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Abstract

The lower-bound shakedown theorem provides a crucial framework for evaluating the long-
term stability of structures subjected to cyclic loading by defining both the shakedown limit and
critical depth. However, its application in freight railway engineering remains relatively limited.
To overcome this gap, shakedown theory has been integrated into the design of heavy-haul
railway trackbed systems, enabling assessment of substructure stability under repeated loading.
The stress distributions along the longitudinal and transverse axes of the sub-ballast surface,
induced by a four-axle loading pattern, were quantified and validated through Gaussian curve
fitting. Additionally, a methodology based on the Mohr—Coulomb yield criterion was developed
to estimate the shakedown limit of the subgrade, employing the corresponding shakedown axle
load as the primary evaluation index. Parametric analyses examined the effects of three key
design parameters: the internal friction angle of the sub-ballast, the elastic modulus of the
engineered subgrade, and the thickness ratio between the sub-ballast and engineered subgrade.
Findings consistently showed that increases in these parameters lead to higher shakedown axle
loads. Among them, the internal friction angle of the sub-ballast has the most pronounced
influence, whereas the thickness ratio plays a relatively minor role. For example, elevating the
internal friction angle from 25° to 40° produces a significant 48.0% rise in the shakedown axle
load, highlighting its pivotal contribution to enhancing the substructure’s resilience against
cyclic loads.

Keywords: Heavy-haul railway; Lower-bound shakedown theorem; Four-axle load pattern;

Gaussian function; Shakedown axle load



1. Introduction

Heavy-haul railways offer distinct advantages, including high capacity, operational efficiency,
low energy consumption, and economic viability, making them integral to global freight
transportation'!!. In recent years, increased axle loads and train speeds has exacerbated
cumulative plastic deformation within the substructure, posing significant risks to the safety of
freight operations!?). Consequently, controlling this deformation is vital to ensuring the enduring
stability and reliable service performance of heavy-haul railway infrastructure.

Shakedown theory provides a systematic framework for evaluating the long-term
deformation behaviour of structures subjected to cyclic loading by establishing both the
shakedown limit and its associated critical depth®>**. This theory has found extensive application
in road engineering, railway substructures, and underground infrastructure, and is routinely

[5-19] Tn contrast to

employed in the design of both ballasted and ballastless high-speed railways
high-speed railways, which require stringent deformation limits for ride comfort, heavy-haul
railways permit limited plastic deformation within the substructure. Accordingly, the lower-
bound shakedown theorem serves as an effective approach for restricting substructure
deformation to within the elastic shakedown regime.

First proposed by Melan in 1938, the lower-bound shakedown theorem provides a
foundational framework for evaluating the elastoplastic behaviour of structures subjected to
repeated or moving loads!!!l. The theorem identifies a critical load threshold—the shakedown
limit—below which the structure undergoes limited initial plastic deformation before reaching
a stable state. This initial plasticity generates a self-equilibrating residual stress field that
prevents further plastic flow, enabling the structure to respond elastically during subsequent
loading cycles.

In pavement engineering, shakedown theory has seen substantial development. Early
studies focused on residual stress distributions in semi-infinite media. Radovsky and
Murashinal'?! first revealed the depth-dependent variation of the residual stress field. Wang and
Yul'3-14l subsequently validated the universality of this distribution across various soils through
numerical simulations. The research then progressed to multilayer systems. Brown et al.l'"]

conducted moving wheel load tests on two- and three-layer pavement systems, demonstrating
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the applicability of the three-dimensional lower-bound shakedown theory to multilayer
configurations. Shiau and Yu!'®! developed an approach to estimate the shakedown limit in
layered structures by incorporating the combined effects of elastic and residual stress fields.
Building upon this foundation, subsequent research has explored how key material and
structural parameters affect shakedown behaviour. For example, Sun et al.['”l examined the roles
of surface friction coefficient, layer thickness, load distribution, and internal friction angle
within a dual-layer pavement system, verifying the reliability of the proposed approach.
Expanding on this work, Yu and Wang!'®!) formulated rigorous lower-bound shakedown
solutions for cohesive-frictional half-spaces exposed to three-dimensional moving loads,
highlighting the critical influence of contact area geometry and material characteristics on
shakedown behaviour. Acknowledging the widespread anisotropy in pavement materials, Wang
and Yu?"! subsequently introduced the first lower-bound shakedown solution tailored for
anisotropic cohesive-frictional half-spaces subjected to three-dimensional surface loading. This
advancement corrected the limitations of traditional isotropic assumptions, producing results
that more accurately reflect actual engineering conditions. Building on this refinement, Wang
and Yul?!! derived a unified shakedown limit equation applicable to both flexible and rigid
pavements, as well as ballasted and ballastless track systems, clarifying the combined influence
of material properties, loading characteristics, and self-weight. In addition, Wang and Yu**
established a numerical analysis framework for evaluating the shakedown limits of flexible
pavement structures and introduced a simplified method to facilitate its application in practical
engineering scenarios. Qian et al.”*!, employing Melan’s theorem alongside finite and infinite
element methods, analysed dynamic shakedown behaviour under rolling—sliding contact,
demonstrating that both velocity and friction coefficient significantly influence shakedown
performance. Taken together, these studies have significantly contributed to both the theoretical
advancement and practical implementation of shakedown theory in pavement engineering,
establishing a solid basis for assessing the long-term stability of multilayered structures under
complex loading conditions.

