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A B S T R A C T 

Simulations using the smoothed particle hydrodynamics (SPH) technique typically include numerical viscosity to model shocks 
and maintain particle order on the kernel scale. This numerical viscosity is composed of linear and quadratic terms, with 

coefficients αSPH 

and βSPH 

, respectively. Setting these coefficients too high results in e xcessiv e numerical dissipation, whereas 
setting them too low may lead to unwanted effects such as particle penetration, which also leads to excess dissipation. In this 
study, we simulate accretion discs using the SPH code PHANTOM to investigate the ef fecti ve disc viscosity arising from numerical 
viscosity. We model steady-state coplanar and circular discs with different values of αSPH 

and βSPH 

, from which we determine 
the coefficients that lead to minimum levels of numerical viscosity by maximizing the steady-state disc surface density for the 
same mass input rate. We find that, for planar and circular discs, the default values of the numerical viscosity parameters in the 
PHANTOM code can be too high particularly for the quadratic term. As higher values of the coefficients are required to adequately 

capture strong shocks in the flow, we suggest that the coefficient of the quadratic term should be time-dependent in a similar 
manner to the presently used ‘switches’ on the linear term. This can be simply achieved by setting βSPH 

to be a constant multiple 
of αSPH 

with αSPH 

determined by an appropriate switch, as previously advocated in the literature. 

Key words: accretion, accretion discs – hydrodynamics – shock waves – methods: numerical. 
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 I N T RO D U C T I O N  

strophysical flows come in many fla v ours, from small-scale phe- 
omena (e.g. conv ectiv e granulation on the surface of stars, Dravins
987 ; Mathur et al. 2011 ; Beeck et al. 2013 ) to large-scale processes
e.g. bubbles heating the medium surrounding galaxy clusters, e.g. 
uszkowski & Begelman 2002 ). In many cases, astrophysical flows 

ake the form of an accretion disc, which comprises a centrifugally 
upported flow orbiting a central object (e.g. Pringle 1981 ). These 
iscs occur in star-forming regions around young stars, in stellar 
inary systems including discs formed by the transfer of mass from
ne star to another, and around the supermassive black holes in 
he centres of galaxies. In the simplest case, the disc possesses a
igh degree of symmetry, with smooth, circular, and planar orbits, 
hich makes analytical progress easier. Ho we ver, in nature, it is

ommon for discs to be eccentric and/or warped, making analytical 
rogress difficult (see e.g. Ogilvie 2006 ). It is therefore common to
esort to numerical hydrodynamical simulations to make progress 
n understanding the dynamics of accretion discs (and indeed 
strophysical flows in general). 

There are no w se veral distinct methods for numerical hydrody- 
amical simulations that are routinely employed in astrophysics. 
ulerian (or grid) based methods, which discretize the computational 
omain and compute the flow properties through regularly spaced 
ells, are perhaps the most developed methods. Lagrangian (or 
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article) based methods, which discretize the fluid by mass, are 
egularly employed in cases where the flow is geometrically complex. 

ore recently, hybrid methods (e.g. Springel 2011 ; Hopkins 2015 )
ave gained popularity. Here, we are focused on the smoothed particle 
ydrodynamics (SPH) technique of Lucy ( 1977 ) and Gingold &
onaghan ( 1977 , see Price 2012 , for a re vie w), and in particular the

ersion of SPH implemented in the PHANTOM SPH code (Price et al.
018 ). PHANTOM has been used to model a variety of astrophysical
ows from turbulence in star-forming regions (e.g. Price & Federrath 
010 ) to jets from collapsing stars (e.g. Price, Tricco & Bate 2012 )
o stars being disrupted by supermassive black holes (e.g. Norman, 
ixon & Coughlin 2021 ). Ho we ver, the main use of PHANTOM has
een to model the dynamics of accretion discs, starting with Lodato &
rice ( 2010 ) who used the code to model warped discs. 
Numerical simulations of fluids typically include either an explicit 

rtificial viscosity or employ a Riemann solver to capture the effects
f discontinuities such as shocks. Both methods result in numerical 
iscosity. In SPH simulations, an explicit artificial viscosity is the 
tandard approach (Monaghan 1992 ), although different types of 
PH algorithms have employed a Rieman solver (or Godonov) 
pproach as well (e.g. Inutsuka 2002 ; Hopkins 2015 ). The artificial
iscosity introduced to the SPH algorithm is composed of two terms;
1) a term that is linear in the velocity difference between particles and
as a coefficient αSPH , and (2) a term that is quadratic in the velocity
if ference with coef ficient βSPH . For a useful pedagogical discussion
f these terms, see Cossins ( 2010 ). Both of these terms contribute
e.g. Cullen & Dehnen 2010 ) to the smooth running of an SPH code,
rincipally by helping to maintain good particle order (required to 
is is an Open Access article distributed under the terms of the Creative 
h permits unrestricted reuse, distribution, and reproduction in any medium, 

http://orcid.org/0000-0002-4489-3491
http://orcid.org/0000-0002-2137-4146
mailto:c.chen6@leeds.ac.uk
https://creativecommons.org/licenses/by/4.0/


2466 C. Chen and C. J. Nixon 

M

e  

a  

a  

(  

s  

u  

L  

s  

t  

a  

t  

e  

t  

t
 

β  

v  

p  

t  

i  

a
a

 

t  

b  

I  

d  

r

2

A  

m  

1  

v  

c  

s  

fl  

f  

u  

1  

v  

c  

i  

D
 

S  

n  

1

p
r
H
t
2

a
d
o
P

s

2

�

w  

d  

l  

b

q

w  

a  

i

v

w  

c  

α  

e  

w  

s
 

t  

f  

m  

e  

L  

B  

a  

n  

M  

r
(  

2  

s
 

v  

s  

s  

a  

n  

 

s  

n  

t  

S  

D
ow

nloaded from
 https://academ

ic.oup.com
/m

nras/article/540/3/2465/8153833 by guest on 04 M
arch 2026
nsure the particles provide an accurate representation of the fluid
nd particularly needed in regions of strong shear and/or shocks)
nd by preventing overshooting and penetration of converging flows
with the quadratic term in particular needed for high Mach number
hocks). Ho we ver, both terms also introduce a (numerical, and thus
nwanted) shear and bulk viscosity to the flow (see Artymowicz &
ubow 1994 ; Murray 1996 ; Lodato & Price 2010 , for discussion
pecifically related to discs). These ef fecti ve viscosities arising from
he numerical terms contribute to both angular momentum transport
nd heating in discs (see, also, Meru & Bate 2012 ), and in some cases,
he numerical effect can be larger than the corresponding physical
ffect that is being simulated. It is therefore important to minimize
hese terms as much as possible, while ensuring that they perform
heir helpful tasks as needed. 1 

