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Abstract

We consider a geometric inverse problem which requires detecting an unknown obstacle, e.g. a sub-
marine or an aquatic mine, submerged in a Stokes slow viscous stationary flow of an incompressible
fluid. In two–dimensions, the problem is formulated in terms of the biharmonic streamfunction
in an unbounded domain which is approximated using the Trefftz method and the method of
fundamental solutions (MFS). This is, apparently, the first time the Trefftz method and the MFS
are applied for the solution of the biharmonic equation in an unbounded domain. We first exam-
ine direct problems and then consider inverse problems. The unknown obstacle is determined by
employing a nonlinear Tikhonov regularization procedure. Numerical results are presented and
discussed.

Keywords: Biharmonic equation, Inverse geometric problem, Regularization, Stokes flow, Method
of fundamental solutions, Trefftz method.
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1 Introduction

Inverse problems concerned with detecting an unknown obstacle concealed in a known host
domain arise in a wide range of tomography screening applications in, e.g., medicine (tumour
detection), security (landmine detection), geophysics (fault detection), amongst others. Inverse
obstacle problems [20] are therefore of crucial importance in science and engineering. The
method of screening may be static or dynamic resulting in steady or unsteady governing models
of partial differential equations (PDEs). Also, the host domain in which the obstacle is contained
may be bounded, as in the inverse conductivity problem [21], or unbounded, as in inverse
scattering problems [9].

Compared to direct problems where the obstacle is known, the associated inverse geometric
problem in which the obstacle is unknown is considerably more difficult to solve because it is
both non–linear and ill–posed. Theoretically, the issue of the solution’s uniqueness is very im-
portant as it illustrates what and how many measurements are required to uniquely detect the
unknown obstacle. Conditional stability estimates are also very significant as they may high-
light where the instability of solution comes from, though numerically this issue is commonly
dealt with through regularization. Solving nonlinear obstacle problems involves the iterative
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minimization of a certain functional. At each iteration a direct problem needs to be solved and
therefore a fast forward solver is desirable. In this framework, meshless methods, such as the
method of fundamental solutions (MFS) [28] or the Trefftz method [13, 29] have proved very
efficient and easy to implement.

The plan of the paper is as follows. The mathematical formulation of the inverse problem
concerning detecting an unknown obstacle submerged in a Stokes flow of steady, incompressible
fluid is described in Section 2. Two meshless methods based on the MFS and the Trefftz method
are described in Sections 3 and 4, respectively, and numerical results obtained from solving the
direct problem (when the obstacle is known) are presented and discussed. Sections 5 and 6
present the implementation of the Trefftz method for solving the nonlinear inverse problem of
detecting the unknown obstacle and the corresponding numerical results, respectively. Finally,
in Section 7 we present some concluding remarks and suggest some possible future directions
of research.

2 Mathematical formulations

It is well–known that in two dimensions, the Stokes equations for a stationary incompressible
fluid flowing at low Reynolds numbers reduce to the biharmonic equation for the streamfunction
ψ, namely,

∆2ψ = 0 in Ω \D, (1)

where the fluid velocity components are given by u = ∂ψ/∂y and v = −∂ψ/∂x and D represents
an obstacle immersed in the domain Ω.

We consider the inverse geometric problem formulated by Ramm [37], which requires iden-
tifying a zero–level set contour ∂D = Γ ⊂ Ω such that

ψ = 0 over Γ, (2)

where the unbounded fluid domain is Ω = R × (−∞, h), h > 0, from the Cauchy data mea-
surements on the upper boundary R× {h}, namely,

ψ(x, h) = f1(x),
∂ψ

∂y
(x, h) = f2(x), x ∈ R, (3)

∆ψ(x, h) = f3(x),
∂(∆ψ)

∂y
(x, h) = f4(x), x ∈ R, (4)

where ω = ∆ψ represents the fluid vorticity and fi, i = 1, 4, f1 ̸≡ 0, are known functions, which
are assumed to decay sufficiently fast at ±∞ to ensure the uniqueness of the solution. The
inverse geometric problem mentioned above in (1)–(4) can also be formulated in the context of
Kirchhoff’s plate elasticity in which ψ represents the deflection of a plate and ω the bending
moment. The case when Ω is a bounded domain, Γ ⊂ ∂Ω and the data (3) and (4) are given
on ∂Ω \ Γ, was investigated in [41] using the MFS. In the current paper we investigate the
case when Ω = R× (−∞, h) is an unbounded domain and Γ ⊂ Ω is a simply–connected closed
contour enclosing an unknown immersed object D ⊂ Ω, see Figure 1.

2



Figure 1: Schematic diagram for geometry and boundary conditions for the inverse problem.

A similar inverse problem on the identification of a rigid body immersed in a Stokes flow
occupying a bounded domain from boundary fluid velocity and traction measurements was
considered in [1, 2, 35]. However, in our inverse formulation, in equations (3) and (4) the
Cauchy data are given in terms of the streamfunction f1, the slope of the streamfunction f2,
the vorticity f3 and the the slope of the vorticity f4. Note that the boundary condition (2) is
physically expressing that the boundary Γ of the obstacle D is a streamline. Ramm [37] gave a
counter–example for which the solution of the inverse problem (1)-(4) does not exist. However,
in this study we shall assume that the solution of the problem always exists. The issue of
uniqueness of the solution is still under investigation. The problem (1)-(4) is still ill–posed
since small errors in the input data (3) and/or (4) cause large deviations in the solution ψ.

