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Abstract
Consider the stochastic heat equation

∂t ut (x) = 1

2
∂2xxut (x) + b(ut (x)) + Ẇt (x), t ∈ (0, T ], x ∈ D,

where b is a generalized function, D is either [0, 1] or R, and Ẇ is space-time white
noise on R+ × D. If the drift b is a sufficiently regular function, then it is well-known
that any analytically weak solution to this equation is also analytically mild, and vice
versa.We extend this result to drifts that are generalized functions, with an appropriate
adaptation of the notions of mild and weak solutions. As a corollary of our results, we
show that for b ∈ L p(R), p � 1, this equation has a unique analytically weak and
mild solution, thus extending the classical results of Gyöngy and Pardoux (1993).
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1 Introduction

We consider the stochastic heat equation:

∂t ut (x) = 1

2
∂2xxut (x) + b(ut (x)) + Ẇt (x), t ∈ [0, T ], x ∈ D, (1.1)

whereb is a generalized function (distribution) in theBesov spaceCα(R,R),α ∈ R, the
domain D is either [0, 1] orR, T > 0, and Ẇ is space-time white noise on [0, T ]×D.
When the drift b is a measurable function, it is standard to define a solution to (1.1)
as either an analytically weak or an analytically mild solution, see Definitions 2.2
and 2.5. If b is sufficiently regular, it is well-known that these two notions coincide.
However, when b is a generalized function, one cannot immediately make sense of
these two notions, since it is unclear how to handle the term b(ut (x)). To overcome
this problem, [1] introduced a notion of a solution, which we refer here as a mild
regularized solution, see Definition 2.4. This notion coincides with the analytically
mild solution if the drift is sufficiently regular. In this paper, we extend the notion of an
analytically weak solution to the case where the drift b is a generalized function and
call it a weak regularized solution, see Definition 2.6. Theorem 2.10 shows that in the
entire range where the existence of a mild regularized solution is known, it coincides
with the weak regularized solution. As a corollary of this result, we extend seminal
works [9, 10] and show that if b ∈ L p(R), p � 1, then equation (1.1) has a unique
analytically weak and analytically mild solution, see Corollary 2.12. Previously, the
existence of a unique solution was known only for p = ∞ (when b is bounded) for
mild solutions and for p � 2 for analytically weak solutions.

Let us recall that classically in the literature (see e.g. [17]), the above equation has
been well-studied for the case when b : R → R is a measurable function. Existence
and uniqueness of strong solutions were proved in [17] for the equations on a bounded
domain D and for b being a Lipschitz continuous function with no more than linear
growth. Later, strong existence and uniqueness of an analytically weak solution were
established in [9, 10] under much weaker assumptions: namely, when the drift b is
the sum of a bounded function and an L p-integrable function, p > 2. Path–by–path
uniqueness of solutions to (1.1) formeasurable bounded bwas obtained recently in [4].
It is known that analytically mild and weak notions of solutions are equivalent if the
drift b is locally bounded ant is of at most most polynomial growth [12], see also [15].
A simple proof of this result for bounded drifts can be found in [14, Proposition 3.2].

Stochastic heat equation (1.1) with distribution-valued rather than function-valued
drift has attracted a lot of attention in recent years. In this case, equation (1.1) is not
well-posed in the standard sense: indeed if b is not a function but only a distribution
then the drift b(ut (x)) is a priori not well-defined pointwise. An interesting case of
b being a measure has been considered in [6]. A natural notion of solution to this
equation in the spirit of [2, Definition 2.1] was introduced in [1] via the approximation
of drift with a sequence of smooth functions. This procedure gives rise to what we
will call a mild regularized solution to SPDE (1.1). It was shown that equation (1.1)
has a unique strong (in the probabilistic sense) mild regularized solution if b ∈ Bα

q ,

α − 1
q � −1, α > −1 and q ∈ [1,∞] [1, Theorem 2.6]. Weak (in the probabilistic
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sense) existence and uniqueness of amild regularized solution if b ∈ Cα , α > − 3
2 , was

obtained in [5, Theorem 2.13]. Stochastic heat equations with distributional drift and
multiplicative noise were studied in a very recent paper [7]. However, no analogues of
analyticallyweak solutions for equationswith distributional drift have been considered
in the literature.

This leads to several natural questions: if b is a distribution, how should we define a
weak regularized solution that would be analogous to the analytically weak solution?
Is the weak regularized solution equivalent to the mild regularized solution? If b is an
integrable function, are regularized solutions equivalent to standard solutions? Finally,
are mild and weak solutions equivalent if b is not a locally bounded function? These
are the questions that we will address in this paper. More precisely, in Definition 2.6,
we introduce the notion of a weak regularized solution. We show the equivalence of
weak and mild regularized solutions in Theorem 2.10 under the same conditions for
which the existence of a solution is known. Finally, Theorem 2.11 and Corollary 2.12
show that all four notions of solutions are equivalent if b is an integrable function.

Convention on constants. Throughout the paper C denotes a positive constant
whose value may change from line to line; its dependence is always specified in the
corresponding statement.

2 Main results

Let us introduce the main notation. Let C∞
b = C∞

b (R,R) be the space of infinitely
differentiable real functions onRwhich are bounded and have bounded derivatives of
all orders. For β ∈ R, q ∈ [1,∞], let Bβ

q denote the (nonhomogeneous) Besov space

Bβ
q,∞(R) of regularity β and integrability q, see, e.g., [16, Section 2.3.1]. If q = ∞,

we write Cβ = Bβ∞,∞. Let B(D) be the space of bounded measurable functions on D.
Let gt , t > 0 be the heat kernel on R, that is

gt (x) := 1√
2π t

e− x2
2t , t > 0, x ∈ R,

and let G be the corresponding semigroup. Let pper
t and pNeu

t be the the heat kernels
on [0, 1] with the periodic and Neumann boundary conditions, respectively. That is,

pper
t (x, y) :=

∑

n∈Z
g(t, x − y + n), t > 0, x, y ∈ [0, 1];

pNeu
t (x, y) :=

∑

n∈Z
(g(t, x − y + 2n) + g(t, x + y + 2n)), t > 0, x, y ∈ [0, 1].

As in [1], we consider the stochastic heat equation (1.1) in three setups: on the
entire real line, on the interval [0, 1] with periodic boundary conditions, and on the
interval [0, 1] with Neumann boundary conditions. Let C∞

per ([0, 1]) denote the space
of infinitely differentiable periodic functions on [0, 1]. Let C∞

Neu([0, 1]) denote the
space of infinitely differentiable functions on [0, 1] satisfying f ′(0) = f ′(1) = 0
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for any f ∈ C∞
Neu([0, 1]). Finally, let SSch(R) denote the Schwartz space of rapidly

decreasing, infinitely differentiable functions.
To simplify the presentation of our results we introduce the following notational

convention.

Convention 2.1 Further, the triple (D, p,S(D)) stands for one of the following three
options: (R, g,SSch(R)), ([0, 1], pper , C∞

per ([0, 1])), or ([0, 1], pNeu, C∞
Neu([0, 1])).

The corresponding semigroup is denoted by P.

For measurable functions f , g : D → R we write as usual

〈 f , g〉 :=
∫

D
f (x)g(x) dx .

Fix now the length of the time interval T > 0, a probability space (�,F , P)
equipped with a complete filtration (Ft ). We recall that a Gaussian process
W : L2(D) × [0, T ] × � → R is called (Ft )-space-time white noise if for
any ϕ,ψ ∈ L2(D) the process (Wt (ϕ))t∈[0,T ] is an (Ft )–Brownian motion and
EWs(ψ)Wt (ϕ) = (s ∧ t)

∫
D ϕ(x)ψ(x) dx , where s, t ∈ [0, T ].

We define now the stochastic convolution process (the solution to the linear stochas-
tic heat equation)

Vt (x) :=
∫ t

0

∫

D
pt−r (x, y)W (dr , dy), t � 0, x ∈ D, (2.1)

where the integration in (2.1) is theWiener integral, see, e.g., [8, Section 1.2.4]. Recall
the definition of the analytically mild solution.

Definition 2.2 Let b : R → R be a measurable function and u0 ∈ B(D). A jointly
continous adapted process u : (0, T ] × D × � → R is called an analytically mild
solution of (1.1) with the initial condition u0 if for any x ∈ D, t ∈ [0, T ] we have

∫ t

0

∫

D
pt−r (x, y)|b|(ur (y))dydr < ∞, a.s.; (2.2)

ut (x) = Ptu0(x) +
∫ t

0

∫

D
pt−r (x, y)b(ur (y))dydr + Vt (x), a.s. (2.3)

Sometimes this concept of solution is called a ‘random field’ solution. If there is
no risk of confusion, we will further sometimes refer to analytically mild solutions as
just mild solutions.

Remark 2.3 When the function b is unbounded it is not clear at all whether there exists
a set of full probability measure �′ ⊂ � such that the integral in (2.2) is finite on
�′ for all x ∈ D, t ∈ [0, T ]. Therefore, it is not obvious that there exists a universal
set �′, on which identity (2.3) holds for all x ∈ D, t ∈ [0, T ]. Here we follow the
classical definition of a mild solution, see, e.g., [8, Definition 4.1.1], which allows the
good set �′ to depend on t, x .
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Next, we consider a related notion of a solution for the case when b is a generalized
function in the Besov space Bβ

q , β ∈ R, q ∈ [1,∞]. This notion was introduced in
[1] motivated by the corresponding definition for SDEs [2, Definition 2.1].

Let f ∈ Bβ
q , where β ∈ R and q ∈ [1,∞]. We say that a sequence of functions

( fn)n∈Z+ , where fn : R → R, converges to f inBβ−
q as n → ∞ if supn∈Z+ ‖ fn‖Bβ

q
<

∞ and

lim
n→∞ ‖ fn − f ‖Bβ′

q
= 0, for any β ′ < β.

It is clear that for any f ∈ Bβ
q , there is a sequence of functions ( fn)n∈Z+ ⊂ C∞

b such

that fn → f in Bβ−
q as n → ∞, for example one can take fn := G1/n f .

Definition 2.4 Let β ∈ R, q ∈ [1,∞], b ∈ Bβ
q . Let u0 ∈ B(D). A jointly continuous

adapted process u : (0, T ]×D×� → R is called amild regularized solution of (1.1)
with the initial condition u0 if there exists a jointly continuous process K : [0, T ] ×
D × � → R such that

(1) we have P-a.s.

ut (x) = Ptu0(x) + Kt (x) + Vt (x), x ∈ D, t ∈ (0, T ]; (2.4)

(2) for any sequence of functions (bn)n∈Z+ in C∞
b such that bn → b in Bβ−

q we have
for any N > 0

sup
t∈[0,T ]

sup
x∈D|x |�N

∣∣∣∣
∫ t

0

∫

D
pt−r (x, y)b

n(ur (y)) dy dr − Kt (x)

∣∣∣∣

→ 0 in probability as n → ∞. (2.5)

When b ∈ Cβ with β > 0, we can choose a sequence (bn) which converges to b
uniformly. Then it is immediate that, in this case, Definition 2.4 is equivalent to the
usual notion of a mild solution of (1.1) as in Definition 2.2.

Our third definition of a solution is the classical weak solution. For f ∈ L2([0, T ]×
D), we put

Wt ( f ) =
∫ t

0

∫ 1

0
f (r , y)W (dr , dy), t ∈ [0, T ].

Definition 2.5 Let b : R → R be a measurable function and u0 ∈ B(D). A jointly
continuous adapted process u : (0, T ] × D × � → R is called an analytically weak
solution of (1.1) if for any ϕ ∈ S(D) we have P-a.s.

〈ut , ϕ〉 = 〈u0, ϕ〉 +
∫ t

0
〈us, 1

2
	ϕ〉 ds +

∫ t

0
〈b(us), ϕ〉 ds + Wt (ϕ), t ∈ [0, T ].

(2.6)

123



Stochastics and Partial Differential Equations: Analysis and Computations

and all the integrals are assumed to be well-defined.

We now introduce a new solution concept that extends the notion of a weak solution
of (1.1) to the case when b is a generalized function.

Definition 2.6 Let β ∈ R, q ∈ [1,∞], b ∈ Bβ
q . Let u0 ∈ B(D). A jointly continuous

adapted process u : (0, T ] × D × � → R is called a weak regularized solution
of (1.1) with the initial condition u0 if there exists a continuous in time process
K : [0, T ] × S(D) × � → R such that

(1) for any ϕ ∈ S(D) we have P-a.s.

〈ut , ϕ〉 = 〈u0, ϕ〉 +
∫ t

0
〈us, 1

2
	ϕ〉 ds + Kt (ϕ) + Wt (ϕ), t ∈ [0, T ]; (2.7)

(2) for any sequence of functions (bn)n∈Z+ in C∞
b such that bn → b in Bβ−

q we have
for any ϕ ∈ S(D)

sup
t∈[0,T ]

∣∣∣∣
∫ t

0

∫

D
ϕ(x)bn(ur (x)) dx dr − Kt (ϕ)

∣∣∣∣ → 0 in probability as n → ∞.

(2.8)

Remark 2.7 If β > 0 we can choose a sequence (bn) which converges to b uniformly
and the definition agrees with the usual notion of a weak solution as in Definition 2.5.

As it is standard in the analysis of SPDEs with distributional drift, we restrict
ourselves to solutions having certain regularity. We consider the following class of
processes initially introduced in [1].

