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Abstract

Autonomous robots need to navigate around and negotiate for space with humans. Proxemics is the study of zones of
personal and social space which humans experience around themselves and others, and use to control spatial interactions.
By formalizing proxemic zones, autonomous robots may interact similarly. This study shows how proxemic zones may
be generated by kinetics and trust, with the social zone being the critical space in which a human must trust another
agent to avoid collision under their possible future motions. Previous studies have formalized these kinematics but have
assumed that zones are circular in shape and found only their radii. However the kinematics and trust concepts used to
generate them enable models to take account of the heading and rotational kinematics involved. This is shown to result in
new non-circular shapes for the proxemic zones, whose egg shapes match those which have been found empirically and
assumed without prior theory by current practical robots. Numerical and approximate analytical solutions to describe the
zone shapes and sizes are presented. Zones are shown to change shape and size in response to the properties of the other
agent, and are shown to generalize to include the stopping distances taught to drivers and pedestrians as well as natural
human body zones.
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1 Introduction

Autonomous robots which operate around humans are
becoming common in research, and claimed as commer-
cial products. These include full-size self-driving cars and
smaller last-mile delivery vehicles, as well as humanoid
service robots, which must all share and negotiate for space
with humans on roads, pavements, pedestrianized areas and
indoors. The theory of these interactions is still not under-
stood, and remains a key question in human-robot interac-
tion (HRI).
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Like most engineering systems, robots are traditionally
designed with the objective of being as safe as possible. In
cases of human interaction, this has included behaviours
which stop or otherwise give way (yield) to humans in every
case of possible collision. While this can lead to successful
interactions in sparsely populated environments, it becomes
a problem when there are higher densities of humans, such
as large groups crossing roads in cities, and crowded human
areas. In these cases, the robot may ‘freeze’, yielding forever
to a continual stream of humans, and never making progress
to its destination. This scenario has become known as the
‘freezing robot problem’ [1]. However, in human-human
interactions, humans are well known to be able to resolve
such conflicts. If only we had a better model of human-
human interaction then it could be applied to HRI too.

The sequential chicken model, using game theory, has
been proposed [2] as a solution to the freezing robot prob-
lem. Here, both agents plan to move towards each other, or
to yield, based on their estimates of both the probability and
their utilities of a collision occurring, versus the value of
time lost by yielding. By both allowing and planning for a
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small but strictly non-zero probability of a collision occur-
ring, they can usually create a successful interaction.

The sequential chicken model creates good interactions
most of the time, but at the cost of requiring occasional
interactions to result in collision in order to provide a game
theoretic credible threat. For human-human interactions
such as pedestrians trying to avoid each other on a sidewalk,
this may be considered acceptable, as pedestrians do occa-
sionally touch one another, without causing serious dam-
age or distress. However for interactions between humans
and robots — especially large robots such as autonomous
vehicles — collision could be dangerous and even fatal.
The sequential chicken model’s game theory can however
be extended to remove the need for rare collisions if some
weaker penalty can be found and inflicted more frequently.

Humans are known to have several discrete psycho-
logical spatial zones surrounding them, and to experience
different types of discomfort if these zones are occupied
without their consent [3]. The study of these zones is known
as proxemics. Different types of people can enter different
zones without causing discomfort. The proxemic zones
are [3]: an intimate zone (for family) ranging up to 0.45m
from the human’s center point; a personal zone (for friends)
up to 1.2m; a social zone (for business associates) up to
3.7m, and a public zone (for speaking to strangers) up to
7.5m. For example, social distancing measures during the
COVID-19 pandemic pushed personal interactions out into
the social zone, causing friends to be treated like business
associates. It has been proposed in [4] that deliberate inva-
sion of the social zone by other humans, or by robots, could
be used with the chicken model as an improved interaction
control, replacing the need for even rare collisions with
more frequent but much smaller negative utilities incurred
from space invasion, to enable the same quality of interac-
tion but without ever risking serious harm. Early proxemics
studies reported empirical results on zone sizes and utili-
ties, but to use them for active interaction control in HRI,
a generative, quantitative theory is needed. Rios-Martinez
et al. [5] proposed a comprehensive review of proxemics

for human-robot interactions and the authors hinted that
“quantitative models for shape, location and dynamics of
personal space are interesting opportunities for collabora-
tive research.”

1.1 The PTR Model

The Physical Trust Requirement (PTR) model is a recently
proposed theory [4] which generates the sizes of circular
proxemic zones from the kinematics of potential collisions
between two agents, as represented in Fig. 1. PTR is defined
as a Boolean property of the physical state of the world (not
of the psychology of the agents) with respect to Agent; dur-
ing an interaction, true if and only if Agent;’s future utility
is affected by an immediate decision made by Agents.

PTR is calculated from the perspective of Agent; and
generates the proxemic zones for Agent; as Agent; is being
approached by, and trying to avoid collision with, Agent,.
The zones are not symmetric between Agent; and Agents,.
Agenty has its own zones which must be calculated sepa-
rately by flipping their roles. Agent;’s zones are generated
as follows:

The Intimate zone is the region actually occupied by
Agent;, so that Agents entering it is an actual collision.
Humans allow only close family into this zone to allow hug-
ging or other forms of contact. Under the PTR model, they
would in general be vulnerable to harm when contact occurs
but are confident that this will not happen from close family.

The Personal zone, may be identified with the
PTR model’s Crash zone, the region close to Agenty,
{d:0<d<deasn}s

2

v
dcrash = vato + 2 s (1)
2a2

in which a crash is guaranteed and neither party can prevent
it. vo is Agenta’s speed. The first term depends on Agents
thinking reaction time, ¢2, and the second term represents
the physical braking distance, as is the maximum available

Fig. 1 Vehicle entering pedestrian’s social zone, which has been identified with the trust zone generated by the PTR model [4, 6]
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deceleration of Agents (which for wheeled vehicles is usu-
ally assumed to be pog where po is the coefficient of fric-
tion between Agenty’s tyres and tarmac, and g is Earth’s
gravitational acceleration 9.81m/s? [7]). Humans allow
family members and personal friends into this zone. The
PTR model would interpret this as the friends here being
able to initiate mutually unavoidable contact if they choose
to, with no option for Agent; to escape, but the friends are
trusted that any such contact would be benevolent such as a
brief handshake or pat. As such actions are irreversible once
begun, they do not create any power relationship between
the agents: if Agenty begins the action, they cannot bargain
to retract it in return for concessions from Agent; .

