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✐♥❝❧✉❞✐♥❣ t❤❡ ❱♦❧t❡rr❛ ❝❤❛✐♥ ❬✷❪✱ st❛t✐♦♥❛r② ❑❞❱ ✢♦✇s ❬✸❪✱ t❤❡ ❊✉❧❡r t♦♣ ✐♥ t❤❡ ❡①t❡r♥❛❧ ✜❡❧❞ ❬✹❪✱ ❛s
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❛s t❤❡ ♠❡t❤♦❞ ♦❢ q✉❛♥t✐s❛t✐♦♥ ✐❞❡❛❧s✳

■♥ t❤✐s ♣❛♣❡r✱ ✇❡ ❡①t❡♥❞ t❤❡ ♠❡t❤♦❞ t♦ t❤❡ s❡tt✐♥❣ ♦❢ ❞✐s❝r❡t❡ ❞②♥❛♠✐❝s✳ ❖✉r ❛✐♠ ✐s t♦ ✜♥❞ ♣♦ss✐❜❧❡
q✉❛♥t✉♠ s♦❧✉t✐♦♥s t♦ t❤❡ ❩❛♠♦❧♦❞❝❤✐❦♦✈ t❡tr❛❤❡❞r♦♥ ❡q✉❛t✐♦♥ ❬✺❪✿

T123 ◦T145 ◦T246 ◦T356 = T356 ◦T246 ◦T145 ◦T123, ✭✶✮

❛ss♦❝✐❛t❡❞ ✇✐t❤ t❤❡ ❢♦❧❧♦✇✐♥❣ ✐♥✈❡rt✐❜❧❡ ♣♦❧②♥♦♠✐❛❧ r✐♥❣ ❤♦♠♦♠♦r♣❤✐s♠ T : C[x′1, x
′
2, x

′
3] 7→

C[x1, x2, x3]✱ ❞❡✜♥❡❞ ❜② t❤❡ ♠❛♣

x′1 = x1,

x′2 = x2 + x1x3, ✭✷✮

x′3 = x3,

✇❤✐❝❤ ♣r♦✈✐❞❡s ❛ s♦❧✉t✐♦♥ t♦ ❡q✉❛t✐♦♥ ✭✶✮ ✐♥ t❤❡ ♣♦❧②♥♦♠✐❛❧ r✐♥❣ C[x1, x2, x3, x4, x5, x6]✱ ✇❤❡r❡

Tijk(xl) =

{

xj + xixk, l = j,

xl, l ̸= j.
✭✸✮

❚❤✐s s♦❧✉t✐♦♥✱ ❛❧♦♥❣ ✇✐t❤ t❤❡ ❝♦rr❡s♣♦♥❞✐♥❣ ♠❛♣✱ ❛♣♣❡❛rs ✐♥ ❙❡r❣❡❡✈✬s ❝❧❛ss✐✜❝❛t✐♦♥ ❬✻❪ ❛s ❈❛s❡ α✳

✷



▲❡t uij(t) ❞❡♥♦t❡ t❤❡ ❡❧❡♠❡♥ts ♦❢ t❤❡ ♦♥❡✲♣❛r❛♠❡t❡r s✉❜❣r♦✉♣s ♦❢ N(n,R)✿

uij(t) = In + tEij , i < j,

✇❤❡r❡ In ✐s t❤❡ ✐❞❡♥t✐t② ♠❛tr✐① ❛♥❞ Eij ✐s t❤❡ ❡❧❡♠❡♥t❛r② ♠❛tr✐① ✉♥✐t ✇✐t❤ ❛ 1 ✐♥ t❤❡ (i, j)✲❡♥tr② ❛♥❞
③❡r♦s ❡❧s❡✇❤❡r❡✳ ■♥ t❤❡ s✐♠♣❧❡st ❝❛s❡ n = 3 t❤❡r❡ ❛r❡ t✇♦ t②♣❡s ♦❢ ♣❛r❛♠❡tr✐s❛t✐♦♥s ♦❢ ❛♥ ❡❧❡♠❡♥t
M ∈ N(3,R)✿

M =





1 x′1 x′2
0 1 x′3
0 0 1



 = u12(x1)u13(x2)u23(x3) = u23(x
′
3)u13(x

′
2)u12(x

′
1). ✭✹✮

❚❤❡ ❝♦♦r❞✐♥❛t❡s ♦❢ t❤❡s❡ ❝❤❛rts ❛r❡ r❡❧❛t❡❞ ❜② t❤❡ tr❛♥s❢♦r♠❛t✐♦♥ ✭✷✮✳
❲❡ ❝❛♥ ❝♦♥s✐❞❡r ❛♥♦t❤❡r ❢❛❝t♦r✐③❛t✐♦♥ ♣r♦❜❧❡♠ ✉s❡❞ ❜② ▲✉③st✐❣ ❬✼❪

M =





1 a b
0 1 c
0 0 1



 = u12(x)u23(y)u12(z) = u23(z
′)u12(y

′)u23(x
′).

❇② ❛ str❛✐❣❤t❢♦r✇❛r❞ ❝❛❧❝✉❧❛t✐♦♥✱ ✇❡ ❣❡t

a = x+ z = y′

b = xy = x′y′

c = y = x′ + z′

❲❡ ✇♦✉❧❞ ♣r❡s❡♥t ✐t ❛s ❛ ❜✐r❛t✐♦♥❛❧ tr❛♥s❢♦r♠❛t✐♦♥

Φ :
x
y
z

→
x′ = xy/(x+ z)
y′ = x+ z
z′ = yz/(x+ z)

❚❤✐s ♠❛♣ ✐s ✐♥✈♦❧✉t✐✈❡ Φ2 = Id ❛♥❞ ❛❧s♦ t✉r♥s ♦✉t t♦ s♦❧✈❡ t❤❡ ❩❛♠♦❧♦❞❝❤✐❦♦✈ t❡tr❛❤❡❞r♦♥ ❡q✉❛t✐♦♥
✭✶✮✳ ❚❤❡s❡ t✇♦ ✇❛②s t♦ ♣❛r❛♠❡tr✐③❡ t❤❡ ✉♥✐♣♦t❡♥t ❣r♦✉♣ ❛r❡ t♦t❛❧❧② ♣♦s✐t✐✈❡ ❛♥❞ ❛r❡ r❡❧❛t❡❞ ✇✐t❤ t❤❡
❝❧✉st❡r ❝♦♦r❞✐♥❛t❡s ♦♥ t❤✐s ✈❛r✐❡t②✳ ❲❡ ❞❡♥♦t❡ ❜② P t❤❡ ♠✐♥♦r ac− b t❤❡♥ ♦♥❡ ❤❛s t✇♦ s❡❡❞s✿

(a, b, P ) ❛♥❞ (c, b, P )

❛♥❞ t❤❡ ♠✉t❛t✐♦♥ ♠❛♣

c = (P + b)/a,

t❤❡ ✈❛r✐❛❜❧❡s b ❛♥❞ P ❛r❡ ❢r♦③❡♥✳ ❈❧✉st❡r ❝♦♦r❞✐♥❛t❡❞ ❛r❡ r❡❧❛t❡❞ t♦ ♦✉r ♣❛r❛♠❡t❡rs ✐♥ ❜♦t❤ ❝❤❛rts ❜②
t❤❡ r❡❧❛t✐♦♥s✿

b = xy, P = yz, a = x+ z,

❛♥❞

b = x′y′, P = y′z′, c = x′ + z′.

✸



b a P b c P

❚❤❡ ❢r♦③❡♥ ✈❛r✐❛❜❧❡s ❝♦rr❡s♣♦♥❞❡❞ t♦ t❤❡ ✐♥t❡❣r❛❧s ♦❢ t❤❡ ♠❛♣ Φ✳ ❇❡s✐❞❡s t❤❡ ♠✉t❛t✐♦♥ ♠❛♣ ♣r❡s❡r✈❡s
♣♦s✐t✐✈✐t② ❝♦♥❞✐t✐♦♥✱ t❤❡ r❡♣❛r❛♠❡tr✐③❛t✐♦♥ ✐s ❝♦♥s✐st❡♥t ✇✐t❤ t❤❡ ❧♦❣✲❝❛♥♦♥✐❝❛❧ P♦✐ss♦♥ str✉❝t✉r❡ ♦♥
s❡❡❞s ❣✐✈❡♥ ❜② t❤❡ q✉✐✈❡r ♦r✐❡♥t❛t✐♦♥s✿

{a, P} = aP ; {a, b} = −ab; {c, P} = −cP ; {c, b} = cb.

❚❤✐s ♦❜s❡r✈❛t✐♦♥ ♣r♦✈✐❞❡s ❛ ✇❛② t♦ q✉❛♥t✐③❡ t❤❡ ❝❧✉st❡r str✉❝t✉r❡ ❞❡✈❡❧♦♣❡❞ ❜② ❇❡r❡♥s❤t❡✐♥✱ ❘❡t❛❦❤
❬✽❪✱ ❋♦♠✐♥ ❛♥❞ ❩❡❧❡✈✐♥s❦② ❬✾❪✳

■♥ ✇❤❛t ❢♦❧❧♦✇s ✇❡ ❣❡t ❛ ❢❛♠✐❧② ♦❢ P♦✐ss♦♥ str✉❝t✉r❡s ❛ss♦❝✐❛t❡❞ ✇✐t❤ t❤❡ ❞❡❝♦♠♣♦s✐t✐♦♥ ♣r♦❜❧❡♠
✭✹✮✳ ❆ ❦❡② ❢❡❛t✉r❡ ♦❢ t❤✐s ❢❛♠✐❧②✱ ❞✐st✐♥❣✉✐s❤✐♥❣ ✐t ❢r♦♠ t❤❡ ❝❧✉st❡r ❝❛s❡✱ ✐s t❤❛t t❤❡ P♦✐ss♦♥ str✉❝t✉r❡s
❝♦✐♥❝✐❞❡ ✐♥ ❛❧❧ ❝❤❛rts✱ ❛♥❞ t❤❡ r❡♣❛r❛♠❡tr✐s❛t✐♦♥ ♠❛♣s ❛r❡ P♦✐ss♦♥ ✐s♦♠♦r♣❤✐s♠s✳

❚❤❡ ❢♦r♠✉❧❛s ✭✷✮ r❡♠❛✐♥ tr✉❡ ✐❢ ✇❡ ❝♦♥s✐❞❡r t❤❡ ❞❡❝♦♠♣♦s✐t✐♦♥ ♣r♦❜❧❡♠ ✭✹✮ ✐♥ t❤❡ ❣r♦✉♣ N(3, A)✱
✇❤❡r❡ A = C⟨x1, x2, x3⟩ ✐s t❤❡ ❛ss♦❝✐❛t✐✈❡ ✉♥✐t❛❧ ❢r❡❡ ❛❧❣❡❜r❛ ❣❡♥❡r❛t❡❞ ❜② ♥♦♥❝♦♠♠✉t❛t✐✈❡ ✈❛r✐✲
❛❜❧❡s x1, x2, x3✳ ❘❡♠❛r❦❛❜❧②✱ t❤❡ tr❛♥s❢♦r♠❛t✐♦♥s Ti,j,k ✭✸✮ ♣r♦✈✐❞❡ ❛ s♦❧✉t✐♦♥ t♦ t❤❡ ❩❛♠♦❧♦❞❝❤✐❦♦✈
t❡tr❛❤❡❞r♦♥ ❡q✉❛t✐♦♥ ✇✐t❤✐♥ t❤❡ ❢r❡❡ ❛ss♦❝✐❛t✐✈❡ ❛❧❣❡❜r❛ A = C⟨x1, x2, x3, x4, x5, x6⟩✳

❚❤✐s r❡s✉❧t ❢♦❧❧♦✇s ❢r♦♠ t❤❡ ✉♥✐q✉❡♥❡ss ♦❢ t❤❡ ❞❡❝♦♠♣♦s✐t✐♦♥ ♦❢ ❛ ❣❡♥❡r✐❝ ❡❧❡♠❡♥t A ∈ N(4,A) ✐♥t♦
t❤❡ ♣r♦❞✉❝t✿

M = u12(t1)u13(t2)u23(t3)u14(t4)u24(t5)u34(t6).

❉❡t❛✐❧s ♦❢ t❤✐s ❝♦♥str✉❝t✐♦♥ ❛♥❞ ✐ts ✐♠♣❧✐❝❛t✐♦♥s ❛r❡ ❞✐s❝✉ss❡❞ ✐♥ ❙❡❝t✐♦♥ ✷✳
❋❛❝t♦r✐s❛t✐♦♥s ✐♥ t❤❡ ❣r♦✉♣ N(4,A) ✇❡r❡ ♣r❡✈✐♦✉s❧② st✉❞✐❡❞ ✐♥ ❬✽❪ ✐♥ t❤❡ ❝♦♥t❡①t ♦❢ ♥♦♥❝♦♠♠✉t❛t✐✈❡

❇r✉❤❛t ❝❡❧❧s✳ ■♥ ♣❛rt✐❝✉❧❛r✱ ❙❡❝t✐♦♥ ✸✳✸ ♦❢ t❤❛t ✇♦r❦ ♣r❡s❡♥ts ❡①♣❧✐❝✐t ❢♦r♠✉❧❛s ❢♦r r❡❝♦✈❡r✐♥❣ t❤❡
♣❛r❛♠❡t❡rs ♦❢ t❤❡ ❢❛❝t♦r✐s❛t✐♦♥ ✐♥ t❡r♠s ♦❢ q✉❛s✐❞❡t❡r♠✐♥❛♥ts✳

❖✉r ✜rst ♠❛✐♥ r❡s✉❧t ✐s t❤❡ ❝❧❛ss✐✜❝❛t✐♦♥ ♦❢ q✉❛❞r❛t✐❝ q✉❛♥t✐s❛t✐♦♥ ✐❞❡❛❧s I ⊂ A = C ⟨x, y, z⟩✱ t❤❛t
✐s✱ ✐❞❡❛❧s s❛t✐s❢②✐♥❣ t❤❡ ❢♦❧❧♦✇✐♥❣ t✇♦ ❝♦♥❞✐t✐♦♥s✿

❼ ❚❤❡ ✐❞❡❛❧ I ✐s ✐♥✈❛r✐❛♥t ✉♥❞❡r t❤❡ ♠✉t❛t✐♦♥ ♠❛♣ ✭✷✮✳

❼ ❚❤❡ q✉♦t✐❡♥t ❛❧❣❡❜r❛ AI = A/I ❛❞♠✐ts ❛ P❇❲ ❜❛s✐s ❝♦♥s✐st✐♥❣ ♦❢ ♥♦r♠❛❧❧② ♦r❞❡r❡❞ ♠♦♥♦♠✐❛❧s✳

❚❤❡s❡ ❝♦♥❞✐t✐♦♥s ❡♥s✉r❡ t❤❛t t❤❡ r❡s✉❧t✐♥❣ q✉❛♥t✉♠ ❛❧❣❡❜r❛ AI ❤❛s t❤❡ s❛♠❡ ♣♦❧②♥♦♠✐❛❧ ❣r♦✇t❤
❛s t❤❡ ❝♦♠♠✉t❛t✐✈❡ ♣♦❧②♥♦♠✐❛❧ r✐♥❣ ✐♥ t❤r❡❡ ✈❛r✐❛❜❧❡s✱ ❛♥❞ t❤❛t t❤❡ r❡✲♣❛r❛♠❡tr✐s❛t✐♦♥ ♠❛♣ ✭✷✮ ✐s
✇❡❧❧ ❞❡✜♥❡❞ ♦♥ AI ✳❲❡ s❤♦✇ t❤❛t t❤❡r❡ ❛r❡ ❡①❛❝t❧② t❤r❡❡ ❞✐st✐♥❝t q✉❛♥t✐s❛t✐♦♥ ✐❞❡❛❧s s❛t✐s❢②✐♥❣ t❤❡s❡
❝♦♥❞✐t✐♦♥s ✭❚❤❡♦r❡♠ ✸✳✶✮✳ ◆♦t❛❜❧②✱ ♦♥❡ ♦❢ t❤❡s❡ ✐❞❡❛❧s ❞❡✜♥❡s ❛ q✉❛♥t✉♠ ❛❧❣❡❜r❛ t❤❛t r❡♠❛✐♥s ♥♦♥✲
❝♦♠♠✉t❛t✐✈❡ ❢♦r ❛❧❧ ❝❤♦✐❝❡s ♦❢ q✉❛♥t✉♠ ♣❛r❛♠❡t❡rs✱ ♠❡❛♥✐♥❣ t❤❛t t❤❡ ❝♦rr❡s♣♦♥❞✐♥❣ q✉❛♥t✉♠ s②st❡♠
❞♦❡s ♥♦t ❛❞♠✐t ❛♥② ❝❧❛ss✐❝❛❧ ✭❝♦♠♠✉t❛t✐✈❡✮ ❧✐♠✐t✳

◆❡①t✱ ✇❡ st✉❞② q✉❛♥t✐s❛t✐♦♥ ✐❞❡❛❧s ❛ss♦❝✐❛t❡❞ ✇✐t❤ t❤❡ ✉♥✐♣♦t❡♥t ❣r♦✉♣ N(4,A)✳ ❙♣❡❝✐✜❝❛❧❧②✱ ✇❡
✐❞❡♥t✐❢② t✇♦✲s✐❞❡❞ ✐❞❡❛❧s I ⊂ A = C ⟨x1, . . . , x6⟩ t❤❛t s❛t✐s❢② t❤❡ ❢♦❧❧♦✇✐♥❣ ❝♦♥❞✐t✐♦♥s✿

❼ ❚❤❡ ✐❞❡❛❧ I ✐s st❛❜❧❡ ✉♥❞❡r ❛❧❧ ♠❛♣s Ti,j,k ❛♣♣❡❛r✐♥❣ ✐♥ t❤❡ ❩❛♠♦❧♦❞❝❤✐❦♦✈ ❡q✉❛t✐♦♥ ✭✶✮✳

❼ ❚❤❡ q✉❛♥t✉♠ ❛❧❣❡❜r❛ AI = A/I ❛❞♠✐ts ❛ P❇❲ ❜❛s✐s✳

❙♦❧✈✐♥❣ t❤❡ ❝❧❛ss✐✜❝❛t✐♦♥ ♣r♦❜❧❡♠ ❢♦r tr✐❛♥❣✉❧❛r q✉❛♥t✐s❛t✐♦♥ ✐❞❡❛❧s ♦❢ ❣❡♥❡r✐❝ t②♣❡✱ ✇❡ ✜♥❞ ❢♦✉r ❡ss❡♥✲
t✐❛❧❧② ❞✐st✐♥❝t ✐❞❡❛❧s✳ ■♥ ❛❞❞✐t✐♦♥✱ ✇❡ ❝♦♥str✉❝t ❛♥ ❡①♣❧✐❝✐t ❡①❛♠♣❧❡ ♦❢ ❛ ♥♦♥✲❣❡♥❡r✐❝ q✉❛♥t✐s❛t✐♦♥ ✐❞❡❛❧✳

✹



❆❧❧ ♦❢ t❤❡s❡ q✉❛♥t✐s❛t✐♦♥ ✐❞❡❛❧s ❛r❡ ❤♦♠♦❣❡♥❡♦✉s ❞❡❢♦r♠❛t✐♦♥s ♦❢ t❤❡ t♦r✐❝ ✐❞❡❛❧✱ ❛♥❞ t❤❡ ❝♦rr❡s♣♦♥❞✐♥❣
q✉❛♥t✉♠ ❛❧❣❡❜r❛s ❛❞♠✐t ❛ ❝❧❛ss✐❝❛❧ ✭❝♦♠♠✉t❛t✐✈❡✮ ❧✐♠✐t✳

❲❡ ❝♦♥❝❧✉❞❡ t❤❡ ♣❛♣❡r ❜② st✉❞②✐♥❣ t❤❡ ❝❧❛ss✐❝❛❧ ❧✐♠✐t ♦❢ t❤✐s ❢❛♠✐❧② ♦❢ q✉❛♥t✐s❛t✐♦♥s✳ ■♥ t❤✐s ❧✐♠✐t✱
✇❡ ❝♦♥str✉❝t ❛ ♣❡♥❝✐❧ ♦❢ ❝♦♠♣❛t✐❜❧❡ P♦✐ss♦♥ ❜r❛❝❦❡ts ♦♥ t❤❡ ♣♦❧②♥♦♠✐❛❧ r✐♥❣ C [x1, . . . , x6] t❤❛t ❛r❡
♣r❡s❡r✈❡❞ ❜② t❤❡ ♠❛♣s Tijk✳ ❲❡ ❛❧s♦ ✐❞❡♥t✐❢② ❛ ❝♦rr❡s♣♦♥❞✐♥❣ ❢❛♠✐❧② ♦❢ ✐♥t❡❣r❛❧s ♦❢ ♠♦t✐♦♥ ❢♦r t❤❡
✐♥❞✉❝❡❞ ❞②♥❛♠✐❝s✳ ❚❤✐s ❧❡❛❞s t♦ ❛ ❝❧❛ss ♦❢ ✐♥t❡❣r❛❜❧❡ s②st❡♠s ♦♥ t❤❡ ✉♥✐♣♦t❡♥t ❣r♦✉♣ N(4,C)✱ ✇❤✐❝❤
❛r❡ ❝♦♥s✐st❡♥t ✇✐t❤ t❤❡ ♠✉t❛t✐♦♥ ♠❛♣s ❞❡✜♥❡❞ ❜② t❤❡ ❩❛♠♦❧♦❞❝❤✐❦♦✈ t❡tr❛❤❡❞r♦♥ ❡q✉❛t✐♦♥✳

❲❡ s❤♦✉❧❞ ♠❡♥t✐♦♥ t❤❛t t❤❡ ✉♥✐♣♦t❡♥t ❣r♦✉♣ ♦❢t❡♥ ❛♣♣❡❛rs ✐♥ t❤❡ t❤❡♦r② ♦❢ ❝❧✉st❡r ✈❛r✐❡t✐❡s✱ P♦✐ss♦♥
str✉❝t✉r❡s r❡❧❛t❡❞ t♦ t❤✐s ❛❧❣❡❜r❛✐❝ ♦❜❥❡❝t ❛r❡ ✇✐❞❡❧② ✐♥✈❡st✐❣❛t❡❞✳ ❲❡ ✇♦✉❧❞ ❧✐❦❡ t♦ ❝✐t❡ t❤❡ s❡♠✐♥❛❧
❛rt✐❝❧❡ ❬✶✵❪ ❛♥❞ t❤❡ r❡❝❡♥t ♣❛♣❡r ❬✶✶❪✳

✷ ❈❤❛rts ♦❢ t❤❡ ✉♥✐♣♦t❡♥t ❣r♦✉♣ ❛♥❞ s②♠♠❡tr✐❡s

✷✳✶ P❛r❛♠❡t❡r✐s❛t✐♦♥s ♦❢ t❤❡ ✉♥✐♣♦t❡♥t ❣r♦✉♣

❲❡ ❝♦♥s✐❞❡r t❤❡ ♣r♦❜❧❡♠ ♦❢ ♣❛r❛♠❡tr✐s❛t✐♦♥ ♦❢ M ∈ Mat4(A) ♦❢ t❤❡ ❢♦r♠

M =









1 x1 x2 x4
0 1 x3 x5
0 0 1 x6
0 0 0 1









, ✭✺✮

❜② t❤❡ ♦♥❡✲♣❛r❛♠❡t❡r s✉❜❣r♦✉♣s✱ ❣❡♥❡r❛t❡❞ ❜② uij(t) ❢r♦♠ t❤❡ ■♥tr♦❞✉❝t✐♦♥✳ ❯s✐♥❣ t❤❡ r❡✲
♣❛r❛♠❡tr✐s❛t✐♦♥ Tijk ✇❡ ❣❡t t❤❡ ❢♦❧❧♦✇✐♥❣ s❡q✉❡♥❝❡ ♦❢ ❞❡❝♦♠♣♦s✐t✐♦♥s