In the course of solving the inverse problem we may also need the solution of the direct
problem given by the biharmonic equation (1) subject to the boundary conditions

ψ = 0, ∆ψ = g on Γ = ∂D, (5)

ψ(x, h) = f1(x), ∆ψ(x, h) = f3(x), x ∈ R, (6)

where g is a known function representing the specification of the vorticity on the contour Γ of
the obstacle D. The problem consisting of equations (1), (5) and (6) can actually be split into
a direct Dirichlet problem for Laplace’s equation given by

∆ω = 0 in Ω \D, (7)

ω = g on Γ = ∂D, (8)

ω(x, h) = f3(x), x ∈ R, (9)

and a direct Dirichlet problem for Poisson’s equation given by

∆ψ = ω in Ω \D, (10)

ψ = 0 on Γ = ∂D, (11)

ψ(x, h) = f1(x), x ∈ R. (12)

For the solution of the inverse geometric problem (1)-(4) we develop the MFS and the Trefftz
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method, which, due to their meshless nature, possess certain advantages over traditional domain
or boundary discretization methods [8]. Note that the application of the boundary element
method (BEM) to the biharmonic equation in unbounded two–dimensional domains Ω \ D is
not straightforward due to the appearance of the Stokes paradox, see [11]. For the development
of the MFS for some other inverse boundary value problems for the biharmonic equation in
bounded domains see [34, 41].

3 The method of fundamental solutions (MFS)

All the applications of the MFS for the biharmonic equation have so far been for bounded
domains Ω ⊂ R

d. More specifically, various MFS formulations may be found in [15, 25–27, 33],
and in all the MFS uses the fundamental solution of the biharmonic operator ∆2 given by

E2(x; ξ) =

{

|x− ξ|2 ln |x− ξ|, in two dimensions (d = 2),

|x− ξ|, in three dimensions (d = 3),
(13)

where the multiplying constant 1/(8π) has been omitted since it is incorporated in the un-
known coefficients of the approximation, as described below. The traditional MFS biharmonic
formulation also employs the fundamental solution of the Laplacian operator ∆ given by

E1(x; ξ) =

{

ln |x− ξ|, in two dimensions (d = 2),

|x− ξ|−1, in three dimensions (d = 3),
(14)

where the multiplying constants −1/(2π) for d = 2, and 1/(4π) for d = 3, have been omitted
for the same reason mentioned above. Let Ω1 be a domain which compactly contains Ω, i.e.

Ω ⊂ Ω1, and let us denote by

F 1
Ω(∂Ω1) =

{(
∫

∂Ω1

f(ξ)E1(x; ξ) dS(ξ)

)

x∈Ω

; f ∈ C∞(∂Ω1)

}

,

F 2
Ω(∂Ω1) =

{(
∫

∂Ω1

[f(ξ)E1(x; ξ) + g(ξ)E2(x; ξ)] dS(ξ)

)

x∈Ω

; f, g ∈ C∞(∂Ω1)

}

,

the sets of ”single–layer” potentials for the Laplace and biharmonic equations, respectively,
when the given boundary values and the sought solution are defined on different curves, see [4,
18, 32, 36]. We also define the sets of harmonic and biharmonic functions in Ω, as

P 1
Ω = {u ∈ Hs(Ω) | ∆u = 0 in Ω} , P 2

Ω =
{

u ∈ Hs(Ω) | ∆2u = 0 in Ω
}

, (15)

where Hs(Ω) is the usual Sobolev space with s ∈ R. The following denseness theorem is proved
in [4].

Theorem 1 (see Theorem 2.2 of [4])
Let Ω ⊂ Ω ⊂ Ω1 ⊂ R

d be simply connected bounded domains with smooth boundaries. Then for
any s ∈ R we have

(i) in d = 3 dimensions, F 2
Ω(∂Ω1) is dense in Hs(Ω) ∩ P 2

Ω in the topology of Hs(Ω);

(ii) in d = 2 dimensions, F 2
Ω(∂Ω1)⊕ R⊕ (R · |x|2) is dense in Hs(Ω) ∩ P 2

Ω in the topology of
Hs(Ω), where R · |x|2 = {c(x21 + x22) | c ∈ R, x = (x1, x2) ∈ R

2}.
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In d = 2 dimensions, the method of proof of Theorem 1 utilises the following important
estimates (valid for x ∈ Ω and |ξ| large) derived using Taylor’s series for the function ln(1− t):

|x− ξ|2 = ⟨x− ξ,x− ξ⟩ = |x|2 − 2 ⟨x, ξ⟩+ |ξ|2 = |ξ|2
(

1−
2 ⟨x, ξ⟩

|ξ|2
+

|x|2

|ξ|2

)

,

ln |x− ξ| = ln |ξ|+
1

2
ln

(

1−
2 ⟨x, ξ⟩

|ξ|2
+

|x|2

|ξ|2

)

= ln |ξ|+O

(

1

|ξ|

)

,

|x− ξ|2 ln |x− ξ| =
(

|x|2 + |ξ|2
)

ln |ξ| − (2 |ξ| ln |ξ|+ 1) ⟨x, ξ⟩+
⟨x, ξ⟩2

|ξ|2
+

1

2
|x|2 +O

(

1

|ξ|

)

.

It also uses the fact that that the functions x1, x2, x1x2 and x21 − x22 belong to F 1
Ω(∂Ω1) ⊂

F 2
Ω(∂Ω1), and this is a reason why the first single–layer potential in the definition of the set
F 2
Ω(∂Ω1) needs to be included. One can also get the functions 1 and |x|2 to be in F 2

Ω(∂Ω1)
by ensuring that ∂Ω1 does not coincide with the contours of logarithmic capacity 1 and e−1,
see [14]. Further, in [4] it is stated that Theorem 1 remains valid for more complicated domains
Ω which may be unbounded, multiconnected or may include holes.

In the traditional MFS formulation, the solution ψ of the two–dimensional biharmonic
equation (1) is approximated by a linear combination of fundamental solutions of the form,
see [4].

