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Inductorless Step-up Piezoelectric Resonator
(SUPR) Converter: a Cyclic-Mode Analysis

Jack Forrester, Jonathan N. Davidson, Martin P. Foster

Abstract—Cyclic-mode analysis is used to analyse the
inductorless step-up piezoelectric-resonator (SUPR) converter.
The operation of the converter is decomposed into six operating
modes and a non-linear state-variable model is derived. The state-
variable model is then transformed into a piecewise linear model
based on the operating modes, which can then be subsequently
solved in parallel with the optimum operating mode durations
using Newton’s method. For a set of circuit and piezoelectric
resonator (PR) parameters, the proposed model allows various
voltages and currents to be estimated. The accuracy of this model
is verified against experimental and Simulink results, as well as
being compared to state-of-the-art models. The proposed model
shows improved accuracy compared to previous models,
particularly for low-Q PRs.

Index Terms—DC-DC converters,
Piezoelectric Devices,
Switching (ZVS)

Design Optimization,
Resonant Converters, Zero Voltage

[. INTRODUCTION

IEZOELECTRIC-BASED power supplies are gaining
interest owing to their high efficiency and small volume
compared to traditional resonant power supplies.
Piezoelectric devices replace most (and, in some cases,

all) passive power-stage components from traditional resonant
power supplies. This is possible as piezoelectric devices are
electrically equivalent to a high-quality-factor and low-loss
resonant circuit when driven into vibration near one of their
resonant frequencies. Piezoelectric based resonant converters
have high power density, have output powers of up to 3.2kW
[1], are highly efficient, produce minimal EMI and may be used
in harsh environments including high temperature and high
magnetic fields [2], [3], [4].

Designing piezoelectric based power supplies is different to
traditional magnetic power supplies, as piezoelectric based
power supplies rely on mechanical vibration to transform
electrical energy. The mechanical properties of piezoelectric
devices can be modelled in many ways, including using van
Dyke’s model of a crystal oscillator, as shown in Fig. 1a.

Modelling, design and control of converters which include a
piezoelectric element are therefore different from traditional
magnetic converters. Since the behaviour of piezoelectric
converter topologies can be significantly different, specific
models are required. There is therefore a need to develop
specific models to assist with the design of each converter
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topology taking account of the interaction of electrical and
mechanical properties, model fidelity and model simplicity.
Owing to the complexity of piezoelectric circuits, there is a
need for topology-specific models.

Piezoelectric converters are commonly constructed using
piezoelectric transformers (PTs), which are typically two-port
devices modelled as a resonant tank connected to an ideal
transformer. However, piezoelectric resonator (PR)-based
converters are growing in interest due to their increased
versatility compared to PT-based converters [5].

PRs are simple in construction, typically formed using only
a single layer of piezoelectric ceramic with electrodes on the
two main faces, creating a one-port device. When PRs are used
in a resonant converter, they act as a resonating energy store,
much like the inductor in a boost converter: the PR accumulates
and releases energy according to the instantaneous circuit
conditions [6]. PRs’ resonant properties also allow zero voltage
switching (ZVS) to be achieved.
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Fig. 1 —(a) Piezoelectric resonator equivalent circuit and (b)
piezoelectric resonator

The equivalent circuit model of a PR is shown in Fig. 1a,
where C,, is the electrode capacitance, Cs and Lg represent the
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mechanical resonance and Rg models the damping (loss). Fig.
1b shows an example radial mode PR.

Several authors have developed various PR-based resonant
converter topologies for a variety of applications and operating
conditions [6], [7], [8], [9], [10], [11], [12], [13]. Boles et al. [5]
undertook a substantive analysis of PR converter topologies and
switching sequencies, ranking them in terms of PR utilisation
and efficiency. A high power PR converter, described in [1],
achieved 3.2kW output from parallel connected PR converters.

The SUPR converter introduced in [6] and [14] (shown in
Fig. 2) is of particular interest owing to its versatility as it
provides both step up and step down power processing
capability using only a two-electrode piezoelectric resonator. It
is named here as the inductorless step-up piezoelectric
resonator (SUPR) converter for convenience. This circuit
topology is equivalent to (i) in [5] (operating in synchronous
rectification mode), where a comparison of its performance,
relative to other PR converters, is found.

In this paper we present a new approach to modelling the
SUPR converter using cyclic-mode analysis. Our model
provides greater accuracy for low Q factor resonators and
provides a 30% improvement over the describing function-
based model in [15], which is limited to sinusoidal resonant
currents, an assumption which is not valid for low Q factor PRs.