M = u34(x6)u24(x5)u14(x4)u23(x3)u13(x2)u12(x1)

= u34(x6)u24(x5)u14(x4)u12(x
′
1)u13(x

′
2)u23(x

′
3)

= u34(x6)u12(x
′′
1)u14(x

′
4)u24(x

′
5)u13(x

′
2)u23(x

′
3)

= u12(x
′′
1)u34(x6)u14(x

′
4)u13(x

′
2)u24(x

′
5)u23(x

′
3)

= u12(x
′′
1)u13(x

′′
2)u14(x

′′
4)u34(x

′
6)u24(x

′
5)u23(x

′
3)

= u12(x
′′
1)u13(x

′′
2)u14(x

′′
4)u23(x

′′
3)u24(x

′′
5)u34(x

′′
6). ✭✻✮

❚❤❡ tr❛♥s✐t✐♦♥s ❢r♦♠ t❤❡ ✜rst ❧✐♥❡ t♦ t❤❡ s❡❝♦♥❞ ❛♥❞ ❢r♦♠ t❤❡ s❡❝♦♥❞ t♦ t❤❡ t❤✐r❞ ❝♦rr❡s♣♦♥❞ t♦ t❤❡
❛♣♣❧✐❝❛t✐♦♥ ♦❢ t❤❡ ✐♥✈❡rs❡ tr❛♥s❢♦r♠❛t✐♦♥ T−1

123 ❛♥❞ T−1
145✱ r❡s♣❡❝t✐✈❡❧②✳ ❚❤❡ tr❛♥s✐t✐♦♥ ❢r♦♠ t❤❡ t❤✐r❞

❧✐♥❡ t♦ t❤❡ ❢♦✉rt❤ ❝♦rr❡s♣♦♥❞s t♦ t❤❡ ♣❡r♠✉t❛t✐♦♥ ♦❢ t❤❡ ❝♦♠♠✉t✐♥❣ ❣❡♥❡r❛t♦rs ♦❢ t❤❡ ♦♥❡✲♣❛r❛♠❡t❡r
s✉❜❣r♦✉♣s✳ ❚❤❡ tr❛♥s✐t✐♦♥s ❢r♦♠ t❤❡ ✹t❤ ❧✐♥❡ t♦ t❤❡ ✜❢t❤ ❛♥❞ ❢r♦♠ t❤❡ ✜❢t❤ t♦ t❤❡ s✐①t❤ ❛r❡ T−1

246 ❛♥❞
T−1
356✱ r❡s♣❡❝t✐✈❡❧②✳ ❙✐♠✐❧❛r❧②✱ ❛♣♣❧②✐♥❣ t❤❡ ❝♦rr❡s♣♦♥❞✐♥❣ tr❛♥s❢♦r♠❛t✐♦♥s ✐♥ ❛ ❞✐✛❡r❡♥t ♦r❞❡r ✇❡ ♦❜t❛✐♥

M = u34(x6)u24(x5)u23(x3)u14(x4)u13(x2)u12(x1)

= u23(x
∗
3)u24(x

∗
5)u34(x

∗
6)u14(x4)u13(x2)u12(x1)

= u23(x
∗
3)u24(x

∗
5)u13(x

∗
2)u14(x

∗
4)u34(x

∗∗
6 )u12(x1)

= u23(x
∗
3)u13(x

∗
2)u24(x

∗
5)u14(x

∗
4)u12(x1)u34(x

∗∗
6 )

= u23(x
∗
3)u13(x

∗
2)u12(x

∗
1)u14(x

∗∗
4 )u24(x

∗∗
5 )u34(x

∗∗
6 )

= u12(x
′′
1)u13(x

′′
2)u14(x

′′
4)u23(x

′′
3)u24(x

′′
5)u34(x

′′
6). ✭✼✮

✺



❆s ❛ r❡s✉❧t✱ ✇❡ ❣❡t ✽ ❞✐✛❡r❡♥t ♣❛r❛♠❡t❡r✐s❛t✐♦♥s ♦❢ ✉♥✐♣♦t❡♥t ♠❛tr✐❝❡s M ✿ {x1, x2, . . . , x6},
{x′1, x

′
2, x

′
3, x4, x5, x6}, ❡t❝✳✱ ❛s ✇❡❧❧ ❛s ♣❛r❛♠❡t❡r✐s❛t✐♦♥s ✐♥ t❤❡ s❡❝♦♥❞ s❡r✐❡s ♦❢ tr❛♥s❢♦r♠❛t✐♦♥s✿

{x1, x2, x
∗
3, x4, x

∗
5, x

∗
6}, ❡t❝✳ ❚❤❡② ❛r❡ ♣r❡s❡♥t❡❞ ♦♥ ❋✐❣✳ ✷✳✶✳ ❚❤❡ ♣❛r❛♠❡tr✐s❛t✐♦♥ CR

1 ✱ ❢♦r ❡①❛♠♣❧❡✱

T
123

T
123

T
145

T
145

T
246

T
246

T
356

T
356

C
0

C
4

C
1

r

C
2

r

C
3

r

C
1

L

C
2

L

C
3

L

❋✐❣✉r❡ ✶✿ ❚❤❡ ❣r❛♣❤ ♦❢ ♣❛r❛♠❡tr✐s❛t✐♦♥ ❝❤❛rts

❝♦rr❡s♣♦♥❞s t♦ {x′1, x
′
2, x

′
3, x4, x5, x6}, ❛♥❞ CL

3 t♦ {x∗1, x
∗
2, x

∗
3, x

∗∗
4 , x∗∗5 , x∗∗6 }. ❚❤❡ ❧❛st ♣❛r❛♠❡tr✐s❛t✐♦♥s

✐♥ ❜♦t❤ ❝❤❛✐♥s ❝♦✐♥❝✐❞❡ ❞✉❡ t♦ t❤❡ t❡tr❛❤❡❞r♦♥ ❡q✉❛t✐♦♥✳

✷✳✷ ■♥✈♦❧✉t✐♦♥ ❛♥❞ ♦t❤❡r ♦r❞❡rs

❘❡❝❛❧❧ t❤❛t ❢♦r t❤❡ ♠❛tr✐① r✐♥❣ ✇✐t❤ ❝♦❡✣❝✐❡♥ts ✐♥ t❤❡ ❛ss♦❝✐❛t✐✈❡ ❛❧❣❡❜r❛ t❤❡r❡ ✐s t❤❡ ❢♦❧❧♦✇✐♥❣ ❤♦♠♦✲
♠♦r♣❤✐s♠

θ : Matn(A) → Matn(A
op); θ(M)ij = Mn−j+1

n−i+1 ;

t❤✐s ✐s t❤❡ r❡✢❡❝t✐♦♥ ♦❢ t❤❡ ♠❛tr✐① ✇✐t❤ r❡s♣❡❝t t♦ t❤❡ ❛♥t✐❞✐❛❣♦♥❛❧✳ ■t s❤♦✉❧❞ ❛❧s♦ ❜❡ ♥♦t❡❞ t❤❛t Aop

✐s t❤❡ s❛♠❡ ✈❡❝t♦r s♣❛❝❡ ❛s t❤❡ ❛❧❣❡❜r❛ A✱ ❜✉t ✇✐t❤ ✐♥✈❡rs❡ ♠✉❧t✐♣❧✐❝❛t✐♦♥✿

a ◦op b = b ◦ a.

❲❡ ❛♣♣❧② t❤❡ ❤♦♠♦♠♦r♣❤✐s♠ θ t♦ t❤❡ ❧❡❢t✲❤❛♥❞ s✐❞❡ ♦❢ t❤❡ t❡tr❛❤❡❞r♦♥ ❡q✉❛t✐♦♥ ✭✻✮

θ(M) = u12(x6)u13(x5)u14(x4)u23(x3)u24(x2)u34(x1)

= u12(x6)u13(x5)u14(x4)u34(x
′
1)u24(x

′
2)u23(x

′
3)

= u12(x6)u34(x
′′
1)u14(x

′
4)u13(x

′
5)u24(x

′
2)u23(x

′
3)

= u34(x
′′
1)u12(x6)u14(x

′
4)u24(x

′
2)u13(x

′
5)u23(x

′
3)

= u34(x
′′
1)u24(x

′′
2)u14(x

′′
4)u12(x

′
6)u13(x

′
5)u23(x

′
3)

= u34(x
′′
1)u24(x

′′
2)u14(x

′′
4)u23(x

′′
3)u13(x

′′
5)u12(x

′′
6). ✭✽✮

◆♦✇ ❧❡t✬s ♠❛❦❡ ❛ s✉❜st✐t✉t✐♦♥✿

τ : x1 ↔ y6; x2 ↔ y5; x3 ↔ y3; x4 ↔ y4; x5 ↔ y2; x6 ↔ y1. ✭✾✮

✻



τ ◦ θ(M) = u12(y1)u13(y2)u14(y4)u23(y3)u24(y5)u34(y6)

= u12(y1)u13(y2)u14(y4)u34(y
′
6)u24(y

′
5)u23(y

′
3)

= u12(y1)u34(y
′′
6)u14(y

′
4)u13(y

′
5)u24(y

′
5)u23(y

′
3)

= u34(y
′′
6)u12(y1)u14(y

′
4)u24(y

′
5)u13(y

′
2)u23(y

′
3)

= u34(y
′′
6)u24(y

′′
5)u14(x

′′
4)u12(y

′
1)u13(y

′
2)u23(x

′
3)

= u34(y
′′
6)u24(y

′′
5)u14(y

′′
4)u23(y

′′
3)u13(y

′′
2)u12(y

′′
1). ✭✶✵✮

❆ s✐♠✐❧❛r ❡①♣r❡ss✐♦♥ ❢♦r t❤❡ r✐❣❤t✲❤❛♥❞ s✐❞❡ ♦❢ t❤❡ s❡r✐❡s ♦❢ ❞❡❝♦♠♣♦s✐t✐♦♥s ✭✼✮ t❛❦❡s t❤❡ ❢♦r♠

τ ◦ θ(M) = u12(y1)u13(y2)u23(y3)u14(y4)u24(y5)u34(x6)

= u23(y
∗
3)u24(y

∗
2)u12(y

∗
1)u14(y4)u24(y5)u34(y6)

= u23(y
∗
3)u13(y

∗
2)u24(y

∗
5)u14(y

∗
4)u12(y

∗∗
1 )u34(y6)

= u23(y
∗
3)u24(y

∗
5)u13(y

∗
2)u14(y

∗
4)u34(y6)u12(y

∗∗
1 )

= u23(y
∗
3)u24(y

∗
5)u34(y

∗
6)u14(y

∗∗
4 )u13(y

∗∗
2 )u12(y

∗∗
1 )

= u34(y
′′
6)u24(y

′′
5)u14(y

′′
4)u23(y

′′
3)u13(y

′′
2)u12(x

′′
1). ✭✶✶✮

❚❤❡s❡ ❝❛❧❝✉❧❛t✐♦♥s ✐♠♣❧② t❤❛t t❤❡ ❝❤❛rts ❝♦rr❡s♣♦♥❞✐♥❣ t♦ t❤❡ ✶st✱ ✷♥❞✱ ✸r❞✱ ✺t❤ ❛♥❞ ✻t❤ ❧✐♥❡s ♦❢ t❤❡
❡q✉❛t✐♦♥s ✭✶✵✮ ❛♥❞ ✭✶✶✮ ❛r❡ ♣❛r❛♠❡tr✐s❛t✐♦♥s ✐♥ t❤❡ s♣❛❝❡s ♦❢ ✉♥✐♣♦t❡♥t ♠❛tr✐❝❡s ♦❢ t❤❡ ❢♦r♠

M ′′ =









1 y′′1 y′′2 y′′4
0 1 y′′3 y′′5
0 0 1 y′′6
0 0 0 1









. ✭✶✷✮

■♥ t❤✐s ❝❛s❡✱ t❤❡ tr❛♥s❢♦r♠❛t✐♦♥s ❜❡t✇❡❡♥ t❤❡ ❝❤❛rts ❢r♦♠ t♦♣ t♦ ❜♦tt♦♠ ❛r❡ ♥♦✇ ❝❛rr✐❡❞ ♦✉t ❜② t❤❡
♠❛♣s Tijk t❤❡♠s❡❧✈❡s✳

✸ ◗✉❛♥t✐s❛t✐♦♥s ♦❢ t❤❡ ✉♥✐♣♦t❡♥t ❣r♦✉♣s

✸✳✶ ❚❤❡ ❝❛s❡ N(3, A)✱ ❝❧❛ss✐✜❝❛t✐♦♥ ♦❢ st❛❜❧❡ P❇❲ ✐❞❡❛❧s

❈♦♥s✐❞❡r ❛ ❢r❡❡ ❛ss♦❝✐❛t✐✈❡ ✉♥✐t❛❧ ❛❧❣❡❜r❛ A = C ⟨x1, x2, x3⟩ ❛♥❞ ✐ts ❛✉t♦♠♦r♣❤✐s♠ T✱ ❞❡✜♥❡❞ ♦♥
❣❡♥❡r❛t♦rs ❜②

T : A → A, T(x1) = x1, T(x2) = x2 + x1x3, T(x3) = x3. ✭✶✸✮

■t ✐s ❦♥♦✇♥ ❬✶✸❪ t❤❛t t❤✐s ♠❛♣ T ❣✐✈❡s r✐s❡ t♦ ❛ s♦❧✉t✐♦♥ ♦❢ t❤❡ t❡tr❛❤❡❞r♦♥ ❡q✉❛t✐♦♥✱ ❛♥❛❧♦❣♦✉s t♦ t❤❡
♦♥❡ ✐♥ t❤❡ ❝♦♠♠✉t❛t✐✈❡ ❝❛s❡✳

❇② q✉❛♥t✐s❛t✐♦♥ ✇❡ ♠❡❛♥ t❤❡ ❝❛♥♦♥✐❝❛❧ r❡❞✉❝t✐♦♥ t♦ ❛ q✉♦t✐❡♥t ❛❧❣❡❜r❛ A/I ♦✈❡r ❛ t✇♦ s✐❞❡❞
T✕st❛❜❧❡ ✐❞❡❛❧ I ⊂ A ✱ ✐✳❡✳ T(I) ⊂ I✱ s✉❝❤ t❤❛t A/I ❛❞♠✐ts ❛ ❜❛s✐s

B = ⟨xn1x
m
2 xk3 |n,m, k ∈ Z⩾0⟩ ✭✶✹✮

♦❢ ♥♦r♠❛❧❧② ♦r❞❡r❡❞ ♠♦♥♦♠✐❛❧s✳ ❚❤❡ ✐❞❡❛❧ I ❛♥❞ q✉♦t✐❡♥t ❛❧❣❡❜r❛A/I ❛r❡ r❡❢❡rr❡❞ t♦ ❛s t❤❡ q✉❛♥t✐s❛t✐♦♥
✐❞❡❛❧ ❛♥❞ t❤❡ q✉❛♥t✉♠ ❛❧❣❡❜r❛✱ r❡s♣❡❝t✐✈❡❧②✳

❋♦r ❜r❡✈✐t②✱ ✇❡ r❡❢❡r t♦ ♥♦r♠❛❧❧② ♦r❞❡r❡❞ ♠♦♥♦♠✐❛❧s ❛s st❛♥❞❛r❞✳ ◆♦♥✲st❛♥❞❛r❞ ♠♦♥♦♠✐❛❧s ❝❛♥
❜❡ ❡①♣r❡ss❡❞ ✐♥ t❡r♠s ♦❢ t❤❡ st❛♥❞❛r❞ ♠♦♥♦♠✐❛❧ ❜❛s✐s ♠♦❞✉❧♦ t❤❡ ✐❞❡❛❧✳ ❚❤❡ ✐♥❡q✉❛❧✐t② ♠♦❞✉❧♦ ♦❢

✼



❛♥ ✐❞❡❛❧ I ✇✐❧❧ ❜❡ ❞❡♥♦t❡❞ ❜②
I
≡✱ ♦r s✐♠♣❧② ❜② ≡ ✇❤❡♥ t❤❡ ✐❞❡❛❧ ✉♥❞❡r ❞✐s❝✉ss✐♦♥ ✐s ❝❧❡❛r✳ ❆ ❜❛s✐s

♦❢ ♥♦r♠❛❧❧② ♦r❞❡r❡❞ ♠♦♥♦♠✐❛❧s ✭✶✹✮ ✇❡ r❡❢❡r ❛s ❛ P♦✐♥❝❛r✁❡✕❇✐r❦❤♦✛✕❲✐tt ♦r ❛ P❇❲ ❜❛s✐s✳ ❆♥ ✐❞❡❛❧
I ⊂ A ✇❡ r❡❢❡r ❛s ❛ P❇❲ ✐❞❡❛❧ ✐❢ t❤❡ q✉♦t✐❡♥t ❛❧❣❡❜r❛ A/I ❛❞♠✐ts ❛ P❇❲ ❜❛s✐s✳

❆s ❛ ❝❛♥❞✐❞❛t❡ ❢♦r ❛ q✉❛♥t✐s❛t✐♦♥ ✐❞❡❛❧✱ ✇❡ ❝♦♥s✐❞❡r t❤❡ ✐❞❡❛❧ I ❣❡♥❡r❛t❡❞ ❜② t❤❡ ❢♦❧❧♦✇✐♥❣ t❤r❡❡
♣♦❧②♥♦♠✐❛❧s✿

I = ⟨F1 := x2x1 − f1, F2 := x3x1 − f2, F3 := x3x2 − f3⟩ , ✭✶✺✮

✇❤❡r❡ fk ❛r❡ ❣❡♥❡r❛❧ q✉❛❞r❛t✐❝ ♥♦♥✲❤♦♠♦❣❡♥❡♦✉s ♣♦❧②♥♦♠✐❛❧s ❡①♣r❡ss❡❞ ✐♥ t❡r♠s ♦❢ ♥♦r♠❛❧❧② ♦r❞❡r❡❞
♠♦♥♦♠✐❛❧s ❛s✿

fk = x21αk1 + x1x2αk2 + x22αk3 + x1x3αk4 + x2x3αk5 + x23αk6 + x1βk1 + x2βk2 + x3βk3 + γk , ✭✶✻✮

✇✐t❤ αij , βij , γi ∈ C ❛s ❛r❜✐tr❛r② ♣❛r❛♠❡t❡rs✳ ❲❡ ❢✉rt❤❡r ❛ss✉♠❡✿

α12 ̸= 0, α24 ̸= 0, α35 ̸= 0. ✭✶✼✮

❚❤❡ ❝♦♥❞✐t✐♦♥s ❢♦r T✕st❛❜✐❧✐t② ♦❢ t❤❡ ✐❞❡❛❧ ❛♥❞ t❤❡ ❡①✐st❡♥❝❡ ♦❢ t❤❡ P❇❲ ❜❛s✐s ✐♥ t❤❡ q✉♦t✐❡♥t
❛❧❣❡❜r❛ A/I ✐♠♣♦s❡ ❝♦♥str❛✐♥ts ♦♥ t❤❡s❡ ♣❛r❛♠❡t❡rs✳

❚❤❡♦r❡♠ ✸✳✶✳ ❆♥ ✐❞❡❛❧ I ✭❛s ❞❡✜♥❡❞ ✐♥ ✭✶✺✮✱ ✭✶✻✮✱ ❛♥❞ ✭✶✼✮✮ ✐s T✕st❛❜❧❡ ❛♥❞ P❇❲ ✐❢ ❛♥❞ ♦♥❧② ✐❢ ✐t
✐s ❣❡♥❡r❛t❡❞ ❜② ♦♥❡ ♦❢ t❤❡ ❢♦❧❧♦✇✐♥❣ s❡ts ♦❢ ♣♦❧②♥♦♠✐❛❧s✿

❈❛s❡ ✶✿
x2 x1 − x1 x2 − x21α11 − x1 x3α14 − x23α16 − x1β11 − x3β13 − γ1,
x3 x1 − x1 x3,
x3 x2 − x2 x3 − x21α31 − x1 x3α34 − x23α36 − x1β31 − x3β33 − γ3;

✭✶✽✮

❈❛s❡ ✷✿
x2 x1 + x1 x2 − x21α11 − x23α16 − x3β13 − x1β33 − γ1,
x3 x1 + x1 x3,
x3 x2 + x2 x3 − x21α31 − x23α36 − x1β31 − x3β33 − γ3;

✭✶✾✮

❈❛s❡ ✸✿
x2 x1 − ω x1 x2 − x21α11 − x1β33,
x3 x1 − ω x1 x3,
x3 x2 − ω x2 x3 − x23α36 − x3β33,

✭✷✵✮

✇❤❡r❡ αij , βij , γi ❛♥❞ ω ̸= 0 ❛r❡ ❛r❜✐tr❛r② ♣❛r❛♠❡t❡rs✳

❘❡♠❛r❦ ✸✳✷✳

❼ ❈❛s❡s ✶✱ ✸ ❝❛♥ ❜❡ ✈✐❡✇❡❞ ❛s ❞❡❢♦r♠❛t✐♦♥s ♦❢ t❤❡ ❝♦♠♠✉t❛t✐✈❡ ♣♦❧②♥♦♠✐❛❧ ❛❧❣❡❜r❛ C[x1, x2, x3]✳

❼ ❈❛s❡ ✷ ❝♦rr❡s♣♦♥❞s t♦ ❛ q✉❛♥t✉♠ ❛❧❣❡❜r❛ t❤❛t ❤❛s ♥♦ ❝♦♠♠✉t❛t✐✈❡ ❧✐♠✐t✳ ■t ❝❛♥ ❜❡ ✈✐❡✇❡❞ ❛s ❛
❞❡❢♦r♠❛t✐♦♥ ♦❢ t❤❡ ♥♦♥❝♦♠♠✉t❛t✐✈❡ ❛❧❣❡❜r❛ C⟨x1, x2, x3⟩/⟨x1x2+x2x1, x1x3+x3x1, x3x2+x2x3⟩✳
❚❤❡ ❛ss♦❝✐❛t❡❞ P♦✐ss♦♥ str✉❝t✉r❡ ❝❛♥ ❜❡ ❝♦♥str✉❝t❡❞ ✉s✐♥❣ t❤❡ t❡❝❤♥✐q✉❡s ❞❡✈❡❧♦♣❡❞ ✐♥ ❬✶✷❪✳

❼ ❲❡ ✇♦✉❧❞ ❧✐❦❡ t♦ ♠❡♥t✐♦♥ t❤❛t ❢♦r ♣❛rt✐❝✉❧❛r ❝❤♦✐❝❡ ♦❢ ♣❛r❛♠❡t❡rs ♦✉r ✐❞❡❛❧s ❝♦rr❡s♣♦♥❞ t♦ t❤❡
s♦✲❝❛❧❧❡❞ ❈❛❧❛❜✐✲❨❛✉ ❛❧❣❡❜r❛s ✭❬✶✹❪✱❬✶✺❪✮✱ ❢♦r ❡①❛♠♣❧❡ ✐♥ ❈❛s❡ ✶ ❢♦r α11 = α34 = α36 = 0 ❛♥❞
β11 = β33 ✇❡ ❣❡t t❤❡ ♣♦t❡♥t✐❛❧

F = x3x2x1 − x1x2x3 −
1

3
α16x

3
3 −

1

3
α31x

3
1 − β11x1x3 −

1

2
β13x

2
3 −

1

2
β31x

2
1 − γ1x3 − γ3x1.

✽



❼ ❚❤❡ s②♠♠❡tr✐❝ ❈❛s❡ ✷ ❛❧s♦ ❝❛♥ ❜❡ ❜r♦✉❣❤t t♦ t❤❡ ♣♦t❡♥t✐❛❧ ❢♦r♠ ❢♦r α11 = α36 = 0.