Within the field of railway engineering, Zhuang and Wang!>*] incorporated shakedown

theory into the analysis of ballasted track systems for high-speed railways. Their studies



investigated the influence of key parameters such as the wheel-rail interface friction coefficient,
ballast stiffness, and various layer configurations on the shakedown performance of the track
structure. Later studies by Wang et al.l’?"l extended the framework to ballastless tracks,
including continuous slab structures and those with expansion joints. These studies highlighted
the combined influences of friction angle, modulus, and subbase thickness under dynamic
loading. Furthermore, the concept of the "shakedown axle load" emerged as a key metric,
representing the highest axle load under which no cumulative plastic deformation occurs when
subjected to repeated loading. It incorporates load type, speed, and material characteristics and
has proven vital in evaluating track performance. Recent studies have substantially advanced

[28-29] developed a high-fidelity

the understanding of ballast shakedown behaviour. Xiao et al.
discrete element model capable of capturing the irregular geometry and breakage characteristics
of ballast particles, employing laser scanning technology for precise particle representation. The
model was calibrated and validated using cyclic triaxial tests, systematically elucidating ballast
deformation characteristics and shakedown limits under varying load amplitudes, particle
properties, and loading frequencies. The findings categorised ballast deformation into three
distinct states: plastic shakedown, plastic creep, and incremental collapse. Gomes et al. 3%
introduced a theoretical framework for shakedown analysis, demonstrating that once ballast
achieves a shakedown state, its cumulative permanent deformation stabilises, thereby

311 ytilised a three-

supporting the long-term preservation of track geometry. Wang et al. [
dimensional finite element model of a multilayered foundation system, coupled with Melan” s
lower-bound shakedown theorem, to assess the effects of friction angle, modulus ratio, and
thickness ratio on shakedown limits. A predictive function for shakedown load was proposed,
introducing the concept of a "shakedown axle load" to capture the combined influence of
material properties and train speed. Furthermore, Zhuang et al. [*! extended three-dimensional
shakedown analysis to railway structures subjected to multiple Hertzian contact loads,
systematically investigating the ballast layer’ s mechanical response and shakedown criteria
under combined wheel loads, thereby improving the understanding of in-service track behaviour

under complex loading conditions.

Despite its success in high-speed railways, shakedown research in heavy-haul contexts



remains limited. Load models derived from high-speed track systems are not directly applicable
to the operational conditions of heavy-haul railways. Furthermore, the discrete placement of
sleepers in heavy-haul railway systems significantly influences the dynamic stress patterns
observed on the subgrade surface. Consequently, it becomes essential to develop load
distribution models tailored specifically for heavy-haul substructures, which consider the
distinctive diffusion characteristics of heavy axle loads within the trackbed. Heavy-haul trains,
distinguished by their substantial load-bearing capacity, high cargo density, large axle weights,
short axle spacing, and relatively reduced train length!®*?], generate a unique stress field arising
from the four axles of two bogies during each full loading—unloading cycle. This stress pattern
differs considerably from that observed in high-speed railways. Additionally, the dynamic stress
response exhibited by heavy-haul railway subgrades is characterized by more complex and
significant nonlinear behaviours compared to those commonly seen in high-speed rail
systems®*4, Lv et al.?*! used Gaussian functions to analyse sleeper load-sharing ratios,
indicating much higher stress levels under four-axle loading than those under single-axle
loading. Mei et al.?®! and Liu et al.l*”% further demonstrated that peak dynamic stress
approximately follows a normal and bimodal distribution in longitudinal and transverse
directions, respectively. However, current load models still fail to fully reflect the dynamic stress
patterns observed in operational heavy-haul railways. A more representative sub-ballast surface
loading model, reflecting the specific loading conditions of heavy-haul railways, is therefore
urgently required.

To address this, the present study develops a comprehensive method for shakedown
analysis of ballasted substructures under four-axle loading in heavy-haul systems. A three-
dimensional finite element model is developed to analyze the stress distribution on the sub-
ballast surface subjected to four-axle loading. This is followed by layered modelling, enabling
the extraction of elastic stress fields within each structural layer. The shakedown limit and
critical depth are then determined through an iterative approach. Parametric sensitivity analyses
assess the influence of internal friction angle, elastic modulus, and train speed on shakedown
performance. The shakedown axle load is employed as the principal evaluation index,

supporting the development of optimisation design for heavy-haul railway systems based on



shakedown theory.

2. Shakedown theory and calculation method

2.1 Lower bound shakedown theorem

When subjected to cyclic loading, a structure may experience either elastic or plastic
deformation, primarily governed by the magnitude of the applied load. As shown in Figure 1,
when the cyclic load stays within the material’s elastic limit, the structural behaviour remains
fully elastic. However, when the load surpasses this elastic threshold but does not exceed the
elastic shakedown limit, the structure undergoes initial yielding accompanied by limited plastic
deformation. This early-stage plasticity leads to the development of a self-equilibrating residual
stress field, which effectively restrains further plastic evolution under subsequent load cycles,
allowing the structure to return to an elastic response—commonly referred to as the elastic
shakedown state. In contrast, when the cyclic load surpasses the elastic shakedown limit but
stays below the plastic shakedown limit, the residual stress field fails to prevent the ongoing
accumulation of plastic deformation. Consequently, plastic deformation develops incrementally
with each load cycle, eventually leading to structural failure due to excessive accumulated strain.
Once the cyclic load surpasses the plastic shakedown limit, extensive plastic deformation
develops rapidly, resulting in structural collapse, a phenomenon commonly referred to as

"ratcheting failure".

Ratchetting

A
Load Cyclic plasticity
Elastic shakedown _
P //
Elastic [,7
f Deflection

Elastic limit

Elastic shakedown limit

Plastic shakedown limit

Figure 1. Elastic—perfectly plastic structural response under cyclic loading!®*1,
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Maintaining the long-term stability of heavy-haul railway substructures requires that the
structural response remain confined to the elastic shakedown state. Under these conditions, the
total stress field comprises three primary components: the geostatic stress field due to self-
weight, the residual stress field arising from initial plastic deformation, and the elastic stress
field resulting from external loads. According to Melan’s lower-bound shakedown theorem, the
residual stress field is time-invariant and satisfies the self-equilibrium condition?!!. To ensure
that the structure operates within the elastic shakedown regime, the total stress field must
conform to the inequality constraint defined by the Mohr—Coulomb yield criterion, as presented
in Equation (1):

f(Ao; +0, +0,)<0 (D)
where f{) represents the yield criterion; o¢; denotes the elastic stress field produced by a unit

cyclic load; A is the load amplification factor; Aoj corresponds to the elastic stress field
arising from external loading; i and j are the coordinate indices associated with the vertical

direction and the direction of load movement within the semi-infinite domain, respectively; o

refers to the geostatic stress field resulting from self-weight; and o; represents the residual
stress field.
2.2 Shakedown solution for half-space

As shown in Figure 2, a moving load AP travels along the surface of a homogeneous semi-
infinite medium at a constant velocity v. If the structure remains within the elastic shakedown
state under such external loading, the residual stress field is self-equilibrating and remains
unaffected by the duration of loading. When the load amplification factor increases to its
maximum value, denoted as A, which satisfies the yield criterion, a distinct residual stress field
develops at the critical depth. The corresponding external load, expressed as Psi=AsP, defines
the shakedown limit. Accurate determination of this limit necessitates constructing a residual
stress field that guarantees the total stress field continuously satisfies the Mohr—Coulomb yield

inequality outlined in Equation (1) throughout the entire loading cycle.



