—ry, V=14 ry. (2.23)
We then define the Kruskal coordinates U, V as,
1 1
U=——e"+", V=—e". (2.24)

K+ K+

In terms of these Kruskal coordinates, the metric is
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107 ay o

dst = — 07 dUAY + [0 + sin®0 dg?]

1
+ h(r)? [dl//Jr + Ecos@d(p

- tan -2 (T )]

(2.25)

Close to the event horizon, the Killing vector V, (2.17)
is timelike. It becomes spacelike on the speed-of-light
surface, where

0=g,+ 2Q+gtl// + Qigw,. (2-26)

This gives a quartic equation for r?, the square of the radius
of the speed-of-light surface (details of the derivation can
be found in Appendix A),

2 2.4 2 272y.2 QiroL?
(rf —ri)(r{ +2Ma*) | (1 = Q4 L*)rf + | = 0,
(2.27)
from which we deduce that
02,672
R = 74 (2.28)

IMA(QP L2 - 1)

In a four-dimensional Kerr spacetime, the speed-of-light
surface has a complicated structure and its radius depends
on the angular coordinate 8 ([30], Appendix). In our setup,
the radius 7y, of the speed-of-light surface is independent of
all the angular variables. When Q, < L~!, the right-hand
side of (2.28) is negative and the speed-of-light surface is
absent; this is the situation in which we are interested. We
can find the maximum value of the spin parameter a for
which there is no speed-of-light surface as follows.
We first use the cubic (2.8) to write the mass parameter
M in terms of the event horizon radius r, and €, [[20]
Eq. (0)],

AR/
T+ R/ - AR

(2.29)

and then the angular speed of the event horizon Q. (2.18)

takes the form
2. =a(z+3)
+:a_ - .
L2 ri

Thus Q, = L~ when a = a,,,,, where

(2.30)

r
6 L

5 —n

—rs

4 -
3 L
2 L

s s s a
0.685 0.690 0.695

FIG. 2. Locations of the event horizon r, (2.9), stationary limit
surface rg (2.16) and speed-of-light surface r; (2.28) as functions
of the spin parameter a for fixed mass parameter M = 10L%. We
use units in which L = 1.

= (2.31)

Our equal-angular-momenta black hole spacetime there-
fore has a “shell-like” structure, with three key surfaces at
constant values of the radial coordinate r, namely: the event
horizon r = r, (2.9), the stationary limit surface r = rg
(2.16) and the speed-of-light surface r = r; (2.28). For
fixed values of the mass parameter M and AdS length L, the
location of the stationary limit surface (2.16) is independent
of the spin parameter a, but the event horizon radius and
speed-of-light surface (if it exists) depend on a.

In Fig. 2 we show these three radii as functions of a for
fixed M = 10L?, using units in which L = 1 (we shall use
these units for the rest of the paper). The behavior is
qualitatively similar for other values of M. The orange line
gives the value of rg (2.16), which is independent of the
spin parameter a. The black line is the event horizon radius
r. (2.9), which decreases slowly as a increases for the
range of values of a shown in the plot. The blue curve is the
location of the speed-of-light surface r; (2.28). This
changes rapidly with varying a and decreases as a
increases. When a = a.,,, we find that r, = r; and the
speed-of-light surface coincides with the event horizon. For
sufficiently large values of a (below a.,,) the speed-of-light
surface lies inside the stationary limit surface; similar
behavior is seen near the equatorial plane for near-extremal
Kerr black holes [30]. The behavior of r;, on decreasing a
further can be seen in Fig. 3. In particular, r; increases
rapidly as a decreases, and the speed-of-light surface
moves away from the black hole event horizon. There is
an asymptote in 1y, as @ — dp,,y; below this value of a there
is no speed-of-light surface.

For the remainder of this paper we shall be concerned
only with values of 0 < a < a,,,, so that the speed-of-light
surface is absent. In this situation the Killing vector V.

125014-6
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r

20+
15+
10+
5l
0.680 0.685 0.690 0.695 a
FIG. 3. Location of the speed-of-light surface r; (2.28) as a

function of the spin parameter a for fixed mass parameter
M = 10L%. The vertical lines give the values of ap,, (2.31)
and a.,, (2.14). We use units in which L = 1.

(2.17) is timelike everywhere outside the event horizon.
This will be important for the quantization of the scalar
field in Sec. IV.

III. CLASSICAL SCALAR FIELD

We consider a scalar field @ propagating on the back-
ground geometry discussed in Sec. II and satisfying the
Klein-Gordon equation

0= (4 + ER)® = 0, (3.1)

where [ = V,V* with V, the usual covariant derivative, u
is the mass of the scalar field, and & is a constant coupling
the scalar field to the Ricci scalar R of the geometry. In five
space-time dimensions, the scalar field is minimally
coupled for £=0 and conformally coupled when
& = 3/16. Since the Ricci scalar R = —20/L? is a constant
for equal-angular-momenta black holes, we define a con-
stant v (the scalar field “effective mass”) by

v =u? + ER. (3.2)

The classical SET for the scalar field is [[60], Eq. (9)]

2

1 1 1
Ta/i = (1 - Zf)cb;aq);/} + <2§ - 5) ga/igp(;q);pq);o' - qu)q);u/)’ + 259(1/}¢)Dq) + f(R(z/} - ERga/}> ¢)2 - _ga/il’lz(bz

1 1 3
- (1 - 2§>q);a(b;ﬂ - 25(1)(D;aﬁ + (25 - E) gaﬂgo"(l);p(l);g + E (45 - l)gaﬂﬂzq)z + ngaﬂ (25 - 1_0> (I)Z’

where a semicolon; denotes a covariant derivative, and in
the second equality we have used the scalar field equa-
tion (3.1) and the fact that R,; = Rg,s/5 for the equal-
angular-momenta black holes. Therefore, while solutions
of the scalar field equation (3.1) depend on the constants y”
and & only through the combination v (3.2), the SET (3.3)
depends on p? and ¢ separately.

The scalar field equation (3.1) is separable [20,54,61-63],
and we seek mode solutions of the form,

O(t,r,0,p,) = e ePVX(r)Y(0,p), (3.4)

where X(r) and Y (0, @) are, respectively, the radial and
angular functions. The constant @ is the frequency of the
mode, and p is the azimuthal quantum number. Since
w €10,27), we have p e Z.

In this Section we review the angular and radial
equations. Since we are only considering black holes with

Q. L < 1 the classical scalar field modes we consider are
linearly stable [20,64].

A. Angular equation

Substituting the separable mode ansatz (3.4) for the
scalar field into (3.1) and separating variables, the resulting

(3.3)

[
equation for the angular function Y (6, ¢) can be written as

Y oY oY oY
0= 7+ cotﬁ% —ip cotf CSC@@ + csc29()—¢2
1
—szYcotZG—l—/IY, (3.5)

where / is a separation constant. We require Y (0, ¢) to be
regular at the poles € = 0, z, and to be periodic in ¢ with
period 4.

There are several different (but equivalent) representa-
tions of the angular functions. First, Eq. (3.5) is the
equation satisfied by a charged scalar field on CP', having
charge p and with the gauge potential (2.6) [20]. On CP!,
the angular functions Y(@,9) are monopole harmon-
ics [65,66].

Second, the angular function Y(@,¢) can further be
separated as follows:

Y(0,p) = ™Y (0). (3.6)
Since @ €[0,47), we have that 2m € Z. The resulting
equation for ¥(6) can be cast into the form of a hyper-
geometric equation, with the solutions regular at § = 0, =
given in terms of Jacobi polynomials [54,61] (note that
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[54,61] use a different coordinate system than the one
employed here, so their angular equation is modified in
our case).

We shall find it more convenient to use a third repre-
sentation, in which the angular functions Y (6, ¢) are given
by spin-weighted spherical harmonics (see, for example,
[67-73] for a selection of the extensive references on these,
and [72,73] for longer bibliographies). We compare (3.5)
with the governing equation for spin-weighted spherical
harmonics ;Y’(6, ¢) having spin s, total angular momen-
tum quantum number £ and azimuthal quantum number
n [70,72,73],

A’y a,Y" 0,Y”
0= a“ef + cot@‘é—e’f—k 2is cotd csc@‘(‘)—(;
o*.Y"n
+ csc29(;—2f — 52 Y cot?d + [£2 + ¢ — s%), Y7
P

(3.7)

Here, s is a (positive or negative) integer or half-integer,
£ =1s|,|s| +1,|s] +2,... is a positive integer or half-
integerand m = —¢,—¢ + 1,...,Z — 1, ¢ is also an integer
or half-integer (taking both positive and negative values).
Comparing (3.5), (3.7), we see that the spin s is related to
the quantum number p by

p
=-=, 3.8
s=-2 (33)
and the separation constant 4 is given by
2 2 2 1,
A=C"+C0—-5"=¢ +f—1p. (3.9)

Using the further separation (3.6), we may identify m = n.
The advantage of working with spin-weighted spherical
harmonics is the existence of addition theorems [74] for
sums over the azimuthal quantum number m, which will
enable us, in Sec. V, to simplify the expressions for the
square of the scalar field and SET for the quantum scalar
field. The relevant addition theorems are summarized in
Appendix B.

The standard normalization for the spin-weighted spheri-
cal harmonics having integer spin s is

2r T
/ / Y20, 0) Y™ (0. @) sin@ dOdy
17 0.

=0.Jo=0

= 5‘v‘v’6ff’6mm’ . (3 1 0)
We use this normalization (so that the addition theorems in
Appendix B apply), but since we have ¢ € [0,4x) rather
than ¢ € [0, 27), our normalization is

4r n
/ / JY2(0,90) Y™ (0. ¢) sin@ dOdy
9=0 J6=0

= 255's’5ff’5mm’ . (3 1 1)

This normalization condition is valid for half-integer as
well as integer spin. The angular equation (3.7) is invariant
under the mapping (s,m) — (—s,—m) [or, equivalently
(p,m) = (—p,—m) from (3.8)], and hence the norma-
lized spin-weighted spherical harmonics (Y7(0,¢) and
_Y7"(0.¢) are equal up to an overall phase, so that

Y20 0)P = |, Y7"(0.0).

B. Radial equation

We next describe the radial equation in two forms: the
first is a Schrodinger-like equation [20] and is useful for
defining an orthonormal basis of field modes for the
canonical quantization of the scalar field in Sec. IV; while
the second involves a Heun equation [63,64,75,76] and is
useful for our numerical computations in Sec. V.

1. Potential form

The radial equation resulting from substituting the
separable mode ansatz (3.4) into (3.1) is

0=X"(r) + B - 25;5’)")} X(r)
®— r)}? 2

(3.12)

where 1 is the separation constant (3.9) and ¢ is given in
(3.2). Following [20], we use the “tortoise” coordinate r,
given by (2.22). Near the event horizon, as r — r, we have
g(r)/f(r) ~O(r—=r.)"" and hence r, — —co, while, as
r — oo, since g(r)/f(r) ~ O(r7%), by a suitable choice of
integration constant, we may take r, — 0. Defining a new
radial function X(r) by

X
X(r) = XUe) (3.13)
r/h(r)
the radial equation (3.12) becomes
d*X N
——+V(r)X =0, (3.14)
dry

where the potential V(r) is given by [[20], Eq. (15)]

125014-8



QUANTUM SCALAR FIELD THEORY ON ...

