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Abstract

This paper focuses on the strategic design of a Parcel Locker (PL) network in the context of last-mile deliv-

ery. While PLs are emerging as a promising alternative to home delivery, their implementation poses practical

challenges, including high deployment costs, inefficient capacity utilization, replenishment scheduling, and co-

ordination with end users. To address this, we consider a network consisting of a depot, candidate locations

for PLs, and service regions, each representing a group of customers with known aggregate daily demand dis-

tributed across multiple periods. Each period corresponds to a time window preferred by some customers for

parcel pickup. The problem extends the classical location-routing problem by incorporating a multi-period hori-

zon, a two-echelon network structure, and flexible replenishment planning. The objective is to minimize upfront

strategic costs and anticipated operational costs over the network’s economic life. Strategic decisions concern

selecting locations and capacities for PLs, and the size of a fleet to replenish PLs from the depot. Operational

decisions, which can be revisited after the network is deployed, involve planning replenishment and routes over a

single-day, multi-period horizon. The problem is formulated as a mixed-integer linear program and solved using

a variable neighborhood search embedded in a branch-and-cut framework, leveraging tailored valid inequalities

and local search moves. Computational experiments, along with a case study in Chicago using real data from

Amazon, demonstrate that incorporating expected operational costs into network design process leads to more

cost-efficient PL networks. Moreover, flexibility in replenishment planning affects both operational cost and

network configuration, leading to further improvements in overall system efficiency.

Keywords: Parcel locker network design, Location-routing problem, Flexible replenishment, Last-mile delivery,

Variable neighborhood search
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1 Introduction

In the last decade, global retail e-commerce sales have increased more than fourfold, growing from $1.34 trillion

in 2014 to $6.00 trillion in 2024 (Statista, 2025). This surge reflects the intense competition among major

retailers seeking to increase their online sales by offering fast, efficient and secure delivery services while ensuring

affordability for a broader customer base. In the rapidly evolving landscape of e-commerce, last-mile delivery

— the final point of contact between retailers and consumers — plays a pivotal role by directly impacting both

customer satisfaction (Vakulenko et al., 2018) and delivery costs (Vanelslander et al., 2013). However, it remains

one of the most challenging and costly stages, accounting for nearly 53% of total delivery expenses (Contimod,

2025) and up to 40% of the product price (Barenji et al., 2019). The rising demand for fast delivery services

(Joerss et al., 2016) further intensifies these challenges, placing pressure on service providers to balance speed,

cost-efficiency, and sustainability. According to an analysis by Muñoz-Villamizar et al. (2021), fast shipping

options can increase total delivery costs and carbon emissions by up to 68% and 15%, respectively. This can be

attributed to the need for a larger fleet and increased traffic congestion (Boysen et al., 2021). In light of these

challenges, ensuring a positive customer experience requires convenient, cost-effective, fast, and secure delivery

options that accommodate diverse consumer preferences.

A range of delivery modes exists for last-mile delivery (Savelsbergh and Van Woensel, 2016). On one end

of the spectrum, the delivery company handles transportation entirely, as with home delivery (HD). However,

the convenience of HD, preferred by most online customers (LaserShip, 2022), comes with a cost, making it one

of the most expensive modes. A case study in Europe, for instance, indicates that the per-parcel delivery cost

is approximately 9 to 12 times higher for HD than for in-store pickup (Hovi and Bo, 2024). Moreover, limited

parking availability (Ranjbari et al., 2023), failed delivery attempts due to customer unavailability (Goodchild

et al., 2019), and missing parcels left unattended on doorsteps (Guardian, 2023) have made this mode more

costly and risky, especially for high-value items. At the other end of the spectrum, customers place online orders

and travel to a store to collect their items, as in buy online, pick up in store (BOPIS) or curbside pickup (CP),

offered by retailers such as Walmart, Target, and Best Buy. Note that in both BOPIS and CP, customers place

orders online. In BOPIS, they enter the store to collect items from a designated pickup counter, while in CP, they

remain in their vehicles until store staff bring the order to them outside, usually in a designated parking spot.

Because of its cost efficiency, BOPIS has expanded rapidly: the share of stores offering the service grew from

44% in 2016 (Magana, 2019) to around 83% in 2023 (Digital Commerce 360, 2023). Although more profitable

than other e-commerce channels (Ketzenberg and Akturk, 2021), BOPIS relies on in-store inventory and is not

viable for retailers without a physical presence in the market, such as Amazon and eBay. Furthermore, BOPIS

can shift part of the demand from the online channel to the store channel, where profit margins are often lower

(Gao and Su, 2017; Akturk et al., 2018). In addition, the convenience of BOPIS largely depends on the number

and geographic locations of stores offering this service within a city.

To address the challenges highlighted above, this paper explores an alternative delivery mode: parcel

locker (PL) delivery. Like CP, customers place online orders, but instead of picking them up at stores, they

retrieve them from self-service PLs. Indeed, if HD and CP represent two extremes, PL delivery lies in between,

combining advantages of both while remaining feasible for e-retailers without physical storefronts. Implementing

a PL network offers ample opportunities. Compared to HD, PL delivery improves cost efficiency through parcel

2



consolidation (i.e., multiple parcels per drop), reduces shipping costs, eliminates failed deliveries, and enhances

customer experience with secure, all-day pickup options (LJMGroup, 2024). Figure 1 presents illustrative

examples of three delivery modes: home delivery, PL delivery, and BOPIS.

Home delivery Pick up at PLs BOPIS

Õ Õ

b
b

b

b
b

b

Õ

9

9

Õ Depot b Parcel locker 9 Store

Customer Vehicle route Customer route

Figure 1: Illustrative examples of HD, delivery through PLs, and BOPIS.

Companies determining locations for PL installations rely heavily on location intelligence and consumer

behavior analysis. They target high-foot-traffic areas such as supermarkets, transit hubs, shopping centers,

schools, hospitals, and corporate zones to ensure visibility and convenience (DataAppeal, 2024). Accessibility

factors (e.g., proximity to public transportation, pedestrian routes, and parking) are essential to maximize usage

(Schaefer and Figliozzi, 2021). Demand forecasting and demographic profiling (e.g., residential density, internet

usage, income levels) help tailor placements to areas with a higher likelihood of adoption (CleverMaps, 2024).

Firms also assess competitive saturation and partnership possibilities by placing PLs near retail partners or in

underserved spaces to gain a strategic advantage (Telling, 2025). Together, these considerations ensure that PL

placements are not only convenient but optimized for both user adoption and operational efficiency.

Planning and implementing a PL delivery network presents a complex set of challenges for logistics com-

panies. The growing volume and variety of parcels, rising consumer expectations (e.g., same-day delivery), and

environmental concerns have driven the adoption of PLs as a more efficient last-mile solution (Peppel et al.,

2024). However, successful implementation is far from straightforward. It requires overcoming significant bar-

riers, including relatively high initial investment costs (a case study by Ozyavas et al. (2025) estimates the

construction cost of a 60-locker PL at approximately $23,000 in Groningen, the Netherlands), space limitations

in densely populated areas, and the inability to accommodate large or irregularly shaped packages (LJMGroup,

2024). Designing the network also involves complex decisions regarding the number, configuration, and place-

ment of lockers, all while managing a variety of operational expenses such as installation, maintenance, software,

and connectivity. Furthermore, capacity utilization, demand forecasting, courier workflows, and user behavior

must be considered to ensure optimal locker density and efficient performance (Rohmer and Gendron, 2020).

Strategic site selection (i.e., balancing accessibility, safety, and demographic fit) is essential for maximizing usage.

Beyond logistical hurdles, companies must also navigate regulatory constraints and slow consumer adoption, of-

ten influenced by entrenched preferences for home delivery (LJMGroup, 2024). Addressing these interconnected

challenges holistically is vital to achieving a scalable and sustainable PL network.
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Several major companies have implemented tailored versions of PL delivery services. Amazon, for example,

operates its “Hub Locker” system in select U.S. cities. Given that Amazon mostly delivers small packages

(< 5 lbs) (Guglielmo, 2013), utilizing PLs presents significant opportunities for cost savings and operational

efficiency. UPS offers the “Access Point Locker” network, and FedEx provides a similar service through its

“Delivery Manager”. Other companies, such as DHL, Walmart, and SF Express have also introduced their own

solutions, i.e., the “DHL Locker”, “Walmart Pickup Tower”, and “SF Locker Self-Drop”. Table 1 presents a

comparison of last-mile delivery modes, including BOPIS/CP, PL, and HD, based on several criteria from both

the retailer and customer perspectives.

Table 1: Comparison of last-mile delivery modes.

Criterion BOPIS/CP PL HD

Customer convenience Low Moderate High

Distance from customers Long Short Zero

Transportation cost (customer) High Low Zero

Transportation cost (retailer) Low Moderate High

Risk of missing parcel Zero Zero Moderate

Risk of failed delivery Zero Zero Low

Infrastructure cost Low High Zero

Vehicle fleet size Small Moderate Large

Requires physical store(s)? Yes No No

Building on the growing trend of self-service delivery systems, this paper aims to design a smart PL network

for a retailer serving a specific geographic area (e.g., a city or a state). A PL consists of several locker boxes, each

assigned to a single order, which can be accessed using single-use PINs provided by the carrier. The network

design problem, referred to as the Parcel Locker Location-Routing Problem (PL-LRP), consists of a two-echelon

network comprising a central depot, a set of candidate PL locations, and a set of service regions (SRs). Each

SR represents a part of the geographic area (e.g., one or more adjacent city blocks) and includes a number of

customers with known aggregate daily demand distributed across multiple periods. Here, a period refers to a

pickup time window during which a group of customers, based on their preferences and daily schedules, chooses

to collect their parcels from assigned PLs. In practice, customers place online orders and select a pickup period

from a predefined set of options. Parcels are then dispatched from the depot to the corresponding PLs before

their respective pickup times, using a fleet of vehicles. During the scheduled periods, customers individually

travel to their assigned PLs to retrieve their parcels.

The PL-LRP focuses on the strategic decisions involving PL locations, capacities, and vehicle fleet size.

However, these strategic decisions are closely intertwined with operational ones made after network deployment,

such as SR-to-PL assignments, PL replenishment plans, and vehicle routing over a single-day, multi-period

horizon. Here, a PL’s replenishment plan specifies both the schedule and quantity, that is, the periods it must

be replenished and the number of orders to be delivered at each visit. Unlike classical (multi-period) LRPs,

where replenishment plans are known a priori, our model allows flexibility in both dimensions: the retailer must

decide when (i.e., in which periods) to replenish each active PL and how much to deliver in each visit. To reflect

the long-term implications of strategic decisions, we incorporate a close approximation of operational costs over
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the economic life of the network, seeking an optimum balance between upfront investment and recurring future

costs. It is worth noticing that the retailer is not required to adhere to the operational decisions made during

network design. In practice, once the network is operational, these decisions can be revisited and adjusted in

response to changes in the demand pattern that might occur over time. Thus, the consideration of operational

decisions at this stage is mainly to guide the strategic decision-making process and, in turn, support the design of

a cost-effective network. This paper presents a mathematical formulation and a solution approach that jointly

consider strategic and operational aspects of the PL network. By accounting for the downstream impact of

strategic decisions, our model ensures that the weighted sum of initial investments and estimated routing costs

over the network’s economic life cycle is minimized.

The contributions of this work are summarized as follows. (1) We introduce the PL-LRP as a new real-world

variant of the LRP that incorporates flexibility in PL replenishment plans, enabling retailers to design efficient

PL networks for last-mile delivery. Most existing publications focus on single-period LRPs (e.g., Janinhoff and

Klein, 2023; Ozyavas et al., 2025), while those addressing multi-period LRPs often assume fixed replenishment

plans (e.g., Grabenschweiger et al., 2022), unlike the PL-LRP, which allows flexibility in both. (2) We propose a

mixed-integer linear programming model for the PL-LRP, which inherits key features from the flexible periodic

vehicle routing problem, inventory routing problem, production-routing problem (PRP), and location-routing

problem. In Section 2, we discuss the similarities and differences between the PL-LRP and each of these

classical problems. (3) We develop an exact solution approach along with several families of valid inequalities,

that effectively incorporates problem-specific local search moves into a branch-and-cut algorithm to improve

the incumbent solution and best bound. (4) We demonstrate the performance of the proposed algorithm and

the impact of its components through an extensive computational study, including a case study in the city

of Chicago, IL using the real data from Amazon. To our knowledge, this is the first study to address a two-

echelon, multi-period LRP with flexible replenishment planning, where demand at each PL depends on the

SRs assigned to it. While the LRP literature is extensive, existing models require significant modifications to

simultaneously handle all the decisions outlined. Although our approach focuses on minimizing strategic and

estimated operational costs, we also quantify the social and environmental impacts of PL delivery in contrast

to HD and CP.

The remainder of the paper is structured as follows. Section 2 summarizes relevant publications in a

literature review. Section 3 outlines the formulation of the PL-LRP. Details of the solution methodology are

discussed in Section 4. Section 5 presents results from numerical experiments and a case study in Chicago to

evaluate the proposed model and solution approach. While our main focus is on costs, we also examine the

social and environmental impacts of PL delivery compared to the HD and CP, which offers managerial insights.

The paper concludes with final remarks, managerial insights, and suggestions for future research in Section 6.

2 Literature review

This section presents a wide-ranging review of the related studies, covering the inventory-routing problem

(Section 2.1), the periodic vehicle routing problem (Section 2.2), and the location-routing problem (Section 2.3),

including parcel locker network design problems (Section 2.3.1).
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2.1 Inventory-routing problem

The inventory-routing problem (IRP), first introduced by Bell et al. (1983), is a class of multi-period vehicle

routing problem where demand is known but it varies from period to period, with the stock at customers

being replenished periodically by a supplier. The problem is to identify the replenishment plan to serve each

customer, the quantity to deliver at each visit, and the vehicle route(s) to replenish customers, so that shipping

and inventory holding costs are minimized while back-orders and stock-outs are avoided. For more details on

IRP models, characteristics and variants, refer to the survey conducted by Coelho et al. (2014).

A majority of recent studies in IRP literature is focused on developing both exact and heuristic solution

methods. Archetti et al. (2007) are pioneers in proposing an exact approach for the vendor-managed IRP. They

developed a branch-and-bound (BB) algorithm and analyzed how distribution and holding costs are affected by

inventory control policies, with the results demonstrating the superiority of the maximum stock level (ML) policy

over the order-up-to level (OU) policy. Note that under the ML policy, the supplier determines when and how

much to deliver to each customer over a multi-period horizon, subject to vehicle capacity and customer storage

limit. The key feature of this policy is the flexibility in delivery quantities, which can range from zero up to the

customer’s maximum storage capacity. This allows for more efficient route planning and delivery consolidation.