Section II discusses the operation of the SUPR converter. The
cyclic-mode analysis method described in [16], [17] is adapted
by augmenting the state vector with additional expressions that
describe the commutation events that represent the mode
transitions. This augmented cyclic model is described in
sections III and IV. Results from the proposed model are
compared to the models in [6] and [15], as well as experimental
and Simulink results for a prototype converter design in section
V.

II.SUPR CONVERTER AND ITS OPERATION
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Fig. 2 — Piezoelectric-resonator-based boost converter

Fig. 2 shows the circuit diagram for the step-up piezoelectric-
resonator (SUPR) converter. The operating waveforms for the
converter are shown in Fig. 3 where the voltages v¢, and voye
are shown normalised to the input voltage Vpc. The start of a
cycle (t = t,) is defined as the positive zero crossing of current
(iry)- A cycle is divided into six modes of operation (circuit
configurations) depending on the conduction states of the
diodes and the control of the MOSFET switches. The circuit is

driven at an operating frequency f such with a period T =

1/f =2n/w.
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Fig. 3 — Typical operating waveforms for the SUPR converter

The six modes of operation M1-M6 for this converter
during typical operation are: —

MI (¢y = t,): Prior to start of a cycle, v¢, (£0) = Vour + Var,
where v, is the output voltage (and is greater than the input
voltage Vpc) and Vs is the forward voltage drop of D; and D,.
Both MOSFETs S; and S, are turned off at t = t, as the current
i, undergoes a positive zero crossing. During M1, i, = _icp
circulates within the PR, discharging C, and causing Vg, to
decrease until it reaches Vpc — Vg Since Ve, < Vout» D, is
reverse-biased and so C,,; provides the energy to the load.

M2 (t; — t,): At ty, S, is turned on with zero voltage across
it (ZVS), clamping v, = Vbe — Vg Energy is supplied to the
resonator through S; during M2.

M3 (t, - t3): Both §; and S, are turned off, i, = —icp
circulates within the PR discharging C,.

M4 (t; — ty4): At ts, i undergoes a negative zero crossing
and switch S, is turned on (ZVS). During M4, Ve, = —i Rps,,
as i flows through S,.

M5 (t, — ts): Atty, S, is turned off, the negative i, charges
Cp, thereby increasing Ve,

M6 (t5 — tg): At ts, D, becomes forward-biased, thus
energy is provided from the resonator to R, and C,,;. During
M6, ve, = vour + Var.

The duration of M4 is used to control the voltage gain of the
converter. For this analysis, we will assume (t, — t3)/T = 6,
is fixed. Subsequently, the unknown mode transition times (¢,
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t,, t3 and t5) and switching period T are dependent on the PR
parameters and circuit operation, and so are to be found.

In [15] we showed that the SUPR converter can achieve ZVS
over a wide variety of operating conditions if a suitable
controller is used. A model for the SUPR converter when used
in a step-up configuration was developed using a describing
function approach. This model allows the optimum switch duty
cycles to be determined and various voltages and currents of
interest to be estimated for a given PR and converter
specification. The describing function-based model showed
good accuracy when evaluated against experimental and
simulation results, improving on the state of the art. However,
the model is complex to solve, requiring the use of non-linear
solving algorithms. For low Q factor PRs the current is distorted
(non-sinusoidal), thereby reducing the wvalidity of the
assumptions made in the describing function. This is shown in
Fig. 9.

III.DERIVATION OF CYCLIC-MODE MODEL

A common technique for analysing resonant circuits is cyclic
modelling [16], [17], [18], [19]. This technique decomposes the
operation of the circuit into a series of operating modes. It is
assumed that the converter operates cyclically such that state
vector x(t) (comprising of relevant voltages and currents) is
periodic in T such that

xt) =x(t+T) (D

By utilising the cyclic-mode behaviour, authors show that the
value of the state vector can be estimated from equations
without integration. As a result, it is comparatively rapid to
compute whilst showing excellent accuracy.

