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Advances in digital sensors, digital data storage, and communications have resulted in systems being capable of accumulating
large collections of data. In light of dealing with the challenges that large volumes of data present, this work proposes solutions
to inference and filtering problems within the Bayesian framework. Two novel sequential Markov chain Monte Carlo
(SMCMC) frameworks are proposed for nonlinear and non-Gaussian state space models, able to deal with large volumes of
data (or observations). These are SMCMC frameworks relying on two key ideas: (1) a divide-and-conquer type approach
computing local filtering distributions, each using a subset of the data, and (2) subsampling the large data and utilizing a
smaller subset for filtering and inference. Simulation results highlight the large computational savings that can reach 90% by
the proposed algorithms when compared with a state-of-the-art SMCMC approach.

Keywords: adaptive subsampling; big data; distributed sensor network; parallel processing; sequential Markov chain Monte Carlo

1. Introduction

Advances in technology have led to an explosion of large
volumes of data in many scientific and engineering domains
[1-3]. In general, increases in data stream complexity result
in increased computational complexity and algorithmic
instability [4]. Bayesian methods have been a popular choice
for data processing in many applications with low volumes
of data for several decades. They have several advantages
over competing approaches which include the ability to
incorporate prior knowledge, a principled approach to quan-
tifying uncertainty, model flexibility, and reduction in over-
fitting [5]. Even so, there has been a slow adoption of
Bayesian methods in the era of large volumes of data due
to a general lack of scalable solutions [5]. However, recent
developments in the efficiency of Bayesian methods for var-
ious processing tasks have demonstrated that viable Bayes-

ian solutions exist, such as the development of scalable
Gaussian processes for regression [6].

In this paper, the processing task of interest is the esti-
mation of the current signal state using only observations
available up to the present time from a sequence of large
data volumes. The need for signal estimation occurs in a
wide variety of fields, for example, object tracking in sensor
networks [7], econometrics [8], and biomedical image pro-
cessing [9]. In a Bayesian framework, this involves the
sequential inference of the filtering distribution associated
with a state space model. The solution is referred to as the
Kalman filter [10] when the state space model is linear and
Gaussian. However, there is typically no analytically tracta-
ble solution when the state space model is nonlinear and/
or non-Gaussian. Several algorithms which achieve sequen-
tial inference in such systems through approximations have
been proposed. One such class of techniques is referred to as
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sequential Monte Carlo (SMC) methods [11], or particle fil-
ters (PFs), which involve a weighted discrete approximation
of the filtering distribution and utilize importance sampling.
PFs have been successfully applied to many areas.

1.1. Related Works. In recent years, there has been an
increased focus in the literature to develop novel theories
and methods to address large-scale problems. In the context
of sequential Bayesian inference, large-scale problems can be
described by a high-dimensional state space and a large
number of observations. In high-dimensional problems,
the PF is prone to weight degeneracy [12, 13]. In [14], a
Markov chain Monte Carlo (MCMC) kernel was applied
after the resampling stage of the PF to reduce degeneracy.
Several approaches have focused on exploiting local spatial
dependencies in high-dimensional state space models by
dividing the state space into a collection of lower dimen-
sional subspaces within the context of particle filtering.
These include the block PF [15, 16], the space-time PF
[17], nested SMC [18], and divide-and-conquer SMC [19].
A related but promising alternative to the PF framework is
the sequential MCMC (SMCMC) method [20-23], which
has been successfully applied in several challenging areas
[24, 25]. In contrast to importance sampling, used within a
PF framework, the SMCMC method utilizes MCMC sam-
pling, which does not rely on a weighting mechanism. Both
importance sampling and MCMC sampling are susceptible
to the curse of dimensionality. However, the latter has been
shown to empirically perform better in high-dimensional
systems [26], and the authors in [27] established conditions
under which SMCMC can outperform standard SMC in
terms of asymptotic variance of the corresponding Monte
Carlo (MC) estimators through statistical analysis. In addi-
tion, the authors in [28] discuss different MCMC kernels
for high-dimensional SMCMC. This work was extended in
[29] where a composite Metropolis—Hastings (MH) kernel
using invertible particle flow within the SMCMC framework
to improve the acceptance rate for high-dimensional prob-
lems is presented.

The focus of this paper is not on addressing the curse of
dimensionality, but rather on the challenges introduced by a
large number of observations. In this case, sampling
methods can lead to computational complexity which is
problematic in time-sensitive filtering applications. Research
on computationally efficient implementations of SMC
methods has focused on making the structure of the PF par-
allel [30], particularly the resampling step [31], which can
then be used in distributed processing applications [32].
However, this typically includes approximations to achieve
a solution and still requires processing of all the data which
can be particularly problematic when the computational
complexity of evaluating a single observation is large.

Within the MCMC framework, there have been many
different approaches proposed for dealing with large datasets
for static systems. Two fundamentally different strategies
exist: the development of dataset compression techniques
applied prior to Bayesian computation with classical
approaches and the development of scalable methods for
Bayesian computation without dataset compression. A
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recent example of the former is weighted subsets of data
points, referred to as coresets, which can be used for poste-
rior inference [33]. However, there are many limitations
and open challenges related to coreset construction [34],
and it is common practice to apply redundant information
removal with classical signal preprocessing techniques in
time-sensitive filtering applications. The focus of the paper
is thus on the latter strategy of scalable Bayesian computa-
tion without dataset compression.