In this work, we explore the values of the coefficients αSPH and
SPH that minimize the ef fecti ve viscosity arising from the artificial
iscosity terms for accretion discs. We explore the simplest case of a
lanar, circular disc as this is the most straightforward for interpreting
he results. We exploit the steady nature of the numerical solutions to
nfer the relative magnitude of the effective viscosity arising from the
rtificial viscosity terms for various values of the coefficients αSPH 

nd βSPH . 
The structure of the paper is as follows. In Section 2 , we describe

he artificial viscosity terms in SPH. In Section 3 , we provide the
ackground on accretion discs required to interpret the simulations.
n Section 4 , we present the numerical simulations of steady-state
iscs for different viscosity coefficients. Finally, we discuss our
esults and present conclusions in Sections 5 and 6 , respectively. 

 ARTIF ICIA L  VISCOSITY  IN  SPH  

rtificial viscosity in SPH is typically added via explicit terms in the
omentum equation (e.g. Monaghan & Gingold 1983 ; Monaghan

992 ). The exact form of the terms and the adopted values of the
iscosity coefficients have varied o v er the years, often due to the
ompeting needs of minimizing unwanted dissipation away from
hocks and resolving strong shocks that can occur in astrophysical
ows. Two notable updates on the initial formulation are: (1) a re-
ormulation of the terms in analogy with the Riemann solvers that are
sed in some grid-based codes (Chow & Monaghan 1997 ; Monaghan
997 ; Price & Monaghan 2004 ), and (2) the implementation of
iscosity switches which evolve a time-dependent equation for the
oefficients to reduce their magnitude away from shocks and increase
t where shocks are detected (Morris & Monaghan 1997 ; Cullen &
ehnen 2010 ). 2 

For the simulations we present in the next section, we employ the
PH code PHANTOM , so we provide the rele v ant equations for the
umerical viscosity implemented in PHANTOM here (see Price et al.
NRAS 540, 2465–2473 (2025) 

 As the linear and quadratic viscosity terms are linearly and quadratically 
roportional to the resolution length-scale, it is clear that once high enough 
esolution is reached the artificial viscosity can be reduced to required levels. 
o we ver, as computational power is finite, it is not al w ays possible to reach 

his level. 
 There is also the Balsara ( 1995 ) viscosity switch which multiplies the 
rtificial viscosity terms by a factor that is of order unity for compression- 
ominated flows and small for shear-dominated flows. A modified version 
f the Balsara ( 1995 ) switch is included in the formulation presented in 
HANTOM (Price et al. 2018 ) as part of the Cullen & Dehnen ( 2010 ) viscosity 
witch. 
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018 , for details). In PHANTOM , the dissipation term is given by 

 

a 
shock ≡ −

∑ 

b 

m b 

[
q a ab 

ρ2 
a �a 

∇ a W ab ( h a ) + 

q b ab 

ρ2 
b �b 

∇ a W ab ( h b ) 

]
, (1) 

here m b is the particle mass, h is the smoothing length, ρ is the
ensity, � is a factor related to the variable nature of the smoothing
engths, and W ab is the smoothing kernel and the quantity q a ab is given
y 

 

a 
ab = 

⎧ ⎨ 

⎩ 

− 1 

2 
ρa v sig , a v ab · ˆ r ab for v ab · ˆ r ab < 0 , 

0 otherwise , 
(2) 

here v ab = v a − v b , ˆ r ab = ( r a − r b ) / | r a − r b | is the unit vector
long the line of sight between the particles. The signal speed, v sig ,
s given by 

 sig , a = αSPH ,a c s , a + βSPH | v ab · ˆ r ab | , (3) 

here c s is the sound speed. In this manner, the quantity q a ab is
omposed of two terms: (1) the linear term which has coefficient
SPH and is linearly proportional to the sound speed and the SPH
qui v alent of the divergence, v ab · r ab , and (2) the quadratic term
hich has coefficient βSPH and is proportional to the divergence

quared (with no dependence on the sound speed). 
Initial SPH simulations employed fixed coefficients for the ar-

ificial viscosity terms, with values of αSPH = 1 and βSPH = 2
ound to provide the best results (Monaghan 1989 , 1992 ). In contrast,
oti v ated by minimizing the numerical viscosity and the resulting

ntropy generation for SPH simulations of self-gravitating discs,
odato & Rice ( 2004 ); Rice, Lodato & Armitage ( 2005 ); Meru &
ate ( 2011 ); and Meru & Bate ( 2012 ) employed αSPH = 0.1
nd βSPH = 0.2. Price & Federrath ( 2010 ) suggest that β = 4 is
ecessary to prevent particle penetration occurring for shocks with
ach number � 10. 3 Similarly, some implementations employ a

elationship between αSPH and βSPH , with typically βSPH = 2 αSPH 

e.g. Monaghan 1997 ; Morris & Monaghan 1997 ; Price & Monaghan
004 ; Price & Federrath 2010 ; Price 2012 ), while others assign values
eparately (e.g. Meru & Bate 2012 ; Price et al. 2018 ). 