For the SUPR converter defining the state vector as x =
[Ves Ve iy Vout]” , then the cyclic-mode steady state for
the SUPR converter occurs if x(t;) = x(t,). For a DC-DC
converter, where the input voltage is assumed constant, this
condition can be modelled using the cyclic-mode analysis
technique described in [17] where the behaviour of the
converter is described by a piecewise-linear state-variable
model of the form

x = A;x+ B; 2)
where A; is the dynamic matrix and B; is the corresponding
input matrix for mode Mi. For a given mode, Mi, the state

vector x(t) (where t;_; <t < t; ) can be found by solving (2)
giving,

x(t) = eXp(Ai(t - ti—1))x(ti+—1) 3

ti
+f
t

i-1

exp(Ai(t - T)) B; dt

x(t;",) represents the initial value of the state vector during
mode i and x(t;_,) represents the value of the state vector at
the end of mode i — 1. t;" ; represents the instant after t;_;, this
distinction allows the modelling of discontinuity between the
boundaries of modes.

A constant input matrix B simplifies the integration
necessary to evaluate (1). The solution for x at time ¢t; with this
assumption is given by

x(t) = ®ux(ti—y) +T; 4)

where ®; = exp [4;(t; —t;_,)] is the state-transition
matrix, T; = A;"'[®; — I]|B;, I is the identity matrix and
x(t;_,) is the initial condition for the i™® mode.

A more convenient form for (4) can be obtained by
introducing a dynamic matrix 4; which augments A4; and B; to
provide a new system representation

x(t;) = D% (t;—1) )
where
®D; = exp [A;(t; — t;—y)] (6)
5 _[4i B; 7
4= [o o] v
- [x
= [1] (8)

Using (5), the value of the state vector at the end of the cycle
can be found by cascading the solutions for each mode. Since
the SUPR converter operates with six modes per cycle,

= a’tot%(to) )
— [q)tot Teot [x(to)]
0 1 1

The cyclic-mode initial state is related to the final state by

X(tg) =%(ty +T) = X(ty) (10)

Applying (8) and (10) to (9) and solving for the state vector
provides the cyclic-mode initial condition,

x(ty) = [I - q’tot]_lrtot (11)

The value of the state vector at time t where t;_; < t < t; can
then be calculated using (5), (11) and

%(t) = exp (At — t;y) ) X(tF) (12)

where %(t;" ;) is the value of the augmented state vector at
the start of mode i. If ZVS is not achieved, then discontinuities
in V¢, occur at the beginning of M2 and M4 due to MOSFET

switching. To account for this, X¥(t;) and %(t3) can be defined
as

Xt =Kx(t;)+[0 (Vpc+Va) 0 0 0] (13)

xX(tF) = Kx(t3) (14)

where K is given by,
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IV. PIECEWISE LINEAR MODEL

A state-variable model for the SUPR converter is now
derived from the differential equations for the inductor current
(i) and the three capacitor voltages (vCS,vcp,vout). From
these differential equations, a piecewise linear model is
presented based on operating characteristics discussed in
section II.

A. State-variable model derivation

The first derivative of the inductor current iLS is given by,

d - Ve, = Ve, — IR

=i = (16)
For the resonant capacitor voltage,
i
v, === 17
Cs Cs (17
For the parallel capacitor voltage,
-— M1, M3, M5
Co
vy = M6 (I8)
h(Vbe = Var) — v¢, — Rpsii,
M2, M4
RpsCp
where h describes the on state of S,
1 M2
B 19
h {0, otherwise (19)

It should be noted that the expression for i’cp during M6 does

not depend on the diode voltage drop, a full derivation is
detailed in the appendix.

Finally,
_ iLS _ Uout M6
C C
v(;ut — out + p U(Cout + Cp)RL (20)
— ot Otherwise
CoutRL

A full derivation of (20) is shown in the appendix.

B. Decomposition into piecewise linear models

A piecewise linear model is now derived from the non-linear
dynamic model described in previous section and is of the form,

Ax+B,, t,<t<t,
X = : : 1)
Ax+By ts <t<tg

Based on equations (16)-(20), dynamic A; and input B;
matrices for each mode are defined as

[ 0 0 L 0
Cs
1
0 0 —C— 0
Al = A3 = AS = 1 1 Rp (22)
S
—— = = 0
Ly Ly L
0 0 0 !
CoutRL-
0 0 1 0
Cs
0 ! L 0
a4 RpsCp Gy (23)
A=4=1 1 R
S
-— = == 0
L, L L,
0 0 0 !
CoutRL-
0 0 1 0
Cs
0 1 1
A = Cout + Cp (Cout + Cp)RL (24)
6= 1 1 R, .
Ls L L
0 0 1 1
Cout + Cp (Cout + CP)RL-
B,=B;=B,=B;=Bs=[0 0 0 0] (25)
Vpe — Var T
B,=|o RE_T o] 26
2 [ RpsCp 20

Note here that we have assumed that the two MOSFETsS are
identical. Using (12) with (21)-(26) and the initial conditions
calculated using (9) and (11), and knowledge of the durations
of each of the modes, the value of the state vector can be
calculated at any time. Thus, this allows the full waveform for
each of the state variables to be calculated.