ψM(c,d,x) =
2M
∑

j=1

[

cj E1(x; ξ
j) + dj E2(x; ξ

j)
]

, x ∈ Ω \D, (16)

where c = [c1, c2, ..., cM ] and d = [d1, d2, ..., dM ] are unknown real coefficients, the 2M = M
source points (or singularities) ξj ∈ R

2 \ Ω for j = 1,M , and ξj ∈ D for j = (M + 1), 2M ,
and E1 and E2 denote the fundamental solutions for the two–dimensional Laplace and the
biharmonic operators, respectively, see (13) and (14),

E1(x; ξ
j) = ln |x− ξj|, E2(x; ξ

j) = |x− ξj|2 ln |x− ξj|. (17)

Clearly, we also have the corresponding MFS approximation of the vorticity

ωM(c,d,x) =
2M
∑

j=1

dj ∆E2(x; ξ
j), x ∈ Ω \D. (18)

Therefore, from (3), (4) and (16), we have

f1(x) =
2M
∑

j=1

[

cj E1(x, h; ξ
j) + dj E2(x, h; ξ

j)
]

, x ∈ R, (19)

f2(x) =
2M
∑

j=1

[

cj
∂E1

∂y
(x, h; ξj) + dj

∂E2

∂y
(x, h; ξj)

]

, x ∈ R, (20)

f3(x) =
2M
∑

j=1

dj ∆E2(x, h; ξ
j), x ∈ R, (21)

f4(x) =
2M
∑

j=1

dj
∂(∆E2)

∂y
(x, h; ξj), x ∈ R, (22)
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where ξj = (ξj1, ξ
j
2) and

∂E1

∂y
(x, h; ξj) =

h− ξj2
|(x, h)− ξj|2

,
∂E2

∂y
(x, h; ξj) = (h− ξj2)

{

1 + ln |(x, h)− ξj|2
}

,

∆E2(x, h; ξ
j) = 4

[

1 + ln |(x, h)− ξj|
]

,
∂(∆E2)

∂y
(x, h; ξj) =

4(h− yj2)

|(x, h)− ξj|2
.

3.1 MFS results for the direct problem given by equations (1), (5)
and (6)

In this subsection, we employ the MFS to solve the direct problem given by equations (1), (5)
and (6) where Γ is the boundary of the disk

D =
{

(x, y) ∈ R
2 | x2 + y2 < R2

0

}

, R0 = 0.6, (23)

with the data (5) and (6) specified by

ψ = 0, ω = ∆ψ = g = 4 on Γ = ∂D, (24)

ψ(x, h) = f1(x) =

(

x2 + 1

2

)

ln

(

x2 + 1

R2
0

)

,

ω(x, h) = ∆ψ(x, h) = f3(x) = 4

[

1 +
1

2
ln

(

x2 + 1

R2
0

)]

, x ∈ R, (25)

where h = 1. Then the direct problem governed by the biharmonic equation (1) subjected to
(24) and (25) has the analytical solution

ψ(x, y) =
1

2

(

x2 + y2
)

ln

(

x2 + y2

R2
0

)

, (x, y) ∈ Ω \D, (26)

which can be verified by direct substitution.

Considering polar coordinates x = r cos(θ), y = r sin(θ), r =
√

x2 + y2, when evaluating
the normal derivatives ∂ψM/∂n = −∂ψM/∂r and ∂ωM/∂n = −∂ωM/∂r on the boundary Γ of
the disk (23), we also need the following expressions:

∂E1

∂r
(x; ξj) =

∂E1

∂x
(x; ξj)

∂x

∂r
+
∂E1

∂y
(x; ξj)

∂y

∂r

=
(x− ξj1)

|x− ξj|2
x

√

x2 + y2
+

(y − ξj2)

|x− ξj|2
y

√

x2 + y2
=

(x− ξj1) x+ (y − ξj2) y

|x− ξj|2
√

x2 + y2
,

where x = (x, y) and ξj = (ξj1, ξ
j
2),

∂E2

∂r
(x; ξj) =

∂E2

∂x
(x; ξj)

∂x

∂r
+
∂E2

∂y
(x; ξj)

∂y

∂r

= (x− ξj1)
(

1 + ln(|x− ξj|2)
) x
√

x2 + y2
+ (y − ξj2)

(

1 + ln(|x− ξj|2)
) y
√

x2 + y2

=

(

(x− ξj1) x+ (y − ξj2) y
)

(1 + ln(|x− ξj|2))
√

x2 + y2
,
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∂(∆E2)

∂r
(x; ξj) =

∂(∆E2)

∂x
(x; ξj)

∂x

∂r
+
∂(∆E2)

∂y
(x; ξj)

∂y

∂r

=
4(x− ξj1)

|x− ξj|2
x

√

x2 + y2
+

4(y − ξj2)

|x− ξj|2
y

√

x2 + y2
=

4
(

(x− ξj1) x+ (y − ξj2) y
)

|x− ξj|2
√

x2 + y2
.

On the sub-boundary y = h = 1, we choose the boundary collocation points xi, i = 1, N,
and the outer source points ξj, j = 1,M, as

xi = (xi, 1), xi = −L+
2(i− 1)L

N − 1
, i = 1, N, (27)

ξj = (ξj1, 1 + δ), ξj1 = −L+
2(j − 1)L

M − 1
, j = 1,M, (28)

where L > 0 is a sufficiently large number such as L = 10 to approximate the infinite real axis
by the finite interval x ∈ (−L,L) = (−10, 10), and δ > 0 is a parameter to be specified. We
also choose the boundary collocation points xN+k ∈ Γ for k = 1,M , and the inner source points
ξM+k ∈ D for k = 1,M , as

xN+k = R0 (cos(θk), sin(θk)) , ξM+k = η xN+k, k = 1,M, (29)

where η ∈ (0, 1) is chosen to be neither too small nor too large [31], and θk =
2π(k − 1)

M
for

k = 1,M . The resulting MFS system of (2N + 2M) linear equations in 4M unknowns is given
by

ψM(c,d,xi) = f1(x
i), i = 1, N, (30)

∆ψM(c,d,xi) = f3(x
i), i = 1, N, (31)

ψM(c,d,xN+k) = 0, ωM = ∆ψM(c,d,xN+k) = g(xN+k), k = 1,M, (32)

where for a unique solution we require N ≥ M . We may rewrite the system of equations
(30)–(32) in generic form

A a = b, (33)

where a = [c,d]T, b =
[

(f1(x
i))i=1,N , (f3(x

i))i=1,N ,0,
(

g(xN+k)
)

k=1,M

]T

,

A =





















E1(x
i; ξj) E2(x

i; ξj)

0 ∆E2(x
i; ξj)

E1(x
N+k; ξj) E2(x

N+k; ξj)

0 ∆E2(x
N+k; ξj)





















, i = 1, N, j, k = 1,M.