In contrast, the OU policy requires replenishing each customer’s inventory to a fixed target level upon delivery,

which restricts flexibility and can result in less efficient routing decisions. Since then, IRP scholars have placed

increased emphasis on the multi-period replenishment policy, referred to as IRP-ML, due to its flexibility and

cost-efficiency (e.g., Avella et al., 2018; Manousakis et al., 2021; Sk̊alnes et al., 2022; Schenekemberg et al.,

2024).

On the other hand, there has been growing interest in matheuristic algorithms for the IRP-ML in recent

years. Su et al. (2020) investigated a practical multi-depot, multi-vehicle IRP-ML inspired by a real-world case,

incorporating a heterogeneous fleet, heterogeneous drivers, and time windows. A route-first, cluster-second

approach is proposed in Vadseth et al. (2021) for the classical IRP-ML. Touzout et al. (2022) addressed a

variant, using a decomposition-based matheuristic, in which the travel time between each pair of nodes depends

on the departure time. A two-phase matheuristic approach based on tabu search is developed by Charaf et al.

(2024) for a two-echelon IRP-ML, where routes must be planned separately for each echelon. Najy et al. (2025)

presented a matheuristic based on column generation with fixed routes and consistent driver assignments, aiming

to enhance operational efficiency and delivery consistency.

Overall, the PL-LRP and IRP-ML are similar in periodicity: in both, replenishment plans are not predefined,

i.e., there is no limit on the number of visits per customer (or PL in our setting), and the replenishment quantity

per visit is also a decision variable. However, unlike IRP-ML, decisions regarding the location and capacity of

PLs, as well as SR-to-PL assignments, must be made, adding complexity due to these additional layers of

decision-making.

2.2 Periodic vehicle routing problem

The periodic vehicle routing problem (PVRP), originally proposed by Beltrami and Bodin (1974), extends the

capacitated vehicle routing problem (VRP) by selecting a replenishment schedule for each customer—whose set
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of possible schedules is defined a priori—and replenishing them accordingly. Unlike in the IRP, the replenishment

quantity for each customer remains fixed across visits. The objective is to assign a replenishment schedule to

each customer and plan vehicle routes to minimize distribution costs. The interested reader is referred to the

survey by Campbell and Wilson (2014) for further information on PVRP applications, solution approaches,

variants, and extensions.

Several studies have applied or developed exact algorithms to solve different variants of the PVRP. Archetti

et al. (2017) introduced the Flexible PVRP (FPVRP), where, similar to the IRP-ML but unlike the classical

PVRP, replenishment plans are not fixed in advance. They used the commercial solver CPLEX to solve the

problem instances. Rodŕıguez-Mart́ın et al. (2019) studied a variant in which each customer must be served by

the same vehicle and driver across all visits and proposed a branch-and-cut (BC) algorithm. This work was later

extended by Rodŕıguez-Mart́ın and Yaman (2022), who incorporated service times into the model and developed

three BC algorithms, primarily based on Benders decomposition. More recently, Basir et al. (2024) conducted

a comprehensive computational study using Gurobi to compare different formulations for the PVRP and its

time window variant, strengthening the models with valid inequalities to improve performance. Other studies

have focused on heuristic methods to address new variants of the PVRP. Motivated by a real-world application,

Cantu-Funes et al. (2017) addressed a multi-depot PVRP with due dates and time windows, proposing a greedy

randomized adaptive search procedure. Similarly, Asgharyar et al. (2025) studied a PVRP with cross-docking

and developed both a variable neighborhood search (VNS) algorithm and a population-based VNS approach to

solve the problem efficiently.

Review of the PVRP literature indicates that periodicity in previous studies mostly emerged from pre-

defined replenishment schedules, with fixed replenishment quantities per visit. However, limited flexibility in

replenishment plans can lead to sub-optimality in the PL-LRP, negatively impacting both fixed opening and

routing costs. This occurs because, in our setting, replenishment quantities are allowed to vary across visits

to each PL, extending the case where quantities delivered are fixed per visit. To the authors’ knowledge, no

existing work in the PVRP context, except for FPVRP, allows full flexibility in replenishment plans, requiring

simultaneous planning of replenishment and routes.

2.3 Location-routing problem

In this subsection, we review the broad class of location-routing problems (LRPs), starting with publications

closely related to parcel locker network design (PLND), followed by less related work including periodic LRPs

and multi-echelon LRPs.

2.3.1 Parcel locker network design

The literature on PLND can be categorized into two main streams: studies that focus solely on locating PLs

without accounting for routing costs from the depot to PLs, mostly resulting in facility location problems (e.g.,

Lin et al. 2020, 2022b,a; Kahr 2022; Mancini et al. 2023; Zhou et al. 2024; Ma et al. 2024); and studies that

explicitly incorporate routing decisions into the PL network design, taking the form of LRPs (e.g., Enthoven

et al. 2020; Wang et al. 2022; Grabenschweiger et al. 2022; Janinhoff and Klein 2023; Ozyavas et al. 2025). Since
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the latter more closely align with our work, we focus our review on LRPs addressing PLND. Enthoven et al.

(2020) studied a 2E-LRP and proposed an daptive large neighborhood search (ALNS) for designing a network

supporting HD and PL delivery, where parcels are delivered from a depot to either PLs or satellites. Location

decisions involve selecting a subset of PLs and satellites to open. Each PL has a defined covering area; customers

within it must pick up their orders from PL, while those outside are served by cargo bikes routed from satellites.

A multi-period LRP is addressed in Grabenschweiger et al. (2022) to select a subset of PLs as an alternative to

attended HD, where customers can be served either at home or at PLs during their desired time windows. If

customers are served at PLs, they receive a fixed compensation, regardless of their distance from the assigned

PL. The authors developed a MILP model and solved it using a heuristic approach. Janinhoff and Klein (2023)

investigated a multiple trip LRP with delivery options and customer choice, where both the set of customers

and their choices are uncertain. The problem is formulated as a two-stage stochastic program and solved using

a two-phase hierarchical heuristic, which first solves a surrogate model to select a subset of PLs to open, and

then applies an ALNS to solve the resulting VRPs. A PLND problem is formulated as a LRP by Ozyavas et al.

(2025), where cargo bike routes serving HD customers start and end at PLs, but no routes are planned from the

depot to PLs, unlike in the PL-LRP. The problem is solved using a branch-and-price algorithm.

Overall, except for Grabenschweiger et al. (2022), existing studies often consider single-period LRPs for

PLND, distinguishing them from our multi-period setting. Moreover, although these studies consider routing

costs in PL network design, none of them addresses fleet sizing, inventory, and replenishment, key factors closely

linked to location and routing, and only two studies (i.e., Wang et al. 2022; Ozyavas et al. 2025) incorporate

capacity and assignment decisions. Beyond solution approaches, the PL-LRP also differs from the multi-period

LRP in Grabenschweiger et al. (2022), mainly because, unlike our setting but similar to the PVRP, replenish-

ment is preplanned, inventory decisions are excluded, and the network is single-echelon. In fact, the PL-LRP

develops a replenishment plan for each PL by determining the periods in which the PL is replenished and the

corresponding replenishment quantities, whereas the problem in Grabenschweiger et al. (2022) assumes that

replenishment plans are predefined input parameters. Table 2 summarizes related studies that address PLND

using LRP variants. Note that in some studies (e.g., Naji-Azimi et al., 2012), pickup points are referred to as

satellites, serving a role similar to PLs in our setting. Compared to other studies, the PL-LRP is the only one

that simultaneously addresses a multi-echelon, multi-period LRP with unknown fleet size, while endogenously

planning replenishment, making it the most comprehensive model for PLND. Later in the case study (Section

5.5), we demonstrate how flexibility in replenishment planning can reduce costs.

Table 2: Summary of closely related LRP studies on parcel locker network design.

Studies
Network structure Decision variables

Multi-echelon Multi-period Location Capacity Fleet size Routing Assignment Inventory Replenishment

Naji-Azimi et al. (2012) ✓ - ✓ - - ✓ ✓ - -

Veenstra et al. (2018) ✓ - ✓ - - ✓ ✓ - -

Huang et al. (2019) - - ✓ - - ✓ ✓ - -

Enthoven et al. (2020) ✓ - ✓ - - ✓ - - -

Wang et al. (2022) - - ✓ ✓ - ✓ ✓ - -

Grabenschweiger et al. (2022) - ✓ ✓ - - ✓ - - -

Janinhoff and Klein (2023) - - ✓ - - ✓ - - -

Ozyavas et al. (2025) ✓ - ✓ ✓ - ✓ ✓ - -

This study ✓ ✓ ✓ ✓ ✓ ✓ ✓ ✓ ✓
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2.3.2 Other network design problems

The periodic location-routing problem (PLRP) is a variant of the LRP that integrates elements of both the

PVRP and LRP, incorporating additional decisions on replenishment schedules selected from customer-specified

options. Hemmelmayr (2015) developed a large neighborhood search algorithm for the PLRP, which adopts

operators arbitrarily irrespective of their performance. Later, an ALNS was developed by Hemmelmayr et al.

(2017) for an extended version of the PLRP where a set of eligible customers are considered as candidate

depots and customer visit frequency is not a priori and must be decided. Another PLRP was investigated by

Savaşer and Kara (2022) in the context of mobile healthcare services in rural areas, and was solved using a

cluster-first, route-second approach. Apart from their limited flexibility in replenishment plans, these multi-

period models are generally single-echelon and exclude secondary or intermediate facilities; thus, they overlook

SR-to-PL assignment decisions that itself falls in the class of location-allocation problem which is NP-hard.

Another related research area is the multi-echelon LRP, or N-echelon LRP (NE-LRP). As discussed by

Mohamed et al. (2023), NE-LRPs can be approached hierarchically or simultaneously: the former uses crude

routing cost approximations to make strategic decisions (e.g., location and capacity), requiring less computational

effort, while the latter integrates routing decisions explicitly, allowing more accurate cost assessment but at higher

computational cost. That said, hierarchical approaches help account for demand uncertainty during the network

design phase. Janjevic et al. (2019) adopted a simultaneous method to design a distribution network, where

customers can be served either at home or at collection-and-delivery points. A special case of 2E-LRP is studied

in Faugère et al. (2022), where access hub locations and capacities are fixed, but modular capacities must be

dynamically allocated over a multi-period horizon to address demand fluctuations. Escobar-Vargas and Crainic

(2024) addressed a multi-attribute 2E-LRP that requires vehicle synchronization at intermediate facilities due

to the lack of storage capacity, and proposed a discovery-based exact algorithm to solve it.

Figure 2 illustrates how the PL-LRP relates to classical, well-studied problems. First, compared to the

lot-sizing problem with direct shipment, the PL-LRP does not involve decisions on production quantity and

schedule; instead, it introduces additional complexity through PL location, replenishment planning and vehicle

routing decisions. Second, beyond the complexity of the classical LRP, the PL-LRP also incorporates inventory

and replenishment planning decisions for PLs. Third, it encompasses PL location and sizing decisions, as well

as all the decisions addressed in the IRP. Lastly, the PL-LRP shares similarities with the PRP because, in

both problems, replenishment plans are not predefined and must be decided; however, they differ in that the

PL-LRP includes location and capacity decisions, while the PRP addresses decisions on production quantity

and schedule. Therefore, although the PL-LRP inherits key features from these classical problems, it remains

significantly different from each, underscoring its combinatorial complexity. In particular, the need to jointly

optimize location, capacity, SR-to-PL assignment, inventory, replenishment planning, and routing decisions over

multiple periods substantially expands the solution space, making the problem more challenging to solve than

any of its classical counterparts.
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Figure 2: Relevant supply chain planning problems.

3 Problem description and modeling

The PL-LRP primarily focuses on strategic planning by designing a PL network, which includes decisions on

the locations and capacities of PLs, as well as the vehicle fleet size. However, these strategic decisions are

interconnected with operational decisions, such as customer assignments, replenishment planning, and routing.

To account for this, we consider a reasonable approximation of operational costs based on a high-level aggregate

demand over the PLs’ economic life cycle, aiming to balance the tradeoff between one-time strategic costs and

ongoing operational costs. In what follows, we describe the PL-LRP in detail and present its formulation as a

mixed-integer linear programming model.

3.1 Problem description

The PL-LRP models a retailer offering last-mile delivery via PLs in an urban area. The planning horizon spans

a day (or part of a day) divided into a set of non-overlapping periods (e.g., two-hour intervals), denoted by T .
The retailer guarantees next-day delivery, meaning all orders placed before a cutoff time are delivered to PLs

before the customer-specified pickup periods the following day.

The urban area is divided into service regions (SRs), each potentially containing several customers. There

is a set of candidate sites for PL installation. PLs have modular capacities, with module set M; opening a

PL of capacity Km, m ∈ M, at site i incurs a fixed cost Fim. Orders are prepared at a central depot (or

fulfillment center) (node 0), then delivered by carriers to PLs ahead of scheduled pickup times. Define the node

set N = N ′
0 ∪ N1, where N ′

0 = 0 ∪ N0 includes the depot and candidate PLs, and N1 is the set of SRs. The

objective is to decide which PLs to open, assign SRs to them, and plan vehicle routes so customers can retrieve

orders on time from the assigned PLs.

A homogeneous vehicle fleet, whose size must be determined, starts and ends its multi-trip routes at the

depot. Each vehicle has a capacity Q, incurs a fixed cost FV , and a variable cost α per unit of distance. Let

Eij denote the distance between nodes i and j. Routes and delivery quantities to PLs must be scheduled to
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ensure all orders are in place before the respective pickup periods. A long-enough travel time (e.g., one hour)

between periods is assumed to account for transit and locker loading, adjustable based on traffic, distances, and

locker/truck capacities. A route length limit can also be imposed to respect delivery time constraints. Early

shipments are allowed, giving flexibility in scheduling. For example, in a three-period horizon, orders for period

3 can be delivered anytime before that period, subject to PL capacity. Distant PLs may be visited less frequently

(e.g., once daily), while nearby ones can be restocked more often.

Demand is deterministic but time-varying and can be forecasted using SR-level data such as population, past

order rates, and pickup preferences. LetDkt represent demand from SR k in period t. SR-PL assignments depend

on PL capacity, delivery frequency, and route scheduling. For example, a large but infrequently replenished PL

may serve fewer SRs than a smaller one with more frequent deliveries. To encourage customers to choose PL

delivery over attended home delivery, a small compensation proportional to their distance from the assigned

PL is offered—an approach commonly adopted in last-mile delivery studies (e.g., Grabenschweiger et al., 2021;

Mancini and Gansterer, 2021). The per-unit compensation is denoted by β.

The objective of the PL-LRP is to minimize total costs, including fixed costs for opening PLs, employing

a fleet of vehicles, traveling costs of vehicles for PLs’ replenishment, and total compensation paid to customers.