AP

Moving direction

v

v

Figure 2. Homogeneous half-space subjected to a vertically applied moving load.

In a homogeneous semi-infinite domain, the critical plane is oriented parallel to the
direction of load movement, with y = 0 identified as the principal plane for evaluating structural
stability and integrity under loading conditions!'®-2!1. Accordingly, y = 0 is adopted in this study
as the reference plane for conducting shakedown analysis of the substructure. The elastic stress
field induced by the moving load comprises three primary components:oy,, g5, and 7g,. In
contrast, the residual stress field consists solely of the normal stress component oy,. The self-
weight stress field—also known as the geostatic stress field—includes components ¢, and
a2, The lateral stress is determined using the coefficient of earth pressure, expressed as
k=g4/(1-p), where u represents Poisson's ratio. The explicit expressions for the geostatic stress

field components are presented in Equation (2).

oL =yz
Gf; =kafz -_# vz (2)

Where y denotes the unit weight of the soil, and z denotes the vertical depth.

The total stress field is determined in accordance with Equation (3).

o, =0 +o) +0,
O-ZZ = ﬁvGZeZ +GSZ (3)
TXZ = lr}fz
By substituting the total stress field into inequality (1), the total stress field defined in
Equation (3) must satisfy the yield condition specified in Equation (1). Assuming that the

structural backfill conforms to the Mohr—Coulomb yield criterion, the lower-bound shakedown
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theorem requires that the maximum principal stress o1 and the minimum principal stress o3,

derived from the total stress field, meet the condition expressed in Equation (4).
(o1 —03)+(01+03 )singp—2ccos <0 4)

Here, ¢ denotes the soil cohesion (Pa), and ¢ represents the internal friction angle (°). The

principal stresses 61 and 63 are computed according to Equation (5):

2
Ox +0:z Oxx — Oz )
o] = + + Tiz
2 2

: (5)
O xx + Oz Ox — Oz P
O3 = - + T
2 2
Substituting Equation (5) into Equation (4) results in Inequality (6).
\/(/10,% +o% +ok—Aos —ol )2 +4(z¢ )2 ©)

—(Ao% +0% + 0k + Aot + 0% )sing—2ccos @ <0

By simplifying Inequality (6) and isolating the residual stress component ay,, Equation (7) is
derived.

=@, +M) +N<0 (7)
where M and N are defined in Equation (8).

M = ﬂ’(o-i( - G:z) + (Gf,\ - GzeZ) + Ztanqo[c - (/10262 + sz)tan ¢] (8)
N =4(1+tan’ p)[(A72)" - (c-(A0%, + 0. ) tan @)’

Here, ¢ denotes the cohesion, and ¢ represents the internal friction angle.

A sufficient but not necessary condition for Inequality (7) to have real roots is N<0, that is:

1< c-ol tang 9)
B 7o |+ o tang

According to Equation (6), within a semi-infinite medium, the vertical component of the
geostatic stress remains constant at any specified depth z=i.

By identifying the maximum value of |t,| + 05, tan¢@ along the longitudinal (x)
direction at this depth, the corresponding minimum load amplification factor {A;},,;, can be
determined. Repeating this procedure across all depths and selecting the overall minimum yields
the initial value A of the amplification factor A. This value is a candidate for the shakedown
limit but must be further verified. By applying the yield condition /= 0, two possible residual

stress solutions emerge at the coordinate position (z=i, x=/): the smaller root —M;; — ,/—N;;
9



and the larger root —M;; + ,/—N;; . For the yield condition to be satisfied, the residual stress

at each depth z=i must lie within the interval defined by the maximum value of the smaller roots
and the minimum value of the larger roots, thereby ensuring compliance with the inequality

presented in Equation (10).
max(_M[/ - 'Nz/ )z:i < 0:\ < rnin(—M/./. + \@_]Vi/ )z:i (10)

When the minimum value of the larger residual stress root exceeds the maximum value of
the smaller root, a real solution satisfying the yield condition f < 0 exists. This outcome
indicates that the structure has achieved a shakedown state, as illustrated in Figure 3(a), where
the initial amplification factor, A=A1, corresponds to the shakedown limit. In contrast, if no
feasible residual stress solution is identified, the structure fails to satisfy the shakedown

condition, as demonstrated in Figure 3(b).

S

@® Smaller root
® Larger root

maximum smaller root — ! | «—minimum larger root

/

XX

(2)
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S

@® Smaller root

® Larger root

<«— maximum smaller root

/

minimum larger root —>

po

(b)
Figure 3. Shakedown criterion based on the residual stress field: (a) shakedown state;

(b) non-shakedown state
2.3 Shakedown analysis of layered substructures

The preceding section detailed the procedure for determining the shakedown limit within a
homogeneous semi-infinite medium. In contrast, the substructure of a heavy-haul railway
consists of several homogeneous finite layers. In this context, the shakedown limit for each layer
is determined using an iterative, layer-by-layer approach. The smallest value obtained from this
process is regarded as the overall shakedown limit of the subgrade structure, as defined by
Equation (11).

A=min{, Ay, | (1)
In this equation, ; denotes the shakedown limit of the i structural layer, which is governed by
the internal friction angle ¢; and the cohesion ¢; of the corresponding soil layer.

