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Abstract

Using the method of quantisation ideals, we construct a family of quantisations corresponding to
Case « in Sergeev’s classification of solutions to the tetrahedron equation. This solution describes
transformations between special parametrisations of the space of unipotent matrices with noncommu-
tative coefficients. We analyse the classical limit of this family and construct a pencil of compatible
Poisson brackets that remain invariant under the re-parametrisation maps (mutations). Our decom-
position of the unipotent group is explicitly connected to that introduced by Lusztig, which makes
links with the theory of cluster algebras. However our construction differs from the standard family
of Poisson structures in cluster theory; it provides deformations of log-canonical brackets. Addition-
ally, we identify a family of integrable systems defined on the parametrisation charts, compatible with

mutations.
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1 Introduction

Quantisation ideals. The quantisation ideals approach was originally developed for differential
and differential-difference dynamical systems [1]. It differs significantly from the conventional quantisa-
tion framework. Traditionally, one starts with a classical dynamical system defined on a commutative
algebra of functions, and quantisation is viewed as a deformation of the commutative multiplication
into a non-commutative, associative product that in the classical limit reproduces the Hamiltonian
structure of the system.

In contrast, the quantisation ideals method is applied to systems defined on a free associative
algebra. The central idea is to identify two-sided ideals that are invariant under the dynamical flow
and such that the corresponding factor algebras admit a Poincaré-Birkhoff-Witt (PBW) basis. Such
an ideal is referred to as a quantisation ideal, and it defines the commutation relations in the resulting
quantum algebra.

This method not only recovers quantisations with classical (commutative) limits but also allows for
the construction of quantum dynamical systems with no classical counterpart - such as those involving
fermionic degrees of freedom. It has been successfully applied to a wide range of integrable systems,
including the Volterra chain [2], stationary KdV flows [3], the Euler top in the external field [4], as
well as the Toda, Kaup and Ablowitz—Ladik systems, among many others. We refer to this framework
as the method of quantisation ideals.

In this paper, we extend the method to the setting of discrete dynamics. Our aim is to find possible
quantum solutions to the Zamolodchikov tetrahedron equation [5]:

T123 0 T145 0 T246 © T'356 = T'356 0 T246 0 T'145 0 T'123, (1)

associated with the following invertible polynomial ring homomorphism T : Cla},ab, 25 —
Clz1, z2, 3], defined by the map

r; = I,
/

Ty = T+ X173, (2)
/

$3 == .’Eg,

which provides a solution to equation (1) in the polynomial ring Clz1, z2, 23, 24, T5, 6], where

€4 +$z$k7l = ja
z, L #J.

This solution, along with the corresponding map, appears in Sergeev’s classification [6] as Case .

Tiji(z) = { (3)



Let u;;(t) denote the elements of the one-parameter subgroups of N(n,R):
uij(t) =1, + tEZ'j, 1 < 7,

where I, is the identity matrix and E;; is the elementary matrix unit with a 1 in the (7, j)-entry and
zeros elsewhere. In the simplest case n = 3 there are two types of parametrisations of an element
M € N(3,R):

/

1 2
M = 0 1 I'g = U12($1)U13($2)UQ3(1’3) = U23 (mg)ulg(:cé)ulg(xll) (4)
0 0 1

The coordinates of these charts are related by the transformation (2).
We can consider another factorization problem used by Luzstig [7]

1
M=10
0

O =

b
¢ | = wa(r)ugz(y)ura(z) = uga(2)ur2(y )uaa(z’).
1

By a straightforward calculation, we get

a =r+=z :y'
b =axy =2y
c =y =2 +7

We would present it as a birational transformation

x ¥ =uzy/(x+2)
O: y - yY=x+2
z Z =yz/(x+ 2)

This map is involutive ®?> = Id and also turns out to solve the Zamolodchikov tetrahedron equation
(1). These two ways to parametrize the unipotent group are totally positive and are related with the
cluster coordinates on this variety. We denote by P the minor ac — b then one has two seeds:

(a,b, P) and (c,b, P)
and the mutation map
c=(P+b)/a,

the variables b and P are frozen. Cluster coordinated are related to our parameters in both charts by
the relations:

b=y, P =yz, a=zx+z,

and



The frozen variables corresponded to the integrals of the map ®. Besides the mutation map preserves
positivity condition, the reparametrization is consistent with the log-canonical Poisson structure on
seeds given by the quiver orientations:

{a, P} = aP; {a,b} = —ab; {¢, P} = —cP; {c,b} = cb.

This observation provides a way to quantize the cluster structure developed by Berenshtein, Retakh
[8], Fomin and Zelevinsky [9].

In what follows we get a family of Poisson structures associated with the decomposition problem
(4). A key feature of this family, distinguishing it from the cluster case, is that the Poisson structures
coincide in all charts, and the reparametrisation maps are Poisson isomorphisms.

The formulas (2) remain true if we consider the decomposition problem (4) in the group N (3, 4),
where A = C(x1,z2,23) is the associative unital free algebra generated by noncommutative vari-
ables x1, 9, 3. Remarkably, the transformations T; ;. (3) provide a solution to the Zamolodchikov
tetrahedron equation within the free associative algebra A = C(x1, xo, x3, x4, T5, T6)-

This result follows from the uniqueness of the decomposition of a generic element A € N(4,.A) into
the product:

M = uya(ty)ur3(te)uzs(ta)ura(ts)uza(ts)usa(ts).

Details of this construction and its implications are discussed in Section 2.

Factorisations in the group N (4, .A) were previously studied in [8] in the context of noncommutative
Bruhat cells. In particular, Section 3.3 of that work presents explicit formulas for recovering the
parameters of the factorisation in terms of quasideterminants.

Our first main result is the classification of quadratic quantisation ideals I C A = C (z, v, z), that
is, ideals satisfying the following two conditions:

e The ideal I is invariant under the mutation map (2).
e The quotient algebra A; = A/I admits a PBW basis consisting of normally ordered monomials.

These conditions ensure that the resulting quantum algebra A; has the same polynomial growth
as the commutative polynomial ring in three variables, and that the re-parametrisation map (2) is
well defined on A;.We show that there are exactly three distinct quantisation ideals satisfying these
conditions (Theorem 3.1). Notably, one of these ideals defines a quantum algebra that remains non-
commutative for all choices of quantum parameters, meaning that the corresponding quantum system
does not admit any classical (commutative) limit.

Next, we study quantisation ideals associated with the unipotent group N(4,.4). Specifically, we
identify two-sided ideals I C A = C (z1,...,z¢) that satisfy the following conditions:

e The ideal I is stable under all maps T; ;; appearing in the Zamolodchikov equation (1).
e The quantum algebra A; = A/I admits a PBW basis.

Solving the classification problem for triangular quantisation ideals of generic type, we find four essen-
tially distinct ideals. In addition, we construct an explicit example of a non-generic quantisation ideal.
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All of these quantisation ideals are homogeneous deformations of the toric ideal, and the corresponding
quantum algebras admit a classical (commutative) limit.

We conclude the paper by studying the classical limit of this family of quantisations. In this limit,
we construct a pencil of compatible Poisson brackets on the polynomial ring C[xz1,...,z¢] that are
preserved by the maps T;;,. We also identify a corresponding family of integrals of motion for the
induced dynamics. This leads to a class of integrable systems on the unipotent group N(4,C), which
are consistent with the mutation maps defined by the Zamolodchikov tetrahedron equation.

We should mention that the unipotent group often appears in the theory of cluster varieties, Poisson
structures related to this algebraic object are widely investigated. We would like to cite the seminal
article [10] and the recent paper [11].