The Public zone may be identified with the Escape zone
of the PTR model, the area where Agent; is able to choose
their own action to avoid the collision, without needing to
trust Agents to behave in any particular way. If wy is the
width of Agents, which Agent; must cross at speed v; if
they wish to pass first, and ¢; is Agent;’s thinking reaction
time needed to notice Agent, and initiate a response, then
the escape zone is then {d : descape < d} with

U2

d = vot1 + wo—.
escape 201 2@1 (2)

The Social zone may be identified with the Trust zone of the
PTR model, the region {d : deresn < d < descape } Where
the PTR is true. Agents can here choose to slow down to
prevent collision, but Agent; is incapable of taking any
action to affect this outcome themselves. This occurs when
Agent; cannot get out of Agenty’s way in time to avoid col-
lision, but Agent, may choose to slow and yield to prevent
the collision. This is the most interesting zone for HRI appli-
cations, because it is where trust is required between strang-
ers. Humans may allow colleagues and business associates
to enter, but doing so creates a requirement of trust between
them. In this zone, Agent, can choose to initiate harm to
Agent; and also retain the ability to retract such an action —
thus wielding power over Agent;. Two humans who are not
friends, each allowing the other to enter their social zones is
thus an act of mutual trust. Such an act may be performed
deliberately to strengthen a desired relationship such as a
business deal. However, it is otherwise undesirable to allow
a stranger into this zone due to the vulnerability which
arises. It is this discomfort which has been suggested as a
suitable negative utility for the sequential chicken model.
The PTR model parameters can be fit to generate the
proxemic zones to within 1% quantitative accuracy of their
empirical observations by using realistic and typical values
from two simulated pedestrian agents sizes and speeds [6].
It has also been shown how zones for variants of this model
can be generated, including for human-human interactions,

and human-humanoid robot interactions in cases where
Agent; begins facing at different angles to Agents and the
effect of that start heading [6].

1.2 Contributions

The heading models in [6] assumed unrealistic dynamics in
which Agent; first turns on the spot and then moves in a
straight line, and suggested that future work should refine
this assumption. This paper first reviews recent relevant
empirical findings in the area which suggest that proxemic
zones shapes are non-circular due to these heading effects. It
updates the PTR model with new assumptions based on these
findings. It then solves the new model, finding new analytic
solutions to reproduce some of the empirical observations.
This work aims to determine the proxemic zone shapes and
sizes for dual moving agents, using simulation and analytic
approximation. Recent work [8] proposed some first ana-
lytic models for the outer boundary (d.s.) only of the social
zone, which are extended here with new understanding of
the analytic approximation assumed, solutions for the inner
boundary (dcrqsn), new and numerical simulation results.
Validation of the simulation against analytic approximation
then also allows simulation of new, more complex strategies
which may not possess analytic solutions.

2 Empirical Evidence for Proxemics Zone
Shapes

This section reviews recent relevant empirical findings in
the area of proxemic zone shapes.

2.1 Circular Proxemics Zone Shapes

Hall’s theory [3] defined the four proxemic zones as concen-
tric circles, and several empirical research works have used
these circular proxemic zone shapes . For example, Koay et
al. [9] used the proxemic results from their previous studies
that take into account the distance and approaching angle
and showed that proxemic zones are of a circular shape.
Aghaei et al. [10] developed a vision method to detect social
distancing policy using a single image. In their work, the
proxemics zones are represented as discs on the floor, thus
with a circular shape.

Tatarian et al. [11] used a circular shape for proxemics
zones and divided them into three distinct roles for group
interactions: the tramsactional zone where objects in that
area are in the person’s implicit target attention, the front
zone is in front of the person and the gaze zone is where
people’s gaze meet. Gao et al. [12] developed an end-to-end
deep learning model to learn human proxemic preferences
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for a robot moving towards participants from the quarter of
a circle. Satake et al. [13] investigated robot approaching
strategies from different distances towards humans. Their
work using Hall concentric proxemic zones showed how a
robot can begin an interaction with a human, i.e. commu-
nicate via its position that it wants to start interacting with
them.

2.2 Non-Circular Proxemic Zone Shapes

Unlike the works cited in the previous section, several stud-
ies have shown that proxemic zones are of different shapes.
Duncan and Murphy [15] reviewed 16 environmental, per-
sonal and agent factors that affect proxemic distances in
human-human and human-robot interactions, and based
on which they introduced a model of comfortable distance.
Hans and Hans [16] reviewed three aspects of non-verbal
communication that are important in human interactions,
namely proxemics, kinesics and haptics.

2.2.1 Elliptical Zones

In the social force model [17] often used to describe mul-
tiple agents interaction dynamics, personal space is part of
the pedestrian’s private sphere thus resulting into repulsive
forces towards strangers in order to reduce uncomfortable
situations. The proxemic zones can thus be modelled in this
case by concentric ellipses according to [5]. Lehmann et al.
[18] measured human proxemic preferences with the small
NAO robot with the assumption that the intimate zone is cir-
cular while the personal, social and public zones are ellipti-
cal. Jimenez et al. [19] proposed elliptic zone shapes for the
interpersonal-social zone and the interpersonal-public zone
used in a smart walker with social conventions. Kirks et al.
[20] modelled and controlled interactions between workers
and a socially interacting robot in a factory by using elliptic,
worker dependent proxemic zones in free navigation.

2.2.2 Laterally Asymmetrical Zones

Gérin-Lajoie et al. [21] showed that proxemic zone shapes
are laterally asymmetrical during obstacle avoidance, with
some subjects tolerating a reduced personal space in their
dominant side, as shown in Fig. 2(e).

