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Abstract

We introduce the concept of gauged Lagrangian 1-forms, extending the notion of Lagrangian
1-forms to the setting of gauge theories. This general formalism is applied to a natural geometric
Lagrangian 1-form on the cotangent bundle of the space of holomorphic structures on a smooth
principal G-bundle P over a compact Riemann surface C of arbitrary genus g, with or without
marked points, in order to gauge the symmetry group of smooth bundle automorphisms of P.
The resulting construction yields a multiform version of the 3d mixed BF action with so-called
type A and B defects, providing a variational formulation of Hitchin’s completely integrable
system over C. By passing to holomorphic local trivialisations and going partially on-shell, we
obtain a unifying action for a hierarchy of Lax equations describing the Hitchin system in terms
of meromorphic Lax matrices. The cases of genus 0 and 1 with marked points are treated in
greater detail, producing explicit Lagrangian 1-forms for the rational Gaudin hierarchy and the
elliptic Gaudin hierarchy, respectively, with the elliptic spin Calogero—-Moser hierarchy arising
as a special subcase.
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1 Introduction and summary of main results

The Hamiltonian formalism has historically played a more prominent role in shaping the modern
theory of integrable systems than the Lagrangian one. Indeed, it naturally provides a description
of integrable hierarchies as commuting Hamiltonian flows and its algebraic nature has been pivotal
in the problem of quantisation. However, over the past fifteen years, there has been a resurgence of
interest in both applying and further developing Lagrangian methods in the context of integrable
systems, driven by two major developments.

The first of these is the development of the theory of Lagrangian multiforms, first introduced
by Lobb and Nijhoff in the setting of integrable lattice models [52]. Since then, significant progress
was made in extending the multiform framework to various realms of integrability: discrete and
continuous finite-dimensional systems [77, [73] [61], (12}, 5], integrable field theories in 1+1 dimensions
[74, 168, 69, [16), 17, 62, 19] and 2+1 dimensions [70} 58], and semi-discrete systems [71]. The concept
was even extended to non-commuting flows in [14} [13].

Unlike traditional action functionals in d spacetime dimensions, which capture the dynamics of
a single d-dimensional integrable field theory (the d = 1 case corresponding to finite-dimensional
systems), a multiform action functional is given by the integral of a Lagrangian d-form over a
d-dimensional submanifold I'" in a so-called multi-time space of dimension strictly greater than d.
The resulting action functional S[q, I'] depends not only on the field configurations ¢ but also on the
submanifold I". Applying a generalised variational principle to this action produces the so-called
multi-time Euler-Lagrange equations, encoding the dynamics of several d-dimensional integrable
field theories from the same hierarchy, together with the so-called closure relation which provides
a variational analogue of the Poisson involutivity of the Hamiltonians of this hierarchy.

The second development concerns the deep relationship between the notion of Lax integrability
and certain so-called mized holomorphic-topological (HT) gauge theories. The general philosophy
is that the Lax formalism of an integrable field theory on a d-dimensional manifold M (again the
d = 1 case corresponds to finite-dimensional systems), depending on a spectral parameter living
on a Riemann surface C, arises from the equations of motion of a suitable gauge theory on M x C'
which is holomorphic along C' and (possibly a mixture of holomorphic and) topological along M.

The first concrete example, discovered by Costello and further developed more recently with
Witten and Yamazaki in [22), 23] 24] 25], relates integrable lattice models to a 4-dimensional
semi-holomorphic variant of Chern-Simons theory in the presence of line defects. This idea has
been extensively studied and generalised over the past five years. Most notably, integrable field
theories in 1 + 1 dimensions were shown to arise from surface defects in the same 4-dimensional
Chern-Simons theory in the seminal paper [26] and many subsequent works, see for instance
[277, 64, [4, B30, [43], [47, 18, B3] 411 32], B3] 511 [7, 48]. Integrable field theories in higher dimensions
arising as reductions of the 4-dimensional anti-self-dual Yang-Mills equations were similarly derived
from various defects in 6-dimensional holomorphic Chern-Simons theory on twistor space [} 20} 21].
But the example most relevant for the purpose of the present paper is the relationship between the
finite (rational) Gaudin model and the 3-dimensional mixed holomorphic-topological BF theory
with line defects [76].

It is important to stress that, while both developments are rooted in the Lagrangian formalism,
their scopes are very different and each has their own advantages and drawbacks. Indeed, the main



purpose of the Lagrangian multiform framework is to encode hierarchies of integrable systems,
but the only known systematic constructions [19, 12, 15] rely on the algebraic machinery of the
classical r-matrix method. In contrast, the framework of mixed HT gauge theories provides an
elegant geometric origin for the spectral parameter and a powerful method for constructing many
integrable systems, but it is currently limited to producing individual integrable systems rather
than hierarchies. It is therefore very tempting to try to combine the two frameworks.

The primary purpose of the present paper is to take the first step in this directiorﬂ in the setting
of finite-dimensional integrable systems. Specifically, we will focus on Hitchin’s integrable system
[42] and its generalisations with marked points introduced in subsequent works (see, for instance,
[53, 9 59, 29]) which provide master systems from which prototypical examples of completely
integrable finite-dimensional Hamiltonian systems can be derived. Focusing in the introduction on
the case without marked points for conciseness, the phase space of the Hitchin system is described
by the cotangent bundle T*Bung(C) of the moduli space Bung(C') of holomorphic principal G-
bundles of a fixed topological type on a Riemann surface C' of arbitrary genus g > 2. The Hitchin
map describes a complete set of Poisson-commuting Hamiltonians on this phase space, thereby
encoding a finite-dimensional integrable hierarchy.

Our main goal is to construct a Lagrangian 1-form which encodes the entire integrable hierarchy
of Hitchin’s system variationally. In doing so, we will find that we are naturally led to a multiform
version of the 3d mixed BF theory introduced in [76], see also [78| 35, 40]. We thus generalise [70]
in three key respects: 1) we consider Hitchin systems with marked points on Riemann surfaces C
of arbitrary genus rather than just CP!, 2) we encode the entire hierarchy of such Hitchin systems
rather than one individual flow in this hierarchy, and 3) we derive the 3d mixed BF action as a
variational description of Hitchin systems rather than taking that action as a given. The present
paper thus naturally sits at the intersection of the three topics depicted in the following diagram:

Hitchin’s

integrable system

This paper

mixed HT Lagrangian
gauge theories multiforms

As such, it provides a first instance of the merging of the framework of Lagrangian multiforms

with mixed HT gauge theories, using Hitchin’s integrable system as a driving example.

In the remainder of the introduction we give a detailed outline of the structure of the paper
and summarise the main results. For ease of presentation in this introduction, we will focus here
on the case of Hitchin’s system on a Riemann surface C' of arbitrary genus g > 2 without marked
points. The case with marked points is dealt with in detail in the main body of the paper.

In the absence of marked points, the phase space of Hitchin’s system is given by the cotangent
bundle 7*Bung(C). A point in the base Bung(C) is a stable holomorphic principal G-bundle Py,
of a fixed topological type, which can always be described using a single holomorphic transition

In connection with combining the framework of Lagrangian multiforms with gauge-theoretic ideas, we note the
work [55]. However, it is based on a different approach from mixed HT gauge theories. Lagrangian multiforms for
the Darboux—Kadomtsev-Petviashvili system were derived from a hierarchy of Chern-Simons actions in an infinite-
dimensional space of Miwa variables.



function v : Uy N Uy — G relative to an open cover {Up, U1} of C' with Uy an open neighbourhood
of a fixed point p € C' and Uy == C'\ {p}. A point in the fibre Tj; Bung(C) above Py is called
a holomorphic Higgs field L. Identifying g with its dual g* using a fixed nondegenerate invariant
bilinear pairing on g, it is given explicitly by a pair of g-valued (1, 0)-forms L and L' on Uy and
Uy, respectively, which are related via the adjoint action LY = yL'y~! on the overlap UyNU;. The
pair (Phol, L) is an example of a stable Higgs bundle. The Hitchin map, which is also known as the
Hitchin fibration, provides a complete set of Poisson-commuting Hamiltonians H; for i =1,...,n,
where n denotes half the dimension of the phase space. These Hamiltonians induce commuting
time flows ,i, i = 1,...,n on T*Bung(C) whose actions on the pair (LY, v) are given by

9u L% = (M}, L, MY =M}y + 0y (1.1)

for i =1,...,n, where M} are g-valued meromorphic functions on U; each with a simple pole at
a fixed marked point q; € U; whose residue there is determined by the Hitchin Hamiltonian H;,
and M are g-valued holomorphic functions on Uy.

One of the main goals of the present paper is to give a variational description of the hierarchy of
commuting flows . To do so, we will exploit the fact that the Hitchin phase space T*Bung(C')
can be obtained as a symplectic reduction of the infinite-dimensional cotangent bundle T* M of the
space M of stable holomorphic structures on a fixed smooth principal G-bundle P by the action
of the group G = Aut P of smooth bundle automorphisms of P, as we now briefly recall.

A holomorphic structure on P can be specified in terms of a partia]ﬂ (0, 1)-connection A” on P
given in local coordinate patches by g-valued (0, 1)-forms on C. A smooth bundle automorphism
g € G acts on such a holomorphic structure A” by gauge transformations A” — gA”g~! — dgg~!
and two holomorphic structures related in this way define the same holomorphic principal G-bundle
Prot- In particular, the action of G on the space M of stable holomorphic structures is free and we
have an isomorphism M /G = Bung(C'). Moreover, the action of G on M lifts to a Hamiltonian
action on T*M with moment map given by u(B, A”) = 4" B, where B denotes the smooth Higgs
field parametrising the fibre of T7i, M over a fixed holomorphic structure A” € M. We prefer to
use the symbol B over the more standard ® as the Higgs field will shortly become identified with
the corresponding field with the same name in 3d mixed BF theory. The starting point for our
construction is then the fact that the Hitchin phase space is given by the symplectic quotient

T*Bung(C) = u=(0)/G. (1.2)

Specifically, in we introduce a natural lift of the Hitchin map to the cotangent bundle 7* M
which induces n commuting flows on this infinite-dimensional symplectic manifold and that can
be described variationally using a natural geometric multiform action Sp[B, A”,t] on T*M. Upon
performing the symplectic reduction to p~1(0)/G at the level of the action, which is the con-
tent of we obtain a multiform version of the action for the gauge theory known as 3d mixed
holomorphic-topological BF theory. After subsequently passing to holomorphic local trivialisations
and going partially on-shell to obtain an equivalent description of the dynamics on T*Bung(C)
via the isomorphism , which is the content of this will lead to the desired action for the
dynamics of the Hitchin system on 7T*Bung(C).