To integrate strategic and operational decisions, we scale cost components over an economic life (e.g., five years)

for PLs and vehicles, representing the duration they are expected to be economically viable and profitable. This

involves multiplying transportation costs and compensation by the number of working days during this period

of time. Thus, we consider α and β as the scaled parameters for shipping cost and compensation, respectively.

Figure 3 illustrates a PL-LRP instance with 11 candidate PLs, 29 SRs, 2 periods, and 4 modules of capacity.

Strategic decisions identify 7 PLs to be opened: one with 4 capacity modules, one with 3, three with 2, and

two with 1. They also specify 2 vehicles to be employed for fleet setup. Operational decisions involve assigning

SRs to opened PLs, planning replenishment schedules, designing vehicle routes to replenish PLs, and managing

replenishment quantities and inventory levels. Notice that orders are customer-specific, and if placed in locker

boxes ahead of time, they are considered as end-of-period inventory.

A solution to the PL-LRP supports strategic decisions, which guide the design of the PL network, while

accounting for interconnected operational decisions that can be revisited after the network is deployed. The

strategic design decisions include the location and capacity of PLs to be opened, as well as the vehicle fleet size,

while the uncommitted operational decisions consist of SR-to-PL assignments, replenishment plans for PLs, and

vehicle routes from the depot to replenish PLs in each period. These decisions are aimed at minimizing the total

strategic and operational costs over the economic life of the PLs and vehicles. The modeling assumptions are:

(a) backorder is not allowed, requiring orders to be delivered to PLs before customers’ selected pickup periods;

(b) each PL can be replenished by one vehicle in each period, but potentially by multiple vehicles over the

planning horizon (i.e., a day in this paper); (c) each vehicle is allowed to perform at most one route per period,

but potentially multiple routes throughout the single-day planning horizon; (d) locker boxes are large enough to

accommodate any orders; (e) operating hours are consistent across all PLs, that is, they operate during periods

with fixed and similar start and end times (e.g., Period 1 from 8:00-10:00, replenishment time from 10:00-11:00,

Period 2 from 11:00-13:00, etc.).
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Figure 3: Graphical illustration of a PL-LRP instance.

3.2 Problem formulation

Let binary variable zim take value 1 if a module m PL is opened at the candidate site i; 0 otherwise. Binary

variable yik indicates whether SR k is assigned to PL i. Binary variable xijt takes value 1 if a vehicle travels

from node i to j in period t; 0 otherwise (i, j ∈ N ′
0). Binary variable vit indicates whether PL i is replenished

in period t. Decision variable wit represents the vehicle load just before visiting PL i in period t, while variable

u corresponds to the number of vehicles used for shipping parcels from the depot to PLs (i.e., the fleet size).

Decision variable qit represents the replenishment quantity at PL i in period t, and variable Iit denotes the

inventory at PL i at the end of period t. Table 3 summarizes the notation used in formulating the PL-LRP.
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Table 3: List of notation

Sets

T Set of (pickup) periods in the single-day planning horizon

M Set of PL capacity modules (e.g., {50, 100, 150} lockers)

N0 Set of candidate PLs

N ′
0 Set of first-echelon nodes; N ′

0 = {0} ∪ N0; 0 denotes the depot

N1 Set of SRs

N Set of all nodes; N = N ′
0 ∪N1

Parameters

Km Number of lockers in capacity module m

Q Capacity of a delivery vehicle

Fim Fixed cost of opening a PL with capacity Km at candidate site i

FV Fixed cost of employing a delivery vehicle

α Travel cost incurred by a delivery vehicle per unit distance (scaled over the economic life of PLs)

β Compensation paid to a customer per unit of distance (scaled over the economic life of PLs)

Eij Travel distance between nodes i and j

Dkt Demand from SR k in period t (in number of orders)

M̃t A large positive value; M̃t = min {Q , KM ,
∑

k∈N1

∑T
τ=t Dkτ}

Decision variables

Strategic

zim Binary variable equal to 1 if a module m PL is opened at the candidate site i; 0 otherwise

u Number of vehicles used for shipping parcels from the depot to PLs (i.e., the fleet size)

Operational

yik Binary variable equal to 1 if SR k is assigned to PL i; 0 otherwise

xijt Binary variable equal to 1 if a delivery vehicle travels from node i to j in period t; 0 otherwise

vit Binary variable equal to 1 if PL i is replenished in period t; 0 otherwise

qit Number of parcels replenished at PL i in period t

wit Load of the delivery vehicle just before arriving at PL i in period t

Iit Inventory level (number of parcels) at PL i at the end of period t

The mixed-integer linear programming (MILP) model formulated for the PL-LRP follows:
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Min
∑

i∈N0

∑

m∈M

Fim zim + FV u (1)

+
∑

i∈N ′

0

∑

j∈N ′

0\i

∑

t∈T

αEij xijt +
∑

i∈N0

∑

k∈N1

∑

t∈T

β Eik Dkt yik

s.t.
∑

i∈N0

yik = 1 ∀k ∈ N1 (2)

∑

m∈M

zim ≤ 1 ∀i ∈ N0 (3)

Iit−1 + qit =
∑

k∈N1

Dkt yik + Iit ∀i ∈ N0, t ∈ T (4)

∑

k∈N1

Dkt yik + Iit ≤
∑

m∈M

Km zim ∀i ∈ N0, t ∈ T (5)

vit ≤
∑

m∈M

zim ∀i ∈ N0, t ∈ T (6)

qit ≤ M̃t vit ∀i ∈ N0, t ∈ T (7)
∑

j∈N0

x0jt ≤ u ∀t ∈ T (8)

∑

j∈N ′

0

xijt =
∑

j∈N ′

0

xjit ∀i ∈ N0, t ∈ T (9)

∑

j∈N ′

0

xijt = vit ∀i ∈ N0, t ∈ T (10)

wit − wjt ≥ qit − M̃t (1− xijt) ∀i ∈ N0, j ∈ N ′
0, t ∈ T (11)

wit ≤ Qvit ∀i ∈ N0, t ∈ T (12)

xijt ∈ {0, 1}, wit, u ≥ 0 ∀i, j ∈ N ′
0, t ∈ T (13)

zim, yik, vit ∈ {0, 1} ∀i ∈ N0, k ∈ N1, m ∈ M, t ∈ T (14)

Ii0 = 0, Iit, qit ≥ 0 ∀i ∈ N0, t ∈ T (15)

The objective function (1) minimizes strategic and estimated operational costs over the PLs’ economic

life, incorporating four cost components: the fixed costs of opening PLs, the fixed costs of employing vehicles,

the (normalized) shipping costs of orders from the depot to PLs, and the (normalized) compensation paid to

customers when picking up their orders from PLs. Here, the first two terms represent strategic costs, and the last

two are estimated operational costs over the economic life. Notice that each SR contains multiple customers,

some of whom may place orders in a given period; the inclusion of demand as a coefficient in the last term

reflects the fact that each customer with an order needs to individually travel to the assigned PL to collect

their order. Here, the demand in a given period refers to the number of customers expected to choose that

period for order pickup and must therefore be compensated independently. Constraints (2) guarantee that each

SR is assigned to exactly one PL. Constraints (3) ensure that no more than one module with certain capacity

must allocate to each candidate PL. Note that different modules of capacity are available, yet only one module

(e.g., with a capacity of 50 lockers) must be chosen to open a new PL. The inventory flow balance at PLs is

represented in constraints (4). Constraints (5) formulate the well-known ML replenishment policy, restricting

the total allocated demand and ending inventory to the capacity of PL. Constraints (6) enforce the rule that only
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opened PLs can be replenished. Constraints (7) state that replenishment can only occur if the corresponding PL

is visited by a vehicle; otherwise, the replenishment quantity must be zero. Constraints (8) restrict the number

of vehicle departures from the depot to the available fleet size. Constraints (9) and (10) ensure route continuity

and restrict each PL to be visited by at most one vehicle, respectively. Constraints (11) keep track of loads on

vehicles and, at the same time, impose sub-tour elimination. Constraints (12) limit the vehicle load to ensure

it does not exceed the maximum vehicle capacity before visiting any PLs. Finally, constraints (13)-(15) define

the domain of the decision variables. Clearly, decision variables vit and qit jointly determine the replenishment

plan for PL i.

4 Solution approach

In this section, we present our exact solution method for the PL-LRP formulated in Section 3. The proposed

Variable MIP Neighborhood Descent (VMND) algorithm, first introduced by Larrain et al. (2017), builds on

VNS by embedding multiple customized neighborhood structures within a branch-and-cut (BC) framework.

These neighborhoods, tailored to the problem’s structural properties, guide the search toward promising regions

of the solution space that the standard BC would not efficiently explore on its own. The key contribution

lies in designing a problem-specific VNS and integrating it effectively with the BC algorithm. VNS is efficient

for complex combinatorial structures (e.g., Olmez et al. 2022; Asgharyar et al. 2025) and can be seamlessly

integrated into BC frameworks, combining its exploration strength with the optimality guarantees and pruning

capabilities of BC. In the proposed VMND, this integration leverages the heuristic efficiency of VNS alongside

the exact optimization power of BC, yielding a more efficient solution approach than a pure BC algorithm.

This advantage is especially relevant given recent advances in commercial solvers like Gurobi and CPLEX.

The VMND has been successfully applied to various routing-based problems, including the flexible two-echelon

location-routing problem (Darvish et al., 2019), the multi-attribute inventory routing problem (Coelho et al.,

2020), and the integrated planning of multimodal operations (Wagenaar et al., 2021).

We propose a VMND algorithm that alternates between two phases: the branch-and-cut phase (BCP)

and the local search phase (LSP). The BCP solves the original MIP (1)–(15), strengthened with some valid

inequalities, using a branch-and-cut algorithm initialized with a feasible solution. Under certain conditions, the

BCP is paused and the incumbent solution is passed to the LSP to explore its neighborhoods. Each neighborhood

is explored by solving a sub-MIP using a fix-and-optimize approach, where some binary variables are fixed to

their incumbent values and the rest are optimized. Additional constraints may be added, such as enforcing a

subset of PLs to remain open while allowing their capacities to be reoptimized. Each sub-MIP is solved within a

time limit using the incumbent as an upper bound. If a local search (LS) improves the incumbent, the solution

is updated and used to initialize the next LS operator; otherwise, the LSP stops. Once the LSP completes, the

updated incumbent is passed back to the BCP, potentially pruning parts of the search tree. This cycle continues

until an optimal solution is found or a time limit is reached. Figure 4 illustrates the framework of the proposed

VMND algorithm.

In what follows, we first derive several valid inequalities based on the structure of the problem (Section 4.1).

These inequalities are applied throughout the solution approach, from the construction of the initial solution to
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Figure 4: Framework of the proposed VMND algorithm.

the local search phase. Next, in Section 4.2, we describe our constructive heuristic for generating a high-quality

initial solution. Note that while the VMND does not require an initial solution—as it starts from the BCP,

which can construct one on its own—initializing the BCP with a high-quality solution can improve the overall

efficiency of the solution approach. Finally, we present the VMND algorithm in Section 4.3.

4.1 Valid inequalities

Several families of valid inequalities (VIs) are derived to strengthen the MILP model (1)-(15). These VIs are

used in the proposed exact solution approach to enhance the lower bound, reduce the search space, and expedite

the solution process. The list of the VIs used in our implementations follows.

1. Capacity inequalities: The VIs (16), which aggregate constraints (5), place a lower limit on the overall

capacity of delivery through PLs per period.

∑

i∈N0

∑

m∈M

Km zim ≥
∑

k∈N1

Dkt +
∑

i∈N0

Iit ∀t ∈ T (16)

2. Assignment inequalities: The class of inequalities (17) is valid, imposing upper limits on the number

of SRs that can be assigned to PLs. Here, D is the minimum demand across all SRs and periods, that

is, D = mink∈N1, t∈T {Dkt}, and ϵ is a small positive value if D = 0; 0 otherwise. These VIs state that

if zim = 1 for any m ∈ M, then the maximum number of SRs that can be assigned to open PL i is

min{|N1|,
⌊

Km

D+ϵ

⌋

}, where ⌊a⌋ is the greatest integer less than or equal to a.
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∑

k∈N1

yik ≤
∑

m∈M

min{|N1|,
⌊

Km

D + ϵ

⌋

} zim ∀i ∈ N0 (17)

The relationship between location and assignment variables is strengthened by VIs (18), taking advantage

of the fact that no assignment to a PL can be accepted unless it is open.

yik ≤
∑

m∈M

zim ∀i ∈ N0, k ∈ N1 (18)

3. Shipping inequalities: The VIs (19) enforce a minimum number of cumulative vehicle departures from

the depot up to each period t, based on the cumulative demand that must be fulfilled by that period and

the vehicle capacity Q (⌈a⌉ is the smallest integer greater than or equal to a).

∑

j∈N0

t
∑

τ=1

x0jτ ≥
⌈

∑

k∈N1

∑t

τ=1
Dkτ

Q

⌉

∀t ∈ T (19)

Valid inequalities (20), adopted from Archetti et al. (2015), impose upper limits on the total number of

orders delivered to PLs, ensuring that the cumulative number of orders delivered until a certain period

remains below the overall shipping capacity up to that period.

∑

i∈N0

t
∑

τ=1

qiτ ≤ tQu ∀t ∈ T (20)

Valid inequalities (21) establish a direct link between first-period replenishment variables and assignment

variables. Here, λk is an indicator parameter that is 1 if Dk1 > 0 and 0 otherwise. These VIs ensure that

if a SR with non-zero demand in first period is served by a PL, that PL must be replenished in the first

period.

vi1 ≥ λk yik ∀i ∈ N0, k ∈ N1 (21)

4.2 Initial solution

The proposed approach is able to solve the PL-LRP without an initial solution, as it begins with a branch-and-

cut phase that can generate a feasible solution on its own. However, starting from a good feasible solution can

potentially lead to faster convergence, enhancing the algorithm’s efficiency. To this end, a decomposition-based

location first-routing second (LFRS) heuristic is developed to generate an initial solution. In doing so, a reduced

version of the MILP (1)-(15) is solved, making all decisions except routing. This is followed by planning routes

using the C&W algorithm (Clarke and Wright, 1964). In the reduced model, the fixed cost of employing vehicles

is ignored and the routing costs are replaced with approximations in the objective function. Additionally, all

the routing-related constraints (8)-(13) are disregarded.