PHYS. REV. D 112, 125014 (2025)

V(r) = [w—pQ(r)* - f(r)? {yz _|_‘;_§+p_2}

h(r)?
r)? r r)2h(r
SO & [P i)

(3.15)
and we have used the form of f(r) (2.1e) to simplify V(r).
In the asymptotic regions r, — —oo, r, — 0, the poten-

tial takes the asymptotic forms

2

@°, Fy——00, Fr—r,,
V(r)~ 3.16
(r) —£—22[1/2+%}, ry—0, r—oo, ( )
where % is given in (3.2) and we have defined a new,

shifted, frequency @ by

®=w-pQ,, (3.17)
where €, is given in (2.18). Near the horizon, as r — r
and r, — —oo, the solutions of the radial equation (3.14)
therefore take the form

X(ry) ~C,e® 4 C_e™@, (3.18)
where C, are complex constants, giving ingoing and

outgoing plane waves. As r — oo and r, — 0, the solutions
of (3.14) are [[20], Eq. (43)]

~ 1y 15
X(r))~D.rn +D_r ", (3.19)
where D, are complex constants, and

P =4+17L% (3.20a)
In order that the scalar field has no classical mode
instabilities, it must be the case that the Breitenlohner-
Freedman bound [77,78] is satisfied, namely,

72> 0. (3.20b)
From here on, we shall assume this to be the case. We

then consider only the regular decaying solution in (3.19),
that is, we assume that 7 > 0 and

~ iy

X(r,) ~D.ry”, (3.21)
as r —» oo and r, — 0.

Absorbing the constant C, into an overall normalization
constant, we can, without loss of generality, take the radial
function X(r,) to have the form

elor« +prfe—twr*’ ry = —0o,

Xw[n”(r*) ~ I+
T(upfr* ’

(3.22)

ry = 0,

where R,,,, and 7,,, are complex constants, and we
have introduced the subscripts to indicate that the radial
function depends only on the frequency w and the quantum
numbers p and Z. Since the radial equation (3.14) is
invariant under the mapping (w, p) — (—®, —p), we have
that Xv—a}.—p,f("*) = X*mpf(r*)'

Since (3.14) takes a Schrodinger-like form, the
Wronskian of any two linearly independent solutions is
a nonzero constant. In particular, considering the
Wronskian of f(wpf and its complex conjugate, we find that

Ropel? = 1. (3.23)
Due to our choice of boundary conditions, the scalar field
flux through the boundary at » — oo is zero, and the field is
reflected at the boundary. In particular, this means that,
unlike the situation for rotating asymptotically flat black
holes, there is no classical superradiance in this case, and
hence no superradiant instability [35,64].

2. Heun form

To transform the radial equation (3.12) into the form of a
Heun differential equation [79], we follow the method of
[63,64,75,76]. In [63,64,75,76], the authors use a different
coordinate system from that employed here; this means that
their expressions for the various constants introduced below
differ from ours. We first note that the radial equation (3.12)

has four regular singular points, at r* =r%, r? =r2,

r? = r§ and r* = co. Since the Heun differential equation
also has four regular singular points, we anticipate that it
will be possible to cast the radial equation (3.12) in the
Heun form using an appropriate transformation.

To this end, we define a new independent variable z by

[[76], Eq. (40)] (see also [63,64])

r—r
= . 3.24
=5 2 ( )

The regular singular points are then at z =0 (r =r,),
z=1(r=0),z=2z_(r=r_)and z = oo (r = ry), where

2 —rk
-== . 3.25
< r2—r} (3.25)
Next we define a new dependent variable X(z) by
X(r) =2 (2= )= (z=2)"X(z),  (3.26)

where 6, , 6_ and 0, are (possibly complex) constants to be
determined. We transform the radial equation (3.12) to the
new independent variable z and substitute in for X(r) from
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(3.26). The resulting differential equation takes the form

1)
0=a"(z) + |L 42—+ ——|x(2)
z z—-1 z—2z_
+ B(2)X(2), (3.27)
where the constants y, 6 and € are given by
y=14+20,, 6=-1+420,, e=1+20_, (3.28)

and B(z) is a function of z which is too lengthy to display
here. For (3.27) to have the Heun form, we require 2B(z) to
take the form

017 — ¢
2W(z=1)(z—-2z)’

where ¢ and 7 are constants such that

B(z) = (3.29)

c+t+1l=y+d+e (3.30)

The constraint (3.30) is satisfied for o, 7 given by

c=0,+0_+0,+0,

T=60,+0_+0, —0,, (3.31)
where 6, is another constant to be determined. The
constants 8,, 0_, 0, and 6, are found by requiring
2(z) to have the required form (3.29). After a considerable
amount of lengthy algebra, we find

i

9+ = R(w - pg+), (3323.)
i
0. =—(w—-pQ_), 3.32b
- po) (3.32)
i
90 = Z—KO(CU — pQO)’ (3320)
1
O =14/ 14212, (3.32d)

where v is given in (3.2), the constants x, (2.19) and Q
(2.18) can be written in the alternative form

(7 = ) = 1)

K. = , 3.32e
* Lr2A\/(r2 +r2)(r2 +L?) ( )

. 2 L2
Q, AU A T (3.32f)

B Lro/(r2 +r2)(r2 + Lz)’

and we have defined quantities x_, Q_, ko and Q; in a
similar fashion,

(2= R) (2= 7)

_ = . (3.32¢g)
Lr%\/(ri + L) (r2 + %)
. 2 L2
= WET S (3.32m)
Lr (2 + D)2+ 7)
Ky = l(’% - r%’)(r% - r%) (3 32
0=75 > 2 N2 2’ 32i)
Lrg/(F + L) (2 + L)
. V) V)
Q irpr_y/ry +rz (3.32))

- Lrg/ (P + L (2 + L%

All quantities under a square root sign in (3.32) are positive.
Since r3 <0, we have that ry is purely imaginary.
Therefore k. and Q.. are real, while x, and €, are purely
imaginary. This means that 6 are purely imaginary but 6,
is real. Since 12L? > —4 (3.20), we also have that 8, is
real. Finally, the constant g is given by

L2
+2.(20,0, + 0., —0.)
+ (0, +0_)(0, +6_+1) 62,

qg= [0?L? — p? — 42— 1217

(3.32K)

where v can be found in (3.2) and 4 in (3.9).

Let HI(z_, g;0,7,7,8;z) denote the solution of (3.27),
with 2(z) given by (3.29), which is regular at z = 0. Then,
linearly independent solutions of the radial equation (3.27)
near z =1 (that is, as r — o) take the form [[76]
Eq. (46-47)] (see also [64])

Xi(z) =HI(1 = z_,00 - q;0,7,8,7;1 = 2), (3.33a)

Xy(z2) = (1-2)'7
xHI(1-z_,§;6-6+1,7—=6+1,2=6,7;1 —2z2),
(3.33b)

where

Gg=[1-z_)y+€l(1=6)+or—q. (3.33¢)
Since Hl(z_, q;0,7,7,6;,0) = 1 for any parameters z_, ¢,
o, 7, v, 8, we see that X';(z) is regular as z — 1, but
X,(z) ~ (1 = z)%17%) where 6, is given by (3.32d).
Since 6, > 1, we see that X,(z) diverges as z — 1. We
therefore choose the solution X';(z) to be the appropriate
radial function, so that

xmpfz‘gJr (Z - 1)900 (Z - Z—)&

xHI(1-z_,01—q;0,7,8,7;1 —2),

Xa)pf(r) =
(3.34)
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where X,,,, is a constant to be determined in the next
subsection. In making the choice (3.34), we assume that the
radial functions tend to zero as quickly as possible as
r — oo. The form of the radial function given in (3.34) is
that which we shall use for our numerical computations in
Sec. V, since the Heun functions Hi(z_, ¢; 0, 7,7, 8;z) are
built in to Mathematica.

3. Matching the two forms of the radial function

In the previous two subsections, we have derived two
forms of the radial function X,,,,(r), namely

Xope(r) = ?’L}f(:)) (3.35a)
Xope(r) = X020 (2= 1) (2= 2_)"-X,(2).  (3.35b)

where X(r, ) has the asymptotic forms given in (3.22), the
variable z can be found in (3.24), and X (z) is the Heun
function (3.33a). In Sec. III C, we will use the form
(3.35a) near the past event horizon H~ to find the overall
normalization of the modes. In this subsection we there-
fore seek the constant X,,,,,, so that, near the past horizon,
the two asymptotic forms of (3.35) match. Our analysis
follows that in [76], although we use different coordinates,
in particular our definition of the tortoise coordinate
(2.22) differs from that in [76].
From (3.22), near the past horizon H~ (where r = r,)
we have
X, (r) ~— (3.36)
e riv/h(ry)

where the tortoise coordinate r, is determined by the
differential equation (2.22). As r ~ r,, we have, for r > r

1 r—r
r*~2—log< +>—|—...

where «, is the surface gravity (2.19). The next
term in (3.37) is a constant which leads to an irrelevant
phase in (3.36). Substituting (3.37) into (3.36), we

have
1 <r - r+>%
revh(ri) \re .

This is the form we wish to match to the expression (3.34)
for X,,,-(r) involving a Heun function.

The expression (3.34) involves a Heun function whose
asymptotics as z — 0 are not readily obtained. However,
near z = 0, the two linearly independent solutions of the
radial equation (3.27) are [[76] Eq. (44-45)]

(3.37)

X e (1) ~ (3.38)

X3(z) = Hl(z_, g;0,7,7,8;2), (3.39)

Xy(z) =2"7"HI(z_,gso—y + 1,1 —y+ 1,2 —7.,8;2),
(3.39b)

where

g=(z-6+€)(1-7)+q. (3.39¢)

Therefore we can write the Heun function X', (z) (3.33a) as
a linear combination of those in (3.39), as follows:

X1(z) = WsX5(z) + WaX4(2), (3.40)

where W 4 are constants which can be expressed as the
ratios of Wronskians W{, } of Heun functions,

W{X15X3}

_W{X15X4} —
! W{X3’X4}‘

Wi, ayy

(3.41)

We note that while the Wronskians depend on z, their ratios
are constants [76]. Alternatively, the constants V5 4 can be
written in terms of the Nekrasov-Shatashvili partition
function and derived using Liouville conformal field theory
[80-82]. However, the ratios of Wronskians (3.41) are
convenient for our numerical computations in Sec. V.

Using (3.35b), (3.40), we have, for z ~ 0, since 8, (3.32)
is purely imaginary,

prf(r) ~ xwhW3Z9+ (_1)9.;0 (_Z—)g_‘ (342)
Next, since, for r ~r,
2 _
N G £ (3.43)
re—rg
we have
2r. [r—r ]\ 9
prf(r)~X“,MW3(—1)9°°(—Z_)9* (%) .
+~ "
(3.44)

Comparing (3.38), (3.44), the constant X,,,,, is determined
to be

xwpf =

Wir\/h(r.)
1 0
X (E (2 — rﬁ]) .