The system of linear equations (33) depends on N , M , δ and η and is poorly–conditioned,
[5]. After extensive experimentation with these parameters, we report results obtained with
N = M = 40, η = 0.56 and δ = 1.34, which yield a condition number 5.5× 108 for the matrix
A in (33).

The numerical results are compared with the exact solutions in Figures 2–4. The ψM and
ωM values are computed at the midpoints between the collocation points on the upper boundary
y = h = 1 and on the inner boundary r = R0 = 0.6. Streamfunction and vorticity results are
in excellent agreement with the exact solutions given by

ω(x, y) = ∆ψ(x, y) = 2 ln

(

x2 + y2

R2
0

)

+ 4, (x, y) ∈ Ω \D, (34)
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∂ψ

∂y
(x, 1) = f2(x) = ln

(

x2 + 1

R2
0

)

+ 1, x ∈ R, (35)

∂ω

∂y
(x, 1) =

∂(∆ψ)

∂y
(x, 1) = f4(x) =

4

x2 + 1
, x ∈ R, (36)

∂ψ

∂r
(x, y)

∣

∣

∣

∣

r=R0

=
√

x2 + y2
[

1 + ln

(

x2 + y2

R2
0

)]

= R0, (x, y) ∈ Γ, (37)

∂ω

∂r
(x, y)

∣

∣

∣

∣

r=R0

=
4

√

x2 + y2
=

4

R0

, (x, y) ∈ Γ, (38)

with the obtained results being graphically indistinguishable. However, the accuracy of the
MFS drops visibly in the computation of the derivatives on the boundaries {(x, h) | x ∈ R}∪Γ
and the streamfunction inside the domain Ω \D.
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Figure 2: MFS approximations of the direct problem (1), (5) and (6) on the upper boundary
y = h = 1, as functions of x ∈ (−L,L) = (−10, 10), in comparison with the exact solutions
(26) and (34)-(36).
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Figure 3: MFS approximations of the direct problem (1), (5) and (6) on the inner boundary
r = R0 = 0.6, as functions of θ ∈ [0, 2π), in comparison with the exact solutions (26), (34),
(37) and (38).
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Figure 4: MFS approximation of the direct problem (1), (5) and (6) on the interior circle
r = 0.8, as a function of θ ∈ [0, 2π), in comparison with the exact solution (26).

4 The Trefftz method

An alternative to the MFS is the Trefftz method which is also meshless and, like the MFS,
possesses certain advantages over traditional domain or boundary discretization methods [19].
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Notable, it requires neither domain nor boundary discretisation and does not involve numeri-
cal integration. Furthermore, Trefftz complete functions are very effective for infinite domain
problems. For bounded simply–connected and annular domains, as well as for unbounded ex-
terior domains, the equivalence between the Trefftz method and the MFS for the Laplace and
biharmonic equations has been discussed in [6, 7] and [38], respectively. Moreover, the Trefftz
method has been successfully applied to a variety of direct plane elasticity and Kirchhoff plate
bending problems, see [23, 24].

Following [30], we approximate the streamfunction as if Ω \D were a bounded annulus by
the following expansion of biharmonic functions:

ψN(e, r, θ) = α0 + γ0 r
2 +

N
∑

n=1

rn
(

αn + γnr
2
)

cos(nθ) +
N
∑

n=1

rn
(

βn + δnr
2
)

sin(nθ)

+
(

ϵ0 + η0r
2
)

ln(r) +
N
∑

n=1

r−n
(

ϵn + ηnr
2
)

cos(nθ) +
N
∑

n=1

r−n
(

ζn + ξnr
2
)

sin(nθ), (39)

where N is the truncation number of an infinite series. The 8N+4 unknown coefficients in (39)
are arranged in the vector

e = (e)j=1,8N+4 =
(

(αk, γk, ϵk, ηk)k=0,N, (βk, δk, ζk, ξk)k=1,N

)

. (40)

The various derivatives of the functions involved in the Trefftz approximation (39) required
in (3) and (4) are listed in Table 1.

Table 1: Summary of functions and derivatives involved in Trefftz approximation.

Function u ∂u/∂y ∆u ∂(∆u)/∂y
1 0 0 0
r2 2r sin(θ) 4 0

rn cos(nθ) −nrn−1 sin((n− 1)θ) 0 0
rn+2 cos(nθ) −rn+1((n+ 1) sin((n− 1)θ)− sin((n+ 1)θ)) 4(n+ 1)rn cos(nθ) −4n(n+ 1)rn−1 sin((n− 1)θ)
rn sin(nθ) nrn−1 cos((n− 1)θ) 0 0
rn+2 sin(nθ) rn+1((n+ 1) cos((n− 1)θ)− cos((n+ 1)θ)) 4(n+ 1)rn sin(nθ) 4n(n+ 1)rn−1 cos((n− 1)θ)

ln r (1/r) sin(θ) 0 0
r2 ln r (2 ln r + 1)r sin(θ) 4(ln r + 1) 4 sin(θ)/r

r−n cos(nθ) −(n/rn+1) sin((n+ 1)θ) 0 0
r2−n cos(nθ) −r1−n(sin((n− 1)θ) + (n− 1) sin((n+ 1)θ)) −(4/rn)(n− 1) cos(nθ) (4/rn+1)n(n− 1) sin((n+ 1)θ)
r−n sin(nθ) (n/rn+1) cos((n+ 1)θ) 0 0
r2−n sin(nθ) r1−n(cos((n− 1)θ) + (n− 1) cos((n+ 1))θ) −(4/rn)(n− 1) sin(nθ) −(4/rn+1)n(n− 1) cos((n+ 1)θ)