The proposed methods can be categorized as either par-
allel or iterative strategies. In terms of parallel strategies,
approaches can be further categorized as one-shot or multi-
shot learning. In the former case, only one round of commu-
nication is required. Given the focus on time-sensitive
filtering applications, only one-shot learning approaches
are further explored (refer to [34] for a review covering mul-
tishot learning approaches). Techniques based on single-
shot learning, also referred to as divide and conquer,1 focus
on subdividing the measurements and running separate
MCMC samplers in parallel on each subdivided set of mea-
surements. The samples from the separate MCMC samplers,
referred to as local samples, are then combined to obtain
samples from the complete posterior distribution, referred
to as global samples. The divide-and-conquer techniques
differ in how the local samples are combined to obtain the
global samples. In [37], global samples are obtained as a
weighted average of the local samples. This approach is only
theoretically valid under a Gaussian assumption. In [38], the
local posterior from the separate MCMC samplers is
approximated as a Gaussian or with a Gaussian kernel den-
sity estimation. Global samples can then be obtained
through the product of the local densities. This work was
further extended for time series analysis in [39]. This idea
is also further developed in [40] by representing the discrete
kernel density estimation as a continuous Weierstrass trans-
form. In [41], the combination is based on the geometric
median of the local posteriors which are approximated with
Weiszfeld's algorithm by embedding the local posteriors in a
reproducing kernel Hilbert space. Divide-and-conquer tech-
niques typically struggle in applications where the local pos-
teriors substantially differ, and if they do not satisfy Gaussian
assumptions. In [42, 43], a divide-and-conquer strategy is pro-
posed which attempts to overcome the challenge of different
local posteriors and relaxes the Gaussian assumption to a
more general assumption of a posterior distribution from the
exponential family. The approach is based on the expectation
propagation (EP) algorithm. In this approach, the separate
MCMC samplers exchange sufficient statistics, resulting in
each individual MCMC sampler converging to the global pos-
terior. Recently, more complex models have been proposed to
address specific issues such as mode collapse, model mis-
match, and underrepresented tails when combining results
from different local posteriors. Notable examples include
[44], which presents a parallel active inference method incor-
porating Gaussian process surrogate modeling and active
learning; [35], which introduces a method based on applying
affine transformations to the local posterior samples; and
[36], which uses diffusion generative modeling to fit density
approximations to the local posteriors.
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Iterative strategies rely on computing an approximation
based on a subset or minibatch of the entire dataset.
Methods which adopt this approach can be categorized as
exact or inexact, depending on whether the target distribu-
tion remains the true posterior distribution. Exact methods
typically impose strict constraints on the posterior distribu-
tion or have limited computational speedups due to various
reasons. They can be further decomposed into approaches
which rely on an unbiased estimation of the likelihood using
unbiased estimates of the log likelihood [45, 48] and
approaches based on a factorized version of the MH accep-
tance probability. Recent examples of the latter include
approaches that focus on delayed acceptance schemes [46,
47] and methods which assume a strictly positive lower
bound on the log likelihood that accumulates tractably when
summed over many observations [48-50], additionally uti-
lizing control variates [51, 52]. Inexact methods approxi-
mate the MH acceptance ratio to within an error tolerance,
implicitly trading off exactness for increased computational
gain. Inexact approaches with random sampling of the mini-
batches include approaches based on confidence intervals
[53-55] and an approach based on the noise-tolerant Barker
acceptance test [56]. An inexact approach with sampling
informed by measured summary statistics and a fixed size
of observations in a minibatch is proposed in [57]. SMC
samplers [58], population MCMC approaches [59], adaptive
importance sampling [60, 61], and MCMC with tensor fac-
torization [62] are other approaches that have been proven
efficient.

1.2. Contributions. The key contributions of this paper con-
sist of the development and comparison of two different
frameworks for efficient Bayesian filtering with large vol-
umes of data: (i) A divide-and-conquer SMCMC framework
is proposed for dynamic systems based on the processing of
batches of data in parallel. This is demonstrated with an
implementation via the EP algorithm and gives a computa-
tionally efficient parallelized solution. (ii) A subsampling
SMCMC framework is proposed for dynamic systems. This
is demonstrated with an implementation based on adaptive
subsampling. Initial ideas for the implemented approach
and results were introduced in [63], while in this paper,
the framework is generalized, and the likelihood functions
are derived for applications with measurement origin uncer-
tainty, that is, by solving the data association problem. (iii)
Extensive evaluation and wvalidation of the developed
approaches is performed and compared with the state-of-
the-art SMCMC approach over two testing examples,
including tracking in a complex wireless sensor network
(WSN) with clutter.

This paper presents unpublished methods and results
that are part of the first author's dissertation [64]. The struc-
ture of the frameworks proposed in this paper is presented
in Figure 1. While the generic SMCMC framework utilizes
all available data (as shown in Figure 1a), the two proposed
SMCMC frameworks employ a fraction of the data. The sub-
sampling SMCMC framework (as shown in Figure 1b) is
demonstrated with an approach which performs uniform
subsampling by a pseudolikelihood term derived in this

paper. The proposed divide-and-conquer SMCMC frame-
work (as shown in Figure 1c) has a different mechanism to
select the data by computing local filtering distributions.

The rest of the paper is organized as follows. Section 2
gives the problem formulation. Section 3 presents the
divide-and-conquer SMCMC framework, and Section 4 pre-
sents the subsampling SMCMC framework. Section 5 yields
the performance validation results. Conclusions are summa-
rized in Section 6. The expressions of the likelihood calcula-
tion needed for Section 5 are given in the Appendix.

2. Problem Formulation

Consider x; € R™, the latent state vector of interest at time
ty with k=1, ---, T € N. The evolution of the latent state vec-
tor is given by a Markov process. Thus, the joint distribution
of the latent state vector is

T

plerr) = ulxo) [ Feloeloe ) (1)

k=1

where p(x,) is an initial probability density function (pdf)
and f,(x;|x;_,) is referred to as the state transition pdf.
The data received up till time ¢, is represented by z,, = {z;
,-+» 2 }. The data received at each time f, are represented

by a set z, ={z}, ZQ/I"}, where M, is the total amount of
data and z} € R™. Each z} is a partial and noisy function
of x;. The data is considered conditionally independent,
resulting in

T

p(ZI:T|x1:T) = Hgk(zk‘xk)’ (2)

k=1

where g, (z|x;) is referred to as the likelihood pdf. The
inference problem is described as the estimation of the latent
state vector given the data. In a Bayesian framework, this is
encapsulated by the posterior distribution:

P(x1klz1) 0 gy (zixi ) fr (X)) P X1kt [Z1aer)- - (3)

Further, in this paper, the focus is on applications where
online estimates of the latent state vector are required. This
translates into the problem of sequentially determining a
marginal of the posterior distribution referred to as the fil-
tering distribution, p(x;|z;,). The filtering distribution
infers the latent state vector at the current time step for the
data observed thus far:

p(xlz1x) o< gp(2ic|xx) Jfk(xk|xk—1)p<xk—1 |21 1) A%y (4)

The filtering distribution represents the online updated
uncertainty about the latent state vector after assimilating
the most recent data. From this distribution, it is possible
to extract point estimates and any other posterior expecta-
tions needed for decision-making.
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Received observations

Compute filtering
distribution using the
data

(a) Generic sequential MCMC framework

(b)

International Journal of Distributed Sensor Networks

Received observations

Compute filtering
distribution using a
subset of the data

Subsampling sequential MCMC framework

Received observations

Compute local
filtering distribution
using a subset of the

data

<>

Compute local
filtering distribution
using a subset of the

data

(c) Divide-and-conquer sequential MCMC framework with two computing nodes

Fi1GURE 1: How data are processed in the proposed SMCMC frameworks compared with the generic SMCMC framework at each discrete

time step.

2.1. SMCMC. An analytical solution to Equation (4) is typi-
cally intractable when the state space model is characterized
by nonlinearities and/or non-Gaussian noise. To overcome
this issue, sampling-based approaches approximate the fil-
tering distribution by a discrete set of samples. In the case
of SMCMC, sampling from the filtering distribution directly
is more computationally expensive than sampling from the
posterior distribution [28]. To obtain samples from the pos-
terior distribution, SMCMC methods replace the posterior
distribution at the previous time f,_; by an empirical
approximation based on previous iterations of the algorithm
in the previous recursion. Therefore, the posterior distribu-
tion is given by

P(xrelzin) o< gp(ziloxi) f e (el xe-1)P (%161 121221 (5)

where
ﬁ(xlzk—l |lek—1) =~

i N,+N
j b ;
where {Xk_l’lzk_l}jﬂ\rb+1 denotes the N post-burn-in states

of a Markov chain with kernel #_, and invariant distribu-
tion, p(x;.._|2,4_1) (each sample lies in the path space,
R*-U%), N, is the number of discarded burn-in samples, j
is the sample index, and &, is the Dirac measure. Finally,
an approximation for the filtering distribution is represented
by the last N samples at time #;:

Ny+N

Pl = 1 Y. Oy (ds). )

j=N,+1

This procedure is summarized by Algorithm 1.