We have already chosen the overall phase in our derivation of
the form (3.38) of the radial function near the past horizon. As
aresult, we need to keep all the phases in the constant X,,,,,.

(3.45)

C. Normalization of the scalar field modes

The final step in the construction of an orthonormal basis
of scalar field modes is to ensure that the modes are
normalized. The scalar field modes take the form
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¢wpfm(ta r’ 67 ¢, l//)

= prfe_lwtelpwxwpf(r>—p/2 Y? (Qv (P), (346)
where the quantum numbers are the frequency o € R, the
azimuthal quantum number p€&Z, the total angu-
lar momentum quantum number £ = |p/2|,|p/2|+
1,|p/2| +2,... and the further angular quantum number
m=-¢,-¢+1,...0—-1,7. In (3.46), the constant
N, wpe 18 @ normalization constant, and we have anticipated
our result (derived below) that this depends only on w, p
and ¢. The only dependence on the quantum number 1 is in
the spin-weighted spherical harmonics _, Y7 0, 9),
which will prove to be useful for simplifying the expect-
ation values of observables in Sec. V.

The modes (3.46) are normalized using the inner
product (®;,®,) of any two solutions of (3.1), which is
defined by

(D), D) — /Z (V,00)0, — OV, 0,]ds,  (3.47)

where a star denotes complex conjugate. The spacelike
hypersurface X extends from the bifurcation two-sphere to
the space-time boundary. Since the black hole is asymp-
totically AdS, the surface X is not a Cauchy surface. The
boundary conditions we have imposed on the radial function
X,pe(r) ensure that the scalar field modes vanish at
the space-time boundary where r — co. As a result, the
inner product (3.47) is independent of the choice of the
surface X.

We take Z to be a surface close to the past horizon H~
[where the Kruskal coordinate V = 0 (2.24)], parametrized
by the Kruskal coordinate U (2.24). On this surface, using
the form (3.35) of the radial function, and the asymptotic
form (3.22), we have

<¢wpfmtr9¢w ¢w f”(tr9¢W)>

¢wpfm(t7 r.0, ¢a l//)
1

gy e oY (0.9)
1 o
= iy Ve VP 0.0). (348)

where the corotating angle y, is given by (2.20). The
surface element is d2* = n*d%, where n* is the normal

22UV
f(r)?
with «, the surface gravity (2.19), and
Y= /—gxdUdOdody,.

Using the following result for the square root of minus the
determinant of the metric (2.25),

o= —

&, (3.49)

(3.50)

r*h(r
V=9 = 8K+§]‘)/ 2k, f(r)? +{Q(r) — Q. }?h(r)?] sin0,
(3.51)
we have
h
= ‘ﬁ (26 £(r)? +{Q(r) = Q. ()
X & sin@dU d6 de dy ..
N —%rzh(r)é’;] Sin@dU ddo dy .. (3.52)

where in the last line we give the leading-order expression
near H~. Changing the integration variable to u (2.23)
rather than U (2.24), the inner product of two scalar field
modes is

/ / / opeN @ + @)@t W Xe (1) X gy (1)
-0 JO=0 Jp=0 Jy =0

X_p0 Y7(0, (p)_p,/sz, (0, 9) dudbdydy.

Using the normalization (3.11) of the spin-weighted
spherical harmonics and the results

2r X ,
/ e~ilp—p )U/+dlr,/+ =276,,, (3.54a)
0
/ " eilo-dugy — dgs(@— @),  (3.54b)

the inner product (3.53) becomes

(3.53)

<¢wpfm(tv r,0, ¢a l//)v (bw’p’f’m’(t’ r.0, ¢7 l//)>

wpf|25(&) - 6)/)5pp’5ft”5mm’7

(3.55)

and we therefore take the normalization constant to be,
making a choice of phase,

Nope = (3.56)

1
2V/2zl@|
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Note that, from (3.55), modes having @ > 0 have positive
“norm,” whereas those with @ < 0 have negative “norm,”
This will be important when we come to perform the
canonical quantization of the field in Sec. IV.

IV. CANONICAL QUANTIZATION OF THE
SCALAR FIELD

In the previous Section we constructed an orthonormal
set of scalar field modes given by (3.46), with normaliza-
tion constant (3.56). We expect this set to form a basis of
mode solutions of the scalar field equation (3.1) regular at
the event horizon and vanishing as quickly as possible as
r — oo. In this Section we use these modes to perform the
canonical quantization of the scalar field. We construct two
quantum states: a Boulware state |B) and a Hartle-Hawking
state [H).

A. Boulware state

In the canonical quantization of the scalar field, we need
to make a choice of positive and negative frequency modes.
It is useful to write the modes (3.46) in terms of the
corotating coordinate y, (2.20),

¢a)pfm(tv r7 97 (/7, l//)
1

T 2V22l8)

e—i&)teilll//Jrprf(r)_p/zyg (9, (/;) (4])

Hence a natural definition of positive frequency with
respect to time ¢ is to set @ > 0. From (3.55), modes
having @ > 0 have positive “norm” and hence this is an
appropriate choice of positive frequency, which will lead to
a consistent quantization (see, for example, [29,83,84] for
more detailed discussion of this requirement in the context
of rotating quantum states in Minkowski spacetime, and
also [85] Sec. IIIA). Therefore we define positive frequency
modes ¢Ipfm to take the form (3.46) with @ > 0. Since we
are considering a real scalar field, we may take the negative
frequency modes ¢, ,,,, to simply be the complex con-
jugates of the positive frequency modes. We therefore
expand the classical scalar field @ as follows:

© o 14 .
(1,r,0,0,y) = Z Z Z/zodd)

p=—00 £=|p|/2 m=—¢

S [awpfm‘ﬁwpfm + ajupfmqs:)pfm]’ (42)

B
and ay pfm

the expansion coefficients a,,,z, and a

¥
wptfm?

where a are constants. To quantize the field,

¥
wpfm

wpfm
are promoted

to operators d,, s, and a respectively,

[*S) 0 4 %
é(t,r,@,(p,y/): Z Z Z/Odd)

p==00 £=|p|/2m==¢

X [&‘Upfmqbf”lﬂfm + &lefm :;)pfm]‘ (43)

+
wpfm

commutation relations (for @ > 0, and all p, £ and m)

The operators d,,,z, and a satisfy the usual bosonic

[awpems Gt prerm] =0, (4.4a)
[&Lpfrn’ &Z)’p’f’m’] =0, (4.4Db)
[&wpfm’ &;’p’f’m’] = 5<5) - &)/)5pp’5ff’5mm’- (44C)

Hence we interpret the operators ., as particle anni-

hilation operators and the operators &Z)pfm as particle

creation operators. The Boulware state |B) is then defined
as the state annihilated by the annihilation operators a, .

dyprm|B) = 0. (4.5)
The Boulware state |B) is the natural definition of a ground
state for an observer at constant (r,6,¢,y.), in other

words an observer corotating with the event horizon of the
black hole.

B. Hartle-Hawking state

The Boulware state |B) was defined using a notion of
positive frequency with respect to the time coordinate .
This coordinate is not regular across the event horizon of
the black hole. We now construct the Hartle-Hawking state
|H), by using an alternative definition of positive frequency.
In particular, we shall use a set of modes which are positive
frequency with respect to U (2.24), the Kruskal coordinate
which parametrizes the past event horizon H~. We follow
the method of [23,86].

We start with the form of the modes (3.48) near the past
event horizon H~ (where V =0), written in terms of
Kruskal coordinates,

¢ ! e { @ In(—«, U )}
[0) m N =, /=X I— —K

r 2V2z|@|r/h(r) P Ky -

X O(—k U)e'™+_,  YI'(0,9). (4.6)
Here we have used the definition (2.24) of the Kruskal
coordinates, and included the Heaviside step function ®(X)

I, X>0,

4.7
0, X<0, (47)

O(X) = {

so that the argument of the logarithm is positive. The
quantity . is the surface gravity (2.19), and & the shifted
frequency (3.17). From (3.55), the modes (4.6) have
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positive “norm” when @& >0 and negative “norm”
when @ < 0.

The modes constructed in Sec. III are nonzero in region I
of the extended spacetime (see Fig. 1), but vanish in region
IV. A set of modes which are nonzero in region IV (but
vanish in region I) can be constructed by making the
transformation U — —U, V — —V in the modes (3.46). We
denote the resulting modes by (?)wpfm. Near the surface

V =0, these take the form

~ 1 @

wpem ~ ——=———=¢exp |[i—In (k U
¢ pt 2\/§7r|(7)|r /—h(r) p |: K, ( + ):|
X Ok U)e'P+_, , Y0, ). (4.8)
These modes have positive “norm” when @ < 0 and
negative “norm” when @ > 0.

We now make use of the following Lemma (from [86]

App. H), valid for all real q and arbitrary positive p:

/oo dX e_ipX [e—iqln(X)@(X)_'_e—ﬂqeiqln(—X)@(_X)} =0.
(4.9)

Setting q = —@/x, we find that, for p > 0,

.10}

+ eagbwpfm] =0. (410)

/oo au e_ipu[&wpfm

We deduce that the modes ¢,, ptm T 6”7@4501 pem have positive
frequency with respect to U for all values of @. Since the
modes ¢,,,¢,, (and hence also the modes &wpfm) are already
normalized, a suitable set of normalized modes having
positive frequency with respect to U is, for all @,

1 .08 b ~
= 5 sinh | ”(Dl [ezmrqbwpfm +e 2K+¢wpfm]'
simn | =—
Kt

Using a similar argument, a set of normalized modes
having negative frequency with respect to U is, again
for all @,

Xavpem (4.11a)

1 _ap b ~
)(a_)pfm = 7”&) [e 2K+¢wpfm + 82K+¢wpfm]'
\/2sinh | Zl

In order to obtain a manifestly real expansion for the scalar
field, we shall use the fact that the complex conjugates of
the positive frequency modes (4.11) also have negative
frequency for all values of @. Since the angular (3.7) and
radial (3.14) equations are invariant under the mapping
(w, p,m) > (—w,—p,—m), the complex conjugates of the
scalar field modes q’)z)pfm are equal, up to an irrelevant
phase, to the mode functions ¢_,, _,, » _,,. The same is true

(4.11b)

for the mode functions g;ﬁwpfm. Therefore the complex
conjugates ;p’fm)* are equal, again up to an irrelevant
phase, to the mode functions Xw—ptom:

Expanding the quantum scalar field in terms of the
modes (4.11) gives

) o 4
-3 > > 7w
p==00 f=|p|/2 m=—¢ / P=®

X [bwl’fm)(mpfm + ba)pfm O(::pfm)*]’ (412)

where the particle annihilation operators l;,,, »em and particle
creation operators IAJLMM satisfy the usual commutation
relations (for all @, p, £, m),

~

[bwpfm7i7w’p’f’m’} =0, (4133)
1B} s Bl i) = 0, (4.13b)
[l;wpzf’mv l,;Z)'p’f’m’] = 6(&) - &),>5pp'5ff/5m;n" (4‘ 13C)

If we consider only region I of the spacetime (see Fig. 1),
the modes qupfm vanish, and (4.12) reduces to

OO

- p=z— 2 m—— fA——oo 1 /2 sinh | 0 |

X eﬂ[bwpfmﬁbwpfm + bwpzfm Z)pfm]' (414)
The Hartle-Hawking state |H) is defined as the state
annihilated by all the operators B,,,,,fm,

BoypemH) = 0. (4.15)
The Hartle-Hawking state [H) is the natural definition of a

“vacuum” state for an observer freely falling toward the
event horizon of the black hole.