In order to describe this in more detail, it is useful to first recall how the analog of symplectic
reduction can be implemented in the Lagrangian formalism. Consider a symplectic manifold 7™M
equipped with a Hamiltonian action of a Lie group G with moment map u : T*M — g*. If the
Hamiltonian is G-invariant then so is the first-order action S|p,q] = fol (puq'“ — H(p, q))dt and

2The notion of partial connection is explained below after (3.43)).



symplectic reduction to x4 ~1(0)/G is implemented by adding the term fol (u(p,q), Ay to the action
where A = A;dt is a g-valued Lagrange multiplier. Indeed, the restriction to the level set x~1(0) is
implemented dynamically via the equation of motion for A while the quotient by G is implemented
as a gauge symmetry since the global G-symmetry of the original action is promoted to a gauge
symmetry of the new action if we let A transform as gauge field A — gAg~! — 9;gg~'dt for any
g€ COO((O, 1), G). In §2| we generalise this to the setting of Lagrangian multiforms.

The symplectic reduction in is implemented at the level of the action in Specifically,
starting from the geometric multiform action Sp[B, A”,t] on T* M, where in the present multiform
setting the fields B, A” and also the time variables ' depend on an auxiliary space of multi-times
R™, we introduce a g-valued gauge field A = A;du/ (with an implicit sum over j = 1,...,n) which
transforms as a connection along R™, namely A + gAg~' —dgrngg~!. To implement the symplectic
reduction by the group G we then add the new term [ (1, A) = — [,(B, 94" A) to the Lagrangian
1-form [ (B,dgnA") — Hy(B, A”)dgnt" underlying the original action Sp[B, A”,t]. Remarkably,
the resulting Lagrangian 1-form is exactly a multiform version of the Lagrangian for 3d mixed
BF theory; see Theorem In particular, the partial (0, 1)-connection A” and R™-connection A
combine into a partial connection A = A” + A which together with the Higgs field B form the field
content of 3d mixed BF theory. Moreover, the lift of the Hitchin Hamiltonians H; to the cotangent
bundle T* M now play the role of type B defects in the language of [76].

By construction, the Lagrangian 1-form for 3d mixed BF theory encodes the dynamics of the
Hitchin system but in terms of the degrees of freedom of the cotangent bundle T* M, i.e. in terms
of a smooth partial (0, 1)-connection A” specifying the holomorphic structure of P parametrising
the base, a smooth Higgs field B parametrising the fibre, and a smooth R™-connection A serving
as Lagrange multiplier for the constraint 04" B = 0. To obtain the sought-after Lagrangian 1-form
describing the dynamics of the Hitchin system on the actual Hitchin phase space T*Bung(C),
which is parametrised by pairs (Ppol, L) with Pp, a stable holomorphic principal G-bundle on C'
and L a holomorphic Higgs fields, we need to perform one final step detailed in §4 Specifically, the
holomorphic principal G-bundle Py, is obtained by moving to a local trivialisation of the smooth
principal G-bundle P in which A” = 0. Moreover, to turn the smooth Higgs field B into the
holomorphic Higgs field L. we simply enforce the constraint 04"B = 0. The resulting Lagrangian
1-form, derived in Theorem reads

1
211

= — / <L0, an77_1> — Hianti, (1.3)
Cp
where ¢, is a small counter-clockwise oriented circle around the marked point p. More precisely,
in Theorem we derive the more general Lagrangian 1-form for a Hitchin system with marked
points p, € C, for a« = 1,..., N with N € Z>1, at which we attach degrees of freedom ¢, living
in coadjoint orbits of fixed elements A, € g*. See for details. In Theorem we show that
the variation of the corresponding action reproduces the equations of motion of the Hitchin
system, as expected. A visual summary of the whole procedure, detailing the passage from the
geometrical action on 7" M to that of the Hitchin system on T*Bung(C), is sketched in Figure

Finally, in §§] we explicitly compute our unifying Lagrangian 1-form ‘%, or its multiform action
SurlL% 7, (¢a),t] from in special cases. Specifically, we exploit the invariance of the action
under changes of holomorphic local trivialisations to fix particularly nice representatives for the
transition function 7. In the g = 0 case, our Lagrangian 1-form recovers that of the rational Gaudin
hierarchy first obtained in [12] by a completely different method. In the g = 1 case, we obtain a
novel Lagrangian 1-form for the elliptic Gaudin hierarchy — and the elliptic spin Calogero-Moser
hierarchy as a special case — thus filling a gap in the landscape of Lagrangian multiforms.
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Figure 1: The three levels of Hitchin’s integrable system and their corresponding actions.

We also include a technical Appendix [A|in which we compare, in the G = SL,,(C) case, the
differential notion of the stability condition we use in the main text to the more familiar algebraic
notion of the stability condition used in the literature.
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2 Gauged univariational principle and symmetry reduction

We recall in the phase-space Lagrangian 1-form introduced in [I3]. In particular, in we
formulate the univariational principle of [I3]. In §2.1.2| we explain how to incorporate a symmetry,
represented by the free action of a connected Lie group G on M, and recast the known relation
between Noether charges and the moment map p : T*M — g* in the context of Lagrangian 1-
forms. Then, in we introduce the gauged univariational principle and explain how it describes,
purely in the variational language of Lagrangian 1-forms, the symplectic reduction procedure to
p~1(0)/G traditionally presented in Hamiltonian terms.

2.1 Lagrangian 1-forms, univariational principle and symmetry
2.1.1 Univariational principle for Lagrangian 1-forms

Let M be an m-dimensional manifold with coordinates ¢* for 4 = 1,...,m. The cotangent bundle
T*M is parametrised by coordinates (¢, p,) where p, for p =1,...,m are dual coordinates along
the fibres. The tautological 1-form « and symplectic form w of T*M are given by a = p,dg¢* and
w = dp, A dg*. Here and in what follows, we always use the summation convention according to
which repeated upstairs and downstairs indices of any kind are summed over. Given any function
f on T*M, the associated Hamiltonian vector field X’ is defined by the property Xy.w = df and
is given explicitly by

—_ - (2.1)

For any pair of functions f and g, their Poisson bracket is then given by {f,g} = —Xrg = &, f.



Let us introduce the phase-space Lagrangian 1-form on T*M x R™ given by
& = a— Hdt' = p,dg" — H;dt', (2.2)

where Hy, ..., H, are n € Z>; real functions on 7% M and t* are Cartesian coordinates on R”. (We
do not necessarily assume here any relation between the integers n and m = dim M; the case n = 1
corresponds to an ordinary Hamiltonian system while the case n = m will correspond to that of
a Liouville integrable system.) Note that in , the phase space variables p,, ¢" and the time
variables ' are treated on an equal footing. Accordingly, the action associated to a parametrised
curve v : (0,1) — T*M x R™ is now

b L/ dgt dt’
So[] —/0 0l g_/o <p“ds _Hi(p’q)(is) ds. (2.3)

If we were to apply the usual principle of least action, or variational principle, to then
we would seek a curve 7 : (0,1) — T*M x R™ which is a critical point of this action. That is to
say, under an arbitrary variation 6v(s) = (dp,(s), dg"(s), 6t'(s)) satisfying the boundary conditions
0 = limg_,0,1 0¢(s) = limg_,0,1 6¢(s) we want

1 dg” dogh OH; OH; dt’ dott
_ _ _ 1 _ .
0= 05[] _/0 <5p” ds + Pu ds (8]9“ Opp + Ogh 0q > ds Hi ds > ds

1 dg* OH; dt’ dp, OH;dt dH; _ .
= opu | — — =—— ) —d¢* [ =2 i Lot ) d 2.4
/0 <p“<ds 8p#ds> 1 (ds +8q“ds>+ ds > * (24)

where in the second line we integrated by parts and used the boundary conditions. This leads to

the Euler-Lagrange equations

dg* OH;dt? dp OH;dt* dH;
’ - aq _ i At Pp _ i At i
7dZ =0 ds  Op, ds’ ds Ogt ds ' ds

=0 (2.5)

where 7/ denotes the tangent vector to the curve 7. It is clear from the first two Euler-Lagrange
equations that locally along the curve we must always have %—i # 0 for some i € {1,. ,n} since
otherwise we would have v/ = 0. We could then look for solutions of such that % # 0 for a
fixed ¢ which up to a change of variable amounts to working with the parameter s = ¢* along the
curve. However, this would inevitably single out H; as our ‘preferred’ Hamiltonian.

Rather than looking for individual curves v : (0,1) — T*M x R™ which are critical points of
the action Sp[vy] in , the univariational principle takes on board the fundamental idea of the
multiform framework and replaces the curve « by an immersion

YR — T*M xR", (v))+— (pu(u),q“(u),ti(u)) (2.6)
i.e. a map X such that its tangent map

is injective for every w € R™. In particular, ¥ is then a (local) diffeomorphism onto its image in
T*M x R™. In view of applying the univariational principle, ¥ is required to satisfy boundary
conditions that fix the functions limjp, s ¢* () and limjj,|—s t'(u) of S"~1 at spatial infinity.
Introducing also a curve
I':(0,1) —R", s+ (t(s)) (2.8)

such that lims_,01||'(s)|| = oo, we can evaluate the action (2.3) on the composite map

y:=%oTl:(0,1) —— R* —= T*M x R,



leading now to a family of multiform actions labelled by I', namely

1 " i j
sels] = sufsot] = [ (gl — A g ) s, (2.9
Crucially, we view this family of actions as depending only on the map 3 in and we treat
the curve I' in as a parameter labelling the family. The distinction between the roles of X
and I, reflected in the notation Sp[X], underpins the univariational principle which can now be
formulated as seeking an immersion Y which is simultaneously a critical point of the family of
actions Sp[X] for all curves T' in R™. In other words, it consists in the single-step procedure:

Find ¥ such that 65Sr[X] = 0 for all curves I' in R™.