It is important to note that the method as described is
forward-only since the focus is on determining the filtering
distribution. Fixed-lag smoothing could be layered on top
by augmenting the kernel if desired. Also, because the latent
process is Markovian, the filtering distribution at time ¢,
depends only on the most recent state. As a result, only the
Ny+N
Jj=N,+1
be stored, rather than complete path histories.

samples from the previous step, {X{{_Lk_l} , need to

3. Divide-and-Conquer SMCMC

A natural mechanism to tackle the challenge of large
amounts of data in an MCMC framework is to divide the
data into batches for processing and then to combine the
results [37-39, 43]. This approach is reliant on the availabil-
ity of a processing platform which supports parallel process-
ing of batches of data. The optimal strategy for separating
data into subsets will also be dependent on the processing
platform's processing capabilities. In the case of a sequential
data stream, the separation of data into subsets, parallel pro-
cessing, and combination of the results must be completed
within each time step. This emphasizes the additional
requirement for an efficient communication link between
the computing nodes within the processing platform and
to favor approaches which transmit minimal information
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1: if k=1 then
2: forj=1,.,N+N,do
3: Sample X}, ~ %, (X}, ) with %, an MCMC kernel of invariant distribution p(x, |z,) o (x,)g, (2, |x,)
4: end for
5: else if k>2 then
6: Sample X, ~ %, (Xf;ll:k, -) with %} an MCMC kernel of invariant distribution Equation (5)
7: end if
8: Approximation of the smoothing distribution with the following empirical measure,
Ny, +N
p(xlzk|zlrk) = % . Z 6Xj _’(dxl:k)
N+l Rk
9: Approximation of the filtering distribution according to Equation (7)
ALGorITHM 1:Generic sequential Markov chain Monte Carlo [28].
. . T
between computing nodes. How accurately the derived n(x|n) = h(x)g(n) exp {,1 u(xy) }, (9)

global filtering distribution approximates the true global fil-
tering distribution is dependent on the local filtering distri-
butions and the mechanism used to combine them. The
divide-and-conquer SMCMC framework is summarized in
Algorithm 2. The overhead associated with processing the
data into batches and distributing the batches to computing
nodes is considered outside the scope of this paper. It is
worth noting that in certain applications, this processing
overhead is naturally nonexistent. For example, in the case
of a distributed sensor network, subsets of measurements
occur naturally as each sensor in the network collects data.

3.1. Expectation Propagation Sequential Markov Chain
Monte Carlo (EP-SMCMC). To illustrate the divide-and-
conquer SMCMC framework, consider the EP-SMCMC
approach. In this case, utilization of concepts from EP
[43], which is a variational message passing scheme [65], is
used for the combination of the results from the computing
nodes. This approach is particularly well-suited for SMCMC
with large volumes of data since the intercomputing node
overhead is restricted to a small number of fixed parameters,
and the EP framework allows for the incorporation of infer-
ence from all the other computing nodes as a prior in the
inference step for any given computing node.

Consider the case where the set of measurements, z;, can
be divided into D disjoint subsets, z , -+, z; p of size M ,,
-+, My p (each z 4 contains M, 4 vectors in R":), with the
assumption that the subsets are conditionally independent,
such that z; = U§:1Zk,d and z;; () z,; =9 : i # j. The poste-
rior distribution in Equation (5) is further factored:

D

POerlzin) o (X1 P(X 11 [Z14-1) H Ird(Zralxi)-

d=1
(8)

The D subsets of measurements are processed in parallel
on D computing nodes. Sampling from the global filtering
distribution is achieved by first approximating the likelihood
of the D — 1 sets of measurements from the other computing
nodes with a distribution from the exponential family:

where u(x;) are fixed sufficient statistics of the chosen fam-
ily, h(x;) is a base measure, and g(#) is the normalizer. The
vector # collects the natural parameters (NPs) for that family
which uniquely specifies the density 7(e|#). In the proposed
approach, the NPs, which are independent of the number of
measurements in the subset, are cheaply distributed between
computing nodes. Thus, the local posterior distribution for
an individual computing node is given by

Pa(*1klz1x) < Gy a(Zralxi) k(xk|xk-1)13(x1;k-1|Z1;k—1)H7T(xk|’7i)-
itd
(10)

Each local posterior distribution, Equation (10), is thus
an approximation of the global posterior distribution in
Equation (8) in which each true likelihood g, (e|x;) is
replaced by its exponential family proxy 7(e|#;).

The algorithm proceeds iteratively, beginning with the
application of an appropriate MCMC kernel with invariant
distribution Equation (10) on each computing node. The
NPs of each computing node, 7, are then determined. This
is achieved by firstly considering the local filtering distribu-
tion:

Pa(xilzy) o gk,d(zk,d‘xk)ﬁ(xk|zl:k—l)Hﬂ(kai)' (11)
i#d

A discrete approximation for the local filtering distribu-
tion can be cheaply obtained from the MCMC samples
drawn from the local posterior distribution as in Equation
(7). Further, by replacing the likelihood expression with
the approximate likelihood term, we obtain

Pa(X|z14) o 7T<xk|7ld)ﬁ(xk|zlzk—l)Hn(xk|’7i>' (12)

i#d

The idea is to select the NPs, 7, in a way that results in
the minimization of KL(p,(x|z.)||ps(Xk|21.4))> where KL(
-) refers to the Kullback-Leibler divergence. It has been
shown [66] that the minimization occurs when
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fork=1,...,T do

end for

end for

1:
2: [IF REQUIRED] Separate data into batches and distribute to computing nodes

3: for d=1,..,D do {Computing node index (complete in parallel)}

4: Generate discrete approximation of the filtering distribution local to each computing node according to Algorithm 1.
5:  Extract compressed representative information of the local filtering distribution approximation.

6: Share the information with the other computing nodes, i.e. D \ d computing nodes.

7

8

9:

:  Combine the information from all the computing nodes to obtain an approximate global filtering distribution.

ArcoriTHM 2: Divide-and-conquer sequential Markov chain Monte Carlo.

Epualon [#090) = Bp o [ ()1 (3:6)

where [E[] represents the mathematical expectation, which
corresponds to matching the expected sufficient statistics.
Approximating the discrete distributions with the same
exponential family as the likelihood term approximation,
that is, 7(x[17;4) = pa(xilz1) and 7(xlm, o) = p(lZ101),
results in the NPs being determined by

Na=MNra— (Wp,d + Z’?i) > (13)
i#d

where 77, ; and 7 ; are the NPs of the approximated predic-

tive and filtering distribution, respectively. Finally, the NPs
are distributed to all D\ d computing nodes, followed by
the next iteration.

The number of iterations is dependent on the rate of
convergence of 7, and is treated as a fixed parameter. The
EP-SMCMC method is summarized as Algorithm 3.