V. QUANTUM SCALAR FIELD OBSERVABLES

Having defined the Boulware |B) and Hartle-Hawking
|[H) states in the previous Section, we now study the
expectation values of the square of the quantum scalar
field operator (also known as the “vacuum polarization”
[the terminology we shall adopt here] or the “scalar
condensate”), and the SET operator in these two states.
Since a practical method for computing renormalized
expectation values has yet to be developed for a higher-
dimensional rotating black hole, we focus on the
differences in expectation values between these two states,
since these differences do not require renormalization.
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A. Vacuum polarization

The simplest nontrivial expectation value is the square of
the scalar field (®?), which we term the “vacuum polari-
zation.” Using the expansion (4.3) for the scalar field
operator, we find that the unrenormalized vacuum polari-
zation in the Boulware state |B) is

I SID Dl AT

p=— £=|p|/2 m==¢

DD D Ol T

P——°° ¢=|p|/2 m=—

(B|®?|B) =

2, (5.1)

where we have used the result |¢(,)pfm|2 [/ —ml*
Similarly, using the expansion (4.14) for the scalar field
operator gives the unrenormalized vacuum polarization in
region I, when the scalar field is in the Hartle-Hawking
state [H), to be

(H|®*[H) =

Y Y[ w

pf—oo ¢=|p|/2 m==¢

|¢wpfm| exp <K

Ky

l

> cosech
+

SE Sy w

Tw
X |¢wpfm|2 coth| —|,
Kt

(5.2)

again using |¢opem|* = [#-o—p.s.—m|*- Both the expect-
ation values (5.1), (5.2) can be written as integrals over
@ > 0 only; however we have found it convenient in our
computations to use the forms involving integrals over all
@. In this paper we do not address the technically
challenging question of renormalizing the above expect-
ation values. Instead, we consider the difference between
the two expectation values (5.1), (5.2),

A = (H|®’[H) - (B|$”(B)

SES [ w

p=—0 ¢=[p|j2m=—t / B==0

% |¢m]n”m|2
exp (2z]@|/xky) =17

(5.3)

Assuming that both the states |H) and |B) are Hadamard
states in the region exterior to the event horizon, we expect
that this difference in expectation values does not require
renormalization, since the singular terms in the Green’s
function for the scalar field are the same for all Hadamard
quantum states [60]. In the rest of this subsection, we first

describe the numerical method employed to compute (5.3),
before discussing our numerical results.

1. Numerical method

To evaluate (5.3), we use the separated form (4.1) of the
scalar field modes,

oo oo
Az_ 1
2
oof \p\/2m*—f H=—00

|prf’( )|2| p/ZYm(e ¢)|2
|@[[exp (2z|d|/xk.) = 1]

(5.4)

We see that there is no dependence on the time coordinate ¢
or azimuthal coordinate y; in addition, the norm of the
spin-weighted spherical harmonics |_,,Y7 (6, ¢)[* does
not depend on ¢, so the final answer (5.4) depends only on
the radial coordinate r and polar angle 8. In our numerical
work, we use the coordinate z (3.24) instead of r as the
radial coordinate. This is because the radial function
Xppe(r) (3.34) is given in terms of z [and the Heun
function in (3.34) is built in to Mathematica, which aids
computation], and has the advantage that the entire region
exterior to the event horizon, r€[r,, o) is mapped to
z€[0, 1), which is convenient for our purposes.

In (5.4), we first find the sum over m as this can be done
analytically using the addition theorem for the spin-
weighted spherical harmonics [see Appendix B, specifi-
cally (Bla)]. This gives

DS

p=—c0 ¢=]p|/2 7/ B="

(2f+ )|mef( )|
|@lexp (2z]@|/x,) = 1]

(5.5)

Note that (5.5) depends only on the radial coordinate r;
there is no dependence on the polar angle 6.

Next we compute the integral over the shifted frequency
@, defining

Lo(r) = / o

We use the radial function (3.34) with the constant X,,,,
given by (3.45). A typical integrand in (5.6) is shown in
Fig. 4, where we have fixed the space-time parameters to be

=10, L = 1, a = 1/2 and the scalar field effective mass
(3.2)tobe v = 1/100; we have set z = 1/10 and shown the
integrand for the scalar field mode with p =5 and
¢ =5/2. The integrand in (5.6) has the following key
features. First, for p # 0 it is not symmetric about @ = 0.
We therefore compute the integral over the whole range of
positive and negative @. The radial function X,,,,(r) [and

|Xu)pf(r) |2
|@lexp (27]@|/xy) = 1]

(5.6)
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-10 -5 5 10 ¢
FIG. 4. Typical integrand in (5.6) as a function of the shifted
frequency @ (3.17). We have fixed the space-time parameters to
be M =10, L =1, a = 1/2 and the scalar field effective mass
(3.2) to be v=1/100. The integrand is shown for radial
coordinate z =1/10 (3.24), for the scalar field mode with
p=5and £ =5/2.

hence the integrand in (5.6)] is unchanged under the
transformation @ — —w, p — —p [from (3.12)], and hence
the integrand is invariant if we take p — —p as well as
@ — —a@. This means that it is sufficient to compute the
integrals for p > 0. Second, our numerical investigations
indicate that the integrand is regular for all @. At @ = 0, the
double zero in the denominator of the integrand does not
lead to a divergence, as we find numerically that |X,,,,/(r)]
vanishes sufficiently quickly for @ — 0 to give a regular
integrand. This may be understood heuristically as follows.
As @ — 0, we have 6, — 0 (3.32) and thus y — 1 (3.28).
Thus, in this limit, the functions X’3(z) and X4(z) (3.39) are
no longer linearly independent. Therefore the ratio W5
(3.41) diverges and thus the constant X,,,, (3.45) tends to
zero as @ — 0. We do however see a cusp in the integrand
when @ = 0, due to the presence of the absolute value of @
in the terms in the denominator of the integrand. Third, as
expected from the form of the denominator in the inte-
grand in (5.6), the integrand tends to zero very rapidly
for |@| — oo.

The integrals 1,,,(r) are computed using Mathematica’s
built-in NINTEGRATE function. We use a working precision
of 32 figures and integrate over |@| < 30. The relative errors
due to truncating the integrals at this value of |@| are
extremely small, for example, we estimate this error to be
less than 107!2 for the mode shown in Fig. 4. The peak in
the integrand typically increases with decreasing z, and
decreases as either p or £ increases. While it is convenient
from the point of view of coding that the radial functions
are given in terms of Heun functions, in practice the
integrals /,,(r) require significant computation time, due
to the numerical evaluation of these Heun functions.
The integrals /,,(r) are evaluated on an evenly spaced
grid of 99 values of z€(0,1), for values of p and #
discussed below.

Once we have the integrals 1 (), it remains to perform the
sum over the quantum numbers p and . We write (5.5) as

. 1 o0 ()
AD? =5 Z Z (2¢ 4 1)1,,(r)

p==0¢=|p|/2
1 o 20
=5 Z Z (26 + 1)1 ,4(r), (5.7)
20=0 p==2¢

where in the second line we have rewritten the two infinite
sums over £ and p in an equivalent form. This leaves us with a
sum over a finite range of the quantum number p, and only a
final sum over an infinite range of values of . Recall that £ is
either an integer or a half-integer, therefore we sum over the
positive integer values of 2.

The finite sum over p is readily computed for each value
of 7 and z. Defining

20

SA) = 5355 32 6+ Dlpelr)

(5.8)

the final step in our computation of the vacuum polarization
is to evaluate

AD? = f: S,(r). (5.9)
2¢=0

Typical summands S,(r) are shown in Fig. 5 for a selection
of values of the radial coordinate z (3.24) and the same
space-time and scalar field parameters as in Fig. 4. The
profiles of S, as a function of 2¢ have similar shapes for all
values of z in Fig. 5. In particular, there is a peak in the
value of S, at £ ~4 for each value of z, and S, then
decreases rapidly as # increases. The value of S, at the peak
increases as z decreases, and S, is significantly greater than
zero for larger values of £ as z decreases.

0.00008 +
—_—Z= i —_— =

20

0.00006 - ]
Z=z

2
0.00004 | o1

20

0.00002

0.00000 2/

5 10 15 20

FIG.5. Summand S,(r) (5.8) as a function of 2¢ for a selection
of values of z (3.24). The space-time and scalar field parameters
are as in Fig. 4.
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The partial sums

2
Se(r) =Y Sp(r)

2¢'=0

(5.10)

are shown in Fig. 6 for a selection of values of z. For each
value of z, the partial sums converge for large 2¢, with the
limit increasing as z decreases. To check the convergence of
the sums over 7, in Fig. 7 we plot the ratio of the summands
S¢11/S, as a function of 2¢, again for a selection of values
of z. We find that the ratio is less than unity for 27
sufficiently large, demonstrating the convergence of the
sums. However, the sums over 2¢ are not uniformly
convergent as z varies, with the rate of convergence
decreasing as z decreases. We also check our final answers
for the sum (5.9) obtained by direct summation with those
obtained using sequence acceleration methods such as the
Shanks transformation [7,87,88] (see also [89] for a review
of sequence acceleration methods). We truncate the sum
(5.9) at 2¢ = 40, which gives small relative errors, for
example, at z = § we estimate the error to be of the order
of 1078,

0.006

0.005 —z=y
, -2

0.004 z=32
: S

0.003 z=1

0.002/ —2=2

0.001} _

2 C
10 20 30 40

FIG. 6. Partial sums S » (5.10) as a function of 2 for a selection
of values of z (3.24). The space-time and scalar field parameters
are as in Fig. 4.

1.4

1.2¢

1.0+

0.8+

0.6+

: : ‘ ‘ = 2/
0 10 20 30 40
FIG. 7. Ratio of the summands S, /S, (5.8) as a function of

2¢ for a selection of values of z (3.24). The space-time and scalar
field parameters are as in Fig. 4.

2. Numerical results

We are now in a position to present, in Fig. 8, our results
for the vacuum polarization (5.3). We fix the space-time
parameters tobe M = 10, L = 1 and a = 1/2, with a scalar
field effective mass (3.2) of v = 1/100. The upper plot in
Fig. 8 shows the difference in the vacuum polarization
between the Hartle-Hawking and Boulware states, using a
linear scale. It can be seen that this difference tends to zero
as z — 1 (and we approach the anti—de Sitter boundary at
r — o0) but diverges as z — 0 (and we approach the event
horizon). In the upper plot in Fig. 8, the difference in
vacuum polarization is indistinguishable from zero for
z 2 0.2. Therefore, in the lower plot in Fig. 8, we show
the same results but on a log-log scale, which makes the
range of scales involved clearer.