Accurately assessing the elastic stress field generated by a unit external load is a crucial
step in determining the shakedown limit for both semi-infinite and multilayered structural
systems. In the layered substructure systems typical of heavy-haul railways, the distribution of
elastic stresses is significantly influenced by the specific characteristics of train-induced loading.
Conventional analytical approaches encounter significant limitations in accurately

characterising the three-dimensional stress distribution arising from the superposition of multi-
11



axle loads. In contrast, the finite element method (FEM) offers a robust numerical framework
for directly simulating the transverse and longitudinal stress distributions on the sub-ballast
surface, thereby enabling the precise extraction of elastic stress components within each
structural layer. The computational procedure comprises the following steps:

a) Determine the substructure loading pattern by solving the transverse and longitudinal
stress distribution functions on the surface of the sub-ballast.

b) A multilayer finite element model is utilized to extract the elastic stress fields within
each structural layer through numerical integration. These calculated stress fields are then
superimposed upon the initial geostatic stress field, followed by application of the Mohr—
Coulomb yield criterion to assess the residual stress field and identify the corresponding critical
depth.

c) Calculate the load amplification factors A1, A2 and A3 for each layer, and define the
minimum value as the global shakedown limit of the substructures.

The sequential procedure for determining the shakedown limit of the layered structure is

schematically depicted in Figure 4.
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[
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Figure 4. Flowchart of the shakedown solution

3. Finite element model of track structure

In the analysis of railway substructure shakedown limits, conventional methods such as the

[40

Boussinesq solution®” have been widely used. However, shakedown analysis of heavy-haul

railway subgrade structures remains limited. Due to the discontinuous distribution of sleepers
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along the direction of train movement, the actual loading pattern and the resulting elastic stress
field distribution are not yet fully understood. As discussed in Section 2.3, accurate
determination of the shakedown limit for layered subgrade structures depends critically on the
precise characterisation of the elastic stress field, which is fundamentally governed by the actual
distribution of train loads on the surface of the sub-ballast.

To accurately replicate the load diffusion characteristics of heavy-haul trains within the
subgrade structure, a finite element model representing the heavy-haul railway substructure was
established. Numerical simulations were performed to extract the transverse and longitudinal
loading patterns on the surface of the sub-ballast under four-axle loading. These simulation
results, integrated with Melan’s lower-bound shakedown theory, enabled the superposition of
the elastic stress field generated by external moving loads onto the self-weight stress field of the
substructure. An iterative calculation procedure was employed to determine the critical residual
stress field capable of resisting plastic deformation, along with the corresponding critical depth.
This methodology facilitates a systematic and comprehensive assessment of the long-term

stability of the substructure.
3.1 Model development

In accordance with the Heavy-Haul Railway Design Code (TB 10625-2017)!*!11, a freight train
characterized by a 35 t axle load and an operational speed of = 100 km/h was selected as the
subject of this study. A three-dimensional finite element model of the track—substructure system
was developed using Abaqus. This model, arranged sequentially from top to bottom, includes
rails, fasteners, sleepers, ballast, sub-ballast, engineered subgrade, natural subgrade, and
foundation soil. The detailed structural configuration of the heavy-haul railway subgrade is

depicted in Figure 5.
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Figure 5. Finite element model of the heavy-haul railway

Concrete Type Il sleepers were adopted in the model, featuring a trapezoidal cross-section
with a top width of 0.2055 m, a bottom width of 0.32 m, and a height of 0.22 m. The sleepers
were spaced at intervals of 0.6 m. The ballast layer featured a top width of 3.6 m, a bottom width
of 5.35 m, and side slopes of 1:1.75. The sub-ballast layer measured 8.4 m in width and 0.6 m
in thickness. The engineered subgrade was 1.9 m high, while the underlying natural subgrade
extended to a height of 3.5 m with side slopes of 1:1.5. Standard Type 75 rails were incorporated
into the model, with a track gauge of 1.435 m. To realistically replicate the wheel - rail
interaction, the rails were connected to the sleepers via spring fasteners with a stiffness of 8,000
kN/m, spaced at intervals of 0.6 m. Due to the minimal relative sliding between sleepers, ballast,
sub-ballast, subgrade, embankment, and foundation, tie constraints were applied at all contact
interfaces to ensure coordinated deformation. These tie connections enforce zero relative
displacement between surfaces, effectively capturing the cooperative behaviour of the layered
track structure. A detailed description of these interactions has been incorporated into the revised
manuscript. Sincere appreciation is extended for this insightful guidance. The material
properties assigned to each structural component are summarised in Table 18],

Table 1. Material properties of the multilayer heavy-haul railway substructure

Components Density (kg/m®) Modulus  Poisson’s  Cohesion Friction

15



(MPa) Ratio (kPa) angle (° )

Rail 7,850 210,000 0.25 — —

Sleeper 2,500 30,000 0.2 — —
Ballast 2,400 200 0.25 — 40
Sub-ballast 2,300 180 0.3 58 33
Engineered subgrade 2,200 150 0.3 45 31
Natural subgrade 1,800 70 0.35 30 17
Foundation 1,700 50 0.35 25 15

To minimise boundary reflection, viscoelastic artificial boundaries were applied along the
model edges!*?!, and infinite elements were introduced in the far-field foundation to enhance
energy dissipation. The model employed C3D8R hexahedral elements, with a total of 193,728
elements and 210,185 nodes. To improve computational efficiency, the moving element method
was adopted®’], whereby the applied load moves within a stationary mesh, avoiding grid
deformation and significantly reducing computational cost. The simulated freight train was
configured with a 35 t axle load, a bogie wheelbase of 1.86 m, and a centre-to-centre distance

of 1.94 m between adjacent bogies.
3.2 Characteristics of stress distribution on the sub-ballast surface

To investigate the dynamic stress distribution on the sub-ballast and engineered subgrade
surfaces under varying train positions, and to assess the impact of the discrete sleeper
arrangement along the direction of travel on substructure stress, the longitudinal centre of the
model was designated as the coordinate origin (x = 0 m). Along the direction of travel (x-
direction), dynamic stress values on both the sub-ballast and engineered subgrade surfaces were
simultaneously extracted at four representative wheel load positions: directly above the sleeper,
at the mid-point between sleepers, at one-quarter, and at one-eighth of the distance between

sleepers. The corresponding stress distribution patterns are shown in Figure 6.
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Figure 6. Dynamic stress distribution corresponding to various wheel load positions: (a) Sub-

ballast surface; (b) Engineered subgrade surface.