2.2.3 Egg-Shaped Zones

Hayduk [22] were among the first to question the widely
accepted circular zones. They investigated the 2D shape
of personal space and found that egg-shaped (ovoid) zones
best describe human proxemic zones, with a larger frontal
space and smaller rear space, and found no difference in
between genders. Kosinski et al. [23] investigated human
perceived comfort level based on a robot approaching dis-
tance and angle via a set of rules, fuzzy sets and parameters.
It was assumed that the approaching distance and angle can
be described by sigmoid and bell-shaped functions and that
the perceived comfort decreases as the angle changes. The
authors found that the proxemic distance is linked to the
angle of approach and that subjects feel more comfortable
with approaches from the boundary of their field of view.
Participants were more tolerant when the robot approached
from the right hand side and felt least comfortable when the
robot approached straight ahead.

Adams and Zuckerman [24] studied the proxemic space
requirements of female American students under bright
and dark conditions. Their results showed that the shape of
the personal space zones change and the rear distances are
greater than frontal distances. But previous work [25, 26]
found similar distances for normal subjects whereas [27]
findings were for violent prisoners. In particular, Strube and
Werner [26] made a clear distinction between interpersonal
distance which is the observable distance between two peo-
ple and the personal space or proxemics is described as a
more “cognitive and subjective” distance that is not directly

(a) Circular (b) More space at front

Fig. 2 Types of proxemics zones shapes, from [5, 14]
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observable to both interactants. However, the authors found
that both the interpersonal distance and personal space
expand in response to a threat.

Daza et al. [28] used a symmetric Gaussian function
to represent proxemic zones, with the intimate zone cor-
responding to the peak and highest values of the function.
This approach was incorporated into the robot navigation
strategies around humans. Ginés Clavero et al. [29] pro-
posed adaptive proxemic shapes based on human activi-
ties, location, culture and specific situations. They adapt the
asymmetric Gaussian function from Kirby et al. [30] and
vary the parameters depending on activities such as cook-
ing, running, standing and being in the bathroom. Similarly,
Sousa et al. [31] used asymmetric and adaptive Gaussians
for robot navigation around groups of people. Barnaud et
al. [32] reproduced Efran and Cheyne’s social experiment
in a robotic simulator using the proxemic model proposed
by Kirby et al. [30].

Patompak et al. [33] developed an inference method to
learn human proxemic preferences. Their method is based
on the social force model and reinforcement learning. They
argued that proxemic spaces can be limited to two zones,
the first being the quality interaction area where a robot
could go without creating discomfort, and the private area
which is the personal space. In addition, we believe that one
more area is needed to model the trust relationship between
humans and robots.

Mead et al. [34] also investigated the influence of prox-
emics on human speech and gestures and measured how
that impacts on the robot speech and gesture production.
Their study consisted in recruiting 10 interacting pairs of
participants who didn’t know each other, and each par-
ticipant also interacting with a robot (PR2). Their result
for human—human interactions (HHI), with mean=1.44m
and std=0.34m, was consistent with previous studies but
the HRI result, with mean=0.94m, std=0.61 m, was much
larger than in previous studies, which could be explained
by the presence of robot gestures. They reported (their Fig.
10) an egg-shaped zone of preferred interaction locations,
centered in front of the subject.

Torta et al. [35] performed two psychometric experi-
ments with subjects interacting with the small humanoid

Lstart

() > %ntl

Fig.3 Environment setup

robot (Nao), and proposed a parametric model of the per-
sonal space based on the results of these experiments. The
model takes into account the distance and the direction of
approach, and was evaluated with a user study where sub-
jects are sitting or standing and being approached by the
robot that they can stop when it reaches a comfortable dis-
tance for communication. They reported (their Fig. 9) that a
human when approached by the robot from different angles
has an egg-shaped comfort zone shape, centered in front of
the subject.

Neggers et al. [14] showed that “experimental research
on how robots can avoid a person in a comfortable way is
largely missing”. Their empirical findings suggest that the
outer proxemics zone shape is not circular and that passing
at the back of a person is more uncomfortable compared
to passing at the front. Their results showed an empirical
‘comfort zone’, possibly equivalent to the inverse of a Hall
zone, which matches the egg shapes expected.

Fig. 2 shows a summary of the different proxemic zone
shapes reviewed above. It appears from surveying the
related work that many studies are in favour of egg-shaped
zones to best describe human proxemics.

3 Methods

Agent motions, including of pedestrians, can be modeled in
different ways, and different assumptions about forward and
rotational motion may give rise to different zone shapes. In
general, agents may be human walkers, human drivers, or
autonomous vehicles or robots with various types of steer-
ing capabilities and strategies. We will consider and model
various strategies.

The environment is the same in all strategies as shown
in Fig. 3: Agent; (for example, a pedestrian) begins at the
coordinates’ origin, oriented at angle 6 from the approach
of Agent, (for example, a car, robot, or another pedestrian)
along the z-axis. (i.e. at =0 the agents are facing each
other; at # = 7 they are both oriented in the same world
direction). Both agents are assumed to be circular with
width (diameter) w; and w, for Agent; and Agents. It will
be useful to define the average width of the two agents,

w1 + W2

The two agents are just touching when their centers are dis-
tance w apart.

Agenty begins at y = 0, —Z 54, traveling at speed vo
along the z-axis towards the origin (Agent;’s starting posi-
tion). Define the collision corridor as the area swept out by
Agenty’s path if Agenty travels forwards infinitely.
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Agenty may or may not brake, and if braking, can do so
by applying deceleration as after thinking time to. Agent;
then attempts to avoid collision by escaping from the colli-
sion corridor formed by Agenty’s path, using its maximum
linear speed v; and maximum angular velocity wy in dif-
ferent strategies. Agent; may begin to escape after thinking
time £1.

For large stqrt, Agent; can escape, while for small
Tstart, @ collision will occur. We wish to find the value of
Zstqrt at which this transition occurs, as it forms a proxemic
zone boundary. The inner trust boundary, (crash distance,
derash) 18 found when Agents is braking (i.e. collision
avoidance is due to Agents’s action) and the outer boundary
(escape distance, d.s.) is found when Agent, is not brak-
ing (i.e. the collision avoidance is entirely due to Agent;
’s actions). Agenty is assumed to approach in a straight line
directly towards Agent;

We plot quantitative proxemic zones for a human Agent;
being approached by another human Agent,, using the PTR
model. Unlike previous work, we will now take account
of the initial heading of Agent; relative to the direction of
approach by Agent,, and of various possible strategies that
Agent; could use to optimise their escape in order to reduce
the zone sizes. We will also sometimes be able to obtain and
plot analytically exact or approximate solutions.