2 Charts of the unipotent group and symmetries

2.1 Parameterisations of the unipotent group

We consider the problem of parametrisation of M € Maty(A) of the form

1 1 T2 T4

1 0 1 =23 x5
M= 0 0 1 =z |’ (5)

0 0 0 1

by the one-parameter subgroups, generated by w;;(t) from the Introduction. Using the re-
parametrisation T;;, we get the following sequence of decompositions

M = wuss(xe)uga(zs)uia(xs

<

)

w

s &
WS WS WS WS

— N N N

8
ot
~—
<
w
g
—_
8 3
oI
~—

= (2 urs (x5 uis(z

= wia(@))urz(zy)ura(z

(6)

The transitions from the first line to the second and from the second to the third correspond to the
application of the inverse transformation T1_2§ and T 1_4}), respectively. The transition from the third
line to the fourth corresponds to the permutation of the commuting generators of the one-parameter
subgroups. The transitions from the 4th line to the fifth and from the fifth to the sixth are T: 2_4%. and
T 3_5%5, respectively. Similarly, applying the corresponding transformations in a different order we obtain

M = wu34(we)uzsa(zs)usz(w3)ura(zs)urz(z2)uia(er)
= wugs(ay)uga(wf)usa(xs)urs(zs)urs(xe)uie(zr)
= ugs(z3) ura(zy)usa (g )urz(21)
= ugs(a3)urs(wy)uzs(zs)ura(xy)uia(z)usa(zg”)
= wuog(x5)urs(x5)ure (2] Jura () Juga (™ Jusa(xg")
= w2 ura(@g)ura () uzs (3 ) uzd (5 uss (). (7)



As a result, we get 8 different parameterisations of unipotent matrices M: {x1,x9,...,26},
{a), 24, 25, x4, x5, x6}, etc., as well as parameterisations in the second series of transformations:
{x1, w9, 2%, 24, 2%, 75}, etc. They are presented on Fig. 2.1. The parametrisation Cf, for example,

123
Figure 1: The graph of parametrisation charts

corresponds to {x}, xh, ¥4, 24, 5,76}, and CF to {x%, 23, x5, v5*, 25*, 25*}. The last parametrisations
in both chains coincide due to the tetrahedron equation.

2.2 Involution and other orders

Recall that for the matrix ring with coefficients in the associative algebra there is the following homo-
morphism

0: Mat,(A) — Mat,(A%®); (M) = M1

this is the reflection of the matrix with respect to the antidiagonal. It should also be noted that A
is the same vector space as the algebra A, but with inverse multiplication:

a o b="boa.
We apply the homomorphism 6 to the left-hand side of the tetrahedron equation (6)

Q(M) = U12{T¢

Il
g

12\Te6)U13(T5
/

I
g

Il
<
w
=

T
"
341
"
Tq1)U24

I
8

(z6)
(z6)
12(76)
(=)
(z7)
(z7)

<
—
[\
~~ Y~~~ N
8
I O

= Uus34
Now let’s make a substitution:

T 1T 4 Yes T2 < Y55 T3 4 Y3 T4 £ Y43 T & Y25 Te > Y1 (9)



TO@(M) = ui12\y1

|
<
=
no
<
[y
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<
w
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= U34

A similar expression for the right-hand side of the series of decompositions (7) takes the form

ToO(M) = wuia(y1)uz(y2)u2s(ys)uia(ya)u2a(ys)usa(we)

u12(Yq )U14 y4)u24(y5 u34(3/6

u14(yr)ui2(yy™)usa(ys)
Juza(

Jua(

Juia(yy
Ju1a(yi)usa(ye)ui2(yi™)
Jui4(ys

)

<

=

N N N N N T
< <
[\~ [\~
= =

I
<
®)
Y
<

I
<
)
Y
<
S

Il
<
)
@

Juis (v )u12(yi™)
ug3(y3 )u13(yz Jur2 (7). (11)

<
)
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(
(
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(
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(

w
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<

These calculations imply that the charts corresponding to the 1st, 2nd, 3rd, 5th and 6th lines of the
equations (10) and (11) are parametrisations in the spaces of unipotent matrices of the form

Loyl vy yy

1" 0 1 yé’ :l/g

w=lg g o (12)
0O 0 0 1

In this case, the transformations between the charts from top to bottom are now carried out by the
maps T;;, themselves.

3  Quantisations of the unipotent groups

3.1 The case N(3, A), classification of stable PBW ideals

Consider a free associative unital algebra A = C (x1,z9,r3) and its automorphism T, defined on
generators by
T:A—= A4, T) =1, T(r2) =22 +za3, T(z3)=uzs. (13)

It is known [13] that this map T gives rise to a solution of the tetrahedron equation, analogous to the
one in the commutative case.

By quantisation we mean the canonical reduction to a quotient algebra A/I over a two sided
T-stable ideal I C A , i.e. T(I) C I, such that A/I admits a basis

B = (z125ak |n,m, k € Z>) (14)

of normally ordered monomials. The ideal I and quotient algebra A/I are referred to as the quantisation
ideal and the quantum algebra, respectively.

For brevity, we refer to normally ordered monomials as standard. Non-standard monomials can
be expressed in terms of the standard monomial basis modulo the ideal. The inequality modulo of

7



an ideal I will be denoted by é, or simply by = when the ideal under discussion is clear. A basis
of normally ordered monomials (14) we refer as a Poincaré-Birkhoff-Witt or a PBW basis. An ideal
I C A we refer as a PBW ideal if the quotient algebra A/I admits a PBW basis.

As a candidate for a quantisation ideal, we consider the ideal I generated by the following three
polynomials:

I = (Fy = zom1 — f1, o= 1371 — fo, F3 1= 2379 — f3), (15)
where fj, are general quadratic non-homogeneous polynomials expressed in terms of normally ordered
monomials as:

fr = 2ion + T1@200s + T300s + T1T3004 + T2x300s + T3006 + 218k + T2Bk2 + 23Bks + W, (16)
with «jj, ;5,7 € C as arbitrary parameters. We further assume:
ajp #0, aq #0, ags #0. (17)

The conditions for T—stability of the ideal and the existence of the PBW basis in the quotient
algebra A/I impose constraints on these parameters.

Theorem 3.1. An ideal I (as defined in (15), (16), and (17)) is T-stable and PBW if and only if it
is generated by one of the following sets of polynomials:

Case 1:
To T — X1 T2 — TIO] — T1 T34 — Tiane — 1011 — 3613 — Y1,
r3x1 —T1 T3, (18)
T3T2 —T2T3 — 56%0431 — X1 T30034 — 96‘;2),0436 — 21831 — 35333 — 73;
Case 2:
T2 T1 + T1 T2 — Ty — 23016 — w3513 — 1833 — 1,
r3x1 + T3, (19)
T3 X9 + Ta T3 — TI31 — Tis6 — 21831 — w3833 — V35
Case 3:

2

To T — wWx1 T2 — ria11 — 1533,

T3T1 — W T1 T3, (20)
2

T3 X — W T2 T3 — T30i36 — T3/333,

where ayj, Bij, v and w # 0 are arbitrary parameters.

Remark 3.2.
e Cases 1, 3 can be viewed as deformations of the commutative polynomial algebra Clxy, x2, x3).

e Case 2 corresponds to a quantum algebra that has no commutative limit. It can be viewed as a
deformation of the noncommutative algebra C{x1, xo, x3)/{x122+ 2271, 123+ X371, T3T2 +X2T3).
The associated Poisson structure can be constructed using the techniques developed in [12].

o We would like to mention that for particular choice of parameters our ideals correspond to the

so-called Calabi-Yau algebras ([14],[15]), for example in Case 1 for a;1 = agqy = aszg = 0 and
B11 = P33 we get the potential
1 (I

1 1
3 2 2
F = x3xox1 — 12223 — 31673 — 0812 — Brixixs — 55131’3 - 55311’1 — Y1T3 — Y3T1.
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o The symmetric Case 2 also can be brought to the potential form for a1 = azg = 0.