In PHANTOM , the current default implementation for the numerical
iscosity 4 is a linear term where the value of αSPH for each particle is
et using a modified version of the time-dependent Cullen–Dehnen
witch with a minimum value of zero and a maximum value of unity,
nd a quadratic term where the value of βSPH = 2 is a constant (i.e.
ot multiplied by the variable αSPH ). See Price et al. ( 2018 ) for details.
Finally, while it is clear that the artificial viscosity terms generate

ome level of shear viscosity in the flow, it is worth noting that this is
ot the only source of numerical viscosity present. In shearing flows,
he particles can become disordered, and one of the key features of
PH is its ability to re-order the particles so that they maintain a
ood representation of the underlying flow (e.g. Monaghan 2005 ).
his re-ordering can contribute to the numerical viscosity present
 Although it is worth noting that the implementation in PHANTOM at the time, 
sed by Price & Federrath ( 2010 ), made use of a formalism that multiplied 
he βSPH term by the value of αSPH , and the authors employed the Morris–

onaghan switch for αSPH with a minimum value of 0.05 and a maximum 

alue of unity. Thus, the need for an increased value of βSPH may have been 
ue to the multiplication by αSPH ≤ 1. 
 Note that here we are not referring to the ‘artificial viscosity for a disc’ 
ethod that is the default in the disc setup, which attempts to scale the 

umerical viscosity to a Shakura & Sunyaev ( 1973 ) viscosity based on the 
nitial disc conditions. 
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n the simulation. This was demonstrated by Dehnen & Aly ( 2012 )
ho sho wed that, e ven with the Cullen–Dehnen viscosity switch, 

here was some viscosity generated by the re-ordering of particles 
n the Gresho–Chan vortex test. We can therefore expect that 
umerical viscosity is generated by maintaining particle order in SPH 

imulations of Keplerian shear flows. As these effects are generated 
n the kernel scale, we would expect them to be reduced as the
esolution of the simulation is increased. 

 AC C R E T I O N  DISCS  

n accretion disc (Pringle 1981 ; Frank, King & Raine 2002 ) in its
implest form is composed of material on circular obits around a 
entral Newtonian point mass with the angular momentum vectors 
f each ring of the disc parallel to each other, i.e. the disc is planar, and
ith the disc mass sufficiently small that the effects of gas self-gravity

an be safely neglected. The orbital velocity varies with (cylindrical) 
adius, R, as v φ = 

√ 

GM/R , where G is the gravitational constant
nd M is the mass of the central star. The time taken to complete
n orbit is t orb = 2 π/� where the orbital frequency � = v φ/R. The
ertical density profile of the disc, ρ( z), is set by the competition of
ravity from the central object and gas pressure. For an isothermal 
isc with pressure proportional to the density, the vertical profile is
 Gaussian with a scale-height given by H = c s /�, with c s the
ocal sound speed. From this, the disc angular semithickness is 
 /R = c s / v φ , and for thin discs with H /R � 1, the disc evolution

n the radial and vertical directions can be separated, and the vertical
tructure taken to be hydrostatic. 

The radial evolution of the disc is generated by the action of a
iscosity, typically taken to be of the form ν = αc s H , where ν is the
inematic viscosity, and α is a dimensionless parameter (Shakura & 

unyaev 1973 ). The viscosity is thought to arise due to turbulence
n the disc, and in low-mass discs that are sufficiently ionized this
an be driven by the magnetorotational instability (Balbus & Ha wle y
991 ). Observations of the viscous decay of time-dependent discs, 
rincipally in the Dwarf Nova subtype of the Cataclysmic Variable 
tars, find that (when the disc is fully ionized) α ∼ 0 . 2 –0 . 4 (King,
ringle & Livio 2007 ; Kotko & Lasota 2012 ; Martin et al. 2019 ).
n low-ionization states, the value of α may be much lower (e.g. 
ammie 1996 ; Gammie & Menou 1998 ). In sufficiently massive 
iscs, turbulence can develop due to self-gravity that provides α ≈
 . 1 (e.g. Lodato & Rice 2004 ). 
Together with the equations for conservation of mass and angular 
omentum, the viscosity results in a diffusion equation for the 

isc surface density �( R, t) (e.g. Pringle 1981 ). Depending on the
ocation of the inner and outer boundaries to the disc, the boundary
onditions applied there, 5 and the assumed viscosity law, it is possible
o derive analytical solutions for the time-dependent evolution of 
he disc (e.g. Lynden-Bell & Pringle 1974 ; Tanaka 2011 ; Nixon &
ringle 2021 ). 
Previous works have measured the numerical viscosity by com- 

aring the viscous spreading of a ring of particles in a simulation to
hat expected from the Green’s function solution of Lynden-Bell & 

ringle ( 1974 , e.g. Murray 1996 , Lodato & Rice 2004 ). For these
ests, it is customary to turn off the pressure force (to a v oid the ring
 Typically, the boundary conditions are taken to be zero viscous torque, such 
hat the surface density goes to zero at the boundary. In this case, mass can 
ow freely across the boundary carrying with it its angular momentum. A non- 
ero torque boundary may be more appropriate in some discs due to a variety 
f different physical effects (see Nixon & Pringle 2021 , for discussion). 

e  

w  

0  

h  

fi  

T  

t  
preading due to the large pressure gradients at the edges), and as the
ing spreads the resolution (determined by the local particle number 
ensity) will not remain constant. We wish to explore the level of
umerical viscosity present in a controlled environment that closely 
esembles that employed in typical disc simulations with SPH. For 
his, we employ steady-state discs. 