When the first wheel load was applied directly above the sleeper, at the mid-point between
sleepers, at one-quarter, and at one-eighth of the distance between sleepers, the corresponding
peak dynamic stresses on the sub-ballast surface were 86.09 kPa, 85.99 kPa, 85.58 kPa, and
86.09 kPa, respectively. The variation in peak stress across these loading positions was minimal,
with a maximum of 86.09 kPa and a minimum of 85.58 kPa. Relative to the reference stress

beneath the sleeper (86.09 kPa), the peak stress deviations at the mid-point, one-quarter, and
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one-eighth positions were 0.11%, 0.58%, and 0%, respectively. For the engineered subgrade
surface, the corresponding peak dynamic stresses were 55.97 kPa, 55.96 kPa, 55.92 kPa, and
55.97 kPa. Taking the stress beneath the sleeper (55.97 kPa) as the reference, the relative
deviations at the mid-point, one-quarter, and one-eighth positions were 0.05%o., 0.09%, and 0%,
respectively. These results confirm that all relative deviations are less than 0.6%, demonstrating
that the peak dynamic stress and overall distribution pattern within the subgrade structure are
highly consistent across different wheel load positions. The negligible sensitivity of the stress
distribution to wheel load position further verifies the accuracy and applicability of the proposed

sub-ballast surface loading model.
3.3 Loading pattern on the sub-ballast surface

Finite element simulations indicate that the sub-ballast surface stress exhibits a multi-peak
distribution along the longitudinal (x) direction and a twin-peak pattern in the transverse ()
direction. The coordinate origin is defined at the projection point on the sub-ballast surface
corresponding to the centre of the two rails and the four-axle loading arrangement. A simplified
three-dimensional schematic illustrating the substructure configuration subjected to four-axle

loading, along with the corresponding coordinate system, is presented in Figure 7.

Sleeper
Ballast
Sub-ballast

Engineered subgrade
Natural subgrade

Figure 7. Coordinate system and structural configuration of the heavy-haul railway
subgrade model
The transverse stress at the position of the second wheel load, along with the longitudinal
stress directly beneath the rail, were analysed using curve fitting techniques. The results

demonstrate that the stress distribution on the sub-ballast surface conforms to a pattern governed
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by the superposition of Gaussian functions. The fitted curves corresponding to both the

transverse and longitudinal stress components are illustrated in Figure 8.
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Figure 8. Fitted curves of transverse and longitudinal sub-ballast surface stress: (a)

Longitudinal; (b) Transverse

The stress distribution function along the direction of travel on the sub-ballast surface,

directly beneath the rail, is defined by Equation (12).

o, . =Fx)=f(x)+f,(x)+ £,0)+ f,(x)+0.084(1 + av)T

(12)

where o denotes the sub-ballast surface stress directly beneath the rail in the direction of
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travel; the functions f1(x)+ f2(x)~ f3(x)+ fa(x) are defined in Equation (13).

£1(x)=-1.932(1+ av)T \/z A
T

o x+8Y

fo(x)=-1.932(1+ av)T\/ze_ [ 17 )
r

fi(x)=-1.932(1+ av)T\Pez('ﬁJ
r

fi(x)=-1.932(1+ av)T\/zez(Xu]
7

(13)

wherein A=L1+L>/2 and B=L»/2, with L and L> denoting the bogie wheelbase and bogie spacing,
respectively. T denotes the axle load of the train, o represents the speed impact factor, and v
denotes the operating speed of the train, expressed in km/h. According to the China Academy
of Railway Sciences, for seamless heavy-haul tracks, a=0.00414],

The transverse stress distribution function beneath the second wheelset is expressed as
Equation (14):

o, = G(y) = () +g,(»)-0.106( + av)T (14)

with the component functions gi(y) and g2(y) defined in Equation (15).

y+Cj2

2 72(129
2,(y)=-1.892(1+av)T,[~e ‘"
V3

oy (15)
2,(y)=-1.892(1+ av)T\/ze_z(IQ‘}]
T

Here, C=0.797 m represents approximately half the distance between the two rails, and o;
denotes the transverse sub-ballast surface stress at the location of the second wheel load.

Based on the longitudinal and transverse stress distribution functions, the resulting stress
distribution on the sub-ballast surface is defined as Equation (16):

. .-O

o, =s(x,y) ="~ (16)

o,)
(xy max

where o, denotes sub-ballast surface stress, while (ox)max represent the maximum sub-ballast

surface stresses.
3.4 Validation

To assess the validity and reliability of the proposed sub-ballast surface loading model, a

comparative evaluation was performed based on the sleeper load-sharing ratio proposed by Lv
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et al.’%). This ratio characterises the proportion of wheel load distributed to individual sleepers
via the rails, providing insight into the load transfer mechanism and its subsequent impact on
the stress state within the subgrade. For example, when a single wheel load P is applied directly
above a sleeper, it is distributed among five adjacent sleepers with the proportions of 9.24%,
24.14%, 33.24%, 24.14%, and 9.24%, respectively. This distribution is symmetric, with the
central sleeper bearing the highest load, which gradually decreases towards the sides. The
sleeper load-sharing ratio not only determines the relative loading on each sleeper but also
affects the stress distribution within the substructure. Accurate determination of sub-ballast
surface stress distribution necessitates consideration of the superposition effects resulting from
the superposition of multiple axle loads. The integration of sleeper load-sharing ratios allows
for explicit modelling of the stress field induced beneath each sleeper, forming the theoretical
basis for deriving the corresponding sub-ballast surface stresses.

Figure 9 presents the sleeper load-sharing ratios for vehicles with axle loads of 30 t and 35

t at various longitudinal positions.
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Figure 9. Sleeper load-sharing ratios subjected to four-axle loading: (a) 30 t axle-load freight

vehicle, load applied at the critical rail position; (b) 35 t axle-load freight vehicle, first wheel
load positioned directly above a sleeper (Units: mm)
Figure 10 presents the longitudinal stress distribution curves and corresponding fitted

curves beneath the rails and at the midpoint between the rails for both vehicle types.
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Figure 10. Comparison of longitudinal stress distribution on the sub-ballast surface: (a) 30 t
axle load; (b) 35 t axle load

For the 30 t axle-load freight vehicle, the peak stress beneath the rail obtained from the
finite element analysis is 74.0 kPa, while the sleeper load-sharing method yields a corresponding
value of 76.9 kPa, resulting in a relative difference of 3.9%. At the midpoint between the rails,
the corresponding peak values are 63.4 kPa and 60.7 kPa, with a relative gap of 4.3%. For the
35 t axle-load freight vehicle, the peak stress beneath the rail obtained from the finite element
model is 84.6 kPa, while the value calculated using the load-sharing method is 82.8 kPa,
resulting in a relative difference of 2.1%. At the midpoint between the rails, the peak values are
71.5 kPa and 69.5 kPa, with a relative gap of 2.8%. All relative errors are within 5%, and the
stress distribution curves exhibit excellent agreement in shape, confirming that the proposed
four-axle loading model closely approximates the load-sharing method and accurately
represents longitudinal stress.