Proof: Our proof is based on two lemmas and Levandovskyy’s Theorem 2.3 [16]. Let us first
assumne that the quotient algebra A/I admits the PBW basis (14) and find a general form of a T-
stable ideal. Then we will find and solve conditions for the existence of the PBW basis.

Lemma 3.3. Let the standard monomials be linearly independent in A/I. Then a T-stable ideal I is
generated by polynomials of the form

2 2

T2T1 —WI1 T2 — 1011 — L1 L3014 — 30016 — x1P11 — 3513 — Y1,

r3x1 — Wr1 I3, (21)
2 2

T3 Ty — WT Ty — T{031 — T1 L3034 — L5036 — T1031 — 3333 — V3,

where the coefficients «;j, Bij, vi and w # 0 are arbitrary parameters.
Proof of Lemma 3.3 The linear independence of the standard monomials in A/l implies that no

nontrivial linear combination of them lies in the ideal I. The stability conditions T'(Fy)=0, k =1,2,3
yield a system of polynomial equations for the coefficients of Fy. Consider

2 2
T(Fy) = Fo — qo3x1 232123 — Qa1 T3 — 3L L3L2 — Q3T2T1T3 — A5L1L5 — (oo 123.
Using the relation
_ 2.2
23T1T3T173 = 2371 foX3 = Q4232723 + - - Yox1x3 € I, g # 0,

in which all monomials are standard and therefore linearly independent, we conclude that as3 = 0 and
the condition T(F3) € I implies
(23 = Qg2 = Qg5 = (B2 = 0.
Hence,
T371 = fo = T173004 + T1021 + T3026 + 71821 + 73623 + Y. (22)
Similarly, the conditions T(F}), T(F3) € I imply

a13 = azz =0,

and therefore

T(F)) = —rizgar s — v17500 5 — 2173812 + 12321, (23)
T(F3) = —air3a32 — 117303 5 — 1173552 + T37123. (24)
We use the relations
r1T3T] = 1 fo, r3T1T3 = foxs

to rewrite the right-hand sides of (23) and (24) as linear combinations of standard monomials:
T(F1) = xfas (o4 — on2) + 2123 (026 — oa5) + 2ia1 + z123 (823 — Bi2) + 21821 + Y21,
T(F3) = 2323 (91 — a32) + 1123 (a24 — az5) + Thae + 2173 (Ba1 — B32) + 23 B3 + Y213,
and these expressions must vanish.
Since the standard monomials are assumed to be linearly independent, we obtain
ap=ay=ag =w#0, as=an=ax=azx=P02=01=0F3=02=7=0 0O

In algebra A/I with I generated by polynomials of the form (21) we can choose any ordering of the
generators as a normal ordering. Moreover, the conditions for the existence of a PBW basis do not
depend on the ordering.



Lemma 3.4. Let an ideal I C A be generated by polynomials (21) and w # 0. Then the quotient
algebra A/I admits a PBW basis B = (272525 |n,m,k € Z=o) if and only if it admits a PBW basis
B, = <x2(1)a:?(2)xf_(3) |n,m,k € Z=o), where o is any permutation of {1,2,3}.

To determine a criterion for the existence of a PBW basis, we will use Levandovskyy’s Theorem
[16] (Theorem 2.3). To do so, we introduce the notations and definitions that will be used throughout
this and subsequent sections of the paper.

Consider a free associative algebra A = C(sy,...,s,) with n generators s,...,s,. Let M denote
the set of all monomials in A. Define the set of standard monomials

B={s7"s552--sp" | (a1, 000, ...,000) € Z%} (25)

and let Lg = spanc(B) denotes the C-linear space spanned by the standard monomials. Two mono-
mials a,b € A are said to be similar a ~ b if b can be obtained from a by a permutation of letters
(e.g. s%s3 o 515283 ~ 538251 ~ s25153). There is a projection my : M > B defined by the condition
7T0(a) = ﬂo(b) < oa~b.

Definition 3.5. From this point onward, we fix the following monomial ordering < on M: the gener-
ators are ordered as s; < --- < sp. For standard monomials, we use the reverse (right) lexicographical
order. Namely, s{? .- s2n < s?l .-+ sP" if in the difference (B1—au, ..., Bn—ay) the rightmost nonzero

entry is positive. We extend it to M as following:
e a<bif my(a) < m(b);

e if a ~ b, we find their largest common left subword m such that a = mai, b = mby, or set
m = 1 if no such subword exists. Let s; and s; denote the first letters of a1 and by, respectively
(counting from the left). Then, a < bif s; < s;.

In this ordering, standard monomials are the smallest within their equivalence classes of monomials.
For example:

1<s1 < s% < 89 < 8189 < S$981 < sg < 83 < 8183 < 5983 < 815283 < 951583 < $35159 . (26)

Any non-zero f € A can be written uniquely as f = ¢m+ f/, where ¢ € C*, m € M and m' < m. We
define Im(f) := m the leading monomial of f, and refer to the product ¢m as the leading term of f.
Suppose we have a set of n(n — 1)/2 polynomials f;;:

F = {fij|l1<i<j<n}CcA=C(s1,...,5,), where (27)
Vi< i fij = 8j8; — W;j8;Sj — dij, wij € C*, dij € Lpg,
such that
lm(dij) < 5iSj =< lm(fl-j) = 5;58;. (28)

In the polynomials f;;, all monomials, except the leading monomial s;s;, are normally ordered (stan-
dard). Also we consider only homogeneous quadratic polynomials d;;.

Any element a € A can be brought to the normally ordered form containing only standard mono-
mials. Indeed, let m be the leading non-standard monomial in a. Since m is non-standard, it must
contain a pair of generators s;s; appearing in the wrong order (i.e., with ¢ < j). Thus, we can write
m = ps;s;q, where p, ¢ are monomials. We rewrite this as m = p(s;s; — fij)¢ +pfijq. By construction,

10



the leading monomial of Im(p(s;s; — fij)q) is strictly smaller than m with respect to the monomial or-
der <. Since the number of monomials of a fixed grading is finite, the process of reordering terminates
after finitely many steps. As a result, we can express a in the form

a = NF(a|F) + a,

where NF(a|F') € Lg is a normally ordered polynomial (i.e., a linear combination of standard mono-
mials), and the remainder has the form

a= E Z PrijfijQrijs Prij» Qrij € A.
k 1<i<j<n

NF(a|F) is called two sided normal form of a with respect to the set F' (27) and monomial ordering <.
In general, the normal form of an element a € A is not uniquely defined: it may depend on the order
in which the pairs s;s; with ¢ < j are chosen for rewriting. The requirement that the normal form be
unique imposes conditions on the coefficients of the polynomials f;;. These conditions are well known
(see, for example, Theorem 2.1 in [17]). Here we will use Levandovskyy’s Theorem [16] (Theorem 2.3),
adapted to our notation.

Theorem 3.6. Let T = (F) C A be the two-sided ideal generated by a set of polynomials F (27)
satisfying conditions (28). Then, the following conditions are equivalent:

1. The quotient C—algebra A/Z has a Poincaré—Birkhoff-Witt basis B;
2. F is a Grébner basis for T with respect to the ordering <;
3 Forall<i<j<k<n,

Apji = NF(NF (s 55| F) s;|F) — NF(s; NF(s; s;|F)|F) = 0. (29)

In (29), the reordering sequence is unique. The conditions (29) are necessary and sufficient for
the linear independence of standard monomials in the quotient algebra A/Z. They guarantee the
uniqueness of normally ordered forms.