As shown in [I3], the univariational principle implies that the map ¥ in (2.6 can be written as
¥ = (fy,idgn) for some map fx : R" — T*M, (t') — (pu(t), ¢"(t)) and the univariational principle
is equivalent to the system of equations

d¢* OH; Op,  OH;

ot dp,’ ot gt
OH; OH;  OH; OH;
Opy Og  dgt Op,

i=1,...,n, p=1,....m, (2.10a)

:{HZ',H]‘}:O, i,j:1,...,n. (2.10b)

We refer to the proof of Theorem below for details in the more general gauge invariant setting.
We see from that the univariational principle already encodes the closure relation through
the variation of 3, as a result of having included the times t* among the dynamical variables in the
map . In particular, the univariational principle admits solutions if and only if the Hamiltonian
functions Hy, ..., H, mutually Poisson commute. We also see from that the time coordinate
t' parametrises the Hamiltonian flow of H; for each i = 1,...,n. The univariational principle
applied to the Lagrangian 1-form therefore encodes multitime Hamiltonian mechanics, which
includes the case of Liouville integrable systems when n = m.

Remark 2.1. Readers familiar with Lagrangian multiforms may wonder how the univariational
principle adopted here connects to the bivariational principle that has been employed in the lit-
erature until the recent work [I3]. In the bivariational formulation, one views ¥ as (fy,idgn) for
some map fx : R" — T*M, (t') — (pu(t), ¢*(t)) from the outset so that Sy[SoT] in becomes
the (perhaps more familiar) action

1 |
St T =Sl o7 = [ (s~ Hito)) S, .11)

The price to pay in this formulation is that one has to vary with respect to both fx, and I' to
obtain the full set of equations .

We also note that the univariational principle is a natural generalisation to the multitime case of
the well-known extended phase space approach to classical mechanics. That approach corresponds
to having a single time ¢ in our case, i.e. n = 1, sothat I' : (0,1) — R, s ~— ¢ is a (re)parametrisation
of time. This idea applied in the Lagrangian formalism can be found for instance in [72] but is
likely much older. <

2.1.2 Group actions and symmetry

Suppose now that M admits a free right action of a connected Lie group G, p: G x M — M. Let
X, be a basis of the Lie algebra g of G and let X} (q)% denote the corresponding fundamental



vector fields generating the action of g on M. The right action of G lifts to T* M, which we also
denote by p: G x T*M — T*M, and the corresponding action of g is generated by vector fields

) XY o

P () _ —

a

(2.12)

satisfying [Xg,Xg] = fabCXg, where f,;¢ denote the structure constants of g. We further lift this
to a right action p: G x T*M X R™ = T*M x R" of G on T*M x R" by letting G act trivially on
R™ so that the infinitesimal action of g is still generated by the same vector fields .

In what follows we will consider only the corresponding left action of the group G on T*M xR",
given by GXT*M xR" — T*M xR", (g, z) + g-x = py—1(z) and which is infinitesimally generated
by the vector fields dx, = ~X! fora= 1,...,dimg.

Proposition 2.2. The action (2.9) is invariant under the infinitesimal action of G on T*M x R"
generated by (2.12)) if and only if each H; is invariant under this infinitesimal group action, i.e.

LxgHi:O, i=1,....,n, a=1,...,dimg. (2.13)
The Noether charges associated with this global G symmetry are then given by uq(p,q) = —p, XY (q).

Proof. The variation of any given map ¥ : R” — T*M x R", (v/) — (pu(u), ¢"(u), t(u)) under
the infinitesimal left action of G on T*M x R™ generated by the vector fields (2.12)) is given by
5xE(u) = —X*(S(u)), or more explicitly in components

S () = ~\ X2 (q(w) (2.14)
Sxule) = N, (0) 5 a(w) (2.14b)
Sxt'(u) =0 (2.14c)

for arbitrary X = A*X, € g. Noting that

gt 0XY Ogt oxVY
—_ =\ v 4 - @ 14 C-L - 9 21
0x <p“ 8uﬂ> AP gt oud A'p o’ 0 (2.15)

where the last step is by the chain rule for the function X?(q(u)), the corresponding variation of
the action Sp[X] in (2.9) is then

1 OH; OXY 9H;\ dt 1 dtt
5 Y=\ XHZt gy, a2 ) T s = )\ H;)—d 2.1
XST[ ] A /0 < a aq# b aq# apu) ds S /0 (‘ng )dS S, ( 6)

where the second step is by definition (2.12)) of Xg. Now the resulting expression in (2.16) should
be zero for any A%, any map X and any curve I' from which (2.13)) follows.

The expression p, = —p, X for the Noether charge associated with this global symmetry can
be obtained by using the standard trick of promoting the constant parameters A% € C to functions
A% : R™ — C. This leads to an additional term % 1t on the right-hand side of (2.15)) so that the

_ rldxe

variation of the action now reads dx Sr[X] = [, “f Hads, as required. O

In the Hamiltonian formalism, the Noether charges u, from Proposition 2.2] are encoded in a
moment map p : T*M — g* such that

(1(p,q), Xa) = pa(p, q) = —pu Xz (9), (2.17)

where (, ) : g* x g — C denotes the canonical pairing. In general, a moment map is required to
satisfy the equations
(dp, Xa) = Xiaw and L pp+adi, p=0. (2.18)

9



In our case, the first of these follows by a direct calculation from (2.12)), (2.17) and w = dp,, A dg*.
The second is proved as follows. First we note that (u, X3) = — £JOZ and that £,:a = 0. So

(L Xp) = =Ly (Xfua) = =[XE, X[lua = (u, [Xa, Xp]) = —(ad’, 1, Xo) , (2.19)

where in the second last step we used the fact that [Xg, X bﬁ] = [X,, X3)f. Hence the second equation

of (2.18) holds.

2.2 Gauged Lagrangian 1-form and gauged univariational principle

When a physical system is invariant under the action of a Lie group G, such as in the context of
§2.1.2] this symmetry can be used to reduce the number of degrees of freedom. Indeed, since the
components of the moment map p : T*M — g* are preserved under all the Hamiltonian flows X,
i.e. Xpy.pte = 0, one may consistently restrict to the zero-level set ;~1(0) C T*M of this moment
map by imposing the constraint u(p,q) = 0. Furthermore, by the G-equivariance property of the
moment map, the zero-level set 1 ~!(0) is invariant under the action of G so that we may further
reduce the number of degrees of freedom by working on the quotient space x~1(0)/G.

In order to implement the above symplectic reduction procedure in the variational setting,
and thereby construct a Lagrangian 1-form and action for the reduced system, we can impose the
constraint p(p,q) = 0 in g* by introducing a g-valued Lagrange multiplier. Specifically, since we
want to gauge the action of G on the map ¥ : R — T*M x R” described infinitesimally in ,
we introduce a g-valued Lagrange multiplier 1-form on R™ which we denote by

A= Ajdu! = A X,du’ € QYR g). (2.20)

Using the canonical pairing ( , ) : g* x g — C we can combine with the moment map
w:T*M — g*, which we view as a map u: T*M x R® — g* that is constant along R", to obtain
a 1-form (X*u, A) € QY(R™). The gauging procedure then simply consists in adding this term to
the pullback ¥*.Z € Q! (R") of the Lagrangian 1-form .#. We obtain a family of actions for a map
Y:R" - T*M x R" and a 1-form A € Q}(R", g), parametrised by curves I' : (0,1) — R™,

e[S, A] = /Olr* (572 + (20, 4). (2.21)

The constraint pu(p,q) = 0 will now be enforced dynamically through the equations of motion for
A, see §2.2.2| below. Moreover, the effect of adding this new term to the Lagrangian is to promote
the G-symmetry we started with, from §2.1.2] to a gauge symmetry as we now show.

2.2.1 Gauging a symmetry in a Lagrangian 1-form

We consider local gauge transformations parametrised by smooth maps ¢ : R — G, which act
pointwise on the map ¥ : R® — T*M x R" and on the Lagrange multiplier A € Q'(R", g) as a
gauge transformation, i.e.

Y(u) — g(u) - 3(u), (2.22a)

Ar— gAg™t —dgngg™, (2.22b)

where dgrr denotes the de Rham differential on R™. Due to its transformation property (2.22h)),
we will henceforth often refer to the Lagrange multiplier 1-form A € Q'(R", g) as a gauge field.

Proposition 2.3. The action Sr[%, A] is invariant under an infinitesimal version of the G-valued
local gauge transformation in (2.22)) if and only if the functions H; are G-invariant, i.e.

ﬁxgHiZO, i=1,....,n, a=1,...,dimg. (2.23)
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Proof. Let ¥ : R® — T*M x R", (u/) — (p#(u),q“(u),ti(u)) be a given map as in the proof of
Proposition The action (2.21)) for this ¥ and any curve I': (0,1) — R” then explicitly reads

1 gt ot du?
sefz. A = | (pau i 0) 5+ 1a(p. ) A )dds (2.24)

where p,,, ¢", t* and A? all depend on s through their dependence on the functions u/(s). Consider
an infinitesimal gauge transformation parametrised by a g-valued function X : R — g, which
we write in components as X = A\%(u)X,. The variations of the components of ¥ and A under
the infinitesimal left action of G on T*M x R™ then read (cf. the variations where A\ was
constant)

Ixq"(u) = =X (u) XF (q(u)) (2.25a)

Sxpulu) = X)) Gt (a(w) (2.25D)

Sxt'(u) =0 (2.25¢)
a o\ a Ab c

O Aj(u) = =55 = fuc" Aj(W)A"(u) - (2.25d)

By the exact same computation as in the proof of Proposition where in the end of that proof
A was already treated as a function A* : R™ — C, the corresponding variation of Sr[%, A] reads

tr. ot a du’
dxSr[X, A] :/(; |:)\ (EXﬁH)ﬁ — oAb ( xiHb — Ffap© ,uc>:| s —ds. (2.26)

We note, in particular, that the term —ua% appearing in the variation g0 XA? cancels with the
term —p, X/ ?)/\J from the variation when A? is not constant. The right-hand side of
needs to vanish for all functions A%, Af and all maps ¥ and curves I', but the last bracketed term
vanishes by the second relation in since

(L, Xp) + (adx, py Xo) = Lyapin — (11, [Xa, Xb]) = Lys iy — fappc - (2.27)
X4 X} X4
Therefore gauge invariance is equivalent to the condition (2.23]). O

By combining Propositions and we see that the gauged action Sp[X, A] in is
invariant under the gauge group C*°(R",G) if and only if the original action Sp[X] in (2.9) is
invariant under the Lie group G.