Pr♦♦❢✿ ❖✉r ♣r♦♦❢ ✐s ❜❛s❡❞ ♦♥ t✇♦ ❧❡♠♠❛s ❛♥❞ ▲❡✈❛♥❞♦✈s❦②②✬s ❚❤❡♦r❡♠ ✷✳✸ ❬✶✻❪✳ ▲❡t ✉s ✜rst
❛ss✉♠❡ t❤❛t t❤❡ q✉♦t✐❡♥t ❛❧❣❡❜r❛ A/I ❛❞♠✐ts t❤❡ P❇❲ ❜❛s✐s ✭✶✹✮ ❛♥❞ ✜♥❞ ❛ ❣❡♥❡r❛❧ ❢♦r♠ ♦❢ ❛ T✕
st❛❜❧❡ ✐❞❡❛❧✳ ❚❤❡♥ ✇❡ ✇✐❧❧ ✜♥❞ ❛♥❞ s♦❧✈❡ ❝♦♥❞✐t✐♦♥s ❢♦r t❤❡ ❡①✐st❡♥❝❡ ♦❢ t❤❡ P❇❲ ❜❛s✐s✳

▲❡♠♠❛ ✸✳✸✳ ▲❡t t❤❡ st❛♥❞❛r❞ ♠♦♥♦♠✐❛❧s ❜❡ ❧✐♥❡❛r❧② ✐♥❞❡♣❡♥❞❡♥t ✐♥ A/I✳ ❚❤❡♥ ❛ T✕st❛❜❧❡ ✐❞❡❛❧ I ✐s
❣❡♥❡r❛t❡❞ ❜② ♣♦❧②♥♦♠✐❛❧s ♦❢ t❤❡ ❢♦r♠

x2 x1 − ωx1 x2 − x21α11 − x1 x3α14 − x23α16 − x1β11 − x3β13 − γ1,
x3 x1 − ωx1 x3,
x3 x2 − ωx2 x3 − x21α31 − x1 x3α34 − x23α36 − x1β31 − x3β33 − γ3,

✭✷✶✮

✇❤❡r❡ t❤❡ ❝♦❡✣❝✐❡♥ts αij , βij , γi ❛♥❞ ω ̸= 0 ❛r❡ ❛r❜✐tr❛r② ♣❛r❛♠❡t❡rs✳

Pr♦♦❢ ♦❢ ▲❡♠♠❛ ✸✳✸ ❚❤❡ ❧✐♥❡❛r ✐♥❞❡♣❡♥❞❡♥❝❡ ♦❢ t❤❡ st❛♥❞❛r❞ ♠♦♥♦♠✐❛❧s ✐♥ A/I ✐♠♣❧✐❡s t❤❛t ♥♦
♥♦♥tr✐✈✐❛❧ ❧✐♥❡❛r ❝♦♠❜✐♥❛t✐♦♥ ♦❢ t❤❡♠ ❧✐❡s ✐♥ t❤❡ ✐❞❡❛❧ I✳ ❚❤❡ st❛❜✐❧✐t② ❝♦♥❞✐t✐♦♥s T(Fk)≡0, k = 1, 2, 3
②✐❡❧❞ ❛ s②st❡♠ ♦❢ ♣♦❧②♥♦♠✐❛❧ ❡q✉❛t✐♦♥s ❢♦r t❤❡ ❝♦❡✣❝✐❡♥ts ♦❢ Fk✳ ❈♦♥s✐❞❡r

T(F2) = F2 − α23x1x3x1x3 − α22x
2
1x3 − α23x1x3x2 − α23x2x1x3 − α25x1x

2
3 − β22x1x3.

❯s✐♥❣ t❤❡ r❡❧❛t✐♦♥

α23x1x3x1x3 ≡ α23x1f2x3 = α24α23x
2
1x

2
3 + · · · γ2x1x3 ̸∈ I, α24 ̸= 0,

✐♥ ✇❤✐❝❤ ❛❧❧ ♠♦♥♦♠✐❛❧s ❛r❡ st❛♥❞❛r❞ ❛♥❞ t❤❡r❡❢♦r❡ ❧✐♥❡❛r❧② ✐♥❞❡♣❡♥❞❡♥t✱ ✇❡ ❝♦♥❝❧✉❞❡ t❤❛t α23 = 0 ❛♥❞
t❤❡ ❝♦♥❞✐t✐♦♥ T(F2) ∈ I ✐♠♣❧✐❡s

α23 = α22 = α25 = β22 = 0.

❍❡♥❝❡✱
x3x1 ≡ f2 = x1x3α24 + x21α21 + x23α26 + x1β21 + x3β23 + γ2. ✭✷✷✮

❙✐♠✐❧❛r❧②✱ t❤❡ ❝♦♥❞✐t✐♦♥s T(F1),T(F3) ∈ I ✐♠♣❧②

α13 = α33 = 0,

❛♥❞ t❤❡r❡❢♦r❡

T(F1) ≡ −x21x3α1,2 − x1x
2
3α1,5 − x1x3β1,2 + x1x3x1, ✭✷✸✮

T(F3) ≡ −x21x3α3,2 − x1x
2
3α3,5 − x1x3β3,2 + x3x1x3. ✭✷✹✮

❲❡ ✉s❡ t❤❡ r❡❧❛t✐♦♥s
x1x3x1 ≡ x1f2, x3x1x3 ≡ f2x3

t♦ r❡✇r✐t❡ t❤❡ r✐❣❤t✕❤❛♥❞ s✐❞❡s ♦❢ ✭✷✸✮ ❛♥❞ ✭✷✹✮ ❛s ❧✐♥❡❛r ❝♦♠❜✐♥❛t✐♦♥s ♦❢ st❛♥❞❛r❞ ♠♦♥♦♠✐❛❧s✿

T(F1) ≡ x21x3 (α24 − α12) + x1x
2
3 (α26 − α15) + x31α21 + x1x3 (β23 − β12) + x21β21 + γ2x1,

T(F3) ≡ x21x3 (α21 − α32) + x1x
2
3 (α24 − α35) + x33α26 + x1x3 (β21 − β32) + x23β23 + γ2x3,

❛♥❞ t❤❡s❡ ❡①♣r❡ss✐♦♥s ♠✉st ✈❛♥✐s❤✳
❙✐♥❝❡ t❤❡ st❛♥❞❛r❞ ♠♦♥♦♠✐❛❧s ❛r❡ ❛ss✉♠❡❞ t♦ ❜❡ ❧✐♥❡❛r❧② ✐♥❞❡♣❡♥❞❡♥t✱ ✇❡ ♦❜t❛✐♥

α12 = α24 = α35 := ω ̸= 0, α15 = α21 = α26 = α32 = β12 = β21 = β23 = β32 = γ2 = 0. ✷

■♥ ❛❧❣❡❜r❛ A/I ✇✐t❤ I ❣❡♥❡r❛t❡❞ ❜② ♣♦❧②♥♦♠✐❛❧s ♦❢ t❤❡ ❢♦r♠ ✭✷✶✮ ✇❡ ❝❛♥ ❝❤♦♦s❡ ❛♥② ♦r❞❡r✐♥❣ ♦❢ t❤❡
❣❡♥❡r❛t♦rs ❛s ❛ ♥♦r♠❛❧ ♦r❞❡r✐♥❣✳ ▼♦r❡♦✈❡r✱ t❤❡ ❝♦♥❞✐t✐♦♥s ❢♦r t❤❡ ❡①✐st❡♥❝❡ ♦❢ ❛ P❇❲ ❜❛s✐s ❞♦ ♥♦t
❞❡♣❡♥❞ ♦♥ t❤❡ ♦r❞❡r✐♥❣✳

✾



▲❡♠♠❛ ✸✳✹✳ ▲❡t ❛♥ ✐❞❡❛❧ I ⊂ A ❜❡ ❣❡♥❡r❛t❡❞ ❜② ♣♦❧②♥♦♠✐❛❧s ✭✷✶✮ ❛♥❞ ω ̸= 0✳ ❚❤❡♥ t❤❡ q✉♦t✐❡♥t
❛❧❣❡❜r❛ A/I ❛❞♠✐ts ❛ P❇❲ ❜❛s✐s B = ⟨xn1x

m
2 xk3 |n,m, k ∈ Z⩾0⟩ ✐❢ ❛♥❞ ♦♥❧② ✐❢ ✐t ❛❞♠✐ts ❛ P❇❲ ❜❛s✐s

Bσ = ⟨xnσ(1)x
m
σ(2)x

k
σ(3) |n,m, k ∈ Z⩾0⟩✱ ✇❤❡r❡ σ ✐s ❛♥② ♣❡r♠✉t❛t✐♦♥ ♦❢ {1, 2, 3}✳

❚♦ ❞❡t❡r♠✐♥❡ ❛ ❝r✐t❡r✐♦♥ ❢♦r t❤❡ ❡①✐st❡♥❝❡ ♦❢ ❛ P❇❲ ❜❛s✐s✱ ✇❡ ✇✐❧❧ ✉s❡ ▲❡✈❛♥❞♦✈s❦②②✬s ❚❤❡♦r❡♠
❬✶✻❪ ✭❚❤❡♦r❡♠ ✷✳✸✮✳ ❚♦ ❞♦ s♦✱ ✇❡ ✐♥tr♦❞✉❝❡ t❤❡ ♥♦t❛t✐♦♥s ❛♥❞ ❞❡✜♥✐t✐♦♥s t❤❛t ✇✐❧❧ ❜❡ ✉s❡❞ t❤r♦✉❣❤♦✉t
t❤✐s ❛♥❞ s✉❜s❡q✉❡♥t s❡❝t✐♦♥s ♦❢ t❤❡ ♣❛♣❡r✳

❈♦♥s✐❞❡r ❛ ❢r❡❡ ❛ss♦❝✐❛t✐✈❡ ❛❧❣❡❜r❛ A = C⟨s1, . . . , sn⟩ ✇✐t❤ n ❣❡♥❡r❛t♦rs s1, . . . , sn✳ ▲❡t M ❞❡♥♦t❡
t❤❡ s❡t ♦❢ ❛❧❧ ♠♦♥♦♠✐❛❧s ✐♥ A✳ ❉❡✜♥❡ t❤❡ s❡t ♦❢ st❛♥❞❛r❞ ♠♦♥♦♠✐❛❧s

B = {sα1

1 sα2

2 · · · sαn

n | (α1, α2, . . . , αn) ∈ Z
n
⩾0} ✭✷✺✮

❛♥❞ ❧❡t LB = spanC(B) ❞❡♥♦t❡s t❤❡ C✕❧✐♥❡❛r s♣❛❝❡ s♣❛♥♥❡❞ ❜② t❤❡ st❛♥❞❛r❞ ♠♦♥♦♠✐❛❧s✳ ❚✇♦ ♠♦♥♦✲
♠✐❛❧s a, b ∈ A ❛r❡ s❛✐❞ t♦ ❜❡ s✐♠✐❧❛r a ∼ b ✐❢ b ❝❛♥ ❜❡ ♦❜t❛✐♥❡❞ ❢r♦♠ a ❜② ❛ ♣❡r♠✉t❛t✐♦♥ ♦❢ ❧❡tt❡rs
✭❡✳❣✳ s21s3 ̸∼ s1s2s3 ∼ s3s2s1 ∼ s2s1s3✮✳ ❚❤❡r❡ ✐s ❛ ♣r♦❥❡❝t✐♦♥ π0 : M 7→ B ❞❡✜♥❡❞ ❜② t❤❡ ❝♦♥❞✐t✐♦♥
π0(a) = π0(b) ⇔ a ∼ b✳

❉❡✜♥✐t✐♦♥ ✸✳✺✳ ❋r♦♠ t❤✐s ♣♦✐♥t ♦♥✇❛r❞✱ ✇❡ ✜① t❤❡ ❢♦❧❧♦✇✐♥❣ ♠♦♥♦♠✐❛❧ ♦r❞❡r✐♥❣ ≺ ♦♥ M✿ t❤❡ ❣❡♥❡r✲
❛t♦rs ❛r❡ ♦r❞❡r❡❞ ❛s s1 ≺ · · · ≺ sn✳ ❋♦r st❛♥❞❛r❞ ♠♦♥♦♠✐❛❧s✱ ✇❡ ✉s❡ t❤❡ r❡✈❡rs❡ ✭r✐❣❤t✮ ❧❡①✐❝♦❣r❛♣❤✐❝❛❧

♦r❞❡r✳ ◆❛♠❡❧②✱ sα1

1 · · · sαn

n ≺ sβ1

1 · · · sβn

n ✐❢ ✐♥ t❤❡ ❞✐✛❡r❡♥❝❡ (β1−α1, . . . , βn−αn) t❤❡ r✐❣❤t♠♦st ♥♦♥③❡r♦
❡♥tr② ✐s ♣♦s✐t✐✈❡✳ ❲❡ ❡①t❡♥❞ ✐t t♦ M ❛s ❢♦❧❧♦✇✐♥❣✿

❼ a ≺ b ✐❢ π0(a) ≺ π0(b)❀

❼ ✐❢ a ∼ b✱ ✇❡ ✜♥❞ t❤❡✐r ❧❛r❣❡st ❝♦♠♠♦♥ ❧❡❢t s✉❜✇♦r❞ m s✉❝❤ t❤❛t a = ma1, b = mb1✱ ♦r s❡t
m = 1 ✐❢ ♥♦ s✉❝❤ s✉❜✇♦r❞ ❡①✐sts✳ ▲❡t si ❛♥❞ sj ❞❡♥♦t❡ t❤❡ ✜rst ❧❡tt❡rs ♦❢ a1 ❛♥❞ b1✱ r❡s♣❡❝t✐✈❡❧②
✭❝♦✉♥t✐♥❣ ❢r♦♠ t❤❡ ❧❡❢t✮✳ ❚❤❡♥✱ a ≺ b ✐❢ si ≺ sj ✳

■♥ t❤✐s ♦r❞❡r✐♥❣✱ st❛♥❞❛r❞ ♠♦♥♦♠✐❛❧s ❛r❡ t❤❡ s♠❛❧❧❡st ✇✐t❤✐♥ t❤❡✐r ❡q✉✐✈❛❧❡♥❝❡ ❝❧❛ss❡s ♦❢ ♠♦♥♦♠✐❛❧s✳
❋♦r ❡①❛♠♣❧❡✿

1 ≺ s1 ≺ s21 ≺ s2 ≺ s1s2 ≺ s2s1 ≺ s22 ≺ s3 ≺ s1s3 ≺ s2s3 ≺ s1s2s3 ≺ s2s1s3 ≺ s3s1s2 . ✭✷✻✮

❆♥② ♥♦♥✲③❡r♦ f ∈ A ❝❛♥ ❜❡ ✇r✐tt❡♥ ✉♥✐q✉❡❧② ❛s f = cm+ f ′✱ ✇❤❡r❡ c ∈ C
∗, m ∈ M ❛♥❞ m′ ≺ m✳ ❲❡

❞❡✜♥❡ lm(f) := m t❤❡ ❧❡❛❞✐♥❣ ♠♦♥♦♠✐❛❧ ♦❢ f ✱ ❛♥❞ r❡❢❡r t♦ t❤❡ ♣r♦❞✉❝t cm ❛s t❤❡ ❧❡❛❞✐♥❣ t❡r♠ ♦❢ f ✳
❙✉♣♣♦s❡ ✇❡ ❤❛✈❡ ❛ s❡t ♦❢ n(n− 1)/2 ♣♦❧②♥♦♠✐❛❧s fij ✿

F = {fij | 1 ⩽ i < j ⩽ n} ⊂ A = C⟨s1, . . . , sn⟩, ✇❤❡r❡
∀ i < j fij = sjsi − ωijsisj − dij , ωij ∈ C

∗, dij ∈ LB,
✭✷✼✮

s✉❝❤ t❤❛t
lm(dij) ≺ sisj ≺ lm(fij) = sjsi. ✭✷✽✮

■♥ t❤❡ ♣♦❧②♥♦♠✐❛❧s fij ✱ ❛❧❧ ♠♦♥♦♠✐❛❧s✱ ❡①❝❡♣t t❤❡ ❧❡❛❞✐♥❣ ♠♦♥♦♠✐❛❧ sjsi✱ ❛r❡ ♥♦r♠❛❧❧② ♦r❞❡r❡❞ ✭st❛♥✲
❞❛r❞✮✳ ❆❧s♦ ✇❡ ❝♦♥s✐❞❡r ♦♥❧② ❤♦♠♦❣❡♥❡♦✉s q✉❛❞r❛t✐❝ ♣♦❧②♥♦♠✐❛❧s dij ✳

❆♥② ❡❧❡♠❡♥t a ∈ A ❝❛♥ ❜❡ ❜r♦✉❣❤t t♦ t❤❡ ♥♦r♠❛❧❧② ♦r❞❡r❡❞ ❢♦r♠ ❝♦♥t❛✐♥✐♥❣ ♦♥❧② st❛♥❞❛r❞ ♠♦♥♦✲
♠✐❛❧s✳ ■♥❞❡❡❞✱ ❧❡t m ❜❡ t❤❡ ❧❡❛❞✐♥❣ ♥♦♥✲st❛♥❞❛r❞ ♠♦♥♦♠✐❛❧ ✐♥ a✳ ❙✐♥❝❡ m ✐s ♥♦♥✲st❛♥❞❛r❞✱ ✐t ♠✉st
❝♦♥t❛✐♥ ❛ ♣❛✐r ♦❢ ❣❡♥❡r❛t♦rs sisj ❛♣♣❡❛r✐♥❣ ✐♥ t❤❡ ✇r♦♥❣ ♦r❞❡r ✭✐✳❡✳✱ ✇✐t❤ i < j✮✳ ❚❤✉s✱ ✇❡ ❝❛♥ ✇r✐t❡
m = psjsiq✱ ✇❤❡r❡ p, q ❛r❡ ♠♦♥♦♠✐❛❧s✳ ❲❡ r❡✇r✐t❡ t❤✐s ❛s m = p(sjsi− fij)q+pfijq✳ ❇② ❝♦♥str✉❝t✐♦♥✱

✶✵



t❤❡ ❧❡❛❞✐♥❣ ♠♦♥♦♠✐❛❧ ♦❢ lm(p(sjsi− fij)q) ✐s str✐❝t❧② s♠❛❧❧❡r t❤❛♥ m ✇✐t❤ r❡s♣❡❝t t♦ t❤❡ ♠♦♥♦♠✐❛❧ ♦r✲
❞❡r ≺✳ ❙✐♥❝❡ t❤❡ ♥✉♠❜❡r ♦❢ ♠♦♥♦♠✐❛❧s ♦❢ ❛ ✜①❡❞ ❣r❛❞✐♥❣ ✐s ✜♥✐t❡✱ t❤❡ ♣r♦❝❡ss ♦❢ r❡♦r❞❡r✐♥❣ t❡r♠✐♥❛t❡s
❛❢t❡r ✜♥✐t❡❧② ♠❛♥② st❡♣s✳ ❆s ❛ r❡s✉❧t✱ ✇❡ ❝❛♥ ❡①♣r❡ss a ✐♥ t❤❡ ❢♦r♠

a = NF(a|F ) + ã,

✇❤❡r❡ NF(a|F ) ∈ LB ✐s ❛ ♥♦r♠❛❧❧② ♦r❞❡r❡❞ ♣♦❧②♥♦♠✐❛❧ ✭✐✳❡✳✱ ❛ ❧✐♥❡❛r ❝♦♠❜✐♥❛t✐♦♥ ♦❢ st❛♥❞❛r❞ ♠♦♥♦✲
♠✐❛❧s✮✱ ❛♥❞ t❤❡ r❡♠❛✐♥❞❡r ❤❛s t❤❡ ❢♦r♠

ã =
∑

k

∑

1⩽i<j⩽n

pkijfijqkij , pkij , qkij ∈ A.

NF(a|F ) ✐s ❝❛❧❧❡❞ t✇♦ s✐❞❡❞ ♥♦r♠❛❧ ❢♦r♠ ♦❢ a ✇✐t❤ r❡s♣❡❝t t♦ t❤❡ s❡t F ✭✷✼✮ ❛♥❞ ♠♦♥♦♠✐❛❧ ♦r❞❡r✐♥❣ ≺✳
■♥ ❣❡♥❡r❛❧✱ t❤❡ ♥♦r♠❛❧ ❢♦r♠ ♦❢ ❛♥ ❡❧❡♠❡♥t a ∈ A ✐s ♥♦t ✉♥✐q✉❡❧② ❞❡✜♥❡❞✿ ✐t ♠❛② ❞❡♣❡♥❞ ♦♥ t❤❡ ♦r❞❡r
✐♥ ✇❤✐❝❤ t❤❡ ♣❛✐rs sisj ✇✐t❤ i < j ❛r❡ ❝❤♦s❡♥ ❢♦r r❡✇r✐t✐♥❣✳ ❚❤❡ r❡q✉✐r❡♠❡♥t t❤❛t t❤❡ ♥♦r♠❛❧ ❢♦r♠ ❜❡
✉♥✐q✉❡ ✐♠♣♦s❡s ❝♦♥❞✐t✐♦♥s ♦♥ t❤❡ ❝♦❡✣❝✐❡♥ts ♦❢ t❤❡ ♣♦❧②♥♦♠✐❛❧s fij ✳ ❚❤❡s❡ ❝♦♥❞✐t✐♦♥s ❛r❡ ✇❡❧❧ ❦♥♦✇♥
✭s❡❡✱ ❢♦r ❡①❛♠♣❧❡✱ ❚❤❡♦r❡♠ ✷✳✶ ✐♥ ❬✶✼❪✮✳ ❍❡r❡ ✇❡ ✇✐❧❧ ✉s❡ ▲❡✈❛♥❞♦✈s❦②②✬s ❚❤❡♦r❡♠ ❬✶✻❪ ✭❚❤❡♦r❡♠ ✷✳✸✮✱
❛❞❛♣t❡❞ t♦ ♦✉r ♥♦t❛t✐♦♥✳

❚❤❡♦r❡♠ ✸✳✻✳ ▲❡t I = ⟨F ⟩ ⊂ A ❜❡ t❤❡ t✇♦✕s✐❞❡❞ ✐❞❡❛❧ ❣❡♥❡r❛t❡❞ ❜② ❛ s❡t ♦❢ ♣♦❧②♥♦♠✐❛❧s F ✭✷✼✮
s❛t✐s❢②✐♥❣ ❝♦♥❞✐t✐♦♥s ✭✷✽✮✳ ❚❤❡♥✱ t❤❡ ❢♦❧❧♦✇✐♥❣ ❝♦♥❞✐t✐♦♥s ❛r❡ ❡q✉✐✈❛❧❡♥t✿

✶✳ ❚❤❡ q✉♦t✐❡♥t C✕❛❧❣❡❜r❛ A/I ❤❛s ❛ P♦✐♥❝❛r✁❡✕❇✐r❦❤♦✛✕❲✐tt ❜❛s✐s B❀

✷✳ F ✐s ❛ ●r☎♦❜♥❡r ❜❛s✐s ❢♦r I ✇✐t❤ r❡s♣❡❝t t♦ t❤❡ ♦r❞❡r✐♥❣ ≺❀

✸✳ ❋♦r ❛❧❧ 1 ⩽ i < j < k ⩽ n✱

∆kji = NF(NF(sk sj |F ) si|F )−NF(sk NF(sj si|F )|F ) = 0. ✭✷✾✮

■♥ ✭✷✾✮✱ t❤❡ r❡♦r❞❡r✐♥❣ s❡q✉❡♥❝❡ ✐s ✉♥✐q✉❡✳ ❚❤❡ ❝♦♥❞✐t✐♦♥s ✭✷✾✮ ❛r❡ ♥❡❝❡ss❛r② ❛♥❞ s✉✣❝✐❡♥t ❢♦r
t❤❡ ❧✐♥❡❛r ✐♥❞❡♣❡♥❞❡♥❝❡ ♦❢ st❛♥❞❛r❞ ♠♦♥♦♠✐❛❧s ✐♥ t❤❡ q✉♦t✐❡♥t ❛❧❣❡❜r❛ A/I✳ ❚❤❡② ❣✉❛r❛♥t❡❡ t❤❡
✉♥✐q✉❡♥❡ss ♦❢ ♥♦r♠❛❧❧② ♦r❞❡r❡❞ ❢♦r♠s✳

❲❡ ❝❛♥ ✉s❡ t❤❡ ❛❜♦✈❡ r❡s✉❧t t♦ ✜♥❞ ♥❡❝❡ss❛r② ❛♥❞ s✉✣❝✐❡♥t ❝♦♥❞✐t✐♦♥s ❢♦r t❤❡ ❡①✐st❡♥❝❡ ♦❢ ❛ P❇❲
❜❛s✐s ♦❢ t❤❡ q✉♦t✐❡♥t ❛❧❣❡❜r❛ A/I ✐♥ t❤❡ ❝❛s❡ ♦❢ ✐❞❡❛❧s I ❣❡♥❡r❛t❡❞ ❜② ♣♦❧②♥♦♠✐❛❧s ✭✷✶✮✳ ▲❡t ✉s ❝♦♥s✐❞❡r
t❤❡ ❛❧❣❡❜r❛ A = C⟨s1, s2, s3⟩ ❛♥❞ ✐❞❡♥t✐❢② t❤❡ ✈❛r✐❛❜❧❡s si ✇✐t❤ xi ❛s

s1 = x1, s2 = x3, s3 = x2. ✭✸✵✮

❚❤❡♥ t❤❡ ✐❞❡❛❧ I ⊂ A ✐s ❣❡♥❡r❛t❡❞ ❜② t❤❡ ♣♦❧②♥♦♠✐❛❧s

f12 = s2 s1 − ωs1 s2,
f13 = s3 s1 − ωs1 s3 − s21α11 − s1 s2α14 − s22α16 − s1β11 − s2β13 − γ1,
f23 = s3 s2 − ω−1s2 s3 + ω−1(s21α31 + s1 s2α34 + s22α36 + s1β31 + s2β33 + γ3).