Figure 11 presents the depthwise attenuation of stress beneath the rails and at the midpoint

between the rails.
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Figure 11. Depthwise stress attenuation beneath the rail and at the midpoint between the rails:
(a) 30 t axle-load; (b) 35 t axle-load

At a depth of 0 m, the stress beneath the rail for the 30 t axle-load vehicle measures 76.9
kPa using the finite element method, compared to 73.9 kPa derived from the sleeper load
distribution technique, indicating a relative difference of 4.0%. At the midpoint between the
rails, the corresponding values are 63.2 kPa and 60.7 kPa, with a relative gap of 3.9%. For the
35 t axle-load vehicle, the stress values beneath the rail obtained by the two methods are 84.00
kPa and 80.39 kPa, respectively, resulting in a relative gap of 2.1%; at the midpoint between the
rails, the values are 71.5 kPa and 69.3 kPa, with a relative gap of 3.1%. With increasing depth
(3—6 m), the stress curves show a rapid-to-gradual attenuation pattern that stabilises. Relative

errors remain consistently within 5%. These findings demonstrate that the proposed loading
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model closely aligns with the load-sharing method on the surface and accurately reflects the

depth-dependent attenuation of dynamic stresses reported in existing literature.
4. Shakedown limit analysis of ballasted tracks

Based on the analytical framework for shakedown assessment established in the preceding
sections, and in accordance with the Heavy-Haul Railway Design Code (TB 10625-2017) [*!1 a
multilayered structural model was developed to compute the shakedown limit of heavy-haul
railway substructures. These substructures typically comprise three main layers: the sub-ballast,
the engineered subgrade, and the natural subgrade. A semi-structured symmetric model was
adopted for the simulation. To improve computational accuracy, mesh refinement was applied
to a central region influenced by longitudinal and transverse stress distribution characteristics
on the sub-ballast surface. This refined area was identified as the moving load application zone,
facilitating an accurate assessment of the elastic stress field within each structural layer. The

simplified stress transfer pattern within the substructure is illustrated in Figure 12.

Sub-ballast
Engineered subgrade

Natural subgrade

Figure 12. Simplified stress pattern on the sub-ballast surface of a layered structure

The material properties adopted for the reference scenario are summarised in Table 2%,

To further explore the effects of key design parameters, including the thickness ratio between
the sub-ballast and engineered subgrade and the elastic modulus of the engineered subgrade, a

series of variable working conditions were defined, as presented in Table 3. Across all scenarios,
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the total combined thickness of the sub-ballast and engineered subgrade layers was uniformly

maintained at 3.0 m to ensure consistency in structural configuration.

Table 2. Material parameters of the reference case

Density  Thickness Modulus  Poisson's  Cohesion  Friction

Components
(kg/m®) (m) (MPa) Ratio (kPa) angle (°)
Sub-ballast 2,300 h1=0.7 E1=180 0.3 1 ¢ =35
Engineered
2,200 h=2.3 Erx=150 0.3 1 40
subgrade
Natural
1,800 3.5 60 0.35 5 35
subgrade
Table 3. Material parameters of variable cases
Friction angle ¢ (°) 25 30 35 40
Ey (MPa) 180 180 180 180 180 180 180
E> (MPa) 120 130 140 150 160 170 180
h1 (m) 0.7 0.9 1.1 1.3 1.5 1.7
ha (m) 2.3 2.1 1.9 1.7 1.5 1.3
h=hi/h» 0.30 0.43 0.58 0.77 1.00 1.31

4.1 Effect of sub-ballast internal friction angle

Figure 13 presents the variation in shakedown limit and critical depth as a function of the
internal friction angle of the sub-ballast, under different sub-ballast to engineered subgrade

thickness ratios and varying elastic moduli of the engineered subgrade.
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Figure 13. Effect of sub-ballast friction angle on shakedown limit and critical depth: (a)

Across all examined scenarios, the shakedown limit exhibits a positive correlation with the
internal friction angle. For instance, increasing the internal friction angle from 25°
results in the shakedown limit rising from 50.9 kPa to 75.3 kPa at a thickness ratio of 0.30,
marking an increase of 47.9%. A similar 47.9% enhancement is observed when the thickness
ratio is 1.31. For the engineered subgrade elastic moduli of 120 MPa and 180 MPa, the
corresponding increases are 48.0% and 47.9%, respectively. These results underscore that

increasing the sub-ballast’s internal friction angle significantly augments the structural shear
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resistance, thereby substantially improving the overall shakedown performance.

In every scenario examined, the critical depth consistently remains at 0.05 m, indicating
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that the zone most susceptible to failure lies close to the sub-ballast surface. This observation
further underscores the predominant influence of surface strength parameters on shakedown
behaviour. Consequently, elevating the internal friction angle of the sub-ballast emerges as an
effective means to improve local shear resistance, thereby reinforcing the long-term stability of

the substructure.
4.2 Effect of engineered subgrade elastic modulus

Figure 14 depicts the variation in shakedown limit and critical depth as functions of the
engineered subgrade’s elastic modulus, examined under varying internal friction angles of the

sub-ballast.
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Figure 14. Influence of engineered subgrade elastic modulus on shakedown limit and critical
depth.

Across all examined cases, the shakedown limit increases linearly with the elastic
modulus of the engineered subgrade. For example, when the sub-ballast internal friction angle
is 25° , raising the elastic modulus from 120 MPa to 180 MPa elevates the shakedown limit
from 42.68 kPa to 59.44 kPa, corresponding to a 39.3% increase. For an internal friction angle
of 40° , a comparable increase of 39.1% is observed. These findings suggest that, regardless
of the sub-ballast’s internal friction angle, an increased modulus in the engineered subgrade
positively influences the shakedown limit, while the rate of this enhancement remains
relatively consistent.