Let parameter R̂i approximate the distance traveled by a vehicle to replenish candidate PL i, based on the

model proposed by Chien (1992), which estimates the TSP tour length as L̂i ≈ 0.98
√
nAi . Here, n denotes the

total number of points in the tour. In our implementations, we set n = ⌈Q/maxm{Km}⌉+ 1, and accordingly
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define the set Pi to include the depot, PL i, and the n − 2 closest candidate PLs to PL i. Denote Ai as the

area of the smallest rectangle that encompasses all the points in set Pi (i.e., those included in the tour). The

distance traveled by vehicle for feeding PLs from the depot are estimated at R̂i = L̂i/(n − 1) ∀ i ∈ N0. The

reduced MILP model used for generating the initial solution is as follows:

Min
∑

i∈N0

∑

m∈M

Fim zim +
∑

i∈N0

∑

t∈T

α R̂i vit +
∑

i∈N0

∑

k∈N1

∑

t∈T

β Eik Dkt yik (22)

s.t. (2)− (7), (14)− (16).

Preliminary experiments indicate that, of all the valid inequalities presented in Section 4.1, only the inclusion

of capacity inequalities results in high-quality feasible solutions for large-sized instances within a short amount

of time. Thus, these are the only valid inequalities used in the reduced model. Although less complicated than

the original model, the reduced model is still computationally challenging to solve, especially for large-sized

instances, as it involves the capacitated facility location problem, which itself is NP-hard. Therefore, it is solved

using the branch-and-cut algorithm until either optimality or a time limit µI is reached. Algorithm 1 shows

the pseudocode of the LFRS heuristic developed to generate the initial solution, with its steps described below.

In Line 1, the reduced MILP model is solved, using the Gurobi’s built-in branch-and-cut algorithm, to

determine the locations and capacities of opened PLs (z), SR-to-PL assignments (y), replenishment schedules

(v), replenishment quantities (q), and end-of-period inventory levels (I). In Line 2, these grouped variables are

fixed in model (1)-(15) to the values obtained from Line 1. The resulting sub-MIP is indeed a T -period VRP,

which requires visiting a subset of opened PLs in each period according to the replenishment schedules (i.e.,

v) and delivering a specified number of orders based on the replenishment quantities (i.e., q), using a fleet of

vehicle whose size must be determined. In Line 3, this multi-period VRP is decomposed into T regular VRPs

(i.e., one VRP for each period) under the assumption that a sufficiently large fleet of capacitated vehicles is

available. In Lines 4–6, all the regular VRPs are solved separately using the C&W algorithm—a savings-based

heuristic that begins with one route per node and iteratively merges routes based on savings until no further

improvement is possible (Clarke and Wright, 1964). Note that the C&W algorithm does not require the fleet size

as an input parameter. In Line 7, along with the routing plan for the entire horizon (x), the maximum number

of vehicles required to replenish the opened PLs across all periods (u) is determined based on the solutions to

the period-specific VRPs, that is, u = maxt{ut}, where ut denotes the number of routes in the solution to the

VRP corresponding to period t. In Line 8, all decisions made in Lines 1–7 are combined to generate a complete

solution, including the location/capacity, assignment, replenishment plan and inventory decisions made in Line

1, along with the routing and fleet size decisions from Lines 4–7.

An analysis of the time complexity for solving VRPs in the LFRS heuristic and the first local search

operator, θ1, using the CW algorithm follows. Let |N t
1 | be the number of PLs that must be visited in the

resulting VRP in period t. There are |N t
1 |(|N t

1 | − 1)/2 pairs, with a constant time to calculate the saving for

each pair, total time complexity for computing savings is O(|N t
1 |2). Sorting all pairs according to savings takes

O(|N t
1 |2 log |N t

1 |). There are O(|N t
1 |2) pairs and merging the routes can take up to O(|N t

1 |) per pair, leading to

the time complexity of O(|N t
1 |3). Hence, a single-period VRP gives the complexity of O(|N t

1 |3) (Kučera et al.,

2012). Assuming N t
1 = N1 ∀t ∈ T , the CW algorithm requires time O(T |N1|3) to solve a T-period VRP.
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Algorithm 1 The constructive LFRS heuristic

1: SL(z,y,v, q, I) ← Solve the reduced model (22); (2)-(7); (14)-(16) within time limit µI

2: Substitute grouped variables z,y,v, q, and I by their values from SL(z,y,v, q, I) in model (1)-(15)

3: Decompose the resulting sub-problem into T smaller VRPs, one VRP per period

4: for t ∈ T do

5: St
R(xt,wt, ut) ← Solve VRP(t) using the C&W algorithm

6: end for

7: SR(x,w, u) ← ∪Tt=1 S
t
R(xt,wt, ut)

8: S ← SL(z,y,v, q, I) ∪ SR(x,w, u)

9: return S

4.3 The VMND algorithm

The VMND algorithm alternates between two phases: BCP and LSP. The BCP solves the original MIP, strength-

ened with valid inequalities, while the LSP explores neighborhoods via fix-and-optimize sub-MIPs to improve

the incumbent solution. Improved solutions from the LSP are fed back into the BCP, and this process repeats

until optimality or a time limit is reached. Inspired by the VNS metaheuristic—which combines a local search

phase for intensification with a shaking phase for diversification—the VMND adopts this structure by employing

the LSP for intensification and the BCP for both intensification and diversification. The VNS relies on a pre-

defined, ordered set of neighborhood structures explored systematically, followed by a random shaking phase to

perturb the current solution and escape local optima when the neighborhood operators fail to improve it. This

structured approach enables efficient and manageable integration within the BC algorithm, where fast, targeted

local searches are essential for improving incumbents during node processing without excessive computational

overhead. In our implementation, the BCP acts as the shaking phase, while the LSP performs neighborhood

exploration.

Moreover, VNS’s predictable neighborhood transitions align well with the incremental improvement strategy

of BC, enabling rapid solution refinement and efficient pruning. This compatibility is supported by prior studies

integrating VNS within exact methods (e.g., Larrain et al. 2017; Darvish et al. 2019; Coelho et al. 2020;

Wagenaar et al. 2021), which demonstrate both its effectiveness and computational efficiency in solving complex

routing-based problems. For the PL-LRP, which features a highly complex structure with several interconnected

decision variables, VNS provides a practical balance between solution quality and solver integration complexity.

Therefore, we identified VNS as the metaheuristic best suited for embedding within the BC framework.

The proposed VMND algorithm introduces several innovations that make it particularly well-suited for

solving the PL-LRP. First, unlike existing VMND approaches (e.g., Darvish et al., 2019; Coelho et al., 2020),

where the LSP stops after the first improvement, our method allows the LSP to continue as long as local searches

yield better solutions, enabling more effective intensification. Second, to avoid inefficient switching between BCP

and LSP, the algorithm employs a dynamic threshold for triggering the LSP, ensuring that local search is only

invoked when the incumbent solution improves by at least a specified percentage. Indeed, when the incumbent

solution improves only marginally (e.g., 0.001%), the likelihood of further improvement in the LSP is significantly

lower than when the improvement is more substantial (e.g., 0.1%). This adaptive switching strategy is especially
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beneficial in early stages of optimization, when larger improvements are more likely. Third, the BCP is warm-

started using a high-quality solution generated by a constructive heuristic, which accelerates search tree pruning

during initial iterations. Lastly, sub-MIPs in the LSP are constructed adaptively by selectively fixing variables

and adding constraints tailored to the structure of the incumbent solution, resulting in more targeted and efficient

neighborhood exploration. These innovations, combined with the use of problem-specific valid inequalities and

operators, make VMND particularly effective for the PL-LRP, which involves tightly interdependent location,

assignment, inventory, replenishment planning, and routing decisions across multiple periods.

In the BCP, we employ Gurobi’s built-in BC algorithm, which we enhance in several ways as outlined below.

First, each local search operator creates a subproblem by fixing some binary variables while leaving others free,

corresponding to a specific node in the search tree. At this stage, we pause the main BC process to solve the

subproblem using either a heuristic or Gurobi’s built-in BC. In other words, while the original BC is paused,

we solve constructed subproblems that focus on promising parts of the solution space. This approach modifies

the standard exploration strategy, effectively guiding the solver toward more promising nodes through targeted

local search. Second, when the BCP resumes with a new incumbent from the LSP, we modify the built-in BC to

update the upper bound and prune nodes without revisiting those already explored, which significantly improves

efficiency. It is worth noting that solvers often do not natively support nested optimization procedures, that

is, pausing a BC process to solve auxiliary subproblems and subsequently resuming the original BC process

with complete state preservation, including restoration of the search tree, explored nodes, node bounds, and

cuts. Third, we add valid inequalities (16)–(17) to strengthen the PL-LRP formulation and improve the lower

bounds, particularly at the root node. Lastly, we warm-start the BCP with a high-quality solution generated

by the constructive LFRS heuristic, which we propose as an alternative, standalone solution approach. These

modifications not only improves convergence but also enables the solver to find better solutions within practical

time limits, thereby extending the capabilities of the default BC.

Algorithm 2 outlines the main steps of the proposed VMND for the PL-LRP. Here, tV is a timer that

tracks the VMND’s runtime. Lines 5-9 correspond to the BCP, while lines 10-19 represent the LSP. These two

phases, including their corresponding parameters, are detailed in the following subsections.

4.3.1 Branch-and-cut phase

The VMND begins the optimization process by entering the BCP. An initial feasible solution is used to warm

start the BCP procedure. Lines 5-9 in Algorithm 2 represent the BCP. Here, tB is a timer that tracks the

BCP’s runtime, resetting to zero when needed (Line 5). The BCP pauses upon meeting one of the following

conditions (Line 6): (i) the incumbent solution improves by at least γ%, or (ii) a time limit µB is reached. To

avoid frequent switches between BCP and LSP, parameters µB and γ are adaptively increased and decreased

up to certain levels, respectively. When the BCP pauses, the incumbent solution is transferred to the LSP for

neighborhood exploration. Then, two cases can occur: the LSP improves the incumbent solution, or it fails to

do so. If the LSP produces a new incumbent solution, the BCP’s upper bound is updated while the lower bound

remains unchanged. If the LSP fails to produce a new incumbent solution, the BCP resumes exactly from its

last termination point without any changes in the upper and lower bounds. Whenever the VMND is in the

BCP, the solver keeps solving the main MIP (1)-(15), which is strengthened with valid inequalities (16)-(17),
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Algorithm 2 The VMND for PL-LRP

1: tV ← 0

2: S ← Generate an initial solution using Algorithm 1

3: S∗ ← S

4: while tV < µV and S∗ not optimal do

//Branch-and-cut phase (Lines 5-9)

5: tB ← 0

6: while tB < µB or S > (1− γ)S∗ do

7: S ← Start/continue solving main MIP (1)-(15); (16)-(17) from S∗

8: end while

9: Update S∗

//Local search phase (Lines 10-19)

10: for θ ∈ Θ do

11: Construct sub-MIP(S∗, θ)

12: Sθ ← Solve sub-MIP(S∗, θ) within time limit µL

13: if f(Sθ) < f(S∗) then

14: S∗ ← Sθ

15: else

16: break

17: end if

18: end for

19: Update µB and γ

20: end while

21: return S∗

using the branch-and-cut algorithm (Line 7). We employ Gurobi’s built-in BC algorithm to perform the BCP

within the proposed VMND framework.

4.3.2 Local search phase

Lines 10-19 of Algorithm 2 illustrate the LSP steps, where Θ denotes the ordered set of local search operators

(Line 10). Five local search structures are designed to explore the neighborhood of a solution in the LSP. Each

operator fixes a subset of binary variables to their values in the incumbent solution, while leaving the remaining

variables free (Line 11). If the resulting sub-MIP is constructed by θ1, it is solved using the Clarke-and-Wright

(C&W) algorithm (Clarke and Wright, 1964) as it can be decomposed into small VRPs; otherwise, it is solved

using Gurobi’s built-in branch-and-cut algorithm, strengthened by valid inequalities (Line 12). Here, a trade-off

between computational time and the likelihood of finding a better solution must be managed because with fewer

free variables, the sub-MIP is easier to solve, but more free variables increase the likelihood of improvement.

Therefore, achieving the right balance between the number of fixed and free variables can significantly enhance

the VMND algorithm’s performance. Moreover, apart from the number of free variables, selecting which variables

to remain free is crucial. If a local search operator improves the solution, the incumbent solution is replaced with

21



the improved solution (Lines 13-14), and the next local search operator starts exploring the improved solution’s

neighborhood. The LSP ends when an LS fails to improve the incumbent (Lines 15-16). If the first local search

operator (in the order list) does not produce a better solution, the time limit of BCP is updated as µB = µV −tV

(Line 19). The neighborhood structures for the PL-LRP are as follows, detailing how to determine the sets of

fixed and free variables.

1. Re-planning period-based routes (θ1): This neighborhood, as proposed by Larrain et al. (2017),

aims to improve routes within a period. To do so, it takes a period t ∈ T and allows all binary variables

associated with routing and replenishment in that period (i.e., xijt and vit ∀i, j ∈ N ′
0) to remain free,

while setting the values of the other binary variables to their incumbent solution values. Since this local

search operates on routes from one period at a time, the number and set of free variables associated with

that period stay unchanged from one solution to another. The resulting sub-problem, which is a regular

VRP, is then solved using the C&W algorithm. Hence, to find the best possible improvement, as many as

T VRPs are solved in this neighborhood.

For example, suppose our planning horizon consists of four periods. When applying θ1 for period 2, all

routing and replenishment variables related to that period are free, while those for periods 1, 3, and 4

remain fixed as per the current best solution. This approach allows us to refine the routes for period 2

without altering the structure of other periods.

2. Reassessing PLs on the underutilized routes (θ2): This neighborhood focuses on replanning low-

utilization truck routes. To this end, it chooses ⌊ξ2 |Rt|⌋ routes with the lowest initial loads (i.e., vehicle

loads after leaving the depot) from the incumbent solution, where ξ2 is a user-set parameter within the

range (0, 1), and Rt represents the set of routes in period t according to the current solution. It then

divides the binary variables into three different sets, labeled S1, S2, and S3, as follows. Set S1 includes all

location (zim), routing (xijt), and replenishment (vit) variables related to the selected routes, as well as

all assignment variables (yik). Set S2 contains all binary variables with values 1 in the incumbent solution

that are not in S1. The remaining binary variables fall into S3. Then, all binary variables in sets S1 and S3

are considered free, while those in S2 are fixed at 1. The resulting sub-problem is a smaller PL-LRP that

is solved using the branch-and-cut algorithm after being strengthened with valid inequalities (16)-(21).

Since this sub-MIP is still difficult to solve, a problem-specific solution time limit µL is imposed.

For example, if the incumbent solution includes 20 routes in total, and ξ2 = 0.25, local search θ2 selects the

five routes with the lowest initial vehicle loads for reassessment. By freeing variables associated with these

routes while fixing those in other routes, the method explores opening PLs that result in more cost-efficient

routing.