We can use the above result to find necessary and sufficient conditions for the existence of a PBW
basis of the quotient algebra A/I in the case of ideals I generated by polynomials (21). Let us consider
the algebra A = C(s1, s2, s3) and identify the variables s; with z; as

$1 =11, S9 =13, S3= To. (30)
Then the ideal I C A is generated by the polynomials

fi12 = 5251 — wsq s2,
2 2
f13 = s351 —ws1 83 — sjan1 — S1 S20114 — S316 — S1811 — S2513 — M1, (31)
_ 1 1.2 2
fas3 = 8350 — w253 +w T (s7a31 + 51 S2a034 + S50036 + 51031 + S2033 + 73).

Conditions (28) are clearly satisfied (see (26)):
S$189 < S9871, 8% < 8183 < 8381, S% < 8283 < S83S89.
In the case n = 3, there is only one equation (29)

A321 = NF(NF(53 82|F) Sl‘F) - NF(Sk NF(S]' 51|F)|F) = 0,
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which must be satisfied. It follows from

NF(NF(Sg SQ‘F) S1|F) = 81 89 (/311 — ﬁgg) + S% S9 (wan — Oé34) + S%ﬁlgw_l
+ 5182 (14 — wage) + ssa16w ! — sfaziw! — 828310+ 150w — 351w + 81 82 s3W,

NF(Sk NF(SjSi|F)|F) = S1 52 (wﬁll - WB33) + 8%82 (wa11 — LL)Oé34) + S%wﬁlg

2 3 3 2
+ 5185 (Wog — wase) + swae — sjwasr — s7wPa1 4+ Y1s2w — 351w + 51 82 S3W,

that
Az = (w—1) <5182 (B33 — B11) — s1s3004 + 8%820@)4)
+ w1l —w? <S%513 + syaig — staz) — s1831 + Y152 — 7381) =0.
The above leads to three cases as stated in the theorem:
1. w =1, with no conditions on the other coefficients;
2. w = —1, with the conditions 833 = 811 and a4 = az4 = 0;
3. Bsz =P and ayy =az =Pz =aig=a3 =P =1 =7 =0 O

Remark 3.7. The identification (30) defines the monomial ordering in A, such that the ideal I in
Lemma 3.3 is generated by polynomials satisfying to the conditions (27), (28). Moreover, with this
ordering, the leading term of any element a € A is T—stable as Im(T(a)) = 1m(a). The algebra A with
the ideal I also admits a different monomial ordering, corresponding to the identification

51 = w3, Sg = a1, 83 = T2, (32)

which similarly satisfies the above properties. This alternative monomial ordering corresponds to the
involution introduced in Section 2.2 which correspond to reflecting the matrixz in (4) across its antidi-
agonal. O

3.2 The case N(4,.A), partial classification of quantisation ideals

Our main task is to describe the quantisation ideals of the free associative algebra A = C (z1,...,x¢)
such that the maps T;; defined as T on the corresponding components

Tijk(x) =

I’l,l 7é.7

act as automorphisms. In fact, we will consider only those maps that appear in the Zamolodchikov
equation
T123 0 Tra5 © Tas6 © T356 = T356 © Taag 01145 © T123- (34)

Due to the fact that T;j;, are homomorphisms of the free associative algebra by definition, we conclude
that it is sufficient to check the identity (34) only on the generators of the algebra z1, ..., z¢. Checking
the equality (34) turns out to be non-trivial only for x4

LHS(z4) = RHS(x4) = x4 + x125 + 217326 + 2T6.

We adapt the notation from the previous chapter, namely, we introduce generators of the tensor
algebra A = C (s1,...,s¢) with the monomial ordering described above (26) due to the identification

81 = T1, 82 = T3,53 = T2, 54 = Tg,S5 = T5, 86 = T4. (35)
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Moving to variables s;, it is convenient to change notations for the maps T;j; in order to make
them consistent with the indices: ®130 = T3, 165 = T145, P364 = Ta46, Posa = T356. For example

Di39(s3) = s34+ 5152 = Trio3(22) = 22 + z123,
Dig5(s6) = S+ 5155, P3ea(se) = s6 + 5354,
@254(85) = 85+ S254.
Thus
j 1 8 7l =J,
Dk (s1) = * Slbjk / (36)
si, L # J.

We introduce the set of admissible triples of indices S = {(1,3,2),(1,6,5),(3,6,4),(2,5,4)} which
correspond to the homomorphisms ®;;;, that occur in the tetrahedron equation.

Recall that M denotes the set of all monomials in the free algebra A, and that B refers to the set
of standard monomials defined in (25). The map lm : A — M assigns to each element of A its leading
monomial with respect to the monomial ordering < introduced in Definition 3.5.

Lemma 3.8. For any a € M and any admissible triple (i,7,k) € S, Im(®41(a)) = a

Proof. It is true that lm(ab) = lm(a)lm(b), ®;jr(ab) = Pyjx(a)Pir(b), so it suffices to prove the
statement for a = s1,..., s¢. Note that s;s; < s;, since k < j for (¢,7,k) € S, then

Im(®;;(s1)) = lm(s; + d;,58i5K) = 51,
where 0; ; is the Kronecker delta. O

We begin the classification by studying ideals of toric type, denoted by Z,, which are generated by
relations of the form

1
9ij = 8jSi — wijSiSj, Wji =Wy (37)

and are ®-stable, that is, invariant under the automorphisms ®; ;  for all (i,7,k) € S.
Note that Z, automatically satisfies the PBW condition; thus, we only need to verify its stability.
Theorem 3.1 implies that several of the parameters must coincide:

Q321 wy = w2 = wig = wsg, Dig5 1 w2 1= W15 = Wi = Wes, (38)
P34 1 w3 1= w3s = W36 = Wed, Do5g 1 Wy 1= Woy = Wos = Ws4-
We introduce the shorthand notation wy,...,ws for simplicity. These parameters correspond to the

automorphisms ®; j, (i,7,k) € S. The remaining parameters wy4, wze,wss correspond to index pairs
that do not simultaneously appear in any triple from S.

Lemma 3.9. A ®-stable ideal of the form (37) is uniquely determined by four parameters wi,ws, w3, wy
satisfying the relation

W1W3 = Woia. (39)

In this case, the parameters associated with the triplets in the tetrahedron equation are determined by
the values of w; as specified in (38), while the remaining parameters are given by:

wig = wa/wi, wae = w3/wa, W35 = Wawy. (40)
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Proof. Let (i,j,k) € S be any admissible triple, and let r ¢ {4, j, k}. We apply ®;;; to the generators
of the ideal (37):

Qiik(gjr) = (Wirkr — Wjr)SiSkSr+gjr + GirsSk + WirSiGr;
®ik(gij) = (Wit — wij)sesk+0ij + SiGik;
Diin(gr;) = sisn(l — wrjWik)+0kj — WkiGikSk; (41)

(the terms from the ideal are marked in blue). Using the PBW property of this ideal, we obtain, in
addition to the conditions formulated in Theorem 3.1, the following set of equations:

Wi2Wi4 = W15, W13Wi4 = W16, W24 = W26W32, W25 = W12W26,
Wi4W24 = W34, Wi1sW25 = W35, W34W32 = W35, W16W26 — W36,
W35 = W13Ws36, We4 = W1,4Ws4, W26We5 = We4, Ws4We5 = W3s.

These 12 equations can be written uniformly as
WniWnk = Wnj, (Zvjvk) 657 n¢(27]7k)7

and represented by the diagram in the figure

OSED) D65

—1
W14 = WaWwq

w1 w2
-1 -1
W26 = Waly ,W35 = W13 = Walg W26 = W3Wy
Wy 1 ws
W1q4 = W3Wy \
(I)254 @364

The commutativity of the diagram guarantees the possibility of restoring all the parameters of the
ideal from four wq,we,ws,wy if the following is satisfied

Wiz = Waw4.
O

Further on we will refer to invariant toric ideal as Iy given by parameters wq, we,ws,wy subject to
the relation wiws = wowy.
We call a homogeneous quadratic ideal Z C A triangular if it is generated by polynomials of the
form
fij == gij — dij3 1 < i < j <6, (42)
where

9ij = $jsi — wijsisj,  dij = > OijklSkSL-
(k)< (i), k<l
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Here, (k,1) < (i,j) denotes comparison in the right lexicographic order. This means that all monomials
appearing in the quadratic polynomial d;; are standard, and that Im(d;;) < s;s;.