For interactions between two humans, we assume param-
eters based on standard values used in the literature: circu-
lar diameter w; = we = 0.9m (to fit the empirical intimate
zone); maximum walking speed v; = v = 1.4m/s, maxi-
mum turning speed w; = 1.0rad/s, maximum deceleration
as = 5m/s? &~ 0.5¢, and thinking times t; = t5 = 1.0 s.

We use the notational convention that variables that
change over time are written explicitly as functions of
time, such as the speed of Agent; at time ¢ by vy (¢), while

Fig.4 Geometries of the different
strategies tested. In each strategy,
Agents is the darker circle, mov-
ing horizontally from left to right.

allowing constants with the same name but no argument to
co-exist with the functions, such as v; meaning a particular
speed of interest.

3.1 Simulations

We here use numerical simulation to approximate the social
zone shape, using the same parameters as the analytic setup.
Simulations are useful for two purposes: first, as a vali-
dation that the analytic results are correct; and second, to
obtain approximate results for more complex strategies in
which analytic solutions are not easily obtainable.

The basic simulation setup is illustrated in Fig. 4. The
white dots mark 1m squares to show scale. The center of
the grid is the origin. x runs rightward from the origin and y
runs up. Angles are measured anticlockwise from the z axis.

The simulation is implemented in pygame, a 2D game
library. For a given scenario, two agents are moved to rep-
resent the subject and other. The scenario ends either if
Agent; escapes from the path of Agents, or if their circles
collide (these are visualized as sprites but modeled for col-
lision detection as circles, matching the analytic models).
Define an experiment as fixing the values and functions of
all simulation components except for 6 and x4+ and the
boolean controlling whether Agent, breaks or not. To run
an experiment, many discrete values of # are tried, and for
each one, a binary search is performed over x4, to find
the transition between collide and escape outcomes. This
search is performed twice, once with Agents braking and
once not braking. An experiment thus takes several minutes
of real-time computation, and results in finding the social
zone boundaries as a function of initial Agent; heading.

&

A, Vi

Agent; is the lighter circle. The
rectangle is the collision corridor

>
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Fig. 5 Simulation screenshot

3.2 Analytic Derivations

Exact analytic solutions may be obtainable in some cases.
We will show how to set up and solve these where possi-
ble. In other cases, approximations are used to obtain ana-
lytic solutions. Analytic and simulation results are checked
against each other to find and remove software and algebra
errors and to check the realism of analytic approximations.

4 Motion Strategies

We consider various strategies that Agent; may use in the
interaction, as illustrated in Fig. 5. Strategy used by Agent;
may depend on mechanical constraints — such as whether
the agent has legs or wheels — as well as their choice.

4.1 Strategy: Instant Turn on Spot

This first, baseline, strategy assumes that Agent; may turn
on the spot to any heading instantaneously, then move for-
wards in a straight line. Regardless of initial heading, the
optimal strategy is [6] thus always to rotate to face orthogo-
nally to Agent,, then walk straight forwards to escape.]’

4.1.1 Escape Distance

The escape distance d.,. is the shortest starting distance
between the two agents’ centers which results in them col-
liding, i.e. reaching a configuration in which their centers
are distance w apart, when Agenty does not act (brake) to
avoid collision.

The time taken for Agent; to completely exit from the
collision corridor, 7, is Agent; ’s thinking time plus the time
spent traveling distance w at speed vy,

! This is an improved version of the model studied in [6] option I,
replacing its wheel friction model with a general deceleration term,
adding some further mathematical detail to include the widths of the
agents, and thinking times and to cover cases in which Agentz may
stop before reaching Agenti, and presenting the results visually in a
new polar form so they can be viewed directly as proxemic zones.

desc

Fig. 6 Geometry of infinitesimal collision for escape, in Agents frame

= _ 4 w

TEht o (4)
However, as we have assumed that both agents are circular,
this is not the first time at which the two agents can touch.
Touching instead occurs slightly earlier, at some time T,
before the center of Agent, has reached Agent;’s starting
location, as shown in Agents’s frame of reference in Fig. 6.
The angle 6 depends on how far the two agents have trav-
eled to reach the collision.

Choose our clock so that time ¢ = 0 occurs at the moment
that Agent; finishes thinking, and 7 is time elapsed between
t = 0 and collision.

In Agentsy’s frame of reference, Agents appears station-
ary, and Agent; appears to have horizontal speed of vo dur-
ing the whole interaction, as well as vertical speed v;. At
time 7 of collision, Agent; will have moved horizontal dis-
tance ds as

dy = VaT. Q)

As we started the clock after Agent; ’s thinking, Agent; will
also move vertically by

Y1 = U1T, (6)
We have

Y1
tan ¢ = & (7)

From Egs. 5 and 6, we thus get

U1

tan ¢ = . (8)
)
¢ =tan"! (;};) . 9)
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The first contact occurs when their centers are distance w
apart. w forms the hypotenuse of two right-angled triangles,
and by basic geometry 6 can be found in each of them, so
that

vy
N5 —&—vg’ (10)

V2

NOTET an

dy = wsin(¢) = w
y1 = wcos(¢) = w

From this we can find the value of the collision time,

Y1 w V2
T="==

v v\ (12)

Agent, also moved a further vot; before we started our
clock, while Agent; was thinking. Agent, has thus moved
in total

2
w v5

d2 = ’l)Qtl —+ V2T = ’l)Qtl + —

— 13
N (3)

This is not quite the escape distance because we need to
add a distance of d; as a buffer between the two agents. The
escape distance is thus

2

(2 tw). (14)

U1

w

2
vy + v3

dese = dg + dy = voty +

4.1.2 Crash Distance

The crash distance d., s, is the shortest starting distance
between the two agents’ centers which results in them col-
liding, i.e. reaching a configuration in which their centers
are distance w apart, when Agent, does act (brake) to avoid
collision.

Here we will choose a different clock which fixes t = 0 at
the start of the scenario, when both agents start thinking. We
will work in the world frame (rather than Agenty’s frame
used previously) as shown in Fig. 7.