3. Reassessing location and capacity of PLs on the routes with high unused capacity-miles

traveled (θ3): This neighborhood targets routing improvements by revisiting the location and capacity

decisions of PLs that appear on low-quality routes, that is, routes characterized by high unused capacity-

miles traveled. Here, unused capacity-miles refers to the product of the unutilized vehicle’s capacity and

the distance it travels, serving as an indicator of inefficient vehicle utilization. It is similar to θ2, but instead

of choosing routes with the lowest loads, it selects ⌊ξ3 |Rt|⌋ routes with the highest unused capacity-miles
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traveled. Here, ξ3 ∈ (0, 1) is a user-set parameter. The unused capacity-miles on a route are calculated as

follows:

Ur =
∑

i,j∈r

(Q− ŵjt)Eij x̂ijt ∀r ∈ Rt, ∀t ∈ T (23)

where x̂ijt and ŵjt are the current values of variables xijt and wjt according to the incumbent solution.

Then, a subset of routes with the highest Ur from the incumbent solution is chosen, based on which sets

S1, S2 and S3 are defined following the rules detailed for θ2. Next, the neighborhood of the incumbent

solution is searched by solving the resulting small PL-LRP using the branch-and-cut algorithm.

For example, suppose the incumbent solution contains 20 routes in total, and ξ3 = 0.25. Local search

θ3 first computes the unused capacity–miles Ur for each route. Then, it selects the five routes with the

highest Ur corresponding to vehicles that travel long distances while carrying relatively small loads, for

reassessment. By freeing all binary variables related to these routes across entire periods while fixing

others, the method can explore relocating or resizing PLs to reduce unused capacity–miles, which may

lead to shorter distances traveled with better load utilization and lower total cost.

4. Reassessing capacity of PLs on the routes with high unused capacity-miles traveled (θ4):

This neighborhood revisits the capacity decisions of PLs located on low-quality routes, with the goal of

constructing more cost-efficient routes through capacity adjustments. Similar to θ3, this local search selects

⌊ξ4 |Rt|⌋ routes with the highest unused capacity-miles from the incumbent solution and splits the binary

variables into three disjoint sets S1, S2 and S3, defined following the rules detailed in θ2 and ξ4 ∈ (0, 1).

Then, all binary variables in sets S1 and S3 are considered free, and those in S2 are fixed at 1. However,

unlike θ3, in this local search, PLs on the selected routes stay open, but their capacities and the routes

visiting them may change. To do so, some new constraints are added to the sub-MIP as follows. Let Rs

be the set of routes selected to be explored in this neighborhood and N r
0 represents the set of candidate

PLs on route r ∈ Rs. Then, constraints (24) ensure that all PLs on the selected routes remain open.

∑

m∈M

zim = 1 ∀i ∈ N r
0 , r ∈ Rs (24)

The resulting sub-problem, which is solved using the branch-and-cut algorithm, is a special case of PL-

LRP, where the subset of open PLs is already fixed, but decisions on PL capacities, SR-to-PL assignments,

and routing must be made.

For example, suppose the incumbent solution contains 20 routes in total and ξ4 = 0.25. Local search θ4

then selects the five routes associated with vehicles that travel long distances while carrying relatively small

loads. All PLs located on these routes must remain open, but their capacities, replenishment schedules,

routing, and SR-to-PL assignments can be adjusted to improve efficiency. Also, PLs that are not on any

routes in the incumbent solution can either remain closed or be opened if doing so yields more cost-efficient

routes.

5. Revisiting 1-closest unopened PLs on random routes (θ5): This local search operator improves

solution quality by reoptimizing selected routes within a close neighborhood, allowing location, capacity,

assignment, replenishment plan, routing, and inventory decisions to be revisited. In this neighborhood,
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⌊ξ5 |Rt|⌋ routes are selected randomly, allowing all the variables related to PLs on the routes, along with

their closest unopened neighbors to become free across all periods (here, ξ5 is an input parameter between

0 and 1). More precisely, sets S1, S2 and S3 are defined as follows. Set S1 consists of all location, routing,

and replenishment binary variables associated with PLs on the selected routes and their 1-closest unopened

neighbors, as well as all assignment variables. Set S2 contains all binary variables with values 1 in the

incumbent solution that are not in S1. The remaining binary variables fall into S3. Then, all binary

variables in sets S1 and S3 are freed, while those in S2 are set to 1. The resulting sub-MIP, which is a

smaller PL-LRP, is strengthened with valid inequalities (16)-(21) before being solved using the branch-

and-cut algorithm.

For example, suppose the incumbent solution contains 20 routes, and ξ5 = 0.2, so that four routes are

selected randomly, e.g., routes 3, 5, 9, and 14. These routes visit a set of PLs, for instance, PLs 10, 12,

14, and 16. For each of these PLs, we identify its 1-closest unopened neighbor; for example, the closest

unopened neighbors are PLs 11, 13, 15, 17, respectively. In this neighborhood search, all decisions related

to the PLs 10-17 are freed. This allows (i) neighbor, closed PLs (e.g., PL 11) to be opened if beneficial,

(ii) open PLs (e.g., PL 10) to adjust capacity or replenishment, and (iii) routes visiting these open PLs to

be reoptimized for better efficiency.

5 Computational experiments

In this section, we present the results of computational experiments using both synthetic instances and real

data from Amazon. To this end, we first describe the parameters used for generating random instances and

those for the proposed exact algorithm in Section 5.1. Next, in Section 5.2, we compare the performance of the

developed VMND with the LFRS heuristic and a branch-and-cut algorithm. Then, we discuss the implications of

variations in key parameters, including the number of candidate PLs, capacity modules, and periods in Section

5.3 through a sensitivity analysis. We also assess the environmental impact of last-mile delivery in Section 5.4,

evaluating locker parcel delivery (LD) against attended home delivery (HD) and curbside pickup (CP) based on

carbon emissions as a sustainability metric. Finally, in Section 5.5, we conduct a case study in Chicago using

real Amazon data to highlight the value of flexibility in replenishment planning and compare our approach with

a hierarchical process in which strategic decisions precede operational ones.

The VMND and LFRS algorithms were coded in Python 3.9. All computational experiments were carried

out on the main node of The University of Alabama High-Performance Computing (UAHPC) system, equipped

with an Intel(R) Xeon(R) Gold 6126 CPU @ 2.60GHz, and running the Linux operating system. We used

the built-in branch-and-cut algorithm of Gurobi 10.0.3 to solve the formulations presented in Section 4. Since

constraints and valid inequalities in the proposed algorithms are all in polynomial number, no separation is

required for them, and they are added to the corresponding models when needed.
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5.1 Instances and parameter setting

We conduct extensive computational experiments to evaluate the cost-efficiency and sustainability of locker

delivery system and assess the performance of the proposed algorithms. To the authors’ knowledge, there is no

standard benchmark instance for the PL-LRP in the literature. Hence, several instances with varied patterns

and sizes were generated and divided into small-, mid- and large-sized sets. The small-sized set is mostly used

to compare the LD with HD and CP, and to carry out a sensitivity analysis of key parameters, while the other

two sets are used to evaluate the performance of the exact solution method.

The small-sized instance set consists of 5, 10 or 15 candidate PLs; 20, 30 or 50 SRs; 2, 3 or 4 capacity

modules; and 3, 5 or 7 periods. Two distinct demand patterns with the same average are considered: Uniform

and Bimodal. The goals are to (i) assess how demand patterns affect strategic decisions and, consequently,

the PL network structure, and (ii) demonstrate that the performance of the proposed VMND is robust to the

underlying data structure (i.e., the randomly generated instances under differen demand pattern). In practice,

however, demand may follow a pattern different from either of these two. In the Uniform pattern, the average

SR demand across periods remains constant. For this pattern, demand per period per SR is randomly generated

from [0, 10]. In the Bimodal pattern, there are two periods of peak demand, such that the average demand

initially decreases until the middle period(s) and then increases towards the last period. However, the overall

average demand per period per SR remains the same at 5, as in the Uniform pattern. This makes both patterns

comparable in terms of average demand per SR over the planning horizon, which is a day or part of a day in this

paper. The mid-sized instance set includes 30 or 50 candidate PLs while the large-sized instance set consists of

50 or 100 candidate PLs. Both these instance sets include 100, 200 or 400 SRs; 2, 4 or 6 capacity modules; and

4, 6 or 12 periods. Other parameters are common to all three instance sets and are generated using the data

presented in Table 4.

In line with common practice, we use a two-part cost structure for opening PLs: a location-based fixed space

preparation cost and variable costs for manufacturing, shipping, and installation based on the capacity module.

The fixed cost for establishing a fleet is set at $50,000 per vehicle (CoolParcel, 2024), each with a capacity of

400 orders. A $0.06 per mile compensation is considered for customers traveling to PLs, while vehicle travel cost

for transporting orders from the depot to PLs is estimated at $0.75 per mile (MotorCarrier, 2024). However,

as mentioned earlier, the PL-LRP involves both strategic planning for establishing PLs and a fleet of vehicles

and operational planning for routing. Therefore, we consider a five-year economic life for PLs and vehicles,

and for normalization purposes, shipping costs and compensation in objective function (1) are multiplied by

5 × 365 = 1, 825. All candidate PL and SR locations are randomly placed within a 25-mile square, with the

depot located at the center.

The parameters required for the VMND are adjusted using a series of preliminary experiments on instances

selected from all three sets. These parameters and their values are summarized in Table 5.

5.2 Performance of the proposed algorithms

In this section, we first evaluate the impact of valid inequalities (16)–(21) on improving the lower and upper

bounds, as well as the performance of local search operators, in Section 5.2.1, which helps determine the efficient
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Table 4: Parameter values for the PL-LRP instances.

Name Parameter Values Unit

Fixed cost of PL Fim U[15(1+2m), 20(1+2m)] $1,000

Fixed cost of vehicle FV 50 $1,000

Shipping cost (after scaling) α 1.37 $1,000/mile

Compensation (after scaling) β 0.11 $1,000/mile

X coordinates (PLs & SRs) Xi U[0, 25] mile

Y coordinates (PLs & SRs) Yi U[0, 25] mile

Depot location (X0, Y0) (12.5, 12.5) -

Vehicle capacity Q 400 order

PL capacity Km 50m box (or order)

Table 5: Input parameter values for the VMND algorithm.

Name Parameter Value

VMND maximum time µV 10,800 s

BCP maximum time µB [120, 360] s

LS operator time limit µL 300 s

Improvement step γ [0.0005, 0.01]

Order of LS operators Θ [θ4, θ5, θ3, θ2, θ1]

LFRS time limit µI 600 s

Portion of routes selected in θ2 ξ2 0.35

Portion of routes selected in θ3 ξ3 0.35

Portion of routes selected in θ4 ξ4 0.50

Portion of routes selected in θ5 ξ5 0.35

sequential ordering of operators in the VMND. Then, in Section 5.2.2, we compare the performance of different

variants of the proposed VMND method.

5.2.1 Efficiency of VIs and LS operators

To examine the impact of valid inequalities (16)-(21), computational experiments are performed using the

uniform demand pattern. For this purpose, the lower bound (LB), upper bound (UB) and solution time obtained

from model (1)-(15) are measured once without valid inequalities and once with all valid inequalities, within

a one-hour time limit, using Gurobi B&C solver without warm start. Table 6 presents results for a subset of

instances of varying sizes, each featuring a different number of candidate PLs. Column 1 displays the instance

name. Columns 2-4 present the LB, UB, and computation time (in seconds) without valid inequalities, while

columns 5-7 show the same results with valid inequalities included. The last three columns show percentage

changes, with positive values indicating an increase and negative values indicating a decrease. For example, the

percentage change for the LB is calculated as (LBVIs − LBw/oVIs)/LBw/oVIs × 100%, where LBw/oVIs and LBVIs

are the LBs obtained from model (1)-(15) without and with valid inequalities, respectively. Observe that the

valid inequalities increased the average LB by 6.6%, from 4352 to 4664, while reducing the UB by 10.5% and

CPU time by 12.4% on average. These improvements help the VMND algorithm explore the search tree more
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efficiently.

Table 6: Impact of valid inequalities on lower bound, upper bound, and solution time.

Instance Without VIs With VIs Change (%)

(N0,N1,M,T) LB UB Time(s) LB UB Time(s) LB UB Time

(15,50,2,3) 841.70 841.70 3601.19 841.70 841.70 87.71 0.00 0.00 -97.56

(15,50,3,5) 1180.12 1338.00 3601.41 1249.53 1313.91 3600.35 5.88 -1.80 -0.03

(30,200,4,6) 3290.53 4720.99 3606.24 3599.72 4210.19 3602.90 9.40 -10.82 -0.09

(30,200,6,12) 5313.28 7689.26 3609.70 5629.89 7321.06 3606.96 5.96 -4.79 -0.08

(50,200,4,6) 2956.23 7179.83 3609.72 3202.20 6874.95 3606.28 8.32 -4.25 -0.10

(50,400,6,12) 8637.33 13086.86 3632.39 9180.04 13170.79 3612.78 6.28 0.64 -0.54

(100,400,6,6) 4830.71 22468.42 3644.72 5309.87 13143.24 3628.65 9.92 -41.50 -0.44

(100,400,6,12) 7764.74 34546.98 3663.96 8302.42 26960.89 3652.54 6.92 -21.96 -0.31

Average 4351.83 11484.00 3621.16 4664.42 9229.59 3174.77 6.59 -10.56 -12.39

We also assess how each neighborhood structure impacts solution improvement by conducting experiments

where only one local search operator is applied in the VMND algorithm at a time. Results for eight instances

following the uniform demand pattern are shown in Table 7 within a three-hour time limit. Here, column 1

shows the instance name, and column 2 represents the solution value provided by the B&C algorithm. The

following five columns show the percentage improvement in the B&C’s solution value achieved by five variants

of the VMND algorithm, labeled as VMND−θl ∀l ∈ {1, 2, 3, 4, 5}, where θl corresponds to the only local search

operator applied in the algorithm.

Observe that all operators are capable of improving solutions, on average, by 13.3% to 19.6%. Most cost

savings in the PL-LRP arise from strategic or cross-period decisions, such as location, capacity, or replenishment

plan. As a result, operators that revisit location and capacity decisions tend to perform better, yet their

effectiveness depends heavily on the quality and size of the neighborhoods they explore. For example, LS

θ1, which focuses solely on routing and replenishment adjustments within a single period, delivers the worst

performance, with a 13.3% improvement. While such localized changes can yield improvements, their impact

on total costs is limited, making θ1 less influential than more comprehensive operators. Although θ2 targets

location/capacity and replenishment schedule decisions, its performance is not as strong as that of θ3, θ4, and

θ5. This is because the choice of neighborhood also plays a critical role; LS θ2 selects PLs from routes with low

initial load, whereas θ3 and θ4 target PLs on routes characterized by high unused capacity-miles traveled. LS

θ3 explores a larger neighborhood than θ4 by revisiting location, capacity, and replenishment schedule decisions;

however, its performance is inferior to θ4, which is the best-performing operator. The reason is that the sub-

MIPs generated in θ3 are more computationally challenging to solve within the preset time limits, especially for

large-sized instances. This also holds when comparing θ3 and θ5; by restricting the neighborhood to 1-closest

unopened PLs, θ5 yields sub-MIPs that are significantly easier to solve. These results are used to determine

the priority order of the local search operators for sequential use in the VMND algorithm, leading to the order

[θ4, θ5, θ3, θ2, θ1].
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Table 7: Performance of local search operators in the VMND algorithm.