✭✸✶✮

❈♦♥❞✐t✐♦♥s ✭✷✽✮ ❛r❡ ❝❧❡❛r❧② s❛t✐s✜❡❞ ✭s❡❡ ✭✷✻✮✮✿

s1s2 ≺ s2s1, s22 ≺ s1s3 ≺ s3s1, s22 ≺ s2s3 ≺ s3s2.

■♥ t❤❡ ❝❛s❡ n = 3✱ t❤❡r❡ ✐s ♦♥❧② ♦♥❡ ❡q✉❛t✐♦♥ ✭✷✾✮

∆321 = NF(NF(s3 s2|F ) s1|F )−NF(sk NF(sj si|F )|F ) = 0,

✶✶



✇❤✐❝❤ ♠✉st ❜❡ s❛t✐s✜❡❞✳ ■t ❢♦❧❧♦✇s ❢r♦♠

NF(NF(s3 s2|F ) s1|F ) = s1 s2 (β11 − β33) + s21 s2 (ωα11 − α34) + s22β13ω
−1

+ s1 s
2
2 (α14 − ωα36) + s32α16ω

−1 − s31α31ω
−1 − s21β31ω

−1 + γ1s2ω
−1 − γ3s1ω

−1 + s1 s2 s3ω,

NF(sk NF(sjsi|F )|F ) = s1 s2 (ωβ11 − ωβ33) + s21s2 (ωα11 − ωα34) + s22ωβ13
+ s1 s

2
2 (ωα14 − ωα36) + s32ωα16 − s31ωα31 − s21ωβ31 + γ1s2ω − γ3s1ω + s1 s2 s3ω,

t❤❛t
∆321 = (ω − 1)

(

s1s2 (β33 − β11)− s1s
2
2α14 + s21s2α34

)

+ ω−1(1− ω2)
(

s22β13 + s32α16 − s31α31 − s21β31 + γ1s2 − γ3s1

)

= 0.

❚❤❡ ❛❜♦✈❡ ❧❡❛❞s t♦ t❤r❡❡ ❝❛s❡s ❛s st❛t❡❞ ✐♥ t❤❡ t❤❡♦r❡♠✿

✶✳ ω = 1✱ ✇✐t❤ ♥♦ ❝♦♥❞✐t✐♦♥s ♦♥ t❤❡ ♦t❤❡r ❝♦❡✣❝✐❡♥ts❀

✷✳ ω = −1✱ ✇✐t❤ t❤❡ ❝♦♥❞✐t✐♦♥s β33 = β11 ❛♥❞ α14 = α34 = 0❀

✸✳ β33 = β11 ❛♥❞ α14 = α34 = β13 = α16 = α31 = β31 = γ1 = γ3 = 0✳ ✷

❘❡♠❛r❦ ✸✳✼✳ ❚❤❡ ✐❞❡♥t✐✜❝❛t✐♦♥ ✭✸✵✮ ❞❡✜♥❡s t❤❡ ♠♦♥♦♠✐❛❧ ♦r❞❡r✐♥❣ ✐♥ A✱ s✉❝❤ t❤❛t t❤❡ ✐❞❡❛❧ I ✐♥
▲❡♠♠❛ ✸✳✸ ✐s ❣❡♥❡r❛t❡❞ ❜② ♣♦❧②♥♦♠✐❛❧s s❛t✐s❢②✐♥❣ t♦ t❤❡ ❝♦♥❞✐t✐♦♥s ✭✷✼✮✱ ✭✷✽✮✳ ▼♦r❡♦✈❡r✱ ✇✐t❤ t❤✐s
♦r❞❡r✐♥❣✱ t❤❡ ❧❡❛❞✐♥❣ t❡r♠ ♦❢ ❛♥② ❡❧❡♠❡♥t a ∈ A ✐s T✕st❛❜❧❡ ❛s lm(T(a)) = lm(a)✳ ❚❤❡ ❛❧❣❡❜r❛ A ✇✐t❤
t❤❡ ✐❞❡❛❧ I ❛❧s♦ ❛❞♠✐ts ❛ ❞✐✛❡r❡♥t ♠♦♥♦♠✐❛❧ ♦r❞❡r✐♥❣✱ ❝♦rr❡s♣♦♥❞✐♥❣ t♦ t❤❡ ✐❞❡♥t✐✜❝❛t✐♦♥

ŝ1 = x3, ŝ2 = x1, ŝ3 = x2, ✭✸✷✮

✇❤✐❝❤ s✐♠✐❧❛r❧② s❛t✐s✜❡s t❤❡ ❛❜♦✈❡ ♣r♦♣❡rt✐❡s✳ ❚❤✐s ❛❧t❡r♥❛t✐✈❡ ♠♦♥♦♠✐❛❧ ♦r❞❡r✐♥❣ ❝♦rr❡s♣♦♥❞s t♦ t❤❡
✐♥✈♦❧✉t✐♦♥ ✐♥tr♦❞✉❝❡❞ ✐♥ ❙❡❝t✐♦♥ ✷✳✷ ✇❤✐❝❤ ❝♦rr❡s♣♦♥❞ t♦ r❡✢❡❝t✐♥❣ t❤❡ ♠❛tr✐① ✐♥ ✭✹✮ ❛❝r♦ss ✐ts ❛♥t✐❞✐✲
❛❣♦♥❛❧✳ ✷

✸✳✷ ❚❤❡ ❝❛s❡ N(4,A)✱ ♣❛rt✐❛❧ ❝❧❛ss✐✜❝❛t✐♦♥ ♦❢ q✉❛♥t✐s❛t✐♦♥ ✐❞❡❛❧s

❖✉r ♠❛✐♥ t❛s❦ ✐s t♦ ❞❡s❝r✐❜❡ t❤❡ q✉❛♥t✐s❛t✐♦♥ ✐❞❡❛❧s ♦❢ t❤❡ ❢r❡❡ ❛ss♦❝✐❛t✐✈❡ ❛❧❣❡❜r❛ A = C ⟨x1, . . . , x6⟩
s✉❝❤ t❤❛t t❤❡ ♠❛♣s Tijk ❞❡✜♥❡❞ ❛s T ♦♥ t❤❡ ❝♦rr❡s♣♦♥❞✐♥❣ ❝♦♠♣♦♥❡♥ts

Tijk(xl) =

{

xj + xixk, l = j,

xl, l ̸= j.
✭✸✸✮

❛❝t ❛s ❛✉t♦♠♦r♣❤✐s♠s✳ ■♥ ❢❛❝t✱ ✇❡ ✇✐❧❧ ❝♦♥s✐❞❡r ♦♥❧② t❤♦s❡ ♠❛♣s t❤❛t ❛♣♣❡❛r ✐♥ t❤❡ ❩❛♠♦❧♦❞❝❤✐❦♦✈
❡q✉❛t✐♦♥

T123 ◦ T145 ◦ T246 ◦T356 = T356 ◦T246 ◦T145 ◦ T123. ✭✸✹✮

❉✉❡ t♦ t❤❡ ❢❛❝t t❤❛t Tijk ❛r❡ ❤♦♠♦♠♦r♣❤✐s♠s ♦❢ t❤❡ ❢r❡❡ ❛ss♦❝✐❛t✐✈❡ ❛❧❣❡❜r❛ ❜② ❞❡✜♥✐t✐♦♥✱ ✇❡ ❝♦♥❝❧✉❞❡
t❤❛t ✐t ✐s s✉✣❝✐❡♥t t♦ ❝❤❡❝❦ t❤❡ ✐❞❡♥t✐t② ✭✸✹✮ ♦♥❧② ♦♥ t❤❡ ❣❡♥❡r❛t♦rs ♦❢ t❤❡ ❛❧❣❡❜r❛ x1, . . . , x6✳ ❈❤❡❝❦✐♥❣
t❤❡ ❡q✉❛❧✐t② ✭✸✹✮ t✉r♥s ♦✉t t♦ ❜❡ ♥♦♥✲tr✐✈✐❛❧ ♦♥❧② ❢♦r x4

LHS(x4) = RHS(x4) = x4 + x1x5 + x1x3x6 + x2x6.

❲❡ ❛❞❛♣t t❤❡ ♥♦t❛t✐♦♥ ❢r♦♠ t❤❡ ♣r❡✈✐♦✉s ❝❤❛♣t❡r✱ ♥❛♠❡❧②✱ ✇❡ ✐♥tr♦❞✉❝❡ ❣❡♥❡r❛t♦rs ♦❢ t❤❡ t❡♥s♦r
❛❧❣❡❜r❛ A = C ⟨s1, . . . , s6⟩ ✇✐t❤ t❤❡ ♠♦♥♦♠✐❛❧ ♦r❞❡r✐♥❣ ❞❡s❝r✐❜❡❞ ❛❜♦✈❡ ✭✷✻✮ ❞✉❡ t♦ t❤❡ ✐❞❡♥t✐✜❝❛t✐♦♥

s1 = x1, s2 = x3, s3 = x2, s4 = x6, s5 = x5, s6 = x4. ✭✸✺✮

✶✷



▼♦✈✐♥❣ t♦ ✈❛r✐❛❜❧❡s si✱ ✐t ✐s ❝♦♥✈❡♥✐❡♥t t♦ ❝❤❛♥❣❡ ♥♦t❛t✐♦♥s ❢♦r t❤❡ ♠❛♣s Tijk ✐♥ ♦r❞❡r t♦ ♠❛❦❡
t❤❡♠ ❝♦♥s✐st❡♥t ✇✐t❤ t❤❡ ✐♥❞✐❝❡s✿ Φ132 = T123,Φ165 = T145,Φ364 = T246,Φ254 = T356✳ ❋♦r ❡①❛♠♣❧❡

Φ132(s3) = s3 + s1s2 = T123(x2) = x2 + x1x3,

Φ165(s6) = s6 + s1s5, Φ364(s6) = s6 + s3s4,

Φ254(s5) = s5 + s2s4.

❚❤✉s

Φijk(sl) =

{

sj + sisk, l = j,

sl, l ̸= j.
✭✸✻✮

❲❡ ✐♥tr♦❞✉❝❡ t❤❡ s❡t ♦❢ ❛❞♠✐ss✐❜❧❡ tr✐♣❧❡s ♦❢ ✐♥❞✐❝❡s S = {(1, 3, 2), (1, 6, 5), (3, 6, 4), (2, 5, 4)} ✇❤✐❝❤
❝♦rr❡s♣♦♥❞ t♦ t❤❡ ❤♦♠♦♠♦r♣❤✐s♠s Φijk t❤❛t ♦❝❝✉r ✐♥ t❤❡ t❡tr❛❤❡❞r♦♥ ❡q✉❛t✐♦♥✳

❘❡❝❛❧❧ t❤❛t M ❞❡♥♦t❡s t❤❡ s❡t ♦❢ ❛❧❧ ♠♦♥♦♠✐❛❧s ✐♥ t❤❡ ❢r❡❡ ❛❧❣❡❜r❛ A✱ ❛♥❞ t❤❛t B r❡❢❡rs t♦ t❤❡ s❡t
♦❢ st❛♥❞❛r❞ ♠♦♥♦♠✐❛❧s ❞❡✜♥❡❞ ✐♥ ✭✷✺✮✳ ❚❤❡ ♠❛♣ lm : A → M ❛ss✐❣♥s t♦ ❡❛❝❤ ❡❧❡♠❡♥t ♦❢ A ✐ts ❧❡❛❞✐♥❣
♠♦♥♦♠✐❛❧ ✇✐t❤ r❡s♣❡❝t t♦ t❤❡ ♠♦♥♦♠✐❛❧ ♦r❞❡r✐♥❣ ≺ ✐♥tr♦❞✉❝❡❞ ✐♥ ❉❡✜♥✐t✐♦♥ ✸✳✺✳

▲❡♠♠❛ ✸✳✽✳ ❋♦r ❛♥② a ∈ M ❛♥❞ ❛♥② ❛❞♠✐ss✐❜❧❡ tr✐♣❧❡ (i, j, k) ∈ S✱ lm(Φijk(a)) = a

Pr♦♦❢✳ ■t ✐s tr✉❡ t❤❛t lm(ab) = lm(a) lm(b)✱ Φijk(ab) = Φijk(a)Φijk(b)✱ s♦ ✐t s✉✣❝❡s t♦ ♣r♦✈❡ t❤❡
st❛t❡♠❡♥t ❢♦r a = s1, . . . , s6✳ ◆♦t❡ t❤❛t sisk ≺ sj ✱ s✐♥❝❡ k < j ❢♦r (i, j, k) ∈ S✱ t❤❡♥

lm(Φijk(sl)) = lm(sl + δl,jsisk) = sl,

✇❤❡r❡ δl,j ✐s t❤❡ ❑r♦♥❡❝❦❡r ❞❡❧t❛✳

❲❡ ❜❡❣✐♥ t❤❡ ❝❧❛ss✐✜❝❛t✐♦♥ ❜② st✉❞②✐♥❣ ✐❞❡❛❧s ♦❢ t♦r✐❝ t②♣❡✱ ❞❡♥♦t❡❞ ❜② Ig✱ ✇❤✐❝❤ ❛r❡ ❣❡♥❡r❛t❡❞ ❜②
r❡❧❛t✐♦♥s ♦❢ t❤❡ ❢♦r♠

gij = sjsi − ωijsisj , ωji = ω−1
ij , ✭✸✼✮

❛♥❞ ❛r❡ Φ✲st❛❜❧❡✱ t❤❛t ✐s✱ ✐♥✈❛r✐❛♥t ✉♥❞❡r t❤❡ ❛✉t♦♠♦r♣❤✐s♠s Φi,j,k ❢♦r ❛❧❧ (i, j, k) ∈ S✳
◆♦t❡ t❤❛t Ig ❛✉t♦♠❛t✐❝❛❧❧② s❛t✐s✜❡s t❤❡ P❇❲ ❝♦♥❞✐t✐♦♥❀ t❤✉s✱ ✇❡ ♦♥❧② ♥❡❡❞ t♦ ✈❡r✐❢② ✐ts st❛❜✐❧✐t②✳

❚❤❡♦r❡♠ ✸✳✶ ✐♠♣❧✐❡s t❤❛t s❡✈❡r❛❧ ♦❢ t❤❡ ♣❛r❛♠❡t❡rs ♠✉st ❝♦✐♥❝✐❞❡✿

Φ132 : ω1 := ω12 = ω13 = ω32, Φ165 : ω2 := ω15 = ω16 = ω65,
Φ364 : ω3 := ω34 = ω36 = ω64, Φ254 : ω4 := ω24 = ω25 = ω54.

✭✸✽✮

❲❡ ✐♥tr♦❞✉❝❡ t❤❡ s❤♦rt❤❛♥❞ ♥♦t❛t✐♦♥ ω1, . . . , ω4 ❢♦r s✐♠♣❧✐❝✐t②✳ ❚❤❡s❡ ♣❛r❛♠❡t❡rs ❝♦rr❡s♣♦♥❞ t♦ t❤❡
❛✉t♦♠♦r♣❤✐s♠s Φi,j,k, (i, j, k) ∈ S✳ ❚❤❡ r❡♠❛✐♥✐♥❣ ♣❛r❛♠❡t❡rs ω14, ω26, ω35 ❝♦rr❡s♣♦♥❞ t♦ ✐♥❞❡① ♣❛✐rs
t❤❛t ❞♦ ♥♦t s✐♠✉❧t❛♥❡♦✉s❧② ❛♣♣❡❛r ✐♥ ❛♥② tr✐♣❧❡ ❢r♦♠ S✳

▲❡♠♠❛ ✸✳✾✳ ❆ Φ✲st❛❜❧❡ ✐❞❡❛❧ ♦❢ t❤❡ ❢♦r♠ ✭✸✼✮ ✐s ✉♥✐q✉❡❧② ❞❡t❡r♠✐♥❡❞ ❜② ❢♦✉r ♣❛r❛♠❡t❡rs ω1, ω2, ω3, ω4

s❛t✐s❢②✐♥❣ t❤❡ r❡❧❛t✐♦♥

ω1ω3 = ω2ω4. ✭✸✾✮

■♥ t❤✐s ❝❛s❡✱ t❤❡ ♣❛r❛♠❡t❡rs ❛ss♦❝✐❛t❡❞ ✇✐t❤ t❤❡ tr✐♣❧❡ts ✐♥ t❤❡ t❡tr❛❤❡❞r♦♥ ❡q✉❛t✐♦♥ ❛r❡ ❞❡t❡r♠✐♥❡❞ ❜②
t❤❡ ✈❛❧✉❡s ♦❢ ωi ❛s s♣❡❝✐✜❡❞ ✐♥ ✭✸✽✮✱ ✇❤✐❧❡ t❤❡ r❡♠❛✐♥✐♥❣ ♣❛r❛♠❡t❡rs ❛r❡ ❣✐✈❡♥ ❜②✿

ω14 = ω2/ω1, ω26 = ω3/ω2, ω35 = ω2ω4. ✭✹✵✮

✶✸



Pr♦♦❢✳ ▲❡t (i, j, k) ∈ S ❜❡ ❛♥② ❛❞♠✐ss✐❜❧❡ tr✐♣❧❡✱ ❛♥❞ ❧❡t r /∈ {i, j, k}. ❲❡ ❛♣♣❧② Φijk t♦ t❤❡ ❣❡♥❡r❛t♦rs
♦❢ t❤❡ ✐❞❡❛❧ ✭✸✼✮✿

Φijk(gjr) = (ωirωkr − ωjr)sisksr+gjr + girsk + ωirsigkr;

Φijk(gij) = (ωik − ωij)s
2
i sk+gij + sigik;

Φijk(gkj) = sis
2
k(1− ωkjωik)+gkj − ωkjgiksk; ✭✹✶✮

✭t❤❡ t❡r♠s ❢r♦♠ t❤❡ ✐❞❡❛❧ ❛r❡ ♠❛r❦❡❞ ✐♥ ❜❧✉❡✮✳ ❯s✐♥❣ t❤❡ P❇❲ ♣r♦♣❡rt② ♦❢ t❤✐s ✐❞❡❛❧✱ ✇❡ ♦❜t❛✐♥✱ ✐♥
❛❞❞✐t✐♦♥ t♦ t❤❡ ❝♦♥❞✐t✐♦♥s ❢♦r♠✉❧❛t❡❞ ✐♥ ❚❤❡♦r❡♠ ✸✳✶✱ t❤❡ ❢♦❧❧♦✇✐♥❣ s❡t ♦❢ ❡q✉❛t✐♦♥s✿

ω12ω14 = ω15, ω13ω14 = ω16, ω24 = ω26ω32, ω25 = ω12ω26,
ω14ω24 = ω34, ω15ω25 = ω35, ω34ω32 = ω35, ω16ω26 = ω36,
ω35 = ω13ω36, ω64 = ω1,4ω54, ω26ω65 = ω64, ω54ω65 = ω35.

❚❤❡s❡ ✶✷ ❡q✉❛t✐♦♥s ❝❛♥ ❜❡ ✇r✐tt❡♥ ✉♥✐❢♦r♠❧② ❛s

ωniωnk = ωnj , (i, j, k) ∈ S, n ̸∈ (i, j, k),

❛♥❞ r❡♣r❡s❡♥t❡❞ ❜② t❤❡ ❞✐❛❣r❛♠ ✐♥ t❤❡ ✜❣✉r❡

ω26 = ω4ω
−1

1

ω4 ω3

ω2

ω35 = ω1ω3 = ω2ω4

ω14 = ω2ω
−1

1

Φ254

Φ165Φ132

ω1

ω26 = ω3ω
−1

2

ω14 = ω3ω
−1

4

Φ364

❚❤❡ ❝♦♠♠✉t❛t✐✈✐t② ♦❢ t❤❡ ❞✐❛❣r❛♠ ❣✉❛r❛♥t❡❡s t❤❡ ♣♦ss✐❜✐❧✐t② ♦❢ r❡st♦r✐♥❣ ❛❧❧ t❤❡ ♣❛r❛♠❡t❡rs ♦❢ t❤❡
✐❞❡❛❧ ❢r♦♠ ❢♦✉r ω1, ω2, ω3, ω4 ✐❢ t❤❡ ❢♦❧❧♦✇✐♥❣ ✐s s❛t✐s✜❡❞

ω1ω3 = ω2ω4.

❋✉rt❤❡r ♦♥ ✇❡ ✇✐❧❧ r❡❢❡r t♦ ✐♥✈❛r✐❛♥t t♦r✐❝ ✐❞❡❛❧ ❛s I0 ❣✐✈❡♥ ❜② ♣❛r❛♠❡t❡rs ω1, ω2, ω3, ω4 s✉❜❥❡❝t t♦
t❤❡ r❡❧❛t✐♦♥ ω1ω3 = ω2ω4✳

❲❡ ❝❛❧❧ ❛ ❤♦♠♦❣❡♥❡♦✉s q✉❛❞r❛t✐❝ ✐❞❡❛❧ I ⊂ A tr✐❛♥❣✉❧❛r ✐❢ ✐t ✐s ❣❡♥❡r❛t❡❞ ❜② ♣♦❧②♥♦♠✐❛❧s ♦❢ t❤❡
❢♦r♠

fij := gij − dij ; 1 ⩽ i < j ⩽ 6, ✭✹✷✮

✇❤❡r❡
gij = sjsi − ωijsisj , dij =

∑

(k,l)<(i,j), k⩽l

δijklsksl.