To produce a steady-state disc, we exploit the mass injection into
PH discs described, and implemented into PHANTOM , by Drewes &
ixon ( 2021 ). Using this method mass leaves the simulation domain

hrough inner and outer boundaries at radii denoted R in and R out ,
espectively, and mass is replenished by the addition of particles 
o the disc. Hence, by evolving the simulation for a sufficiently
ong time-scale, the disc can achieve a steady state, where the mass
eaching the inner and outer disc boundaries is offset by the input of
ass at the injection radius. 
For such steady-state discs, and using the 1D diffusion equation for

he disc evolution, it is possible to derive the expected surface density
rofile as a function of the inner disc radius, R in , the outer disc radius,
 out , the radius at which mass is added, R add , the rate at which mass is

dded Ṁ add , and the viscosity ν( R). For the analytical calculations,
t is convenient to take the mass input to occur o v er a re gion of
ero-width, whereas below when presenting numerical simulations 
e will add mass smoothly o v er a region with non-zero width. In

he former case, Nixon & Pringle ( 2021 ) give the steady solution for
( R) as 

( R ) = 

⎧ ⎪ ⎪ ⎪ ⎪ ⎨ 

⎪ ⎪ ⎪ ⎪ ⎩ 

Ṁ add 

3 πν( R ) 

[ 

1 −
(

R in 

R 

)1 / 2 
] 

R 

1 / 2 
out −R 

1 / 2 
add 

R 

1 / 2 
out −R 

1 / 2 
in 

for R ≤ R add 

Ṁ add 

3 πν( R ) 

[ (
R out 

R 

)1 / 2 

−1 

] 

R 

1 / 2 
add −R 

1 / 2 
in 

R 

1 / 2 
out −R 

1 / 2 
in 

for R > R add , 

(4) 

In this equation, we have the viscosity ν( R), which represents
he physical viscosity acting within the accretion disc. In a nu-
erical simulation, as discussed abo v e, we hav e the total viscosity

total = ν + νnum 

, where νnum 

is the contribution due to the numerical
iscosity. We therefore expect that if we start with a disc of surface
ensity given by equation ( 4 ), then as the simulation proceeds the
urface density should decay until a new steady state is established
orresponding to equation ( 4 ), but with ν replaced by νtotal . By
arying the numerical viscosity coefficients, and determining which 
alues lead to the smallest decrease in the expected surface density
rofile, we can minimize the numerical viscosity. 

 N U M E R I C A L  SI MULATI ONS  

n this section, we provide a description of the code and the set-up
f our simulations for the circumstellar disc, considering different 
alues of αSPH and βSPH . Subsequently, we present the results 
btained from three different resolutions. 

.1 Circumstellar disc model 

o understand the effects of different values of αSPH and βSPH on 
imulations of discs, we employ the 3D SPH code PHANTOM (Price
t al. 2018 ). Our simulations involve a single star in the centre
ith a mass M . The accompanying disc, with an initial mass of
 . 001 M , extends from an inner radius of R in = 1 to R out = 10 (we
av e e xperimented with an increased outer radius of R out = 15 and
nd our results to be unchanged). The disc is planar and circular.
he central star has a spherical accretion radius equal to R in so

hat any particles which falls within this radius are remo v ed from
MNRAS 540, 2465–2473 (2025) 
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he simulation. We also impose an outer boundary at R out and
emo v e an y particles that mo v e be yond this spherical boundary.
hese boundary conditions approximate the standard zero-torque
oundary conditions for accretion discs (cf. Nixon & Pringle 2021 ). 6 

We take the disc to be locally isothermal such that the sound
peed of the disc is given by c s ( R) = c s , 0 ( R/R in ) −3 / 4 and the value
f c s , 0 is set such that the disc angular semithickness H /R = c s /v φ
s 0.05 at the disc inner edge. We model a physical (as opposed
o numerical) viscosity in the disc with a Navier–Stokes viscosity
orresponding to a Shakura–Sunyaev disc viscosity parameter αSS =
 . 1; this is modelled via the ‘two first deri v ati ves’ method outlined
n section 3.2.4 of Lodato & Price ( 2010 ). 

For the radial profile of the disc, we would like to start from the
nalytical solution for a steady disc given by equation ( 4 ). Ho we ver,
or the SPH simulations, we a v oid a discontinuous injection function
y smoothing the injection of mass o v er a small radial range. We
o this by injecting mass according to a cosine-bell (Hahn function)
rofile centred at R add and ranging from R add − �R to R add + �R,
here �R = 3 H ( R add ). We take R add = 7, and Ṁ add is determined by

he required initial disc mass. To determine the (now semi-)analytical
olution for �( R), in this case we numerically integrate the accretion
isc diffusion equation for these parameters. The main difference to
he analytical solution ( 4 ) is a smoothing of the disc surface density
t R = R add . We employ the semi-analytical solution, shown below
s the cyan line in e.g. Fig. 1 , as the initial conditions for the SPH
imulations. 

We perform simulations with three different initial particle num-
ers, N p , ini = 10 5 , 10 6 , and 10 7 , in order to investigate the effects of
esolution. Once a steady state is reached the number of particles
n the simulations range from ≈ 35 000 − 65 000 ( N p , ini = 10 5 ),

580 000 − 780 000 ( N p , ini = 10 6 ), and ≈ 7 800 000 − 8 400 000
 N p , ini = 10 7 ). The shell-averaged smoothing length per disc scale
eight varies with radius; in the body of the disc from R ≈ 3
o ≈ 8. We find that the shell-averaged smoothing length per
isc scale-height 〈 h 〉 /H varies from ≈ 0 . 8 − 1 . 5 ( N p , ini = 10 5 ),

0 . 35 − 0 . 6 ( N p , ini = 10 6 ), and ≈ 0 . 15 − 0 . 4 ( N p , ini = 10 7 ). To
xplore the effect of changing the viscosity coefficients, we split
ur simulations into two groups. Models A N (where N = 1 , ..., 9)
mploy constant values for both αSPH and βSPH . Models B N have a
onstant value for βSPH and a variable αSPH with values between αmin 

SPH 

nd αmax 
SPH following the Cullen & Dehnen ( 2010 ) viscosity switch as

mplemented in PHANTOM (Price et al. 2018 ). Table 1 provides a
ummary of the specific values of the viscosity coefficients used for
ach model. 