2.2.2 Gauged univariational principle

Recall from that the univariational principle seeks an immersion » : R" — T*M x R" such
that for all curves I" : (0,1) — R™ we have dxSr[X] = 0. We introduce the gauged version in the
following definition. To do so we need to introduce the gauge-covariant derivative of . This is
given by the formula

DAY =d,X — AL : TLR™ — Ty (T*M x R™), (2.28)
in which d,X is the usual differential of ¥ and .Ai is defined by

AL TR™ = Ty (TFM x R™), ai — A% () XE(S(u)) . (2.29)

where we recall that X¢ is given in (2.12)). Put differently, Ab is the composition of A : T,R" —
g, the map g — T'(T(T*M x R™)) induced by the action of G on T*M x R", and the map
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D(T(T*M x R")) — T (T*M x R") given by evaluation at X(u). The derivative (2.28) is
gauge-covariant in the sense that

where dy,)g(u) : T (T*M XR™) = Ty ). 5) (T M xR") is the differential of g(u) : T*M xR"™ —
T*M x R".

Definition 2.4. The gauged univariational principle seeks a map
iR — T*M x R"

and a gauge field A € Q'(R", g) such that the linear map Di'Y = d,% — Ab s injective for every
u € R™, and such that the pair (X,.4) is simultaneously a critical point of the family of actions
Sr[2, A] for all curves I" : (0,1) — R™, namely such that

xS, A =0 and 45702, A =0.

Remark 2.5. The condition that d,> — Aﬁ is injective is the natural gauge-covariant analogue
of the requirement that the map ¥ in (2.6]) is an immersion. <

Theorem 2.6. The gauged univariational principle applied to the gauge invariant action Sp[¥, A|
in (2.21)) gives rise to the following set of equations

n(p,q) =0, (2.31a)
Oq“ 8HZ -

_ = AoXH 2.31b
ot ap, AP X (2.31b)
dp*  OH; ~ OXY

. = —A%p, =2 2.31
o+ agr Alp g (2.31c)

{H;,H;} =0, (2.31d)

where the composition TgnoX : R® — R™, (u?) (tz(u)) with the projection mrn : T* M xR™ — R™,
(P, 4", 1Y) — () to the second factor is a (local) diffeomorphism and is used to define .Zf = %ﬁf Af.

Moreover, the g-valued connection dgn + A is flat, i.e. it satisfies the zero-curvature equation
F =dgn A+ L[A, Al = 0 or in components

. OAT oA
T ot

+ el AlAS=0, a=1,...,dimg, i,j=1,...,n. (2.32)

Proof. Let ¥ : R™ — T*M x R™, (v/) — (pu(u),¢"(u),t'(v)) and I' : (0,1) — R" be arbitrary

maps. The action (2.21)) for these can be written as in (2.24)).
We first perform a variation of the action (2.24)) with respect to the functions A% : R" — R

du?

1
dAST[E, Al = /0 ta(ps q)0.AF (u(s))gds. (2.33)

In order for this to vanish for arbitrary variations 6.4 we must have

ta(p;q) =0, (2.34)

which is the expected constraint equation u = 0.
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Next, consider the variation of the action ([2.24)) with respect to the map 3 : R” — T*M x R™.
Under an arbitrary variation 6%(u) = (dpu(u), d¢*(u), 6t*(u)) satisfying the boundary conditions
0 = limy| 500 0¢H (u) = limy) 500 5t*(u), the action varies as

1 , Y[ (0g" ot 0H; O
= - B 3 ! a7 a
5xSr[%, Al /0 P {puéq H;ot }ds —i—/o Kauj 9ul Ip, + s AJ> dpp

(Om O OM Oy o (OMiOps | OMi o T
(8uj+(3uj dgh 8q“Aj> o¢" + Opu 6uj+8q# oul ot ds ds. (2:35)

The total derivative term on the right-hand side of this equation vanishes due to the boundary
conditions on ¢35 and the boundary condition lims—01[|T'(s)|| = oo on I'. We now want the above
variation to vanish for all 62 and all curves I', and hence for arbitrary %, which is equivalent to

the system of equations

8(]“ . ati 8H1, alua a

g _ OV OHi 2.
Bul = 5ul O~ Bp, S (2.36a)
Op,  Of OH;  Opg
9Pp _ _ OV a 2.
. . H

Ipy Oud — Ogt ol

Next, we claim that these equations of motion imply that the Jacobian matrix (%) must be

invertible, thus ensuring that the composition mgn 0 3 : R” — R” is a (local) diffeomorphism.
To show this we adapt the similar argument [13, §2.2] to the present case with gauge field. The
differential of 3 at u € R™ reads

0 Op, 0  O0q¢* O ot 9

0l Dul Op, | Oul ogh | 0w o0

duT s TuR™ = Ty (T*M x R™), (2.37)

and therefore proving the claim is equivalent to showing that the tangent map of the composition
mgn 0 X R® — R™ /v ti(u) at every u € R™, namely

0 ol 0
du(TrR” o E) = dz(u)TrR” o duE : TuRn — T

man (S(u) R, 9 i an (2.38)

is injective when the univariational equations (2.36a))-(2.36¢) hold. And to do this we will use the
fact that the latter can equivalently be written as

d,2 (aii) LA — AR (8ii>M =0 Vi (2.39)
in which ‘ OH. . A
dZ =w—dH; Adt' =dp, Adg" — Op: dp, A dt" — W:dq“ A dt'. (2.40)
So let V' € ker (dE(U)TFRn ) duZ). On the one hand, and imply
0= (du2 — A (V)ow — [dy2(V)od Hy]dt! + [d,2(V)odt']|dH;. (2.41)

On the other hand, d,X(V).dt* = (ds(uymRrn © d,X)(V)adu! = 0 since V' € ker (dz(u)ﬂ'Rn o duE).
Thus we are left with
(A2 — A (V) aw — [do2(V)dHy]dt = 0 (2.42)

and each term must individually vanish since the first belongs to T*(7* M) and the second belongs
to T*R". In particular, since w is nondegenerate, we must have (d,% — A%)(V) = 0, from which
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it follows that V = 0 since d,% — A is injective. Note that since A, ( :)2dHy, = 0 (invariant
Hamiltonians), (2.39) can be compactly written using the gauge-covariant derlvatlve (12.28))

D;j‘z( 0

8u>Jd$ 0 Vi. (2.43)

As a consequence, performing a suitable coordinate transformation on R", we may bring ¥ to the
canonical form (fy,idgn) for some function fx : R" — T*M, t* — (pu(t),¢"(t)). We may then

rewrite (2.36)) as
o¢" _ OH; Oua 7,

= 2.44
ot dp. O, (2.442)
Opu _  OH;  Opa 7,
4~ a 2.44b
(3HZ' apu 8Hz 8(]‘” (2 44(3)

o, 0t ogrog

where .Zf = %1;: Aa is defined using the inverse (%gf ) of the matrix (%) Inserting the expression
(2.17) for the moment map into (2.44a)) and (2.44b) gives (2.31b)) and (2.31c). To obtain (2.31d])

we substitute (2.44a}) and (2.44b)) into the left-hand side of (2.44c)), yielding
{H;, Hj} = {H;, pa AL

The right-hand side vanishes using Proposition since {Hj, f1q} = EX& H; = 0, where the first
equality follows using the definitions , (2.1) and . It follows that {H;, H;} = 0, which
completes the derivation of the Euler-Lagrange equations .

Finally, relation is a consequence of the vanishing of the Lie bracket of the coordinate
vector fields on R™ pushed forward by the map X and restricted to the solution space. More

52- is sent to the vector field Z; = g?; agu +

gﬁ b 8p + 6u] 8tk‘ on T*M x R™ (see (2 ) whose restriction to the solution space reads, recalling
nd (219,

p (ati OH;  Opa ) B ( ot OH;  Oug ) o ot 0

exphc1tly, under the map ¥ a coordinate vector field

oul dp,  Opy Ogqt CQul Bgit ' Dt Opu + oud ott
ot o)
= (-x ACXE+ — ) . 2.4
B < o, + AT XG + atZ) (2.45)

Now [a% B%} = 0 implies [Z;, Z] = 0 which in turn yields

0= [XHZ. —AeXE— 2 xy, — ArXE - i}

oti’ ot
1a 1a 0 a 0 e a Ab fc
= [XHi’XH]'] - Az‘ [Xga‘)(Hj] + ‘Aj [Xga XHi] + <at1A B @‘A + foc AfAJ) X
- [XHN XHj] - AV?[ng XH]'] + ./T?[Xg, XHZ] + FiL}Xg (2'46)

where F}; are the components of the curvature of A defined in the statement of the theorem. The
second and third terms in (2.46)) vanish because [Xg, Xy =X Xim ~and X H, =L X”H = 0, where
the last step uses the condition from Proposition [2.3] E since we are assuming that Sp[X, A]
is gauge invariant. The first term in vanishes because [Xp,, Xu;| = Xg,, H,;} = 0 using the
fact that {H;, H;} = 0, as we have already established. Therefore F;;Xg = 0. Since the action of
G is free, the tangent vectors Xg are linearly independent at each point (p,,¢") of T*M, and so
we deduce the relation , as required.