The Boulware state |B) is expected to be a ground state
far from the black hole, that is, to be as empty of particles as
possible. We would therefore expect that (B|®?|B) tends to
zero as r — oo and z — 1. If this is the case, then the results
in Fig. 8 imply that (H|®?|H) also tends to zero as z — 1.
The Hartle-Hawking state |H) represents a black hole in

AP

|

0.2 0.4 0.6 0.8 1.0

10—10 L

. . . . Lo
0.01 0.05 0.10 0.50 1

FIG. 8. Difference in expectation values of the vacuum polari-
zation in the Hartle-Hawking and Boulware states (5.3) as a
function of the radial coordinate z (3.24), using a linear scale
(upper plot) or a log-log scale (lower plot). The space-time and
scalar field parameters are as in Fig. 4.
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thermal equilibrium with a heat bath at the Hawking
temperature k. /2z. The vacuum polarization for a quan-
tum scalar field in a thermal equilibrium state in pure anti—
de Sitter spacetime tends to its vacuum expectation value at
the boundary [90-94]. We would therefore expect that the
vacuum polarization in the Hartle-Hawking state (a thermal
state) approaches that in the Boulware state (a ground state)
far from the black hole.

At the event horizon, we anticipate that the Hartle-
Hawking state |H) is regular, in which case our results
imply that the vacuum polarization in the Boulware state
|B) is divergent. This is in agreement with the divergence of
(B|®?|B) at the event horizon of, for example, a
Schwarzschild black hole [46,95].

B. Stress-energy tensor

We now turn to the expectation value of the quantum
SET operator 7',,. Analogously to the vacuum polarization
(5.3), we find

A

at,, = (H|T,,H) - (B|T,,|B)

zzz[_m

p=—00 £=|p|/2 m=—¢

N
i : (5.11)
* exp (2ala|/x,) ~ 1

where ‘*T}w is the classical SET for a scalar field mode (3.4)
and we use the notation X = {w, p,#, m} to denote the
quantum numbers on which this mode contribution to the
SET depends. In five space-time dimensions, there are 15
independent components of the SET, since it is a symmetric
tensor. Using the mode solutions (3.4) of the scalar field
equation, the form of these components r*TW can be derived
in terms of the radial and angular functions X,,,,(r) (3.34)
and (¥7(0) (3.6). The resulting expressions are rather
lengthy, so are presented in Appendix C.

In this Section, before we proceed to the numerical
computation of ATW (5.11) and a discussion of our
numerical results, we first simplify the components of
ATW using the general principles of conservation and the
underlying symmetries of the background spacetime (2.1).

1. General properties of the stress-energy tensor

In this subsection, we use the symmetries of the
spacetime (2.1) to constrain the form of the SET (5.11),
assuming that this shares these symmetries of the under-
lying black hole geometry.

In particular, we assume that the SET preserves the
space-time symmetries resulting from the Killing vectors
(2.7), so that the Lie derivatives of the SET along each of
these Killing vectors vanish,

Ly (T™)=0, i=0,1,...5. (5.12)
Applying this to the first three Killing vectors (2.7a), we
conclude that the components of (7**) are independent of
the coordinates ¢, ¢ and y. The remaining independent
Killing vectors, V, (2.7b) and Vs (2.7c), give more
complicated constraints. Writing the Lie derivative

‘CV< /41/> as
0= £V1<’j1}ll/>
= VIO, (T") = (0, VI)(T™) = (9,V)(T").  (5.13)

gives 15 equations for each of the two remaining Killing
vectors. Considering the combination Ly 4<T’“’> sing +
Ly, (T") cos ¢ immediately gives that the following SET
components vanish identically:

(5.14)
as well as the following relations
R <T¢9€>
%) = 5.15
() sin? @ (5.152)
R <fv6‘9>
TV = ————. 5.15b
() 2tan @ sin 6 ( )

Next we consider Ly, (T%) cos ¢ — Ly (T*) sin g, from
which we deduce that the following components of the SET
do not depend on the angle 0: (T, (T, (T™), (T,
(T™) and (T%). There is one further relation arising from
this combination of Lie derivatives, which takes the form

0 (TYY) () (5.16a)
=, .16a
v 2 tan @ sin® 0
and which is readily integrated to give
. <7‘~90>
™) = Y (r), 5.16b

where F¥V(r) is an arbitrary function of r. In summary, we
can write the SET in matrix form as follows:
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F''(r)y F'"(r) 0
Fr(r)y  F(r) 0
) 0 0 F%r)
()
0 0 0
Fv(r)y Fv(r) 0

where the ™ (r) are arbitrary functions of r. We note that
the underlying symmetries of the black hole geometry have
completely fixed the dependence of the SET components
on the angle @ (as is the case for static, spherically
symmetric black holes), and we are left with seven arbitrary
functions of r which are to be determined.

We can further constrain these seven arbitrary functions
of r by imposing the requirement that the SET is conserved,

VT,") =0, (5.18)
which we write in the alternative form
o 1 o
av(g<Tﬂy>) = Eg(augaﬁ)<Taﬁ>1 (519)

where g is given by (2.3). Comparing the form of the metric
(2.1) and the SET (5.17), we have immediately that the
1 = 0 equation is trivial. Since the metric (2.1) does not
depend on ¢, ¢ or y, there are three simple conservation
equations arising from (5.19). The ¢ and y equations are
identical, and give

%[ﬁh(r)zj’:l(r)] =0, (5.20a)
where we have defined
Fi(r)=Fv(r)—=Q(r)F"(r) (5.20b)

1
3

d
r°dr

0 FY(r)
0 F(r)
0 0
T (r) FO(r) , (5.17)
sin® @ 2 tan @ sin
FO(r Fo(r
" 2tan H(Si)n 0 4 sin(2 t)9 +F)

and f(r), g(r), h(r) and Q(r) are the metric functions given
in (2.1b)—(2.1e). Integrating (5.20) yields

(5.21)

where ) is an arbitrary constant. The 4 = f equation arising
from (5.19) then takes the form

SAPICRF () + hrPQF ()} =0, (5.22)

This is also readily integrated to give

Fir(r) = E RNV

S0 (5.23)

where Z is an arbitrary constant. Hence, using (5.20b), we
have

1
< (Vf(r)? + h(r)Q(r)[2 = YQ(r)).

Fv(r) =
(5.24)

The remaining conservation equation (5.19) has 4 = r and
is more complicated,

[P F ) = o) (1) + 5 2 + W (F0) + W () FP ()

+ [=f(n)f (r) + h(r)H (r)Q(r)? + h(r)?Q(r)Q (r)] F(r)

— R2h(r)W (r)Q(r) + h(r)*Q' (r)]F¥ (r).

Nonetheless, (5.25) can be integrated directly to give F""(r),

Fr(r) = {/ﬂ[

rg(r)

where /C is an arbitrary constant and we have defined

(5.25)

T(r’)dr’] , (5.26)

=ry
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3

T() = { (£ () (r) + B(H (DR + (PR ()} F* (1)

g(r)

— [h(r)H (PQ(r) + h(r)2Q (PJF™ () + h(r)l (r) F* (r) + % 2r + h(r)h/(r)]f%(r)}.

In summary, using the symmetries of the underlying
spacetime and the conservation of the SET, we have found
that the SET is determined by three arbitrary constants (K,
Y and Z) and four arbitrary functions of the radial
coordinate r only, namely F%(r), F(r), F¥(r) and
F¥¥(r). The enhanced symmetry of the spacetime com-
pared to the four-dimensional Kerr metric has played a
significant role here, enabling us to constrain the SET much
more than in the Kerr case [24]. For Kerr, using the Killing
vectors and the conservation equations gives the four-
dimensional SET in terms of two arbitrary functions of the
latitudinal angle 0 and six functions of both 6 and r, which
are constrained by two coupled equations [[24], Eq. (4.4)].
In our situation, the enhanced symmetry has completely
determined the angular dependence of the SET, as well as
reducing the number of unknown components. At the same
time, the SET structure in our scenario is more complicated
than that on a five-dimensional static, spherically symmet-
ric spacetime [96], which is determined by just two
arbitrary constants and two arbitrary functions of the radial
coordinate.

There is one further constraint on the SET components,
namely the trace (7,%). For a massless, conformally
coupled scalar field, this is given by the trace anomaly,
which vanishes in five space-time dimensions [60]. When
the scalar field has general mass ¢ and coupling & to the
scalar curvature, the trace (7,%) is given by [60]

(1) = 2@ + 4= 5 )0l

(5.28)
which depends on the vacuum polarization (®?) and its
derivatives and clearly vanishes when the field is massless
(u = 0) and conformally coupled (£ = 3/16). Since the
vacuum polarization is not known a priori and can only be
computed numerically, (5.28) does not reduce the number
of unknown functions, but it does potentially provide a
useful check of our numerical results. In particular, using
the SET form (5.17) and metric (2.1), we have

(1.7 = [=F (2 + WP PIF ()
= 2h(rPR)F™ () + glrPF (1

3P 4 BPFO() +RRF (). (529)

At least in principle, we could use (5.29) to eliminate say
F¥¥(r) from (5.25) and then integrate to give an alternative

(5.27)

expression for 7'’ (r), which would involve the trace (7,%).
However, there is no great advantage in doing so, and we
shall instead use (5.29) as a check of our numerical results,
which are discussed in the next subsection.

2. Numerical method

To find the difference in expectation values of the SET
between the Hartle-Hawking and Boulware states, ATW
(5.11), from the analysis of the previous subsection we
require the determination of three arbitrary constants (K, X
and Z) and the numerical computation of four functions of
the radial coordinate r (F%(r), F'(r), F"(r), and
F¥¥(r), where the functions F*(r) now refer to those
pertinent to this difference in SET expectation values).

Our overall strategy for the numerical computation of the
functions F**(r) and hence the SET components (5.11)
follows that for the vacuum polarization in Sec. VA 1. First
we require mode sum expressions for the functions F*(r).
To find these, we start with the expressions for RTW, the
classical SET components for a scalar field mode (3.4),
which are given in (C1). Next we perform the sum over the
quantum number m, using the addition theorems for spin-
weighted spherical harmonics in App. B. The resulting
quantities can be found in (C3). From these, we can write
each F*(r) as a mode sum over the shifted frequency @
and quantum numbers p and 7,

0 20 o
() =%Z 3 / G

T 27=0 p=—2¢

(24 + DF"()
exp (2]a|/xc,) - 1

’

(5.30)

where expressions for the individual & (r) can be found in
(C5). In (5.30), following (5.7), we have rewritten the
sums over p = —oo, ..., 00 and 2Z = |p|,...c0 as a sum
over a finite number of values of p and a sum over
20 =0,...c0.

From (C5), we see that " (r) = 0 = §"(r) and hence
F'"(r) = 0= F™(r). Hence, using (5.21), (5.23), we can
immediately fix two of our constants: ) = 0 = Z. Instead
of finding the constant & and then F""(r) using (5.26), we
found it more straightforward to calculate F'"(r) directly.
This means that we will compute five functions of r,
namely F%(r), F(r), F¥(r), F¥¥(r) and F"(r).