The toric component of an arbitrary triangular ®-stable ideal satisfy the same equations as listed
in Lemma 3.9.

Lemma 3.10. Let a triangular ideal I be ®-stable and PBW, then parameters w;; satisfy the relations
(88), (40) and (39).

Proof. Note that due to the homogeneity of the ideal Z, the quotient algebra A/Z is graded. In
addition, due to the PBW property, we have an isomorphism of graded vector spaces

7:C[s1,...,s6] > A/L,

which is determined by the choice of the basis of ordered monomials. Consider the projection operator
onto the degree three component

PS,A/I : .A/I — (A/I)g
This operator is consistent with the projection operator P3 4 in the free algebra A

TPy A= P3 2/1T,

where 7 : A — A/T is the canonical projection. From now on we will use the notation P; for both
operators. Finally, we introduce the operator P3 = 7 'o P3om: A — (Cl[sy,...,se|)3, which we will
work with, and Il = 7=tom : A — C[sy,...,s¢). Recall that 7y : M — B is a map that, given an
arbitrary monomial, constructs a standart monomial equivalent to it (in the sense of the introduced
equivalence relation). Thanks to the relations (41) we can say that in the toric case

P3(®ijk(9ij)) € Crmols?sk); P3(®iji(9jr)) € Cmo(sisksy); P3(®ik(grj)) € Crolsis).

The relations of Lemma 3.9 guarantee the invariance of the ideal in the toric case. Now consider the
invariance conditions for the general triangular ideal.

First of all, we note that the notion of a leading monomial on a free algebra for ideals of the type
under consideration can be extended to the quotient algebra and coincides with the standard monomial
Im(II(a))) = mp(a) for any monomial a € M if we consider Cl[sy,...,sg] = spanc B C A as a vector
space. In other words, the following diagram is commutative.

M—" B

|

AT T, spang B

We prove that Ps(P;;x(d;;)) for | < j does not contain the monomial mo(s;sxs;). This will mean
that the condition on the coefficient of mg(s;sks;) for a general ideal coincides with the condition for
a toric one. To do this, we show that Im(P3(®;;x(di;))) < mo(sisgs;). In fact, let’s calculate the cubic
part

Pa(@ijk( Y Suipasnsa)) = Ps(D_ Gjpispsisk) = Ps(D_ dijpimo(spsisk)

(pa)<(.5) p<li p<li
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It is enough to restrict the order to standard monomials of the same degree, that is, to consider the
right (reverse) lexicographical ordering. We get

1H1(7D3((I)ijk(dlj))) < WQ(SiSkSl)

Let us carry out a similar argument to check that P3(®;;x(d;r)) does not contain the monomial
mo(sisksy) for r > j.

lm(Pd((I)z]k(d]r))) < WO(SZ'SkST)
The cases P3(P®iji(dij)) and P3(P;jx(d;,)) are checked similarly. The expressions dy, for I’ # j and
" # j we have P3(®;;,(dy,)) = 0, since ®;jx(dy,) does not contain cubic part. d

The following theorem provides a strong characterisation of triangular ®-stable ideals.
Theorem 3.11. Let T be a triangular ®-stable PBW ideal, then d;; = 0 for j < 6.

Proof. (Sketch) Assume that the ideal 7 is ®-stable and satisfies the PBW condition. Then for each
(i,j,k) € S, we must have
P3(®ijr(fsp)) =0

The idea of the proof is to successively establish that each term d;; vanishes for j < 6. The PBW
condition, together with ®-invariance, imposes constraints on the coefficients ;j;; in the expressions
for d;j. At each step, we derive these constraints and observe that they reduce to trivial equations of
the form d;;,;, = 0, which can be solved recursively. This procedure eventually leads to the conclusion
that all such correction terms must vanish.

Step 1.

By Lemma 3.10, the parameters w;; satisfy the necessary consistency conditions. Consider
now the action of ®139 on the generator fi3. We compute:

P3 (P132(f13)) = 515251 — w13s782 = (wig — W13)8382 + 0121155,

Since the PBW condition requires P3 (P132(f13)) = 0, and by Lemma 3.10 we already know wia = wis,
we conclude:
S121155 =0 = J1911 = 0.

Therefore, the term dis vanishes, and the relation for sos1 is purely of toric type.
This, in turn, implies that any terms involving s3 appearing in d;; for 4, j # 3 must vanish, i.e.,

6ijk3 = 6ij3k: =0 for all i,j 75 3.

Indeed:
P3(P132(fij)) = P3(P132( Z Sikp35ps3)) + Ps(P132( Z 0ij3pS3Sp)) =
p<3 p>3
(,3)<(i,4) (3,p)<(i,4)
= Z Sikp3m(spsis2) + Z 0ij3pS152Sp =
p<3 p>3
(,3)<(i,4) (3:p)<(4,4)
= Z 5ijp3w1p7rg(sp5152) + Z 5ij3p81828p =0 = (52‘]‘3p = 51'3'1;3 =0
p<3 p>3
(,3)<(i,4) (p,3)<(i,4)

16



The projection P, onto monomials of degree 4 yields another relation, namely d;;33 = 0. This follows
because the only monomial of degree 4 appearing in the expression is

Sij33 - TI(51525159) = 0;j33W1257 53
Similarly, applying P4 to ®as4(fi;) gives the relation

dijs5 = 0.

Step 2.

It is not feasible to eliminate such a large number of coefficients through general reasoning alone.
However, we will demonstrate the principle by which we proceed. As an illustration, we will show how
to eliminate dyi4 in two steps. We have:

P3(P132(f23)) = TM(5155 — wazsas1sy — 02313515152) = (1 — Wazwia)s155 — 23135762 == 2313 = 0

Ps(®132(f31)) = I1(545152 — w34515284 — 034135152 — 03423525152) =

= TI(545182) — w34515254 — 034135182 — 03423W125155

T1(545152) = wiaw24515254 + (01411 + W1a02412)5752 + (F1412 + Wi402429) 5155+
+W1402411 55 + 0142283 + W140241457 54

From the previous calculations, we observe that several coefficients in d14 and de4 vanish immediately,
namely 61422 = d2414 = 02411 = 0.
Next, a similar direct computation yields

2 2 2
P3(Posa(f15)) = wizd14118152 + wi2014125155 = 01412 = 01411 = 0

As a consequence, we obtain di4 = 0.
Step 3.
Next, we show that doy = 0. We compute

P3(Posa(fas)) = wiadoa125153 + 0242255 — 9515515254

We conclude that do419 = d2420 = do515 = 0, and hence dogy = 0.