Another Trefftz method formulation for approximating ψ in the unbounded planar domain
R

2 \D is

ψN(f , r, θ) =(a0 + a1 x+ a2 y) ln(r) + b0 r
2 (ln(r)− 1)

+
N
∑

n=1

r−n [(αn + x γn) cos(nθ) + (βn + y δn) sin(nθ)] , (41)

where in polar coordinates x = r cos(θ), y = r sin(θ) and the vector f of dimension 4N + 4
contains the coefficients a0, a1, a2, b0, (αn)1,N, (γn)1,N, (βn)1,N, (δn)1,N. Our numerical tests
revealed that the Trefftz approximation (39) for the bounded annulus exterior to a simply–
connected obstacle is more accurate than (41) for unbounded planar domains. Therefore, in
the rest of the analysis we shall only employ the former.
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Defining

G1(r, θ) = 1, G2(r, θ) = r2, G3(r, θ) = ln(r), G4(r, θ) = r2 ln(r),

P1n(r, θ) = rn cos(nθ), P2n(r, θ) = r2P1n(r, θ), Q1n(r, θ) = rn sin(nθ),

Q2n(r, θ) = r2Q1n(r, θ), R1n(r, θ) = r−n cos(nθ), R2n(r, θ) = r2R1n(r, θ),

S1n(r, θ) = r−n sin(nθ), S2n(r, θ) = r2S1n(r, θ),

we obtain

ψN(e, r, θ) = α0G1 + γ0G2 +
N
∑

n=1

(αn P1n + γn P2n) +
N
∑

n=1

(βnQ1n + δnQ2n)

+ϵ0G3 + η0G4 +
N
∑

n=1

(ϵnR1n + ηnR2n) +
N
∑

n=1

(ζn S1n + ξn S2n) . (42)

The streamfunction, vorticity and their normal derivatives on the upper boundary are computed
from (42) and

∂ψN

∂y
(e, r, θ) = α0

∂G1

∂y
+ γ0

∂G2

∂y
+

N
∑

n=1

(

αn

∂P1n

∂y
+ γn

∂P2n

∂y

)

+
N
∑

n=1

(

βn
∂Q1n

∂y
+ δn

∂Q2n

∂y

)

+ϵ0
∂G3

∂y
+ η0

∂G4

∂y
+

N
∑

n=1

(

ϵn
∂R1n

∂y
+ ηn

∂R2n

∂y

)

+
N
∑

n=1

(

ζn
∂S1n

∂y
+ ξn

∂S2n

∂y

)

, (43)

ωN(e, r, θ) = α0 ∆G1 + γ0 ∆G2 +
N
∑

n=1

(αn ∆P1n + γn ∆P2n) +
N
∑

n=1

(βn ∆Q1n + δn ∆Q2n)

+ϵ0 ∆G3 + η0 ∆G4 +
N
∑

n=1

(ϵn ∆R1n + ηn ∆R2n) +
N
∑

n=1

(ζn ∆S1n + ξn ∆S2n) , (44)

∂ωN

∂y
(e, r, θ) = α0

∂(∆G1)

∂y
+ γ0

∂(∆G2)

∂y
+

N
∑

n=1

(

αn

∂(∆P1n)

∂y
+ γn

∂(∆P2n)

∂y

)

+
N
∑

n=1

(

βn
∂(∆Q1n)

∂y
+ δn

∂(∆Q2n)

∂y

)

+ ϵ0
∂(∆G3)

∂y
+ η0

∂(∆G4)

∂y

+
N
∑

n=1

(

ϵn
∂(∆R1n)

∂y
+ ηn

∂(∆R2n)

∂y

)

+
N
∑

n=1

(

ζn
∂(∆S1n)

∂y
+ ξn

∂(∆S2n)

∂y

)

, (45)

where (r, θ) are polar coordinate representations of the points x = (x, h) for x ∈ R. The
Laplacian and the y-derivatives of the T-complete functions were presented in Table 1. Simi-
larly, on the inner boundary ∂D the approximations of the streamfunction, vorticity and their
derivatives are given by (42), (44) and

∂ψN

∂r
(e, r, θ) = α0

∂G1

∂r
+ γ0

∂G2

∂r
+

N
∑

n=1

(

αn

∂P1n

∂r
+ γn

∂P2n

∂r

)

+
N
∑

n=1

(

βn
∂Q1n

∂r
+ δn

∂Q2n

∂r

)

+ϵ0
∂G3

∂r
+ η0

∂G4

∂r
+

N
∑

n=1

(

ϵn
∂R1n

∂r
+ ηn

∂R2n

∂r

)

+
N
∑

n=1

(

ζn
∂S1n

∂r
+ ξn

∂S2n

∂r

)

, (46)

11



∂ωN

∂r
(e, r, θ) = α0

∂(∆G1)

∂r
+ γ0

∂(∆G2)

∂r
+

N
∑

n=1

(

αn

∂(∆P1n)

∂r
+ γn

∂(∆P2n)

∂r

)

+
N
∑

n=1

(

βn
∂(∆Q1n)

∂r
+ δn

∂(∆Q2n)

∂r

)

+ ϵ0
∂(∆G3)

∂r
+ η0

∂(∆G4)

∂r

+
N
∑

n=1

(

ϵn
∂(∆R1n)

∂r
+ ηn

∂(∆R2n)

∂r

)

+
N
∑

n=1

(

ζn
∂(∆S1n)

∂r
+ ξn

∂(∆S2n)

∂r

)

, (47)

on r = R0 for θ ∈ [0, 2π).