However, the mode durations (i.e. for mode i, the duration is
given by t; — t;_4) and the operating frequency are unknown
and need to be determined.

C. Determining the mode durations

The method in [15] is used to make an initial estimate of the
mode durations and subsequently x(t;). Then the shooting
method presented in [20] is used to refine the estimate of both
the mode durations and x(t,) simultaneously.

For the SUPR converter, the operation of the converter
across the whole cycle is dependent on the cyclic mode initial
conditions, the mode durations, and the switching period.
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Therefore, we define an augmented vector X containing the
state-variables and the unknown mode duties,

X=[xt)" | & & & 6 TI (27)
where §; = (t; — t;_1)/T is the duty cycle of mode i, it should
be noted that &, is a control input.

When the SUPR converter is operating in steady state, there
are several conditions that define the end of each mode. At the
end of M1,

ve, (tr = 6:T) = Vpec — Var (28)
The duration of M2 is set, such that at the end of M3,
3
ve, (t; - Z 5; T) —0 (29
i=1

Where ).I; §;is the sum of duty ratios from 1 to mode n. The
inductor current should be zero at the end of M3,

3
i, (t; - Z 5; T) —0 (30)
i=1
At the end of M5,
5
ve, (t; - Z 5; T) = Voue — Var 31)
i=1

Finally, with the correct switching period T,

i, (tg =T)=0 (32)

Based on these conditions, we define a cost vector G which is a
function of X such that, when each of the aforementioned
conditions is fulfilled, G(X) = 0,

r 91
[ x(to +T) — x(to) 7 92
g3
Ve, (t1) — Vpe + Var 9a
G(X) = ve, (t3) = (33)
i, (t3) Je
e, (ts) = Vour — Var g7
iLs (t5) . Is
L 9o

Newton’s method is then used iteratively to estimate the true
value of X. The matrix form of Newton’s method used in this
work is defined as

Xk = x41 — q[J(6(X* )] 6(x* 1) (34)
where « is a relaxation factor with a value 0 < a < 1, which
improves the convergence, k is the index of the current iterative
step and J (G(X k _1)) is the 9 x 9 Jacobian matrix of the function
G(X). The Jacobian matrix is defined as

5
09, 09
aG aXl an
](G(X))zﬁz as - as (35)
9o 9o
x

Given the complexity of finding the partial derivatives within
](G(X)), it is more convenient to estimate ](G(X)), where
partial derivatives are calculated using

agu(X) ~ gu(X + AXU) - gu(X)
X, By

(36)

where u and v are the row and column indices respectively of
the matrix in (35), AX, =[0 - B, 0]Tisa9x1
vector with a small perturbation 3, in the v*"* position. In this
work, we chose B, =1 x 1078, After several iterations and
with a suitable initial estimate X°, X will converge on the true
initial conditions, such that,

| X¥final — kaina1-1|2 <2 (37)

where |. |, is the L2-norm, X*rinal is the final value of X and A
is an acceptably small value. In this work, we chose A =
1 x 10710 Therefore, using X"/ with (12) and (21)-(26), the
value of the state vector x(t) can be calculated at any time
within the cycle.

V.MODEL VERIFICATION

The accuracy of the proposed model will be compared

against experimentally collected data and Simulink
simulations.
A. Validation methodology

The model is validated against three parameter variations (3,
load and piezo resonator Q factor).

1) Duty cycle - 6,
The proposed model is used to estimate the voltage gain
(Mout = (VocT)™ f; Vour dt) of a SUPR converter with PR

equivalent circuit properties given in Table 1 and when driven
over the range &, = [0.15, 0.35] with a fixed 1kQ load.
Subsequently experimental and Simulink measurements are
collected under the same conditions, allowing the accuracy of
the voltage gain estimated. A further comparison is made with
the describing function model presented in [15] and model
developed in [6].