Returning to the previous step, we also find that some of the remaining coefficient equations are
now trivially satisfied, namely d3403 = 03413 = O.
Remaining steps.
We now indicate which automorphisms ®;;; should be applied to which generators fi; in order to
deduce the vanishing of the remaining dg;. As before, we resolve only trivial equations of the form
dijit = 0 (using that w;; # 0), and we also revisit previous coefficient equations since simplifications

may occur.
Dos4(f35), P123(f35), Pies(fie) = dis =0

P165(f26) = das =0

D165(f36), P36a(fie) = diz =0

$364(f26) = dog =0

D364(f16) = d3a =ds35 =0
®132(fa5), Pi65(f15), Pi65(fo6) = das =0
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Theorem 3.11 significantly simplifies the classification of triangular PBW ideals that are invariant
under the automorphisms ®;;;. It enables us to find the generators f; ; for the most general triangular
ideal Igqp, that is, an ideal satisfying stability under all maps ®;;, but not necessarily the PBW
property. The generators of the ideal are given by:

f12 = s251 — w1512,

f13 = 8351 — w1183,

fa3 = 8380 — wy ‘8983,

fia = sas1 — wowy 's184,

Joa = 8459 — wys284,

f34 = 8453 — wW38354,

f15 = 8551 — W2S155,

fa5 = 8552 — wW4S255,

J35 = 8583 — Waw4S3Ss, (43)

fa5 = 8554 — wy ‘8485,

fi6 = ses1 — (w281$6 + Ags% + Ajwisise + A28184) ,

fa6 = s6s2 — (wswy 's286 + Aus152 + Aewis3 + Aswas2ss)

f36 = ses3 — (w3s3se + A19s] + Agsisy + (Asws + A3) 5153 + Agsisa) —
— (Allsg + 5983 (A6w2 + Al) + Ags984 + w48384 (A5w2 + AQ) + A125421) ,

f16 = s6s4 — (w3 5486 + A135184 + Arawasass + Arswis])

fs6 = 8685 — (w3 's586 + A19sT + A1gs182 + Ar7sisa + (Aisws + As) 5185) —
— (Ag083 + Aissasy + (Aswr + A1aws) sas5 + Agrsh + (As + Ais) s4.55)

In this system, all parameters w; and A; are arbitrary, except for the constraint wiws = wowy.

It follows from Theorem 3.6 that the ideal I, is PBW if and only if

NF(NF (s 5| F) 5| F) — NF(s, NF(s; 85| F)|F), 1<i<j<k<6. (44)
Conditions (44) yield a system of 78 linear homogeneous equations for the unknowns Aj,..., Aoy,
with coefficients in the ring Z[w;, wi_l ;i=1,...,4]/(wiws — wowy). The solvability conditions for this

system impose polynomial constraints on the toric parameters w;. The solution set defines an affine
variety with several irreducible components. A complete classification of all solutions is challenging
and currently beyond our reach.

In this paper, we focus on the generic case, where none of the parameters w; is identically equal to
+1. The generic case can be reduced to the following four subcases:

Case 1 : WiWw3 = Wowy, (45)
Case 2 : W] = Wy = W3 = Wy, (46)
Case 3 Wl =Wy, wW3=wy=ws, (47)
Case 4 : w1l =Wy = wZ, w3 = Wwy. (48)

Below we present generating polynomials for the most general ®-stable and PBW ideals corresponding
to each Case.For brevity, we show only the polynomials f; j, j = 6; the generators f; ; with j < 6 are
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all toric and given by (43) specialized to each case. The arbitrary constants b;, C; appearing here are
related to, but do not coincide with, the constants A; in (43).

Toric ideal Ij:
Let Iy denote a ®-stable ideal generated by the polynomials g; ; defined in (37), with the parameters
wj,;j specified in Lemma 3.9:

g12 = S251 — W1S8182, g13 = S351 — W15153, g23 = 8352 — wf18283,

g14 = S481 — wgwf15154, g24 = 8482 — w1w3w515254, g34 = S483 — W3S354,

g15 = S551 — W2S185, 925 = S552 — WIWsW, ' $285, G35 = 5553 — WIW3S3Ss, (49)
g45 = 8554 — w2wf1w§154557 gi6 = S651 — W25156, 926 = S652 — w3w§15286,

936 = S6S3 — W35356, 916 = S654 — W3 5456, 956 = 8655 — W5 ' 8556.

This ideal is parametrised by three independent non-zero parameters wi,ws and ws.

Ideal I;:
Case 1 yields the ideal I, generated by polynomials f;; = g;;,7 < 6 (49), and:

,

fi6 = sgs1 — w25186 + b1 (1 — we) 51 + b (w1 — wo) 5152 + bg,(w1 — 1)w2w33184) ,

f26 = 8652 — (W3wqy Looss + b1(1 — wiwswy )8182 + ba(1 — wswy )s% + b3(wy — 1)w§w2_13234) ,

fa6 = s654 — (w3 5456 +b1(1 — wowy w3 )5154 + bo(1 — w1w51)5254 + b3 (w3 — 1) 3421) ,

(
(
f36 = s653 — (w38386 + 01 (1 — wiws) 8183 + by(1 — wawy )s283)
(
(

f56 = s655 — (Wy Lsss6 + bo(1 — wiwaw, 2)5255 + b3 (w3 — wf1)5455) ,
(50)
where b1, bo, b3 and w1, ws,ws are arbitrary parameters.

Remark 3.12. Ideal I is a deformation of the generic toric ideal Iy, it coincides with Iy if b; = 0.

Ideal IQ:

Case 2 yields the ideal I, generated by polynomials f; ; = ¢; 5,7 < 6 (49), where w1 =ws = w3 =w
and

fi6 = ses1 — (ws156 — Csw?s154 + Crwst + (C3 — Co) ws1s2) |

fos = 5652 — (8256 + Csw?sasy + Crwsisy + Cgs%) )

f36 = s653 — (ws;;s(; + Ciw (w+ 1) s153 + C3s253) , (51)
f16 = s6S4 — ( Lsys6 + Csws? — C15154 + 043234)

f56 = s6s5 — (wtsss6 + C5 (w + 1) 5455 + (C + Cy) 5255)

This ideal depends on arbitrary parameters Cy,Co, C3, Cy, Cs and w # 0.
Ideal 13:
Case 3 yields the ideal I3, generated by polynomials f; j = gi;,j < 6 (49), where w; = wy = w, w3 =
w? and )
f16 = ses1 — (ws1s6 + Crw?st + 02w38184)
fog = sgs2 — (O.)SQSG + C1 w + 1) w? 8182 + 0482 ng48284)
f36 = sgss — (w25356 + C4 (w +w + 1) w? 5183 + 0382 + 048283) (52)
f16 = S6S4 — (w 23436 —C1(w+1)s184 —Cy(w+1) ws4)

“ls556 + Cysass — Co (w +w+ 1) 3435)

f56 = 655 —
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This ideal depends on arbitrary parameters C,Co, C3,Cy and w # 0.

Ideal I4:

Case 4 yields the ideal Iy, generated by polynomials f; ; = g;.;,7 < 6 (49), where w; = wy = w?, w3 =
w and

f16 = s6s1 — (w?s186 — O3 (w+ 1) w3s154 + C1 (w+ 1) wsl)

foe = sgsa — (w s986 + C1 (w+ 1) wsys2 + 0252 +C3(w+ 1w 3234)
f36 = ses3 — (wsgsﬁ +Clw(w+1) (w +w+ 1) 5183 + 028283) , (53)
f46 = 8684 — ( 8486 -4 (w + 1) S184 + ng2sﬁ) ,

f56 = S¢S5 — (w S586 + 0482 + Cas9s5 + C3 (w2 +w + 1) 8485) ,

This ideal depends on arbitrary parameters C1,Co,C3,Cy and w # 0.

Remark 3.13. Similar to the case with three variables (see Remark 3.7), there exists an alternative
monomial ordering corresponding to the involution induced by reflecting the matriz in (5) across its
antidiagonal. This reflection gives rise to an involution of the generators:

S1 <> S84, S3 <> S5.

Under this involution, the ideals Iy, 11 and Iy are mapped to similar ideals with o different choice of
parameters, while the ideals of type I3 and Iy are interchanged (with transformations of parameters).