4. Subsampling SMCMC

An alternative to divide-and-conquer SMCMC is to only
evaluate a subset of the data. In this approach, the require-
ments on the processing platform, including the ability to
support dedicated parallel processing of batches of data
and efficient communication between computing nodes,
are no longer essential. However, it is assumed that the pro-
cessor has access to the entire dataset. In a sequential setting,
the challenge is in selecting a subsample of the data at each
time step which, when processed by an MCMC kernel, is
able to generate samples which accurately approximate the
filtering distribution, Equation (7). This is a twofold problem
since the subsampling mechanism is required to determine
both which data to process, as well as how much of the data
to process. In the case of a sequential data stream, the com-
putational complexity required to generate the subsample of
data to be evaluated is required to be minimal to maximize
the time available for inference. The subsampling SMCMC
framework is represented algorithmically by Algorithm 1,
with the exception that the MCMC kernel only processes a
subset of the data. It is important to note that the choice of
MCMC kernel will impact how accurately the filtering distri-
bution approximates the true filtering distribution.

4.1. Adaptive Subsampling Sequential Markov Chain Monte
Carlo (AS-SMCMC). To demonstrate the subsampling
SMCMC framework, consider the AS-SMCMC approach.
In this case, the confidence MH kernel proposed in [55] is
considered. The confidence sampler leverages confidence
bounds based on concentration inequalities to automatically
select the subsample.

Unlike in the generic SMCMC and EP-SMCMC
approaches, AS-SMCMC is restricted to applications with
MH-based MCMC kernels, although this is not true of the
general subsampling SMCMC framework. This limitation
is based on the inherent link between the adaptive subsam-
pling mechanism and the MH kernel. However, MH-based
kernels are a popular choice in SMCMC applications [22,
23, 67], making it a viable option in many scenarios. In gen-
eral, the classic MH kernel operates by generating samples
from the posterior distribution by generating samples from
a known proposal distribution X ., ~ q(xlzk\Xﬂ:k). The
proposed sample is accepted as the current state of the chain,
X;@lzk, with probability

Pl (X X

_1 « _1 b
p (Xi,l;k|21:k) q (Xk,lzk Xi,l:k)

(14)

where u represents a sample from a uniform distribution u
~Ujpy- This expression can be further developed by
expanding with Bayes' rule:

(i XiaJa(E X ) 5 g (el
K\ Ak [ A k-1 K1k [ Ak 1k 9 (2 Xix)

-1 -1 X -1 ilvi-1)
Sk (Xi,k ’Xi,k—l) q (Xk,lzk Xi,l;k) i=1 (Zk’X{gk )

u<

(15)

The previous state of the chain is stored as the current
state, X}, =X} ;» when the proposed sample does not
meet this criterion. Further manipulation of this expression
leads to a form with the likelihoods isolated:

i—1 * M j—1 %
W(Xi :k’Xk,lzk> <ATH (Xi,ka,l:k)’ (16)

where the term
i1 s -1 rj-1 . -1
W(XL :k’Xk,lzk) = (1/My) log [u(fk(X{(,k |Xi,k_1)‘Z(Xk,1:k‘X{<,1;k
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1: for k=1,...,T do

2: for d=1,..,D do {Computing node index (completed in parallel)}

3: for L=1,..,L do {EP iteration index}

4: Generate discrete approximation of the local posterior distribution using the same procedure as Algorithm 1 where Equa-

tion (10) is the invariant target distribution.

5 Determine the NPs of the approximated likelihood term, #,, according to Equation (13).

6 Distribute the NPs of the approximated likelihood term to the set D \ d computing nodes.

7: end for

8: end for

9: Combine the information from all the computing nodes to obtain an approximate global filtering distribution.

10: end for

ALGorITHM 3: Expectation propagation sequential Markov chain Monte Carlo.
* * j-1 * M j—1

)/fk(Xk,k|Xk,k—1)qg\i(k,lzk‘xk,lzk))] and the‘ te?_nlﬂ AT (X o e low | 9 (24| X70) e |9 (zi|X7x)
i) = (114 E1 108 Lo GG XL ) When the 2= 2851198 [0 s 07 08 g oy
number of measurements is very large, the log likelihood RN RN B
ratio becomes the most computationally expensive part of (20)

the generic SMCMC algorithm. To reduce the computa-
tional complexity, an MC approximation for the log likeli-
hood ratio has been proposed [55]:

S ;
- 1d g (z”* X )

S. 1 * k\*~k kk
A% (Xi :k’Xk,lsk) = S—Zlog BTN
il | Gk (Zk’ Xk,k)

, (17)

where the set z; = {z*, -+, zij’*} is drawn uniformly with-
out replacement from the original set of M; measurements.

The difficulty which arises is in selecting a minimum value
for S; that results in a set of subsampled measurements that
contain enough information to make the correct decision in
the MH step. To overcome this difficulty in standard MCMC
for static inference, the authors in [54] proposed to use con-
centration inequalities which provide a probabilistic bound
on how functions of independent random variables deviate
from their expectation. In this case, the independent random
variables are the log likelihood ratio terms. Thus, it is possible
to obtain a bound on the deviation of the MC approximation
in Equation (17) from the complete log likelihood ratio:

. i—1 * i1 N
(‘AS] (Xi,lzk,Xk)l;k) - AM: (X;(,lzk’Xk,lzk> ’gcsj) >1- 5sj’
(18)

where 8 5, >0 and Cs, i dependent on which inequality is used.

There are several inequalities which could be used; in this
paper, the empirical Bernstein inequality [55] is used, which
results in

2V, log (3105 ) | 3Rlog (3155 (19)

S S

where VSJ represents the sample variance of the log likelihood

ratio and R is the range given by

It is required to relate the expression in Equation (16) in
terms of the MC approximation of Equation (17). Since the
MC approximation is bounded, it can be stated that it is not
possible to make a decision when the value of 1//(Xf;1 o Xk1k
) falls within the region specified by the bound. Thus, it is

. S. j—1 * j—1 *
required that |A% (X} |, Xi 1) — I/J(Xf{’lik,Xk’Lk)chj, where
|-| represents the absolute value, in order to be able to make
a decision, with probability at least 1 — & s

This forms the underlying principle for the creation of a
stopping rule [54, 68]. Let §,€(0,1) be a user-specified
input parameter. The idea is to sequentially increase the size
of §; while at the same time checking if the stopping crite-

. S. j—1 " i—1 % .
rion, |A% (X}, 0 Xi 1) — WX :k,Xk,l:k)|>ch, is met. If the
stopping criterion is never met, then this will result in §; =
M,, that is, requiring the evaluation of all the measurements
at the time step ;. Selecting 5 = (ps = 1/pS )8, results in

25121551_ <4,. The event

B B
&= ﬂ { ‘ASJ (X;c,lzk’Xk,lzk) - AM (X{c,l:k’Xk,lzk) ‘ s Csj}

$21
(21)

thus holds with probability at least 1 — §, by a union-bound
argument.