O
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The equation (2.31al) together with (2.31b))-(2.31c]) for any ¢ = 1,...,n represent Hamiltonian

flow equations for a constrained Hamiltonian system. Indeed, the effect of the first equation
is to impose the set of constraints u*(p, ¢) = 0 on the phase space T* M, restricting the dynamics
to the submanifold ;~1(0) C T*M. On the other hand, the equations — written in
the form — describe, for each ¢ = 1,...,n, the flow equation for the time-dependent

Hamiltonian

Hi(p,q,t) = Hi(p, q) — pa(p, 0) Ai (). (2.47)
This flow is a linear combination of the Hamiltonian flow X, of the unconstrained system and an
arbitrary time-dependent linear combination of the flows &),, for a = 1,...,dim g along the orbits
of the G-action, which implements the quotienting by G to x~!(0)/G. The last equation (2.31d)
encodes the Poisson commutativity of the flows for different ¢ = 1,...,n and was obtained in our

variational setting (it relates to the so-called closure relation of Lagrangian multiform theory, see
e.g. [12] for a detailed exposition).

3 3d mixed BF theory and Hitchin’s system

We will now generalise the construction of §2|to an infinite-dimensional context, where the role of
the underlying manifold M in §2| will be played here by the space M of holomorphic structures
on a principle G-bundle P — C' over a compact Riemann surface C, for some connected Lie group
G, and the role of the symmetry group G in §2 will be played here by the group G = Aut P of
(fibre-preserving) automorphisms of P.

The cotangent bundle T*M equipped with its free action of G is the well-known setup for
the famous Hitchin system [42] and by selecting the Hamiltonians of this system as our invariant
functions H; on T* M, we will arrive in §3.2| at a variational description of the Hitchin system.
The first main result of this section is that the Lagrangian 1-form for the Hitchin system on the
symplectic quotient p~!(0)/G is given by the 3d mixed BF Lagrangian 1-form with type B line
defects, in the terminology of [76], associated with each of the Hitchin Hamiltonians. We then
go on in to extend the construction to the case of Hitchin systems on a compact Riemann
surface C' with marked points. Our second main result is to show that this leads to a 3d mixed
BF Lagrangian 1-form with type B and type A defects, in the terminology of [76].

Since the construction of examples discussed later in §4 and §5] will crucially rely on some
intricacies of the definition of 7*M and G, we start by recalling the relevant details in and
thereby also setting our conventions.

3.1 Geometric setup for the Hitchin system

Let G be a complex connected Lie group with Lie algebra g. Let C be a compact Riemann surface
and fix a holomorphic atlas {(Ur, z1)} rez of C with z; : Ur — C local holomorphic coordinates on
each open subset Uy C C and Z some indexing set.

3.1.1 Holomorphic structures on a principal G-bundle

We fix a smooth principal G-bundle 7 : P — C which is specified relative to the open cover {Us}
of C by local trivialisations ¢7 : #=1(Ur) = Ur x G, p — (n(p), f1(p)). The principal bundle is
equipped with a free right action G x P — P, p — p - g and the local trivialisations should be
G-equivariant, i.e. fr(p-g) = fi(p)g for any g € G. The transition between local trivialisations
s and 17 on overlapping charts U; N Uy # () is given by

Yol (UinUy) x G — (UrnUy) x G, (z,9) — (2,915(2)g)
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with smooth transition functions g;; : UyNU; — G, given by gr5(z) = f1(p)fs(p)~! for any p € P
with 7(p) = x € Ur N Uy, satisfying the Cech cocycle condition ¢grygsx = grix on triple overlaps
UrnU;NUg # 0.

A change of local trivialisation of P is specified by a family of smooth maps hy : Uy — G, i.e. a
Cech 0-cochain h = (hj) ez € C°(C, G). Indeed, given local trivialisations 7 : 7~ (U7) = Uy x G,
p+— (m(p), fr(p)) we can define new local trivialisations by

b (U) — U x G, pr— (w(p), hi(zx(p) f1(p)) - (3.1)
The transition functions of P relative to these new local trivialisations are the smooth maps
§1J:h1g1Jh}1:U1ﬂUJ—>G. (3.2)

Said differently, the change of local trivialisations from {;}re7 to {1/;1} 7ez on the fixed bundle P
can be seen as producing a new principal G-bundle P — C that is smoothly isomorphic to P.

An automorphism of P, or more precisely a fibre-preserving automorphism of P which we will
sometimes refer to as a gauge transformation, is a Cech 0-cochain g = (g7)7ez € C°(C, G) which
preserves the transition functions of P in the sense that

91 = 9119977 (3.3)

on any overlap Uy N Uy # (). We can describe the action of g on P relative to a fixed choice of
local trivialisations {t}1ez as sending ¥7(p) = (7(p), f1(p)) to ¥i1(g - p) = (7(p), 91(7(p)) f1(p))-
The compatibility condition ensures that this is well-defined on P, in the sense that we can
either perform the gauge transformation directly in the local trivialisation v ; or we can first move
to the local trivialisation ), perform the gauge transformation there and then move back to the
local trivialisation ;. Both give the same result. We let

G:=AuwtP c C%C,G) (3.4)

denote the infinite-dimensional group of automorphisms of the principal G-bundle P. Note that,
by the condition , we can equally describe automorphisms of P as sections of the fibre bundle
P x aq G associated with the adjoint representation of G on itself.

A holomorphic structure on P is a choice of local trivialisations {17} ez with respect to which
the transition functions g;; : Uy N Uy — G are holomorphic. It can equally be described [2] as a
family of g-valued (0, 1)-forms A% (27, z1)dz € Q%' (Uy, g) relative to a choice of local trivialisations
{t1}1e7, denoted collectively as A”, such that

A/Z—/Id,?] = g[JAngI_JIdZ] — 5g[Jg;} . (3.5)

on Uy NUy # (. We let M denote the infinite-dimensional space of holomorphic structures on P.
Under a change of local trivialisations h € C°(C, @), the holomorphic structure A” is described
in the new local trivialisations ([3.1)) by the family of g-valued (0, 1)-forms

AL dzy = hy AL htdz — Okt € Q¥ (UYL ). (3.6)

In particular, by solving the equations A7, = hl_lﬁh] /0Zr, which is always possible locally [2|
Section 5], we obtain smooth maps hy : Uy — G which define a new local trivialisation where

AgI(Z[,,?[) =0. (37)

This represents the same holomorphic structure A” of P but now in an adapted local trivialisation
of P where its components vanish. In particular, it now follows from (3.5 that in this new local
trivialisation the transition functions gr; : Uy N Uy — G of the bundle are holomorphic.
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Under a gauge transformation by g € G, a holomorphic structure A” € M is transformed to a
new holomorphic structure on P given by the family of g-valued (0, 1)-forms

9 AY dzp = gr A% g7 dzr — Ogrgrt € Q¥ Uy, g). (3.8)

Let 94" :== gA"g~' — 0gg~' € M denote this transformed holomorphic structure. We have a left
action of G on M given by

GxM — M, (g, A") — g- A" =9A4" = gA"g71 — Dgg™'. (3.9)

Any A” € M determines a Dolbeault operator 04" on any vector bundle Vp := P x, V' associated
with P in some representation p : G — Aut V, which acts on local sections over Uy as 0+ p(AZ,)dz;.
In terms of Dolbeault operators, the left action reads (g, 04") — g04" g1

The Lie algebra & := Lie(G) of G consists of sections X of the vector bundle gp = P X,q ¢
associated with P in the adjoint representation. Explicitly, this is given by a family of g-valued
functions X! € C*°(Ur,g) in each local trivialisation such that on each overlap Ur N Uy # 0 we
have the relation X! = g;; X7 gI_J1 The left action of the group G induces an infinitesimal
left action of a Lie algebra element X € & on A” € M given by

ox A" = -0V X = —9X — [A"  X], (3.10)

or in local trivialisations by 6y A" = —9XT — [A" X1].

3.1.2 Cotangent bundle T*M and action of G

The tangent space T4»M at any point A” € M is given by the space of sections of the bundle
/\0’1 C ® gp. Likewise, the cotangent space 1";,M is the space of sections of /\1’0 C ® gp, where
gp = P X,q+ g" is the vector bundle associated with P in the coadjoint representation. Concretely,
any X € Ty»M is described by a family of g-valued (0, 1)-forms X/ = X5, (21, 21)dzr € QU1(UY, )
and any Y € T%,M by a family of g*-valued (1,0)-form Y! =Y, (21, z;)dz; € QYO(Uy, g*) such
that on any overlap Uy N U; # () we have the relations

X'=gX7g;;, Y'=Ad, Y/, (3.11)

grJ

respectively. Using the canonical pairing ( , ) : g* x g — C we obtain a family of local (1, 1)-forms
(Y1 X1y € QY1 (Uy), where we suppress a wedge product between the 1-forms Y/ and X7. It
follows from that these local (1, 1)-forms agree on overlaps, i.e. (Y1, XT) = (Y7 X7), and
hence define a global (1, 1)-form on C which we denote by (Y, X) € QL1(C). In particular, we can
integrate the latter over the compact Riemann surface C' to obtain a pairing

1
TinM X Tan M — C, Y, X) — 27‘(2/ (Y, X). (3.12)
C

A point in the cotangent bundle T*M is given by a pair (B, A”), with A” € M a holomorphic
structure on P parametrising the base and B a section of /\1’0 C ® gp parametrising the fibre. To
describe vector fields on T* M we note that we have the canonical isomorphism

Ty am)(T* M) = T3 M & Tar M. (3.13)

The differential at (B, A”) € T* M of the projection maq : T*M — M, (B, A”) — A” is a linear
map (g ATy from the tangent space of T*M at (B, A”) to the tangent space of M at A”.
Under the isomorphism (3.13)), it is given simply by the projection onto the second summand. By
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a standard abuse of notation, we will identify the map ma( with its value A” at a generic point
(B, A”) and denote this differential by

514” : T(B7A//)(T*M) — TA//M, (Y,X) — X . (314)