Remark 3.14. In this paper, we do not study non-generic ideals corresponding to the case in which
at least one of the parameters wy,ws,ws 1s identically equal to +1. Thus, we exclude Cases 1 and 2
from Theorem 3.1. Such non-generic ideals do exist. For example, a non-generic ideal I, is generated
by the polynomials

f12 = 5251 — ws152, fi3 = 5351 —ws1s3,  faz = s350 — w 'sass,

fia = sas1 — w?s154, foa = s480 —w 28984, f34 = 5453 — 354,

fi5 = s581 — w3syss, fa5 = s582 — w %S85, fa5 = S583 — ws3ss, (54)
fa5 = s584 — w?syss, fi6 = s6s1 — w3s1s6,  foe = s652 — w P SaS6,

f36 = ses3 — s3s6 — C's3, fa6 = S6S4 — 5456, f56 = s655 — w556,

This ideal corresponds to the parameter values
— — 3 —
wl =w, wr=w", w3=1,

and does not arise as a specialisation of any of the generic ideals I, ..., 14 if the arbitrary parameter

C #0.

Remark 3.15. The sequence of re-parametrisations and corresponding charts Cy* from Section 2.1
are well defined on the quantum algebra Ap. This is due to stability of the idel I with respect to the
mutations P, (1,75,k) € S.

4 Classical limit

All quantum algebras obtained in this paper (with the exception of Case 2 in Theorem 3.1) can be
viewed as deformations of commutative polynomial rings. It is well known (first observed by Dirac
in 1925 [19]) that the classical limit of commutators yields Poisson brackets (see, for example, [18]).
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Deformations of noncommutative algebras also give rise to Poisson structures [12]. However, in this
paper we restrict our attention to standard deformations of commutative algebras.

Before presenting the result for the case of the group N(4,A/I) , we illustrate the classical limit
for the group N (3, A/I) in the Case 3 of Theorem 3.1 in detail. The parameters of the ideal I (20) we
represent as

w=1+va, a1 =vb, «az=rvc, [33=urd,
where v is the deformation parameter and a, b, ¢,d € C are arbitrary parameters. In the case v = 0 the
quotient algebra is just a commutative polynomial ring A/(I|,—¢) = Clz1,x2,z3]. We further assume
that 1 and z3 are invertible, which allows us to define the localised algebra:

Ar = C(xl,xfl, T2, X3, :z:gl>/[.
The centre of the algebra Apis generated by the element
z =2y axa + bay + cas + d)ag .

The Poisson brackets for any two elements A, B € C[z1,x9,x3], corresponding to the classical limit
v — 0 are defined as

3 3
1 0A 0B 1
(4,3 = Jim 1A, B =325 rmh g rms) = fim o)

In our case

1

{z9, 21} = ;[xg, x1] = axqwy + bx% + dzq,
1

{x3, 21} = ;[x?,, r1] = ar3xy, (55)
1

{zs, 29} = ;[1‘3, To] = ax3wy + caj + dus.

Hence, the classical limit yields a Poisson algebra structure on Clzq, xfl, T2, T3, Tq 1] with the bracket
being a sum of four compatible quadratic Poisson brackets, with coefficients a,b,c,d. If a # 0, the
parameter d can be eliminated by a shift of the variable zo — 25 — da™!. This Poisson bracket has
rank two. A Casimir element (i.e., a generator of the Poisson centre) is given by:

C = lim 2 = x7 *(axg + bxy + cxz + d)xz '
v—0

It is easy to verify that the automorphism T (13) is a Poisson map:

T({A, B}) = {T(4),T(B)}, T(C)=C+1.

4.1 Poisson structures on N(4,R).

In this section, we list the Poisson brackets that arise as classical limits of the quantisation ideals
discussed in Section 3.2. These define Poisson algebra structures on the nilpotent group N(4,R), with
elements parametrised as

1 S1 S3 S
01 S92 S5
0 0 1 s
00 0 1
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The mutations ®; ; 1, (i,7,k) € S are Poisson automorpisms of these algebras.

Classical limit of I.
In the case of toric ideal Iy, assuming wi = 14 vay, in the limit ¥ — 0 we obtain the following Poisson

(0)

bivector m; ;' = {s;,s;} with entries:
{s2,51} = a1s152, {s3.s1} = a1s153, {83, 82} = —a1s2s3,
{547 51} = (CLZ - al) 5184, {347 52} = (al —az + CLS) 5284, {54> 53} = 435354,
{35, 81} = a2S8185, {85, 82} = (a1 — a9 + a3) 5985, {85, 83} = (a1 + ag) 8385,
{557 54} = - (al —az + a3) 5485, {567 31} = a25156, {567 52} = (a3 - a2) 5256,
{86, 83} = a383S6, {367 84} = —Aa354S6, {86, 85} — —a9S85S6-

The Poisson bivector 772((;) has rank 2 if at least one of the coefficients a; is non-zero. It is a linear

combination of three cdmpatible Poisson bivectors with the coefficients a1, as,as. It represents a
three-Hamiltonian structure on N(4,R).

Classical limit of I;.

The ideal I; is a deformation of the toric ideal Iy. Assuming w; = 1 + va;, we obtain in the limit

v — 0 the following Poisson bivector. For j < i < 6, the components coincide with the toric bivector
1) (0)

ij 0 while the additional components involving sg are:

T,
{s6, 81} = azs156 — azb1s? + (a; — as) basy sy — arbzsisy,
{86, 82} = (a3 — CLQ) 8286 + (a2 — a3) bQS% — (a1 — a9 + ag) b1s152 + a1bzsosy,
{s6, 53} = azszse — (a1 + a3) bis1s3 + (a1 — ag) basass,
{s6,54} = —azs456 + azbzs? + (a1 — az + az) bysis4 + (a2 — a1) basasy,
{s6, 55} = —azs5s6 — (a1 — 2az + ag) basass + (a1 + az) b3sass

The Poisson bivector 7% has rank two for any choice of parameters, except when a1 = as = ag = 0,

Z7]
in which case 7)) = 0. It is a non-trivial deformation of the toric Poisson bivector 7(9).

Moreover, 7ri(1j) can be written as a linear combination of three compatible Poisson bivectors, with
coefficients a1, as and as. Each of these bivectors in turn is a linear combination of three compatible

bivectors with coefficients by, by and bs.

Classical limit of I.

In the case of ideal I, assuming w = 1 + va and C; = vb;, in the limit v — 0 we obtain the following
(2 _

Poisson bivector « {si,s;} with entries:

i o
{s2,81} = asisa, {s3,81} = asiss,
{s3,82} = —asas3, {s4,51} =0,
{s4, 82} = asasy, {s4,83} = asssu,
{s5,51} = asiss, {s5, 52} = asass,
{s5,83} = 2assss, {s5,84} = —asyss,

{86, 81} = as18¢ + b18% + (bg — b2)8182 — b58184,
{86, 82} = b18182 + bgs% -+ b58284,

{56, 83} = as3se + 2b15153 + b3sass,

{86, 34} = —as48¢ — b1S184 + bysosy + b58?l,
{36,585} = —assse + (b2 + b5)s255 + 2b55485.
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(2) has rank 4.

The Poisson bivector m; J

Classical limit of Is.
In the case of ideal I3, assuming w = 1 + va and C; = vb;, in the limit ¥ — 0 we obtain the following

. . 3 . .
Poisson bivector wfj) = {54, 5} with entries:

{52,581} = asis2, {s3,51} = asiss,
{s3,s2} = —asas3, {s4,51} =0,
{54,820} = 2as984, {54,853} = 2as354,
{s5,81} = asiss, {s5, 82} = 2asass,
{s5,83} = 3assss, {s5,84} = —2asyss,

{s6,51} = as1s6 + b1s? + bas1s4,
{s6, 52} = asase + 2b15152 + b48% — bys954,
{36,853} = 2as356 + 3b15153 + b33 + bysass,

{86, 84} = —2a8486 — 2[)18184 — 2()28421,
{86, 85} = —as58g + bysoss — 3bosyss.
The Poisson bivector 7' has rank 4.