Instance B&C Improvement (%)

(N0,N1,M,T) (OFV) VMND-θ1 VMND-θ2 VMND-θ3 VMND-θ4 VMND-θ5

(15,50,2,3) 841.7 0.0 0.0 0.0 0.0 0.0

(15,50,3,5) 1344.2 3.0 2.3 2.2 2.9 3.1

(30,200,4,6) 4666.2 11.2 11.4 11.6 12.3 12.2

(30,200,6,12) 8277.6 16.7 16.3 16.3 15.3 16.4

(50,200,4,6) 6573.2 26.7 25.7 32.3 34.6 39.2

(50,400,6,12) 12195.3 -0.8 -0.3 3.9 2.7 5.3

(100,400,6,6) 13671.6 26.1 27.5 36.7 48.3 37.4

(100,400,6,12) 27340.4 23.2 28.8 33.9 40.6 41.7

Average 13.3 14.0 17.1 19.6 19.4

5.2.2 Performance of the VMND

The performance of the proposed VMNDmethod is compared against the LFRS heuristic and the B&C algorithm

of Gurobi 10.0.3. We solved 260 random instances, comprising 80 small, 100 medium, and 80 large instances,

using seven variants of solution algorithms, including three B&C variants, the LFRS, and three VMND variants.

To ensure a fair comparison, the time limit for all solution methods was set to 3 hours. Figure 5 shows the

average cost and computational time for both the Uniform and Bimodal demand patterns. Here, BC0, BC1,

and BC2 correspond to Gurobi’s B&C solver without a warm start, with a one-hour warm start, and with a

two-hour warm start using the LFRS, respectively. The LF3 represents the LFRS heuristic with a three-hour

time limit. The bars labeled VM0, VM1, and VM2 are associated with the VMND variants without a warm

start, with a one-hour warm start, and with a two-hour warm start using the LFRS, respectively.

Results demonstrate that the VMND algorithm outperforms both the LFRS heuristic and the B&C al-

gorithm overall, regardless of the demand pattern. In small-sized instances, the VMND algorithm produces

solutions at lower costs and in less time, on average, compared to its B&C counterpart. Observe from Figure

5a that a warm start does not contribute to the final solution in small-sized instances, such that VM0 (i.e.,

the VMND without a warm start) has generally the best performance. Although the LFRS generates solutions

very quickly (Figure 5b), its average costs are around 9%-10% higher than the other six variants (Figure 5a).

However, as the instance sizes grow, the LFRS heuristic delivers better performance, such that for large-sized

instances it outperforms most solution variants.

In mid-sized instances, Gurobi’s built-in B&C solver (i.e., BC0) performs the worst, with costs nearly 9%-

11% higher than the other six variants (Figure 5c). Observe that the VMND still yields better solutions than its

equivalent B&C when warm-started with LFRS solutions, but with almost identical running times (Figures 5c-

5d). Further, as the warm-start time increases, the VMND delivers better solutions, irrespective of the demand

pattern. Similar trends are observed in large-sized instances, except for the LFRS heuristic, which produces

solutions comparable to the VMND and B&C algorithms after being warm-started (Figure 5e). Despite this,

VM2 can still generate slightly better solutions than LF3 for large-sized instances when demand pattern follows

a uniform distribution. Overall, VM0 is best for small instances, while VM2 is superior for mid- and large-sized

instances. More details are provided in Tables 14 and 15 in Appendix A. Table 14 shows average costs, and

Table 15 displays average computational times for seven solution variants and two demand patterns. Note that
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(a) Small-sized instances - cost (b) Small-sized instances - time

(c) Medium-sized instances - cost (d) Medium-sized instances - time

(e) Large-sized instances - cost (f) Large-sized instances - time

Figure 5: Comparison of B&C, LFRS, and VMND with two demand patterns.
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each row in these tables represents the average cost and time across five instances of the same size.

5.3 Sensitivity analysis

In Section 5.3.1, we examine how key input parameters, including the number of candidate PLs, capacity

modules, and periods, affect the strategic and operational cost components. Then, in Section 5.3.2, we discuss

the implications of demand patterns and fluctuations on the PL network structure and costs.

5.3.1 Effects of key input parameters

We conduct a sensitivity analysis on three key input parameters: the number of candidate PLs, capacity modules,

and time periods. The goal is to evaluate how each parameter impacts the cost components in objective

function (1) as well as selected sustainability metrics. In each experiment, one parameter is varied while the

others are kept constant. Table 8 reports the minimum, average, and maximum values of cost components across

five optimally solved instances of equal size, denoted as (minimum, average, maximum), while Table 9 presents

the average sustainability metrics for the same set of instances.

Number of candidate PLs (N0): Increasing the number of candidate PLs from 5 to 15 increases PL fixed

costs by 5.9% but reduces total costs by 14.6% on average. This is because opening more PLs reduces the

overall distance traveled by customers, leading to a reduction in distance-based compensation and, as a result,

total costs. However, the increase in the number of candidate PLs does not affect the fixed costs of vehicles

and has only a slight impact on shipping costs. Note that the locations of candidate PLs remain unchanged; we

incrementally add 5 new candidate PLs to the previous ones.

Number of capacity modules (M): Increasing the number of capacity modules from 1 to 2 affects shipping

and compensation costs. This increase results in a 37.9% decrease in average shipping costs and a 5.3% rise in

average compensation. The reason is that increasing the capacity can lead to opening PLs closer to the depot

but further from customers. However, increasing the number of capacity modules from 2 to 3 has a modest

impact on cost components, with a 9.2% reduction in shipping costs and a 1.7% increase in compensation.

Number of periods (T ): To assess the implications of the number and length of periods, a 21-hour planning

horizon with three possible scenarios is considered: (i) 3 periods of seven hours; (ii) 5 periods of 4.4 hours; and

(iii) 7 periods of three hours each. A one-hour replenishment break is included between consecutive periods, and

daily demand is carefully redistributed across scenarios to ensure comparability. Observe that increasing the

number of periods from 3 (seven-hour each) to 7 (three-hour each) reduces PL fixed costs by 19.4%, vehicle fixed

costs by 16.7%, and shipping costs by 11.1%, while increasing average compensation by 12%. This is because

shorter pickup periods accelerate parcel turnover—parcels are retrieved sooner, reducing the total capacity

required and thereby lowering upfront costs. This is achieved by opening fewer or smaller PLs, typically closer

to the depot but farther from customers, which reduces fixed and shipping costs but increases compensation.

Overall, if shorter periods do not negatively affect customer satisfaction or demand, increasing the number of

periods from 3 to 7 yields an average cost saving of 2%.

Sustainability implications: The effects of each parameter is evaluated using three sustainability metrics: (i)
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Table 8: Effects of input parameters on cost components.

Parameter FC of PLs FC of vehicles Shipping costs Compensation Total costs

No. of PLs Demand remains unchanged; N1 = 30, M = 3, T = 5

5 (212,287,362) (50,50,50) (112,183,262) (692,837,979) (1150,1358,1535)

10 (244,294,340) (50,50,50) (168,177,193) (473,662,880) (1017,1184,1438)

15 (262,304,348) (50,50,50) (159,192,238) (470,614,880) (1001,1160,1438)

No. of modules Demand remains unchanged; N0 = 10, N1 = 30, T = 5

1 (264,294,322) (50,50,50) (278,314,334) (517,618,918) (1065,1276,1547)

2 (264,293,331) (50,50,50) (170,195,227) (473,651,880) (1017,1190,1449)

3 (244,294,340) (50,50,50) (168,177,193) (473,662,880) (1017,1184,1438)

No. of periods Total demand per SR remains unchanged; N0 = 10, N1 = 30, M = 3

3 (304,345,404) (50,60,100) (118,190,228) (455,609,792) (1033,1204,1508)

5 (244,294,340) (50,50,50) (168,177,193) (473,662,880) (1017,1184,1438)

7 (230,278,315) (50,50,50) (97,169,206) (467,682,889) (999,1180,1432)

Distance traveled: This metric represents the daily distance traveled by both retailers’ and customers’ vehicles.

(ii) Carbon emissions: This metric measures the total CO2 emissions produced by shipping trucks and customers’

cars within a day. There is evidence that vehicles produce 19.57 and 22.42 lbs of CO2 emissions per gallon of

gasoline and diesel, respectively (EPA, 2022). Hence, for a midsize gasoline-powered passenger car driving 25

miles and a five-ton shipping truck running 10 miles per gallon of diesel, the estimated CO2 emissions are 0.78

lb/mile for the car and 2.24 lb/mile for the truck. (iii) Traffic density: This metric measures the number of

vehicles traveled to each PL per period. The following trends are observed:

(i) Increasing the number of candidate PLs makes the retailer’s fleet travel 5 more miles daily, while customers’

daily travel drops by over 3,000 miles. This raises the retailer’s emissions by 11 lbs/day but cuts customers’

emissions by about 2,404 lbs/day. Traffic density also falls by nearly 15 vehicles/PL/period.

(ii) Increasing the number of capacity modules reduces the retailer’s fleet distance by nearly 100 miles per day

but increases customers’ combined distance by about 806 miles. This results in a reduction of 224 lbs of

truck emissions per day but an increase of 631 lbs in customers’ emissions. However, additional capacity

modules could also lead to more traffic around PLs.

(iii) Expanding the number of periods from 3 to 7 reduces the retailer’s emissions by 33lb/day but increases

customers’ emissions by 1,055lb/day. This occurs because it shortens the truck’s travel distance by 15miles

but lengthens the combined distance customers must travel by 1,330miles. Although less eco-friendly,

increasing the number of periods helps reduce traffic density by nearly 42

5.3.2 Effects of demand

To evaluate the impact of demand patterns on the PL network, we performed a sensitivity analysis using six small

instances with the same parameters except demand. Table 10 presents the results. The first column lists the

indicators, and the next 12 columns provide their values for two demand patterns: uniform (U) and bimodal (B).

Observe that although in two out of six instances, all the strategic decisions (i.e., PLs’ locations/capacity and
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Table 9: Effects of input parameters on sustainability metrics.

Parameter
Distance traveled (mile/day) Carbon emissions (lb/day) Traffic density (vehicles/PL/period)

Retailer Customers Retailer Customers Retailer Customers

No. of PLs Demand remains unchanged; N1 = 30, M = 3, T = 5

5 133.8 14325.7 300.2 11201.7 1.0 67.4

10 129.4 12042.1 290.1 9416.1 1.0 57.9

15 138.6 11251.4 310.8 8797.8 1.0 52.6

No. of modules Demand remains unchanged; N0 = 10, N1 = 30, T = 5

1 229.1 11235.9 513.6 8785.0 1.0 35.3

2 142.7 11841.9 319.8 9259.7 1.0 54.6

3 129.4 12042.1 290.1 9416.1 1.0 57.9

No. of periods Total demand per SR remains unchanged; N0 = 10, N1 = 30, M = 3

3 138.7 11073.1 311.0 8658.4 1.1 80.2

5 129.4 12042.1 290.1 9416.1 1.0 57.9

7 123.5 12403.9 277.1 9699.1 0.9 46.2

fleet size) remain unchanged when the demand pattern shifts from the uniform to bimodal, in three instances,

this shift in demand pattern causes the number (and overall capacity) of PLs to increase, leading to a modest

rise in total costs. In these cases, 40% to 75% of the selected PLs share the same locations and capacities across

both demand patterns. However, in one instance, the number of PLs and total costs decrease, but the overall

capacity goes up from 400 to 450. Overall, our analysis shows that the demand pattern can significantly impact

the PL network structure and must be accurately determined to avoid poor strategic decisions.

Table 10: Effects of demand pattern on network structure and costs.

Indicator

Instance (N0,N1,M,T) & Demand pattern (U:Uniform, B:Bimodal)

(10,20,2,3) (10,30,2,3) (10,30,3,5) (15,30,2,3) (15,30,3,5) (15,50,3,5)

U B U B U B U B U B U B

Number of PLs opened 1 2 2 2 3 4 2 2 3 4 7 5

PL capacity installed 100 200 200 200 250 300 200 200 300 350 400 450

Same location & capacity 50% 100% 75% 100% 40% 43%

Fleet size 1 1 1 1 1 1 1 1 1 1 1 1

Fixed costs of PLs 79.0 167.0 175.0 175.0 207.0 273.0 180.0 180.0 249.0 291.0 370.0 378.0

Fixed costs of fleet 50.0 50.0 50.0 50.0 50.0 50.0 50.0 50.0 50.0 50.0 50.0 50.0

Shipping costs 46.9 85.4 52.4 52.4 126.6 156.9 59.2 59.2 108.4 116.2 337.3 201.7

Compensation 243.9 196.9 324.7 354.2 434.5 379.7 308.4 314.5 391.5 363.6 548.4 654.4

Total costs 419.8 499.3 602.0 631.6 818.1 859.7 597.6 603.7 798.9 820.9 1305.7 1284.1

To assess the implications of demand fluctuations, four small-sized instances with uniform demand pattern

are solved optimally under four different rates of demand perturbation: ±0%, ±10%, ±20%, and ±30%. Here,

±0% denotes the original instance, while the other rates represent instances in which period-specific SR demands

are independently perturbed by up to 10%, 20%, and 30%, respectively, with all other parameters remaining

unchanged. For example, suppose the demand of a given SR in the original instance is 8 in a certain period.

In the ±20% instance, the demand of this SR in the given period equals the nearest integer to 8 × ρ, where ρ

is a random value between 0.8 and 1.2. To assess how demand fluctuations impact the resulting PL network

structure, each instance with perturbed demand is solved optimally twice: once with the strategic decision

variables fixed at their values from the original instance, and once without any restrictions on strategic decision
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variables. The aim is to determine whether the strategic decisions made in the original instance remain feasible

under demand perturbations, and if so, how much the total cost increases compared to the optimal solution of

the perturbed instance without any restrictions on strategic decision variables. Table 11 summarizes the results

for original instances (columns labeled ±0%) and perturbed-demand instances without restrictions on strategic

decisions (columns labeled ±10%, ±20%, and ±30%). The results clearly show that demand fluctuations have

a negligible impact on the network structure. Observe that the strategic decisions from the original instances

remain not only feasible but also optimal under perturbations of up to 20%, with only one instance at 30%

demand fluctuation becoming infeasible and requiring an additional PL to be opened. The reason is that the

minimum PL capacity (i.e., the smallest capacity module) is far greater than the maximum possible demand

from any SR, resulting in a total demand at each opened PL that remains relatively stable despite positive and

negative fluctuations in the demands of its assigned SRs.