We run the simulation until the disc reaches a steady state, in which
he number of active particles fluctuates around a mean value (rather
han increasing or decreasing o v er time). The time-scale on which
he disc reaches this state is the viscous time-scale, given by t ν =
 

2 /ν, where ν = αc s H = α( H /R) 2 R 

2 �. Putting in the sound-speed
rofile (with power-law q = 3 / 4) and Keplerian rotation velocity we
ave 

 ν( R ) = 

1 

α

(
H in 

R in 

)−2 (
R 

R in 

)2 
√ 

R 

3 
in 

GM 

. (5) 
NRAS 540, 2465–2473 (2025) 

 As the particles arrive at the boundary with a small, but non-zero eccentricity 
here is a small, but non-zero ef fecti ve torque at the boundaries. This small 
ffect diminishes with increasing resolution, but can at low resolution lead 
o noticeable deviations between the numerical and analytical solutions for 
iscs (see the appendix of Drewes & Nixon 2021 for further discussion). 

i  

d  

(  

d
 

s  

b  

l  
s abo v e, we hav e α = 0 . 1, H /R = 0 . 05 at the inner edge, an outer
dge at R out = 10 R in , and we add mass at a radius R add = 7 R in . The
iscous communication time-scale from the mass input radius to the
nner and outer edges of the disc is similar for these parameters, and is

t ν( R add ) ≈ 2 . 5 × 10 5 
√ 

R 

3 
in /GM . We therefore run the simulations

or this time-scale, which corresponds to ≈ 40 000 orbits at the disc
nner edge, but we note that most simulations settle into a steady
tate after approximately 30 000 orbits. 

.2 Pr eliminary r esults 

e observe that SPH simulations of models A N can be separated
nto four subgroups which have the similar surface density to each
ther independent of the resolution. These subgroups include (1) the
isc with largest αSPH and βSPH (model A1), (2) discs with largest
SPH (models A2 and A3), (3) discs with the largest αSPH = 1.0
models A4 and A7), and (4) discs with smaller αSPH = 0.1 and
.01 (models A5, A6, A8, and A9). The groupings of the simulations
rise where the contributions from one or other component of the
umerical viscosity is dominating the total numerical viscosity. 
Similarly, the B N models can also be separated into subgroups. In

his case, there are essentially two groups, one in which the βSPH = 2
the largest β-value; occurring in models B1, B2, and B3) and the
emainder. The smaller number of groups in this case results from
mploying a viscosity switch on the αSPH term. The shell-averaged
alue of αSPH is typically of order 0.1, so setting αmin 

SPH to less than
his value has little effect on the results. 

Thus, to make the plots in the following section more concise and
learer, we will only show results from models A1, A3, A4, and A9
nd models B1, B3, B5, and B9. 

.3 Simulation results 

e plot in Fig. 1 the surface density profiles with radius for all
elected simulations. To make these plots, we bin the particles into
00 radial bins and divide the total mass in each bin by the area
f the bin. The left-hand panels correspond to models A N , and the
ight-hand panels correspond to models B N . From top to bottom,
he resolution increases with N p , ini = 10 5 on the top row, 10 6 on the

iddle row, and 10 7 on the bottom row. 
Starting with the lowest resolution simulations (top panels), we can

ee that low resolution can lead to a poor match with the analytical
olution (the cyan line); both in the shape and the normalization.
he discs with the lowest surface density have βSPH = 2.0 for
odels A1 and A3, but model A3 is higher than A1 since it has

owest αSPH = 0.01. With lower values of βSPH = 0.2 and 0.02,
he role of αSPH becomes more prominent. As a result, discs with
maller αSPH = 0 . 01 have the highest surface density (model A9)
hile discs with the largest αSPH = 1.0 have the smaller surface
ensity (model A4). The shape for model A9 with the lo west le vels
f dissipation is a reasonable match to the analytical solution (albeit
ffset in normalization). The shape of, for example, models A1 and
3 do not provide a good match to the shape of the analytical solution,
articularly in the inner regions. Due to the strong artificial viscosity
n the low-resolution cases, the disc mass of the highest surface
ensity case is approximately 61 per cent of the analytical model
cyan line), while the disc mass with the case with lowest surface
ensity is about 33 per cent of the analytical model. 
In contrast, model B N in the right-hand panel, where the viscosity

witch on αSPH is employed, there are only two groups. This is
ecause the viscosity switch reduces the level of dissipation from the
inear term and, while αmin 

SPH varies, the shell-averaged αSPH value in
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Figure 1. The surface density profiles of each model after they reach a steady state. The left-hand panels contain models A1, A3, A4, and A9 and the right-hand 
panels contain models B1, B3, B5, and B9. The top panels correspond to the lowest resolution simulations with N p , ini = 10 5 . The middle panels show the 
simulations with N p , ini = 10 6 and the lower panels are the simulations with N p , ini = 10 7 . The cyan line in each panel represents the semi-analytical 1D 

surface density profile with the same parameters and mass input as the SPH simulations. The steady-state SPH solutions follow a smaller density profile than 
the semi-analytical solution due to the presence of numerical viscosity. As the resolution is increased, the numerical viscosity decreases and thus its effect 
diminishes compared to the physical viscosity, and the SPH solutions approach the analytical solution. 
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hese simulations is ≈ 0 . 1. We therefore find two states, one where
he quadratic term dominates (when βSPH = 2) and one where the 
inear term dominates (when βSPH = 0 . 02 − 0 . 2). 

In the middle-left panel, for the case with N p , ini = 10 6 , the role
f αSPH becomes more significant in the A N models compared 
ith N p , ini = 10 5 . Models A3 exhibit higher surface densities than
odel A4 even with smaller βSPH = 0.2. Model A1, which has

he largest αSPH and βSPH , displays the lowest surface density but 
t is still higher than that of with the low resolution by a factor
f ≈ 1 . 5. Model A9 still has the highest surface density of all
MNRAS 540, 2465–2473 (2025) 
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M

Table 1. Numerical viscosity parameters for models A and B simulations. 
For model A simulations, both αSPH and βSPH are constants. For model B 

simulations, βSPH is a constant, and αSPH is allowed to vary between αmin 
SPH 

and αmax 
SPH following the viscosity switch. 