1]
Classical limit of I,.
In the case of ideal I, assuming w = 1 + va and C; = vb;, in the limit v — 0 we obtain the following
Poisson bivector 7Y = {si,sj} with entries:

i.j
{s2,81} = 2as1s2,  {s3,51} = 2as153,
{s3,s2} = —2as2s3, {s4,s1} =0,
{54,582} = asas4, {54, 83} = as3zsy,
{s5, 51} = 2as;ss;, {s5, 82} = asass,
{s5,53} = 3assss, {85,854} = —asyss,

{s6,51} = 2as156 + 4bys? — 2b3s154,

{86, 82} = —as9Sg + 2b1S152 + bzsg + 2b3s984,
{86, 83} = as3Sg + 6b15153 + basass,
{56,584} = —as4s6 — 2b15154 + b3s?,
{56,585} = —2as556 + bas3 + basass + 3b3sass.

The Poisson bivector 7T§74j) has rank 4.

Remark 4.1. Considering the connection of our problem with the family of parametrisations of the
group of unipotent matrices (Section 2.1), we can say that the obtained Poisson structures are structures
consistent with the re-parametrisations on the charts of the unipotent group.

Remark 4.2. Consider the classical limit in the case of the non-generic ideal (54) Py yields the
Poisson bivector ™) of rank 4.

{51,582} = 5180, {s1,83} = 5153, {51,814} = 25154,
{81, 85} = 38185, {81, 86} = 38186, {82, 83} = —89S83,
) {892,584} = —2s984, {s2,85} = —2s985, {s2,86} = —s256,
{s3,84} =0, {s3, 85} = s3ss, {s3,86} = —Cs3,
{54, 85} = 25485, {s4,86} =0, {s5, 86} = —s556.
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4.2 Poisson centres and commuting integrals

In the case of the log-canonical Poisson brackets with the bivector 7(%), corresponding to the toric
case, the Casimir elements - i.e., functions lying in the Poisson centre - can be computed explicitly.
These elements take the form of monomials

C=s7"s5% - sg!
where the exponent vector (a1, as,...,ag) € CO lies in the kernel of 7(%).

In our case, one can choose the following monomials as Casimir functions:

Cl _ Stln—az-i-a:s a1—az a1 1

59 sy, Ca= 51_18382_1, C3 = 85155SZ1, Cy = 51_152_ sllsg. (56)
These Casimir functions Poisson commute with all elements of the algebra and generate the Poisson
centre of the Poisson algebra. They determine the symplectic foliation of the corresponding Poisson
manifold and are invariant under the Hamiltonian flows generated by any regular function in the
algebra.

The mutations ®;;x, for (4,7,k) € S, are Poisson maps for the Poisson algebras described in the
previous section. Moreover, the action of these Poisson maps, on the Casimir functions C; is affine-

linear:
D132(Ci) = Ci + 02, $o54(Ci) =Ci + i3
$364(Ci) = Ci + 6;4Co,  P165(Ci) = C; + 04,4C3,

where 0;; denotes the Kronecker delta symbol. They equip the symplectic foliation with invariant
lattice structure which we refer to as the symplectic lattice.

The variables s1, so and s4 remain invariant under the action of these maps. Any regular function
of these variables, when taken as a Hamiltonian, generates integrable dynamics on the symplectic
lattice, which is preserved by the Poisson maps.

A similar picture arises in the case of the deformation 7(!) of the Poisson bivector 7(9). In these case
the Casimir elements C1,Co and C3 remain undeformed, while the element C4 acquires a deformation:

(57)

* -1.-1_-1
C4 =81 SS9 S84 (86 — b1$1 — 6282 — 1)384).

The mutation rules (57) remain unchanged under this deformation.

The cases corresponding to Poisson bivectors 72 7B 74 differ from the situation described
above. While each of these bivectors arises as a deformation of a particular case of the log-canonical
Poisson bracket 7(9) | the deformation generally changes the structure in a significant way. In particular,
it reduces the rank of the Poisson bivector to two, thus changing the symplectic foliation of the
underlying manifold.

The Casimir functions generating the Poisson centre in these cases are:

7@ ¢y, Cy; 7B O =s2sy, C3; wW ;O = 5182, Co, (58)

where Ca,Cs are as defined above in (56), and C{,C{ arise from C; if we take into account the relations
(47),(48). The functions C1,C{ are mutation invariant.

In these cases, the symplectic leaves are four-dimensional, so to define a Liouville integrable Hamil-
tonian system, we must find two Poisson commuting functions. By a straightforward calculation we
get:
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Proposition 4.3. The following pairs of functions Poisson commute with respect to the corresponding
Poisson brackets:

1. The functions C} and C!! Poisson commute with respect to the bivector ©(2),

2. The functions C! and Cy Poisson commute with respect to the bivector m(3).

3. The functions C| and C3 Poisson commute with respect to the bivector 7@,

2) _(3)

Remark 4.4. In all cases 7@, 73) and 7™ we find a Liouville integrable system on each parametri-
sation chart preserved by reparametrisation maps. The role of this structure is twofold: one could
consider the reparametrisation as a discreet symmetry of this Hamiltonian dynamics. From the other
side we interpret the Hamiltonian flow as a continuous symmetry the discrete dynamics given by the

solution to the Zamolodchikov equation.

We can formulate a similar result for the quantum version of the integrable systems from Proposi-
tion 4.3. Since the Casimir functions involve the reciprocals of the variables s, so and s3, it is natural
to introduce the localisations

AL = C(st s3t 83,850 85, 56) /I

of the quantum algebras A/I,. Within A*/I; we identify central elements and pairs of commuting
elements which, in the classical limit, become the Casimir elements and the Poisson-commutative
Hamiltonians, respectively. These expressions coincide exactly with their commutative counterparts,
with ordering as in (56), (58).

The passage to the quantum setting may also be viewed as a deformation quantisation of the under-
lying Poisson algebra equipped with additional structures - its centre and a commutative subalgebra
(a classification problem of this type was studied in [21]). The PBW property of the quantum algebra,
together with Liouville integrability of the classical limit, enables us to regard the system as quantum
integrable.

Proposition 4.5. In the quantum algebras .Aﬁ/Ik for k =2,3,4, the following elements are central,
and the indicated pairs of commuting Hamiltonians are algebraically independent:

1. 02,03 € Z(Aﬁ/fg), [Ci,Ci’] =0.
2. CY,C3 € Z(A13), [C},Cs) = 0.
3. CF,Cy € Z(AY L), [C},C3] = 0.

The mutation maps are affine-linear and coincide with the commutative case (57):

D132(Cy) = Co + 1, Do54(C3) = C3 + 1.

5 Conclusion

The main results of this paper concern quantum reductions of a noncommutative reparametrisation
map on the unipotent group N(4,.4), where A = C(z1,...,x¢) is the free associative algebra. This
construction yields quantum solutions to the Zamolodchikov tetrahedron equation.

e Using the method of quantisation ideals, we construct several families of associative algebras Az
that are PBW deformations of the polynomial ring C[z,...,zs]. These deformations admit a
well-defined quantum reductions of the re-parametrisation map to the unipotent group N (4, Az),
thereby providing quantum solutions to the Zamolodchikov tetrahedron equation.
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e We examine the classical limit of these associative algebras and obtain a family of Poisson bivec-
tors on the space of the unipotent group N(4,R), invariant under the re-parametrisation maps.
Analogous problems have been extensively studied in the setting of cluster varieties, both in the
Poisson and quantum contexts; see, for example, [10], [20].

e We identify Hamiltonian integrable systems that are consistent with the mutation maps. Their
solutions yield continuous symmetry groups acting on the parametrisations of the unipotent
group. These systems admit quantisations that respect mutation invariance.

We anticipate that the methods developed here will have broader applicability to a wide class of
discrete dynamical systems with algebraic structure. In particular, we expect generalisations to the
Lusztig variety, to mutation dynamics in electrical network models, to the Ising model, and to an
expanding family of examples within the theory of cluster manifolds.
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