As in Sec. VA 1, we first perform the integral over the
shifted frequency @ in (5.30). Examination of the expres-
sions in (C5) reveal that, for each p and ¢, we require the
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following integrals:

0= [ e <1 53
1po(r) = /,;,oo_m @ |a>|[e;1)32(|§;|lg|(/2f) —qe 3310
0= [ g amatie s 531
0= [ e S0

in addition to the integral /,,(r) (5.6) which we have
already computed for the vacuum polarization. As for the
integrand in . (r) (see Fig. 4), the integrands in (5.31) are
regular and rapidly decaying as |@| — oo. The integrals
(5.31) are computed in a similar way to I,,(r), using
Mathematica’s built-in NINTEGRATE function, although
these have a longer computation time than that required
for 1,,(r).

Once we have found the integrals (5.31), we take
appropriate combinations of these, using (C5), to give

N N al
S = [ g 6

in terms of which we have

© 27
Fr) = ﬁ;p;f Qe+ 1EL. (533)

The sums over the quantum number p in (5.33) are then
straightforward to compute, leaving just the sum over 27.
As for the vacuum polarization, we find that summing over
values of 27 from O to 40 gives results which are
sufficiently accurate for our purposes.

We validate our results by computing the trace of Afﬂy
(5.11) using (5.29) and compare with the result (5.28)
which involves the difference in vacuum polarization
between the Hartle-Hawking and Boulware states. For a
conformally coupled field with £ =3/16, we find agree-
ment between these two expressions to one part in 10'2.
Ideally, one would also check that our functions F*(r)
satisfy the conservation equation (5.25) [and that (5.29)
holds for values of & other than 3/16]. Performing either of
these checks requires derivatives of quantities we have
computed numerically. These can be found by interpolating
our results between the grid points in z and then differ-
entiating the interpolating function. As might be expected,
this introduces additional numerical errors. In our situation,
these errors are compounded by the fact that both the

difference in vacuum polarization A®? and the functions

JF*(r) vary by several orders of magnitude over the range
of values of z (see Figs. 8-10). Furthermore, different
functions F**(r) have very different orders of magnitude at
the same value of z (see Figs. 9-10). As a result, neither
the conservation equation test, nor the trace test (for
nonconformally coupled fields) is particularly robust.
However, we do find, at intermediate values of z, that
the relative error in the evaluation of the conservation
equation (5.25) is several orders of magnitude smaller than
the largest magnitude of the F**(r) functions, which at least
lends credence to our numerical results.

3. Numerical results

While the radial functions X, ,,(r) [satisfying the radial
equation (3.12)] and hence the vacuum polarization (5.3)
depend on the scalar field mass ¢ and coupling & only via
the combination v (3.2), it can be seen from (3.3) that the
SET components [and the functions F*(r)] depend sep-
arately on y? and &. Given that our numerical computations
are somewhat CPU intensive, in this paper we present
results for a single value of v = 1/100. However, with this
fixed value of v, we can vary the coupling constant ¢&
(and hence also u) while keeping v fixed and thus study
how the SET varies depending on the coupling to the
scalar curvature. A similar approach has been emp-
loyed in [12,97], where the SET on a four-dimensional
Schwarzschild or Reissner-Nordstrom background was
studied. In those scenarios, the background Ricci scalar
curvature vanishes identically, so the coupling constant &
does not appear in the scalar field equation and the scalar
field mass is analogous to our quantity v. In [12,97], it is
found that varying the mass of the scalar field does not
significantly change the qualitative behavior of the SET
components. In contrast, varying the coupling constant &
can make a significant difference to the features
of the SET components (such as whether they are mono-
tonically increasing or decreasing as functions of the
radial coordinate and the existence of maxima or
minima).

We present our numerical results for the difference in
SET expectation values between the Hartle-Hawking and
Boulware states by considering the functions F**(r) (5.17).
In Figs. 9-10 we consider a conformally coupled field
having £ = 3/16, with the remaining parameters as for the
vacuum polarization studied in Sec. VA 2. In Fig. 9 these
functions are plotted as functions of z using a linear scale,
while in Fig. 10 a log-log scale is employed.

Looking first at Fig. 9, we see that all five functions
F*(r) diverge as z— 0 and the event horizon is
approached. While the (7, r, 8, ¢, ) coordinate system is
not regular across the event horizon, changing to Kruskal
coordinates (2.24) does not change the angular coordinate 6
and therefore the divergence of F%(r) as z — 0 indicates
that the difference in SET expectation values diverges on
the horizon. As discussed above, this is in accordance with
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FIG.9. Functions F %':3 /1 (1) in the SET (5.17), for a conformally coupled scalar field with & = 3/16. The space-time and other scalar

field parameters are as in Fig. 4.

our expectation that the Hartle-Hawking state is regular at
the horizon, but the Boulware state diverges there. All five
functions F™(r) are positive in a neighborhood of the
horizon, but their magnitudes at small fixed z are quite
different, with F"(r) being the largest and F'"(r) the
smallest of these functions.

As z increases, all five functions F*(r) remain positive,
with the exception of F%(r) which is negative throughout
the spacetime except for a small region near the event
horizon. As was observed for the vacuum polarization, all

five functions ™ (r) (and hence the SET itself) tend to zero
rapidly as z— 1 and the space-time boundary is
approached. This behavior is more readily seen in the
log-log plots in Fig. 10. As discussed above, this is in
agreement with our prediction that the Hartle-Hawking and
Boulware states are the same far from the black hole.

In Fig. 11 we explore the effect of changing the coupling
constant ¢ (and therefore also the scalar field mass u) while
keeping the effective mass v fixed. We plot the ratios R™(r) of
the functions F*(r) for various different values of & with
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FIG. 10.  Functions F7_; ¢(r) in the SET (5.17), for a conformally coupled scalar field with & = 3/16. The space-time and other
scalar field parameters are as in Fig. 4. The functions are plotted using a log-log scale. Since the function F ?2 /]6(r) is negative for the

majority of the data points (see Fig. 9), here we show —F ?9:3 /16(”) only for those values of z for which this quantity is positive, so this
function is shown for a different range of values of z than all the other functions.

those functions when & =3/16 and the scalar field is
conformally coupled.

We see from Fig. 11 that varying the coupling constant &
has a significant effect on the difference in expectation
values of the SET operator, and can even change the sign of
the functions F*(r). All the ratios R™(r) are, trivially,
equal to unity when £ = 3/16 and the field is conformally
coupled. Decreasing the coupling constant & below 3/16
increases all the ratios R™(r) for every value of the radial

coordinate z, while increasing & above 3/16 decreases the
ratios. All five ratios are negative (for nearly all values of z)
when £ =1 or £ = 2.

Near the horizon, as z — 0, the ratios R™(r) are all
diverging, implying that the SET components diverge more
quickly on approaching the horizon when the field is not
conformally coupled. The rate of divergence increases as
|6 —3/16]| increases. The ratios R™(r) exhibit different
behavior as z — 1 and the space-time boundary is
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FIG. 11.  Ratios R(r)™ = F"(r)/F:_;,14(r) of the functions 7™ (r) in the SET (5.17) for a selection of values of the coupling constant
£ with the corresponding functions when £ = 3/16 and the scalar field is conformally coupled. The space-time and other scalar field

parameters are as in Fig. 4.

approached. The ratios R"(r) are slightly increasing in
magnitude as z — 1, but appear to remain finite. In
contrast, the ratios R""(r) and R%(r) are slightly decreas-
ing in magnitude on approaching the boundary, but
approach nonzero limits. Finally, the ratios R"(r) and
R¥¥(r) tend to unity for all values of £ as z — 1. The other
notable feature is that the ratios R (r) and R"¥ (r) are very
similar (they are not quite the same, but are indistinguish-
able in the plots), although the functions F™(r) and
F¥¥(r) are not.

On a four-dimensional Reissner-Nordstrom black hole, it
is found in [97] that, for all nonzero components of the
renormalized SET in the Hartle-Hawking, Boulware or
Unruh states, changing the value of £ does not change the
expectation value far from the black hole. In our situation
this appears to happen only for some components of the
SET. In [97], changing the coupling constant & also does
not affect the regularity or rate of divergence (depending on
the quantum state under consideration) of the SET com-
ponents. Again, this result appears not to be replicated in
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our setup. A full computation of the renormalized SET
(which is beyond the scope of this work) would however be
required to address this issue more fully.

We close our study of the SET by considering one further
property, namely the rate of rotation of the thermal
distribution represented by the difference in expectation
values between the Hartle-Hawking and Boulware states.
To find the angular speed with which the thermal radiation
is rotating, we use the method of [[98] Sec. VII] (see also
[99] Sec. IV C 2). Suppose that we have an observer on the
black-hole spacetime (2.1) at constant (r,0,¢) and with
angular speed O, given by

dy
O=—. 5.34
I (5.34)
Following [98,99] an orthonormal funfbein (or pentrad)
basis of vectors Ue(@ associated with this observer includes

the following:

e = %(01 +00,), (5.35a)
‘e = % (G = GGy~
X [=(gny + OGyy)0; + (91 + Ogy, )0, ], (5.35b)
where
N = g, + 209y, + O%g,, . (5.35¢)

The remaining vectors 69(,) =€), 66(9) = €(y) and
Ue(q,) = €(,) in the funfbein do not depend on the angular
speed O and are not required for the analysis in this Section.
The metric components in (5.35) can be found in (2.1), and

using these we have

M= |- f(0)? + [0 - Q)

. (5.36)

where Q(r) is given in (2.1d). Since we are assuming that
there is no speed-of-light surface, : will be nonvanishing
everywhere outside the event horizon for all O [0,Q, +
€) for some € > 0, and in the following we are concerned
only with values of O in this interval. Three natural values
of U which one might consider correspond to static
observers (O = 0), rigidly rotating observers (O =€,
(2.18)) and zero angular momentum observers (ZAMOs)
[100], whose angular speed is given by

Ity

Wy

O = Quamo = — 22 = Q(r). (5.37)

As the name suggests, such observers have vanishing
angular momentum about the rotation axis of the
black hole.