Model A Model B 

Model αSPH βSPH Model αmin 
SPH αmax 

SPH βSPH 

A1 1.0 2.0 B1 0.1 1.0 2.0 
A2 0.1 2.0 B2 0.01 1.0 2.0 
A3 0.01 2.0 B3 0.0 1.0 2.0 
A4 1.0 0.2 B4 0.1 1.0 0.2 
A5 0.1 0.2 B5 0.01 1.0 0.2 
A6 0.01 0.2 B6 0.0 1.0 0.2 
A7 1.0 0.02 B7 0.1 1.0 0.02 
A8 0.1 0.02 B8 0.01 1.0 0.02 
A9 0.01 0.02 B9 0.0 1.0 0.02 

BB1 0.1 1.0 2 αSPH 

BB3 0.0 1.0 2 αSPH 
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7 An additional reason is the pre v alence of employing the ‘artificial viscosity 
for a disc’ method (section 3.2.3 of Lodato & Price 2010 ) which uses the 
initial conditions of the disc to scale the linear numerical viscosity term to the 
magnitude of the desired Shakura–Sunyaev viscosity. We discuss this method 
in the last paragraph of Section 5 . 
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 N models and is higher than that of the A9 model with lower
esolution by a factor of ≈ 1 . 3. Overall, high-resolution models have
igher surface densities compared to those with lower resolution.
or N p , ini = 10 6 , the disc mass of the highest surface density is
pproximately 74 per cent of the analytical model, while the disc
ass of the model with the lowest surface density is around 58

er cent of the analytical model. Again, in the middle-right panel,
e only see two groups of simulations, and these are delimited
y the value of βSPH , with those with βSPH = 2 showing the lower
urface density. The difference in the surface density profiles between
hese two groups is smaller than that for the lower resolution
ase. 

Finally, in the bottom panels, we have the simulations with
 p , ini = 10 7 . These show that each increase in resolution leads to
 corresponding increase in the surface density profile and thus a
eduction in the numerical viscosity. The difference between models
1 and A9 is very small and the difference between two groups
f model B N in the right-hand panel is also very small. Therefore,
he effect of choosing specific values of αSPH and βSPH become less
mportant once the resolution is high enough for both models A N 

nd B N . This occurs once the numerical viscosity is significantly
maller than the physical viscosity we have employed (Shakura–
un yaev, α = 0 . 1). F or these high-resolution simulations, the disc
ass of the highest surface density case (A9, B9) is approximately

4 per cent of the analytical model while the lowest is about 78
er cent (A1). 

These results show that with increasing resolution, the simulation
esults more accurately describe the analytical solution. There are
ifferent assumptions made by the analytical solution and the
umerical simulations (for example, the analytical solution does
ot account for the influence of pressure gradients which affect,
.g. the angular velocity), so the increase in accuracy at higher
esolution implies that these differences are less important than
he effect of numerical viscosity at the resolutions employed.
he results also demonstrate that increasing resolution leads to
ecreasing numerical viscosity in the simulations, reinforcing the
otion that achieving a sufficiently small numerical viscosity in
PH is possible via application of sufficient resolution (combined
ith a consistent numerical viscosity scheme). It is also worth
oting that the effects of numerical viscosity can also be reduced
y application of a larger physical viscosity (cf. fig. 3 of Lodato &
rice 2010 ). 
NRAS 540, 2465–2473 (2025) 
 DI SCUSSI ON  

he simulations presented abo v e show a variety of features that we
iscuss here. First at low resolution, the details of the numerical
iscosity (the values of the linear and quadratic parameters and
hether or not the linear term employs a viscosity switch) can play an

mportant role in determining the disc surface density profile (see e.g.
op panels of Fig. 1 ). Ho we ver, as the resolution is increased, the level
f numerical viscosity in all cases is reduced such that the dominant
iscosity is that imposed by the physical (Navier–Stokes) viscosity
erm (e.g. lower panels of Fig. 1 ). Ho we ver, there is clearly still some
enefit in finding the optimal values for the viscosity coefficients. 
Typically, we have found that β ≈ 0 . 2 results in better surface

ensity profiles than the default value of β = 2. However, in the
imulations we have performed the disc is smooth and planar. In
any discs, and other astrophysical flows, there are more complex

tructures and, in particular, shocks that can require β ≈ 2 to properly
odel the flow (e.g. Meru & Bate 2012 ). This issue has been

emedied for the linear term by the application of a switch which
educes the value of the coefficient in regions of the flow where
hocks are not detected (e.g. Morris & Monaghan 1997 ; Cullen &
ehnen 2010 ). In PHANTOM , the switch is only applied to the linear

erm and not the quadratic term. We return to this point below. 
It is widely accepted that 〈 h 〉 /H , must be smaller than unity to

roperly model an accretion disc. This is in part due to the ef fecti ve
iscosity arising from the numerical viscosity terms, which are
inearly and quadratically proportional to this quantity. But primarily
his is due to the need to resolve gradients in the pressure, and in
n accretion disc, the pressure length-scale is H . As we have seen
bo v e, simulations with 〈 h 〉 /H � 1 can reco v er an acceptable shape
or the surface density profile of a disc (albeit with a large numerical
iscosity), but in many cases, the local dynamics in the disc can
equire 〈 h 〉 /H � 1 (see e.g. Drewes & Nixon 2021 , for an example).