Fig.7 Geometry of infinitesimal collision for crash, in world frame

@ Springer

Let H be the Heaviside step function. Its integral is then
xH(x), the ramp/rectifier/relu function. Its double integral
is, 22 H (), the positive-half quadratic function.

Agent; motion is given by:

Ul(t) :”l)lH(tftl), (15)

yl(t):A ’Ul(t)dt:’vl(t—tl)H(t—tl) (16)

Agenty motion is defined by its starting speed and accelera-
tion profile:

’l)Q(tZO) = Vg, (17)

ag(t> = (H(t — tz) — H(t — (tz + U2/a2)))a2. (18)

This is because the rightmost H is only nonzero after
Agenty’s stopping time, (2 + v2/az), and there counters
out the previous H term, to model Agents; remaining sta-
tionary once its braking is complete (rather than continuing
to accelerate and move backwards). This stopping time is
an upper bound on the collision time. So we can restrict our
consideration of ¢ to the interval ¢ € [0, (t2 + v2/az)]. This
enables us to drop that term so that for the restricted times
considered,

ag(t) = agH(t — tg) (19)
t
= vy — d 20
’Ug(t) (%) A ag(t) t ( )
= V2 —ag(t—tg)H(t—tg) (21)
t

d = d 22
(0= [ ot 22)
= vgt — %(t — 1) 2H (t — ty). (23)

Define collision time ¢ = 7 to be the first time at which the
two agents are touching under these dynamics, as in Fig. 7,
i.e. by Pythagoras,

d% (1) = w® — y% (1) = (derash — d2(7—))2 (24)

This cannot be solved analytically for (7, derqsp) because it
is quartic. It is thus useful to move to either analytic approx-
imation or to numerical simulation at this point, and we next
consider both of these approaches.



International Journal of Social Robotics

4.1.3 Corridor-Exit Approximation

While the above gives the exact analytic crash zone, it is
not especially useful in aiding human understanding of its
properties because it relies on a numerical solution step. To
gain further insight into the model, it is useful to consider an
approximation which has a simpler and more understand-
able form.

One such approximation can be made by assuming that
the moment of minimal collision occurs at 7 rather than at
T, as shown in Fig. 8. By assuming (falsely) that no collision
can take place before corridor exit, the geometry becomes
much simpler, because collision now occurs when Agent,
has reached exactly Agent;’s starting point, removing the
need to calculate dy =~ 0 and ¢ ~ 0. This assumption will
be especially useful in later more complex strategies but is
first tested here.

The largest possible error in this approximation is
w, because this is the largest possible horizontal differ-
ence between agent positions that can remain consistent
with their centers being w apart as required for collision.
The approximation is most accurate when vo >> v1 because
this is where ¢ actually tends towards 0. For example, this
would be the case if Agent; is a slow pedestrian and Agent,
is a fast car.

To calculate d.,qs, using this approximation: on Agent;
corridor exist, Agenty has traveled da(7) to reach the colli-
sion point, which under

dcrash ~ d2 ('7_)

— oy — %(%42)21{(%71&2) (25)

+ G (F = (ta 4 v2/a2))2H (7 = (2 + v2/a2)

We know that Agents’s stopping distance is an upper bound
on derqsn- SO we can drop the rightmost term, which only

has any effect at times after Agent,’s stopping time,

- az , . ~
dcrash N V2T — ?2(7- - tQ)QH(T - t2) (26)

dy

Fig. 8 Geometry of corridor exit approximation, in world frame

The H term here acts as a discrete switch. This is because
there are two distinct cases in the solution. The term checks
if Agenty has braked at all before reaching Agent; ’s starting
location and if so, reduces the distance by this braking. If
Agenty’s thinking time is large then it is possible for Agents
to reach Agent; before Agents has finished thinking or per-
formed any braking.

4.1.4 Corridor Exit and Symmetric Agents
If, in addition to the corridor exit approximation, we also

assume symmetric reaction times ¢t; = {5 = ¢t and symmet-
ric speeds v; = vy = v, then we obtain simply

T=t+w/v 27
- az . 2 ~
dcrash N V2T — ?(T - t2) H<T - t2) (28)
derash ~ v(t +w/v) — %(w/v)gH(% —ty) (29)
was
dcrash ~ ot + (1 - W)w (30)

4.1.5 Corridor Exit and Symmetric Agents and Immediate
Reactions

If we further assume instant reaction times, ¢ = 0 then,
T=w/v 31

wag

dm’ash ~ (1 - 271}2)11}

(32)

If a; = 0, then dy = w. This is because Agents can travel
the same distance in the same time as it takes Agent; to
leave the corridor. If as is larger then d,.,s, decreases.

4.1.6 Results

The simulation and analytic results are shown in Fig. 9. The
analytic escape distance is exact and agrees with simulation,
while the analytic crash distance uses the corridor escape
approximation so underestimates the simulation due to its
assumption of changing the collision location. It is impor-
tant to note here that the escape distances match between
exact analytic and simulation, as this gives confidence that
the simulation software is correctly implemented so that we
can rely on it for more complex cases where exact analytic
solutions are unavailable. Note that the pairs of subfigures
do not represent Agent; and Agent. Fig. 9 and all subse-
quent graphs are drawn from the perspective of Agent;,
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who is being approached by Agents. Subfigures (a) and (b)
each show both the inner and outer boundary of the social
zone, with the different subfigures showing them both as
computed by numerical simulation or by analytic solution.

[NE]
=

M=
=

(b) Analytical solution.

Fig.9 Strategy: instant turn on spot social zone inner and outer bound-
aries. In each image, the inner and outer boundaries of Agent1’s social
zone are shown by the thick black lines. Distances are in meters, angles
in radians, centered on a pedestrian facing upwards on the page. (a)
shows the numerical simulation results for both boundaries; (b) shows
the analytic solution for both boundaries

@ Springer

4.1.7 Analysis

The escape distance has an exact analytic solution, but it
is interesting to consider the escape distance as well as the
crash distance under the above approximations, because
they simplify the form and enable clearer comparison
between the crash and escape distances.