This iterative procedure allows for an adaptive size of the
number of measurements required to be evaluated. How-
ever, there is cause for concern with the definition of the
stopping rule. That is the fact that the range, R, used in the
calculation of Equation (19), is dependent on the log likeli-
hood for all M; measurements. Calculating this range would
thus inherently require at least the same number of calcula-
tions as the generic SMCMC approach in Algorithm 1. In
certain applications, it may be possible to obtain an expres-
sion for the range which is independent of the measure-
ments; however, this is not the case in general. To avoid
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1: Determine initial proxy parameters.
2: for k=1,..,T do

for j=1,.,N+N,do

3: forj=1,.,.N+N,do

4: if j=1V N,then

5: Update proxy parameters.
6: end if

7: if k=1 then

8:

9:

tion p(x;|z,) oc (%) gy (21 |x,)
10: end for
11: else if k >2 then

16:Approximation of the filtering distribution with Equation (7)
17: end for

Sample X{,l ~K, (lelfll, -) with & a confidence MH based kernel (for example Algorithm 5) with invariant distribu-

12: Sample X{(,l:k ~x, (Xf:l:k, -) with %, a confidence MH based kernel (for example Algorithm 5) with invariant distri-

bution Equation (5)
13: end if
14: end for
15: Approximation of the smoothing distribution with the following empirical measure,
Ny+N
p('xlzk‘zlzk) = % Z 6)(1‘ ‘(dxlzk)
j=N,+1 kLK

ALGORITHM 4: Adaptive subsampling sequential Markov chain Monte Carlo.

computing the range, it has been proposed to substitute a
computationally cheap upper bound of the range [55]. A
control variate, referred to as a proxy, was introduced to
enable the computation of an upper bound of the range:

9k (Z;(’XZ,k) .

Ik (z; Xflj) -

o, (Xt Xix) = log

This results in the MC approximation of Equation (17)
being augmented into

S.
. 1 J
S. 1 *
A% (X{c :k’Xk,lzk) = §ZIOg
] i=1

(23)

The proxy also has the additional advantage of reducing
the sample variance Vg . With the inclusion of the proxy,

the range in Equation (20) has the following form:*

21X .
R= max { log | 45 ZkAL ] f"j) -0, (XL XL
<i<Mj i - > >
Ik (z Xk,k)
. gk(zi XZ,k) i1 s
- min | log ‘XJ - (X Xi)
o Ik (Z k,k)

In [55], it was proposed to utilize a Taylor series as an
approximation for the log likelihood, €;(x;) =log g, (zi|xs),
since the Taylor series is cheap to compute and Taylor's the-
orem can be used to obtain an upper bound on the range.
The focus of this paper is on the reduction of computational
complexity, and thus, a first-order Taylor series is consid-
ered. However, the result can be trivially expanded for
higher order Taylor series. In this case, the Taylor series
approximation of the log likelihood is given by

~

€)= () + (V&) - (= %), (25)

where (V@i)xz represents the gradient of €,(x;) evaluated at

x%. This results in the following form of the proxy

. o e
pi(Xi,k’Xk,k) :ei(Xk,k)—ei(Xi,k)’ (26)

-1

= (V)L - (Xie - X0 (27)

An upper bound for the range can be derived:

i *
R <2 max{ |log M’ka)

—w.(x* )Xjfl) )
1<i<M, gk(zi;’Xﬁl) K’z( k> Ak

(28)

<2 max {|¢; (XZk) - (kal) - /{)‘\i (XZ,k) + ?lekl

1<i<M;

b

<2 max {|B(x[}}) - B(X},)

1<i<M,

|8 (30)
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. -1 M
1: Given: X\, 2, = {24, - 2 }» and 8.

. j-1
: Sample X} | 4 ~ q(x1|X} 1) and u~Upg ).
: Compute w(X{(lek,X,’gl:k) as defined in Equation (17).

: DONE =FALSE
: while DONE == FALSE do
w=w+1

Si+1,% b,
10: {Zk] PR Zk*}~w/repl.zk \Z;

14: 8, =(p, - lipw)d,
15:  Compute ¢ according to Equation (20) utilizing 6,
16: b=yS;AM;

18: DONE =TRUE
19: end if
20: end while

. B i1 M . ui-l
215 A > (XG0 X ) = UM, (Xi o X ) then
22: X;(,l:k = XZ,lzk

23: else

. j il
24: Xk,l:k - Xk,l:k
25: end if

2: Initialize: number of sub-sampled measurements, S; = 0, Approximate log likelihood ratio subtracted by proxy, A =0, set of sub-
sampled measurements, z; = &, initial batchsize, b = 1, while loop counter, w = 0.

: Compute an upper bound for the range, R, according to Equation (29).

3
4
5
i1 M
6: Compute the proxy, {pi(Xz’k,Xi,kl)}i:i, according to Equation (27).
7
8
9

" " Sj+l,* box
11: zi=z;u{z] .2
b % | v i% j—1 * j—1
12: A= (l/b)(SjA + Zi=S]+1 [log (g4 (2" [ X5 k) gk (2 |X;<,k )) - @i(Xk,k’Xi,k )
13: Sj =b

. M % j—1 % -1
17:3f [A+ UM Y2 0 (X o Xig ) = (X 1o X 1) |2 01 S; == M then

AvrcoriTHM 5: Confidence Metropolis-Hasting algorithm as % (j-th iteration).

~

where B(x;) = ¢,(x;) — €;(x;) is the remainder. The Taylor-
Lagrange inequality states that if |V?(€,(x;))| <Y, where
V2(2,(x;)) represents the Hessian of the log likelihood, on
some interval I=[a,b], then the remainder term, B(x;),
can be upper bounded according to |B(x;)| < Ylx, — x{[*/2
on the same interval I. Finally, based on the triangle inequal-
ity, an upper bound on the range term is given by

, (31)

2) ’ (32)

The AS-SMCMC approach is illustrated by Algorithm 4
and the confidence MH sampler in Algorithm 5.

R <2 max ‘ |B(X;x) | + ‘B(X;c_kl)

1<i<Mj

<

* +12 j-1 +
Y(‘Xkyk—xk| + ‘Xk’k —x}

5. Performance Validation

In this section, a comparison of the generic SMCMC algo-
rithm [28] with the proposed AS-SMCMC algorithm and
EP-SMCMC algorithm referred to as SMCMC, AS-
SMCMC, and EP-SMCMC, respectively, is presented. All
the algorithms were implemented in the interpreted lan-
guage MATLAB (source code is available at https://github
.com/allandf/speeding-up-smcmc-distributed-sensor-networks).

The parallel processing for the EP-SMCMC algorithm was
achieved in MATLAB with the parfor command. All simula-
tions were performed on a mobile computer with Intel Core
i7-4702HQ CPU @ 2.20 GHz with 16GB of RAM. All results
are averaged over 50 independent runs. The length of the
burn-in period, N, was determined based on the analysis of
trace plots. However, there are also a wealth of convergence
diagnostics (e.g., the Gelman-Rubin diagnostic [69]) used in
static MCMC which are directly applicable to SMCMC that
can be used for this purpose.

5.1. Algorithm Considerations

5.1.1. Choice of MCMC Kernel. The selection of the MCMC
kernel for sampling has an overall impact on the general per-
formance of SMCMC. There are a variety of kernels from
the MCMC literature which can be employed in SMCMC.
The only limitation in the context of this paper is for the
AS-SMCMC where the kernel is restricted to the MH kernel
or a composite MH kernel. An in-depth review of MCMC
kernels in the context of SMCMC is provided in [28]. The
same MCMC kernel is used for each approach in this paper
unless otherwise stated.’