The ratio of the ef fecti ve viscosities arising from the numerical
erms, using the formulae provided by Meru & Bate ( 2012 ), is 

αquad 
num 

αlin 
num 

= 

135 

62 π

βSPH 

αSPH 

〈 h 〉 
H 

. (6) 

From this equation, it is straightforward to see that when βSPH ≈
SPH and the disc is well resolved with 〈 h 〉 /H < 1, then the contribu-

ion from the quadratic viscosity is smaller than the contribution from
he linear viscosity. For example, with the classical αSPH = 1 and
SPH = 2, the resolution required to make this ratio less than unity is
 h 〉 /H < 62 π/ 270 ≈ 0 . 72. Consequently, 7 it is common to present
nly the numerical contribution to the total viscosity arising from the
inear term, with the quadratic term assumed to be small. Further, for
his reason, the standard approach (e.g. employed by PHANTOM ) when
mploying a viscosity switch (e.g. Morris–Monaghan or Cullen–
ehnen) is to only apply the switch to αSPH , leaving βSPH a constant.
Ho we ver, when employing a viscosity switch that reduces the

alue of αSPH in regions of the flow away from shocks it is possible
and for well-resolved flows typical – for the shell-averaged value

f αSPH to fall to values ≈ 0 . 1. In this case, from equation ( 6 ), the
esolution requirement to ensure the quadratic term contributes less
han the linear term is 〈 h 〉 /H � 0 . 1. This is a sufficiently stringent
ondition that very few simulations reported in the literature meet
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Figure 2. Dotted lines are surface density profiles of models B1 (blue), 
B3 (yellow), B7 (green), and B9 (red) with N p , ini = 10 6 . Blue squares and 
yellow circles are similar to models B1 and B3 except βSPH = 2 × αSPH . 
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his requirement. Similarly, when employing the ‘artificial viscosity 
or a disc’ method of Lodato & Price ( 2010 ), it is common for the
caled (constant) value of αSPH to be of order 0.1 (with βSPH = 2
pplied by default). 

It is worth noting that both of the switches presented by Morris &
onaghan ( 1997 ) and Cullen & Dehnen ( 2010 ) are presented with

oth the linear and quadratic terms employing the switch. In this
nstance, the requirement for the linear term to contribute more than 
he quadratic one returns to 〈 h 〉 /H � 0 . 72 (assuming the ratio of
SPH /αSPH = 2). As this requirement ef fecti vely amounts to ensuring 

hat the pressure length-scale is resolved, most simulations should 
atisfy this. It is therefore worth seeing if simply multiplying the 
uadratic term by the switched αSPH value yields a better outcome. 
s we have seen above, when including the switch on αSPH the results

re essentially independent of our choice of αmin ; this is because we
ave taken values of 0, 0.01, and 0.1, and with the viscosity switch
ctive the shell-averaged value of αSPH is typically � 0 . 1. 8 

Including a switch on the βSPH term, effected by making βSPH a 
ultiple of (the switched) αSPH , may serve to minimize the numerical 

iscosity, while allowing the numerical viscosity to grow to the 
equired values in simulations that encounter strong shocks. 9 

As an example, we provide in Fig. 2 examples of the simulations
eported abo v e but this time with βSPH = 2 αSPH (models BB1 and
B3). These simulations show surface density profiles that match the 
ighest profiles we have found by varying the numerical viscosity 
oefficients. 10 This is significant because this approach – taking βSPH 

o be a multiple of the ‘switched’ αSPH – allows the numerical 
 Note that the shell-averaged value of αSPH decreases with increasing 
esolution; see also Drewes & Nixon ( 2021 ). 
 While Price & Federrath ( 2010 ) find that, with a switch active on both linear 
nd quadratic terms, a value of βSPH = 2 was not sufficient to resolve strong 
hocks, they employed the Morris–Monaghan switch. Cullen & Dehnen 
 2010 ) note that their switch, also active on both the linear and quadratic terms, 
an model strong shocks appropriately with βSPH = 2. It would therefore be 
orthwhile repeating the simulations of Price & Federrath ( 2010 ) with the 
ullen–Dehnen switch to see if the requirement of a larger βSPH value is 
ecessary. 
0 Within R < 2.0, there are minor differences where the surface densities of 
odels B7 and B9 are slightly higher than those of models BB1 and BB3. 
his occurs because the innermost regions, where there are relatively few 

articles, have an average value of αSPH such that 2 αSPH is larger than 0.02. 
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iscosity to be minimized in relatively simple flows that do not
equire strong numerical viscosity while also allowing the numerical 
iscosity to grow to required values in the presence of strong shocks.
his approach also reduces the number of parameters that need to
e set by the user. As suggested by Cullen & Dehnen ( 2010 ) and
videnced by Fig. 2 , we can take αmin 

SPH = 0, and then we only need
o choose a maximum value for αSPH and the ratio between the two
erms. Here, we have taken αmax 

SPH = 1 and the ratio βSPH /αSPH = 2.
hese values are likely to be good choices for a wide range of
umerical simulations, but there are also likely to be some cases
here these values could be further impro v ed. 
Additionally, to check that our suggested approach is an impro v e-
ent upon the widely used ‘artificial viscosity method for a disc’ of
odato & Price ( 2010 ) we include an example simulation using the
ame set-up as here but with this method. The results are presented
n Appendix A . These additional simulations show that the ‘artificial
iscosity method for a disc’ does not correctly capture the shape
f the disc surface density profile. There are additional reasons for
 v oiding this methodology for modelling accretion disc viscosity. 
hese include: (i) any subsequent evolution of the disc surface 
ensity changes the local resolution, and thus the numerical viscosity, 
endering the scaling incorrect, (ii) unless a specific combination of 
ower-law surface density and sound speed profiles are employed 
he ef fecti ve viscosity parameter, α, becomes a function of radius
ather than the desired constant (see e.g. equations 22 and 23 of
odato & Pringle 2007 ), (iii) requesting a lo w v alue of the physical
iscosity can scale the numerical viscosity to too small, a value to
rovide an accurate numerical solution, (iv) the contribution from 

he quadratic viscosity has not been included in the scaling of this
ethod in the repository version of PHANTOM to date meaning that

he ef fecti ve viscosity is larger than reported, and (v) the numerical
iscosity terms generate both a shear and bulk viscosity with the
agnitude of the bulk viscosity larger than the shear viscosity (e.g.

quations 36 and 37 of Lodato & Price 2010 ), thus when attempting
o model a shear viscosity it is best to do so with an explicit shear
iscosity and minimized numerical viscosity to a v oid an e xcessiv e
nd unphysical bulk viscosity. 