4.1 Trefftz method results for the direct problem given by equations
(1), (5) and (6)

In this section, we shall apply the Trefftz method based on (39) to the problem described in
Section 3.1, previously solved using the MFS. On collocating the boundary condition (6) at
the points (xi)i=1,N defined in (27) and the boundary condition (5) at the points (xN+k)k=1,M

defined in (29), we obtain the following Trefftz system of 2N + 2M linear equations in the
8N + 4 unknowns involved in the vector e defined in (40):

ψN(e, x
i) = f1(x

i), i = 1, N, (48)

∆ψN(e, x
i) = ωN(e, x

i) = f3(x
i), i = 1, N, (49)

ψN(e,x
N+k) = 0, ωN(e,x

N+k) = g(xN+k), k = 1,M. (50)

For a unique solution we require N +M ≥ 4N + 2 and numerical results are illustrated for
h = 1, L = 10, R0 = 0.6, N =M = 40 and N = 11.

The Trefftz approximations for the streamfunction, vorticity and their normal derivatives in
comparison with the exact solutions are presented in Figures 5–7. The streamfunction and the
vorticity on the boundaries are computed at the midpoints between the boundary collocation
points. It can be observed that the Trefftz method solutions are in excellent agreement with
the exact solutions.
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Figure 5: Trefftz method approximations of the direct problem (1), (5) and (6) on the upper
boundary y = h = 1, as functions of x ∈ (−L,L) = (−10, 10), in comparison with the exact
solutions (26), (34)–(36).
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Figure 6: Trefftz method approximations of the direct problem (1), (5) and (6) on the inner
boundary r = R0 = 0.6, as functions of θ ∈ [0, 2π), in comparison with the exact solutions (26),
(34), (37) and (38).
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Figure 7: Trefftz method approximation of the direct problem (1), (5) and (6) on the interior
circle r = 0.8, as a function of θ ∈ [0, 2π), in comparison with the exact solution (26).

In the next section, we discuss the implementation of the Trefftz method for solving the
inverse problem when the obstacle D is unknown.

5 The inverse problem

In the inverse problem, we seek the boundary of the unknown obstacle D that is submerged in
the region Ω. On the upper boundary y = h we have the measured data of the streamfunction,
vorticity and their normal derivatives. Our aim is to find a contour ∂D = Γ inside the region
Ω where the streamfunction vanishes. We employ regularized least–squares minimization with
the Trefftz method to solve the inverse problem defined by

∆2ψ = 0 in Ω \D, (51)

ψ(x, h) = f1(x),
∂ψ

∂y
(x, h) = f2(x), ω(x, h) = f3(x),

∂ω

∂y
(x, h) = f4(x), x ∈ R, (52)

ψ = 0 over Γ, (53)

where f1 and f3 are as in the equation (25) and f2 and f4 are defined by equations (35) and
(36), respectively.

5.1 Representation of the unknown boundary Γ

We assume that the unknown obstacle D is a star–shaped domain with respect to the origin.
Thus, we can represent its boundary Γ in polar coordinates as

Γ : x = r(θ) cos θ, y = r(θ) sin(θ), θ ∈ [0, 2π), (54)

where r is a 2π-periodic function. On discretizing Γ we have

rk = r(θk), θk =
2π(k − 1)

M
, k = 1,M, (55)

and we then choose the boundary collocation points xN+j ∈ Γ, j = 1,M , as

xN+j = (rj cos(θj), rj sin(θj)), j = 1,M. (56)
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5.2 Regularized least–squares minimization

In the Trefftz expansion (39) there are 8N + 4 unknown coefficients (αk, γk, ϵk, ηk)k=0,N and
(βk, δk, ζk, ξk)k=1,N , and to these we now add the M unknowns (rk)k=1,M for the polar radius in
(55). The above 8N+M+4 unknowns can be determined by imposing the boundary conditions
(2)–(4) in a least–squares sense which leads to minimizing the following functional:

S(e, r) :=
N
∑

i=1

[

{

ψN(e,x
i)− f1(x

i)
}2

+

{

∂ψN

∂y
(e,xi)− f2(x

i)

}2

+
{

∆ψN(e,x
i)− f3(x

i)
}2

+

{

∂(∆ψN)

∂y
(e,xi)− f4(x

i)

}2
]

(57)

+
N+M
∑

k=N+1

[

ψN(e,x
k)
]2

+ λ

[

8N+4
∑

i=1

e2i +
M
∑

k=1

(rk − rk−1)
2

]

,

where r0 := rN and λ ≥ 0 is a regularization parameter to be prescribed [39]. The penalty
term containing the parameter λ has been included in (57) in order to improve the stability of
solution. Also, the slopes f2 and f4 come from practical measurements, which are inherently
contaminated with noisy errors, and therefore, in (57) we replace f2 and f4 by

f
(p)
ℓ (xi) = (1 + ρi p) fℓ(x

i), i = 1, N, ℓ = 2, 4, (58)

where p represents the percentage of noise and ρi for i = 1, N , are pseudo–random numbers
drawn from a uniform distribution in (−1, 1) using the MATLAB➤ rand routine.

The minimization of the functional (57) subject to the simple bounds on the variables
(ensuring that D ⊂ Ω = {(x, y)|x ∈ R, y ∈ (−∞, h)}),

0 < rk <
h

| sin(θk)|
, k = 1,M, (59)

and 10−10 ≤ e ≤ 1010, is performed iteratively using the MATLAB➤ routine lsqnonlin which
is based on trust–region–reflective algorithm. In the routine, Step Tolerance and Function

Tolerance are set to 10−25. Note that if k ∈ {1, M
2
+ 1} in the above expression, we take the

right–hand side upper bound to be a large number such as 1010. The initial guess is arbitrary,
such as e(0) = 0 and r(0) = 0.8h. We also take h = 1, L = 10, N = 100, M = 48 and N = 9.
Extensive trial and error computations for various numbers of Trefftz functions N in (39) and
numbers of boundary collocation points N and M in (48)–(50) have been performed to deter-
mine suitable values that can be selected to illustrate typical numerical results. Nevertheless,
more rigorous machine learning choices and error analysis need to be undertaken in the future.
For the choice of the regularization parameter λ in (57) we choose the smallest λ ≥ 0 for which
a free of oscillations stable solution is obtained [10]. More rigorous criteria, for example based
on the discrepancy principle [12] or the L-curve method [17], could also be employed. All com-
putations have been carried out in MATLAB➤ on a 16GB RAM computer with Intel➤ Core➤

i7 processor.