Definition 2.8 Let κ ∈ [0, 1]. We say that a measurable adapted process u : [0, T ] ×
D×� → Rbelongs to the classV(κ) if for anym � 2, sup(t,x)∈(0,T ]×D ‖ut (x)‖Lm (�) <

∞ and

sup
0<s�t�T

sup
x∈D

‖ut (x) − Vt (x) − (Pt−s[us − Vs](x))‖Lm (�)

|t − s|κ < ∞. (2.9)

Remark 2.9 If u is a mild regularized solution to (1.1), then it can be decomposed as

ut = Ptu0 + Kt + Vt , t > 0,

seeDefinition2.4. In this case, the numerator in (2.9) is just‖Kt (x)−Pt−s Ks(x)‖Lm (�).
Thus, class V(κ) contains solutions of (1.1) such that the moments of their drift satisfy
certain regularity conditions.

We are now ready to state our main results. The first result states the equivalence
of the notions of weak and mild regularized solutions.
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Theorem 2.10 Let α > − 3
2 , b ∈ Cα , u0 ∈ B(D). Let u : [0, T ] × D × � → R

be a measurable adapted process. Suppose that u ∈ V(5/8). Then the following are
equivalent:

(a) u is a weak regularized solution to equation (1.1).
(b) u is a mild regularized solution to equation (1.1).

We note that the assumption α > − 3
2 and u ∈ V(5/8) are precisely the assumptions

of [1, Theorem 2.6], which guarantees existense of a mild regularized solution to
SPDE (1.1).

We recall that the uniqueness theorem for equation (1.1) [1, Theorem 2.6] is appli-
cable to mild regularized solutions in the class V(3/4). Thus, in order to establish the
existence and uniqueness of analytically mild solutions when b ∈ L p(R), p � 1,
one must show that any analytically mild solution is a mild regularized solution and
belongs to V(3/4). Similar problems appear in the proof of existence and uniqueness
of analytically weak solutions to (1.1). These questions are addressed in the following
theorem, which also shows the equivalence of all four notions of solutions when b is
an integrable function.

Theorem 2.11 Let p � 1, b ∈ L p(R), u0 ∈ B(D). Let u : [0, T ] × D × � → R be a
measurable adapted process. Then the following are equivalent:

(a) u is an analytically weak solution to (1.1).
(b) u is a weak regularized solution to (1.1) in the class V(5/8).
(c) u is an analytically mild solution to (1.1).
(d) u is a mild regularized solution to (1.1) in the class V(5/8).

Moreover if any of (a)-(d) holds then u ∈ V(1 − 1
4p ).

We emphasize that in parts (a) and (c) of the theorem, we do not assume that u is
in the class V(κ). In fact, the non-trivial part of the proof is to show that any weak or
mild solution to (1.1) automatically belongs to V(1− 1

4p ) ⊂ V(3/4). This is achieved
using the stochastic sewing lemma with random controls [1, Theorem 4.7].

Corollary 2.12 Let p � 1, b ∈ L p(R), u0 ∈ B(D). Then equation (1.1) has a unique
analytically mild solution and a unique analytically weak solution which coincide with
each other. The solutions are strong in the probabilistic sense.

Remark 2.13 We recall that the statements of Theorems 2.10 and 2.11 and Corollary
2.12 are valid in three different settings: on a bounded domain with periodic boundary
conditions, on a bounded domain with Neumann boundary conditions, and on R, see
Convention 2.1.

Note that for b ∈ L p(R), the existence and uniqueness of analyticallymild solutions
were previously known only for p = ∞ [9], and the existence and uniqueness of
analytically weak solutions were established only for p � 2 [10]. Corollary 2.12
improves these results, and shows the existence and uniqueness of both analytically
mild and weak solutions for p � 1.
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It is easy to show that if u is an analytically weak solution to (1.1), then u satisfies
Definition 2.2 for Lebesgue a.e. x ∈ D. In particular, one can show that for any
t ∈ [0, T ] for Lebesgue a.e. x ∈ D one has

∫ t

0

∫

D
pt−r (x, y)|b|(ur (y))dydr < ∞, a.s.

The challenging part is to show that for all x ∈ D this integral is actually P-a.s. finite.

Remark 2.14 For the case D = R, additional assumptions are sometimes imposed on
the class of solutions. For example, [15, Theorem 2.1] requires that for any t ≥ 0,
we have ut ∈ Ctem(R) (the space of functions that grow slower than exp(λ|x |) for
any λ > 0). A careful application of Mitoma’s theorem [13] allows us to remove this
restriction, see the proof of Lemma 4.2.

The rest of the paper is organized as follows. We place a number of auxiliary
technical lemmas in Section 3. The proofs of the main results are given in Section 4.

3 Sewing lemmas and integral bounds

First, we set up some necessary notation. For 0 � S < T we denote by 	[S,T ] the
simplex

	[S,T ] := {(s, t) ∈ [0, T ]2 : S � s � t � T }.

Let (�,F , (Ft )t�0, P) be a complete filtered probability space on which the the pro-
cesses below are defined. We will write Es for the conditional expectation given Fs

Es[·] := E[·|Fs], s � 0.

Let 0 � S � T . Let f : [S, T ] × D × � → R be a measurable function. For
τ ∈ (0, 1], m � 1 define

‖ f ‖C0Lm ([S,T ]) := sup
t∈[S,T ]

sup
x∈D

‖ f (t, x)‖Lm (�);

[ f ]Cτ Lm ([S,T ]) := sup
(s,t)∈	[S,T ]

sup
x∈D

‖ ft (x) − Pt−s fs(x)‖Lm (�)

|t − s|τ .

Recall the statement of stochastic sewing lemma with random controls.

Definition 3.1 ([1, Definition 4.6]) Let T > 0, λ be a measurable function 	[0,T ] ×
� → R+. We say that λ is a random control if for any 0 � s � u � t � T one has

λ(s, u, ω) + λ(u, t, ω) � λ(s, t, ω) a.s.
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Proposition 3.2 ( [1, Theorem 4.7]) Let m ∈ [2,∞). Let λ be a random control.
Assume that there exist constants�1, �2, α1, α2, β2,� 0, such that α1 > 1

2 , α2+β2 >

1 and

‖δAs,u,t‖Lm (�) � �1|t − s|α1; (3.1)

|EuδAs,u,t | � �2|t − s|α2λ(s, t)β2 a.s. (3.2)

for every (s, t) ∈ 	[0,T ] and u := (s + t)/2. Further, suppose that there exists a
process A = {At : t ∈ [0, T ]} such that for any t ∈ [0, T ] and any sequence of
partitions �N := {0 = t N0 , ..., t Nk(N ) = t} of [0, t] such that limN→∞ |�N | → 0 one
has

At = lim
N→∞

k(N )−1∑

i=0

AtNi ,t Ni+1
in probability. (3.3)

Then there exists a measurable function B : 	[0,T ] × � → R+ and a constant
C = C(α1, α2, β2,m) > 0, such that for every (s, t) ∈ 	[0,T ]

|At − As − As,t | � C�2|t − s|α2λ(s, t)β2 + Bs,t a.s.; (3.4)

‖Bs,t‖Lm � C�1|t − s|α1 . (3.5)

We use the stochastic sewing lemma with random controls in order to bound inte-
grals of a perturbation of the stochastic convolution V under very loose assumptions
on the perturbation. In particular, we do not assume that this perturbation has finite
moments or any regularity.

Lemma 3.3 Let γ ∈ (−2, 0), T ∈ (0, 1]. Let f : R → R be a bounded measurable
function. Letψ : [0, T ]×D×� → Rbeameasurable function adapted to the filtration
{Ft }. Assume that there exists a nonnegative stochastic processw : 	[0,T ]×D×� →
[0,∞) with the following properties: for any t ∈ [0, T ] there exists a set Dt ⊂ D
with Leb(D \ Dt ) = 0 such that for any (s, u) ∈ 	[0,t], x ∈ Dt

|ψt (x) − Pt−sψs(x)| � ws,t (x) P − a.s.; (3.6)

Pt−uws,u(x) + wu,t (x) � ws,t (x) P − a.s. (3.7)

Then there exists a nonnegative stochastic process L : 	[0,T ] × D × � → [0,∞)

such that for any (s, t) ∈ 	[0,T ], x ∈ DT

∣∣∣
∫ t

s

∫

D
pT−r (x, y) f (Vr (y) + ψr (y)) dydr

∣∣∣

� C‖ f ‖Cγ (t − s)
3+γ
4 PT−tws,t (x) + Ls,t (x), (3.8)
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whereC = C(γ ). Further, for anym ∈ [2,∞), there exists a constantC = C(γ,m) >

0 such that for any x ∈ DT

‖Ls,t (x)‖Lm (�) � C‖ f ‖Cγ |t − s|1+ γ
4 . (3.9)

Proof Step 1. Let f ∈ C1(R). Fix x ∈ DT , T ∈ (0, 1]. We would like to apply
stochastic sewing lemma with random controls (Proposition 3.2). For (s, t) ∈ 	[0,T ]
set

As,t (x) :=
∫ t

s

∫

D
pT−r (x, y) f (Vr (y) + Pr−sψs(y)) dydr;

At (x) :=
∫ t

0

∫

D
pT−r (x, y) f (Vr (y) + ψr (y)) dydr .

Let us verify that all the conditions of Proposition 3.2 are satisfied for the random
control

λs,t (x) := PT−tws,t (x), (s, t) ∈ 	[0,T ].

Note that λ is indeed a random control since for 0 � s � u � t � T we have

λs,u(x) + λu,t (x) = PT−uws,u(x) + PT−twu,t (x) = PT−t [Pt−uws,u + wu,t ](x).
(3.10)

If t < T , then by (3.7), Pt−uws,u(y) + wu,t (y) � ws,t (y) for Lebesgue a.e. y ∈ D.
Therefore, PT−t [Pt−uws,u + wu,t ](x) � PT−tws,t (x). If t = T , then since x ∈ DT

we have PT−uws,u(x)+wu,T (x) � ws,T (x) almost surely. Thus, in both cases (3.10)
implies that for 0 � s � u � t � T

λs,u(x) + λu,t (x) � PT−tws,t (x) = λs,t (x), P − a.s.,

and therefore λ is a random control, see Definition 3.1.
Let (s, t) ∈ 	[0,T ], let u := (s + t)/2. Then we have

δAs,u,t (x) =
∫ t

u

∫

D
pT−r (x, y)[ f (Vr (y) + Pr−sψs(y))

− f (Vr (y) + Pr−uψu(y))] dydr .
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Applying consequently the Fubini theorem and [1, (C.7), Lemma A.3(iv) and
Lemma C.3], we deduce that

|EuδAs,u,t (x)|
=

∣∣∣
∫ t

u

∫

D
pT−r (x, y)Eu[ f (Vr (y) + Pr−sψs(y)) − f (Vr (y) + Pr−uψu(y))] dydr

∣∣∣

�
∫ t

u

∫

D
pT−r (x, y)‖Gρr−u(x) f ‖C1 |Pr−sψs(y) − Pr−uψu(y)| dydr

� C‖ f ‖Cγ

∫ t

u

∫

D
pT−r (x, y)|Pr−sψs(y) − Pr−uψu(y)|(r − u)(γ−1)/4 dydr ,

for C = C(γ ), where we used the notation ρt (x) := Var(Vt (x)) and recall that G
denotes the Gaussian semigroup. Since r − u > 0, assumption (3.6) implies for any
y ∈ D

|Pr−uψu(y) − Pr−sψs(y)| � Pr−u |ψu(·) − Pu−sψs(·)|(y) � Pr−uws,u(y).

Therefore, we get

|EuδAs,u,t (x)| � C‖ f ‖Cγ

∫ t

u

∫

D
pT−u(x, y)ws,u(y)(r − u)(γ−1)/4 dydr

� C‖ f ‖Cγ λs,u(x)(t − u)(
3
4+ γ

4 ),

for C = C(γ ). As we have shown previously, (s, t) 
→ λs,t (x) is a random control.
Hence, the above estimate verifies (3.2).

For each integer j � 1, defineψ
j,+
t (x) := (ψt (x)∧ j)∨0,ψ j,−

t (x) := ((−ψt (x))∧
j) ∨ 0, ψ j

t (x) := ψ
j,+
t (x) − ψ

j,−
t (x), t ∈ [0, T ], x ∈ D. Clearly, ‖ψ j‖C0Lm ([0,T ]) <

∞. By [1, Lemma 5.1], we have for any (s, t) ∈ 	[0,T ], x ∈ D

∥∥∥
∫ t

s

∫

D
pT−r (x, y) f (Vr (y) + Pr−sψ

j
s (y)) dydr

∥∥∥
Lm (�)

� C‖ f ‖Cγ |t − s|1+ γ
4

for C = C(γ ) > 0. By the Lebesgue monotone convergence theorem, we have

lim
j→∞ Pr−sψ

j,+
s (y) = Pr−sψ

+
s (y), lim

j→∞ Pr−sψ
j,−
s (y) = Pr−sψ

−
s (y)

for every r , s, y. Then by the Lebesgue dominated convergence theorem, we see that

‖As,t (x)‖Lm =
∥∥∥
∫ t

s

∫

D
pT−r (x, y) f (Vr (y) + Pr−sψs(y)) dydr

∥∥∥
Lm

� C‖ f ‖Cγ |t − s|1+ γ
4 . (3.11)

This estimate verifies assumption (3.1).
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Finally, it remains to verify condition (3.3). Fix t ∈ [0, T [ and let � := {0 =
t0, t1, ..., tk = t} be an arbitrary partition of [0, t]. Denote by |�| its mesh size. Then
we have

∣∣∣At −
k−1∑

i=0

Ati ,ti+1

∣∣∣

�
k−1∑

i=0

∫ ti+1

ti

∫

D
pT−r (x, y)

∣∣ f (Vr (y) + ψr (y)) − f (Vr (y) + Pr−ti ψti (y))
∣∣ dydr

� ‖ f ‖C1

k−1∑

i=0

∫ ti+1

ti

∫

D
pT−r (x, y)|ψr (y) − Pr−ti ψti (y)| dydr

� ‖ f ‖C1

k−1∑

i=0

∫ ti+1

ti
λti ,r (x)dr

� ‖ f ‖C1

k−1∑

i=0

∫ ti+1

ti
λti ,ti+1(x)dr

� ‖ f ‖C1λ0,t (x)|�|,

where in the third inequality we used (3.6) and that T − r > 0, and in the last two
inequalities we have used the fact that λ is a control. Thus, condition (3.3) holds.