2) Load - R;,
The accuracy of the voltage gain as a function of load

estimated by the cyclic model will be validated in the range
R, = [5000, 20kQ] with a fixed 6, = 0.26.

3) 0 factor

Finally, one of the benefits of the cyclic model compared to
describing function modelling, is the removal of the assumption
that the first harmonic dominates the resonant current. Some
piezoelectric materials exhibit low Q factors (for example,
BSPT for use in high temperature [21] applications). The
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bandpass filtering properties of low Q materials are inferior to
high Q materials (such as PZT) meaning that the resonant
current is no longer sinusoidal, and this invalidates a key
assumption for the describing function approach. Therefore, the
estimated ve, waveform for both the proposed model and the

describing function model [15] are compared against a
Simulink simulation of a low Q factor PR based SUPR
converter. It should be noted that the model in [6] does not
allow estimation of the ve, waveform and therefore was

omitted from this result.

B. Experimental setup

Fig. 4 - SUPR Converter. Radial PR in 3D printed mount (red),
current estimator circuitry (blue) and FPGA connections with signal
processing (yellow)

Table 1 - SMD30T21F1000S properties

. Vibration Diameter Thickness
Material
mode (mm) (mm)
SM112 Radial 30 2.1
Rs Ls Cs Cp
222Q 4.47 mH 1.02 nF 2.54 nF

A SUPR converter (shown in Fig. 4) is constructed using a

SMD30T21F1000S PR from Steminc as shown in Fig. 1b. The
physical properties of the resonator and equivalent circuit
component values that were extracted using the characterisation
technique described in [22] are given in Table 1.

1) Hardware

A hardware circuit diagram is shown in Fig. 5. The main
SUPR converter comprises MOSFETs S1 and S2 (IRF510),
which are driven by a half-bridge gate driver IC (IR2110). D,

and D, are low forward voltage Schottky diodes (1N5819). The
SUPR converter is completed with an output capacitance
Cout = 10 pF and a DC input voltage Vpc = 12V,

s.@

D]ZS Dz
Vesl ™

R

N C,=+
SZ@ “ Vcp sz- . CS‘VCS CourT RL[] Vout
VDCC.) ; i,
Vgs2 C
Ra[] VR“ ' LS

Fig. 5 - SUPR hardware circuit diagram

It is well documented that the resonant current cannot be
directly electrically measured in piezoelectric devices, thus the
current estimator presented in [23] was used to determine the
resonant current. The resonator current is defined as
ipr = icp + ;.. Therefore, by connecting an external RC

branch (C, and R,) in parallel with the resonator, a voltage
proportional to icp (viz. Vg, in Fig. 5) can be estimated. An
instrumentation amplifier Ul then subtracts Vg, =~ from
Vr, = iprRp, creating a voltage V.. which is proportional to
resonant current i; .

Since only zero crossings of i, _ are required by the controller,
comparator U2 detects the zero crossing of V,. producing a
square wave output voltage V,.. V,. is the input to the FPGA-
based PLL; the PLL output is the square-wave PLL,,; in Fig. 6.
When the PLL has achieved lock, PLL,; will be in-phase with
V,. and synchronised to the zero crossing of the resonant current
of the PR. Two additional comparators are required to sense the
end of M1 and M2. This is accomplished using comparators U3

and U4 (MAX9203), which produce V; = sgn (v, — Vpc) and
V, = —sgn (Ucp)-

2) Software and programmable logic (FPGA)

Based on the hardware design, an FPGA takes inputs V,, V;
and V,, and produces gate signals G1 and G2 to drive the two
MOSFET switches. A Digilent PYNQ FPGA development was
used, which features a Xilinx ZYNQ FPGA. ZYNQ FPGAs are
made up of 2 parts, programmable logic which is the FPGA
component and the processing system which is a processor core
running Linux. This development board allows the
programmable logic to interface to the processing system using
the Python programming language. In this application, the
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programmable logic performs all the computation required to
generate the corresponding output signals to drive the SUPR
converter and the processing system is used to provide manual
input to the programmable logic to control the §, duty cycle
and, thus, the gain of the converter. A full explanation of the
hardware and software can be found in [24].

3) Experimental waveforms

Experimental waveforms for the prototype converter with a
1 kQ load, a 12 V DC input voltage and with §, = 0.26 are
shown in Fig. 6.