The critical depth consistently approaches zero, indicating that the near-surface region
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of the sub-ballast is the structurally weakest zone. While increasing the elastic modulus of the
engineered subgrade does not directly enhance the shear resistance of the sub-ballast, it
reduces the stiffness contrast between layers, thereby improving their mechanical
compatibility and indirectly increasing the structural shakedown limit. Furthermore, the
influence of the engineered subgrade’s elastic modulus on the shakedown Ilimit is
comparatively less significant than that of the sub-ballast’s internal friction angle, highlighting
the greater significance of the latter in improving structural stability. Nevertheless, both

parameters remain critical in improving the structure's resistance to plastic failure.
4.3 Effect of sub-ballast to engineered subgrade thickness ratio

Figure 15 illustrates how the shakedown limit and critical depth of heavy-haul railway
substructures vary with changes in the thickness ratio between the sub-ballast and engineered

subgrade, examined under different internal friction angles of the sub-ballast.
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Figure 15. Influence of sub-ballast to engineered subgrade thickness ratio on shakedown limit
and critical depth.

Under all examined conditions, the shakedown limit exhibits low sensitivity to changes in
the sub-ballast to engineered subgrade thickness ratio, with only modest overall variation. At an
internal friction angle of 25° | elevating the thickness ratio from 0.30 to 1.31 causes the
shakedown limit to increase from 50.9 kPa to 54.7 kPa, corresponding to a 7.4% rise. For an
internal friction angle of 40°, the corresponding increase is 7.3%. This trend indicates that,

although increasing the thickness ratio enhances the overall stiffness of the sub-ballast, owing
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to its higher modulus relative to the engineered subgrade, its influence on shakedown
performance remains limited.

Moreover, the critical depth consistently approaches zero across all scenarios, reaffirming
that the structurally weakest region is concentrated near the sub-ballast surface. Although a
moderate increase in sub-ballast thickness can slightly enhance structural stiffness, its influence
on shakedown performance is minimal compared to the effects of changes in the sub-ballast’s

internal friction angle and the engineered subgrade’s elastic modulus.
4.4 Shakedown axle load

According to the sub-ballast surface stress expression in Equation (16), the shakedown limit can
be translated into the equivalent shakedown axle load, denoted as Po, providing a more intuitive
representation of the allowable train loads [”). The shakedown axle load is determined using

Equation (17).

AT(1+ av)

(AR = (17)

v

Where (APo)al denotes the shakedown axle load under four-axle loading, expressed in tonnes (t).
The variation in shakedown axle load under standard operating conditions with respect to

train speed is illustrated in Figure 16.
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Figure 16. Variation of shakedown axle load with speed
Under varying internal friction angles, the shakedown axle load exhibits an exponential

decay with increasing speed. At a train speed of 80 km/h, increasing the internal friction angle
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increases from 25° to 40° results in shakedown axle loads of 22.5 t, 25.3 t, 28.8 t, and 33.3 t,
with respective increases of 12.4%, 13.8%, and 15.6% for every 5° increment. This trend
remains consistent at 100 km/h, confirming that higher internal friction angles significantly
enhance structural shakedown performance, with a more pronounced effect than other
parameters.

Figure 17 depicts the variation of the shakedown axle load with train speed under varying
elastic moduli of the engineered subgrade and different sub-ballast to engineered subgrade

o
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Figure 17. Influence of speed on shakedown axle load: (a) 41/h2=0.30; (E2); (b) E>=150

31



MPa

At 80 km/h, increasing the elastic modulus of the engineered subgrade from 120 MPa to
180 MPa results in shakedown axle loads of 24.2to 33.6 t, with percentage increases of 6.4%,
6.0%, 5.7%, 5.5%, 55.3%, and 5.1% for each 10 MPa increment. This trend is consistent at
higher speeds, indicating a gradually diminishing influence of the modulus on shakedown
performance. Similarly, increasing the thickness ratio from 0.30 to 1.3, corresponding to an
increase in sub-ballast thickness from 0.7 m to 1.7 m at intervals of 0.2 m, produces shakedown
axle loads ranging from 17.9 t to 26.5 t, with incremental changes of 0.7%, 1.4%, 1.7%, 1.7%,
and 1.7%. This trend remains stable across different speeds, suggesting that the contribution of
the thickness ratio is modest and tends to stabilise.

In summary, the shakedown axle load decays in an inverse proportion to increasing train
speed across all conditions. Under standard conditions, with an internal friction angle of the sub-
ballast of 35°, increasing this angle by 5°, the modulus of the engineered subgrade by 10 MPa,
or the thickness of the sub-ballast by 0.2 m results in shakedown axle load increases of
approximately 15.6%, 5.5%, and 0.7%, respectively. These results demonstrate that enhancing
the internal friction angle of the sub-ballast exerts the greatest influence on shakedown
performance, followed by the modulus of the engineered subgrade, with the thickness ratio
playing a relatively minor role. Therefore, in optimising the design of heavy-haul railway

substructures, priority should be given to improving the shear strength of sub-ballast materials.
4.5 Implications for substructure design

According to the above analysis, the shakedown limit varies under different conditions of
sub-ballast internal friction angle, engineered subgrade elastic modulus, and sub-ballast to
engineered subgrade thickness ratio. Given the consistent relationship between the shakedown

axle load and the shakedown limit, it is necessary to accurately quantify the influence of each

parameter on the shakedown axle load. To this end, normalization factors'*> X (@) XaE,) and

Xa(h,/ny) Telated to the shakedown limit are introduced based on the results presented in Figures

13, 14 and 15.