The observers in which we are interested are, in the
nomenclature of [98,99], zero energy flux observers
(ZEFOs), who see no angular flux of energy. Let Qzgro
denote the angular speed of a ZEFO. Then, the funfbein
component AT(t)(w) = Ue’( I)UeI(W)ATuv of the difference in
the SET expectation values between the Hartle-Hawking
and Boulware states will vanish when evaluated using the
funfbein (5.35) with O = Qygrg. Using (5.35) and setting
AT(t)<,/,) = 0 gives Qzpro to be a solution of the quadratic
equation [98]

Azerosr0 + BzeroQzero + Czero =0, (5.38a)
where the coefficients are given by [98]

Azgro = 9y AT, — 90, AT, (5.38b)

Bygro = 9y AT — 9uAT . (5.38¢)

Czero = 9oy AT, — g, AT, (5.38d)

Using the expressions (C4) for the SET components in
terms of the F™ functions, we find

Azgro = f(”)zh(’”)4[9(”)7:tt(”) = F(r)], (5.3%)
Bzpro = f(”>2h<r)2[{f(r)2 - Q(”>2h<7)2}~7m<”)
+ h(r)2F¥(r) +%h(r)2]-"99(r)], (5.39b)

Czero = —f(”)zh(’”)z[{f(’”)z - Q(”)zh(’”)z}flw(’")
+Q(r)h(r)*F¥ (r) + %Q(r)h(r)zf”"(r)],
(5.39¢)

and the quadratic equation (5.38a) takes the form

0=Qygrolf (r)* + Q(r)h(r)*{Qzzro — (r) HF"(r)
—[f(r)? + h(r){Qgro — Q(r) 2} F¥ (r)

+h(rP[ger0 — AN | P () 4 ;7). (539

At the event horizon, since the metric function f(r)? (2.1c)
vanishes, a solution of (5.39d) is simply Qgzppo =
Q(r,) =Q,, the angular speed of rotation of the event
horizon, irrespective of the details of the SET func-
tions F*(r).

Away from the horizon, the algebraic expression for the
solution of (5.39d) is not very enlightening, so instead we
find Qyppo numerically. A numerically effective way to
compute the solution Q7grq of (5.39d) is to write it as [98]
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FIG. 12. Qggpo (5.40) computed using the difference in
expectation values of the SET between the Hartle-Hawking
and Boulware states (blue, red and yellow curves, corresponding
to three values of the coupling constant &), and Qom0 = Q(r)
(5.37) (green curve). The space-time and other scalar field
parameters are as in Fig. 4.

2 CZEFO
B ZEFO + \/B %EFO - 4'AZEFO CZEFO

Qzpro = — s (5-40)

choosing the sign in the denominator such that Qzgrg is
regular and positive.

In Fig. 12 we plot our results for Q gro computed using
both the difference in SET expectation values between the
Hartle-Hawking and Boulware states and Qzani0 = Q(r)
(5.37) (green curve). We see that Q.o decreases rapidly
as we move away from the horizon, and tends to zero at
infinity. In Fig. 12 we show our results for Qgrq for three
values of the constant £ coupling the scalar field to the Ricci
scalar curvature. For the other values of the coupling
constant considered in Fig. 11, namely £ =1 and & = 2,
we are unable to obtain physically reasonable values of
Qzrro, due to the quantity Azgro (5.39) passing through
zero between the event horizon and infinity.

For the values of &£ considered in Fig. 12, on the horizon,
Qzero = Qzamo = 4 (2.18) as expected and the thermal
distribution is rotating with the same angular speed as the
event horizon. Away from the horizon, it can be seen in
Fig. 12 that Qzgrg has values close to (but not exactly equal
to) €, and, in particular, is significantly larger than the rate
of rotation of a ZAMO, Q(r). For ¢ = 0 (minimal coupling)
and £ =3/16 (conformal coupling) we find that Qypro
decreases slightly with increasing distance from the horizon,
while for £ = —3/16 it can be seen that Qygpg slightly
increases as the radial coordinate increases. We deduce that
the difference in SET expectation values between the Hartle-
Hawking and Boulware states corresponds to a thermal
distribution of particles almost (but not quite) rigidly
rotating with the angular speed of the event horizon.

On a Kerr black hole, a state rigidly rotating with the
same angular speed as the event horizon would be divergent
on the speed-of-light surface [101]. This is not a concern in

our situation, as we are assuming that the black hole rotates
sufficiently slowly that there is no speed-of-light surface.
Furthermore, it is clear from Fig. 12 that the thermal
distribution is not exactly rigidly rotating. Similar results
were obtained for the corresponding thermal distribution
of a quantum scalar [30], fermion [99] and electromagnetic
[98] field on a Kerr space-time. For Kerr black holes, it is
also found in [30,98,99] that Q grq is significantly differ-
ent from Qzavo, as is the case in our setup.

VI. CONCLUSIONS

In this paper we have studied the canonical quantization
of a scalar field on a background Myers-Perry-AdS black
hole in five space-time dimensions. We have set the two
angular momentum parameters in the metric to be equal,
which results in a geometry with enhanced symmetry
compared to the generic case. We assume that the angular
momentum of the black hole is sufficiently small that there
is no speed-of-light surface and there exists a Killing vector
which is timelike everywhere outside the event horizon. In
this case classical superradiance is absent and there are no
unstable scalar field modes. We thus avoid the complexities
of canonical quantization in the presence of classical
superradiance [24,85] and can readily construct a
Boulware state |B) and a Hartle-Hawking state |H).

We compute the differences in expectation values of the
vacuum polarization (the square of the field operator) and
the SET operator between these two states, which have the
advantage of not requiring renormalization. Notwith-
standing the simplifications afforded by the enhanced
symmetry of the background spacetime, our numerical
computations are rather time consuming. Consequently, we
have presented results for one particular choice of the set of
parameters of the model, which are the black hole mass
parameter M, the angular momentum parameter a, and the
scalar field effective mass v (3.2). It would be interesting
the explore the effect of varying these parameters on the
quantum field expectation values, but this would require the
development of a more efficient numerical method.

Since the black holes considered here are asymptotically
AdS, it is necessary to apply boundary conditions to the
scalar field in order to have a well-defined quantum field
theory. In this work, we have applied only the simplest
(Dirichlet) boundary conditions to the field, for which the
scalar field modes tend to zero as quickly as possible far
from the black hole. While Dirichlet boundary conditions
are the most widely employed in the literature, studies of
the renormalized vacuum polarization in pure AdS in three
and four dimensions [93,94] has revealed that Neumann
rather than Dirichlet boundary conditions give the generic
behavior of the vacuum polarization at the space-time
boundary. Considering more general Robin boundary
conditions changes the behavior of both the vacuum
polarization [93,94] and SET [102,103] in pure AdS space
time, and the vacuum polarization on asymptotically AdS
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black holes in four dimensions [104] (the corresponding
SET for Robin boundary conditions has yet to be com-
puted). It would therefore also be interesting to explore the
effect of different boundary conditions on the expectation
values on the black hole spacetimes studied in this paper.

Our analysis has considered only the region exterior to the
event horizon of the black hole, where both the Hartle-
Hawking and Boulware states can be defined. We expect that
the Boulware state is divergent at the event horizon, but that
it should be possible to extend the construction of the Hartle-
Hawking state into the black hole interior. For a four-
dimensional Kerr black hole, there is no Hartle-Hawking
state [28] to extend into the black hole interior, but the Unruh
state has been constructed inside the event horizon [105]. A
number of recent papers (see, for example, [106—-111]) have
studied the properties of expectation values on the interiors
of rotating black holes, paying particular attention to the
region close to the inner horizon. A notable exception of a
rotating black hole having a Hartle-Hawking state for which
expectation values have been computed in the black hole
interior is the three-dimensional BTZ black hole [17-
19,112], where again the behavior at the inner horizon
has been a particular focus of investigation.

Work to date on a Hartle-Hawking state on a black hole
interior in four dimensions is restricted to spherically
symmetric black holes (see, for example, [113] for the
construction of [H) inside a Reissner-Nordstrom black hole).
The properties of expectation values on the interior of
spherically symmetric black holes have attracted a good
deal of attention in recent years (a selection of references is
[108,114—-122]). A particular focus has been the behavior of
these quantities near the inner (Cauchy) horizon. In general,
the expectation value of the SET for a quantum field diverges
at the inner horizon, with a rate of divergence which is larger
than the corresponding classical SET for classical perturba-
tions [116-118,121]. Thus quantum perturbations can
restore cosmic censorship in the case of those Reissner-
Nordstrom—de Sitter black holes for which classical pertur-
bations do not blow up at the Cauchy horizon [116,118].

One motivation for our work was the proof [36] of the
existence of a Hartle-Hawking state for a four-dimensional
stationary black hole possessing a Killing vector timelike
everywhere outside the event horizon. We conjecture that a
corresponding result holds for the black holes considered in
this paper, although it should be emphasized that our
construction of the state |H) in this paper is not rigorous.
To lend support to this hypothesis, it would be interesting to
compute the renormalized expectation value of the SET
(and the vacuum polarization) of the quantum scalar field in
the state |H), and in particular to ascertain whether this is
regular at the event horizon. Such work would be a
necessary precursor to any detailed investigation of the
properties of the state |H) on the black hole interior. We
anticipate that significant technical challenges would arise
in attempting to perform such a calculation. Of the recent

methodologies for computing renormalized expectation
values in the region exterior to a black hole event horizon,
the “pragmatic mode sum” approach has been successful
on the four-dimensional Kerr black hole [14]. However, this
approach has, to date, only been employed on four-dimen-
sional black holes, and it remains to be seen whether this
would be practical to implement in higher dimensions. In
contrast, the “extended coordinates” approach has been
successfully applied to find the vacuum polarization on
spherically symmetric black holes in more than four
dimensions [123,124]. In our case, we would be interested
in developing this methodology to both the renormalized
SET and rotating black holes, either of which is likely to be
rather nontrivial. We therefore leave this for future work.
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APPENDIX A: DERIVATION OF EQ. (2.27)

Here we give more details of the derivation of Eq. (2.27),
which gives the location of the speed-of-light surface. We
start with Eq. (2.26),

0= i + ZQJrgty/ + Qigy/w

= —f(r)? + h(r?Q(r) - Q.. (A1)
where the metric functions f(r), h(r) and Q(r) are given in
(2.1). Multiplying throughout by A(r)?> > 0, the equation
for the speed-of-light surface at r = ry_ is

0= —r2g(r) +h(n)Qr) - Q.. (A2)
To simplify this equation, we proceed as follows. From the
definitions of Q(r) (2.1d) and Q. (2.18), we have
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Q(r)Q,

Q)= =- 2Ma

(P +r3)(?=r2). (A3

and making use of the relation (2.30), we can derive the
following result:

-0y @) - Q) - (- ).
(A3b)

Combining the expressions (A3), we deduce that

_ Q. 2Ma
rrg(r)? = (r* = r3) [7“2 +r3) —W} (Ad)
Substituting in (A2) then gives
Q 2Ma
0= (2,22 24,2y
( ”){ PR A= roYPy

_h(r)*Q(r )%

RN (AT S

We further simplify using h(r)*Q(r)* = 4M?*a*/r*, and
(2.1d), (2.30), then multiplying throughout by r{, we obtain
the equation

2 2 of 1 2 4Q+”%r
0=(ri—ri)qm ?_Q+ +”LT(1_‘ZQ+)

2Ma?
+rg<gm- . )mm}
+

1 Q%
- (- )+ 5k

CoMen <L12 _ gg) + Q’iri}. (A6)
In the final step in (A6), we have used the result
Q,rt =2Ma(l — aQ., ), which follows from the defini-
tion (2.18), and also (2.30) again. Multiplying (A6)
throughout by L2, the cubic in r# can be further factorized
to give,

(72 =)+ 2Ma?) (1 - Q22 +

El

02412
2Ma?
(A7)

which is precisely Eq. (2.27).