Thus all the conditions of Proposition 3.2 are satisfied. Hence we have for any
(s, t) ∈ 	[0,T ], x ∈ DT

∣∣∣
∫ t

s

∫

D
pT−r (x, y) f (Vr (y) + ψr (y)) dydr

∣∣∣

= |At (x) − As(x)|
� C‖ f ‖Cγ λs,t (x)(t − s)

3
4+ γ

4 + Bs,t (x) + |As,t (x)|

where ‖Bs,t (x)‖Lm (�) � C‖ f ‖Cγ |t − s|1+ γ
4 uniformly in x ∈ DT for C = C(γ,m).

To obtain (3.8), it suffices to put Ls,t (x) = Bs,t (x) + |As,t (x)| and use (3.11).
The extension from f ∈ C1 to a general f goes along the same lines as in, e.g., [3,

proof of Lemma 4.6].
Step 2. Assume now that f : R → R is a bounded continuous function. For k ∈ N

put fk := G1/k f . Then it is clear that fk converges to f pointwise and ‖ fk‖Cγ �
‖ f ‖Cγ . Since fk ∈ C1 for any k ∈ N, inequality (3.8) for such f follows now directly
from Step 1 and Fatou’s lemma.

Step 3. Let f = 1U where U ⊂ R is an open set of Lebesgue measure ε > 0. By
Urysohn’s lemma, there exists a sequence of bounded continuous functions fn : R →
[0, 1], n ∈ Z+ such that 0 � fn � 1U for any n ∈ Z+ and fn(x) → 1U (x) for any
x ∈ R as n → ∞. Then fn(Vr (y)+ψr (y)) → 1U (Vr (y)+ψr (y)) as n → ∞ for any
r ∈ [0, T ], y ∈ D, ω ∈ �. We apply the results of Step 1 with γ = −1 and deduce
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for any s, t ∈ 	[0,T ], x ∈ DT , there exists a random variable Ln
s,t (x) such that

∣∣∣
∫ t

s

∫

D
pT−r (x, y) fn(Vr (y) + ψr (y)) dydr

∣∣∣ � C‖ fn‖C−1w0,T (x) + Ln
s,t (x),

(3.12)

and for any m � 2 we have ‖Ln
s,t (x)‖Lm (�) � C‖ fn‖C−1 for C = C(γ,m).

By the embedding L1(R) ⊂ C−1, we have for any n ∈ Z+, ‖ fn‖C−1 � ‖ fn‖L1(R) �
ε. Thus, defining Ls,t (x) := lim infn→∞ Ln

s,t (x),weget byFatou’s lemma from(3.12)

∣∣∣
∫ t

s

∫

D
pT−r (x, y)1U (Vr (y) + ψr (y)) dydr

∣∣∣ � Cεw0,T (x) + Ls,t (x),

and for any m � 2 we have ‖Ls,t (x)‖Lm (�) � Cε for C = C(m).
Step 4. Let f be now a bounded measurable function. Fix arbitrary δ > 0 and put

M := ‖ f ‖L∞(R). By Lusin’s theorem, there exists a bounded continuous function
fδ : R → R such that Leb({ fδ �= f }) � δ and ‖ fδ‖L∞(R) � M . Let Uδ be an open
set of measure 2δ containing the set { fδ �= f }; such set exists since the Lebesgue
measure is regular. Then for any x ∈ R we have

| fδ(x) − f (x)| � 2M 1Uδ (x).

and

‖ fδ‖Cγ � ‖ f ‖Cγ + ‖ fδ − f ‖Cγ � ‖ f ‖Cγ + ‖ fδ − f ‖L |γ |−1∨1(R)

� ‖ f ‖Cγ + 2Mδ|γ |∧1. (3.13)

Therefore, applying Step 2 of the proof to the continuous function fδ and using the
results of Step 3 we get that for any (s, t) ∈ 	[0,T ], x ∈ DT there exists a random
variable Lδ

s,t (x) such that

∣∣∣
∫ t

s

∫

D
pT−r (x, y) f (Vr (y) + ψr (y)) dydr

∣∣∣

�
∣∣∣
∫ t

s

∫

D
pT−r (x, y) fδ(Vr (y) + ψr (y)) dydr

∣∣∣

+ 2M
∫ t

s

∫

D
pT−r (x, y)1Uδ (Vr (y) + ψr (y)) dydr

� C‖ fδ‖Cγ (t − s)
3+γ
4 PT−tws,t (x) + Lδ

s,t (x) + CMδw0,T (x)

and ‖Lδ
s,t (x)‖Lm (�) � C‖ fδ‖Cγ |t − s|1+ γ

4 +Cδ for C = C(γ,m). By passing to the
limit in the above bound as δ → 0 and using (3.13) and Fatou’s lemma, we get (3.8)
and (3.9). ��

The following simple corollary removes the requirement that f is bounded.
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Corollary 3.4 Let T ∈ (0, 1], p � 1. Let f : R → R be a measurable function. Let
ψ : [0, T ] × D × � → R be a measurable function adapted to the filtration {Ft }.
Assume that there exists a nonnegative stochastic process w : 	[0,T ] × D × � →
[0,∞)which satisfies all the conditions of Lemma 3.3. Then there exists a nonnegative
stochastic process L : 	[0,T ] × D × � → [0,∞) such that for any (s, t) ∈ 	[0,T ],
x ∈ DT

∣∣∣
∫ t

s

∫

D
pT−r (x, y) f (Vr (y) + ψr (y)) dydr

∣∣∣

� C‖ f ‖L p(R)(t − s)
3
4− 1

4p PT−tws,t (x) + Ls,t (x),

whereC = C(γ ). Further, for anym ∈ [2,∞), there exists a constantC = C(γ,m) >

0 such that for any x ∈ D

‖Ls,t (x)‖Lm (�) � C‖ f ‖L p(R)|t − s|1− 1
4p .

Proof We clearly have

∣∣∣
∫ t

s

∫

D
pT−r (x, y) f (Vr (y) + ψr (y)) dydr

∣∣∣

�
∫ t

s

∫

D
pT−r (x, y)| f |(Vr (y) + ψr (y)) dydr . (3.14)

Let M > 0. Then applying Lemma 3.3 with γ = − 1
p to a bounded function

fM := | f | ∧ M we get that for any (s, t) ∈ 	[0,T ], x ∈ DT there exists a random
variable LM

s,t (x) such that

∫ t

s

∫

D
pT−r (x, y) fM (Vr (y) + ψr (y)) dydr � C‖ f ‖L p(R)(t − s)

3
4− 1

4p PT−tws,t (x)

+LM
s,t (x),

and for any m ∈ [2,∞) we have ‖LM
s,t (x)‖Lm (�) � C‖ f ‖L p(R)|t − s|1− 1

4p . Here

we used also the embedding C− 1
p ⊂ L p(R) and that ‖ fM‖L p(R) � ‖ f ‖L p(R). To

complete the proof of the corollary we pass to the limit as M → ∞ and use Fatou’s
lemma and (3.14). ��

We also need the following integral bound obtained in [1].

Proposition 3.5 Let τ ∈ (0, 1], ν ∈ [0, 1
2 ), 0 < T � 1, γ ∈ (−2, 0), � > 0. Let

f : R → R, X : [0, T ) × D → R be measurable functions, and let ψ : [0, T ] × D ×
� → R be a measurable function adapted to the filtration (Ft )t∈[0,T ]. Assume that

γ + 4τ > 1;
∫

D
|Xt (y)|dy � �(T − t)−ν, t ∈ [0, T ). (3.15)

123



Stochastics and Partial Differential Equations: Analysis and Computations

(i) If f is bounded, then for any m � 2 there exists a constant C = C(γ, ν, τ,m) >

0 such that for any (s, t) ∈ 	[0,T ]

∥∥∥
∫ t

s

∫

D
Xr (y) f (Vr (y) + ψr (y)) dydr

∥∥∥
Lm (�)

� C‖ f ‖Cγ �(t − s)1+
γ
4 −ν

(
1 + [ψ]Cτ Lm ([s,t])(t − s)τ− 1

4
)
. (3.16)

(ii) If | f | ∈ Cγ , then for any m � 2, ε > 0 there exists a constant C =
C(γ, ε, ν, τ,m) > 0 such that inequality (3.16) holds with the factor (t −
s)1+

γ
4 −ν−ε in place of (t − s)1+

γ
4 −ν .

Proof If the function f is continuous, this statement is [1, Lemma 6.3]. The exten-
sion first to bounded f and then to general measurable f is done exactly as in [3,
proof of Lemma 4.6], see also proofs of Lemma 3.3 and Corollary 3.4 above. ��

Finally, we provide here an immediate corollary of the Kolomogorov continuity
theorem which will be used in the paper.

Proposition 3.6 (see, e.g., [3, Proposition C.1]) Let γ1, γ2 > 0. Let Xn : [0, 1]×D×
� → R, n ∈ Z+ be a sequence of jointly continuous processes such that Xn(0, x) = 0
for any x ∈ D, n ∈ Z+. Assume further that for any m � 1 there exists a constant
C = C(m) such that the following bounds holds for any s, t ∈ [0, 1], x, y ∈ D,
n ∈ Z+:

‖Xn(t, x) − Xn(s, y)‖Lm (�) � C |t − s|γ1 + C |x − y|γ2; (3.17)

lim
n,k→∞ sup

t∈[0,1]
sup
x∈D

‖Xn(t, x) − Xk(t, x)‖Lm (�) = 0. (3.18)

Then there exists a jointly continuous process X : [0, 1] × D × � → R such that
for any N > 0

sup
s,t∈[0,1]

sup
x∈D|x |�N

|X(t, x) − Xn(t, x)| → 0 in probability as n → ∞. (3.19)

4 Proofs of main results

To simplify the notation, without loss of generality, we assume that the time interval
is [0, 1]. Denote for n ∈ N, t ∈ [0, 1]

κn(t) := �nt�n−1.

Thus, κn(t) is the gridpoint of the grid {0, 1/n, . . . , 1} closest to t from the left.
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For a function ϕ ∈ S(D) introduce an increasing sequences of Hilbertian semi-
norms:

‖ϕ‖S(D),m :=
m∑

i=0

∫

D
(1 + |x |m)2

∣∣∣
∂ i

∂xi
ϕ(x)

∣∣∣
2
dx, m ∈ Z+. (4.1)

It is well-known and easy to check that these seminorms determine the usual Schwartz
topology, see, e.g., [11, Remark 1.3.1].

4.1 Taking the limit in the integral bounds

Let us recall that the class V(κ) consists of functions that can be decomposed as the
sum of a stochastic convolution V and a sufficiently smooth perturbation. We show
that limits similar to (2.5) and (2.7) hold for any function in this class. Note that, at
this stage, we do not assume u to be a solution to any equation; it is simply considered
as a perturbation of V .

Lemma 4.1 Let γ ∈ (−2, 0), τ ∈ (0, 1). Let f ∈ Cγ and let u : (0, 1] × D × � → R

be a jointly continuous adapted process. Suppose that u ∈ V(τ ) and

γ + 4τ > 1. (4.2)

Then the following holds:

(i) there exists a jointly continuous adapted process H f : [0, 1]×D×� → R such
that for any sequence of functions ( f n)n∈Z+ in C∞

b with f n → f in Cγ− we
have for any N > 0

sup
t∈[0,1]

sup
x∈D|x |�N

∣∣∣∣
∫ t

0

∫

D
pt−r (x, y) f

n(ur (y)) dy dr − H f
t (x)

∣∣∣∣

→ 0 in probability as n → ∞; (4.3)

(ii) for any test function ϕ ∈ S(D) there exists a continuous processH f (ϕ) : [0, 1]×
� → R such that for any sequence of functions ( f n)n∈Z+ in C∞

b with f n → f
in Cγ− we have

sup
t∈[0,1]

∣∣∣∣
∫ t

0

∫

D
ϕ(x) f n(ur (x)) dx dr − H f

t (ϕ)

∣∣∣∣ → 0 in probability as n → ∞.

(4.4)

Proof (i). Let ( f n)n∈Z+ be any sequence of C∞
b functions such that f n → f in Cγ−.

We apply the Kolomogorov continuity theorem in the form of Proposition 3.6 to the
sequence of processes

H f ,n
t (x) :=

∫ t

0

∫

D
pt−r (x, y) f

n(ur (y)) dy dr , t ∈ [0, 1], x ∈ D,
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where n ∈ Z+. Let us verify that conditions (3.17) and (3.18) of the theorem are
satisfied. Let n ∈ Z+, (s, t) ∈ 	[0,1], x, y ∈ D. Then for any m � 2 we get

‖H f ,n
t (x) − H f ,n

s (y)‖Lm (�) �
∥∥∥
∫ t

s

∫

D
pt−r (x, z) f

n(ur (z)) dz dr
∥∥∥
Lm (�)

+
∥∥∥
∫ s

0

∫

D
(pt−r (x, z) − ps−r (y, z)) f

n(ur (z)) dz dr
∥∥∥
Lm (�)

=: Im1 + Im2 . (4.5)

By Proposition 3.5 applied to Xr := pt−r (x, ·), ν = 0, and f n in place of f we get

Im1 � C‖ f n‖Cγ (t − s)1+
γ
4 (1 + [u − V ]Cτ Lm ([0,1])) (4.6)

for C = C(γ, τ,m) > 0. In a similar manner, we apply Proposition 3.5 to T = s,
Xr := pt−r (x, ·) − ps−r (y, ·), where r ∈ [0, s], and f n in place of f . We use [1,
Lemma C.2] to get for any ν ∈ (0, 1/2), r ∈ [0, s)

∫

D
|pt−r (x, z) − ps−r (y, z)| dz �

∫

D
(|pt−r (x, z) − pt−r (y, z)|

+ |pt−r (y, z) − ps−r (y, z)|) dz
� (|x − y|2ν + (t − s)ν)(s − r)−ν.