5.1.2. EP-SMCMC. For the examples presented in this paper,
the member of the exponential family selected to
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approximate the likelihood terms is the multivariate Gauss-
ian distribution. For this case, the NPs are given by

n=(="w2"), (33)

where p and X represent the mean and covariance of the
multivariate Gaussian distribution. In this case, the NP
update in Equation (13) simplifies to

3 e = 2yt~ (Zf,lduf,d + Zdzi“ul), (34)
i

St =2k (2}}1 + Zz;l>, (35)
i#d

where standard techniques are used to obtain unbiased
mean and covariance estimates for the discrete distributions.
It is important to note that the difference between two pos-
itive definite matrices is not necessarily itself positive defi-
nite. Techniques, such as SoftAbs [70], can be used to
ensure that the result remains positive definite.

5.1.3. AS-SMCMC. The AS-SMCMC approach is dependent
on the existence of an expression for the range of the log
likelihood ratio, or an upper bound on the range of the log
likelihood ratio, in order to define a bound on the deviation
of the MC approximation from the complete log likelihood
ratio using concentration inequalities. This implicitly
requires the range of the log likelihood ratio to be finite.
However, this constraint is satisfied by a variety of observa-
tion models, as illustrated in the following examples.

5.1.3.1. Example 1: Dynamic Gaussian Process With
Gaussian Likelihood. The first example is based on a Gauss-
ian state space model with corresponding transition density
and likelihood pdfs:

Feilxi) = A (x5 Ax 15 Q) (36)
gk(z};|xk) = /l/(zfC s Hx;, R). (37)

The measurements are assumed independent, hence result-
ing in the joint likelihood expression for all measurements:

pleut) = [ an(ebixe). (38)

An advantage of the Gaussian model in Equations (36) and
(37) is that the Kalman filter [10] can be used as a benchmark
for performance. Unless otherwise specified, the following
parameters were utilized for all experiments. The filter parame-
ters include the number of particles, SMCMC and AS-SMCMC,
N, =4000, and EP-SMCMC, N, =500, for each computing
node (number of computing nodes, D = 4); the number of EP
iterations, L = 2; and the subsampling parameters, y, = 1.2,
=0.1, and p, = 2. The simulation parameters include the num-
ber of measurements at each time step, M = 500; the total sim-

International Journal of Distributed Sensor Networks

TABLE 1: Algorithm computation time per time step.

M =500

Algorithm
Time (s) Computational gain (%)

SMCMC 114.75 0
AS-SMCMC 69.54 394
EP-SMCMC 9.89 91.38

M =5000
SMCMC 1087.93 0
AS-SMCMC 274.60 74.76
EP-SMCMC 96.40 91.14

ulation time, T,, =20 time steps; the transition density
parameters, Q =0.08 and A =0.9; the likelihood parameters,
H =1 and R = 2; and the state space dimension size, N; = 1.

For this example, the MCMC kernel used is a composite
MH kernel [28] consisting of two consecutive draws from
MH kernels. The proposal distribution used for the first
MH kernel is

9 (xk—l‘X{(,k—lzk) =P (X1 X Z1k)> (39)

NN fy (xk =Xp, |le<r,lk—1>
= . T Oxp, (Ax0)- (40)
m=Ny+1 2 fy (xk =Xik |Xk,k—1>

The invariant distribution for the second MH kernel is
given by the following conditional posterior:

P(xk‘Xi,k—pzl;k) = gy (2|xc). k(xk’XJk,k—l)' (41)

The proposal distribution for the second MH kernel in
the case of SMCMC and AS-SMCMC is

q (xk‘X{c,k—lzk) =fi (xk‘X{c,k—l) . (42)

In the case of EP-SMCMC, the conditional posterior for
local computing node d is given by

Pa (xk ‘X{c,k—l’ Zl:k) = Jra(Zealxi)f « (xk ‘X{c,k—l) [T7Geelmo)-

i+d
(43)

The proposal distribution for the second MH kernel in
this case is selected as

P (xk‘XLk—lzk) ocfy (xk‘xi,k—l) H”(xk|’1i)> = /V<xk sy 2q>’
itd
(44)

where y, and X, are derived from the NPs n, =11, ; + Y.41;
and 7, ; represents the NPs of the transition density, f (]

X{;’k_l). Table 1 illustrates the computational complexity of
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TABLE 2: Acceptance rates for the first refinement step.

Acceptance rate (min, median,

Algorithm

mean, max)
SMCMC (30.93, 94.35, 89.72, 96.57)
AS-SMCMC (30.90, 94.43, 89.70, 96.54)

EP-SMCMC (L=1)
EP-SMCMC (L =2)

(34.15, 93.99, 89.47, 94.86)
(30.86, 94.54, 89.77, 96.59)

TABLE 3: Acceptance rates for the second refinement step.

Acceptance rate (min, median,

Algorithm

mean, max)
SMCMC (8.82, 23.44, 21.26, 25.78)
AS-SMCMC (9.04, 24.24, 21.95, 26.75)

EP-SMCMC (L= 1)
EP-SMCMC (L =2)

(19.76, 42.07, 38.46, 45.01)
(72.11, 76.24, 75.86, 77.69)

the algorithms for 500 and 5000 measurements. It is inter-
esting to note that an increase in measurements leads to an
increase in computational savings in AS-SMCMC. It is
important to note that in reality, the computational cost of
EP-SMCMC may increase due to processing the measure-
ments into batches and communicating the batches to com-
puting nodes.

Although the focus of this paper is not related to the
optimal selection of MCMC kernels, it is interesting to note
the difference in acceptance rates illustrated in Tables 2
and 3. In Table 2, the acceptance probabilities for the differ-
ent algorithms do not differ significantly. This is expected
since all three algorithms utilize the same proposal distribu-
tion and acceptance ratio for the first refinement step, and
additionally, this refinement step is not dependent on the
data.

Table 3 highlights the improvement in the acceptance
ratio for the EP-SMCMC in this scenario. The increase dur-
ing the first EP iteration is due to the relative decrease in the
number of measurements processed by each computing
node. The large increase during the second EP iteration is
due to a smarter proposal distribution which incorporates
the information about the measurements from the other
computing nodes.

The Kolmogorov-Smirnov (KS) statistic is used to gauge
the relative accuracy of correctly approximating the filtering
distribution of interest empirically by the algorithms. The KS
statistic is given by

KS = max (F(x) - G(x)), (45)

X

where F(x) is an empirical cumulative distribution function
(cdf) and G(x) is a continuous cdf. In this setting, F(x) is the
empirical cdf of the discrete filtering distribution estimated
by the SMCMC algorithms, and G(x) is the cdf of a Gauss-
ian distribution with parameters updated by a Kalman filter.