6 Numerical results and discussion for the inverse prob-

lem

Figure 8 displays the decreasing convergent behavior of the logarithmic scaled functional values
of S(e, r) given by the equation (57), as a function of the number of iterations of the lsqnonlin
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MATLAB➤ routine for various regularization parameters λ ∈ {0, 10−12, 10−6, 10−3} in case the
data (58) is noiseless, i.e. p = 0 in (58). The detected objects at various iterations in the no
regularization case (λ = 0) are visualized in Figure 9. The algorithm converges as the iteration
number increases to a shape that is a reasonable approximation of the exact circle of radius
R0 = 0.6.

In Figure 10, the detected objects after 400 iterations for various regularization parameters
λ are compared with the exact disk. From this figure it can be seen that when λ = 10−12 and
10−6 symmetric artifacts are present which are, however, removed when λ = 10−3.

Figure 11 shows the convergence of the objective function (57) with λ = 10−3, when
p ∈ {0, 0.1%, 1%} noise is included in the data (58). Compared to Figure 8 many more
iterations are run in Figure 11 in case of noisy data.

In Figure 12, the detected objects with λ = 10−3, for p ∈ {0, 0.1%, 1%} noisy data (58), after
3500 iterations, are visualized. The Trefftz method with regularized least–squares minimization
(57) shows a good performance in detecting the circle for small noisy data. However, the recon-
struction becomes more sensitive and deteriorates as the amount of noise increases, indicating
the limitations of the information content that the noisy measured data (58) encapsulates.
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Figure 8: The objective function (57) versus the number of iterations for λ ∈
{0, 10−12, 10−6, 10−3} when the data (58) is noiseless, i.e. p = 0. The CPU times required
for these computations were 367 seconds, 362 seconds, 361 seconds and 359 seconds for λ = 0,
λ = 10−12, λ = 10−6 and λ = 10−3, respectively.
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Figure 9: The detected object at various iterations, without regularization (λ = 0), when the
data (58) is noiseless.
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Figure 10: The detected object after 400 iterations for various regularization parameters λ. The
dotted lines are the inverse problem solutions and the continuous lines show the exact circular
boundary of the immersed object.
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Figure 11: The objective function (57) versus the number of iterations for λ = 10−3, when
the data (58) is contaminated by p ∈ {0, 0.1%, 1%} noise. The CPU times expended for these
computations were 3254 seconds, 3099 seconds and 3131 seconds for p = 0, p = 0.1% and
p = 1%, respectively.
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Figure 12: The detected objects with λ = 10−3, for p ∈ {0, 0.1%, 1%} noisy data (58), after
3500 iterations.

6.1 Detection of a pear–shaped domain

In this example, we consider a more complicated pear–shaped domain D with its boundary Γ
given by the radial representation [35],

r(θ) =
1

3.5

√

(−0.25 + 1.3 cos(θ) + 0.5 cos(2θ))2 + 2.25 sin2(θ), θ ∈ [0, 2π). (60)
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In this case the inward normal derivative to Γ is given by

n(θ) =
1

√

r2(θ) + (r′)2(θ)

(

−r′(θ) sin(θ)− r(θ) cos(θ), r′(θ) cos(θ)− r(θ) sin(θ)
)

.

We take the Dirichlet data (3) to be

f1(x) = e−x2

, f2(x) = 0, x ∈ R, (61)

on the upper boundary (y = h = 1). Since in this case no analytical solution is available,

the vorticity f3(x) = ∆ψ(x, 1) and its slope f4(x) =
∂(∆ψ)

∂y
(x, 1) for x ∈ R, are numerically

simulated by solving, using the Trefftz method, the direct well–posed problem







































∆2ψ = 0, in Ω \D,

ψ(x, 1) = e−x2

, x ∈ R,
∂ψ

∂y
(x, 1) = 0, x ∈ R,

ψ = 0, on Γ,
∂ψ

∂n
= 0, on Γ,

(62)

where
∂ψ

∂n
is the normal derivative of ψ on Γ. For the well-posedness of the direct problem (62),

see [3]. Since the data in (61) decays rapidly at ±∞, we take L = 3 in (27) and (28).

Figures 13–15 display the numerical results of the direct problem (62) when N = 187,
M = 150 and N = 14.
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Figure 13: Trefftz method approximations of the direct problem (62) on the upper boundary
y = h = 1, as functions of x ∈ (−L,L) = (−3, 3), obtained with N = 187, M = 150 and
N = 14, in comparison with the available boundary data (61).
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Figure 14: Trefftz method approximations of the direct problem (62) on the inner boundary
r = r(θ) given by eq. (60), as functions of θ ∈ [0, 2π), obtained with N = 187, M = 150 and
N = 14, in comparison with the available boundary data ψ = ∂ψ/∂n = 0, see (62).
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Figure 15: Trefftz method approximation of the direct problem (62) on the interior circle
r = 0.8, as a function of θ ∈ [0, 2π), obtained with N = 187, M = 150 and N = 14.