Under the corridor exit and symmetric agents assump-
tiOI’lS, tl = tg = t, V1 =V =0,

dese = vot1 + (w/v1)ve = vt + w (33)

This shows (under the approximations) that w is a fixed
lower bound on the escape distance, which then grows lin-
early in v and/or ¢. In the limiting case of v = 0, the escape
distance is w because the agents only collide when starting
touching.

If we set ¢t = 0 then d.4. reduces to w, independent of
the speeds. This is because however long it takes Agent;
to escape, traveling w vertically, at v will be the same time
needed for Agent, to move w horizontally at v.

The crash distance, under the assumptions, has upper
bound equal to the escape distance because was/2v? is
positive.

If t is large, vt dominates both the escape and crash dis-
tances, making the effect of braking small. As t nears 0, brak-
ing has a larger effect on the relative sizes of the distances.

4.2 Strategy: Turn on Spot Then Straight

This strategy was previously suggested in [8] but is pre-
sented here with the new analytic approximation under-
standing and verified with simulation.

In this option, Agent; again begins standing stationary at
angle 6 to Agent,’s heading. Agent; first turns on the spot
at angular velocity w, until they are orthogonal to Agents’s
approach, and then moves forward at speed v;. The rotation
direction is chosen to be the shortest to reach the orthogonal
direction. Unlike the instant turn-on-spot strategy, the rota-
tion now takes time, assuming angular velocity w.

Using the same collision escape approximation as previ-
ously, the time taken for Agent; to escape the collision cor-
ridor is now the sum of their thinking time, turning time, and
linear motion time:

2 —
o 2100 ()

7/: =
w 2v1

(34

If Agents yields or not not yield, they will travel the same
dy(7) as derived in the Instant Turn on the Spot strategy
during this time. This is again equal to the escape distance,
desc ~ d2~



International Journal of Social Robotics

This strategy assumes that it is always best to take time
to rotate to 90 degrees first. This seems sensible for normal
humans. But for other types of agent, where the rotate speed
is very slow relative to forward speed, it might be more opti-
mal to rotate only to some smaller angle. We are thus assum-
ing that turning is ‘fast’ compared to moving forwards.

Results: The resulting social zone is shown in Fig. 10. It
has the same radii as instant turn on the spot if and only if
0 = 7 /2, with other heading having longer distances due to
the extra time taken for Agent; to turn before moving off.
The radii to the front of Agent; are now 1.6m and 3.6m.
The inner boundary is still larger than the empirical 1.22m,

]

(b) Analytical solution.

Fig. 10 TurnOnSpotThenStraight social zone inner and outer boundries

but the outer one is now suggestively close to the empirical
3.7m.

Analysis: As in Instant Turn On Spot, it is not possible to
make large separation of the inner and outer social boundar-
ies if the agents’ speeds and thinking times are the same and
thinking times are large. Adding turning time has the same
effect as a longer thinking time for Agent; and is able to
separate out the boundaries more, with larger separations
occurring towards the front. Adjusting w controls the size
of this effect.

4.3 Strategy: Straight in Initial Heading

In this strategy, Agent; tries to escape by moving forward
in a straight line in the direction of their initial heading 6 at
speed v1. They do not rotate at all. This strategy was previ-
ously suggested in [8] but is presented here with the new
analytic approximation understanding and verified with
simulation.

The time taken for Agent; to leave the collision corridor
is

(w1 + wg)
v1] sin(8)]

il

=t + (35)

If Agents will travel the same dy(7) as derived in the Instant
Turn on the Spot strategy for the two cases (escape and
crash distance) during this time.

Using the collision corridor approximation, when Agent;
leaves the collision corridor, they have traveled an addi-
tional distance towards Agents,

d1 = (7~' — tl)Ul cosf (36)
(For 6 > m/2, this becomes negative as Agent; is moving
away from rather than towards Agents.)

So that
desc - d2 + d1~ (37)
Fig. 11 shows the resulting social zone. At = 7 /2 the sizes
are equal to Instant Turn On The Spot. The sizes go to infin-
ity as 6 — 0 or § — 7 because it is impossible for Agent,
to escape if they are constrained to only move along the col-
lision corridor’s rather than out of it. None of the distances
appear especially close to the standard Hall sizes.

Results: The simulation and analytic results are shown
in Fig. 11.
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4.4 Strategy: Turn on Spot from Moving

In this model, Agent; begins moving in their heading direc-
tion 6, and continues to do so during their thinking time,
as in Straight In Initial Heading. They stop instantly, then
behave as in Turn on the Spot then Straight.

During their thinking time, Agent; travels vyt; sin(6)
vertically and d; = v;t1 cos(6) horizontally (which may be
positive or negative).

This vertical distance traveled reduces the remaining
vertical distance needed to escape the collision corridor to
w — vty sin(6).

[SE]

m
(a) Numerical simulation.

0

[NE]
SE]

(b) Analytical solution.

Fig. 11 Straight in initial heading social zone, inner and outer
boundaries

@ Springer

The turning time is the same as in the Turn Then Straight
strategy, |7/2 — |0]|/w.
The total corridor exit time is thus

2|0
Fop 4 T2 e (38)
w (%1

If Agents yields or not yield, they will travel the same da(7)
as derived in the Instant Turn on the Spot strategy during
this time. As in Straight in Initial Heading, again with the
corridor exit approximation, the escape distance is given by
desc = d2 + dl-

Results: The resulting social zone is shown in Fig. 12.
This is now heavily stretched out in the direction of Agent,
’s own motion.

4.5 Strategy: Twist

This strategy assumes that Agent; can and does turn dur-
ing forward travel, where turning takes place at angular
velocity w at the same time as moving with forward veloc-
ity v1. Twists produce arc segments of motion, around a
‘great circle’ whose radius is given by R = v/w. Both vy
and w are properties of Agent;, describing how fast they
can move forwards and turn. The strategy assumes that the
direction (clockwise or anticlockwise) of the twist is cho-
sen as the one which is closest to orthogonal to Agents’s
approach. This strategy was previously suggested in [8]
but is presented here with the new analytic approximation
understanding, and verification in simulation.

Fig. 13 shows the assumed geometry of the twist strategy,
annotated with the angles and lengths which will be used in
the derivation. We again use the corridor exit approximation.