The tautological 1-form on 7% M is then defined using the pairing (3.12]) as

1
a(B,A”) = 277” C<B, (SA”> . (315)

More explicitly, we can describe this as a map (g av) : T(p,am)(T* M) — C given by o g ar)(Y, X) =
1
27

Jo(B, X). The corresponding symplectic form w := da is given by

1 1
m((Y1,X1), (Y, X0)) = — [ (Y1, X0) — — [ (Y5, X1). 3.16
i (% %0). 0. X0) = = [ (0.50) = 5= [ (.30) (3.16)
Recall the left action (3.9) of the group of gauge transformations G on the space of holomorphic
structures M. We can lift this to an action of G on T*M as follows. In a local trivialisation, an
element g € G is represented by smooth maps g7 : Uy — G and a section B € T%, M of the bundle
AP C o g5 is described by a family of g*-valued (1,0)-forms B! € Q19(Uy, g*). Since
* I * J * J * * J
Ady, B" = Ad B’ = Ad B’ = Ad (AngB ), (3.17)

9191J 9gris9J grJ

we obtain a well-defined left action of g = (g7)7ez € G on the fibres
TZ//M — T;ANM s B — g- B — Ad; B (318)

given explicitly in the local trivialisation over U; by B! — Ady, B!. Combining this with the left
action of G on the base M, we obtain the desired left action of G on T* M given by

GXT*M — T*M,  (g9,(B,A")) — g-(B,A") = (Ad;B,94") . (3.19)

This induces an infinitesimal left action of a Lie algebra element X € & on (B, A”) € T*M given
by
(0xB,oxA") = (adk B, 01" X), (3.20)

where dx B = ad B is given in local trivialisations by dx: B! = ad’; B! € Q'0(U;, g*).
As in section [2| we will need a notion of freeness for the action of the group G on T*M. We
will say that (B, A”) € T* M is stable if

0X +[A",X]=0, adiB=0 = X =0. (3.21)

for all X € &. This means that the stabiliser of (B, A”) is not a continuous subgroup of G, so it
is an infinitesimal version of freeness.

In the literature on Higgs bundles, the notion of a stable principal Higgs bundle has been
introduced in [II]. We expect that any Higgs bundle that is stable in the sense of [I1] satisfies
. This was proved for semisimple irreducible reductive algebraic groups G in the case B =0
n [63], Proposition 3.2. In the appendix, we prove this statement for B # 0 and G = SL,,(C)
using the Kobayashi—Hitchin correspondence of Simpson. It would be interesting to prove it for
more general G.
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3.2 Lagrangian 1-form on 7*M
In the present infinite-dimensional setting, the analogue of the Lagrangian 1-form ({2.2)) is

L = ap an — Hi(B,A")dt" = 271m /C (B,5A"Y — Hy(B, A")dt" . (3.22)

To write down the corresponding action, i.e. the analogue of , let 3 : R” — T*M x R" be

an immersion. For any u € R" we write X(u) = (B(u), A”(u), t(u)). It is helpful to take a moment
to describe each component of Y (u) in more detail. Firstly, B(u) describes an R"-dependent
section of A" C ® gp given in each local trivialisation of P over Ur by g*-valued (1,0)-forms
B.,(z1,z1,u)dzr € QYO(Ur x R, g*). These are related in chart overlaps Uy N Uy # () by the

second relation in (3.11]), explicitly
Bz; (Z[, Zr, u)dz] = Ad;U BZJ (ZJ, z7, u)dzJ . (3.23)

Secondly, A”(u) describes an R"-dependent element of M given in each local trivialisation of P
over Uy by g-valued (0, 1)-forms A (21, z1,u)dz; € Q% (Uy, g). These are related in chart overlaps

UrnUy# 0 by (3.5), explicitly
AL (z1,z1,u)dz; = gry AL (25,25, u)gr ;A2 — D917 - (3.24)

Finally, ¢(u) describes an R™-dependent point in R™ with components t*(u) for i = 1,...,n.
Note that since the transition functions gyy : Uy " Uy; — G of P obviously do not depend on
the parameter v = (u’) € R", differentiating the relation ([3.24)) with respect to v/ we obtain

8ujA/z’/1 (z1,21,u)dzr = gjjaujAlz—IJ (21,27, u)gI_JleJ . (3.25)

Thus, for every j = 1,...,n, the family of g-valued (0,1)-forms 8,, A% dz; € Q%'(Ur,g) defines
an R"-dependent section of /\0’1 C ® gp which we denote by 9, A”(u). Similarly, we denote by
0, B(u) the family of g*-valued (1,0)-forms 9,; B,,dz; € QYO(Ur, g*). Now let 1 : R® — T* M,
u — (B(u), A”(u)) be the component of the map ¥ in T*M. Its differential at u € R™ is

du21: TR — Ty, () (T* M) = Ty M & Tan(y M, — (0,3 B(w), 0, A" (u)) .

oul

The pullback of the differential 6 A” defined in (3.14)) by the map X is then given by the composition
(2*(6A")) (u) = 05, () A” 021 and hence X*(6A”) = 8, A" (u) Adu! = —dgn A”(u). We now find
that the pullback ¥*.Z of the Lagrangian (3.22)) by the map ¥ is given by

2m/ (B(w), dzn A" (u)) — Hi(B(u), A" (u))dgnt’ (3.26)

Given an arbitrary curve I' : (0,1) — R™, s — (u/(s)) can now finally write down the analogue of
the action (2.9) in the present case, which reads

¢ J
ot >d“ ds. (3.27)

sl = [[oryz = [ (= 5k [ (B0 w) - (B, A"w) S ) &

Remark 3.1. At this stage, a few important remarks on notations and terminology are in order
to avoid confus1on Note that the kinetic part 5 fc (B,5A") of { is the direct analogue of
ppdgh in . In particular, the integration over C' in the present settlng is the analogue of the
summation over u € {1,...,m} in the finite-dimensional setting of This means that, although
the first term in the action involves the integral of a 3-form over C x (0, 1), from the point
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of view of Lagrangian multiform theory we should really regard the whole action Sr[¥] as the
integral of a 1-form on (0, 1), namely the pullback of along X oI':(0,1) —» T*M x R™.
The terminology “gauge group” for the group G of fibre-preserving automorphisms is standard
in the geometric formulation of the Hitchin system and that is why we used it here. However, it
is crucial to note that, at this stage of the construction, the group G is the analogue of what we
called the global symmetry group G in which we will later gauge by considering transformations
parametrised by maps g : R" — G by analogy with the finite-dimensional setting of see
for details. A crude way to say this is that we will “gauge the gauge group G”. N

With this in mind, we shall now prove the analogue of Proposition in the present infinite-
dimensional context. In fact, the setting of was very generic and the infinitesimal action of
a Lie algebra element X € g on M was specified only implicitly through the vector fields X*. By
contrast, in the present context, we have an explicit description of the action of the Lie algebra &
on T* M in (3.20) and even of the action of the group G on T*M in . We can therefore prove
a stronger statement than Proposition in the present case. We first need to lift the action of G
to T* M x R™ by letting it act trivially on R", i.e. we set g -t =t for any g € G and t € R".

Proposition 3.2. The action (3.27)) is invariant under the action of G on T*M x R™ given in
(3.19) if and only if each H; fori=1,...,n is invariant under the group action, i.e.

H;(Ad; B,9A") = H;(B, A") (3.28)

for any (B, A"”) € T*M and g € G. Moreover, the Noether charge associated with an infinitesimal
bundle morphism X € & is given by

1 = Al
n(X)=-— [ (B,d"X). 3.29
/J’(BvA)( ) 27T2/C< ) > ( )
Proof. We closely follow the proof of Proposition Let ¥ : R® — T*M x R"™ be given by
Y(u) = (B(u), A"(u),t(u)). By (3.19), its pointwise image under the left action of any g € G is
g-2X:R" = T*M x R" given by

(9-%)(u) = (Ad} B(u),9A" (u), t(u)) . (3.30)

Note, in particular, that this implies 8, (g - X)(u) = (Adj 8,5 B(u), g0,; A" (u)g~ !, 0,5t(u)). The
action for the transformed map ¢ - ¥ therefore reads

1 1 * " - * g Al o'\ du?
sp[g-m:/o <_2m/C<Ang(U),g(9ujA (wg™) — Hi( Adj B(w),*A (u))Guj> s
1 1 y ‘ " 94" ( ott % .
:/0 <‘2m~ /C<B<u>,6ujA (u)) = Hi( Ad; B(u), 74"( ))aw‘> as ¢
1 )
— Sp[s] + /0 (Hi(B(w), A" (w)) - Hi(AdZBW%gA”(“)))%dS

The result now follows since for g € G to be a symmetry means that Splg-X] = Sp[X] for any map
Y and any curve I' and hence the integral on the right-hand side must vanish for any curve I' but
this, in turn, is equivalent to the condition .