11

For EP-SMCMC, the samples from all D computing nodes at
the final EP iteration are considered. It is worthwhile men-
tioning that the transmission of the samples from the D
computing nodes to a single computing node was utilized
in this experiment but is not necessary when only estimates
are required to be extracted. For example, since the samples
in SMCMC are unweighted, the global mean can be estab-
lished through the averaging of the individual local means.
The KS statistic for several different filter configurations is
illustrated in Figure 2 for both the cases of 500 and 5000
measurements. It is first noted that the SMCMC and AS-
SMCMC share almost identical performance. This was
expected as the goal of AS-SMCMC is to make the same
accept or reject decision in the embedded MCMC algo-
rithms as in SMCMGC, only while evaluating less measure-
ments. From Figure 2a, it can be seen that the performance
of the EP-SMCMC varies depending on the configuration.
Doubling the number of computing nodes, while halving
the number of samples, conserves the total number of sam-
ples while further increasing the computational efficiency at
the cost of an increase in error. While in the other extreme
case, increasing the number of samples while keeping the
number of computing nodes fixed significantly increases
the accuracy while decreasing the computational gain. The
case of N, equal to 1000 results in the same number of sam-
ples for all three algorithms. It is clear that even in this sce-
nario, there is an increase in performance, which can be
attributed to the increased acceptance rate which results in
a more diverse empirical cdf. The EP-SMCMC algorithm is
also well-suited in this specific example due to the Gaussian
nature of the model and the utilization of the Gaussian den-
sity for the approximate likelihood terms.

5.1.3.2. Example 2: WSN Tracking in Clutter. In this exam-
ple, the application of target tracking with clutter in a com-
plex WSN [71, 72] is considered. The WSN consists of 400
sensors randomly distributed in a region with an area of
1000 x 1000 m*. Each sensor has a sensing range, r,. The
state vector consists of the position and velocity of a target
in a two-dimensional space, x; = [x;, X}, ;> 7] ' - The motion
that the target adheres to is assumed to be the nearly con-
stant velocity model with corresponding state transition
density described by

Fe(lxer) = A (x5 Axe_y, Tviy ) (46)

1 T
A1: 5 F:
0 1

, Vi_; is the system dynamic noise,

where A=diag (A}, 4,),

[T/Zl 0 0

0 0 T2 1
and T is the sampling interval. To capture a broad spectrum
of motion patterns, the trajectory is assumed to evolve with
linear velocity segments, while sharp changes occur primar-
ily at turning points (most notably in the velocity direction).
As such, the process noise in the system dynamics is mod-
eled as a mixture of two Gaussian distributions:
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0.4

0.35

0.3

0.25

0.2

KS statistic

0.15

0.1

0.05

Time steps

------ SMCMC
-~~~ AS-SMCMC
—— EP-SMCMC (D =4,N

-8~ EP-SMCMC (D = 4, N}, = 1000)
—— EP-SMCMC (D = 4, N}, = 4000)
=500) --- EP-SMCMC (D =8, Np, = 250)

()

p

0.5

0.45 |

0.4

0.35

0.3

0.25

KS statistic

0.2

0.15

0.1

0.05

Time steps

— SMCMC
-—-- AS-SMCMC
--- EP-SMCMC (D =4, N, = 500)

()
F1GURE 2: The KS statistic for several configurations of the SMCMC-based algorithms relative to the Kalman filter. (a) Comparison of the KS
statistic for the case of 500 measurements. SMCMC, AS-SMCMC, and EP-SMCMC (D =4, N, = 500) and EP-SMCMC (D =38, N, = 250)

correspond to an equivalent total of 4000 particles. The other results indicate improvements due to an increase in particles. (b)
Comparison of the KS statistic for the case of 5000 measurements.

model to account for gradual velocity variations and sudden
directional shifts, respectively. The coefficient « € [0 1] spec-
ifies the relative contribution of the two Gaussian

P(Vier) =0 (0, Q) + (1 - ) #(0, Qy), (47)

where Q, = diag (02, 0%), Q, = diag (0%, 03), and ¢ denote a
common and fixed standard deviation for both the x and y
components; 0, < g, are standard deviations allowing the

components.
A single run of the scenario of interest is illustrated in
Figure 3.
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FIGURE 3: True target trajectory in the xy plane and sensor locations with respective sensing ranges.

Each sensor in the network collects measurements while
the target is within the sensing range. Thus, the set of active
sensors collecting measurements is a time-dependent set,
represented by Z,. The total number of measurements
received at the [-th sensor is given by M, =My, + M,
where M7 is the number of target-originated measurements
and My ; is the number of clutter measurements. This setting
is representative of a high-sampling frequency (higher than
the sampling frequency of the estimation process) and/or
high-resolution sensing modality(ies). The number of target
and clutter measurements is Poisson distributed with mean
Ay and A, respectively. The likelihood density for the I-th sen-
sor's measurements therefore takes the following form [73]:

et My

P(zig|x) = M) H (Acbe(2i) + Axpx (2hglxi)),  (48)
ok =1

where p, =Ac+Ap, py(-), and po(-) denote the single-
measurement likelihoods for target and clutter measurements,
respectively. Each individual measurement is a point in the
two-dimensional observation space, zj; = [z} z;’k]T. In the
case of a measurement from a target, the likelihood is modeled
as px(zjlx) = (2,5 %,Z). Clutter measurements are
independent of the target state and are uniformly distributed
over the visible region of the sensor. Hence, the clutter likeli-
hood takes the form of p.(z};) = Uy (2,;) Ug, (zj,’k) =1/A,
where A, =7r? represents the clutter area. The sensors are
assumed conditionally independent, leading to

p(zxlxi) = HP(Zk,z|xk)~ (49)

leZ)

The following parameters, unless otherwise specified, were
used for all experiments. The filter parameters include the
number of particles, for SMCMC and AS-SMCMC, N, =
4000, and EP-SMCMC, N = 500, for each computing node

(number of computing nodes, D = 4); the covariance associated
with the proposal for the refinement step, X, = 0.01; and the
subsampling parameters, y, = 2,8, = 0.1,and p_ = 1.1. The sim-
ulation parameters include a total running time, T = 120 s, with
sampling time, T =1s; the parameters associated with the
motion model, «=0.5, 0 =1, 0, =0, and o, = 10; the target
observation model parameters, Ay = 1000 and X = 16I; the clut-
ter parameters, A = 1000; and sensor range, r, = 50 m.

For this example, a composite MH kernel [28] consisting
of a joint draw and a local refinement step on the current
state only, for all three algorithms, is utilized. The proposal
distribution for the joint draw in the SMCMC and AS-
SMCMC is given by

N+N,

j 1
X{c,k—l:k) = frlelxir) X N Z 6’%_1 (dxi_).
J

=N, +1

q, (xk> Xk-1

(50)

The local refinement step consists of two parts. Firstly, a
symmetric random walk with covariance X, is applied to the
position components with the following proposal distribution:
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(c) Zoomed in view of the RMSE averaged over the velocity dimensions

FIGURE 4: A comparison of the position and velocity RMSEs for the WSN tracking example.

TABLE 4: Average algorithm computation time per time step.

Algorithm Time (s) Computational gain (%)
SMCMC 5.13 0
AS-SMCMC 4.86 5.32
EP-SMCMC 0.92 82.12

02 (D [Xia) = # (X2, 2,), (5)

where x,(Q) = [x;, 7,]". Secondly, a Gibbs-based draw of the
velocity components by the mixture conditional implied by
Equation (46) is applied.