✶✹



❍❡r❡✱ (k, l) < (i, j) ❞❡♥♦t❡s ❝♦♠♣❛r✐s♦♥ ✐♥ t❤❡ r✐❣❤t ❧❡①✐❝♦❣r❛♣❤✐❝ ♦r❞❡r✳ ❚❤✐s ♠❡❛♥s t❤❛t ❛❧❧ ♠♦♥♦♠✐❛❧s
❛♣♣❡❛r✐♥❣ ✐♥ t❤❡ q✉❛❞r❛t✐❝ ♣♦❧②♥♦♠✐❛❧ dij ❛r❡ st❛♥❞❛r❞✱ ❛♥❞ t❤❛t lm(dij) ≺ sisj ✳

❚❤❡ t♦r✐❝ ❝♦♠♣♦♥❡♥t ♦❢ ❛♥ ❛r❜✐tr❛r② tr✐❛♥❣✉❧❛r Φ✲st❛❜❧❡ ✐❞❡❛❧ s❛t✐s❢② t❤❡ s❛♠❡ ❡q✉❛t✐♦♥s ❛s ❧✐st❡❞
✐♥ ▲❡♠♠❛ ✸✳✾✳

▲❡♠♠❛ ✸✳✶✵✳ ▲❡t ❛ tr✐❛♥❣✉❧❛r ✐❞❡❛❧ I ❜❡ Φ✲st❛❜❧❡ ❛♥❞ P❇❲✱ t❤❡♥ ♣❛r❛♠❡t❡rs ωij s❛t✐s❢② t❤❡ r❡❧❛t✐♦♥s
✭✸✽✮✱ ✭✹✵✮ ❛♥❞ ✭✸✾✮✳

Pr♦♦❢✳ ◆♦t❡ t❤❛t ❞✉❡ t♦ t❤❡ ❤♦♠♦❣❡♥❡✐t② ♦❢ t❤❡ ✐❞❡❛❧ I✱ t❤❡ q✉♦t✐❡♥t ❛❧❣❡❜r❛ A/I ✐s ❣r❛❞❡❞✳ ■♥
❛❞❞✐t✐♦♥✱ ❞✉❡ t♦ t❤❡ P❇❲ ♣r♦♣❡rt②✱ ✇❡ ❤❛✈❡ ❛♥ ✐s♦♠♦r♣❤✐s♠ ♦❢ ❣r❛❞❡❞ ✈❡❝t♦r s♣❛❝❡s

τ : C[s1, . . . , s6] → A/I,

✇❤✐❝❤ ✐s ❞❡t❡r♠✐♥❡❞ ❜② t❤❡ ❝❤♦✐❝❡ ♦❢ t❤❡ ❜❛s✐s ♦❢ ♦r❞❡r❡❞ ♠♦♥♦♠✐❛❧s✳ ❈♦♥s✐❞❡r t❤❡ ♣r♦❥❡❝t✐♦♥ ♦♣❡r❛t♦r
♦♥t♦ t❤❡ ❞❡❣r❡❡ t❤r❡❡ ❝♦♠♣♦♥❡♥t

P3,A/I : A/I → (A/I)3.

❚❤✐s ♦♣❡r❛t♦r ✐s ❝♦♥s✐st❡♥t ✇✐t❤ t❤❡ ♣r♦❥❡❝t✐♦♥ ♦♣❡r❛t♦r P3,A ✐♥ t❤❡ ❢r❡❡ ❛❧❣❡❜r❛ A

πP3,A = P3,A/Iπ,

✇❤❡r❡ π : A → A/I ✐s t❤❡ ❝❛♥♦♥✐❝❛❧ ♣r♦❥❡❝t✐♦♥✳ ❋r♦♠ ♥♦✇ ♦♥ ✇❡ ✇✐❧❧ ✉s❡ t❤❡ ♥♦t❛t✐♦♥ P3 ❢♦r ❜♦t❤
♦♣❡r❛t♦rs✳ ❋✐♥❛❧❧②✱ ✇❡ ✐♥tr♦❞✉❝❡ t❤❡ ♦♣❡r❛t♦r P3 = τ−1 ◦ P3 ◦ π : A → (C[s1, . . . , s6])3✱ ✇❤✐❝❤ ✇❡ ✇✐❧❧
✇♦r❦ ✇✐t❤✱ ❛♥❞ Π = τ−1 ◦ π : A → C[s1, . . . , s6]✳ ❘❡❝❛❧❧ t❤❛t π0 : M → B ✐s ❛ ♠❛♣ t❤❛t✱ ❣✐✈❡♥ ❛♥
❛r❜✐tr❛r② ♠♦♥♦♠✐❛❧✱ ❝♦♥str✉❝ts ❛ st❛♥❞❛rt ♠♦♥♦♠✐❛❧ ❡q✉✐✈❛❧❡♥t t♦ ✐t ✭✐♥ t❤❡ s❡♥s❡ ♦❢ t❤❡ ✐♥tr♦❞✉❝❡❞
❡q✉✐✈❛❧❡♥❝❡ r❡❧❛t✐♦♥✮✳ ❚❤❛♥❦s t♦ t❤❡ r❡❧❛t✐♦♥s ✭✹✶✮ ✇❡ ❝❛♥ s❛② t❤❛t ✐♥ t❤❡ t♦r✐❝ ❝❛s❡

P3(Φijk(gij)) ∈ Cπ0(s
2
i sk); P3(Φijk(gjr)) ∈ Cπ0(sisksr); P3(Φijk(gkj)) ∈ Cπ0(sis

2
k).

❚❤❡ r❡❧❛t✐♦♥s ♦❢ ▲❡♠♠❛ ✸✳✾ ❣✉❛r❛♥t❡❡ t❤❡ ✐♥✈❛r✐❛♥❝❡ ♦❢ t❤❡ ✐❞❡❛❧ ✐♥ t❤❡ t♦r✐❝ ❝❛s❡✳ ◆♦✇ ❝♦♥s✐❞❡r t❤❡
✐♥✈❛r✐❛♥❝❡ ❝♦♥❞✐t✐♦♥s ❢♦r t❤❡ ❣❡♥❡r❛❧ tr✐❛♥❣✉❧❛r ✐❞❡❛❧✳

❋✐rst ♦❢ ❛❧❧✱ ✇❡ ♥♦t❡ t❤❛t t❤❡ ♥♦t✐♦♥ ♦❢ ❛ ❧❡❛❞✐♥❣ ♠♦♥♦♠✐❛❧ ♦♥ ❛ ❢r❡❡ ❛❧❣❡❜r❛ ❢♦r ✐❞❡❛❧s ♦❢ t❤❡ t②♣❡
✉♥❞❡r ❝♦♥s✐❞❡r❛t✐♦♥ ❝❛♥ ❜❡ ❡①t❡♥❞❡❞ t♦ t❤❡ q✉♦t✐❡♥t ❛❧❣❡❜r❛ ❛♥❞ ❝♦✐♥❝✐❞❡s ✇✐t❤ t❤❡ st❛♥❞❛r❞ ♠♦♥♦♠✐❛❧
lm(Π(a))) = π0(a) ❢♦r ❛♥② ♠♦♥♦♠✐❛❧ a ∈ M ✐❢ ✇❡ ❝♦♥s✐❞❡r C[s1, . . . , s6] = spanC B ⊂ A ❛s ❛ ✈❡❝t♦r
s♣❛❝❡✳ ■♥ ♦t❤❡r ✇♦r❞s✱ t❤❡ ❢♦❧❧♦✇✐♥❣ ❞✐❛❣r❛♠ ✐s ❝♦♠♠✉t❛t✐✈❡✳

M B

A/J spanC B

π0

π

τ−1

lm

❲❡ ♣r♦✈❡ t❤❛t P3(Φijk(dlj)) ❢♦r l < j ❞♦❡s ♥♦t ❝♦♥t❛✐♥ t❤❡ ♠♦♥♦♠✐❛❧ π0(sisksl)✳ ❚❤✐s ✇✐❧❧ ♠❡❛♥
t❤❛t t❤❡ ❝♦♥❞✐t✐♦♥ ♦♥ t❤❡ ❝♦❡✣❝✐❡♥t ♦❢ π0(sisksl) ❢♦r ❛ ❣❡♥❡r❛❧ ✐❞❡❛❧ ❝♦✐♥❝✐❞❡s ✇✐t❤ t❤❡ ❝♦♥❞✐t✐♦♥ ❢♦r
❛ t♦r✐❝ ♦♥❡✳ ❚♦ ❞♦ t❤✐s✱ ✇❡ s❤♦✇ t❤❛t lm(P3(Φijk(dlj))) ≺ π0(sisksl)✳ ■♥ ❢❛❝t✱ ❧❡t✬s ❝❛❧❝✉❧❛t❡ t❤❡ ❝✉❜✐❝
♣❛rt

P3(Φijk(
∑

(p,q)<(l,j)

δljpqspsq)) = P3(
∑

p<l

δljpjspsisk) = P3(
∑

p<l

δljpjπ0(spsisk))

✶✺



■t ✐s ❡♥♦✉❣❤ t♦ r❡str✐❝t t❤❡ ♦r❞❡r t♦ st❛♥❞❛r❞ ♠♦♥♦♠✐❛❧s ♦❢ t❤❡ s❛♠❡ ❞❡❣r❡❡✱ t❤❛t ✐s✱ t♦ ❝♦♥s✐❞❡r t❤❡
r✐❣❤t ✭r❡✈❡rs❡✮ ❧❡①✐❝♦❣r❛♣❤✐❝❛❧ ♦r❞❡r✐♥❣✳ ❲❡ ❣❡t

lm(P3(Φijk(dlj))) ≺ π0(sisksl)

▲❡t ✉s ❝❛rr② ♦✉t ❛ s✐♠✐❧❛r ❛r❣✉♠❡♥t t♦ ❝❤❡❝❦ t❤❛t P3(Φijk(djr)) ❞♦❡s ♥♦t ❝♦♥t❛✐♥ t❤❡ ♠♦♥♦♠✐❛❧
π0(sisksr) ❢♦r r > j✳

lm(P3(Φijk(djr))) ≺ π0(sisksr)

❚❤❡ ❝❛s❡s P3(Φijk(dij)) ❛♥❞ P3(Φijk(djk)) ❛r❡ ❝❤❡❝❦❡❞ s✐♠✐❧❛r❧②✳ ❚❤❡ ❡①♣r❡ss✐♦♥s dl′r′ ❢♦r l
′ ̸= j ❛♥❞

r′ ̸= j ✇❡ ❤❛✈❡ P3(Φijk(dl′r′)) = 0✱ s✐♥❝❡ Φijk(dl′r′) ❞♦❡s ♥♦t ❝♦♥t❛✐♥ ❝✉❜✐❝ ♣❛rt✳

❚❤❡ ❢♦❧❧♦✇✐♥❣ t❤❡♦r❡♠ ♣r♦✈✐❞❡s ❛ str♦♥❣ ❝❤❛r❛❝t❡r✐s❛t✐♦♥ ♦❢ tr✐❛♥❣✉❧❛r Φ✲st❛❜❧❡ ✐❞❡❛❧s✳

❚❤❡♦r❡♠ ✸✳✶✶✳ ▲❡t I ❜❡ ❛ tr✐❛♥❣✉❧❛r Φ✲st❛❜❧❡ P❇❲ ✐❞❡❛❧✱ t❤❡♥ dij = 0 ❢♦r j < 6✳

Pr♦♦❢✳ ✭❙❦❡t❝❤✮ ❆ss✉♠❡ t❤❛t t❤❡ ✐❞❡❛❧ I ✐s Φ✲st❛❜❧❡ ❛♥❞ s❛t✐s✜❡s t❤❡ P❇❲ ❝♦♥❞✐t✐♦♥✳ ❚❤❡♥ ❢♦r ❡❛❝❤
(i, j, k) ∈ S✱ ✇❡ ♠✉st ❤❛✈❡

P3(Φijk(fsp)) ≡ 0

❚❤❡ ✐❞❡❛ ♦❢ t❤❡ ♣r♦♦❢ ✐s t♦ s✉❝❝❡ss✐✈❡❧② ❡st❛❜❧✐s❤ t❤❛t ❡❛❝❤ t❡r♠ dij ✈❛♥✐s❤❡s ❢♦r j < 6✳ ❚❤❡ P❇❲
❝♦♥❞✐t✐♦♥✱ t♦❣❡t❤❡r ✇✐t❤ Φ✲✐♥✈❛r✐❛♥❝❡✱ ✐♠♣♦s❡s ❝♦♥str❛✐♥ts ♦♥ t❤❡ ❝♦❡✣❝✐❡♥ts δijkl ✐♥ t❤❡ ❡①♣r❡ss✐♦♥s
❢♦r dij ✳ ❆t ❡❛❝❤ st❡♣✱ ✇❡ ❞❡r✐✈❡ t❤❡s❡ ❝♦♥str❛✐♥ts ❛♥❞ ♦❜s❡r✈❡ t❤❛t t❤❡② r❡❞✉❝❡ t♦ tr✐✈✐❛❧ ❡q✉❛t✐♦♥s ♦❢
t❤❡ ❢♦r♠ δijkl = 0✱ ✇❤✐❝❤ ❝❛♥ ❜❡ s♦❧✈❡❞ r❡❝✉rs✐✈❡❧②✳ ❚❤✐s ♣r♦❝❡❞✉r❡ ❡✈❡♥t✉❛❧❧② ❧❡❛❞s t♦ t❤❡ ❝♦♥❝❧✉s✐♦♥
t❤❛t ❛❧❧ s✉❝❤ ❝♦rr❡❝t✐♦♥ t❡r♠s ♠✉st ✈❛♥✐s❤✳
❙t❡♣ ✶✳

❇② ▲❡♠♠❛ ✸✳✶✵✱ t❤❡ ♣❛r❛♠❡t❡rs ωij s❛t✐s❢② t❤❡ ♥❡❝❡ss❛r② ❝♦♥s✐st❡♥❝② ❝♦♥❞✐t✐♦♥s✳ ❈♦♥s✐❞❡r
♥♦✇ t❤❡ ❛❝t✐♦♥ ♦❢ Φ132 ♦♥ t❤❡ ❣❡♥❡r❛t♦r f13✳ ❲❡ ❝♦♠♣✉t❡✿

P3 (Φ132(f13)) = s1s2s1 − ω13s
2
1s2 = (ω12 − ω13)s

2
1s2 + δ1211s

3
1.

❙✐♥❝❡ t❤❡ P❇❲ ❝♦♥❞✐t✐♦♥ r❡q✉✐r❡s P3 (Φ132(f13)) ≡ 0✱ ❛♥❞ ❜② ▲❡♠♠❛ ✸✳✶✵ ✇❡ ❛❧r❡❛❞② ❦♥♦✇ ω12 = ω13✱
✇❡ ❝♦♥❝❧✉❞❡✿

δ1211s
3
1 = 0 ⇒ δ1211 = 0.

❚❤❡r❡❢♦r❡✱ t❤❡ t❡r♠ d12 ✈❛♥✐s❤❡s✱ ❛♥❞ t❤❡ r❡❧❛t✐♦♥ ❢♦r s2s1 ✐s ♣✉r❡❧② ♦❢ t♦r✐❝ t②♣❡✳
❚❤✐s✱ ✐♥ t✉r♥✱ ✐♠♣❧✐❡s t❤❛t ❛♥② t❡r♠s ✐♥✈♦❧✈✐♥❣ s3 ❛♣♣❡❛r✐♥❣ ✐♥ dij ❢♦r i, j ̸= 3 ♠✉st ✈❛♥✐s❤✱ ✐✳❡✳✱

δijk3 = δij3k = 0 ❢♦r ❛❧❧ i, j ̸= 3.

■♥❞❡❡❞✿

P3(Φ132(fij)) = P3(Φ132(
∑

p<3
(p,3)<(i,j)

δikp3sps3)) + P3(Φ132(
∑

p>3
(3,p)<(i,j)

δij3ps3sp)) =

=
∑

p<3
(p,3)<(i,j)

δikp3π(sps1s2) +
∑

p>3
(3,p)<(i,j)

δij3ps1s2sp =

=
∑

p<3
(p,3)<(i,j)

δijp3ω1pπ0(sps1s2) +
∑

p>3
(p,3)<(i,j)

δij3ps1s2sp = 0 =⇒ δij3p = δijp3 = 0

✶✻



❚❤❡ ♣r♦❥❡❝t✐♦♥ P4 ♦♥t♦ ♠♦♥♦♠✐❛❧s ♦❢ ❞❡❣r❡❡ ✹ ②✐❡❧❞s ❛♥♦t❤❡r r❡❧❛t✐♦♥✱ ♥❛♠❡❧② δij33 = 0✳ ❚❤✐s ❢♦❧❧♦✇s
❜❡❝❛✉s❡ t❤❡ ♦♥❧② ♠♦♥♦♠✐❛❧ ♦❢ ❞❡❣r❡❡ ✹ ❛♣♣❡❛r✐♥❣ ✐♥ t❤❡ ❡①♣r❡ss✐♦♥ ✐s

δij33 ·Π(s1s2s1s2) = δij33ω12s
2
1s

2
2.

❙✐♠✐❧❛r❧②✱ ❛♣♣❧②✐♥❣ P4 t♦ Φ254(fij) ❣✐✈❡s t❤❡ r❡❧❛t✐♦♥

δij55 = 0.

❙t❡♣ ✷✳
■t ✐s ♥♦t ❢❡❛s✐❜❧❡ t♦ ❡❧✐♠✐♥❛t❡ s✉❝❤ ❛ ❧❛r❣❡ ♥✉♠❜❡r ♦❢ ❝♦❡✣❝✐❡♥ts t❤r♦✉❣❤ ❣❡♥❡r❛❧ r❡❛s♦♥✐♥❣ ❛❧♦♥❡✳
❍♦✇❡✈❡r✱ ✇❡ ✇✐❧❧ ❞❡♠♦♥str❛t❡ t❤❡ ♣r✐♥❝✐♣❧❡ ❜② ✇❤✐❝❤ ✇❡ ♣r♦❝❡❡❞✳ ❆s ❛♥ ✐❧❧✉str❛t✐♦♥✱ ✇❡ ✇✐❧❧ s❤♦✇ ❤♦✇
t♦ ❡❧✐♠✐♥❛t❡ d14 ✐♥ t✇♦ st❡♣s✳ ❲❡ ❤❛✈❡✿

P3(Φ132(f23)) = Π(s1s
2
2 − ω23s2s1s2 − δ2313s1s1s2) = (1− ω23ω12)s1s

2
2 − δ2313s

2
1s2 =⇒ δ2313 = 0

P3(Φ132(f34)) = Π(s4s1s2 − ω34s1s2s4 − δ3413s
2
1s2 − δ3423s2s1s2) =

= Π(s4s1s2)− ω34s1s2s4 − δ3413s
2
1s2 − δ3423ω12s1s

2
2

Π(s4s1s2) = ω14ω24s1s2s4 + (δ1411 + ω14δ2412)s
2
1s2 + (δ1412 + ω14δ2422)s1s

2
2+

+ω14δ2411s
3
1 + δ1422s

3
2 + ω14δ2414s

2
1s4

❋r♦♠ t❤❡ ♣r❡✈✐♦✉s ❝❛❧❝✉❧❛t✐♦♥s✱ ✇❡ ♦❜s❡r✈❡ t❤❛t s❡✈❡r❛❧ ❝♦❡✣❝✐❡♥ts ✐♥ d14 ❛♥❞ d24 ✈❛♥✐s❤ ✐♠♠❡❞✐❛t❡❧②✱
♥❛♠❡❧② δ1422 = δ2414 = δ2411 = 0✳

◆❡①t✱ ❛ s✐♠✐❧❛r ❞✐r❡❝t ❝♦♠♣✉t❛t✐♦♥ ②✐❡❧❞s

P3(Φ254(f15)) = ω2
12δ1411s

2
1s2 + ω12δ1412s1s

2
2 =⇒ δ1412 = δ1411 = 0

❆s ❛ ❝♦♥s❡q✉❡♥❝❡✱ ✇❡ ♦❜t❛✐♥ d14 = 0✳
❙t❡♣ ✸✳
◆❡①t✱ ✇❡ s❤♦✇ t❤❛t d24 = 0✳ ❲❡ ❝♦♠♣✉t❡

P3(Φ254(f25)) = ω12δ2412s1s
2
2 + δ2422s

3
2 − δ2515s1s2s4.