Table 11: Effects of demand fluctuations on network structure and costs.

Indicator

Instance (N0,N1,M,T) & Demand perturbation rates: {±0%, ±10%, ±20%, ±30%}

(10,20,2,3) (10,30,2,3) (10,30,3,5) (15,30,2,3)

±0% ±10% ±20% ±30% ±0% ±10% ±20% ±30% ±0% ±10% ±20% ±30% ±0% ±10% ±20% ±30%

Variance of demand in a SR 8.3 8.4 8.8 9.3 8.3 8.4 8.8 9.3 8.3 8.4 8.8 9.3 8.3 8.4 8.8 9.3

Does original network remain optimal? yes yes yes no yes yes yes yes yes yes yes yes yes yes yes yes

Does original network remain feasible? yes yes yes no yes yes yes yes yes yes yes yes yes yes yes yes

Does original network remain optimal? yes yes yes no yes yes yes yes yes yes yes yes yes yes yes yes

Number of PLs opened 1 1 1 2 2 2 2 2 3 3 3 3 2 2 2 2

Same location & capacity 100% 100% 100% 50% 100% 100% 100% 100% 100% 100% 100% 100% 100% 100% 100% 100%

Fleet size 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1

PL capacity installed 100 100 100 150 200 200 200 200 250 250 250 250 200 200 200 200

Fixed costs of PLs 79.0 79.0 79.0 135.0 175.0 175.0 175.0 175.0 207.0 207.0 207.0 207.0 180.0 180.0 180.0 180.0

Fixed costs of fleet 50.0 50.0 50.0 50.0 50.0 50.0 50.0 50.0 50.0 50.0 50.0 50.0 50.0 50.0 50.0 50.0

Shipping costs 46.9 46.9 46.9 62.1 52.4 52.4 52.4 52.4 126.6 126.6 149.0 149.0 59.2 59.2 59.2 59.2

Compensation 243.9 242.7 240.1 191.8 324.7 327.0 316.2 329.5 434.5 433.0 393.9 404.7 308.4 312.6 306.2 293.4

Total strategic costs 129.0 129.0 129.0 185.0 225.0 225.0 225.0 225.0 257.0 257.0 257.0 257.0 230.0 230.0 230.0 230.0

Total operational costs 290.8 289.5 286.9 254.0 377.0 379.4 368.5 358.5 561.1 559.6 542.9 553.6 367.6 371.8 365.4 352.6

Total costs 419.8 418.5 415.9 439.0 602.0 604.4 593.5 583.5 818.1 816.6 799.9 810.6 597.6 601.8 595.4 582.6

5.4 Environmental impact of last-mile delivery

As previously mentioned, although our main focus is on delivery costs, we briefly discuss the environmental

impact of last-mile delivery as well. To this end, three common delivery modes are compared based on the

carbon emissions by the retailer’s shipping trucks and customers’ vehicles. First, we clearly define the setup for

each delivery mode. Then, we discuss how the daily travel distance is estimated for the retailer and customers.

For simplicity, the distance traveled within SRs is neglected for both shipping trucks and customers. To ensure

fair comparisons, a set of small-sized instances is used with identical demands, periods, and SRs’ locations.

1. Attended home delivery (HD): A service provider delivers orders directly from the depot to customers’

doorsteps during specified periods chosen by the customers. To estimate the daily travel distance, a

standard capacitated VRP is solved for each period, with the SRs being the nodes that must be visited

by shipping trucks.

2. Delivery through PLs (LD): Based on the optimal solution of the PL-LRP, a set of PLs is established.
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Customers then travel to designated PLs by their vehicles and collect their orders during specified periods.

The provider replenishes the PLs using shipping trucks according to optimal replenishment plans.

3. Curbside pickup (CP): A few large stores, specifically at most one-fifth of the candidate PLs in LD, provide

curbside pickup services. The locations of these stores are determined by solving an uncapacitated facility

location problem with an additional constraint that imposes an upper limit on the number of stores that

can be selected. Customers then travel to the the nearest store and collect their orders within selected

periods. The provider replenishes the stores directly from the depot once a day, regardless of the number

of periods.

Table 12 shows the average carbon emissions from the retailer and customers for HD, LD, and CP across

five optimally solved instances of the same size. Results indicate that HD, followed by LD, is the greenest mode

overall. However, HD creates the highest emissions from the retailer’s perspective. Observe that LD can cut the

retailer’s carbon emissions by nearly 82% compared to HD, mainly due to the fleet traveling shorter distances.

Therefore, one approach retailers can adopt to reduce their carbon footprint is to offer LD and CP services as

widely and efficiently as possible. As opposed to CP, LD results in twice the emissions from the retailer’s side

but only one-third from the customers’ side. This is due to the fleet traveling a longer distance, while customers

travel a shorter distance overall.

Table 12: Comparing last-mile delivery modes with regard to carbon emissions.

Instance Carbon emissions (lb/day)

(N0,N1,M,T)
Retailer Customers Retailer & Customers

HD LD CP HD LD CP HD LD CP

(10,20,2,3) 568 77 68 0 3468 6412 568 3545 6480

(10,20,3,5) 1165 93 77 0 5580 13608 1165 5673 13685

(10,30,2,3) 842 86 73 0 4616 12485 842 4702 12557

(10,30,3,5) 1250 198 88 0 5137 18330 1250 5336 18419

(15,30,2,3) 842 97 117 0 4384 9952 842 4481 10068

(15,30,3,5) 1250 252 95 0 4754 14535 1250 5006 14630

(15,50,2,3) 928 212 108 0 5644 14996 928 5856 15104

(15,50,3,5) 1708 477 115 0 7840 32557 1708 8318 32672

Average 1069 187 93 0 5178 15359 1069 5365 15452

HD: Attended home delivery directly from depot, LD: Delivery through PLs, CP: Curbside pickup at large stores.

5.5 Case study

To assess the practical applicability of the proposed PL-LRP, we conduct a case study on designing a PL network

for Amazon in Chicago. Using data from the 2021 Amazon Last Mile Routing Research Challenge (Merchán

et al., 2024), we provide a near-real evaluation of the PL-LRP’s effectiveness and operational value in urban

logistics. UPS and FedEx, as Amazon’s delivery partners, operate multiple stores across Chicago. We select

25 locations—mainly UPS and FedEx stores—as candidate PL sites, with Amazon’s Delivery Station DIL3 as

the depot. Using k-means clustering, over 45,000 delivery stops from a 30-day period in 2018 are grouped into

50 SRs, each represented by its centroid and average daily demand. Given the rapid adoption of PLs (InPost,
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2024), we assume PL pickup demand matches HD demand in 2018. Figure 6 shows the customer clusters, depot,

candidate PLs, and SRs.

We consider a single-day horizon consisting of four periods: 10:00–12:00, 13:00–15:00, 16:00–18:00, and

19:00–21:00. Based on Amorim et al. (2024), we map customer home delivery time preferences to these periods,

resulting in demand distributions of 26.4%, 26%, 20.1%, and 27.5%, respectively. We consider three capacity

modules (50, 100, and 200 lockers) for each candidate PL, with fixed installation costs of $15,000, $25,000, and

$30,000, respectively (Ozyavas et al., 2025). Space preparation costs vary by size and location: $5,000–$15,000 for

small modules, $5,000–$20,000 for medium modules, and $10,000–$30,000 for large modules. UPS and FedEx

deploy trucks with 400-package capacity and a fixed cost of $50,000. Travel costs are $0.75/mile for trucks

(MotorCarrier, 2024), and customer compensation is $0.06/mile. Assuming a five-year economic life (with 1,825

business days), costs are normalized to $1,370/mile for trucks and $110/mile for customer compensation to

balance strategic and operational costs in PL network design.

(a) Clusters of customers: each cluster represents a SR. (b) Depot (triangle), PLs (squares), and SRs (circles).

Figure 6: Clusters of customers and location of the depot, candidate PLs, and SRs in Chicago, IL.

To derive insights, we apply the proposed VMND algorithm (with a 30-minutes time limit) to solve the

PLND problem under four different policies, namely (a) Flexible replenishment, (b) Once-a-day replenishment,

(c) Every-period replenishment, and (d) Hierarchical. The problem flexible-replenishment policy is identical

to the PL-LRP, as presented in model (1)-(15). The problem with once-a-day replenishment policy includes

additional constraints (compared to the regular PL-LRP) that require PLs to be replenished only once. In

the problem under every-period replenishment policy, each open PL is replenished every period. Finally, in the

hierarchical policy, we first determine the location and capacity of PLs to be opened by solving a capacitated

facility location problem (CFLP) based on maximum demand across periods to prevent infeasibility. Then, we

determine the replenishment plans and routes by solving a flexible periodic vehicle routing problem (FPVRP)

that results from fixing the location-capacity variables (i.e., zim) in model (1)-(15). This allows us to quantify

the value of concurrent decision-making as done in the regular PL-LRP compared to a sequential one.

Table 13 illustrates the results for the four problem variants, solved using the proposed VMND with the

above modifications. Note that in this analysis, demand data and SRs remain unchanged. Observe that the
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regular PL-LRP with flexible replenishment is the most cost-efficient approach for designing a PL network in

Chicago, with total costs that are 26.6%, 0.8%, and 3.7% lower than the once-a-day replenishment, every-period

replenishment, and hierarchical policies, respectively. In particular, incorporating estimated shipping costs and

compensation into location and replenishment planning decisions can reduce costs. In other words, a hierarchical

decision-making process that first determines the location and capacity of PLs and then plans replenishment

schedules and routes is less effective than a simultaneous approach. This shows that key decisions—location,

capacity, fleet size, replenishment planning, and routing —are interconnected and should be made together to

optimally design a PL network.

Table 13: The VMND results for four problem variants based on the Chicago case study.

Flexible replenishment Once-a-day replenishment Every-period replenishment Hierarchical

No. of PLs with capacity 50 4 1 6 12

No. of PLs with capacity 100 5 5 2 1

No. of PLs with capacity 150 0 8 0 0

Total number of open PLs 9 14 8 13

Total PL capacity installed 700 1750 500 700

Fleet size 2 5 2 2

Fixed costs of PLs ($1000) 257.0 564.0 205.0 295.0

Fixed costs of fleet ($1000) 100.0 250 100.0 100.0

Shipping costs ($1000) 323.6 234.9 308.3 414.4

Compensation ($1000) 620.7 598.3 698.8 540.1

Total costs ($1000) 1301.3 1647.2 1312.1 1349.5

Figure 7 illustrates the location and capacity of open PLs and routes in each period for the problem variants

discussed above. Here, the triangle represents the depot, while the rectangles indicate the selected PLs, with

bigger rectangles denoting larger PLs. The results show that although the flexible replenishment policy (i.e.,

the regular PL-LRP in model (1)-(15)) does not strictly dominate other policies in terms of PL fixed costs, fleet

fixed costs, shipping, or compensation, it effectively balances all cost components, achieving the lowest overall

cost. In particular, this case study provides two actionable insights for logistics planners:

(i) Flexible replenishment significantly enhances cost efficiency: compared to the flexible replenish-

ment policy in the PL-LRP, adopting a once-a-day replenishment policy can increase total costs by nearly

27% over the network’s economic life, despite reducing shipping costs by 27%;

(ii) Integrating expected routing costs into strategic decisions matters: a simultaneous approach that

incorporates expected operational costs in the network design phase can reduce total costs by approxi-

mately 4% compared to a hierarchical approach where location and sizing decisions are made independently

of routing considerations.

6 Discussion and managerial insights

In this paper, we introduced a novel variant of multi-period location-routing problem for parcel locker network

design, refereed to as the Parcel Locker LRP (PL-LRP). The problem, formulated as a mixed-integer linear

programming model, determines the locations and capacities of PLs, as well as the fleet size, while taking into
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(a) Flexible replenishment ($1,301,257). (b) Once-a-day replenishment ($1,647,245).

(c) Every-period replenishment ($1,312,086). (d) Hierarchical ($1,349,545).

Figure 7: Solution obtained by the VMND algorithm for the Chicago case.

account a close approximation of future operational costs over the network’s economic life. Operational deci-

sions, which can be revisited after the network is deployed, include replenishment planning, service region (SR)

assignments, and vehicle routing for distributing parcels from a depot to opened PLs, all aimed at minimizing

strategic and operational costs. To solve the PL-LRP, we developed an exact variable MIP neighborhood descent

(VMND) algorithm, which incorporates several valid inequalities and local search operators into a branch-and-

cut algorithm. Local search operators are applied to enhance the upper bound, which, together with valid

inequalities, expedite the search tree exploration process. To test the proposed algorithm, we used several

randomly generated synthetic instances with two different demand patterns: uniform and bimodal. We also

conducted a case study in Chicago using real data from Amazon. Results show that the VMND algorithm by

far outperforms Gurobi’s built-in B&C algorithm, particularly for mid-sized and large-sized instances.

Sensitivity analysis of key input parameters offers three recommendations for configuring a PL network.
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First, including as many candidate PLs as possible enhances the cost-efficiency of the resulting network. Specif-

ically, adding more candidate PLs offers greater flexibility in PL placement and SR-to-PL assignments, helping

reduce customer travel distances (and consequently, emissions from customers), compensation costs, and traffic

density. Second, increasing the number of capacity modules allows for better alignment between PL capacity

and demand, which can reduce travel distances and emissions from delivery vehicles, though it may lead to

increased traffic density around PLs due to more customers being assigned to larger PLs. Third, given a certain

daily demand at each SR, incorporating more but shorter periods (e.g., four periods of two hours each) can

reduce the total cost compared to fewer but longer periods (e.g., two periods of four hours each). In fact, shorter

pickup periods increase parcel turnover, that is, parcels stay in PLs for less time and are retrieved more quickly,

thereby reducing the total capacity needed to meet demand, which in turn lowers upfront fixed costs (see Table

8). That said, offering fewer but longer pickup periods, while more costly, can improve customer experience,

as customers often prefer broader time windows for greater flexibility. Therefore, as long as pickup periods

are not so narrow that they cause customer dissatisfaction or demand loss, increasing the number of periods

is advantageous for the service provider. However, these configuration recommendations increase the problem

size, leading to higher computational complexity, and may not continue to considerably improve cost-efficiency

beyond certain levels.