Thus (3.15) holds with � := |x − y|2ν + (t − s)ν . Hence we get

Im2 � C‖ f n‖Cγ (|x − y|2ν + (t − s)ν)(1 + [u − V ]Cτ Lm ([0,1])),

where C = C(γ, ν, τ,m) > 0. Combining this with (4.6) and (4.5), we finally obtain

‖H f ,n
t (x) − H f ,n

s (y)‖Lm(�) � C‖ f n‖Cγ (|x − y|2ν + (t − s)ν)(1 + [u − V ]Cτ Lm ([0,1])),

where we used that ν < 1/2 and 1 + γ
4 > 1/2. This shows (3.17) since

[u − V ]Cτ Lm ([0,1]) < ∞ thanks to the condition u ∈ V(τ ) and supn∈Z+ ‖ f n‖Cγ < ∞
by the definition of convergence in Cγ−.

To show (3.18), we pick any γ ′ < γ such that γ ′ + 4τ > 1. This is possible thanks
to condition (4.2). We write for any n, k ∈ Z+, t ∈ [0, 1], x ∈ D

‖H f ,n
t (x) − H f ,k

t (x)‖Lm (�) �
∥∥∥
∫ t

0

∫

D
pt−r (x, z)( f

n − f k)(ur (z)) dz dr
∥∥∥
Lm (�)

� C‖ f n − f k‖Cγ ′ (1 + [u − V ]Cτ Lm ([0,1])),

where the last inequality follows from Proposition 3.5. Since as above u ∈ V(τ )

implies [u−V ]Cτ Lm ([0,1]) < ∞ and limn,k→∞ ‖ f n − f k‖Cγ ′ = 0 by the definition of
convergence in Cγ−, we see that condition (3.18) holds. Therefore all the conditions
of Proposition 3.6 are satisfied and (3.19) implies (4.3).
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It is immediate to see that the limiting process H f does not depend on the approx-
imating sequence ( f n)n∈Z+ . Indeed, let ( f̃ n)n∈Z+ be any other sequence of C∞

b
functions converging to f in Cγ−. Then for the merged sequence (hn)n∈Z+ , given
by h2n = f n and h2n+1 = f̃ n , n ∈ Z+, we have by (4.3) for any N > 0

sup
t∈[0,1]

sup
x∈D|x |�N

∣∣∣∣
∫ t

0

∫

D
pt−r (x, y)h

n(ur (y)) dy dr − H̃ f
t (x)

∣∣∣∣ → 0 in probability as n → ∞;

for a certain jointly continuous adapted process H̃ f : [0, 1]× D×� → R. However,
recalling (4.3), we see that

∫ t
0

∫
D pt−r (x, y)h2n(ur (y)) dy dr converges in probability

as n → ∞ uniformly on compacts to H f
t (x). Hence a.s. we have H f

t (x) = H̃ f
t (x)

for all t ∈ [0, 1], x ∈ D. Thus,

∫ t

0

∫

D
pt−r (x, y) f̃

n(ur (y)) dy dr =
∫ t

0

∫

D
pt−r (x, y)h

2n+1(ur (y)) dy dr → H f
t (x)

in probability as n → ∞ uniformly on compacts. Therefore, the limiting process H f

does not depend on the approximating sequence.
(ii). We argue similarly to part (i) of the proof. Fix ϕ ∈ S(D), m � 2. We would

like to apply Proposition 3.6 to the sequence of processes

H f ,n
t :=

∫ t

0

∫

D
ϕ(x) f n(ur (x)) dx dr , t ∈ [0, 1],

where n ∈ Z+. First, we verify that this sequence satisfies condition (3.17). We get

‖H f ,n
t − H f ,n

s ‖Lm (�) �
∥∥∥
∫ t

s

∫

D
ϕ(x) f n(ur (x)) dx dr

∥∥∥
Lm (�)

� C‖ f n‖Cγ ‖ϕ‖L∞(D)(t − s)1+
γ
4 (1 + [u − V ]Cτ Lm ([0,1])),

where the last inequality follows from Proposition 3.5 applied to X := ϕ, f n in place
of f , ν = 0. Since u ∈ V(τ ), we see that [u − V ]Cτ Lm ([0,1]) < ∞ and thus (3.17)
holds.

Next, to show (3.18), we pick as above any γ ′ < γ such that γ ′ + 4τ > 1. Then
by Proposition 3.5, we get

‖H f ,n
t − H f ,k

t ‖Lm (�) �
∥∥∥
∫ t

0

∫

D
ϕ(x)( f n − f k)(ur (z)) dz dr

∥∥∥
Lm (�)

� C‖ f n − f k‖Cγ ′ (1 + [u − V ]Cτ Lm ([0,1])).

We note that as above [u−V ]Cτ Lm ([0,1]) < ∞ thanks to the assumption u ∈ V(τ ) and
thus (3.18) holds.

Thus, we have verified all the conditions of Proposition 3.6. The desired limit (4.4)
follows now from (3.19). Arguing exactly as in the end of part (i) of the proof, we
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see that the limiting process H f (ϕ) does not depend on the approximating sequence
( f n)n∈Z+ . ��

4.2 Fromweak tomild formulation

Let us recall that our goal is to pass from the identities (2.6) and (2.7), which appear
in the definitions of analytically weak and regularized weak solutions, respectively, to
the identities (2.3) and (2.4). In this subsection, we take the first step in this direction,
which is common to both analytically weak and regularized weak solutions.

We begin by proving that (2.6) and (2.7) can be extended to accommodate test
functions ϕ that depend on time. Recall the definition of a seminorm‖ · ‖S(D),m in
(4.1).

Lemma 4.2 Let u0 ∈ B(D) and let u : (0, 1] × D × � → R be a jointly continuous
process. Let H : [0, 1] × S(D) × � → R be a continuous in time process. Assume
that for any ϕ ∈ S(D) the following identity holds P-a.s.

〈ut , ϕ〉 = 〈u0, ϕ〉 +
∫ t

0
〈us, 1

2
	ϕ〉 ds + Ht (ϕ) + Wt (ϕ), t ∈ [0, 1] (4.7)

and all the integrals are finite. Then the following holds.

(i) There exists a set�′ ⊂ � of full probability measure with the following property:
for any ω ∈ �′ there exist m = m(ω) ∈ Z+, � = �(ω) > 0 such that for any
ϕ ∈ S(D)

sup
t∈[0,1]

|〈ut (ω), ϕ〉| � �(ω)‖ϕ‖S(D),m(ω). (4.8)

(ii) For any t ∈ (0, 1], x ∈ D we have

Pεut−ε(x) → ut (x) a.s. as ε → 0. (4.9)

(iii) Let f ∈ C([0, 1],S(D)). Then there exists a continuous adapted process denoted
as

∫ ·
0 H(ds, fs) : [0, 1] × � → R such that for any t ∈ [0, 1] we have

�nt�∑

i=1

(H i
n
( f i−1

n
) − H i−1

n
( f i−1

n
)) →

∫ t

0
H(ds, fs) (4.10)

in probability as n → ∞. Further, a.s. for any t ∈ [0, 1]

〈ut , ft 〉 = 〈u0, f0〉 +
∫ t

0
〈us, ∂ fs

∂s

+1

2
	 fs〉 ds +

∫ t

0
H(ds, fs) +

∫ t

0

∫

D
fs(x)W (ds, dx).

(4.11)
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Proof (i). We see that thanks to (4.7)

for any ϕ ∈ S(D) the process r 
→ 〈ur , ϕ〉 is a.s. continuous. (4.12)

Then applying Mitoma’s theorem [13, Theorem 1 and formula (2.12)] to the Fréche
space S(D), we get precisely (4.8). (ii). Fix x ∈ D, t ∈ (0, 1]. Let χ : R → [0, 1] be a
C∞(R) function such that χ(y) = 1 if |y| � 1, χ(y) = 0 if |y| � 2, and χ(y) ∈ (0, 1)
for |y| ∈ (1, 2). Then

Pεut−ε(x) = 〈ut−ε, pε(x, ·)〉
= 〈ut−ε, pε(x, ·)χ(x − ·)〉 + 〈

ut−ε, pε(x, ·)(1 − χ(x − ·))〉
=: J1(ε) + J2(ε). (4.13)

Since u is a.s. continuous on [t/2, t] × ([x − 2, x + 2] ∩ D), it is easy to see that

J1(ε) → ut (x), a.s. as ε → 0. (4.14)

To pass to the limit in J2(ε), we use part (i) of the lemma. It follows from (4.8) that if
ω ∈ �′ then for some m(ω), �(ω) we have

|J2(ε, ω)| � �(ω)‖pε(x, ·)(1 − χ(x − ·))‖S(D),m(ω) → 0, as ε → 0.

Combining this with (4.13) and (4.14), we get (4.9). (iii). Fix f ∈ C([0, 1],S(D)).
Let n ∈ N. Using identity (4.7), we clearly have for any k = 1, ..., n a.s.

〈u k
n
, f k

n
〉 = 〈u k

n
, f k

n
− f k−1

n
〉 + 〈u k

n
, f k−1

n
〉

= 〈u k
n
, f k

n
− f k−1

n
〉

+ 〈u k−1
n

, f k−1
n

〉 +
∫ k

n

k−1
n

〈us, 1
2
	 f k−1

n
〉 ds + H k

n
( f k−1

n
) − H k−1

n
( f k−1

n
)

+ Wk
n
( f k−1

n
) − Wk−1

n
( f k−1

n
).

Summing these identities over k we derive for any t ∈ [0, 1]

〈uκn(t), ft 〉 = 〈uκn(t), fκn(t)〉 + 〈uκn(t), ft − fκn(t)〉
= 〈u0, f0〉 + 〈uκn(t), ft − fκn(t)〉

+
�nt�∑

i=1

〈u i
n
, f i

n
− f i−1

n
〉 +

∫ κn(t)

0
〈us, 1

2
	 fκn(s)〉 ds

+
�nt�∑

i=1

(H i
n
( f i−1

n
) − H i−1

n
( f i−1

n
)) +

∫ κn(t)

0

∫

D
fκn(s)(x)W (ds, dx).

(4.15)
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Fix now t ∈ [0, 1] and let us pass to the limit as n → ∞ in this identity. Using
(4.12) with ϕ = ft ∈ S(D), we get

〈uκn(t), ft 〉 → 〈ut , ft 〉, a.s. as n → ∞. (4.16)

Next, we note

〈uκn(t), ft − fκn(t)〉 +
�nt�∑

i=1

〈u i
n
, f i

n
− f i−1

n
〉 =

∫ t

0
〈u(κn(s)+ 1

n )∧κn(t)
,
∂ fs
∂s

〉 ds.

(4.17)

We note that by (4.12) for any s ∈ [0, t] we have 〈u(κn(s)+ 1
n )∧κn(t)

,
∂ fs
∂s 〉 → 〈us, ∂ fs

∂s 〉
a.s. as n → ∞. By part (i) of the lemma, we get

sup
n∈N

sup
r∈[0,t]

|〈u(κn(r)+ 1
n )∧κn(t)

,
∂ fr
∂r

〉| < ∞ a.s.

Hence by the Fubini theorem there exists a set �′′ ⊂ � of full probability measure
such that if ω ∈ �′′, then for Lebesgue almost all s ∈ [0, t] we have

lim
n→∞〈u(κn(s)+ 1

n )∧κn(t)
(ω),

∂ fs
∂s

〉

= 〈us, ∂ fs
∂s

〉 and sup
n∈N

sup
r∈[0,t]

|〈u(κn(r)+ 1
n )∧κn(t)

(ω),
∂ fr
∂r

〉| < ∞.

Thus, by the dominated convergence theorem we can pass to the limit in (4.17) and
get

∫ t

0
〈u(κn(s)+ 1

n )∧κn(t)
,
∂ fs
∂s

〉 ds →
∫ t

0
〈us, ∂ fs

∂s
〉 ds, a.s. as n → ∞. (4.18)

For the next term in (4.15) we have

∫ κn(t)

0
〈us, 1

2
	 fκn(s)〉 ds =

∫ t

0
〈us, 1

2
	 fκn(s)〉 ds

−
∫ t

κn(t)
〈us, 1

2
	 fκn(s)〉 ds →

∫ t

0
〈us, 1

2
	 fs〉 ds

(4.19)

a.s. as n → ∞. Here we used that thanks to part (i) of the lemma and the continuity
of f in S(D) topology

sup
s∈[0,t]

|〈us,	 fκn(s) − 	 fs〉| → 0 a.s. and sup
s,r∈[0,t]

|〈us,	 fr 〉| < ∞ a.s.
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Finally, using the Ito isometry, it is easy to see that for any δ > 0

lim
n→∞ P

(∣∣∣
∫ κn(t)

0

∫

D
fκn(s)(x)W (ds, dx) −

∫ t

0

∫

D
fs(x)W (ds, dx)

∣∣∣ > δ
)

= 0.