APPENDIX B: ADDITION THEOREMS FOR
SPIN-WEIGHTED SPHERICAL HARMONICS

Below we state the addition theorems for spin-weighted
spherical harmonics which enable us to simplify the SET

components in Appendix C. The results below are proven
elsewhere [74]. All the results below are valid for Z a
positive integer or half-integer, and all s an integer or half-
integer, such that £ = |s|,|s| + 1,|s| + 2, ....

The addition theorems we require are,

¢
% " 20 + 1
D Y0, 9), Y20, ) = P (Bla)
m=—¢ T
Z - . 2+ 1)s
Z m[sz (0, (ﬂ)sz (Qfﬂ)} = _4—0089,
m=—¢ T
(B1b)
o i 241
Z m*[ Y70, 9),Y} (0. 9)] = 3 (O8 (Blc)
m=—¢ JT
4 P
> Y7 (0.9) -5 Y7 (0.9) =0, (B1d)
m=—¢
S 2 yr0.0) 2 0.0 =5 0y o)
s Q) =5 L) = ——— —s52),
2000 gt Y T ey
(Ble)
where
C = (£% + ¢ — s?)sin? 0 + 25% cos? 6. (BIf)

It is straightforward to check that in the case s =0
(ordinary spherical harmonics), the results (B1) reduce
to those in, for example, App. C of Ref. [85].

Since we have (Y”(0,p) = ™ Y7 (0) (3.6), the addi-
tion theorems in (B1) give

4
) 20+ 1
> LO)P = ,

(B2a)
=, 4
4 - 2+ 1)p
> m| YO = ——"cos0, (B2b)
=, 8
S iz =2 e (B2c)
m — 9
- st 8
f ~ ~
> rr(o),(0) =o, (B2d)
m=—¢
SN 2041
DL =5~ (42 4 = pY). (Bl
/]

m=—

where we have used the fact that s = —p/2 (3.8), and
where € (B1f) is now
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¢ L., 2 o p? ) APPENDIX C: STRESS-ENERGY TENSOR
¢C= 1(45 +4¢ — p*)sin® 0 + 5 cos 0. (B2f) COMPONENTS

In this Appendix we give explicit expressions for the

As a corollary of the results (B2), we have -
components of the classical SET (3.3) evaluated for a scalar

¢ field mode (3.4) with angular function (3.6). Since these
Z [pcotd —2mesc 6> ¥ (6)? expressions are fairly lengthy, we omit the indices on the
m=—¢ radial and angular functions. In terms of the metric
2/81- 1 (46 4+ 40 — ). (B3) glgl;ticoonrflp];irg;lté}gl,z,h(r) and Q(r) [(2.1b)—(2.1e)], the
T, =’ |X(r)PY(0) 9(25)2 [f(r)f’(")—h(r)Q(r)CZ,{h(")Q(")} X" ()X (n)} Y (0)* = [£ (r)* = h(r)*Q(r)*|3(r.0),
(Cla)
NT,, = —o3 (X ()X'(r)}F(0)2, (CIb)
T =0, (Clc)
“T,, = —molX(r)PY(0)? —2—§h( r)*Q(r)|X(r)PY' ()Y (0) sin 0
+ j;((r’;)z [(r)Q (r) + 21 (r)Q(r)]R{X*(r)X'(r)} ¥(0)? cos 0 — % h(r)?Q(r)3(r,0) cos 0, (C1d)
Ty, = —po|X(r)?Y(0)* + %i)rz) [A(r)€Y (r) + 20 (r)Q(r) WX (r) X' (r) } Y (0)* = h(r)*Q(r) 3(r.0). (Cle)
R ART(9)2 — )2 1 2,2 22 Vh(r)? 1 )12 ART(0)2
T = (1 =20 ORTOF =280 [ (027 25 AR = b o= 9200 T 0
+2¢ Hv((r)) hr z};r’)h/(r)} RX(NX' (1)} T(0)* + g(r)23(r.6), (C1f)
T = (1= 400 (X () + X007 | P07 0) (Clg)
N, = m3{X*(r)X'(r)}¥(0), (Clh)
NT,,, = pS{X()X'(r)}F(0)2, (cti)
8o = (1 =28)|X(r)|?Y'(0)? - %m{X*(r)X’(r)}f/(Q)2 +2£|14 - % (pcot® —2mescH)?||X(r)[2Y(0)?
+2&cotO|X(r)?Y'(0)Y(0) —I—%rz?)(r, 0), (C1j)
Ty, =0, (Clk)
", =0, (C11)
T, = m?|X(r)|?Y(0)? - Zg(ér)z [rsin?0 + h(r)h'(r) cos?O)R{X*(r)X'(r)} ¥ (0)?
+ % [h(r)? = )X (r)]>Y'(0)Y(0) sin(26) + % [r? sin?0 + h(r)? cos?0]3(r,0), (Clm)
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r ~ r 2 ~ ~
NTW = rrz‘4r)|X(r)|2f/(¢9)2 %‘R{X*( )X’(r)}Y(Q)2 cos @ + 25};2 ) |X(r)|2Y’(9)Y(9) sin @
+%h(r)23(r, 0) cos 0, (Cln)
8T, = pPX(AT(0) - %%{x%rw(mw T h(r3(r.0), (Clo)

where

3(r.6) = (’5_‘)9‘”‘1’ @, +5 (45—1) 2®2+§R<§—13—0>d>2

_ (2(: - %) [{%:)2 + % [pcotd — 2mesc O] — f(i)z o — pQ(r)]z} X(r)PT(0)?

XOPHOP + SXCPPOR| + [364e- 0+ R (2= ) |koprer. e

1
+
g(r)?
In (C1), the radial functions X(r) depend on the frequency @ and the azimuthal quantum number p € Z, while the angular
functions 17(9) depend on the quantum number m = —¢,—¢ + 1, ..., — 1, ¢, the spin s = —p/2 (3.8) and the quantum
number £ = |s|, |s| + 1, |s| + 2, ....

We now use the addition theorems for the spin-weighted spherical harmonics from App. B (B2) to perform the sum over
m in each of the SET components. We define new quantities 7, by

2f + 1
Z NT uw (CZ)
m=—¢

where ¥ T 4w are the components given in (C1). A further simplification arises from the fact that, for our particular modes
(3.35), we have J{X*(r)X'(r)} = 0. Then we have

= X + 255 7007 (1) = B0 5 (I X (X)) = 10 = P30 (C3a)
t, =0, (C3b)
ty =0, (C3c)
1 Eh(r) , , o , 1 ~
= {3 P00 + £ L BIR0) 4 W ORI (X0} = 3 h(PRA30) eoso. (c3q)
tr = =X + S I+ 2RI (X)) = PN (c3e)
= (1= 29 WP = 260001 |52 (PP + (4 PR} = s o= )P | P
F0) L 2004 WO i o3
+2e T BOE O e (e 0)) + 07300, ()
1o =0, (C3g)
ty =0, (C3h)
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tyy =0, (C3i)
tog = 5 (1 =4840 + 42 = )X (P + 280X ( P = 5 S RX (X (1)) + 3 7300, (3
g(r) 4
top — 0. (C3K)
toy =0, (C31)
Loy :%G\X(r) Y (6)? - 29(§r)2 [rsin?@+ h(r)H (r)cos?O)R{X*(r)X'(r)} +% [12sin20+ h(r)?cos?0]3(r), (C3m)
_ ERH () ooy L s
Loy = _{5 PHX(r)? + ol P R{X*(r)X'(r)} - Eh(r)23(r)} cos 0, (C3n)
tow = PPXOIP = IR0 (X)) P00 (C30)

where € is given by (B2f) and

2
30) = {1+ 5 402 440 = ) = o= pP+ 54— 12 + & (26— ) b

1
X/(r)? 455 (427 + 42 = pY)IX(n)[*, (C3p)

n 1
g(r)?
and we have simplified using the result (3.9). It can be seen from (C3) that all the dependence on the angle € is now
determined in closed form.
We now wish to compare the components (C3) with the form of the SET (5.17) derived from symmetry principles. Using
the metric (2.1) to lower the indices on (5.17), we find

(T4 = (12 = R PQNF () 4 2h(rPQUR (1) = h(rPQUPIE™ (1) + h(r)*Q(r2F (1)
1

+ 3 hrQUPF (). (Cda)
(Tr) = =g(rPLF () = A(rPQUPIF(r) = g(r)*h(rPQUr) F (1) (Cab)
(T) =0, (C4e)

(T = SH(P{ Q0P = HPRUPIF) = [0 = 2HPRPIFY ) = h(r P07 ()

—ih(r)ZQ(r)feg(r)} cos 0, (C4d)

1
- Zh(r) Q(r)}"ee(r)}, (Cde)
(T.) = g(r)*Fr(r), (C4f)
<?r9> = O! (C4g)
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1

(T,,) = Eg(r)zh(r)z{f W (r) — Q(r)F"(r)} cos 6, (C4h)
(Try) = g(r)*h(r)>{F™ (r) = Q(r)F"(r)}. (C4i)
(Too) = = F*(r), (c4j)
(To,) =0, (C4k)
(Toy) =0, (C41)
(T(p(p) = %h(r)“{ﬂ(rf]—"”(r) —2Q(r)F™ (r) + F¥(r)} cos® 6 —l— [h(r) cos? 0 + r* sin? ) F%(r), (C4m)
(T) = %h(r)‘*{g(ryfﬂ(r) —2Q(r)F¥(r) + Fr(r)} cos 0 + %h(r)“]—""a(r) cos ), (C4n)
(Tyy) = h(r){QUr)>F"(r) = 2Q(r) F (r) + F¥(r)} + %h(r)“f‘”(r), (Cdo)

from which it is clear that the dependence on the angle 6 in all components is of the same form. Let ™ be the classical mode
contribution to F** arising from the scalar field mode (3.4), with the sum over m completed. To find the §™, it is simplest to
use the inverse metric (2.4) to raise both indices on the components in (C3) and then compare with (5.17). This gives

"r:]a)— r)? r272§f/(r)“*r’r—]~r
80 = 70 = PACPIXCIP + SE DX (X0} - 05 30 (cs0)
g"(r) =0, (Csb)
gV (r) = W {o = pQ(r)Hpf(r)* + h(r)*Q(r)[w — pQ(r)]} X (r)?
_ (r r (X ()Y = Q‘(r) D r
f(r) of )2{f( r)Q(r) = 2f'(r)Q(r) }R{X"(r)X'(r) } f(r)z?)( ) (C5c)
rrr:L 3 A2 — 1 4 2 p? [a)—pQ(r)]2 AR
870 = s (1 =20 P - 26 (B0 2 - PR e
L 2 70 KO g ove I 5
_g(r)4{r+ 7(r) + h(r)}g {x(r)Xx'( )}:| 92 5 3(r), (C5d)
gV (r)=0, (CSe)
B() = 51 =404 446 = PIX()P -8 | MOCOX ) - F O] + 230, (o5
1
g (r) = W{Pf(r)z + h(r)*Q(r)[w — pQ(r)]}*|X(r)|?

L2 (W) QR FORNE 1Ny [ 00)
T Ry e LU RN o A E L

where the above expressions will need to be multiplied by an overall factor of (2£ + 1)/4z in the final mode sums.
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