❲❡ ❝♦♥❝❧✉❞❡ t❤❛t δ2412 = δ2422 = δ2515 = 0✱ ❛♥❞ ❤❡♥❝❡ d24 = 0✳
❘❡t✉r♥✐♥❣ t♦ t❤❡ ♣r❡✈✐♦✉s st❡♣✱ ✇❡ ❛❧s♦ ✜♥❞ t❤❛t s♦♠❡ ♦❢ t❤❡ r❡♠❛✐♥✐♥❣ ❝♦❡✣❝✐❡♥t ❡q✉❛t✐♦♥s ❛r❡

♥♦✇ tr✐✈✐❛❧❧② s❛t✐s✜❡❞✱ ♥❛♠❡❧② δ3423 = δ3413 = 0✳
❘❡♠❛✐♥✐♥❣ st❡♣s✳
❲❡ ♥♦✇ ✐♥❞✐❝❛t❡ ✇❤✐❝❤ ❛✉t♦♠♦r♣❤✐s♠s Φijk s❤♦✉❧❞ ❜❡ ❛♣♣❧✐❡❞ t♦ ✇❤✐❝❤ ❣❡♥❡r❛t♦rs fkl ✐♥ ♦r❞❡r t♦
❞❡❞✉❝❡ t❤❡ ✈❛♥✐s❤✐♥❣ ♦❢ t❤❡ r❡♠❛✐♥✐♥❣ dkl✳ ❆s ❜❡❢♦r❡✱ ✇❡ r❡s♦❧✈❡ ♦♥❧② tr✐✈✐❛❧ ❡q✉❛t✐♦♥s ♦❢ t❤❡ ❢♦r♠
δijkl = 0 ✭✉s✐♥❣ t❤❛t ωij ̸= 0✮✱ ❛♥❞ ✇❡ ❛❧s♦ r❡✈✐s✐t ♣r❡✈✐♦✉s ❝♦❡✣❝✐❡♥t ❡q✉❛t✐♦♥s s✐♥❝❡ s✐♠♣❧✐✜❝❛t✐♦♥s
♠❛② ♦❝❝✉r✳

Φ254(f35),Φ123(f35),Φ165(f16) =⇒ d15 = 0

Φ165(f26) =⇒ d25 = 0

Φ165(f36),Φ364(f16) =⇒ d13 = 0

Φ364(f26) =⇒ d23 = 0

Φ364(f46) =⇒ d34 = d35 = 0

Φ132(f45),Φ165(f45),Φ165(f56) =⇒ d45 = 0

✶✼



❚❤❡♦r❡♠ ✸✳✶✶ s✐❣♥✐✜❝❛♥t❧② s✐♠♣❧✐✜❡s t❤❡ ❝❧❛ss✐✜❝❛t✐♦♥ ♦❢ tr✐❛♥❣✉❧❛r P❇❲ ✐❞❡❛❧s t❤❛t ❛r❡ ✐♥✈❛r✐❛♥t
✉♥❞❡r t❤❡ ❛✉t♦♠♦r♣❤✐s♠s Φijk✳ ■t ❡♥❛❜❧❡s ✉s t♦ ✜♥❞ t❤❡ ❣❡♥❡r❛t♦rs fi,j ❢♦r t❤❡ ♠♦st ❣❡♥❡r❛❧ tr✐❛♥❣✉❧❛r
✐❞❡❛❧ Istab✱ t❤❛t ✐s✱ ❛♥ ✐❞❡❛❧ s❛t✐s❢②✐♥❣ st❛❜✐❧✐t② ✉♥❞❡r ❛❧❧ ♠❛♣s Φijk ❜✉t ♥♦t ♥❡❝❡ss❛r✐❧② t❤❡ P❇❲
♣r♦♣❡rt②✳ ❚❤❡ ❣❡♥❡r❛t♦rs ♦❢ t❤❡ ✐❞❡❛❧ ❛r❡ ❣✐✈❡♥ ❜②✿
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





























f12 = s2s1 − ω1s1s2,

f13 = s3s1 − ω1s1s3,

f23 = s3s2 − ω−1
1 s2s3,

f14 = s4s1 − ω2ω
−1
1 s1s4,

f24 = s4s2 − ω4s2s4,

f34 = s4s3 − ω3s3s4,

f15 = s5s1 − ω2s1s5,

f25 = s5s2 − ω4s2s5,

f35 = s5s3 − ω2ω4s3s5,

f45 = s5s4 − ω−1
4 s4s5,

f16 = s6s1 −
(

ω2s1s6 +A3s
2
1 +A1ω1s1s2 +A2s1s4

)

,

f26 = s6s2 −
(

ω3ω
−1
2 s2s6 +A4s1s2 +A6ω1s

2
2 +A5ω4s2s4

)

,

f36 = s6s3 −
(

ω3s3s6 +A10s
2
1 +A7s1s2 + (A4ω2 +A3) s1s3 +A8s1s4

)

−

−
(

A11s
2
2 + s2s3 (A6ω2 +A1) +A9s2s4 + ω4s3s4 (A5ω2 +A2) +A12s

2
4

)

,

f46 = s6s4 −
(

ω−1
3 s4s6 +A13s1s4 +A14ω2s2s4 +A15ω1s

2
4

)

,

f56 = s6s5 −
(

ω−1
2 s5s6 +A19s

2
1 +A16s1s2 +A17s1s4 + (A13ω4 +A4) s1s5

)

−

−
(

A20s
2
2 +A18s2s4 + (A6ω1 +A14ω3) s2s5 +A21s

2
4 + (A5 +A15) s4.s5

)

✭✹✸✮

■♥ t❤✐s s②st❡♠✱ ❛❧❧ ♣❛r❛♠❡t❡rs ωi ❛♥❞ Ai ❛r❡ ❛r❜✐tr❛r②✱ ❡①❝❡♣t ❢♦r t❤❡ ❝♦♥str❛✐♥t ω1ω3 = ω2ω4✳

■t ❢♦❧❧♦✇s ❢r♦♠ ❚❤❡♦r❡♠ ✸✳✻ t❤❛t t❤❡ ✐❞❡❛❧ Istab ✐s P❇❲ ✐❢ ❛♥❞ ♦♥❧② ✐❢

NF(NF(sk sj |F ) si|F )−NF(sk NF(sj si|F )|F ), 1 ⩽ i < j < k ⩽ 6. ✭✹✹✮

❈♦♥❞✐t✐♦♥s ✭✹✹✮ ②✐❡❧❞ ❛ s②st❡♠ ♦❢ ✼✽ ❧✐♥❡❛r ❤♦♠♦❣❡♥❡♦✉s ❡q✉❛t✐♦♥s ❢♦r t❤❡ ✉♥❦♥♦✇♥s A1, . . . , A21✱
✇✐t❤ ❝♦❡✣❝✐❡♥ts ✐♥ t❤❡ r✐♥❣ Z[ωi, ω

−1
i ; i = 1, . . . , 4]/(ω1ω3 −ω2ω4)✳ ❚❤❡ s♦❧✈❛❜✐❧✐t② ❝♦♥❞✐t✐♦♥s ❢♦r t❤✐s

s②st❡♠ ✐♠♣♦s❡ ♣♦❧②♥♦♠✐❛❧ ❝♦♥str❛✐♥ts ♦♥ t❤❡ t♦r✐❝ ♣❛r❛♠❡t❡rs ωi✳ ❚❤❡ s♦❧✉t✐♦♥ s❡t ❞❡✜♥❡s ❛♥ ❛✣♥❡
✈❛r✐❡t② ✇✐t❤ s❡✈❡r❛❧ ✐rr❡❞✉❝✐❜❧❡ ❝♦♠♣♦♥❡♥ts✳ ❆ ❝♦♠♣❧❡t❡ ❝❧❛ss✐✜❝❛t✐♦♥ ♦❢ ❛❧❧ s♦❧✉t✐♦♥s ✐s ❝❤❛❧❧❡♥❣✐♥❣
❛♥❞ ❝✉rr❡♥t❧② ❜❡②♦♥❞ ♦✉r r❡❛❝❤✳

■♥ t❤✐s ♣❛♣❡r✱ ✇❡ ❢♦❝✉s ♦♥ t❤❡ ❣❡♥❡r✐❝ ❝❛s❡✱ ✇❤❡r❡ ♥♦♥❡ ♦❢ t❤❡ ♣❛r❛♠❡t❡rs ωi ✐s ✐❞❡♥t✐❝❛❧❧② ❡q✉❛❧ t♦
±1✳ ❚❤❡ ❣❡♥❡r✐❝ ❝❛s❡ ❝❛♥ ❜❡ r❡❞✉❝❡❞ t♦ t❤❡ ❢♦❧❧♦✇✐♥❣ ❢♦✉r s✉❜❝❛s❡s✿

❈❛s❡ ✶ : ω1ω3 = ω2ω4, ✭✹✺✮

❈❛s❡ ✷ : ω1 = ω2 = ω3 = ω4, ✭✹✻✮

❈❛s❡ ✸ : ω1 = ω2, ω3 = ω4 = ω2
2, ✭✹✼✮

❈❛s❡ ✹ : ω1 = ω2 = ω2
4, ω3 = ω4. ✭✹✽✮

❇❡❧♦✇ ✇❡ ♣r❡s❡♥t ❣❡♥❡r❛t✐♥❣ ♣♦❧②♥♦♠✐❛❧s ❢♦r t❤❡ ♠♦st ❣❡♥❡r❛❧ Φ✲st❛❜❧❡ ❛♥❞ P❇❲ ✐❞❡❛❧s ❝♦rr❡s♣♦♥❞✐♥❣
t♦ ❡❛❝❤ ❈❛s❡✳❋♦r ❜r❡✈✐t②✱ ✇❡ s❤♦✇ ♦♥❧② t❤❡ ♣♦❧②♥♦♠✐❛❧s fi,j , j = 6❀ t❤❡ ❣❡♥❡r❛t♦rs fi,j ✇✐t❤ j < 6 ❛r❡

✶✽



❛❧❧ t♦r✐❝ ❛♥❞ ❣✐✈❡♥ ❜② ✭✹✸✮ s♣❡❝✐❛❧✐③❡❞ t♦ ❡❛❝❤ ❝❛s❡✳ ❚❤❡ ❛r❜✐tr❛r② ❝♦♥st❛♥ts bi, Ci ❛♣♣❡❛r✐♥❣ ❤❡r❡ ❛r❡
r❡❧❛t❡❞ t♦✱ ❜✉t ❞♦ ♥♦t ❝♦✐♥❝✐❞❡ ✇✐t❤✱ t❤❡ ❝♦♥st❛♥ts Ai ✐♥ ✭✹✸✮✳

❚♦r✐❝ ✐❞❡❛❧ I0✿
▲❡t I0 ❞❡♥♦t❡ ❛ Φ✲st❛❜❧❡ ✐❞❡❛❧ ❣❡♥❡r❛t❡❞ ❜② t❤❡ ♣♦❧②♥♦♠✐❛❧s gi,j ❞❡✜♥❡❞ ✐♥ ✭✸✼✮✱ ✇✐t❤ t❤❡ ♣❛r❛♠❡t❡rs
ωi,j s♣❡❝✐✜❡❞ ✐♥ ▲❡♠♠❛ ✸✳✾✿























g12 = s2s1 − ω1s1s2, g13 = s3s1 − ω1s1s3, g23 = s3s2 − ω−1
1 s2s3,

g14 = s4s1 − ω2ω
−1
1 s1s4, g24 = s4s2 − ω1ω3ω

−1
2 s2s4, g34 = s4s3 − ω3s3s4,

g15 = s5s1 − ω2s1s5, g25 = s5s2 − ω1ω3ω
−1
2 s2s5, g35 = s5s3 − ω1ω3s3s5,

g45 = s5s4 − ω2ω
−1
1 ω−1

3 s4s5, g16 = s6s1 − ω2s1s6, g26 = s6s2 − ω3ω
−1
2 s2s6,

g36 = s6s3 − ω3s3s6, g46 = s6s4 − ω−1
3 s4s6, g56 = s6s5 − ω−1

2 s5s6.

✭✹✾✮

❚❤✐s ✐❞❡❛❧ ✐s ♣❛r❛♠❡tr✐s❡❞ ❜② t❤r❡❡ ✐♥❞❡♣❡♥❞❡♥t ♥♦♥✲③❡r♦ ♣❛r❛♠❡t❡rs ω1, ω2 ❛♥❞ ω3✳

■❞❡❛❧ I1✿
❈❛s❡ ✶ ②✐❡❧❞s t❤❡ ✐❞❡❛❧ I1✱ ❣❡♥❡r❛t❡❞ ❜② ♣♦❧②♥♦♠✐❛❧s fi,j = gi,j , j < 6 ✭✹✾✮✱ ❛♥❞✿































f16 = s6s1 −
(

ω2s1s6 + b1 (1− ω2) s
2
1 + b2 (ω1 − ω2) s1s2 + b3(ω

−1
1 − 1)ω2ω3s1s4

)

,

f26 = s6s2 −
(

ω3ω
−1
2 s2s6 + b1(1− ω1ω3ω

−1
2 )s1s2 + b2(1− ω3ω

−1
2 )s22 + b3(ω1 − 1)ω2

3ω
−1
2 s2s4

)

,

f36 = s6s3 −
(

ω3s3s6 + b1 (1− ω1ω3) s1s3 + b2(1− ω3ω
−1
1 )s2s3

)

,

f46 = s6s4 −
(

ω−1
3 s4s6 + b1(1− ω2ω

−1
1 ω−1

3 )s1s4 + b2(1− ω1ω
−1
2 )s2s4 + b3 (ω3 − 1) s24

)

,

f56 = s6s5 −
(

ω−1
2 s5s6 + b2(1− ω1ω3ω

−2
2 )s2s5 + b3(ω3 − ω−1

1 )s4s5
)

,

✭✺✵✮
✇❤❡r❡ b1, b2, b3 ❛♥❞ ω1, ω2, ω3 ❛r❡ ❛r❜✐tr❛r② ♣❛r❛♠❡t❡rs✳

❘❡♠❛r❦ ✸✳✶✷✳ ■❞❡❛❧ I1 ✐s ❛ ❞❡❢♦r♠❛t✐♦♥ ♦❢ t❤❡ ❣❡♥❡r✐❝ t♦r✐❝ ✐❞❡❛❧ I0✱ ✐t ❝♦✐♥❝✐❞❡s ✇✐t❤ I0 ✐❢ bi = 0✳

■❞❡❛❧ I2✿
❈❛s❡ ✷ ②✐❡❧❞s t❤❡ ✐❞❡❛❧ I2✱ ❣❡♥❡r❛t❡❞ ❜② ♣♦❧②♥♦♠✐❛❧s fi,j = gi,j , j < 6 ✭✹✾✮✱ ✇❤❡r❡ ω1 = ω2 = ω3 = ω
❛♥❞































f16 = s6s1 −
(

ωs1s6 − C5ω
2s1s4 + C1ωs

2
1 + (C3 − C2)ωs1s2

)

,

f26 = s6s2 −
(

s2s6 + C5ω
2s2s4 + C1ωs1s2 + C2s

2
2

)

,

f36 = s6s3 − (ωs3s6 + C1ω (ω + 1) s1s3 + C3s2s3) ,

f46 = s6s4 −
(

ω−1s4s6 + C5ωs
2
4 − C1s1s4 + C4s2s4

)

,

f56 = s6s5 −
(

ω−1s5s6 + C5 (ω + 1) s4s5 + (C2 + C4) s2s5
)

,

✭✺✶✮

❚❤✐s ✐❞❡❛❧ ❞❡♣❡♥❞s ♦♥ ❛r❜✐tr❛r② ♣❛r❛♠❡t❡rs C1, C2, C3, C4, C5 ❛♥❞ ω ̸= 0✳
■❞❡❛❧ I3✿
❈❛s❡ ✸ ②✐❡❧❞s t❤❡ ✐❞❡❛❧ I3✱ ❣❡♥❡r❛t❡❞ ❜② ♣♦❧②♥♦♠✐❛❧s fi,j = gi,j , j < 6 ✭✹✾✮✱ ✇❤❡r❡ ω1 = ω2 = ω, ω3 =
ω2 ❛♥❞































f16 = s6s1 −
(

ωs1s6 + C1ω
2s21 + C2ω

3s1s4
)

,

f26 = s6s2 −
(

ωs2s6 + C1 (ω + 1)ω2s1s2 + C4s
2
2 − C2ω

4s2s4
)

,

f36 = s6s3 −
(

ω2s3s6 + C1

(

ω2 + ω + 1
)

ω2s1s3 + C3s
2
2 + C4s2s3

)

,

f46 = s6s4 −
(

ω−2s4s6 − C1 (ω + 1) s1s4 − C2 (ω + 1)ωs24
)

,

f56 = s6s5 −
(

ω−1s5s6 + C4s2s5 − C2

(

ω2 + ω + 1
)

s4s5
)

,

✭✺✷✮

✶✾



❚❤✐s ✐❞❡❛❧ ❞❡♣❡♥❞s ♦♥ ❛r❜✐tr❛r② ♣❛r❛♠❡t❡rs C1, C2, C3, C4 ❛♥❞ ω ̸= 0✳
■❞❡❛❧ I4✿
❈❛s❡ ✹ ②✐❡❧❞s t❤❡ ✐❞❡❛❧ I4✱ ❣❡♥❡r❛t❡❞ ❜② ♣♦❧②♥♦♠✐❛❧s fi,j = gi,j , j < 6 ✭✹✾✮✱ ✇❤❡r❡ ω1 = ω2 = ω2, ω3 =
ω ❛♥❞































f16 = s6s1 −
(

ω2s1s6 − C3 (ω + 1)ω3s1s4 + C1 (ω + 1) 2ωs21
)

,

f26 = s6s2 −
(

ω−1s2s6 + C1 (ω + 1)ωs1s2 + C2s
2
2 + C3 (ω + 1)ω2s2s4

)

,

f36 = s6s3 −
(

ωs3s6 + C1ω (ω + 1)
(

ω2 + ω + 1
)

s1s3 + C2s2s3
)

,

f46 = s6s4 −
(

ω−1s4s6 − C1 (ω + 1) s1s4 + C3ω
2s24

)

,

f56 = s6s5 −
(

ω−2s5s6 + C4s
2
2 + C2s2s5 + C3

(

ω2 + ω + 1
)

s4s5
)

,

✭✺✸✮

❚❤✐s ✐❞❡❛❧ ❞❡♣❡♥❞s ♦♥ ❛r❜✐tr❛r② ♣❛r❛♠❡t❡rs C1, C2, C3, C4 ❛♥❞ ω ̸= 0✳

❘❡♠❛r❦ ✸✳✶✸✳ ❙✐♠✐❧❛r t♦ t❤❡ ❝❛s❡ ✇✐t❤ t❤r❡❡ ✈❛r✐❛❜❧❡s ✭s❡❡ ❘❡♠❛r❦ ✸✳✼✮✱ t❤❡r❡ ❡①✐sts ❛♥ ❛❧t❡r♥❛t✐✈❡
♠♦♥♦♠✐❛❧ ♦r❞❡r✐♥❣ ❝♦rr❡s♣♦♥❞✐♥❣ t♦ t❤❡ ✐♥✈♦❧✉t✐♦♥ ✐♥❞✉❝❡❞ ❜② r❡✢❡❝t✐♥❣ t❤❡ ♠❛tr✐① ✐♥ ✭✺✮ ❛❝r♦ss ✐ts
❛♥t✐❞✐❛❣♦♥❛❧✳ ❚❤✐s r❡✢❡❝t✐♦♥ ❣✐✈❡s r✐s❡ t♦ ❛♥ ✐♥✈♦❧✉t✐♦♥ ♦❢ t❤❡ ❣❡♥❡r❛t♦rs✿

s1 ↔ s4, s3 ↔ s5.

❯♥❞❡r t❤✐s ✐♥✈♦❧✉t✐♦♥✱ t❤❡ ✐❞❡❛❧s I0, I1 ❛♥❞ I2 ❛r❡ ♠❛♣♣❡❞ t♦ s✐♠✐❧❛r ✐❞❡❛❧s ✇✐t❤ ❛ ❞✐✛❡r❡♥t ❝❤♦✐❝❡ ♦❢
♣❛r❛♠❡t❡rs✱ ✇❤✐❧❡ t❤❡ ✐❞❡❛❧s ♦❢ t②♣❡ I3 ❛♥❞ I4 ❛r❡ ✐♥t❡r❝❤❛♥❣❡❞ ✭✇✐t❤ tr❛♥s❢♦r♠❛t✐♦♥s ♦❢ ♣❛r❛♠❡t❡rs✮✳

❘❡♠❛r❦ ✸✳✶✹✳ ■♥ t❤✐s ♣❛♣❡r✱ ✇❡ ❞♦ ♥♦t st✉❞② ♥♦♥✲❣❡♥❡r✐❝ ✐❞❡❛❧s ❝♦rr❡s♣♦♥❞✐♥❣ t♦ t❤❡ ❝❛s❡ ✐♥ ✇❤✐❝❤
❛t ❧❡❛st ♦♥❡ ♦❢ t❤❡ ♣❛r❛♠❡t❡rs ω1, ω2, ω3 ✐s ✐❞❡♥t✐❝❛❧❧② ❡q✉❛❧ t♦ ±1✳ ❚❤✉s✱ ✇❡ ❡①❝❧✉❞❡ ❈❛s❡s ✶ ❛♥❞ ✷
❢r♦♠ ❚❤❡♦r❡♠ ✸✳✶✳ ❙✉❝❤ ♥♦♥✲❣❡♥❡r✐❝ ✐❞❡❛❧s ❞♦ ❡①✐st✳ ❋♦r ❡①❛♠♣❧❡✱ ❛ ♥♦♥✲❣❡♥❡r✐❝ ✐❞❡❛❧ I∗ ✐s ❣❡♥❡r❛t❡❞
❜② t❤❡ ♣♦❧②♥♦♠✐❛❧s























f12 = s2s1 − ωs1s2, f13 = s3s1 − ωs1s3, f23 = s3s2 − ω−1s2s3,
f14 = s4s1 − ω2s1s4, f24 = s4s2 − ω−2s2s4, f34 = s4s3 − s3s4,
f15 = s5s1 − ω3s1s5, f25 = s5s2 − ω−2s2s5, f35 = s5s3 − ωs3s5,
f45 = s5s4 − ω2s4s5, f16 = s6s1 − ω3s1s6, f26 = s6s2 − ω−3s2s6,
f36 = s6s3 − s3s6 − Cs24, f46 = s6s4 − s4s6, f56 = s6s5 − ω−3s5s6,

✭✺✹✮

❚❤✐s ✐❞❡❛❧ ❝♦rr❡s♣♦♥❞s t♦ t❤❡ ♣❛r❛♠❡t❡r ✈❛❧✉❡s

ω1 = ω, ω2 = ω3, ω3 = 1,

❛♥❞ ❞♦❡s ♥♦t ❛r✐s❡ ❛s ❛ s♣❡❝✐❛❧✐s❛t✐♦♥ ♦❢ ❛♥② ♦❢ t❤❡ ❣❡♥❡r✐❝ ✐❞❡❛❧s I1, . . . , I4 ✐❢ t❤❡ ❛r❜✐tr❛r② ♣❛r❛♠❡t❡r
C ̸= 0✳

❘❡♠❛r❦ ✸✳✶✺✳ ❚❤❡ s❡q✉❡♥❝❡ ♦❢ r❡✲♣❛r❛♠❡tr✐s❛t✐♦♥s ❛♥❞ ❝♦rr❡s♣♦♥❞✐♥❣ ❝❤❛rts Cα
i ❢r♦♠ ❙❡❝t✐♦♥ ✷✳✶

❛r❡ ✇❡❧❧ ❞❡✜♥❡❞ ♦♥ t❤❡ q✉❛♥t✉♠ ❛❧❣❡❜r❛ AI ✳ ❚❤✐s ✐s ❞✉❡ t♦ st❛❜✐❧✐t② ♦❢ t❤❡ ✐❞❡❧ I ✇✐t❤ r❡s♣❡❝t t♦ t❤❡
♠✉t❛t✐♦♥s Φijk, (i, j, k) ∈ S✳

✹ ❈❧❛ss✐❝❛❧ ❧✐♠✐t

❆❧❧ q✉❛♥t✉♠ ❛❧❣❡❜r❛s ♦❜t❛✐♥❡❞ ✐♥ t❤✐s ♣❛♣❡r ✭✇✐t❤ t❤❡ ❡①❝❡♣t✐♦♥ ♦❢ ❈❛s❡ ✷ ✐♥ ❚❤❡♦r❡♠ ✸✳✶✮ ❝❛♥ ❜❡
✈✐❡✇❡❞ ❛s ❞❡❢♦r♠❛t✐♦♥s ♦❢ ❝♦♠♠✉t❛t✐✈❡ ♣♦❧②♥♦♠✐❛❧ r✐♥❣s✳ ■t ✐s ✇❡❧❧ ❦♥♦✇♥ ✭✜rst ♦❜s❡r✈❡❞ ❜② ❉✐r❛❝
✐♥ ✶✾✷✺ ❬✶✾❪✮ t❤❛t t❤❡ ❝❧❛ss✐❝❛❧ ❧✐♠✐t ♦❢ ❝♦♠♠✉t❛t♦rs ②✐❡❧❞s P♦✐ss♦♥ ❜r❛❝❦❡ts ✭s❡❡✱ ❢♦r ❡①❛♠♣❧❡✱ ❬✶✽❪✮✳

✷✵



❉❡❢♦r♠❛t✐♦♥s ♦❢ ♥♦♥❝♦♠♠✉t❛t✐✈❡ ❛❧❣❡❜r❛s ❛❧s♦ ❣✐✈❡ r✐s❡ t♦ P♦✐ss♦♥ str✉❝t✉r❡s ❬✶✷❪✳ ❍♦✇❡✈❡r✱ ✐♥ t❤✐s
♣❛♣❡r ✇❡ r❡str✐❝t ♦✉r ❛tt❡♥t✐♦♥ t♦ st❛♥❞❛r❞ ❞❡❢♦r♠❛t✐♦♥s ♦❢ ❝♦♠♠✉t❛t✐✈❡ ❛❧❣❡❜r❛s✳

❇❡❢♦r❡ ♣r❡s❡♥t✐♥❣ t❤❡ r❡s✉❧t ❢♦r t❤❡ ❝❛s❡ ♦❢ t❤❡ ❣r♦✉♣ N(4,A/I) ✱ ✇❡ ✐❧❧✉str❛t❡ t❤❡ ❝❧❛ss✐❝❛❧ ❧✐♠✐t
❢♦r t❤❡ ❣r♦✉♣ N(3, A/I) ✐♥ t❤❡ ❈❛s❡ ✸ ♦❢ ❚❤❡♦r❡♠ ✸✳✶ ✐♥ ❞❡t❛✐❧✳ ❚❤❡ ♣❛r❛♠❡t❡rs ♦❢ t❤❡ ✐❞❡❛❧ I ✭✷✵✮ ✇❡
r❡♣r❡s❡♥t ❛s

ω = 1 + νa, α11 = νb, α36 = νc, β33 = νd,

✇❤❡r❡ ν ✐s t❤❡ ❞❡❢♦r♠❛t✐♦♥ ♣❛r❛♠❡t❡r ❛♥❞ a, b, c, d ∈ C ❛r❡ ❛r❜✐tr❛r② ♣❛r❛♠❡t❡rs✳ ■♥ t❤❡ ❝❛s❡ ν = 0 t❤❡
q✉♦t✐❡♥t ❛❧❣❡❜r❛ ✐s ❥✉st ❛ ❝♦♠♠✉t❛t✐✈❡ ♣♦❧②♥♦♠✐❛❧ r✐♥❣ A/(I|ν=0) = C[x1, x2, x3]✳ ❲❡ ❢✉rt❤❡r ❛ss✉♠❡
t❤❛t x1 ❛♥❞ x3 ❛r❡ ✐♥✈❡rt✐❜❧❡✱ ✇❤✐❝❤ ❛❧❧♦✇s ✉s t♦ ❞❡✜♥❡ t❤❡ ❧♦❝❛❧✐s❡❞ ❛❧❣❡❜r❛✿

ÂI = C⟨x1, x
−1
1 , x2, x3, x

−1
3 ⟩/I.