To work out the Noether charge associated with the infinitesimal symmetry generated by a Lie
algebra element X € &, we introduce an arbitrary smooth function A : R® — C and consider now
the pointwise variations of the map $(u) = (B(u), A”(u), t(u)) given by

Oxwx B(u) = Mu)ady B(u),
Saux A" (1) = =Mw)d" WX = —\(u) (09X + [A"(u), X]) .
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The variation of the action (3.27) then only has a contribution from the kinetic term, which reads

du?
(5 Au )XSI‘ (5)\ / 27”/ 8ujA//(u)>EdS

cf. the end of the proof of Propostion From this we read off the desired expression (3.29). O

Remark 3.3. We make a trivial but important comment concerning the expression ([3.29)), to help
avoid potential confusion later. Note that this expression is well-defined since 04" X is a section
of /\0’1 C ® gp. Indeed, using the relations (3.5) and X! = g;; X7 g[_Jl, respectively, between the
local expressions of A” € M and X € & in overlapping charts U N U7 # (), we find that
OX' + (AL, X"z = g1, (0X, + [AL,, X 1dz7) ;) -

We thus have (B!,04" XT) = (B7,04" X’} on overlaps U; N U; # 0 so that these define a global
(1,1)-form (B, 94" X) € Q'(C) which can be integrated over the compact Riemann surface C.
Likewise, we have a well-defined global (1,1)-form (84" B, X) € Qb(C) given by the expression
(5A”BI , X1} in each local chart U;. Moreover, these are related by

(B,0Y" X)) — (0" B, X) = —d¢(B, X) (3.31)

where (B, X) € QY9(C) is a well-defined (1,0)-form on C. The relative sign on the left-hand
side comes from the fact that B is a 1-form and the operator 94" has cohomological degree 1.
Integrating both sides over C' and using Stokes’s theorem on the right-hand side, noting that C'
has no boundary, we deduce that the Noether charge can equivalently be rewritten as

1 —an
,U’(B,A”)(X) = /C<8A B,X> . (332)

271
In other words, the value of the corresponding moment map p: T*M — &* at (B,A”) € T*M
is the element of &* given by the linear map X — 2m fc BA"B X)) which takes in any vector
X € &, i.e. a section of gp, and integrates it against the section 0’4 B of /\ C®gp. <

The construction of the Hamiltonians H; : T* M — C satisfying (3.28)) will be inspired by that
of the Hitchin map [42]. Recall that the latter is constructed from a choice of

(1) G—invariant homogeneous polynomials P, : g* — C for r = 1,...,rk g of degree d, + 1, where
= {d, }rkg is to the set of exponents of g.

Given such data, the Hitchin map

rkg
P:=(Py,...,Pyq): H° (C, AYC @ g;‘;) — PH (C, (/\1700)®(dr“)) , (3.33)
r=1

takes as input a holomorphic section B of the bundle /\1’0 C ® gp. Recall that this is given by a
family of g*-valued (1,0)-forms B! = B,,(z;)dz; € Q40(U;, g*) in the local trivialisation over the
chart (Ur, zr), where here the function B,, depends holomorphically on z;, satisfying the second
relation in , explicitly B! = Adg, | B7 on UyNUy # 0. Since P, is G-invariant, it follows
that we have

P.(B" = P,(Ad;, B’)=P.(B’)

grJ
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on non-trivial overlaps Uy N Uy # (). In this way, we obtain a holomorphic section of the bundle
(/\1’0 C)®Wr+D) for each r = 1,...,rk g, which we denote by P,.(B), and the Hitchin map returns a
holomorphic section of @rkg ( /\1 0 C)®Wr+1)_ To obtain individual complex-valued Hamiltonians
one can then expand each component P, (B) of the Hitchin map in a basis of holomorphic (d,+1, 0)-
differentials on C.

However, in our present setting, B € 17}, M is only a smooth section of /\1’0 C®gp. We can
still form a smooth section P,.(B) of (A"? C)®(@+1) for every r = 1,...,rk g, however we can no
longer expand it in a basis of holomorphic sections of (A"? €)®(@+1)  Instead, in order to produce
complex-valued Hamiltonians we will proceed along the lines of [76] by introducing a marked point
on C for each Hamiltonian H; (note that in [76] only one marked point was needed since a single
Hamiltonian was considered). We therefore introduce the following additional data:

(i) Points q,; € C labelled by pairs (r,l) with r =1,...,rkgand I =1,..., m,, where

T 0 10, ®d+1)\) ) (2d, +1)(g—1), forg>2,
= (e 00y ) = ©

and a set of holomorphic tangent vectors V , € T, ql;?C’ .

We can now define H; : T* M — C by evaluating the smooth section P.(B) of (A"? C)®(@r+1) at
gy € C and pairing the resulting element P, (B(q,)) € (/\1 0 0)@ldrt1) with Vit ¢ (Ty ) C)®ldrt1),
that is

Hi(B) = (P (B(an)), Virthy. (3.34)
Concretely, if (Ur, 21) is a local chart around one of the points q,; € C then we can pick Vg, = 0.,
and the above geometric construction amounts to writing P.(B) = P, (BZI (21, Zﬁ)dz}@(drﬂ) locally

in the coordinate z; and then evaluating its component at q,; € C, i.e.
Hi(B) = Pr(B,(an)) - (3.35)

The understanding in and is that the label ¢ on the Hamiltonians runs over pairs
(r,l) with r = 1,...,vrkg and [ = 1,...,m,. Note that m, being the dimension of the space of
holomorphic sections of ( /\1’0 C)®(dr+1) ensures that, when the points q,; are generic, the number
of Hamiltonians we produce coincides with the number of Hamiltonians obtained via the construc-
tion of the Hitchin map (3.33) when the smooth section B of the bundle /\1’0 C ® gp becomes
holomorphic. Indeed, our evaluation prescription defines a bijection

~

H(C, (AH0C)* @) =, e

for generic points q,; € C, I =1,...,m,. It is enough to show this is injective, which follows from
the fact that divisors D, :== Y_;"""; q;; on C for which deg(D,) = m, = dim (H°(C, (/\1’OC)®(dT+1)))
and dim (H°(C, (/\I’OC)@)(dTH) ® O(—D,))) = 0 are generic.

Since the label ¢ on the Hamiltonians runs over pairs (r,1) withr =1,... ;rkgandl =1,...,m,,
it runs from 1 to
rkg rkg
n—Zmr— g—1)) (2d, +1)=(g—1)dimg (3.36)
r=1

when g > 2 and from 1 ton = rk g when g = 1. This number coincides with half the dimension of
the phase space of Hitchin’s integrable system when g > 2 and g = 1, respectively. When g = 0,
however, there are no Hamiltonians since the set of points q,; € C introduced in condition (i)
above is empty. Producing non-trivial integrable systems in the case of genus g = 0 will require
introducing additional marked points on C' which we will turn to in below.
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Label notations: From now on, for notational convenience, we will simply use the common
label i for the Hamiltonians H;, the polynomials P,, the points q,; and the times ¢’ associated to
the Hamiltonians. This amounts to relabelling P, as P,;, with the understanding that P,; = P,y
for any [,I' = 1,...,m,, so that we can write simply H;(B) = Pi(BZI(qZ-)). Accordingly, we can
keep denoting by ¢! the time associated to H;, rather than the cumbersome "¢ or ¢,

3.3 Lagrangian 1-form for the Hitchin system on ;1 1(0)/G

So far we have introduced the action Sr[¥] in for an immersion ¥ : R — T*M x R™ and
an arbitrary curve I' : (0,1) — R"™, and showed in Proposition that it is invariant under the left
action of the group G provided that the Hamiltonians H; themselves are G-invariant in the sense
that holds. Note that the latter condition clearly holds for the Hamiltonians introduced in
by virtue of the G-invariance of the polynomials P; : g* — C. Moreover, we identified the
moment map u : T* M — &* associated with this symmetry as given by .

We now generalise the gauging procedure of §2.2] to the present infinite-dimensional setting.
This requires introducing two elements: gauge transformations g and a gauge field A. We begin
with the gauge transformations.

For the Hitchin system, the group by which we wish to quotient is the group G of automorphisms
of the bundle P — C'. In the language of §2| the group G corresponds to the global symmetry group
G. Thus here, in order to gauge G, we consider the group of local transformations g : R — G, i.e.
automorphisms of the bundle P — C' that depend smoothly on v € R™. In a local trivialisation
of P, this is represented by G-valued functions g;(zy, zr,u). On overlaps U N U; # 0 they satisfy
, in which g7; are the transition functions relative to the chosen trivialisation of P — C.

The action of a local gauge transformation g on the map X : u +— (A”(u), B(u),t(u)) is exactly
as in except that g, A”, B and t depend on the parameters u (in addition to depending on
local coordinates zj). Explicitly, we write

g% ur— (P A" (u), A2y B(u), t(u)), (3.37)

where 9 A” (4) and Ady,) B(u) are defined as in and for each u.

Next, we introduce the gauge field A = A;du’. This consists of functions A; from R"™ to the
Lie algebra & of G. The Lie algebra & is the space of sections of the bundle gp, so each A; is a
section of gp that depends smoothly on v € R™. In any local trivialisation, A; is represented by
functions A! (27, Z7,u) that take values in g, and on the overlap Ur N Uy # ) these are related by

Al =g17A g7} (3.38)

Under a local transformation g : R™ — G, these transform as

991
I I -1 -1
Ai = g1 Aigr = 5591 - (3.39)
Having introduced the local transformations and the gauge field, we are now able to write down
the analogue of the gauged action (2.21)) for the Hitchin system. Recall that this consists in adding
to the ungauged action ([3.27) a term that couples the moment map (3.29)) to the gauge field as

SP[S, A, f] = /01 <—1/C <B(u), 38‘3;/ _ aA”Aj> _ H,-(B(u))?i.) C;fds. (3.40)

2T

We now show that the first term in this action is exactly a multiform version of the 3d mixed
BF Lagrangian. To do so, let
A=A"+A. (3.41)
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This is a partial connection on the pullback bundle 77, P = P x R™ over C' x R™ along the projection
mc : C x R" — (. By definition, the bundle 7P is trivialised over open sets Uy x R", and the
transition functions between these sets are the transition functions g7y of P, which obviously satisfy

991
27 = 3.42
D (3.42)
In these local trivialisations, A takes the form
Al = A’Zfl(z[,zj,u)dzj+Af(z1,21,u)dui. (3.43)

This looks like the local expression for a connection, except that it is missing a dz;-component,
which is why we refer to it as a “partial” connection. A partial connection is a connection that can
only take derivatives in certain directions (the holomorphic structure A” of P is also an example
of a partial connection). To show that A is a well-defined partial connection we must check that
it satisfies

Al = g1 A g7} — 091597 — drngrigry (3.44)
on overlaps Uy NU; # (), and that it is independent of the choice of local trivialisations of P — C.
Equations , and show that is satisfied. Independence of the choice of local
trivialisation follows from : if we use different local trivialisations of P — C over open sets
{Ur}1e7 to construct a connection A’; then A and A’ will be related as in on the overlaps
U NUjfor I €T and J € Z'. Therefore A" and A represent the same connection.