 C O N C L U S I O N S  

n this paper, we have simulated circumstellar discs with different 
alues of the artificial viscosity coefficients, αSPH and βSPH , in the 
PH code PHANTOM with the goal of minimizing the numerical 
iscosity present in simulations of discs. Naively one might set the
oefficients to small values to achieve this, but this results in poor
rdering of the particles and thus additional numerical dissipation 
e.g. Meru & Bate 2012 ). Setting the coefficients too high also results
n e xcessiv e dissipation, and as such an optimal value for planar,
mooth discs occurs at around αSPH = 0 . 1 and βSPH = 0 . 2. 11 This
s consistent with, for example, Lodato & Rice ( 2004 ) and Meru &
ate ( 2012 ). Ho we ver, in more general cases, larger values of the
oefficients are required and thus, for example, the default values in
HANTOM are (maximum) αSPH = 1 . 0 and (constant) βSPH = 2 . 0. We
herefore advocate, in agreement with Morris & Monaghan ( 1997 )
nd Cullen & Dehnen ( 2010 ), that the viscosity switches that are
esigned to reduce the numerical viscosity in re gions a way from
hocks be applied to both the linear and quadratic numerical viscosity
oefficients in future simulations. This allows the numerical viscosity 
MNRAS 540, 2465–2473 (2025) 

1 Note that in Fig. 1 this case is not plotted, but it o v erlaps essentially e xactly 
ith the A9 model, where αSPH = 0 . 01 and βSPH = 0 . 02 
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o act in regions where it is required, but not o v er e x ert itself in re gions
here it is not. We also advocate that SPH simulations of discs that

nclude a physical Shakura–Sunyaev viscosity do so with an explicit
avier–Stokes viscosity (see section 3.2.4 of Lodato & Price 2010 ),

s opposed to the ‘artificial viscosity for a disc’ method (section 3.2.3
f Lodato & Price 2010 ). Whether or not the numerical viscosity is
hen playing a significant role in the dynamics of the simulation can
e checked through, e.g. the use of resolution studies. 
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PPENDI X  A :  DISC  VI SCOSI TY  USI NG  T H E  

RTI FI CI AL  VISCOSITY  T E R M  

odato & Price ( 2010 ) suggest including a Shakura–Sunyaev disc
iscosity either by a direct Navier–Stokes viscosity or by adapting
he numerical viscosity term to mimic a Shakura–Sunyaev viscosity.

e have described above (in footnote 7) why the latter might not be
he best approach to modelling disc viscosity in SPH simulations.
ere, we provide a comparison between the two methods for the

teady-state discs we simulate here. 
We performed two additional simulations with the same initial disc

onditions but using the ‘artificial viscosity for a disc’ (AV) method
section 3.2.3 of Lodato & Price 2010 ) to model the disc viscosity.
n these tests, we adopt the PHANTOM default value of βSPH = 2,
nd we calculate the αSPH value using the same method as employed
n the disc set-up in the default version of PHANTOM (i.e. applying
quation 38 of Lodato & Price 2010 , to the initial conditions). This
esults in values of αSPH = 1 . 54 and 3 . 33 for the N p , ini = 10 5 and 10 6 

imulations, respectively. In Fig. A1 , we plot the results alongside the
esults of models A1 and BB3 from the main text, with the left-hand
anel showing the case with N p , ini = 10 5 and the right-hand panel
howing the case with N p , ini = 10 6 . We note that model A1 provided
he poorest fit to the analytical solutions out of all of the simulations
e present in the main text, while BB3 represents the method we
ropose based on our findings in the main text. Fig. A1 demonstrates
hat, while in each case (both resolutions) the ‘artificial viscosity for
 disc’ method achieves a peak surface density (near the location at
hich particles are injected) that is similar to the peak in the BB3

imulation, the AV method generates solutions that do not conform
o the expected shape of the analytical solution. Further, this does
ot impro v e as the resolution is increased. 
Finally, we have also tried using αSPH = 0 . 0 and βSPH = 10 as this

pproach could negate the need for switches as suggested by Price
 2024 , we thank Price for suggesting this), but we find that this does
ot provide a good approach to modelling discs at the resolutions we
ave employed. 
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Figure A1. Comparison of the Navier–Stokes physical viscosity method employed in the main text and the ‘artificial viscosity for a disc’ method (e.g. 
section 3.2.3 of Lodato & Price 2010 ) that is widely employed in PHANTOM simulations of discs. Each plot shows the surface density profile of the analytic 
model (cyan), two example simulations from the main text (A1 given by the blue line; for which αSPH = 1 and βSPH = 2 are both constants, and BB3 given by 
the red line; for which αmin 

SPH = 0, αmax 
SPH = 1, and βSPH = 2 αSPH ), and a simulation using the artificial viscosity terms to model the physical viscosity (enabled in 

the PHANTOM code with the option DISC VISCOSITY = yes ) denoted AV (yellow lines). The left-hand panel has N p , ini = 10 5 , while the right-hand panel 
has N p , ini = 10 6 . 

This paper has been typeset from a T E 

X/L 

A T E 

X file prepared by the author. 

© 2025 The Author(s). 
Published by Oxford University Press on behalf of Royal Astronomical Society. This is an Open Access article distributed under the terms of the Creative Commons Attribution License 
( https://cr eativecommons.or g/licenses/by/4.0/), which permits unrestricted reuse, distribution, and reproduction in any medium, provided the original work is properly cited. 

D
ow

nloaded from
 https://academ

ic.oup.com
/m

nras/article/540/3/2465/8153833 by guest on 04 M
arch 2026

https://creativecommons.org/licenses/by/4.0/

	1 INTRODUCTION
	2 ARTIFICIAL VISCOSITY IN SPH
	3 ACCRETION DISCS
	4 NUMERICAL SIMULATIONS
	5 DISCUSSION
	6 CONCLUSIONS
	ACKNOWLEDGEMENTS
	DATA AVAILABILITY
	REFERENCES
	APPENDIX A: DISC VISCOSITY USING THE ARTIFICIAL VISCOSITY TERM