Agent; is trying to escape from Agentp, by moving in a
Twist, around the great circle of radius » = v/w. Agents is
approaching from left to right at speed vs.

The great circle radius is determined by the properties of
Agent 1,

R =v/w;. 39)
From geometry of the figure,

b=c—wi/2—wy/2 (40)
b = Rcos(f + ¢) (41)
¢= Rcosf (42)

Equating the two expressions for b,
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(b) Analytical solution.

Fig. 12 Turn on spot from moving, social zone inner and outer
boundaries

Rcos(0+ ¢) = Rcosf — M (43)
cos( + ¢) = cosb — % (44)
¢ = cos " (cosf — %)—0 (45)

To think (while staying stationary), then travel ¢ around the
great circle, Agent; takes time

0
R b
P+
P e
%
7 0,
[Agenty
I
dy e
desc
Fig. 13 Twist strategy geometry
¢
T=t+— (46)
w1

In a more detailed model, while thinking, Agent; could be
traveling straight, as in Straight in Initial Heading.
From geometry of the figure,

a = Rsin(0 + ¢) (47)
e = Rsinf (48)
di=a—e (49)

If Agents yields or not not yield, they will travel the same
do(7) as derived in the Instant Turn on the Spot strategy
during this time. As in Straight in Initial Heading, the escape
distance is given by des. = do + d;.

If we were to consider the case having the same geom-
etry as Fig. 13 except that Agent, approaches from the right
rather than the left, as illustrated in Fig. 14(7/2 case), then
we would instead obtain:

dese =da — dy (50)

This latter case can be used, reflected, to handle cases
/4 <0 <72

To further improve the model, we could consider cases
where Agent; reaches orthogonality with Agent, before
leaving the collision corridor — as in the simulation model.

¢ has no solution for some failure cases, as cos™' is
only defined on inputs in range [—1,1]. These correspond to
geometries where the turning circle is too small to escape:
if Agent; continued the twist forever, they would just walk
round and round in a small circle always still in the path of
the approaching Agent,. This is illustrated in Fig. 14(we < r
failure case).

¢ has a solution if:
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@

/
Vi1,-W

e =

Twist (T1/2<B<m case)

e »

Twist (w/2<r failure case)

V1

® - @ =

Twist (re-entry failure case) Twist 'till Orthogonal

Fig. 14 Twist cases

—1<cos€—ﬂ<1 (51)
r
That gives:
arccos(ﬂ +1) <6< zaurccos(E -1 (52)
r r

Then, we have:

1> -1 ad o1kl (53)
r r

r r

w1 w1

— >0 d > —

, an r B (55)

Results: Simulation and analytic results for the twist strat-
egy are shown in Fig. 15. There is a discontinuity at 7/2
because this is where Agent; switches from twisting clock-
wise to anticlockwise, changing the sign of d5.

4.6 Strategy: Twist Till Orthogonal

Despite its excellent fit in the forward direction, the above
Twist strategy has two problems. First, the lack of solu-
tions for small R due to twists not leaving the corridor as in
Fig. 14 (w2 < r failure case). Second, some twists can leave
the corridor but then re-enter it as the great circle overlaps
the corridor in two places, as in Fig. 14 re-entry failure).
The derived solution ignores this possibility but in reality it
could result in a collision in a second location. These prob-
lems become particularly acute for 6 close to 7 and result
in the discontinuities and divergence to infinities in Fig. 15.

To remove these problems, we consider a new, more
advanced twisting strategy, shown in Fig. 14(Twist till

@ Springer

[NE

(b) Analytical solution.

Fig. 15 Twist strategy social zone inner and outer boundaries

Orthogonal). Here, Agent; begins by twisting as above, but
when they reach a heading of 7r/2 they switch to moving in
a straight line, which is the fastest way to exit the corridor.

Obtaining an analytic solution for this strategy would
be more complicated than the others presented, so we here
switch to numerical simulation.

Results: The result of the simulation is shown in Fig. 16
and can be seen to be similar to the simple Twist result but
with artifacts resulting from those issues removed to pro-
duce a simpler shape. It approximately fits the classical cir-
cular zone radii and also matches the egg shapes assumed
by Kirby [30].
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This strategy may be the optimal one as it has a simi-
lar structure to Dubins paths [36], known to be optimal for
agents with speed and steering to move from one pose to
another. Straight In Initial Heading is the limit of Twist
till Orthogonal as R — oo; while Turn-on-the-Spot then
Straight is the limiting case as R — 0 — the same setting in
which the simple Twist strategy fails.

4.6.1 HRIExamples

As Twist until Orthogonal then Straight may be the best
strategy, it is of interest to calculate and view results for
variant scenarios using it. For example, Fig. 17 shows the
social zone boundaries when Agent; is a pedestrian with
the same parameters as before, but Agent, is replaced by a
car starting from speeds v = 10mph or 30mph, with width
wy = 2m and braking as = 2m/s2. It can be seen that the
zone increases greatly in size, and is comparable to the rec-
ommended stopping distance for the driver (e.g. in the UK:
23 m at 30mph). This suggests that the safe vehicle spac-
ings taught to drivers (such as via the ‘two second rule”) can
be viewed as proxemic zones for human drivers, replacing
their usual human body’s zones.

It is also of interest to consider zones when both agents
are physically human-like robots with the same parameters
as humans, except for having additional sensors and com-
putation ability that reduce their thinking time to near-zero.
Fig. 18 shows how the zones of Fig. 16 contract in this case.
This raises the question of whether such robots should be
programmed to deliberately delay their thinking time to cre-
ate more familiar, human-like zones and interactions.

n

Fig. 16 Twist till orthogonal, social zone inner and outer boundaries,
numerical simulation

4.7 Strategy: Sidestep-Backstep

This strategy allows the subject to move backwards, side-
ways, or in any other direction, without having to change
heading. We assume that the walking speed decreases lin-
early with the direction ¢ away from the heading direction
0,as v = 1.1 — |0 — ¢|/x. This may be a more appropriate
model for human pedestrians, who for example often step
backwards when aborting a road crossing attempt.
Simulation results are shown in Fig. 19.