30 T T T
z 201 VCP Vout b
0]
en
S0t ]
3
0 L 1 A.
0 5 10 15
Time (pus)
g 4r » PLLout
0]
en
gt ]
3
0 L. L L 1 L
0 5 10 15
Time (ps)
; 4r Vgsl Vgs2 1
Py
an
Ry ]
s
0 e N L
0 5 10 15
Time (ps)

Fig. 6 — Experimental waveforms for the prototype converter when
operated with a 1kQ load and 6, = 0.26

C. Simulink simulation setup

The SUPR converter was modelled and simulated in
Simulink using the Simscape package, with the MOSFETs
driven by a state machine controller created using the Stateflow
package. The state machine has 5 states which correspond to
the 6 different operating modes of the converter (described in
Section II), this is detailed in Table 2. M6 differs from M5 only
by the conduction state of D, therefore both modes correspond
to State 5.

Table 2 - State machine states

Switches
S1 S2
State 1 Ml Off | Off
State 2 M2 On | Off

Condition for start of
state
V,. rising edge
V; rising edge

Mode

State

State3 | M3 Off | Off 63T after State 2
State 4 M4 Off | On V,. falling edge
State 5 M5 Off |_Off 6,T after State 4

M6 Off | Off
For the first 1us of operation the states are fixed length in
order to establish the resonant behaviour. After lus, the

controller dynamically controls the mode durations based on
the measured v, and i.

The state transition conditions are shown in Table 2. There
are two defined period states, State 3 and State 5. The duration
of State 3, 65T is adjusted incrementally each cycle to minimise
the v¢, (t3) according to (38).

[ 53T]k+1

= [8;T)F + [’1 sgn (Ucp (ts)) )

0, otherwise

|vcp(t3)| >0.1 (%)

where k is index of the present cycle and A = 1 ns is a small
timestep. In the open loop implementation in this paper, &, is
used as the independent variable to produce the results.

The MOSFET on-state resistance (Rps = 0.54(Q)) and the
diode forward voltage drop (V4 = 0.3V) was set to match the
experimental devices chosen. Simulation ran until the converter
reached steady state.

D. Comparison between simulation results and
experiment experiments

1) Changes in S, duty cycle 6,

Fig. 7 shows the voltage gain predicted by the proposed
cyclic model, the describing function model from [15], the
model described in [6] (using frequencies calculated using the
proposed cyclic model), Simulink simulations and
experimental measurements as a function of §,, when driving a
1kQ load. Converter efficiency estimated by the model varies
between 67-92% (0.2-2W output power), depending on duty,
with lower duties giving higher efficiency.

The voltage gain estimated by the cyclic model and other
models closely matches the experimental and Simulink
measurements at low §&,. At high §,, the cyclic model
overestimates the voltage gain of the converter, when compared
to Simulink results. Compared to the describing function model
previously published [15], a lower average absolute error in
gain is achieved by the cyclic mode model (1.07% vs 1.44%)
when compared to experimental results. Additionally, the cyclic
model is significantly more accurate than the model described
in [6], particularly at high §, values.

4.5 T T T
Cyclic Model
4+ Descrb. Func
O Experimental
m} Simulink
3.5F [6] o

0.35

Fig. 7 - Voltage gain against 84, with a 1kQ load
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2) Changes in load

Fig. 8 shows the voltage gain predicted by the cyclic model,
describing function model in [15], the model in [6] (again using
frequencies calculated using the proposed model), Simulink
simulations and experimental results with changes in load,
when driven with §, = 0.26. Converter efficiency estimated by
the model varies between 84-93% (0.23-1W output power),
depending on load, with maximum efficiency occurring with
5.8k load.

The cyclic model shows good accuracy compared to
experimental results, with a lower average absolute error
(1.84% vs 2.03%) than the describing function model, when
compared to experimental results. At higher load resistances,
the cyclic model estimates lower gains than to the describing
function model; thus, the cyclic mode shows better agreement
with the experimental results.

4.5 T T T T T T T
Cyclic Model
4t Descrb. Func
O Experimental
O Simulink
[6]

15 L \ . L . L .
0.3 0.5 0.7 1 2 3 4 5

Norm. Load (RLJ (Cs/Ls))

Fig. 8 - Voltage gain against load, with §, = 0.26

3) Changes in Q factor

In our previous work [15], we investigated the accuracy of
the describing function model against changes in PR equivalent
circuit parameters (R, C,, Fy and Zy =/L/C) compared to
LTSpice simulations. In the study it was found that changes in
R, C, and F, have minimal effect on the accuracy of the model,
however, decreasing Z, (« Q factor) caused a significant
reduction in model accuracy. This is because the accuracy of
describing function models diminishes in the presence of
harmonics, which occur in lower Q tanks. The proposed cyclic
model remains accurate for non-sinusoidal waveforms.