The influence of the sub-ballast internal friction angle, ¢, on the shakedown limit is
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captured by Equation (18):

A(@,E,)—A(25,E,)
X =
1ol 4(40,E,) - A(25,E,) (18)

where A(25, E») and A(40, E») represent the normalized shakedown limits corresponding to
sub-ballast internal friction angles of 25° and 40°, respectively.
The influence of the engineered subgrade elastic modulus, £>, on the shakedown limit is

defined by Equation (19):

A(E,,@)—-2(120,0)
X =
M) 2(180,0) - A(120,0) (19

where A(120, @) and A(180, @) represent the shakedown limits corresponding to
E>=120 MPa and E,=180 MPa, respectively.
The influence of the thickness ratio between the sub-ballast and engineered subgrade, /1/k2,

on the shakedown limit is described by Equation (20):

v _ Al hy,p) - 24(030,0)
)2 (131,0) - A(0.30,0)

(20)

In this expression, A(0.30, @) and A(1.31, ¢@) represent the shakedown limits

corresponding to thickness ratios hi1/h20f 0.30 and 1.31, respectively.
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Figure 18. Relationship between normalization factors and corresponding parameters: (a)

As shown in Equation (18), when ¢is constant, the shakedown limits under different values

of E> are approximately equal, as illustrated in Figure 18(a). Under these conditions, the fitted

relationship between the normalization factor Xj(,) ande can be expressed by Equation (21).

Similarly, as illustrated in Figures 18(b) and 18(c), the fitted relationships between the

normalization factors X3(g,) and Xj, /n,) and their corresponding parameters £> and /1/h2 are



given by Equations (22) and (23), respectively.

X

A

(5 =—(2,001.83+16.65E,)-10” (22)

X

sy =~ 31:30+103.38(h / 1) ]-107 (23)

Moreover, due to the strong correlation observed between the variation patterns of the
shakedown limit and the shakedown axle load, and taking into account the effect of train speed
v on the shakedown axle load, all pertinent parameters are consolidated into a unified

formulation for the shakedown axle load, as detailed in Equations (24) and (25).

(AP, (9,E,,v) = 1.4T -107(86,650.55 +2,654.41E, —1,625.93¢ — 46.15¢E, + 72.47¢"

24
+2.06(02E2) / [(ny)max (1 + av)] @4)

(AR),, (9,h | hy,v)=1.4T -107[47,362.99+3,703.01(h, / h,) —834.75¢0 — 64.03¢(h, / h,) +37.21¢ (25)
+2.85¢" (B 1 h)] (0, (1 + av)]

In these expressions, (AF), ((0, E2,v) represents the shakedown axle load corresponding to a

thickness ratio 41/h2 =0.30, an internal friction angle ¢, an elastic modulus E», and a train speed

v. Similarly, (/U%)az((ﬁah‘ / hz,v) represents the shakedown axle load for an elastic modulus

E>=150 MPa, an internal friction angle, a thickness ratio hi/h, and a train speed.

Based on Equations (24) and (25), a comparison between the calculated and predicted

values of (4B),(¢.E,,v) and (AR),(@.h/h,v) ispresented in Figure 19.
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Figure 19. Comparison of calculated and predicted shakedown limits: (a) 41/42=0.30; (b)
E>»>=150 MPa

The analysis demonstrates that the predicted values show excellent agreement with the
finite element results across a range of parameter combinations, with the maximum deviation
remaining below 5%. This confirms the accuracy and broad applicability of the proposed
shakedown axle load prediction model. Further results reveal that the shakedown axle load
decreases inversely with increasing train speed. This trend remains consistent under varying
structural parameters, indicating that train speed is the dominant factor governing the
shakedown axle load.

Equation (24) and (25), together with the trends presented in Figure 19, serves to evaluate
the impact of substructure dimensional adjustments or material property enhancements on the
long-term stability of ballasted heavy-haul railway tracks, as shown in Figure 20. By integrating
numerical analysis with parametric sensitivity analysis, this method provides a robust
foundation for the optimisation and retrofitting of substructure design. It ensures that the
predicted shakedown axle load surpasses the target design axle load, thereby improving the

safety and longevity of the railway infrastructure.
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Figure 20. Workflow for estimating shakedown axle load in heavy-haul railway system
5. Conclusions

Building on Melan’s lower-bound shakedown theorem, a specialized shakedown analysis model
was formulated for multilayer substructures, accompanied by a method to assess the shakedown
limit and corresponding shakedown axle load in ballasted track systems. A comprehensive series
of parametric studies evaluated the effects of key design parameters, including the internal
friction angle of the sub-ballast, the elastic modulus of the engineered subgrade, and the
thickness ratio between the sub-ballast and engineered subgrade. The main findings are
summarized as follows:
(1) The longitudinal load distribution is characterised by the superposition of four Gaussian
functions, while the transverse distribution is formed by the superposition of two Gaussian
functions. The longitudinal superposition spacing corresponds to the bogie wheelbase, and

the transverse spacing is approximately equal to the track gauge. Moreover, the findings
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reveal that, despite the discrete sleeper arrangement along the direction of travel, the stress
distribution on the subgrade surface remains continuous and smooth.

Enhancements in the thickness ratio between the sub-ballast and engineered subgrade, the
elastic modulus of the engineered subgrade, and the internal friction angle of the sub-ballast
all serve to increase the trackbed’s shakedown limit. Among these, the internal friction
angle of the sub-ballast has the most pronounced effect: increasing it from 25° to 40°
results in a maximum rise of 48.0% in the shakedown limit. The elastic modulus of the
engineered subgrade has a secondary but linear impact, while the thickness ratio
demonstrates minimal influence, rendering it practically negligible in design
considerations. These results underscore the internal friction angle of the sub-ballast as the
principal parameter governing the substructure’s shakedown behaviour.

The shakedown axle load decreases inversely as train speed increases. Enhancements in
the sub-ballast’s internal friction angle, the engineered subgrade’s elastic modulus, and the
thickness ratio between the sub-ballast and engineered subgrade collectively contribute to
increasing the structure’s maximum sustainable axle load. Under typical conditions, with
the sub-ballast internal friction angle set at 35°, a 5° increase in this angle, a 10 MPa rise
in the engineered subgrade’s elastic modulus, and a 0.2 m increment in sub-ballast
thickness yield corresponding shakedown axle load increases of 15.6%, 5.5%, and 0.7%,
respectively. Moreover, the proposed shakedown axle load expression can reliably predict
shakedown axle load values across different parameter configurations, enabling
quantitative assessment of the heavy-haul railway subgrade’s load-bearing capacity. This
provides a solid theoretical foundation and calculation framework for the optimisation and

design of subgrade structures.
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