Regarding demand implications, the results confirm that demand patterns significantly impact the PL

network configuration. Our analyses show that bimodal demand patterns generally require opening more PLs

with higher capacities than uniform patterns, leading to higher total costs. Therefore, urban logistics planners

must accurately anticipate demand patterns to design efficient PL networks. However, the impact of demand

fluctuations on the network structure is negligible as long as each PL has a capacity significantly higher than the

demand from any SR. Demand fluctuation analysis shows that designing the PL network based on estimated

demand yields an optimal solution that remains robust under moderate uncertainty. The reason is that the total

demand at each opened PL remains relatively stable despite positive and negative fluctuations in the demands

of its assigned SRs. Thus, urban logistics planners can confidently use the proposed model to design a reliable

PL network. However, large demand fluctuations may necessitate adding backup PLs to maintain feasibility.

Our study has two managerial insights to offer. First, replenishment planning should not be viewed solely as

an operational afterthought. Flexibility in replenishment plans (i.e., deciding when and how much to replenish

each PL) can significantly enhance the cost-efficiency of PL networks. For example, in our Amazon–Chicago

case study, flexible replenishment led to substantial savings compared to fixed once-a-day and every-period

replenishment plans. This suggests that incorporating replenishment planning into the early stages of network

design can improve both strategic and operational efficiency. Second, separating strategic decisions (e.g., which

PLs to open and at what capacities) from operational ones (e.g., routing, assignments and replenishment) can

result in less cost-efficient networks. Our results show that hierarchical decision-making approaches, which make

strategic decisions first and operational decisions afterward, may lead to network designs that are significantly

more expensive to establish and operate than those produced by integrated approaches that make both strategic

and (uncommitted) operational decisions simultaneously. For planners, this underscores the importance of

adopting integrated decision-making tools for designing PL networks, such as PL-LRP and the proposed VMND,

particularly in complex urban delivery settings.
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This study can be extended in several directions. First, extending the PL-LRP to allow flexible periods,

where each PL operates on its own schedule, could enhance capacity utilization and delivery efficiency. Second,

incorporating demand and/or travel time uncertainty would improve robustness and real-world applicability.

Finally, exploring alternative solution methods, such as metaheuristics or decomposition-based exact methods,

could help handle large-sized instances more efficiently.
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Appendix

A Performance evaluation

Tables 14 and 15 respectively show the average total cost and computational time for both Uniform and Bimodal

demand patterns discussed in Section 5.2. Each row represents the average value of five randomly generated

instances of the same size. In both tables, instances are labeled as (N0,N1,M,T) in the second column, where

N0, N1, M and T correspond to the number of candidate PLs, SRs, capacity modules and periods, respectively.

The columns labeled “Uniform demand pattern” show results for seven solution method variants with uniform

distribution demand, while those labeled “Bimodal demand pattern” show results for bimodal demand. To

ensure a fair comparison, the time limit for all solution method variants was set to 3 hours. The columns

labeled BC0, BC1, and BC2 correspond to Gurobi’s built-in B&C solver without a warm start, with a one-hour

warm start, and with a two-hour warm start using LFRS, respectively. The LF3 columns show results from the

LFRS heuristic with a three-hour time limit. The columns labeled VM0, VM1, and VM2 are associated with

the VMND variants without a warm start, with a one-hour warm start, and with a two-hour warm start using

LFRS, respectively.

Table 14: Comparison of solution algorithm variants by average total cost (in thousands of dollars).

Instance Uniform demand pattern Bimodal demand pattern

Size (N0,N1,M,T) BC0 BC1 BC2 LF3 VM0 VM1 VM2 BC0 BC1 BC2 LF3 VM0 VM1 VM2

Small (10,20,2,3) 482.8 482.8 482.8 511.6 482.8 482.8 482.8 501.8 501.8 501.8 529.0 501.8 501.8 501.8

(10,20,3,5) 702.0 702.0 702.0 770.8 702.0 702.0 702.0 677.8 677.8 677.8 743.8 677.8 677.8 677.8

(10,30,2,3) 622.4 622.4 622.4 685.6 622.4 622.4 622.4 666.8 666.8 666.8 717.0 666.8 666.8 666.8

(10,30,3,5) 953.2 949.8 949.6 1089.4 949.6 949.8 949.8 928.8 930.6 930.2 1027.6 928.8 928.8 929.4

(15,30,2,3) 636.4 636.4 636.4 725.6 636.4 636.4 636.4 652.6 652.6 652.6 719.8 652.6 652.6 652.6

(15,30,3,5) 909.8 913.4 915.8 973.6 906.8 914.2 915.2 899.2 903.8 909.2 1005.4 897.8 898.0 903.6

(15,50,2,3) 922.4 922.6 924.0 988.2 922.4 922.4 922.4 942.2 942.4 945.0 1035.0 940.0 940.0 944.2

(15,50,3,5) 1370.0 1359.6 1376.8 1534.8 1353.0 1353.6 1352.0 1311.8 1318.6 1346.4 1434.8 1310.6 1299.2 1308.4

Avg. 824.9 823.6 826.2 910.0 821.9 823.0 822.9 822.6 824.3 828.7 901.6 822.0 820.6 823.1

Medium (30,100,2,4) 2004.6 1904.4 1929.6 1991.8 1892.4 1910.4 1922.2 1952.2 1924.6 1925.6 1995.2 1906.2 1901.8 1925.6

(30,100,4,6) 2699.4 2586.4 2606.8 2663.0 2533.4 2574.8 2589.0 2671.8 2563.8 2553.8 2623.4 2538.8 2518.4 2556.4

(30,200,4,6) 4573.8 4206.0 4166.6 4234.6 4151.6 4146.2 4158.8 4612.2 4287.2 4298.0 4375.8 4282.6 4285.0 4303.6

(30,200,6,12) 7730.4 7038.2 7047.2 7135.2 7056.2 7027.2 7041.4 7871.8 7300.0 7248.0 7306.0 7311.6 7217.0 7238.2

(30,400,6,6) 7862.2 7122.8 7127.8 7194.8 7090.6 7146.0 7134.8 7779.6 7341.4 7305.2 7370.2 7298.0 7302.2 7299.4

(30,400,6,12) 13963.4 12655.0 12555.4 12708.4 12598.0 12674.0 12618.6 14932.2 12612.0 12513.0 12604.2 12671.6 12681.6 12534.0

(50,100,2,4) 2024.8 1942.8 1980.6 1985.6 1931.4 1883.0 1893.6 2071.2 1963.0 1987.8 1987.4 1883.0 1895.6 1911.4

(50,100,4,6) 2887.4 2530.4 2541.8 2585.0 2513.0 2529.8 2524.4 2880.0 2548.8 2547.2 2619.6 2490.8 2548.0 2519.8

(50,200,4,6) 4875.4 4102.0 4137.6 4191.6 4170.8 4137.2 4142.6 4752.6 4270.8 4259.8 4247.4 4306.4 4236.2 4262.4

(50,200,6,12) 7990.6 7104.0 7033.0 7092.2 7239.8 7098.2 7026.4 8176.8 7033.6 6954.8 7028.8 7161.0 7048.8 7057.2

Avg. 5661.2 5119.2 5112.6 5178.2 5117.7 5112.7 5105.2 5770.0 5184.5 5159.3 5215.8 5185.0 5163.5 5160.8

Large (50,400,6,6) 8351.0 6890.2 6920.4 6937.0 7151.6 6895.4 6903.6 8490.4 7088.8 7091.4 7096.4 7287.4 7106.0 7107.2

(50,400,6,12) 13136.0 11899.2 11895.4 11924.8 12329.4 11995.0 11902.6 13531.2 11870.6 11790.4 11830.6 12271.4 11889.6 11826.6

(100,200,2,4) 3714.8 3162.0 3164.6 3192.6 3261.0 3177.2 3130.4 3691.6 3241.6 3235.2 3253.8 3265.4 3230.0 3232.0

(100,200,4,6) 6482.0 4127.0 4140.8 4172.4 4260.4 4136.8 4117.2 6678.0 4240.0 4233.2 4192.2 4270.0 4251.4 4242.4

(100,200,6,12) 18343.2 7019.2 6976.2 6933.6 7223.8 6990.8 6966.4 11893.6 7001.6 6886.2 6916.0 7314.2 6995.8 6875.2

(100,400,4,6) 13490.6 6799.8 6779.6 6775.6 7030.2 6797.0 6798.2 13388.8 6996.0 6964.8 6942.2 7234.4 6955.2 6955.4

(100,400,6,6) 13375.0 6856.4 6862.2 6843.0 7126.4 6888.0 6847.2 14830.8 7000.2 7024.0 6966.8 7291.6 7015.4 7011.8

(100,400,6,12) 29220.6 11651.6 11649.8 11600.4 12225.4 11651.2 11645.4 28706.6 11645.8 11679.2 11584.4 12200.6 11644.8 11604.4

Avg. 13264.2 7300.7 7298.6 7297.4 7576.0 7316.4 7288.9 12651.4 7385.6 7363.0 7347.8 7641.9 7386.0 7356.9
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Table 15: Comparison of solution algorithm variants based on average computational time (in seconds).

Instance Uniform demand pattern Bimodal demand pattern

Size (N0,N1,M,T) BC0 BC1 BC2 LF3 VM0 VM1 VM2 BC0 BC1 BC2 LF3 VM0 VM1 VM2

Small (10,20,2,3) 49.0 80.4 52.6 9.3 58.4 18.4 21.2 34.8 38.4 36.6 3.9 13.6 16.8 15.8

(10,20,3,5) 1631.4 1251.8 1199.8 9.1 2917.8 2117.4 1616.6 1945.6 1269.0 1042.2 5.9 2289.8 1424.6 1300.2

(10,30,2,3) 81.8 67.4 104.8 5.2 18.6 18.0 15.8 284.4 233.4 318.6 4.8 324.8 227.0 227.6

(10,30,3,5) 6276.2 3794.6 2419.8 23.9 3795.8 3652.2 2348.8 5170.2 5244.2 2764.2 13.4 4028.0 3270.2 2340.4

(15,30,2,3) 1455.6 1102.0 1422.8 17.2 904.4 1070.6 1255.2 5004.2 2671.4 2200.6 11.8 1747.2 1654.4 1653.0

(15,30,3,5) 10800.8 7228.6 3634.0 24.7 8432.8 6992.4 3654.6 10800.4 7229.2 3627.6 20.2 9400.4 7231.2 3711.6

(15,50,2,3) 6600.8 5025.2 3628.2 13.1 3266.2 3751.0 2515.6 9449.2 6635.0 3417.0 51.9 6563.8 5653.8 3359.6

(15,50,3,5) 10801.4 7272.0 3686.8 54.2 10637.4 7300.0 3792.2 10800.8 7338.6 3744.4 126.4 10805.4 7423.8 3769.6

Avg. 4712.1 3227.8 2018.6 19.6 3753.9 3115.0 1902.5 5436.2 3832.4 2143.9 29.8 4396.6 3362.7 2047.2

Medium (30,100,2,4) 10805.8 8419.4 4929.6 921.5 10909.8 8514.6 4574.4 10803.0 9324.6 5445.6 2002.1 10857.4 9160.8 6000.6

(30,100,4,6) 10802.6 10805.0 9036.6 7196.5 10846.6 10686.6 9231.8 10802.2 10803.2 10856.4 10503.2 10856.4 10954.6 10938.4

(30,200,4,6) 10802.8 10810.2 9999.6 8763.5 10952.8 11093.8 10581.4 10802.2 10804.8 10806.8 10504.3 10910.4 10922.4 10882.4

(30,200,6,12) 10806.4 10808.6 10808.2 10515.8 10967.0 10922.6 10914.2 10806.4 10809.6 10809.4 10509.6 11032.8 10994.2 10874.8

(30,400,6,6) 10808.2 10811.4 10808.0 10511.9 11132.2 11016.0 10860.4 10808.2 10813.2 10808.6 10509.3 11015.2 11088.0 10864.2

(30,400,6,12) 10808.4 10818.4 10812.4 10512.9 10858.2 10925.2 10855.8 10808.4 10819.4 10819.0 10518.4 10929.2 10950.8 10842.6

(50,100,2,4) 10803.6 9006.2 5997.4 2295.6 10831.2 10273.0 6382.8 10802.8 10128.0 7263.8 4221.3 10833.6 10025.8 6847.4

(50,100,4,6) 10805.6 10807.4 10806.2 10066.6 10949.4 10865.6 10875.0 10823.6 10807.2 10235.8 9057.9 10940.4 10942.6 10640.2

(50,200,4,6) 10818.0 10808.2 10808.2 10508.5 11041.4 10940.6 10834.4 10807.0 10810.4 10808.6 10509.8 11060.0 10929.0 10837.0

(50,200,6,12) 10820.0 10822.6 10815.8 10512.7 10929.0 10869.4 10860.6 10809.8 10820.0 10819.2 10519.4 10959.2 10898.6 10887.6

Avg. 10808.1 10391.7 9482.2 8180.6 10941.8 10610.7 9597.1 10807.4 10594.0 9862.3 8885.5 10939.5 10686.7 9961.5

Large (50,400,6,6) 10812.8 10816.4 10820.6 10534.6 10995.6 10921.4 10875.8 10811.6 10820.2 10827.0 10513.9 11007.2 10873.4 10859.2

(50,400,6,12) 10820.8 10822.8 10834.8 10535.5 10994.0 10876.0 10919.2 10818.2 10841.8 10836.0 10550.9 11020.8 10946.8 10892.0

(100,200,2,4) 10812.6 10821.0 10817.8 10515.1 10880.6 11186.8 10851.2 10815.2 10831.4 10816.4 10521.9 10910.4 10885.4 10870.0

(100,200,4,6) 10823.4 10826.4 10823.6 10521.2 10992.2 11012.0 10973.4 10825.0 10835.8 10836.6 10522.6 10916.8 10885.6 10870.6

(100,200,6,12) 10843.6 10844.4 10834.6 10533.8 11295.0 11481.6 11271.4 10836.8 10857.4 10839.8 10539.6 11320.8 11389.2 11281.0

(100,400,4,6) 10832.4 10836.8 10842.4 10544.0 11186.6 10977.4 11073.4 10836.2 10843.2 10842.2 10545.7 11094.8 11004.0 10990.8

(100,400,6,6) 10830.4 10840.2 10832.8 10547.2 11038.6 11004.2 11005.6 10835.2 10858.4 10849.4 10559.7 11072.8 11005.8 11111.4

(100,400,6,12) 10867.0 10866.6 10869.2 10595.3 11479.8 11540.0 11422.4 10858.0 10868.4 10880.6 10563.9 11444.4 11459.2 11165.4

Avg. 10830.4 10834.3 10834.5 10540.8 11107.8 11124.9 11049.0 10829.5 10844.6 10841.0 10539.8 11098.5 11056.2 11005.0

45