From Figures 13 and 14 it can be observed that there is a very good agreement between the
numerical solutions and the exact input data for ψ and ∂ψ/∂n on the boundary

{(x, h = 1) | x ∈ (−L,L) = (−3, 3)} ∪ {r(θ)(cos(θ), sin(θ)) | θ ∈ [0, 2π)} .
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The numerically obtained data for f3(x) = ωN(x) and f4(x) = (∂ωN/∂n)(x) for x ∈
(−L,L) = (−3, 3) shown in Figure 13 was used as input in the minimization of (57), but
the results were not satisfactory manifesting high instabilities. In order to overcome this diffi-
culty, we employ a model reduction by replacing the general representation (55) with a finite
parametrization using trigonometric polynomials given by

r(θ) = a0 +
K
∑

k=1

(ak cos(kθ) + bk sin(kθ)) , θ ∈ [0, 2π), (63)

where the vectors of unknown coefficients a = (ak)k=0,K and b = (bk)k=1,K are replacing the
vector r = (rk)k=1,M in (57). We also need to replace the constraints (59) by −0.7 < a,b < 0.7.
The initial guesses for a and b are randomly selected within a ±20% perturbation of the
simulated values for a and b obtained by fitting (in a least–squares sense) the approximation
(63) with K = 6, the exact pear–shaped image radial function (60). As can be seen from
Figure 13, the f3 and f4 data, generated by solving the direct problem (62), are large near the
end points of (−3, 3) which leads to convergence issues in the solution of the inverse problem.
To overcome this difficulty, we solve the direct problem for L = 3, but collect the f3 and f4 data
from the interval (−2, 2) and then solve the inverse problem when L = 2. The upper boundary
discretization is adjusted accordingly by taking N = 125 while keeping M and N the same as
in the direct problem to M = 150 and N = 14. Noise is added to the boundary data f3 and f4
by taking

f
(p)
ℓ (xi) = (1 + ρi p) fℓ(x

i), i = 1, N, ℓ = 3, 4, (64)

the objective function

S(e, a,b) :=
N
∑

i=1

[

{

ψN(e,x
i)− f1(x

i)
}2

+

{

∂ψN

∂y
(e,xi)− f2(x

i)

}2

+
{

∆ψN(e,x
i)− f

(p)
3 (xi)

}2

+

{

∂(∆ψN)

∂y
(e,xi)− f

(p)
4 (xi)

}2
]

+
N+M
∑

k=N+1

[

ψN(e,x
k)
]2

+ λ1

8N+4
∑

i=1

e2i + λ2

[

K
∑

k=0

a2i +
K
∑

k=1

b2i

]

, (65)

is minimized. Since the inverse geometric obstacle problem under investigation is ill-posed we
have found necessary to stop the iterations at appropriate thresholds before the instabilities
start to manifest. The numerically obtained results illustrated in Figures 16 and 17 show
accurate and stable reconstructions of the pear-shaped domain (60).

As a second investigation for this example we solve the inverse problem on (−3, 3) (i.e.
L = 3), but only use f3 and f4 data from (−2, 2) to overcome the difficulties due to the large
values in f3 and f4 close to end points of the interval (−3, 3) and also to consider the case of
partial measurements of f3 and f4. In the objective function given by (65), we still takeN = 187,
M = 150 and N = 14, but in the third and the fourth terms we only use the nodes xi ∈ (−2, 2)
and ignore the rest. The convergence of the objective function and the reconstructed objects
are depicted in Figures 18 and 19, respectively. When there is no noise in the f3 and f4 data,
regularization with λ1 = 0, λ2 = 0.1 performs well in the detection of the obstacle. That is,
no regularization is required for the coefficients e of the Trefftz approximation. However, when
p = 0.1% noise is added, both e and (a,b) need to be regularized by taking λ1 = λ2 = 0.1 in
(65).
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Figure 16: Convergence of the objective function S(e, a,b) given by (65) when there is p ∈
{0, 1%} noise in the data f3 and f4, with the corresponding regularization parameters. The
CPU times expended for these computations were 301 seconds and 314 seconds for p = 0 and
p = 1%, respectively.
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Figure 17: The exact object, the initial guess in the lsqnonlin routine and the reconstructed
obstacles in case of the finite-dimensional parametrization (63) with K = 6 for p ∈ {0, 1%}
noise in the f3 and f4 data, and corresponding regularization parameters.
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Figure 18: Convergence of the objective function S(e, a,b) given by (65) when L = 3 and
the data f3 and f4 are taken from (−2, 2) for p ∈ {0, 0.1%} noise, with the corresponding
regularization parameters. The required CPU times for these computations were 154 seconds
and 155 seconds for p = 0 and p = 0.1%, respectively.
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Figure 19: The exact object, the initial guess in the lsqnonlin routine and the reconstructed
obstacles in case of the finite-dimensional parametrization (63) with K = 6 when L = 3 and
f3 and f4 data are taken from (−2, 2) for p ∈ {0, 0.1%} with the corresponding regularization
parameters.

7 Conclusions

We have applied, apparently for the first time, the MFS and the Trefftz method for the numer-
ical solution of direct boundary value problems for the two–dimensional biharmonic equation
in a special unbounded domain exterior of an obstacle but bounded above by a horizontal fluid
level y = h. Both methods, when applied to the direct problem produced highly accurate
results. For the associated inverse geometric problem, the MFS failed to yield satisfactorily
accurate reconstructions. Contrarily, the Trefftz method, applied iteratively for minimizing the
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nonlinear Tikhonov regularising functional subject to simple bounds on the variables, yielded
accurate and stable reconstructions of the unknown submerged obstacle. Several challenges were
encountered in this application (e.g., for the irregular pear-shaped example (60), a model reduc-
tion based on trigonometric polynomials parametrisation (63) was required), but the numerical
results presented and discussed for two different examples indicate that accurate and stable
reconstructions of the obstacle from (up to 1%) noisy measurements of the unspecified values
on the top horizontal boundary can be reproduced with the proposed method. Other examples
involving the retrieval of different obstacle shapes such as a peanut, bean or kite [22,29,35] are
likely to present similar features and challenges to those encountered for the pear–shape (60)
investigated in Section 6.1. Possible areas of future extensions are: (i) the detection of multiple
obstacles and (ii) unsteady Stokes flows with an unknown obstacle [40].
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