Combining this with (4.16), (4.18), (4.19) and substituting into (4.15), we see that for
each f there exists a measurable process

∫ ·
0 H(ds, fs) : [0, 1] × � → R such that

(4.10) holds and and for t ∈ [0, 1]

〈ut , ft 〉 = 〈u0, f0〉 +
∫ t

0
〈us, ∂ fs

∂s
〉 ds

+
∫ t

0
〈us, 1

2
	 fs〉 ds +

∫ t

0
H(ds, fs) +

∫ t

0

∫

D
fs(x)W (ds, dx).

This concludes the proof of the lemma. ��
Now we are ready to show that if u satisfies a “weak-type” identity (4.7), then it

also satisfies a “mild-type” identity.

Lemma 4.3 Assume that the conditions of Lemma 4.2 are satisfied. Then there exists a
stochastic process RH : [0, 1]× D×� → R such that P-a.s. u satisfies the following
equation

ut (x) = Ptu0(x) + RH(t, x) + Vt (x), t ∈ [0, 1], x ∈ D. (4.20)

Further, RH is a.s. continuous on (0, 1] × D and for any fixed t > 0, x ∈ D we have

∫ t−ε

0
H(dr , pt−r (x, ·)) → RH(t, x) (4.21)

in probability as ε → 0.

Proof Step 1. Take arbitrary ϕ ∈ S(D). Fix t ∈ [0, 1] and apply Lemma 4.2(iii) with
fs := Pt−sϕ, s ∈ [0, t]. Clearly, f ∈ C([0, 1], S(D)). Therefore all the conditions of
Lemma 4.2(iii) are satisfied. Note that

∂ fs
∂s

+ 1

2
	 fs = 0, s ∈ [0, t].

Therefore, Lemma4.2(iii) implies that there exists a process
∫ ·
0 H(dr , Pt−rϕ) : [0, t]×

� → R, where the integral is defined in (4.10), such that

〈us, Pt−sϕ〉 = 〈u0, Ptϕ〉 +
∫ s

0
H(dr , Pt−rϕ)

+
∫ s

0

∫

D
Pt−rϕ(x)W (dr , dx), s ∈ [0, t].
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By choosing s = t , and using that Pt is self adjoint we get

〈ut , ϕ〉 = 〈Ptu0, ϕ〉 +
∫ t

0
H(dr , Pt−rϕ) +

∫ t

0

∫

D
Pt−rϕ(x)W (dr , dx), t ∈ [0, 1].

(4.22)

Step 2. For arbitrary fixed x ∈ D, ε > 0, take ϕ := pε(x, ·). Clearly, ϕ ∈ S(D).
Substituting this ϕ in (4.22) with t − ε in place of t , we get for t ∈ [ε, 1]

Pεut−ε(x) = Ptu0(x) +
∫ t−ε

0
H(dr , pt−r (x, ·)) +

∫ t−ε

0

∫

D
pt−r (x, y)W (dr , dy)

= Ptu0(x) +
∫ t−ε

0
H(dr , pt−r (x, ·)) + PεVt−ε(x), P − a.s. (4.23)

Denote

RH(t, x) := ut (x) − Ptu0(x) − Vt (x), x ∈ D, t > 0.

Then, by definition (4.20) holds. By Lemma 4.2(ii), Pεut−ε(x) → ut (x) a.s. as ε → 0.
Wealso have by Ito’s isometry PεVt−ε(x) → Vt (x) in L2(�) as ε → 0.Thus, recalling
identity (4.23), we get (4.21). ��

4.3 Proof of Theorem 2.10: (a) implies (b)

Let us recall that if u is a weak regularized solution, then, by definition, identity (4.7)
holds withH = K, whereK is defined in Definition 2.6. Therefore, u satisfies identity
(4.20) for a process RK defined in (4.21). Thus, it remains to show that RK is, in fact,
the drift term K that appears in Definition 2.4.

It follows from Lemma 4.1, that the limit in (2.5) holds for a certain stochastic
process H ; therefore, we have to show that RK coincides with H . This is done in the
following lemma.

Lemma 4.4 Let α > −3/2, b ∈ Cα , u0 ∈ B(D). Let u be a weak regularized solution
of equation (1.1) with the initial condition u0 and suppose that u ∈ V(5/8).

Then for any sequence of functions (bn)n∈Z+ in C∞
b such that bn → b in Cα−,

t ∈ [0, 1], x ∈ D we have

∫ t

0

∫

D
pt−r (x, y)b

n(ur (y)) dydr → RK(t, x) in probability as n → ∞.

(4.24)
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To obtain this result we fix f ∈ C∞
b , t ∈ [0, 1], x ∈ D, ε ∈ (0, t), and use the

following decomposition

∣∣∣
∫ t

0

∫

D
pt−r (x, y) f (ur (y)) dy dr − RK(t, x)

∣∣∣

�
∣∣∣
∫ t−ε

0

∫

D
pt−r (x, y) f (ur (y)) dy dr −

∫ t−ε

0
K(dr , pt−r (x, ·))

∣∣∣

+
∣∣∣
∫ t

t−ε

∫

D
pt−r (x, y) f (ur (y)) dy dr

∣∣∣ +
∣∣∣RK(t, x) −

∫ t−ε

0
K(dr , pt−r (x, ·))

∣∣∣

=: I ε
1 (t, x) + I ε

2 (t, x) + I ε
3 (t, x), (4.25)

Here and later on, for a suitable test function f ∈ C([0, 1] × D,R), the nonlinear
integral

∫ ·
0 K(ds, fs) is defined as in (4.10) withH = K.

We begin with the analysis of the first term in (4.25).

Lemma 4.5 Assume that the assumptions of Lemma 4.4 holds. Let α′ ∈ (− 3
2 , α). Then

there exists a constant C = C(α, α′) such that for any x ∈ D, t ∈ [0, 1], ε ∈ (0, t),
f ∈ C∞

b , δ > 0 we have

P(I ε
1 (t, x) > δ) � Cδ−1(1 + [u − V ]C 5

8 L2([0,1])
)‖ f − b‖Cα′ . (4.26)

Proof Fix x ∈ D, t ∈ [0, 1], ε ∈ (0, t), δ > 0. Take arbitrary n ∈ N. We further
decompose I ε

1 and write

I ε
1 (t, x)

�
∣∣∣
∫ t−ε

0

∫

D
(pt−r (x, y) − pt−κn(r)(x, y)) f (ur (y)) dy dr

∣∣∣

+
∣∣∣
∫ t−ε

0

∫

D
pt−κn(r)(x, y) f (ur (y)) dy dr

−
�n(t−ε)�∑

i=1

(K i
n
(pt− i−1

n
(x, ·)) − K i−1

n
(pt− i−1

n
)(x, ·))

∣∣∣

+
∣∣∣
�n(t−ε)�∑

i=1

(K i
n
(pt− i−1

n
(x, ·)) − K i−1

n
(pt− i−1

n
)(x, ·)) −

∫ t−ε

0
K(dr , pt−r (x, ·))

∣∣∣

=: I n,ε
1,1 (t, x) + I n,ε

1,2 (t, x) + I n,ε
1,3 (t, x). (4.27)

We bound I n,ε
1,1 using Proposition 3.5 with ψ := u − V , T := t − ε, γ = α, τ = 5

8 ,
Xr := pt−r (x, ·) − pt−κn(r)(x, ·), where r ∈ [0, t − ε], ν = 0. It is easy to see that
α + 4τ > 1 thanks to the standing assumption α > −3/2. Further, for r ∈ [0, t − ε]
∫

D
|pt−r (x, y) − pt−κn(r)(x, y)| dy � C(t − κn(r))

−1/2|r − κn(r)| � Cn−1ε− 1
2 ,
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for some C > 0 independent of n, x , see, e.g. [1, Lemma C.2]. Thus, condition

(3.15) holds with � = Cn−1ε− 1
2 . Therefore all the assumptions of Proposition 3.5 are

satisfied and we get from (3.16)

‖I n,ε
1,1 (t, x)‖L2(�) � C‖ f ‖Cαn−1ε− 1

2 (1 + [u − V ]C 5
8 L2([0,1])

), t ∈ [ε, 1], x ∈ D,

for C = C(α). Since u ∈ V( 58 ), we have [u − V ]C 5
8 L2([0,1])

< ∞. Hence, by the

Chebyshev inequality,

lim
n→∞ P(I n,ε

1,1 (t, x) > δ) = 0. (4.28)

Next, we bound I n,ε
1,2 . Let (bM )M∈Z+ be a sequence of functions in C∞

b such that

bM → b in Cα−. By the definition of K in (2.8).

�n(t−ε)�∑

i=1

(K i
n
(pt− i−1

n
(x, ·)) − K i−1

n
(pt− i−1

n
(x, ·)))

= lim
M→∞

∫ κn(t−ε)

0

∫

D
pt−κn(r)(x, y)b

M (ur (y)) dy dr ,

where the limit is in probability. Hence, Fatou’s lemma implies

‖I n,ε
1,2 (t, x)‖L2(�) � lim

M→∞

∥∥∥
∫ t−ε

0

∫

D
pt−κn(r)(x, y)( f − bM )(ur (y)) dy dr

∥∥∥
L2(�)

+
∥∥∥
∫ t−ε

κn(t−ε)

∫

D
pt−κn(r)(x, y) f (ur (y)) dy dr

∥∥∥
L2(�)

. (4.29)

To bound both terms in the right-hand side of (4.29) the above inequality we take any
α′ ∈ (− 3

2 , α) and use again Proposition 3.5 with ψ := u − V , T := t − ε, γ = α′,
τ = 5

8 , Xr := pt−κn(r)(x, ·), where r ∈ [0, t − ε], ν = 0. For the first integral term,
we take f − bM in place of f in the lemma. Since

∫

D
pt−κn(r)(x, y) dy = 1,

and α′ + 4τ > 1, we see that (3.15) holds with � = 1. Thus all the assumptions of
Proposition 3.5 are satisfied and we derive for any t ∈ [ε, 1], x ∈ D

‖I n,ε
1,2 (t, x)‖L2(�) � C(1 + [u − V ]C 5

8 L2([0,1])
)
(
lim

M→∞ ‖ f − bM‖Cα′ + n−1/2‖ f ‖Cα′
)

� C(1 + [u − V ]C 5
8 L2([0,1])

)
(‖ f − b‖Cα′ + n−1/2‖ f ‖Cα

)
,
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where C = C(α, α′) and we used that bM → b in Cα′
because α′ < α and bM → b

in Cα−. Using again that [u − V ]C 5
8 L2([0,1])

< ∞, we get

lim
n→∞ P(I n,ε

1,2 (t, x) > δ) � Cδ−1(1 + [u − V ]C 5
8 L2([0,1])

)‖ f − b‖Cα′ . (4.30)

Finally, to bound I n,ε
1,3 we apply Lemma 4.2(iii) for the function fr := pt−r (x, ·),

r ∈ [0, t − ε]. It is easy to see that f ∈ C([0, 1],S(D)). Thus, all the assumptions of
the lemma are satisfied. Hence, by (4.10) applied with t − ε in place of t we get for
any δ > 0

lim
n→∞ P(I n,ε

1,3 (t, x) > δ) = 0. (4.31)

Recalling now decomposition (4.27), we get for any δ > 0, n ∈ N

P(I ε
1 (t, x) > δ) � P(I n,ε

1,1 (t, x) >
δ

3
) + P(I n,ε

1,2 (t, x) >
δ

3
) + P(I n,ε

1,3 (t, x) >
δ

3
).

By passing to the limit in the right-hand side of the above inequality as n → ∞, and
using (4.28), (4.30), (4.31), we finally get

P(I ε
1 (t, x) > δ) � Cδ−1(1 + [u − V ]C 5

8 L2([0,1])
)‖ f − b‖Cα′ ,

where C = C(α, α′), which is the desired bound (4.26). ��
To treat the remaining terms in (4.25), we need the following useful bound.

Lemma 4.6 Under the assumptions of Lemma 4.4, there exists a constant C = C(α)

such that for any δ > 0, (s, t) ∈ 	[0,1], x ∈ D, f ∈ C∞
b

P
(∣∣∣

∫ t

s

∫

D
pt−r (x, y) f (ur (y)) dy dr

∣∣∣ > δ) � Cδ−1‖ f ‖Cα (t − s)
1
2 (1 + [u − V ]

C 5
8 L2([0,1])

)

Proof We apply Proposition 3.5 with ψ := u − V , T := t , γ = α, τ = 5
8 , Xr :=

pt−r (x, ·), where r ∈ [0, t), ν = 0. It is easy to see that α+4τ > 1 because α > −3/2
and

∫

D
pt−r (x, y) dy = 1.

Thus, all the assumptions of Proposition 3.5 are satisfied and we get

∥∥∥
∫ t

s

∫

D
pt−r (x, y) f (ur (y)) dy dr

∥∥∥
L2(�)

� C‖ f ‖Cα (t − s)
1
2 (1 + [u − V ]C 5

8 L2([0,1])
), x ∈ D,
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for C = C(α) independent of s, t, x, f . The statement of the lemma follows now
from the Chebyshev inequality. ��

Now we are ready to prove Lemma 4.4.