5 Discussion

The kinematic models provide explanations for the non-
circular proxemic zone deformations previously observed
empirically [22, 35] and assumed by robotics models such
as Kirby [30]. Our approach also uses three of the four fac-
tors that have been identified by [15] for an agent’s prox-
emics behaviour: the angle of approach, height or size of the
agent and the speed. The fourth factor is eye gaze, which we
cannot model here but that could form part of future empiri-
cal experiments.

The standard circular zones that have been empirically
described by Hall [3] and used in many subsequent works
appear to match our Instant Turn On Spot kinematics. Ellip-
tical zones have also been observed empirically and used
in [18-20, 31] and it may be a best fit to our Turn On Spot
Then Straight kinematics. Egg-shaped zones have fur-
ther been observed empirically in [14, 22-24, 34, 35] and
assumed in ad-hoc models [28, 30]. This pattern is best fit
by our Turn on Spot From Moving and Twist Till Orthogo-
nal kinematics.

It is possible that these two different shapes — ellipti-
cal and egg-shaped — may arise due to differences in the
experimental protocols used. If the agents are restricted or
encouraged to move under different kinematics then the new
models would explain why these generate different zone
shapes. This includes both the movements of human sub-
jects and of the other agents — human, vehicle, or humanoid
— with which they interact and mentally model and predict.
We might expect human subjects to assume that wheeled
robots will move as Twists, and to behave accordingly;
while assuming that other humans and humanoids can also
sidestep and backstep.

For example, on one hand the proxemics zones are
elliptical in [18-20, 31] where they mainly consider social
dynamics from the social force model perspective, with
agents either attracting or repelling each other. On the other
hand, the egg-shaped findings in [35] showed that the angle
of approach, the size of the robot and the side from which
it approaches people have an effect on the proxemics zone
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(b) 30 mph Numerical simulation

Fig. 17 Twist till orthogonal then straight, Agent;’s social zone inner
and outer boundaries, simulation result, with Agentz replaced by a car
starting at speed 10mph (a) or 30mph(b)

sizes. Similarly in [22], it was empirically shown that the
angle of approach and head turn change the proxemics zone
size and shape dynamically, with a particular reduction in
zone sizes at the rear where visibility is reduced. These
appear to align well with the results given by the Turn on
Spot From Moving and Twist Till Orthogonal kinematics.
Other works have investigated factors such as the effect
of lighting and room size [24], speech and gesture [34] and
emotion [31] on proxemics zone sizes. These factors cannot
be modelled with the kinematics approach only, hence form
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Fig. 18 Twist till Orthogonal with zero thinking times, numerical
simulation

Fig. 19 Side and backsteps, no rotation, numerical simulation

limitations of this work. Our models assume that thinking
time is constant and do not take information gathering into
account. They assume that Agent; knows the state of Agent,
perfectly at all times. In reality, humans can see only in front
of them, and need to take additional time to turn their eyes,
head and/or body in order to see and understand the state of
an agent behind or to the side of them. Such motions need
to be initiated by some hint that an agent is there, such as
an auditory cue. Following this, thinking time might then
be a function of angle of approach, because humans detect
objects faster if they are already looking in their direction
than if they have to investigate a possible cue — such as a
sound of footsteps or an engine — by turning their eyes, head
or body to gather more information.
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However, the best fits of our models to empirical data
are obtained when thinking times are small, or zero. The
zero thinking times could perhaps be explained by con-
sidering what human proxemic zones have evolved to do.
Car stopping distances are calculated — and taught in driver
training — to include the possibility of an unexpected or pre-
viously unseen event taking place which requires thinking
time. However, for a human to even begin an interaction
with another agent using proxemics, they must already have
detected that agent. Thus it might be argued that the think-
ing time is zero given that an interaction has begun and the
proxemic system has been brought into use.

More advanced biomechanics models could add details
of leg and feet motions, for example each individual step
creates a small local twist about the other foot on the ground
which could be modeled. Walkers do not decelerate using
friction as wheeled vehicles do, but they do have momen-
tum which behaves in a similar way. The momentum may
force them to take extra steps as they slow down and stop.
Arm lengths and kinematics may also be important, as zones
may be influenced by regions in which punches and grasps
could be executed as well as whole-body collisions. Con-
sideration of right-footedness versus left-footedness and the
starting configuration of the pedestrian’s feet and its bearing
on which leg moves first in the escape zone might explain
some of the lateral asymmetry that has been observed in
some empirical cases [21, 37]. Factors including age and
gender [38, 39], country [40] and social status [41] have
been observed empirically to affect zone shapes and sizes,
and pose challenges for future kinematic model extensions
to explain.

Finding analytic solutions for the inner boundary of the
social zone is surprisingly difficult, even for simple strate-
gies. This suggests that humans and animals are unlikely
to compute them explicitly, and must instead rely on learn-
ing them heuristically, either through long-term evolution,
experience, or training.

Future work could run empirical experiments on human
subjects to further test the model and obtain more accurate
parameters. For example, a motion capture system could be
used to track people’s joints and movements and the data
collected can be inserted into the models for validation.
The models could be compared against each other to find
which kinematics is the best fit to actual human motions
such as Twist vs Turn On the Spot, possibly as a function
of the environmental context; and the theoretical proxemic
zones could be compared to empirically inferred ones using
empirical methods from the previous studies.

In robotic navigation, understanding and manipulation
of proxemic zones has been suggested in [4] as a potential
solution to the freezing robot problem [1] in which mobile
robots (including autonomous vehicles) programmed to be

completely safe by yielding to pedestrians make no progress
when pedestrians learn to continually push in front of them.
The new, generative, understanding of the shapes and sizes
of the personal zone introduced in the present paper could
enable higher accuracy and more precise control in human-
aware robot navigation systems.

When humans operate machinery for long periods —
including driving vehicles and tele-operating industrial
equipment — it is well known that they behave as if these
machines are extensions of their bodies. We might thus
expect them to learn and use new artificial proxemic zones
which accurately reflect the speeds and escaping options of
these machines. The stopping distances taught to learner
drivers based on the ‘2-second rule’ are an interesting
example because they are taught and understood explicitly,
before they become implicit feelings and reactions. Kine-
matic proxemics provides a way to understand how they
become internalised and might suggest improved ways for
teaching and learning them.
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