❚❤❡ ❝❡♥tr❡ ♦❢ t❤❡ ❛❧❣❡❜r❛ ÂI ✐s ❣❡♥❡r❛t❡❞ ❜② t❤❡ ❡❧❡♠❡♥t

z = x−1
1 (ax2 + bx1 + cx3 + d)x−1

3 .

❚❤❡ P♦✐ss♦♥ ❜r❛❝❦❡ts ❢♦r ❛♥② t✇♦ ❡❧❡♠❡♥ts A,B ∈ C[x1, x2, x3]✱ ❝♦rr❡s♣♦♥❞✐♥❣ t♦ t❤❡ ❝❧❛ss✐❝❛❧ ❧✐♠✐t
ν → 0 ❛r❡ ❞❡✜♥❡❞ ❛s

{A,B} = lim
ν→0

1

ν
[A,B] =

3
∑

i=1

3
∑

j=1

{xi, xj}
∂A

∂xi

∂B

∂xj
, {xi, xj} = lim

ν→0

1

ν
[xi, xj ].

■♥ ♦✉r ❝❛s❡

{x2, x1} =
1

ν
[x2, x1] = ax2x1 + bx21 + dx1,

{x3, x1} =
1

ν
[x3, x1] = ax3x1, ✭✺✺✮

{x3, x2} =
1

ν
[x3, x2] = ax3x2 + cx23 + dx3.

❍❡♥❝❡✱ t❤❡ ❝❧❛ss✐❝❛❧ ❧✐♠✐t ②✐❡❧❞s ❛ P♦✐ss♦♥ ❛❧❣❡❜r❛ str✉❝t✉r❡ ♦♥ C[x1, x
−1
1 , x2, x3, x

−1
3 ] ✇✐t❤ t❤❡ ❜r❛❝❦❡t

❜❡✐♥❣ ❛ s✉♠ ♦❢ ❢♦✉r ❝♦♠♣❛t✐❜❧❡ q✉❛❞r❛t✐❝ P♦✐ss♦♥ ❜r❛❝❦❡ts✱ ✇✐t❤ ❝♦❡✣❝✐❡♥ts a, b, c, d✳ ■❢ a ̸= 0✱ t❤❡
♣❛r❛♠❡t❡r d ❝❛♥ ❜❡ ❡❧✐♠✐♥❛t❡❞ ❜② ❛ s❤✐❢t ♦❢ t❤❡ ✈❛r✐❛❜❧❡ x2 → x2 − da−1✳ ❚❤✐s P♦✐ss♦♥ ❜r❛❝❦❡t ❤❛s
r❛♥❦ t✇♦✳ ❆ ❈❛s✐♠✐r ❡❧❡♠❡♥t ✭✐✳❡✳✱ ❛ ❣❡♥❡r❛t♦r ♦❢ t❤❡ P♦✐ss♦♥ ❝❡♥tr❡✮ ✐s ❣✐✈❡♥ ❜②✿

C = lim
ν→0

z = x−1
1 (ax2 + bx1 + cx3 + d)x−1

3 .

■t ✐s ❡❛s② t♦ ✈❡r✐❢② t❤❛t t❤❡ ❛✉t♦♠♦r♣❤✐s♠ T ✭✶✸✮ ✐s ❛ P♦✐ss♦♥ ♠❛♣✿

T({A,B}) = {T(A),T(B)}, T(C) = C + 1.

✹✳✶ P♦✐ss♦♥ str✉❝t✉r❡s ♦♥ N(4,R)✳

■♥ t❤✐s s❡❝t✐♦♥✱ ✇❡ ❧✐st t❤❡ P♦✐ss♦♥ ❜r❛❝❦❡ts t❤❛t ❛r✐s❡ ❛s ❝❧❛ss✐❝❛❧ ❧✐♠✐ts ♦❢ t❤❡ q✉❛♥t✐s❛t✐♦♥ ✐❞❡❛❧s
❞✐s❝✉ss❡❞ ✐♥ ❙❡❝t✐♦♥ ✸✳✷✳ ❚❤❡s❡ ❞❡✜♥❡ P♦✐ss♦♥ ❛❧❣❡❜r❛ str✉❝t✉r❡s ♦♥ t❤❡ ♥✐❧♣♦t❡♥t ❣r♦✉♣ N(4,R)✱ ✇✐t❤
❡❧❡♠❡♥ts ♣❛r❛♠❡tr✐s❡❞ ❛s









1 s1 s3 s6
0 1 s2 s5
0 0 1 s4
0 0 0 1









.

✷✶



❚❤❡ ♠✉t❛t✐♦♥s Φi,j,k, (i, j, k) ∈ S ❛r❡ P♦✐ss♦♥ ❛✉t♦♠♦r♣✐s♠s ♦❢ t❤❡s❡ ❛❧❣❡❜r❛s✳

❈❧❛ss✐❝❛❧ ❧✐♠✐t ♦❢ I0✳
■♥ t❤❡ ❝❛s❡ ♦❢ t♦r✐❝ ✐❞❡❛❧ I0✱ ❛ss✉♠✐♥❣ ωk = 1+νak✱ ✐♥ t❤❡ ❧✐♠✐t ν → 0 ✇❡ ♦❜t❛✐♥ t❤❡ ❢♦❧❧♦✇✐♥❣ P♦✐ss♦♥

❜✐✈❡❝t♦r π
(0)
i,j = {si, sj} ✇✐t❤ ❡♥tr✐❡s✿

{s2, s1} = a1s1s2, {s3, s1} = a1s1s3, {s3, s2} = −a1s2s3,
{s4, s1} = (a2 − a1) s1s4, {s4, s2} = (a1 − a2 + a3) s2s4, {s4, s3} = a3s3s4,
{s5, s1} = a2s1s5, {s5, s2} = (a1 − a2 + a3) s2s5, {s5, s3} = (a1 + a3) s3s5,
{s5, s4} = − (a1 − a2 + a3) s4s5, {s6, s1} = a2s1s6, {s6, s2} = (a3 − a2) s2s6,
{s6, s3} = a3s3s6, {s6, s4} = −a3s4s6, {s6, s5} = −a2s5s6.

❚❤❡ P♦✐ss♦♥ ❜✐✈❡❝t♦r π
(0)
i,j ❤❛s r❛♥❦ ✷ ✐❢ ❛t ❧❡❛st ♦♥❡ ♦❢ t❤❡ ❝♦❡✣❝✐❡♥ts ai ✐s ♥♦♥✲③❡r♦✳ ■t ✐s ❛ ❧✐♥❡❛r

❝♦♠❜✐♥❛t✐♦♥ ♦❢ t❤r❡❡ ❝♦♠♣❛t✐❜❧❡ P♦✐ss♦♥ ❜✐✈❡❝t♦rs ✇✐t❤ t❤❡ ❝♦❡✣❝✐❡♥ts a1, a2, a3✳ ■t r❡♣r❡s❡♥ts ❛
t❤r❡❡✲❍❛♠✐❧t♦♥✐❛♥ str✉❝t✉r❡ ♦♥ N(4,R)✳

❈❧❛ss✐❝❛❧ ❧✐♠✐t ♦❢ I1✳
❚❤❡ ✐❞❡❛❧ I1 ✐s ❛ ❞❡❢♦r♠❛t✐♦♥ ♦❢ t❤❡ t♦r✐❝ ✐❞❡❛❧ I0✳ ❆ss✉♠✐♥❣ ωi = 1 + νai✱ ✇❡ ♦❜t❛✐♥ ✐♥ t❤❡ ❧✐♠✐t
ν → 0 t❤❡ ❢♦❧❧♦✇✐♥❣ P♦✐ss♦♥ ❜✐✈❡❝t♦r✳ ❋♦r j < i < 6✱ t❤❡ ❝♦♠♣♦♥❡♥ts ❝♦✐♥❝✐❞❡ ✇✐t❤ t❤❡ t♦r✐❝ ❜✐✈❡❝t♦r

π
(1)
i,j = π

(0)
i,j ✱ ✇❤✐❧❡ t❤❡ ❛❞❞✐t✐♦♥❛❧ ❝♦♠♣♦♥❡♥ts ✐♥✈♦❧✈✐♥❣ s6 ❛r❡✿

{s6, s1} = a2s1s6 − a2b1s
2
1 + (a1 − a2) b2s1s2 − a1b3s1s4,

{s6, s2} = (a3 − a2) s2s6 + (a2 − a3) b2s
2
2 − (a1 − a2 + a3) b1s1s2 + a1b3s2s4,

{s6, s3} = a3s3s6 − (a1 + a3) b1s1s3 + (a1 − a3) b2s2s3,
{s6, s4} = −a3s4s6 + a3b3s

2
4 + (a1 − a2 + a3) b1s1s4 + (a2 − a1) b2s2s4,

{s6, s5} = −a2s5s6 − (a1 − 2a2 + a3) b2s2s5 + (a1 + a3) b3s4s5

.

❚❤❡ P♦✐ss♦♥ ❜✐✈❡❝t♦r π
(1)
i,j ❤❛s r❛♥❦ t✇♦ ❢♦r ❛♥② ❝❤♦✐❝❡ ♦❢ ♣❛r❛♠❡t❡rs✱ ❡①❝❡♣t ✇❤❡♥ a1 = a2 = a3 = 0✱

✐♥ ✇❤✐❝❤ ❝❛s❡ π(1) = 0✳ ■t ✐s ❛ ♥♦♥✲tr✐✈✐❛❧ ❞❡❢♦r♠❛t✐♦♥ ♦❢ t❤❡ t♦r✐❝ P♦✐ss♦♥ ❜✐✈❡❝t♦r π(0)✳
▼♦r❡♦✈❡r✱ π

(1)
i,j ❝❛♥ ❜❡ ✇r✐tt❡♥ ❛s ❛ ❧✐♥❡❛r ❝♦♠❜✐♥❛t✐♦♥ ♦❢ t❤r❡❡ ❝♦♠♣❛t✐❜❧❡ P♦✐ss♦♥ ❜✐✈❡❝t♦rs✱ ✇✐t❤

❝♦❡✣❝✐❡♥ts a1, a2 ❛♥❞ a3✳ ❊❛❝❤ ♦❢ t❤❡s❡ ❜✐✈❡❝t♦rs ✐♥ t✉r♥ ✐s ❛ ❧✐♥❡❛r ❝♦♠❜✐♥❛t✐♦♥ ♦❢ t❤r❡❡ ❝♦♠♣❛t✐❜❧❡
❜✐✈❡❝t♦rs ✇✐t❤ ❝♦❡✣❝✐❡♥ts b1, b2 ❛♥❞ b3✳

❈❧❛ss✐❝❛❧ ❧✐♠✐t ♦❢ I2✳
■♥ t❤❡ ❝❛s❡ ♦❢ ✐❞❡❛❧ I2✱ ❛ss✉♠✐♥❣ ω = 1 + νa ❛♥❞ Ci = νbi✱ ✐♥ t❤❡ ❧✐♠✐t ν → 0 ✇❡ ♦❜t❛✐♥ t❤❡ ❢♦❧❧♦✇✐♥❣

P♦✐ss♦♥ ❜✐✈❡❝t♦r π
(2)
i,j = {si, sj} ✇✐t❤ ❡♥tr✐❡s✿

{s2, s1} = as1s2, {s3, s1} = as1s3,
{s3, s2} = −as2s3, {s4, s1} = 0,
{s4, s2} = as2s4, {s4, s3} = as3s4,
{s5, s1} = as1s5, {s5, s2} = as2s5,
{s5, s3} = 2as3s5, {s5, s4} = −as4s5,

{s6, s1} = as1s6 + b1s
2
1 + (b3 − b2)s1s2 − b5s1s4,

{s6, s2} = b1s1s2 + b2s
2
2 + b5s2s4,

{s6, s3} = as3s6 + 2b1s1s3 + b3s2s3,
{s6, s4} = −as4s6 − b1s1s4 + b4s2s4 + b5s

2
4,

{s6, s5} = −as5s6 + (b2 + b5)s2s5 + 2b5s4s5.

✷✷



❚❤❡ P♦✐ss♦♥ ❜✐✈❡❝t♦r π
(2)
i,j ❤❛s r❛♥❦ ✹✳

❈❧❛ss✐❝❛❧ ❧✐♠✐t ♦❢ I3✳
■♥ t❤❡ ❝❛s❡ ♦❢ ✐❞❡❛❧ I3✱ ❛ss✉♠✐♥❣ ω = 1 + νa ❛♥❞ Ci = νbi✱ ✐♥ t❤❡ ❧✐♠✐t ν → 0 ✇❡ ♦❜t❛✐♥ t❤❡ ❢♦❧❧♦✇✐♥❣

P♦✐ss♦♥ ❜✐✈❡❝t♦r π
(3)
i,j = {si, sj} ✇✐t❤ ❡♥tr✐❡s✿

{s2, s1} = as1s2, {s3, s1} = as1s3,
{s3, s2} = −as2s3, {s4, s1} = 0,
{s4, s2} = 2as2s4, {s4, s3} = 2as3s4,
{s5, s1} = as1s5, {s5, s2} = 2as2s5,
{s5, s3} = 3as3s5, {s5, s4} = −2as4s5,

{s6, s1} = as1s6 + b1s
2
1 + b2s1s4,

{s6, s2} = as2s6 + 2b1s1s2 + b4s
2
2 − b2s2s4,

{s6, s3} = 2as3s6 + 3b1s1s3 + b3s
2
2 + b4s2s3,

{s6, s4} = −2as4s6 − 2b1s1s4 − 2b2s
2
4,

{s6, s5} = −as5s6 + b4s2s5 − 3b2s4s5.

❚❤❡ P♦✐ss♦♥ ❜✐✈❡❝t♦r π
(4)
i,j ❤❛s r❛♥❦ ✹✳

❈❧❛ss✐❝❛❧ ❧✐♠✐t ♦❢ I4✳
■♥ t❤❡ ❝❛s❡ ♦❢ ✐❞❡❛❧ I4✱ ❛ss✉♠✐♥❣ ω = 1 + νa ❛♥❞ Ci = νbi✱ ✐♥ t❤❡ ❧✐♠✐t ν → 0 ✇❡ ♦❜t❛✐♥ t❤❡ ❢♦❧❧♦✇✐♥❣

P♦✐ss♦♥ ❜✐✈❡❝t♦r π
(4)
i,j = {si, sj} ✇✐t❤ ❡♥tr✐❡s✿

{s2, s1} = 2as1s2, {s3, s1} = 2as1s3,
{s3, s2} = −2as2s3, {s4, s1} = 0,
{s4, s2} = as2s4, {s4, s3} = as3s4,
{s5, s1} = 2as1s5, {s5, s2} = as2s5,
{s5, s3} = 3as3s5, {s5, s4} = −as4s5,

{s6, s1} = 2as1s6 + 4b1s
2
1 − 2b3s1s4,

{s6, s2} = −as2s6 + 2b1s1s2 + b2s
2
2 + 2b3s2s4,

{s6, s3} = as3s6 + 6b1s1s3 + b2s2s3,
{s6, s4} = −as4s6 − 2b1s1s4 + b3s

2
4,

{s6, s5} = −2as5s6 + b4s
2
2 + b2s2s5 + 3b3s4s5.

❚❤❡ P♦✐ss♦♥ ❜✐✈❡❝t♦r π
(4)
i,j ❤❛s r❛♥❦ ✹✳

❘❡♠❛r❦ ✹✳✶✳ ❈♦♥s✐❞❡r✐♥❣ t❤❡ ❝♦♥♥❡❝t✐♦♥ ♦❢ ♦✉r ♣r♦❜❧❡♠ ✇✐t❤ t❤❡ ❢❛♠✐❧② ♦❢ ♣❛r❛♠❡tr✐s❛t✐♦♥s ♦❢ t❤❡
❣r♦✉♣ ♦❢ ✉♥✐♣♦t❡♥t ♠❛tr✐❝❡s ✭❙❡❝t✐♦♥ ✷✳✶✮✱ ✇❡ ❝❛♥ s❛② t❤❛t t❤❡ ♦❜t❛✐♥❡❞ P♦✐ss♦♥ str✉❝t✉r❡s ❛r❡ str✉❝t✉r❡s
❝♦♥s✐st❡♥t ✇✐t❤ t❤❡ r❡✲♣❛r❛♠❡tr✐s❛t✐♦♥s ♦♥ t❤❡ ❝❤❛rts ♦❢ t❤❡ ✉♥✐♣♦t❡♥t ❣r♦✉♣✳

❘❡♠❛r❦ ✹✳✷✳ ❈♦♥s✐❞❡r t❤❡ ❝❧❛ss✐❝❛❧ ❧✐♠✐t ✐♥ t❤❡ ❝❛s❡ ♦❢ t❤❡ ♥♦♥✲❣❡♥❡r✐❝ ✐❞❡❛❧ ✭✺✹✮ P∗ ②✐❡❧❞s t❤❡
P♦✐ss♦♥ ❜✐✈❡❝t♦r π(∗) ♦❢ r❛♥❦ ✹✳

π(∗) :

{s1, s2} = s1s2, {s1, s3} = s1s3, {s1, s4} = 2s1s4,
{s1, s5} = 3s1s5, {s1, s6} = 3s1s6, {s2, s3} = −s2s3,
{s2, s4} = −2s2s4, {s2, s5} = −2s2s5, {s2, s6} = −s2s6,
{s3, s4} = 0, {s3, s5} = s3s5, {s3, s6} = −Cs24,
{s4, s5} = 2s4s5, {s4, s6} = 0, {s5, s6} = −s5s6.

✷✸



✹✳✷ P♦✐ss♦♥ ❝❡♥tr❡s ❛♥❞ ❝♦♠♠✉t✐♥❣ ✐♥t❡❣r❛❧s

■♥ t❤❡ ❝❛s❡ ♦❢ t❤❡ ❧♦❣✲❝❛♥♦♥✐❝❛❧ P♦✐ss♦♥ ❜r❛❝❦❡ts ✇✐t❤ t❤❡ ❜✐✈❡❝t♦r π(0)✱ ❝♦rr❡s♣♦♥❞✐♥❣ t♦ t❤❡ t♦r✐❝
❝❛s❡✱ t❤❡ ❈❛s✐♠✐r ❡❧❡♠❡♥ts ✲ ✐✳❡✳✱ ❢✉♥❝t✐♦♥s ❧②✐♥❣ ✐♥ t❤❡ P♦✐ss♦♥ ❝❡♥tr❡ ✲ ❝❛♥ ❜❡ ❝♦♠♣✉t❡❞ ❡①♣❧✐❝✐t❧②✳
❚❤❡s❡ ❡❧❡♠❡♥ts t❛❦❡ t❤❡ ❢♦r♠ ♦❢ ♠♦♥♦♠✐❛❧s

C = sα1

1 sα2

2 · · · sα1

6

✇❤❡r❡ t❤❡ ❡①♣♦♥❡♥t ✈❡❝t♦r (α1, α2, . . . , α6) ∈ C
6 ❧✐❡s ✐♥ t❤❡ ❦❡r♥❡❧ ♦❢ π(0)✳

■♥ ♦✉r ❝❛s❡✱ ♦♥❡ ❝❛♥ ❝❤♦♦s❡ t❤❡ ❢♦❧❧♦✇✐♥❣ ♠♦♥♦♠✐❛❧s ❛s ❈❛s✐♠✐r ❢✉♥❝t✐♦♥s✿

C1 = sa1−a2+a3
1 sa1−a2

2 sa14 , C2 = s−1
1 s3s

−1
2 , C3 = s−1

2 s5s
−1
4 , C4 = s−1

1 s−1
2 s−1

4 s6. ✭✺✻✮

❚❤❡s❡ ❈❛s✐♠✐r ❢✉♥❝t✐♦♥s P♦✐ss♦♥ ❝♦♠♠✉t❡ ✇✐t❤ ❛❧❧ ❡❧❡♠❡♥ts ♦❢ t❤❡ ❛❧❣❡❜r❛ ❛♥❞ ❣❡♥❡r❛t❡ t❤❡ P♦✐ss♦♥
❝❡♥tr❡ ♦❢ t❤❡ P♦✐ss♦♥ ❛❧❣❡❜r❛✳ ❚❤❡② ❞❡t❡r♠✐♥❡ t❤❡ s②♠♣❧❡❝t✐❝ ❢♦❧✐❛t✐♦♥ ♦❢ t❤❡ ❝♦rr❡s♣♦♥❞✐♥❣ P♦✐ss♦♥
♠❛♥✐❢♦❧❞ ❛♥❞ ❛r❡ ✐♥✈❛r✐❛♥t ✉♥❞❡r t❤❡ ❍❛♠✐❧t♦♥✐❛♥ ✢♦✇s ❣❡♥❡r❛t❡❞ ❜② ❛♥② r❡❣✉❧❛r ❢✉♥❝t✐♦♥ ✐♥ t❤❡
❛❧❣❡❜r❛✳

❚❤❡ ♠✉t❛t✐♦♥s Φijk✱ ❢♦r (i, j, k) ∈ S✱ ❛r❡ P♦✐ss♦♥ ♠❛♣s ❢♦r t❤❡ P♦✐ss♦♥ ❛❧❣❡❜r❛s ❞❡s❝r✐❜❡❞ ✐♥ t❤❡
♣r❡✈✐♦✉s s❡❝t✐♦♥✳ ▼♦r❡♦✈❡r✱ t❤❡ ❛❝t✐♦♥ ♦❢ t❤❡s❡ P♦✐ss♦♥ ♠❛♣s✱ ♦♥ t❤❡ ❈❛s✐♠✐r ❢✉♥❝t✐♦♥s Ci ✐s ❛✣♥❡✲
❧✐♥❡❛r✿

Φ132(Ci) = Ci + δi,2, Φ254(Ci) = Ci + δi,3
Φ364(Ci) = Ci + δi,4C2, Φ165(Ci) = Ci + δi,4C3,

✭✺✼✮

✇❤❡r❡ δij ❞❡♥♦t❡s t❤❡ ❑r♦♥❡❝❦❡r ❞❡❧t❛ s②♠❜♦❧✳ ❚❤❡② ❡q✉✐♣ t❤❡ s②♠♣❧❡❝t✐❝ ❢♦❧✐❛t✐♦♥ ✇✐t❤ ✐♥✈❛r✐❛♥t
❧❛tt✐❝❡ str✉❝t✉r❡ ✇❤✐❝❤ ✇❡ r❡❢❡r t♦ ❛s t❤❡ s②♠♣❧❡❝t✐❝ ❧❛tt✐❝❡✳

❚❤❡ ✈❛r✐❛❜❧❡s s1, s2 ❛♥❞ s4 r❡♠❛✐♥ ✐♥✈❛r✐❛♥t ✉♥❞❡r t❤❡ ❛❝t✐♦♥ ♦❢ t❤❡s❡ ♠❛♣s✳ ❆♥② r❡❣✉❧❛r ❢✉♥❝t✐♦♥
♦❢ t❤❡s❡ ✈❛r✐❛❜❧❡s✱ ✇❤❡♥ t❛❦❡♥ ❛s ❛ ❍❛♠✐❧t♦♥✐❛♥✱ ❣❡♥❡r❛t❡s ✐♥t❡❣r❛❜❧❡ ❞②♥❛♠✐❝s ♦♥ t❤❡ s②♠♣❧❡❝t✐❝
❧❛tt✐❝❡✱ ✇❤✐❝❤ ✐s ♣r❡s❡r✈❡❞ ❜② t❤❡ P♦✐ss♦♥ ♠❛♣s✳

❆ s✐♠✐❧❛r ♣✐❝t✉r❡ ❛r✐s❡s ✐♥ t❤❡ ❝❛s❡ ♦❢ t❤❡ ❞❡❢♦r♠❛t✐♦♥ π(1) ♦❢ t❤❡ P♦✐ss♦♥ ❜✐✈❡❝t♦r π(0)✳ ■♥ t❤❡s❡ ❝❛s❡
t❤❡ ❈❛s✐♠✐r ❡❧❡♠❡♥ts C1, C2 ❛♥❞ C3 r❡♠❛✐♥ ✉♥❞❡❢♦r♠❡❞✱ ✇❤✐❧❡ t❤❡ ❡❧❡♠❡♥t C4 ❛❝q✉✐r❡s ❛ ❞❡❢♦r♠❛t✐♦♥✿

C∗
4 = s−1

1 s−1
2 s−1

4 (s6 − b1s1 − b2s2 − b3s4).