In the case of EP-SMCMC, the proposal distribution for
the joint draw is given by

9 (xk’ X1 X;c,quk) o fi (xk‘X;c,k—l) [ 7l
i#d

1 N+N,,
N g’ l‘SXi)k*I (i) = ‘/V<xk Hy Zq)

J=Np+

N+N,,

1
Xﬁ Z 8xfk')k71(dxk71)’

j=N,+1

where Uy and X, are derived from the NPs Ng=Ngat Yizall;
and 71, ; represents the NPs of the transition density, f (e

Xf{’k_l). The same local refinement step is used as previously
described for SMCMC and AS-SMCMC in EP-SMCMC.

It is interesting to note that in this example, the likeli-
hood expression, given in Equation (47), is independent of
the target's velocities. Therefore, when determining the

NPs of the approximate likelihood terms using Equation
(35), the subtraction of the precision terms between the pos-
terior and predictive posterior distributions was forced to
zero for all the dimensions related to target velocity. This
eliminates potential numerical problems that could arise in
the empirical estimation of the NPs from a finite number
of samples.

Figure 4 reports the root mean square error (RMSE) for
position and velocity. In general, when many measurements
are available, all algorithms produce accurate estimates.
Notably, the position RMSE in Figure 4a is fairly spiky. This
reflects large fluctuations in the number of available mea-
surements from one time step to the next as the target leaves
and/or enters multiple sensors' fields of view. More sensors
observing the target provide more information and thus
lower RMSE.

The most prominent spike in position RMSE occurs
around Time Step 70, caused by two consecutive time steps
in which the target passes through a region with no sensor
coverage, leading to filter coasting. The resulting increase
in RMSE is nearly identical for SMCMC and AS-SMCMC,
but smaller for EP-SMCMC. This difference is linked to
EP-SMCMC's more accurate velocity estimation, as shown
in Figure 4b,c.

In Figure 4b, the effect of the target's sharp turns, visible
in the target trajectory in Figure 3, is large spikes in the
velocity RMSE. In Figure 4c, EP-SMCMC yields the lowest
velocity RMSE. This is attributed to the second EP iteration,
where the smarter proposal distribution incorporates the
information about the measurements from the other com-
puting nodes, as observed in Example 1.

Computation time varies at each time step due to fluctu-
ations in the number of measurements arising from changes
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in sensor coverage. Total computation time was recorded in
MATLAB and divided by the number of time steps; the
resulting average time per time step for each algorithm is
reported in Table 4. In this scenario, the computational gain
of AS-SMCMC is marginal, whereas EP-SMCMC achieves a
substantial speedup. The difference stems from their under-
lying mechanisms. For both methods, the dominant cost lies
in processing measurements. EP-SMCMC reduces this cost
by partitioning the dataset; with a proportional increase in
computing nodes, finer partitioning yields a more predict-
able reduction in runtime. By contrast, the speedup from
AS-SMCMC is less predictable because it depends on the
characteristics of the filtering distribution and several algo-
rithmic settings.

6. Conclusions

This paper presents two novel frameworks for SMCMC for
dealing with large volumes of data in dynamic systems.
The power of the frameworks is demonstrated through two
examples, with comparisons to a state-of-the-art SMCMC
algorithm. Implementations of both frameworks showed
that, under certain conditions, Bayesian filtering complexity
can be reduced by up to 90% with negligible loss in estima-
tion accuracy.

The first framework is divide-and-conquer SMCMC
which is illustrated with an implementation based on an
EP algorithm. The computational gain from divide-and-
conquer SMCMC is achieved through efficient parallel pro-
cessing of data partitions. In both examples considered,
computational benefits scaled with the number of data par-
titions when matched to available compute nodes, making
it the most promising approach for raw speedups. However,
performance depends critically on how local filtering distri-
butions are recombined. Large discrepancies among the
local filtering distributions can yield poor global approxima-
tions and degrade estimation accuracy. This limitation was
not fully explored in this paper and should be examined in
future work. Additionally, another avenue of interest for
future work is the implementation of more efficient MCMC
methods, robust to heterogeneous local posteriors (such as
[35]), within the divide-and-conquer SMCMC framework.

The second framework is subsampling SMCMC which is
illustrated with an implementation based on adaptive sub-
sampling. In this case, the computational gain is based on
the processing of an adaptive subsample of the data. The
attainable speedup is problem and design-dependent, and
careful construction of the confidence MH kernel is needed
to maximize potential computational gain. The greatest
gains can be expected when the filtering distribution is rela-
tively concentrated. In the worst case, it reverts to using all
measurements, sacrificing speedup but preserving estima-
tion accuracy and thus offering estimation accuracy robust-
ness. Future work will focus on the implementation of
inexact iterative strategies which maximize performance
under real-time computational budgets, such as [57], within
the subsampling SMCMC framework.

Both frameworks have flexible structures; however, in
sensor network applications, the divide-and-conquer

International Journal of Distributed Sensor Networks

approach has the added advantage of potentially avoiding
intersensor data transmission, reducing communication
overhead. The implementations presented in this paper rely
on the conditional independence of measurements. If this
was violated, it would result in the introduction of a bias,
as in [15]. Developing methods to negate this bias is the next
big challenge for big data algorithms in both static and
dynamic scenarios.

Appendix A

The AS-SMCMC algorithm requires an upper bound on the
range of the log likelihood ratio, as described in Equation
(32). The upper bound is dependent on the Hessian of the
log likelihood. In the examples exhibited in Section 5, the
upper bound is independent of the data and is computed off-
line prior to tracking. In Example 1, the likelihood for the i
-th measurement is given by

p(zklxe) = (243 Hxy R), (A1)

with corresponding log likelihood,

1 N
&(xi) =5 log (R]) - =7 log (27)

| (A2)
i Tp-1(,i
-3 (z. — Hx;) R7'(z; — Hxy).
The gradient of the log likelihood is
Ve, (x,) =H'R ' (2, - Hxy). (A.3)

Finally, the Hessian of the log likelihood is given by
V¢ (x,)=H'R'H. (A.4)

In Example 2, the likelihood for the i-th measurement is
given by

P(Zig|x1) = Acpc (Z;c) +Axpx (z;c|xk)> (A.5)
with corresponding log likelihood,
8(x;) =log (Acpc(2) + Axp (zilxk) )- (A.6)
The gradient of the log likelihood is

AxVpy (Z;< |xk)

V)= Dhapeleh) + b ()]

(A.7)
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Finally, the Hessian of the log likelihood is given by

(Acpc (ch) +AxPy (Z;c %) ) Ax VP (Z;c %)
(Acpc(2h) + Axpx (2ilxk)) ’
4 A Vpy (zilx) (Vox (ch|xk))T '
(Acpc(2) + Axpx (z;;|xk))2

VZBi(xk) =

(A.8)
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Endnotes

"Note that in the MCMC literature, “divide and conquer”
typically refers to partition-sample-recombine strategies
[35, 36], which differs from the classical algorithmic usage
of the term where recursive problem decomposition is
essential.

*It is also required to amend the MH acceptance accordingly
to take the inclusion of the proxy into account.

’In the case of an MH kernel, the classic MH kernel is used
for the standard SMCMC [28] and confidence MH kernel, as
defined in Algorithm 5, for AS-SMCMC.
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