Fig. 9 shows transient waveforms for a circuit with a low-Q
PR using the proposed cyclic model, describing function model
and Simulink. Table 3 shows the equivalent circuit parameters
of the PR, with Z, set to 1/10 of the original value (210 Q vs
2.1 kQ) of the SMD30T21F1000S PR.

Table 3 — Low Z, PR equivalent circuit properties

R, L, C, C,
222Q | 447uH | 10.2nF | 2.54 nF
40
30R Cyclic Model r I e
= ’\ ————— Descrb. Func [
< _20f \ — — — Simulink ‘/ |
>U 4 /
of T / I
U\ Co
0 . . S ol ,
0 2 4 6 8 10
Time (us)
0.2 T T T T T
b = S
—~ s N
RNV N
» RN W4
- AN A
-0.1F \\~§_,-/'///
0.2 . . . L~
0 2 4 6 8 10
Time (pus)

Fig. 9- ve, and iy _from Simulink and predicted by the proposed cyclic
mode and describing function model, with §, = 0.26

Fig. 9 shows that, when compared to Simulink, the cyclic
model produces a significantly more accurate result than the
describing function model. The cyclic model and Simulink
produce a non-sinusoidal current, in contrast to the describing
function model. As the waveform shape is different, the timings
of the state transition conditions are closer to the intended
values.

Table 4 shows the percentage error in voltage gain, resonant
current amplitude, and duty cycles for each model. The cyclic
model shows excellent correspondence, with the highest error
for any parameter being 2.37% (in most cases less than <1%).
Conversely, the describing function model shows increased
error in most parameters compared to the cyclic model, with
errors up to 30%. This analysis proves the benefit of the cyclic
model, as it is significantly more accurate than the describing
function model when applied to lower Z, PRs.
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Table 4 - Percentage error between Simulink, and cyclic and
describing function models

. Describing
Simulink | CYelicModel g tion Model
Error
Error

My 2.65 0.91% 5.54%

Lo 0.15 0.46% 3.11%

L min -0.20 0.03% 21.95%

L ns 0.12 0.27% 9.73%
5y 0.091 2.37% 11.33%
5, 0.369 0.62% 13.56%
53 0.077 0.17% 0.78%
55 0.040 2.03% 30.27%
T 11.3ps 0.09% 3.22%

VI. CONCLUSION

A cyclic-mode model of the SUPR converter is presented.
The operation of the converter is decomposed into six operating
modes and a piecewise linear model is derived. Based on the
piecewise linear model, cyclic mode analysis is performed and
the application of Newton’s method for determining initial
conditions and mode durations is presented. The cyclic-mode
model is then validated against experimental and Simulink
results and compared to previous models presented in [6], [15].
The cyclic-mode model presented here shows excellent
accuracy, improving on previous models, especially for low Q
factor (low Z;) PRs.
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VIII. APPENDIX

During M6, the SUPR converter can be modelled by the
simplified equivalent circuit diagram shown in Fig. 10.

_iLs D2

iR,

e N .
v Vi
icpi icami
iLS C‘) CP—|— ] ch —|— Caut Ry Vout

Fig. 10 - Simplified equivalent circuit diagram during M6

Based on this circuit, an equation for the output capacitor
voltage (and subsequently the output voltage) in terms of the C,,

voltage and diode forward voltage drop is given by
Vout = V¢, — Var 39)

Taking the differential of each term with respect to time gives

10

Vout = Ve, = Var (40)

As the diode forward voltage drop is assumed to be constant
in this analysis V4 = 0 and therefore (40) can be simplified to

(41)

Vout = V¢
out Cp
Based on Fig. 10, an equation for the resonant current i, ; can
be derived

_iLS = icp + iCout + iRL (42)

Equations for i and i . can be derived in terms of the
1] out
relevant capacitor voltages

icp = VoutCp, Icoue = VoutCout (43)
Based on these expressions, (42) can be simplified to
i1, = Vour(Gp + Cout) + 5 (44)
By then rearranging and dividing (44) by C,
R @
Further rearranging gives
iLS Vout (46)

Vout = — -
out Cp + Cout (Cp + Cout)RL
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