❚❤❡ ♠✉t❛t✐♦♥ r✉❧❡s ✭✺✼✮ r❡♠❛✐♥ ✉♥❝❤❛♥❣❡❞ ✉♥❞❡r t❤✐s ❞❡❢♦r♠❛t✐♦♥✳
❚❤❡ ❝❛s❡s ❝♦rr❡s♣♦♥❞✐♥❣ t♦ P♦✐ss♦♥ ❜✐✈❡❝t♦rs π(2), π(3), π(4) ❞✐✛❡r ❢r♦♠ t❤❡ s✐t✉❛t✐♦♥ ❞❡s❝r✐❜❡❞

❛❜♦✈❡✳ ❲❤✐❧❡ ❡❛❝❤ ♦❢ t❤❡s❡ ❜✐✈❡❝t♦rs ❛r✐s❡s ❛s ❛ ❞❡❢♦r♠❛t✐♦♥ ♦❢ ❛ ♣❛rt✐❝✉❧❛r ❝❛s❡ ♦❢ t❤❡ ❧♦❣✲❝❛♥♦♥✐❝❛❧
P♦✐ss♦♥ ❜r❛❝❦❡t π(0)✱ t❤❡ ❞❡❢♦r♠❛t✐♦♥ ❣❡♥❡r❛❧❧② ❝❤❛♥❣❡s t❤❡ str✉❝t✉r❡ ✐♥ ❛ s✐❣♥✐✜❝❛♥t ✇❛②✳ ■♥ ♣❛rt✐❝✉❧❛r✱
✐t r❡❞✉❝❡s t❤❡ r❛♥❦ ♦❢ t❤❡ P♦✐ss♦♥ ❜✐✈❡❝t♦r t♦ t✇♦✱ t❤✉s ❝❤❛♥❣✐♥❣ t❤❡ s②♠♣❧❡❝t✐❝ ❢♦❧✐❛t✐♦♥ ♦❢ t❤❡
✉♥❞❡r❧②✐♥❣ ♠❛♥✐❢♦❧❞✳

❚❤❡ ❈❛s✐♠✐r ❢✉♥❝t✐♦♥s ❣❡♥❡r❛t✐♥❣ t❤❡ P♦✐ss♦♥ ❝❡♥tr❡ ✐♥ t❤❡s❡ ❝❛s❡s ❛r❡✿

π(2) : C2, C3; π(3) : C′
1 = s21s4, C3; π(4) : C′′

1 = s1s
2
4, C2, ✭✺✽✮

✇❤❡r❡ C2, C3 ❛r❡ ❛s ❞❡✜♥❡❞ ❛❜♦✈❡ ✐♥ ✭✺✻✮✱ ❛♥❞ C′
1, C

′′
1 ❛r✐s❡ ❢r♦♠ C1 ✐❢ ✇❡ t❛❦❡ ✐♥t♦ ❛❝❝♦✉♥t t❤❡ r❡❧❛t✐♦♥s

✭✹✼✮✱✭✹✽✮✳ ❚❤❡ ❢✉♥❝t✐♦♥s C′
1, C

′′
1 ❛r❡ ♠✉t❛t✐♦♥ ✐♥✈❛r✐❛♥t✳

■♥ t❤❡s❡ ❝❛s❡s✱ t❤❡ s②♠♣❧❡❝t✐❝ ❧❡❛✈❡s ❛r❡ ❢♦✉r✲❞✐♠❡♥s✐♦♥❛❧✱ s♦ t♦ ❞❡✜♥❡ ❛ ▲✐♦✉✈✐❧❧❡ ✐♥t❡❣r❛❜❧❡ ❍❛♠✐❧✲
t♦♥✐❛♥ s②st❡♠✱ ✇❡ ♠✉st ✜♥❞ t✇♦ P♦✐ss♦♥ ❝♦♠♠✉t✐♥❣ ❢✉♥❝t✐♦♥s✳ ❇② ❛ str❛✐❣❤t❢♦r✇❛r❞ ❝❛❧❝✉❧❛t✐♦♥ ✇❡
❣❡t✿

✷✹



Pr♦♣♦s✐t✐♦♥ ✹✳✸✳ ❚❤❡ ❢♦❧❧♦✇✐♥❣ ♣❛✐rs ♦❢ ❢✉♥❝t✐♦♥s P♦✐ss♦♥ ❝♦♠♠✉t❡ ✇✐t❤ r❡s♣❡❝t t♦ t❤❡ ❝♦rr❡s♣♦♥❞✐♥❣
P♦✐ss♦♥ ❜r❛❝❦❡ts✿

✶✳ ❚❤❡ ❢✉♥❝t✐♦♥s C′
1 ❛♥❞ C′′

1 P♦✐ss♦♥ ❝♦♠♠✉t❡ ✇✐t❤ r❡s♣❡❝t t♦ t❤❡ ❜✐✈❡❝t♦r π(2)✳

✷✳ ❚❤❡ ❢✉♥❝t✐♦♥s C′′
1 ❛♥❞ C2 P♦✐ss♦♥ ❝♦♠♠✉t❡ ✇✐t❤ r❡s♣❡❝t t♦ t❤❡ ❜✐✈❡❝t♦r π(3)✳

✸✳ ❚❤❡ ❢✉♥❝t✐♦♥s C′
1 ❛♥❞ C3 P♦✐ss♦♥ ❝♦♠♠✉t❡ ✇✐t❤ r❡s♣❡❝t t♦ t❤❡ ❜✐✈❡❝t♦r π(4)✳

❘❡♠❛r❦ ✹✳✹✳ ■♥ ❛❧❧ ❝❛s❡s π(2), π(3) ❛♥❞ π(4) ✇❡ ✜♥❞ ❛ ▲✐♦✉✈✐❧❧❡ ✐♥t❡❣r❛❜❧❡ s②st❡♠ ♦♥ ❡❛❝❤ ♣❛r❛♠❡tr✐✲
s❛t✐♦♥ ❝❤❛rt ♣r❡s❡r✈❡❞ ❜② r❡♣❛r❛♠❡tr✐s❛t✐♦♥ ♠❛♣s✳ ❚❤❡ r♦❧❡ ♦❢ t❤✐s str✉❝t✉r❡ ✐s t✇♦❢♦❧❞✿ ♦♥❡ ❝♦✉❧❞
❝♦♥s✐❞❡r t❤❡ r❡♣❛r❛♠❡tr✐s❛t✐♦♥ ❛s ❛ ❞✐s❝r❡❡t s②♠♠❡tr② ♦❢ t❤✐s ❍❛♠✐❧t♦♥✐❛♥ ❞②♥❛♠✐❝s✳ ❋r♦♠ t❤❡ ♦t❤❡r
s✐❞❡ ✇❡ ✐♥t❡r♣r❡t t❤❡ ❍❛♠✐❧t♦♥✐❛♥ ✢♦✇ ❛s ❛ ❝♦♥t✐♥✉♦✉s s②♠♠❡tr② t❤❡ ❞✐s❝r❡t❡ ❞②♥❛♠✐❝s ❣✐✈❡♥ ❜② t❤❡
s♦❧✉t✐♦♥ t♦ t❤❡ ❩❛♠♦❧♦❞❝❤✐❦♦✈ ❡q✉❛t✐♦♥✳

❲❡ ❝❛♥ ❢♦r♠✉❧❛t❡ ❛ s✐♠✐❧❛r r❡s✉❧t ❢♦r t❤❡ q✉❛♥t✉♠ ✈❡rs✐♦♥ ♦❢ t❤❡ ✐♥t❡❣r❛❜❧❡ s②st❡♠s ❢r♦♠ Pr♦♣♦s✐✲
t✐♦♥ ✹✳✸✳ ❙✐♥❝❡ t❤❡ ❈❛s✐♠✐r ❢✉♥❝t✐♦♥s ✐♥✈♦❧✈❡ t❤❡ r❡❝✐♣r♦❝❛❧s ♦❢ t❤❡ ✈❛r✐❛❜❧❡s s1, s2 ❛♥❞ s3✱ ✐t ✐s ♥❛t✉r❛❧
t♦ ✐♥tr♦❞✉❝❡ t❤❡ ❧♦❝❛❧✐s❛t✐♦♥s

A♯/Ik = C⟨s±1
1 , s±1

2 , s3 , s
±1
4 , s5 , s6⟩/Ik

♦❢ t❤❡ q✉❛♥t✉♠ ❛❧❣❡❜r❛s A/Ik✳ ❲✐t❤✐♥ A♯/Ik ✇❡ ✐❞❡♥t✐❢② ❝❡♥tr❛❧ ❡❧❡♠❡♥ts ❛♥❞ ♣❛✐rs ♦❢ ❝♦♠♠✉t✐♥❣
❡❧❡♠❡♥ts ✇❤✐❝❤✱ ✐♥ t❤❡ ❝❧❛ss✐❝❛❧ ❧✐♠✐t✱ ❜❡❝♦♠❡ t❤❡ ❈❛s✐♠✐r ❡❧❡♠❡♥ts ❛♥❞ t❤❡ P♦✐ss♦♥✲❝♦♠♠✉t❛t✐✈❡
❍❛♠✐❧t♦♥✐❛♥s✱ r❡s♣❡❝t✐✈❡❧②✳ ❚❤❡s❡ ❡①♣r❡ss✐♦♥s ❝♦✐♥❝✐❞❡ ❡①❛❝t❧② ✇✐t❤ t❤❡✐r ❝♦♠♠✉t❛t✐✈❡ ❝♦✉♥t❡r♣❛rts✱
✇✐t❤ ♦r❞❡r✐♥❣ ❛s ✐♥ ✭✺✻✮✱ ✭✺✽✮✳

❚❤❡ ♣❛ss❛❣❡ t♦ t❤❡ q✉❛♥t✉♠ s❡tt✐♥❣ ♠❛② ❛❧s♦ ❜❡ ✈✐❡✇❡❞ ❛s ❛ ❞❡❢♦r♠❛t✐♦♥ q✉❛♥t✐s❛t✐♦♥ ♦❢ t❤❡ ✉♥❞❡r✲
❧②✐♥❣ P♦✐ss♦♥ ❛❧❣❡❜r❛ ❡q✉✐♣♣❡❞ ✇✐t❤ ❛❞❞✐t✐♦♥❛❧ str✉❝t✉r❡s ✲ ✐ts ❝❡♥tr❡ ❛♥❞ ❛ ❝♦♠♠✉t❛t✐✈❡ s✉❜❛❧❣❡❜r❛
✭❛ ❝❧❛ss✐✜❝❛t✐♦♥ ♣r♦❜❧❡♠ ♦❢ t❤✐s t②♣❡ ✇❛s st✉❞✐❡❞ ✐♥ ❬✷✶❪✮✳ ❚❤❡ P❇❲ ♣r♦♣❡rt② ♦❢ t❤❡ q✉❛♥t✉♠ ❛❧❣❡❜r❛✱
t♦❣❡t❤❡r ✇✐t❤ ▲✐♦✉✈✐❧❧❡ ✐♥t❡❣r❛❜✐❧✐t② ♦❢ t❤❡ ❝❧❛ss✐❝❛❧ ❧✐♠✐t✱ ❡♥❛❜❧❡s ✉s t♦ r❡❣❛r❞ t❤❡ s②st❡♠ ❛s q✉❛♥t✉♠
✐♥t❡❣r❛❜❧❡✳

Pr♦♣♦s✐t✐♦♥ ✹✳✺✳ ■♥ t❤❡ q✉❛♥t✉♠ ❛❧❣❡❜r❛s A♯/Ik ❢♦r k = 2, 3, 4✱ t❤❡ ❢♦❧❧♦✇✐♥❣ ❡❧❡♠❡♥ts ❛r❡ ❝❡♥tr❛❧✱
❛♥❞ t❤❡ ✐♥❞✐❝❛t❡❞ ♣❛✐rs ♦❢ ❝♦♠♠✉t✐♥❣ ❍❛♠✐❧t♦♥✐❛♥s ❛r❡ ❛❧❣❡❜r❛✐❝❛❧❧② ✐♥❞❡♣❡♥❞❡♥t✿

✶✳ C2, C3 ∈ Z(A♯/I2)✱ [C
′
1, C

′′
1 ] = 0✳

✷✳ C ′
1, C3 ∈ Z(A♯/I3)✱ [C

′′
1 , C2] = 0✳

✸✳ C ′′
1 , C2 ∈ Z(A♯/I4)✱ [C

′
1, C3] = 0✳

❚❤❡ ♠✉t❛t✐♦♥ ♠❛♣s ❛r❡ ❛✣♥❡✲❧✐♥❡❛r ❛♥❞ ❝♦✐♥❝✐❞❡ ✇✐t❤ t❤❡ ❝♦♠♠✉t❛t✐✈❡ ❝❛s❡ ✭✺✼✮✿

Φ132(C2) = C2 + 1, Φ254(C3) = C3 + 1.

✺ ❈♦♥❝❧✉s✐♦♥

❚❤❡ ♠❛✐♥ r❡s✉❧ts ♦❢ t❤✐s ♣❛♣❡r ❝♦♥❝❡r♥ q✉❛♥t✉♠ r❡❞✉❝t✐♦♥s ♦❢ ❛ ♥♦♥❝♦♠♠✉t❛t✐✈❡ r❡♣❛r❛♠❡tr✐s❛t✐♦♥
♠❛♣ ♦♥ t❤❡ ✉♥✐♣♦t❡♥t ❣r♦✉♣ N(4,A)✱ ✇❤❡r❡ A = C ⟨x1, . . . , x6⟩ ✐s t❤❡ ❢r❡❡ ❛ss♦❝✐❛t✐✈❡ ❛❧❣❡❜r❛✳ ❚❤✐s
❝♦♥str✉❝t✐♦♥ ②✐❡❧❞s q✉❛♥t✉♠ s♦❧✉t✐♦♥s t♦ t❤❡ ❩❛♠♦❧♦❞❝❤✐❦♦✈ t❡tr❛❤❡❞r♦♥ ❡q✉❛t✐♦♥✳

❼ ❯s✐♥❣ t❤❡ ♠❡t❤♦❞ ♦❢ q✉❛♥t✐s❛t✐♦♥ ✐❞❡❛❧s✱ ✇❡ ❝♦♥str✉❝t s❡✈❡r❛❧ ❢❛♠✐❧✐❡s ♦❢ ❛ss♦❝✐❛t✐✈❡ ❛❧❣❡❜r❛s AI

t❤❛t ❛r❡ P❇❲ ❞❡❢♦r♠❛t✐♦♥s ♦❢ t❤❡ ♣♦❧②♥♦♠✐❛❧ r✐♥❣ C[x1, . . . , x6]✳ ❚❤❡s❡ ❞❡❢♦r♠❛t✐♦♥s ❛❞♠✐t ❛
✇❡❧❧✲❞❡✜♥❡❞ q✉❛♥t✉♠ r❡❞✉❝t✐♦♥s ♦❢ t❤❡ r❡✲♣❛r❛♠❡tr✐s❛t✐♦♥ ♠❛♣ t♦ t❤❡ ✉♥✐♣♦t❡♥t ❣r♦✉♣ N(4,AI)✱
t❤❡r❡❜② ♣r♦✈✐❞✐♥❣ q✉❛♥t✉♠ s♦❧✉t✐♦♥s t♦ t❤❡ ❩❛♠♦❧♦❞❝❤✐❦♦✈ t❡tr❛❤❡❞r♦♥ ❡q✉❛t✐♦♥✳

✷✺



❼ ❲❡ ❡①❛♠✐♥❡ t❤❡ ❝❧❛ss✐❝❛❧ ❧✐♠✐t ♦❢ t❤❡s❡ ❛ss♦❝✐❛t✐✈❡ ❛❧❣❡❜r❛s ❛♥❞ ♦❜t❛✐♥ ❛ ❢❛♠✐❧② ♦❢ P♦✐ss♦♥ ❜✐✈❡❝✲
t♦rs ♦♥ t❤❡ s♣❛❝❡ ♦❢ t❤❡ ✉♥✐♣♦t❡♥t ❣r♦✉♣ N(4,R)✱ ✐♥✈❛r✐❛♥t ✉♥❞❡r t❤❡ r❡✲♣❛r❛♠❡tr✐s❛t✐♦♥ ♠❛♣s✳
❆♥❛❧♦❣♦✉s ♣r♦❜❧❡♠s ❤❛✈❡ ❜❡❡♥ ❡①t❡♥s✐✈❡❧② st✉❞✐❡❞ ✐♥ t❤❡ s❡tt✐♥❣ ♦❢ ❝❧✉st❡r ✈❛r✐❡t✐❡s✱ ❜♦t❤ ✐♥ t❤❡
P♦✐ss♦♥ ❛♥❞ q✉❛♥t✉♠ ❝♦♥t❡①ts❀ s❡❡✱ ❢♦r ❡①❛♠♣❧❡✱ ❬✶✵❪✱ ❬✷✵❪✳

❼ ❲❡ ✐❞❡♥t✐❢② ❍❛♠✐❧t♦♥✐❛♥ ✐♥t❡❣r❛❜❧❡ s②st❡♠s t❤❛t ❛r❡ ❝♦♥s✐st❡♥t ✇✐t❤ t❤❡ ♠✉t❛t✐♦♥ ♠❛♣s✳ ❚❤❡✐r
s♦❧✉t✐♦♥s ②✐❡❧❞ ❝♦♥t✐♥✉♦✉s s②♠♠❡tr② ❣r♦✉♣s ❛❝t✐♥❣ ♦♥ t❤❡ ♣❛r❛♠❡tr✐s❛t✐♦♥s ♦❢ t❤❡ ✉♥✐♣♦t❡♥t
❣r♦✉♣✳ ❚❤❡s❡ s②st❡♠s ❛❞♠✐t q✉❛♥t✐s❛t✐♦♥s t❤❛t r❡s♣❡❝t ♠✉t❛t✐♦♥ ✐♥✈❛r✐❛♥❝❡✳

❲❡ ❛♥t✐❝✐♣❛t❡ t❤❛t t❤❡ ♠❡t❤♦❞s ❞❡✈❡❧♦♣❡❞ ❤❡r❡ ✇✐❧❧ ❤❛✈❡ ❜r♦❛❞❡r ❛♣♣❧✐❝❛❜✐❧✐t② t♦ ❛ ✇✐❞❡ ❝❧❛ss ♦❢
❞✐s❝r❡t❡ ❞②♥❛♠✐❝❛❧ s②st❡♠s ✇✐t❤ ❛❧❣❡❜r❛✐❝ str✉❝t✉r❡✳ ■♥ ♣❛rt✐❝✉❧❛r✱ ✇❡ ❡①♣❡❝t ❣❡♥❡r❛❧✐s❛t✐♦♥s t♦ t❤❡
▲✉s③t✐❣ ✈❛r✐❡t②✱ t♦ ♠✉t❛t✐♦♥ ❞②♥❛♠✐❝s ✐♥ ❡❧❡❝tr✐❝❛❧ ♥❡t✇♦r❦ ♠♦❞❡❧s✱ t♦ t❤❡ ■s✐♥❣ ♠♦❞❡❧✱ ❛♥❞ t♦ ❛♥
❡①♣❛♥❞✐♥❣ ❢❛♠✐❧② ♦❢ ❡①❛♠♣❧❡s ✇✐t❤✐♥ t❤❡ t❤❡♦r② ♦❢ ❝❧✉st❡r ♠❛♥✐❢♦❧❞s✳

❆❝❦♥♦✇❧❡❞❣❡♠❡♥ts

❚❤❡ ✇♦r❦ ♦❢ ▼✳Ñ✳ ✐s ❛♥ ♦✉t♣✉t ♦❢ ❛ r❡s❡❛r❝❤ ♣r♦❥❡❝t ✐♠♣❧❡♠❡♥t❡❞ ❛s ♣❛rt ♦❢ t❤❡ ❇❛s✐❝ ❘❡s❡❛r❝❤
Pr♦❣r❛♠ ❛t t❤❡ ◆❛t✐♦♥❛❧ ❘❡s❡❛r❝❤ ❯♥✐✈❡rs✐t② ❍✐❣❤❡r ❙❝❤♦♦❧ ♦❢ ❊❝♦♥♦♠✐❝s ✭❍❙❊ ❯♥✐✈❡rs✐t②✮✳ ❚❤❡
✇♦r❦ ♦❢ ❆✳▼✳ ✇❛s ❝❛rr✐❡❞ ♦✉t ✇✐t❤✐♥ t❤❡ ❢r❛♠❡✇♦r❦ ♦❢ ❈❖❙❚ ❆❝t✐♦♥ ❈❛▲■❙❚❆ ❈❆✷✶✶✵✾ s✉♣♣♦rt❡❞ ❜②
❈❖❙❚ ✭❊✉r♦♣❡❛♥ ❈♦♦♣❡r❛t✐♦♥ ✐♥ ❙❝✐❡♥❝❡ ❛♥❞ ❚❡❝❤♥♦❧♦❣②✮✳ ❚❤❡ ✇♦r❦ ♦❢ ❉✳❚✳ ✇❛s ❝❛rr✐❡❞ ♦✉t ✇✐t❤✐♥
t❤❡ ❢r❛♠❡✇♦r❦ ♦❢ ❛ ❞❡✈❡❧♦♣♠❡♥t ♣r♦❣r❛♠♠❡ ❢♦r t❤❡ ❘❡❣✐♦♥❛❧ ❙❝✐❡♥t✐✜❝ ❛♥❞ ❊❞✉❝❛t✐♦♥❛❧ ▼❛t❤❡♠❛t✐❝❛❧
❈❡♥t❡r ♦❢ ❨❛r♦s❧❛✈❧ ❙t❛t❡ ❯♥✐✈❡rs✐t②✱ ✇✐t❤ ✜♥❛♥❝✐❛❧ s✉♣♣♦rt ❢r♦♠ t❤❡ ▼✐♥✐str② ♦❢ ❙❝✐❡♥❝❡ ❛♥❞ ❍✐❣❤❡r
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