Proof of Lemma 4.4 Fix δ > 0. Let n ∈ N, t ∈ (0, 1], x ∈ D, α′ ∈ (− 3
2 , α). We apply

Lemma 4.5 and Lemma 4.6 and use decomposition (4.25) with bn in place of f . We
get for any ε ∈ (0, t]

P
(∣∣∣

∫ t

0

∫

D
pt−r (x, y)b

n(ur (y)) dy dr − RK(t, x)
∣∣∣ > δ

)

� P(I ε
1 (t, x) >

δ

3
) + P(I ε

2 (t, x) >
δ

3
) + P(I ε

3 (t, x) >
δ

3
)

� Cδ−1(1 + [u − V ]C 5
8 L2([0,1])

)
(‖bn − b‖Cα′ + ‖bn‖Cα ε

1
2
) + P(I ε

3 (t, x) >
δ

3
)

(4.32)

for C = C(α, α′). By Lemma 4.3, I ε
3 (t, x) → 0 in probability as ε → 0. Therefore,

we can pass to the limit in the right-hand side of (4.32) as ε → 0 and derive for any
t ∈ (0, 1], x ∈ D

P
(∣∣∣

∫ t

0

∫

D
pt−r (x, y)b

n(ur (y)) dy dr − RK(t, x)
∣∣∣ > δ

)

� Cδ−1(1 + [u − V ]C 5
8 L2([0,1])

)‖bn − b‖Cα′

for C = C(α, α′) independent of n. Since bn → b in Cα−, we have ‖bn − b‖Cα′ → 0
as n → ∞. Since u ∈ V( 58 ), we have [u − V ]C 5

8 L2([0,1])
< ∞. Thus, (4.24) holds. ��

Proof of Theorem 2.10: (a) implies (b) Let u ∈ V( 58 ) be a weak regularized solution to
equation (1.1). We apply Lemma 4.1 with γ = α and τ = 5/8 and f = b. We see that
condition (4.2) holds since α > − 3

2 . Hence there exists a jointly continuous adapted
process Hb : [0, 1] × D × � → R such that for any sequence of functions (bn)n∈Z+
converging to b in Cα− we have

sup
t∈[0,1]

sup
x∈D|x |�N

∣∣∣∣
∫ t

0

∫

D
pt−r (x, y)b

n(ur (y)) dy dr − Hb
t (x)

∣∣∣∣

→ 0 in probability as n → ∞. (4.33)

On the other hand, by Lemma 4.3 u satisfies P-a.s.

ut (x) = Ptu0(x) + RK(t, x) + Vt (x), t ∈ [0, 1], x ∈ D. (4.34)

Further, by Lemma 4.4 we have for any fixed t ∈ [0, 1], x ∈ D

∫ t

0

∫

D
pt−r (x, y)b

n(ur (y)) dydr → RK(t, x), in probability as n → ∞.
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Combining this with (4.33), we see that there exists a set �′ ⊂ � of full probability
measure such that Hb

t (x) = RK(t, x) for t ∈ [0, 1] ∩ Q, x ∈ D ∩ Q. Since both Hb

and RK are continuous we see that on�′ we have Hb
t (x) = RK(t, x) for all t ∈ [0, 1],

x ∈ D. Thus,

sup
t∈[0,1]

sup
x∈D

∣∣∣∣
∫ t

0

∫

D
pt−r (x, y)b

n(ur (y)) dy dr − RK(t, x)

∣∣∣∣ → 0 in probability as n → ∞.

Recalling now (4.34), we see that all the conditions of Definition 2.4 are satisfied and
we can conclude that u is a mild regularized solution to equation (1.1). ��

4.4 Proof of Theorem 2.10: (b) implies (a)

The first step is to show that if u is a mild regularized solution of equation (1.1), then
it satisfies (2.7) for some drift Rϕ in place of Kt (ϕ).

Lemma 4.7 Let α ∈ R, b ∈ Cα , u0 ∈ B(D). Let u be a mild regularized solution of
equation (1.1) with the initial condition u0. Suppose that ‖u‖C0L1([0,1]) < ∞. Then
for any ϕ ∈ S(D), t ∈ [0, 1], there exists a continuous process Rϕ : [0, 1] × � → R

such that

�nt�∑

i=1

〈K i
n

− P1
n
K i−1

n
, ϕ〉 → Rϕ(t) (4.35)

in probability as n → ∞. Further, u satisfies a.s.

〈ut , ϕ〉 = 〈u0, ϕ〉 +
∫ t

0
〈us, 1

2
	ϕ〉 ds + Rϕ(t) +

∫ t

0

∫

D
ϕ(x)W (ds, dx), t ∈ [0, 1].

(4.36)

Proof We argue in a similar way to Lemma 4.2. Let ϕ ∈ S(D), t ∈ [0, 1]. First we
note that

E〈|ut |, |ϕ|〉 � ‖u‖C0L1([0,1])〈1, |ϕ|〉 < ∞

thanks to the assumption ‖u‖C0L1([0,1]) < ∞. Thus, 〈|ut |, |ϕ|〉 < ∞ a.s. By a similar
argument, we see that

∫ 1

0
〈|us |, |	ϕ|〉 ds < ∞ a.s.

and thus all the integrals in (4.36) are well-defined as Lebesgue integrals.
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Using identity in part (i) of Definition 2.4, we clearly have for any n ∈ N, k =
1, ..., n

〈u k
n
, ϕ〉 − 〈u k−1

n
, P1

n
ϕ〉 = 〈Pk

n
u0, ϕ〉 + 〈K k

n
, ϕ〉 − 〈Vk

n
, ϕ〉 − 〈Pk−1

n
u0, P1

n
ϕ〉

− 〈K k−1
n

, P1
n
ϕ〉 + 〈Vk−1

n
, P1

n
ϕ〉

= 〈K k
n

− P1
n
K k−1

n
, ϕ〉 + 〈Vk

n
− P1

n
Vk−1

n
, ϕ〉.

Summing these identities over k, we derive for any t ∈ [0, 1]

〈uκn(t), ϕ〉 =〈u0, ϕ〉 +
�nt�∑

i=1

〈u i−1
n

, P1
n
ϕ − ϕ〉 +

�nt�∑

i=1

〈K i
n

− P1
n
K i−1

n
, ϕ〉

+
�nt�∑

i=1

〈V i
n

− P1
n
Vi−1

n
, ϕ〉. (4.37)

Let us pass to the limit as n → ∞ in this identity. Fix N > 0. We have

∣∣〈uκn(t) − ut , ϕ〉∣∣ � 〈|uκn(t)| + |ut |, |ϕ|1|·|�N 〉
+∣∣〈uκn(t), ϕ 1|·|�N 〉 − 〈ut , ϕ 1|·|�N 〉∣∣. (4.38)

Using that u is a.s. bounded and continuous on D ∩ [−N , N ], we easily get
∣∣〈uκn(t), ϕ 1|·|�N 〉 − 〈ut , ϕ 1|·|�N 〉∣∣ → 0, (4.39)

a.s. as n → ∞. Since

E〈|uκn(t)| + |ut |, |ϕ|1|·|�N 〉 � C‖u‖C0L1([0,1])
∫

|x |�N
|ϕ(x)| dx → 0,

as N → ∞, we derive from (4.38) and (4.39)

〈uκn(t), ϕ〉 → 〈ut , ϕ〉, in probability as n → ∞. (4.40)

Next, we note

�nt�∑

i=1

〈u i−1
n

, P1
n
ϕ − ϕ〉 =

∫ κn(t)

0
〈uκn(s),

1

2
	Ps−κn(s)ϕ〉 ds

=
∫ κn(t)

0
〈uκn(s),

1

2
Ps−κn(s)	ϕ〉 ds. (4.41)

We split the integration in the scalar product as before into two parts: over the compact
set D∩[−N , N ] and over the remainder D∩(R\[−N , N ]). Then for any fixed N > 0
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we have a.s.

lim
n→∞

∣∣∣
∫ κn(t)

0
〈uκn(s) 1|·|�N ,

1

2
Ps−κn(s)	ϕ〉 ds −

∫ t

0
〈us 1|·|�N ,

1

2
	ϕ〉 ds

∣∣∣ = 0

(4.42)

On the other hand, we get

E
∣∣∣
∫ κn(t)

0
〈uκn(s) 1‖·‖�N ,

1

2
Ps−κn(s)	ϕ〉 ds

∣∣∣

� ‖u‖C0L1([0,1])
∫

|x |�N
sup

r∈[0,1]
Pr |	ϕ|(x) dx → 0;

E
∣∣∣
∫ κn(t)

0
〈us 1‖·‖�N ,

1

2
	ϕ〉 ds

∣∣∣ � ‖u‖C0L1([0,1])
∫

|x |�N
|	ϕ(x)| dx → 0

as N → ∞. Combining this with (4.41) and (4.42), we get

�nt�∑

i=1

〈u i−1
n

, P1
n
ϕ − ϕ〉 →

∫ t

0
〈us, 1

2
	ϕ〉 ds, in probability as n → ∞. (4.43)

Finally, we derive

�nt�∑

i=1

〈V i
n

− P1
n
Vi−1

n
, ϕ〉 =

�nt�∑

i=1

∫

D

∫ ti

ti−1

∫

D
pti−r (x, y)W (dr , dy)ϕ(x)dx

=
∫ κn(t)

0

∫

D
Pκn(r)+ 1

n −rϕ(y)W (dr , dy).

It is not difficult to show that for any r ∈ [0, t]

lim
n→∞

∫

D
(Pκn(r)+ 1

n −rϕ(y) − ϕ(y))2 dy = 0.

Thus, using Ito’s isometry, we get

�nt�∑

i=1

〈V i
n

− P1
n
Vi−1

n
, ϕ〉 →

∫ t

0

∫

D
ϕ(y)W (dr , dy), in L2(�) as n → ∞.

Recalling now (4.40), (4.43) and substituting them into (4.37), we see that for each
ϕ ∈ S(D) there exists a measurable process Rϕ : [0, 1] × � → R such that (4.35)
holds and u satisfies (4.36). ��

To complete the proof, we need to show that the process Rϕ satisfies condition
(2.8), that is, it is a limit of the corresponding approximating sequence. We already
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know from Lemma 4.1(ii) that the approximating sequence converges, it remains just
to identify the limit.

Lemma 4.8 Let α > −3/2, b ∈ Cα , u0 ∈ B(D). Let u be a mild regularized solution
of equation (1.1) with the initial condition u0 and suppose that u ∈ V(5/8).

Then for any sequence of functions (bm)m∈Z+ in C∞
b such that bm → b in Cα−,

ϕ ∈ S(D), t ∈ [0, 1] we have
∫ t

0

∫

D
ϕ(x)bm(ur (x)) dxdr → Rϕ(t) in probability as n → ∞. (4.44)

Proof Fix t ∈ [0, 1], a sequence of functions (bm)m∈Z+ in C∞
b such that bm → b in

Cα−, ϕ ∈ S(D), and δ > 0. We write for n ∈ N

∣∣∣
∫ t

0

∫

D
ϕ(y)bm(ur (y)) dydr − Rϕ(t)

∣∣∣

�
∣∣∣
∫ κn(t)

0

∫

D
ϕ(y)bm(ur (y)) dxdr

−
∫ κn(t)

0

∫

D

∫

D
ϕ(x)p

κn(r)+ 1
n −r (x, y)b

m(ur (y)) dxdydr
∣∣∣

+
∣∣∣
∫ κn(t)

0

∫

D

∫

D
ϕ(x)p

κn(r)+ 1
n −r (x, y)b

m(ur (y)) dxdydr −
�nt�∑

i=1

〈K i
n

− P1
n
K i−1

n
, ϕ〉

∣∣∣

+
∣∣∣
�nt�∑

i=1

〈K i
n

− P1
n
K i−1

n
, ϕ〉 − Rϕ(t)

∣∣∣ +
∣∣∣
∫ t

κn(t)

∫

D
ϕ(y)bm(ur (y)) dxdr

∣∣∣

=: I n,m
1 (t) + I n,m

2 (t) + I n3 (t) + I n,m
4 (t). (4.45)

To bound I n,m
1 we use again Proposition 3.5 with f = bm , γ = α, τ = 5

8 ,
T = κn(t), Xr (y) := ϕ(y) − ∫

D ϕ(x)pκn(r)+ 1
n −r (x, y) dx , ν = 0. We get for any

r ∈ [0, t]
∫

D

∣∣∣ϕ(y) −
∫

D
ϕ(x)pκn(r)+ 1

n −r (x, y) dx
∣∣∣ dy � sup

s∈[0, 1n ]

∫

D
|ϕ(y) − Psϕ(y)| dy

� Cn−1‖	ϕ‖L1(D),

for universal C > 0, where we also used that pr (x, y) = pr (y, x) for any r > 0,
x, y ∈ D. Therefore, condition (3.15) holds with � = Cn−1‖	ϕ‖L1(D). Thus, all the
assumptions of Proposition 3.5 are satisfied and we deduce from (3.16)

‖I n,m
1 (t)‖L2(�) � C‖bm‖Cαn−1‖	ϕ‖L1(D)(1 + [u − V ]C 5

8 L2([0,1])
). (4.46)
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Next, to bound I n,m
2 (t), we rewrite it as

|I n,m
2 (t)| �

�nt�∑

i=1

〈∣∣K i
n

−
∫ i

n

0

∫

D
p i
n −r (·, y)bm(ur (y)) dydr

∣∣, |ϕ|
〉

+
�nt�∑

i=1

〈∫

D
P1

n
(·, z)

∣∣∣K i−1
n

(z) −
∫ i−1

n

0

∫

D
p i−1

n −r (z, y)b
m(ur (y)) dydr

∣∣∣dz, |ϕ|
〉
.

(4.47)

By part (2) of Definition 2.4, we have for each i = 1, ..., n

K i
n

−
∫ i

n

0

∫

D
p i

n −r (·, y)bm(ur (y)) dydr

= lim
M→∞

∫ i
n

0

∫

D
p i

n −r (·, y)(bM − bm)(ur (y)) dydr , (4.48)

where the limit is in probability. Hence, by the Fatou’s lemma and Minkowski’s
inequality,

∥∥∥
〈∣∣K i

n
−

∫ i
n

0

∫

D
p i

n −r (·, y)bm(ur (y)) dydr
∣∣, |ϕ|

〉∥∥∥
L2(�)

� lim
M→∞

∥∥∥
〈∣∣

∫ i
n

0

∫

D
p i

n −r (·, y)(bM − bm)(ur (y)) dydr
∣∣, |ϕ|

〉∥∥∥
L2(�)

� lim
M→∞

〈∥∥∥
∫ i

n

0

∫

D
p i

n −r (·, y)(bM − bm)(ur (y)) dydr
∥∥∥
L2(�)

, |ϕ|
〉
. (4.49)

Similarly, we use (4.48) to treat the the second group of terms in the right-hand side
of (4.47). We get for each i = 1, ..., n

∥∥∥
〈∫

D
P1

n
(·, z)

∣∣∣K i−1
n

(z) −
∫ i−1

n

0

∫

D
p i−1

n −r (z, y)b
m(ur (y)) dydr

∣∣∣dz, |ϕ|
〉∥∥∥

L2(�)

� lim
M→∞

∥∥∥
〈∫

D
P1

n
(·, z)

∣∣∣
∫ i−1

n

0

∫

D
p i−1

n −r (z, y)(b
M − bm)(ur (y)) dydr

∣∣∣dz, |ϕ|
〉∥∥∥

L2(�)

� lim
M→∞

〈∫

D
P1

n
(·, z)

∥∥∥
∫ i−1

n

0

∫

D
p i−1

n −r (z, y)(b
M − bm)(ur (y)) dydr

∥∥∥
L2(�)

dz, |ϕ|
〉
.

(4.50)

We fix now α′ ∈ (− 3
2 , α) and apply Proposition 3.5 with f = bM − bm , γ = α′,

τ = 5
8 , T = i

n , Xr (y) := p i
n −r (x, y), ν = 0. Since

∫
D p i

n −r (x, y) dy = 1 and

α′ + 4τ > 1, we see that all the conditions of the proposition are satisfied and we get
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for each i = 1, ..., n, z ∈ D

∥∥∥
∫ i

n

0

∫

D
p i

n −r (z, y)(b
M − bm)(ur (y)) dydr

∥∥∥
L2(�)

� C‖bM − bm‖Cα′ (1 + [u − V ]C 5
8 L2([0,1])

),

forC = C(α, α′). We substitute this into (4.49), (4.50) and then sum over i to combine
with (4.47). Using that bM → b in Cα− and thus bM → b in Cα′

, we deduce

‖I n,m
2 (t)‖L2(�) � Cn‖b − bm‖Cα′ ‖ϕ‖L1(D)(1 + [u − V ]C 5

8 L2([0,1])
), (4.51)

for C = C(α, α′).
Next, we use Lemma 4.7 and (4.35) to bound I n3 (t). We get for any δ > 0

lim
n→∞ P(|I n3 (t)| > δ) = 0. (4.52)

Finally, we treat I n,m
4 using again Proposition 3.5 with f = bm , γ = α, τ = 5

8 ,
T = t , Xr (y) := ϕ, ν = 0. Since t − κn(t) � n−1, we get

‖I n,m
4 (t)‖L2(�) � C‖bm‖Cαn− 1

2 ‖ϕ‖L1(D)(1 + [u − V ]C 5
8 L2([0,1])

)

for C = C(α). Now we substitute this together with (4.46), (4.51), (4.52) into the
decomposition (4.45), use the Chebyshev’s inequality and get for any n,m ∈ N,
δ > 0

P
(∣∣∣

∫ t

0

∫

D
ϕ(x)bm(ur (x)) dxdr − Rϕ(t)

∣∣∣ � δ
)

� P(I n,m
1 (t) >

δ

4
) + P(I n,m

2 (t) >
δ

4
) + P(I n3 (t) >

δ

4
) + P(I n,m

4 (t) >
δ

4
)

� Cδ−1(‖ϕ‖L1(D) + ‖	ϕ‖L1(D))(1 + [u − V ]
C 5

8 L2([0,1])
)
(‖bm‖Cαn− 1

2 + n‖b − bm‖Cα′
)

+ P(I n3 (t) >
δ

4
),

for C = C(α, α′). By passing to the limit in the above inequality as m → ∞, we get

P
(∣∣∣

∫ t

0

∫

D
ϕ(x)bm(ur (x)) dxdr − Rϕ(t)

∣∣∣ � δ
)

� Cn− 1
2 δ−1(‖ϕ‖L1(D) + ‖	ϕ‖L1(D))(1 + [u − V ]C 5

8 L2([0,1])
) sup

m
‖bm‖Cα

+ sup
t∈[0,1]

P(I n3 (t) >
δ

4
),
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for C = C(α, α′). Note that u ∈ V( 58 ) and therefore [u−V ]C 5
8 L2([0,1])

< ∞. Further,

supm ‖bm‖Cα < ∞ by the definition of convergence in Cα−. By passing to the limit in
the above inequality as n → ∞ and using (4.52), we get the desired result (4.44). ��
Proof of Theorem 2.10: (b) implies (a) Let u ∈ V( 58 ) be a mild regularized solution to
equation (1.1). Let ϕ ∈ S(D). Then by Lemma 4.7 u satisfies a.s.

〈ut , ϕ〉 = 〈u0, ϕ〉 +
∫ t

0
〈us, 1

2
	ϕ〉 ds

+Rϕ(t) +
∫ t

0

∫

D
ϕ(x)W (ds, dx), t ∈ [0, 1]. (4.53)

Let (bn)n∈Z+ be a sequence of functions converging to b in Cα−. Applying Lemma
4.1(ii) with γ = α, τ = 5/8, f = b (note that condition (4.2) holds because γ > − 3

2 ),
we get that there exists a continuous process Hb(ϕ) : [0, 1] × � → R such that

sup
t∈[0,1]

∣∣∣∣
∫ t

0

∫

D
ϕ(x)bn(ur (x)) dx dr − Hb

t (ϕ)

∣∣∣∣ → 0 in probability as n → ∞.

(4.54)

On the other hand, for any fixed t ∈ [0, 1] by Lemma 4.8

∫ t

0

∫

D
ϕ(x)bm(ur (x)) dxdr → Rϕ(t) in probability as n → ∞.

Therefore there exists a set of full probability measure �′ ⊂ � such that Rϕ(t) =
Hb

t (ϕ) for t ∈ [0, 1] ∩ Q. Since both Rϕ and Hb(ϕ) are continuous, we see that

Rϕ(t) = Hb
t (ϕ) for all t ∈ [0, 1] on �′. (4.55)

Now by (4.53), (4.54) and (4.55) we see that all the conditions of Definition 2.6 are
satisfied and u is a weak regularized solution to equation (1.1). ��

4.5 Proofs of Theorem 2.11 and Corollary 2.12

The key step in proving Theorem 2.11 is to show that if b is an integrable function,
then any analytically weak or mild solution of equation (1.1) belongs to the class V(κ)

for some κ � 3
4 . This is done using Lemma 3.3 which in turn relies on the stochastic

sewing lemma with random controls. Once we establish that a solution belongs to
this class, we can show that it is also a regularized solution and thus the uniqueness
theorem for regularized solutions is applicable [1, Theorem 2.6]. As mentioned in
Section 2, it is relatively straightforward to show that any analytically weak solution
to (1.1) satisfies (2.3) for Lebesgue a.e. x ∈ D. Therefore, the following statement is
crucial.
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Lemma 4.9 Let p � 1, b ∈ L p(R), u0 ∈ B(D). Let u : (0, 1] × D × � → R be a
jointly continuous adapted process. Suppose that for any t ∈ [0, 1], for Lebesgue a.e.
x ∈ D we have

∫ t

0

∫

D
pt−r (x, y)|b|(ur (y)) dydr < ∞ P-a.s. (4.56)

and

ut (x) = Ptu0(x) +
∫ t

0

∫

D
pt−r (x, y)b(ur (y)) dydr + Vt (x) P-a.s. (4.57)

Then u ∈ V(1 − 1
4p ).

To prove this lemma introduce the following set:

Dt := {x ∈ D : assumptions (4.56) and (4.57) hold}, (4.58)

where t ∈ [0, 1]. We show Lemma 4.9 in two steps: first we show that inequality (2.9)
in the definition of class V holds for Lebesgue a.e. x ∈ D, and then we show this
inequality for all x ∈ D using continuity of u and Fatou’s lemma.

Lemma 4.10 Assume that the assumptions of Lemma 4.9 are satisfied. Then for any
(s, T ) ∈ 	[0,1], x ∈ DT we have

∥∥∥
∫ T

s

∫

D
pT−r (x, y)|b|(ur (y)) dydr

∥∥∥
Lm (�)

� C |T − s|1− 1
4p .

for C = C(m, p, ‖b‖L p(R)) > 0 independent of x.

Proof Fix T ∈ [0, 1]. We apply Convention 3.4 for f = |b|, ψ := u − V and put for
(s, t) ∈ 	[0,T ], x ∈ D

ws,t (x) := 1x∈Dt

∫ t

s

∫

D
pt−r (x, y)|b|(ur (y)) dydr .

Let us verify conditions (3.6)–(3.7). Let t ∈ [0, T ]. Then it follows from the definition
of the set Dt that for x ∈ Dt we have

|ψt (x) − Pt−sψs(x)| =
∣∣∣
∫ t

s

∫

D
pt−r (x, y)b(ur (y)) dydr

∣∣∣

�
∫ t

s

∫

D
pt−r (x, y)|b|(ur (y)) dydr = ws,t (x)
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and thus (3.6) holds. Further for any (s, u) ∈ 	[0,t], x ∈ Dt we have

Pt−uws,u(x) + wu,t (x) =
∫ u

s

∫

D
pt−r (x, y)|b|(ur (y)) dydr

+
∫ t

u

∫

D
pt−r (x, y)|b|(ur (y)) dydr

= ws,t (x).

Hence condition (3.7) holds. Thus, all the conditions of Convention 3.4 are satisfied
and therefore we have for any (s, t) ∈ 	[0,T ], x ∈ DT

PT−tws,t (x) =
∫ t

s

∫

D
pT−r (x, y)|b|(Vr (y) + ψr (y)) dydr

� C0‖b‖L p(R)(t − s)
3
4− 1

4p PT−tws,t (x) + Ls,t (x), (4.59)

where C0 = C0(p), and for any m � 2

‖Ls,t (x)‖Lm (�) � C1‖b‖L p(R)|t − s|1− 1
4p ,

for C1 = C1(m, p). Let � > 0 be such that

C0‖b‖L p(R)�
3
4− 1

4p � 1

2
.

Then (4.59) yields for (s, t) ∈ 	[0,T ] with t − s � �

‖PT−tws,t (x)‖Lm (�) � 2C1‖b‖L p(R)|t − s|1− 1
4p .

By splitting the interval [s, T ], where s ∈ [0, T ], into �T − s/�� disjoint intervals of
length no bigger than � and applying the above inequality to each of the intervals we
get for x ∈ DT

∥∥∥
∫ T

s

∫

D
pT−r (x, y)|b|(Vr (y) + ψr (y)) dydr

∥∥∥
Lm (�)

� C(T − s)1−
1
4p ,

for C = C(m, p, ‖b‖L p(R)). ��
Now we are ready to prove Lemma 4.9.

Proof of Lemma 4.9 Let the set Dt be as in (4.58). Fix arbitrary (s, t) ∈ 	[0,1], x ∈ Dt .
Then for any m � 2 we have by Lemma 4.10

‖ut (x) − Vt (x) − Pt−s(us − Vs)(x)‖Lm (�) =
∥∥∥
∫ t

s

∫

D
pt−r (x, y)b(ur (y)) dydr

∥∥∥
Lm (�)

� C |t − s|1− 1
4p ,
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for C = C(m, p, ‖b‖L p(R)) > 0 independent of x . Since u and V are continuous in
x , Fatou’s lemma implies

‖ut (x) − Vt (x) − Pt−s(us − Vs)(x)‖Lm (�) � C |t − s|1− 1
4p , (4.60)

for all x ∈ D. Thus, (4.60) holds for all (s, t) ∈ 	[0,1] and x ∈ D and therefore
u ∈ V(1 − 1

4p ). ��
Next, as announced above, we show that any analytically weak solution to (1.1)

satisfies (2.3) for Lebesgue a.e. x ∈ D.

Lemma 4.11 Let b be a measurable function R → R, u0 ∈ B(D). Let u be an
analytically weak solution of equation (1.1) with the initial condition u0. Let f ∈
C([0, 1],S(D)) and assume additionally that

sup
t∈[0,1]

sup
x∈D

| ft (x)|e|x | < ∞. (4.61)

Then we have for any t ∈ [0, 1]

〈ut , ft 〉 = 〈u0, f0〉 +
∫ t

0
〈us, ∂ fs

∂s
+ 1

2
	 fs〉 ds +

∫ t

0

∫

D
b(ur (x)) fr (x) dxdr

+
∫ t

0

∫

D
fs(x)W (ds, dx), P − a.s. (4.62)

Moreover, for any ϕ ∈ S(D) with supx∈D |ϕ(x)|e|x | < ∞, we have for any t ∈ [0, 1]

〈ut , ϕ〉 = 〈u0, Ptϕ〉 +
∫ t

0

∫

D
Pt−rϕ(x)b(ur (x)) dxdr

+
∫ t

0

∫

D
Pt−rϕ(x)W (dr , dx), P − a.s. (4.63)

Proof First of all we note that a.s.

∫ 1

0

∫

D
|b(ur (y))|e−|y| dydr < ∞. (4.64)

Indeed, for all the three choices of (D,S(D)), see Convention 2.1, one can find a test
function ϕ ∈ S(D), such that ϕ(x) � e−|x |, x ∈ D. Thus, the integral in (4.64) is
well-defined as a Lebesgue integral by definition of an analytically weak solution u.

We apply Lemma 4.2(iii). Since u is an analytically weak solution to equation
(1.1), identity (4.7) holds for Ht (ϕ) := ∫ t

0

∫
D b(ur (y))ϕ(y)dydr , where ϕ ∈ S(D).

Therefore all conditions of Lemma 4.2 are satisfied and therefore (4.10) and (4.11)
holds. Let us now identify the process

∫ t
0 H(ds, fs) from (4.10).
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For f ∈ C([0, 1],S(D)), t ∈ [0, 1], we have

�nt�∑

i=1

H i
n
( f i−1

n
) − H i−1

n
( f i−1

n
) =

∫ κn(t)

0

∫

D
b(ur (y)) fκn(r)(y)dydr . (4.65)

We see that for any r ∈ [0, t], y ∈ D we have b(ur (y)) fκn(r)(y)1r�κn(t) →
b(ur (y)) fr (y) as n → ∞ thanks to the continuity of f . Moreover, by assumption
(4.61) we have for a universal constant C > 0

|b(ur (y)) fκn(r)(y)| � Ce−|y||b(ur (y))| ∈ L1([0, 1] × D) a.s.,

where we have also used (4.64). Thus, by the dominated convergence theorem

∫ κn(t)

0

∫

D
b(ur (y)) fκn(r)(y)dydr →

∫ t

0

∫

D
b(ur (y)) fr (y)dydr , a.s. as n → ∞

(4.66)

On the other hand, by (4.10)

�nt�∑

i=1

(H i
n
( f i−1

n
) − H i−1

n
( f i−1

n
)) →

∫ t

0
H(ds, fs), in probability as n → ∞.

Recalling now (4.65), (4.66), we get that for any t ∈ [0, 1] we have
∫ t

0
H(ds, fs) =

∫ t

0

∫

D
b(ur (y)) fr (y)dydr a.s.

Therefore, (4.62) follows now from (4.11).
To show identity (4.63), we fix t ∈ [0, 1] and take fr := Pt−rϕ, r ∈ [0, t], in (4.62).

This is valid because such a function f belongs to C([0, 1],S(D)) and satisfies (4.61).
For this choice of f , we have ∂ fs

∂s + 1
2	 fs = 0, which implies (4.63). ��

Corollary 4.12 Under the conditions of Lemma 4.11, for any t ∈ [0, 1] we have for
Lebesgue a.e. x ∈ D

∫ t

0

∫

D
pt−r (x, y)|b|(ur (y)) dydr < ∞ P − a.s. (4.67)

and

ut (x) = Ptu0(x) +
∫ t

0

∫

D
pt−r (x, y)b(ur (y)) dydr + Vt (x) P − a.s. (4.68)
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Proof We begin by observing that by Fubini’s theorem and (4.64) we have for any
t ∈ [0, 1], x ∈ D

∫

D

∫ t

0

∫

D
e−|x | pt−r (x, y)|b|(ur (y)) dydrdx � C

∫ t

0

∫

D
e−|y||b|(ur (y)) dydr < ∞,

where we also applied the elementary inequality −|x | � |x − y| − |y|.
That is,

e−|·|
∫ t

0

∫

D
pt−r (·, y)|b|(ur (y)) dydr ∈ L1(D) P − a.s.

and thus P-a.s. the function x 
→ ∫ t
0

∫
D pt−r (x, y)|b|(ur (y)) dydr is finite for

Lebesgue a.e. x ∈ D. This shows (4.67).
Next, we fix t ∈ [0, 1], x ∈ D and for arbitrary ε ∈ (0, t) take in (4.63) t − ε in

place of t and ϕ := pε(x, ·). We get

Pεut−ε(x) = Ptu0(x) +
∫ t−ε

0

∫

D
pt−r (x, y)b(ur (y)) dydr + PεVt−ε(x), P − a.s.

(4.69)

By Lemma 4.2(ii), we have Pεut−ε(x) → ut (x) a.s. as ε → 0. Using Itô’s isometry,
we have PεVt−ε(x) → Vt (x) in probability as ε → 0. If x ∈ D is such that the
integral

∫ t
0

∫
D pt−r (x, y)|b|(ur (y)) dydr is finite, then by definition

lim
ε→0

∫ t−ε

0

∫

D
pt−r (x, y)b(ur (y)) dydr =

∫ t

0

∫

D
pt−r (x, y)b(ur (y)) dydr .

Thus, for all such x we can pass to the limit in (4.69) as ε → 0 to deduce

ut (x) = Ptu0(x) +
∫ t

0

∫

D
pt−r (x, y)b(ur (y)) dydr + Vt (x), P − a.s.,

which is (4.68). ��
Now, after all the preliminary work, we are ready to prove Theorem 2.11.

Proof of Theorem 2.11 In Theorem 2.10 we have already shown that (b) is equivalent
to (d). Thus it remains to show that (a) is equivalent to (b) and (c) is equivalent to (d)
and that (a) implies that u ∈ V(1 − 1

4p ).

Proof that (a) implies u ∈ V(1− 1
4p ) and (b). Let u be an analytically weak solution

to (1.1). Then by Convention 4.12 for any t ∈ [0, 1] we have for Lebesgue a.e. x ∈ D

∫ t

0

∫

D
pt−r (x, y)|b|(ur (y)) dydr < ∞ P − a.s.
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and

ut (x) = Ptu0(x) +
∫ t

0

∫

D
pt−r (x, y)b(ur (y)) dydr + Vt (x) P − a.s.

Therefore all the conditions of Lemma 4.9 are satisfied and u ∈ V(1 − 1
4p ) ⊂ V( 58 ).

Next, note that L p(R) ⊂ C− 1
p . Let us check that u satisfies the conditions of

Definition 2.6 with β = − 1
p , q = ∞. Fix any test function ϕ ∈ S(D). We apply

Lemma 4.1(ii) with τ = 5
8 , γ = − 1

p . Since p � 1 and u ∈ V( 58 ) by above, we see that
condition (4.2) holds. Therefore there exists a continuous processH(ϕ) : [0, 1]×� →
R such that for any sequence of C∞

b functions (bn)n∈Z+ converging to b in C− 1
p − we

have

sup
t∈[0,1]

∣∣∣∣
∫ t

0

∫

D
ϕ(x)bn(ur (x)) dx dr − H f

t (ϕ)

∣∣∣∣ → 0 in probability as n → ∞.

(4.70)

Next, we apply Proposition 3.5 with f = bn − b, γ = − 1
p − 1

4 , τ = 5
8 , T = 1,

Xr (y) := ϕ(y), ν = 0. We see that γ + 4τ > 1 and condition (3.15) holds with
� = ‖ϕ‖L1(D). Thus, all the assumptions of Proposition 3.5 are satisfied and we
deduce from (3.16)

∥∥∥
∫ t

0

∫

D
ϕ(y)(b − bn)(ur (y)) dy dr

∥∥∥
L2(�)

� C‖ϕ‖L1(D)‖bn − b‖C− 1
p − 1

4
(1 + [u − V ]C 5

8 L2([0,1])
) (4.71)

for C = C(p). By above, u ∈ V( 58 ) and thus [u − V ]C 5
8 L2([0,1])

< ∞. By pass-

ing to the limit as n → ∞, we see that for any t ∈ [0, 1] we have Ht (ϕ) =∫ t
0

∫
D ϕ(y)b(ur (y)) dy dr a.s. This implies that there exists a set �′ ⊂ � of full

probability measure such that on �′ we have for any t ∈ [0, 1] ∩ Q

〈ut , ϕ〉 = 〈u0, ϕ〉 +
∫ t

0
〈us, 1

2
	ϕ〉 ds + Ht (ϕ) + Wt (ϕ).

Since all the terms in the above identity are continuous in t ∈ (0, 1], we see that the
above equation holds on �′ for all t ∈ [0, 1]. Therefore, recalling (4.70), we see that
all the conditions of Definition 2.6 are satisfied and u is a weak regularized solution
of (1.1).

Proof that (b) implies (a). It follows from the definition of the weak regularized
solution u that for any test function ϕ ∈ S(D) there exists a process K(ϕ) : [0, 1] ×
� → R with K0(ϕ) = 0, such that for t ∈ [0, 1]

〈ut , ϕ〉 = 〈u0, ϕ〉 +
∫ t

0
〈us, 1

2
	ϕ〉 ds + Kt (ϕ) + Wt (ϕ). (4.72)
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Set bn := G1/nb. Then bn → b in C− 1
p − as n → ∞ and, by the definition of a

regularized weak solution, for any t ∈ [0, 1]

∫ t

0

∫

D
ϕ(y)bn(ur (y)) dy dr − Kt (ϕ) → 0 in probability as n → ∞.

On the other hand, applying Proposition 3.5 to the functions f := bn − b, Xr (y) =
ϕ(y) we see that inequality (4.71) holds. Since u ∈ V( 58 ) by assumption, we get
[u − V ]C 5

8 L2([0,1])
< ∞ and thus

∫ t

0

∫

D
ϕ(y)bn(ur (y)) dy dr →

∫ t

0

∫

D
ϕ(y)b(ur (y)) dy dr inL2(�)asn → ∞.

Therefore for every t ∈ [0, 1] we have Kt (ϕ) = ∫ t
0

∫
D ϕ(y)b(ur (y)) dy dr a.s. Since

both K(ϕ) and the process t 
→ ∫ t
0

∫
D ϕ(y)b(ur (y)) dy dr are continuous, we have

that a.s. for all t ∈ [0, 1] we have Kt (ϕ) = ∫ t
0

∫
D ϕ(y)b(ur (y)) dy dr . Recalling now

(4.72), we see that u is an analytically weak solution to (1.1).
Proof that (c) implies (d). Let u be a mild solution to (1.1). Then from (2.3) we

have that for any x ∈ D and t ∈ [0, 1]

ut (x) = Ptu0(x) +
∫ t

0

∫

D
pt−r (x, y)b(ur (y))dydr + Vt (x), a.s. (4.73)

Thus, Lemma 4.9 implies u ∈ V( 58 ). Consider any sequence of functions (bn)n∈Z+ in

C∞
b such that bn → b in C− 1

p −. Applying Proposition 3.5 to the functions f := bn−b,
Xr (y) = pt−r (x, y) we see that

∥∥∥
∫ t

0

∫

D
pt−r (y)(b − bn)(ur (y)) dy dr

∥∥∥
L2(�)

� C‖bn − b‖
C− 1

p − 1
4
(1 + [u − V ]C 5

8 L2([0,1])
).

Since by above u ∈ V( 58 ), we get [u − V ]C 5
8 L2([0,1])

< ∞ and thus

∥∥∥
∫ t

0

∫

D
pt−r (x, y)(b

n − b)(ur (y)) dy dr
∥∥∥
L2(�)

→ 0 (4.74)

as n → ∞.
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On the other hand, applying Lemma 4.1(i) with τ = 5
8 , γ = − 1

p , we see that there
exists a continuous process H : [0, 1] × D × � → R such that for any sequence of

C∞
b functions (bn)n∈Z+ converging to b in C− 1

p − we have for any N > 0

sup
t∈[0,1]

sup
x∈D|x |�N

∣∣∣∣
∫ t

0

∫

D
pt−r (x, y)b

n(ur (y)) dy dr − Ht (x)

∣∣∣∣ → 0 in probability as n → ∞.

(4.75)

Comparing this with (4.74), we see that there exists a set �′ ⊂ � of full probability
measure such that on �′ we have for any t ∈ [0, 1] ∩ Q, x ∈ D ∩ Q

Ht (x) =
∫ t

0

∫

D
pt−r (x, y)b(ur (y))dydr .

Using now (4.73) we see that on �′ we have for any t ∈ [0, 1] ∩ Q, x ∈ D ∩ Q

ut (x) = Ptu0(x) + Ht (x) + Vt (x).

Since all the terms in the above identity are continuous in (t, x) ∈ (0, 1] × D, we see
that it holds for all t ∈ [0, 1], x ∈ D. This together with (4.75) shows that u satisfies
(1) and (2) of Definition 2.4 with K = H .

Proof that (d) implies (c). It follows from the definition of the solution u that a.s.
for any x ∈ D, t ∈ (0, 1]

ut (x) = Ptu0(x) + Kt (x) + Vt (x). (4.76)

Set bn := G1/nb. Then bn → b in C− 1
p − as n → ∞ and, by definition of a regularized

mild solution, for any x ∈ D, t ∈ (0, T0]
∫ t

0

∫

D
pt−r (x, y)b

n(ur (y)) dy dr − Kt (x) → 0 in probability as n → ∞.

On the other hand, applying Proposition 3.5 to the functions f := bn − b, Xr (y) =
pt−r (x, y), � = 1, ν = 0 we see that inequality (4.74) holds. Using that u ∈ V( 58 ) by
assumption, we get [u − V ]C 5

8 L2([0,1])
< ∞ and thus

∫ t

0

∫

D
pt−r (x, y)b

n(ur (y)) dy dr →
∫ t

0

∫

D
pt−r (x, y)b(ur (y)) dy dr inL2(�)asn → ∞.

Therefore Kt (x) = ∫ t
0

∫
D pt−r (x, y)b(ur (y)) dy dr a.s. Since u satisfies (4.76), we

get that u is a mild solution to (1.1). ��
Proof of Corollary 2.12 By [1, Theorem 2.6], equation (1.1) has a mild regularized
solution, which is strong in the probabilistic sense. By Theorem 2.10 this solution is
analytically mild and analytically weak.
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To show strong uniqueness of solutions to equation (1.1), we note that any analyti-
cally mild solution as well as any analytically weak solution to this equation is a mild
regularized solution by Theorem 2.10 and belongs to the class V(1− 1

4p ) ⊂ V( 34 ). By
[1, Theorem 2.6], equation (1.1) has a unique mild regularized solution in the class
V( 34 ). Therefore, equation (1.1) has a unique analytically mild solution, which is also
analytically weak solution. ��
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