The curvature F4 of the partial connection A is defined in local trivalisations by

I <8«4{ _ o4 0A; oA

1
FI = . N
A 0z oul out  oul

- [A’Z-’I,Aﬂ) dzr Adu® + = (

5 + [A{,Af»]) du' Adu? . (3.45)

The family B(u) of sections of A C ® gp naturally determines a section of =, AP C® gjrgp,
which we will denote by the same symbol B. The following theorem is a direct consequence of our
definitions of B and A, with corresponding curvature Fj.

Theorem 3.4. The gauged multiform action (3.40|) for Hitchin’s system is equivalent to the mul-
tiform action for 3d mized BF theory on C' x R™ for the pair (B, A) with a type B line defect along
each coordinate t* determined by the Hitchin Hamiltonian H; given in (3.35), namely
1 ! dtt
Sr[B, A, t] = — (B,Fa)— | H;i(B(u(s)))——ds. (3.46)
CxT 0 ds

2mi
for an arbitrary curve T : (0,1) = R™, s +— u(s).

The proof relies on the simple observation that, when pulled back along the one-dimensional
curve I', only the first term in the expression of the curvature is nonzero. That being said,
the significance of Theorem is that it shows how the multiform version of 3d mixed BF theory
with type B defect is derived from our procedure of gauging a natural Lagrangian multiform on a
cotangent bundle, applied to the Hitchin setup. As shown below, the similar derivation with the
inclusion of marked points in the Hitchin picture corresponds to the inclusion of so-called type A
defects in the 3d mixed BF (multiform) picture.

In this new interpretation of the action , local (gauge) transformations g : R™ — G play
the role of bundle automorphisms of 7P, with local expressions gr(zr, Zr,u) in the trivialisations
over Uy x R™. From (3.9), (3.18)), (3.39) and (3.43) it follows that these bundle automorphisms act
on A and B in the expected way:

Al 91 AT = g Algr! — D197 — dregrgr (3.47)
B! Ad,, B'. (3.48)
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Remark 3.5. The partial connection A on 7P was defined using the local trivialisations of 7§, P
obtained canonically from the local trivialisations of P. In particular, in such a local trivialisation,
the transition functions gr; are independent of 4’/ and A transforms as in but without the
last term. However, the resulting action is well-defined in any local trivialisation of wP,
including those for which the transitions functions do depend on w7, in which case A transforms
as in (3.44) with the last term present. Indeed, with A transforming as in , the curvature
F4 defines a section of /\2(0 X R™) ® gre,p With gr:p the vector bundle associated to 75, P in
the adjoint representation and hence (B, F4) is a well-defined global 3-form on C' x R™. We will
exploit such a change of local trivialisation leading to u/-dependent transition functions later on

in to prove Theorem q

To derive the equations of motion for , we first introduce some notation. Let (Ur, z7) be
a coordinate chart containing the point q € Uy with coordinate w = z;(q). We denote by §(z; — w)
the 2-dimensional Dirac -distribution on U; at the point g € Uy in the local coordinate z;. It has
the defining property

. f(z1)0(zr —w)dzy Adzr = f(w) (3.49)

for any function f : Uy — C. Note that the distribution valued 2-form §(zy —w)dzyAdz; is invariant
under coordinate transformations. Specifically, if (Uy, z;) is another chart with q € Uy NU; # 0
and letting w’ := 2;(q), then we have §(z; — w)dz; Adz; = 0(z5 — w')dzy A dzy. It will therefore
be convenient for later to introduce the notation

5q = 5(2[ — Z[(q))dZ[ ANdzp (350)

for any q € C, which is independent of the coordinate chart (Uy, z;) used, so long as it contains
the point q. We will also make use of the following useful fact

1 .
aglm = —2m (S(Z] - ’lU) (351)
Given any polynomial P : g* — C, its gradient VP : g* — g is defined through the first order

term in the variation of P(¢) at any ¢ € g*, namely

P(¢p+8¢) = P(¢) + (66, VP(¢)) + O(6¢%). (3.52)

Note, in particular, that for a coadjoint-invariant polynomial P, i.e. such that P(Ad; ¢) = P(¢) for
any g € G, it follows from considering g = e"X with X € g and h small that <ad}d>, VP(¢)> =0.

Theorem 3.6. The gauged univariational principle applied to the 3d mixed BF multiform action
Sr[B, A,t] in gives rise to a set of equations for the fields B, A” and A. By working in
any chart (Ug, z1) of C and working in terms of the components B, (21, zr,u), A% (21, %1,u) and
Af(z;, Zr,u) of these fields, these equations take the following form:

0z, AL — 9, AL + (AL Al = 27 V(B (a:))8 (21 — 2r(ai)) 4 (3.53a)
05,B., +ad%, B,, =0, (3.53b)
21
OBz +ad% Bz =0, (3.53c)
J
0y H{(B) =0 (3.53d)

where we used the invertibility of the map (u?) (tz(u)) to define A/ZI = %q;f .AJI. The equations

associated to any pair of overlapping charts (Ur, zr) and (Uy, zy) are compatible on Uy NUy # (.
Finally, if B, A" satisfy the stability condition (3.21]) then the following zero-curvature equations

also hold

O AL — 9, Al + [ALL AL =0. (3.54)
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Proof. Since the action is local in all the fields, and in particular in the fields B and A, to
work out the equations of motion for the latter at any point p € C it is sufficient to restrict the
integration over C in the action to any chart (Ur, z7) for which p € U;. In other words, to work
out the equations of motion for the g-valued fields B! = B,, (21, z,u)dz;, A" = A% (21, Z1,u)dzr
and Al = A§(Z[, zr,u)du’ it is sufficient to consider the variation of the following action

|
S[’F[ zI,A,Z/I,_AI ]:/ (/ <le(z1,Zj,u(s)),F;Ij(zbZ[,u(s))>dz[/\dZ]
0 Ur

211
ot \ du’
_ Z ZI q,“ 8)))8 )dsds (355)

qzeUI

where we used the fact that the pullback of the curvature F! € Q?(U; x R", g) along the curve
I': (0,1) — R™ is given by

J
Fl(u(s)) = FL (21,21, u) dZ1 A %ds e 0? (Ur x (0,1),9) ,

217

noting that the pullback of Fi‘g(zj, zr,u)du’ A du? vanishes since ds A ds = 0.
We now work out the variation of (3.55)) with respect to all four fields B., (21, 21, u), A%, (21, 21, ),

.A]I»(zj, zr,u) and t*(u). Firstly, we have

0., S1r[Bzy, AL, AL ]

zr?

:/O /U <2m<533,(21,21,u(s)),sz,j(zf,zf,u(s))>

g ot \ du?
-y <(5Bz,(zf, zr,u(s)), VB (B, (21, 21, u(s)))>5(21 — 21(q ))a]> idzl Adzr Ads
Q:ZUI
where in the second term on the right-hand side we used both the defining properties (3.49) of the

Dirac §-distribution and (3.52)) of the gradient of P;. Since the above variation should vanish for
all curves I' : (0,1) — R™, s — (u/(s)) and for all variations 6 B, (27, Z1, u) we deduce that

Oz, Al (21, 21, u(s)) — 0,5 A%, (21, Z1,u(s)) + [A%, (21, Z1,u(s)), Al (21, 21, u(s))]

= 2mi Z VP;(B:, (21, 21,u(s))) 6 (21 — zf(qi))g; : (3.56a)

The first equation (3.53a)) now follows by multiplying both sides by 2 atk , summing overj=1,...,n
and then relabelling k as j, and using the definition of AJI» given in the statement of the theorem.
Next, for the variation of (3.55) with respect to A%, (21, zr,u) we find

(SAgI SI,F[sz AY .A]I, t]

R

_/O 27m/UI <BZI(217217U(8))7
du?

0,0 AL (21, 21,u(s)) + [AL (21, 21,u(s)), 6AY (21, 21, u(s))] >Edz1 Adzr Ads.

Since this should vanish for all curves I': (0,1) — R™, s > (u ( )) and all variations d A7 (27, Z1, u)
we deduce that (| must hold, again after multiplying by 2 6tk , summing over j = 1,...,n and
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relabelling k as j, and also using the definition of .%T]I . And by a very similar computation, varying
(3.55) with respect to .Ajl-(z[, Zr,u) we deduce that (3.53bf) must hold. Finally, varying (3.55)) with
respect to t*(u) leads to

! a6t" du’
Sy B.,, Al I-t:—/ H;(B - ) ——d
iy SurlBa Ay ALl = = [ (H(B(e) G ) s

and since this should vanish for all curves I' : (0,1) — R", s + (u/(s)) and all variations 6t"(u)
we deduce that must hold.

The derivation of follows the same reasoning as in the proof of Theorem for .
Using , and with E’; = 8tiﬂ§ — 0y j{ + [/TZI , jﬂ, we deduce

[aﬂ, atj] le + a'd*ﬁIBZ[ == 0 . (357)
ij

The first term on the left-hand side vanishes since partial derivatives commute and hence

ad*ﬁilj B, =0. (3.58)
Similarly, using (3.53a)), we deduce
[0rs, 0] AL, + 0, Ffs + [AL, Ff]
— i (atj VP,(B., (@) + [AL, VP(B., (qi))]) 5(z1 — z1(ai))
— 2mi (f’%i VP;(B,(a;)) + [A], VPj(Bz,(qj))]) 8 (21 — 21(qy)) - (3.59)

Now note that implies
Oy VP (B., (@) + | AL, VP (B, (@) | =0

so that both terms on the right-hand side of (3.59)) vanish. The first term on the left-hand side of
(3.59) also vanishes since partial derivatives commute and (3.59)) reduces to hence
8;115 Ly [AI—/

Ji zZr

Fi1=o0. (3.60)

Equation (3.54) now follows from (3.58]) and ([3.60) using the stability condition (3.21]). O

Remark 3.7. In standard Lagrangian multiform terminology, the first three equations —
are the multitime Euler-Lagrange equations and the last equation is (related to)
the closure relation. Note that here the latter holds automatically as a consequence of and
G-invariance of P;, thus confirming that we indeed have a Lagrangian multiform (1-form here) for
the Hitchin system. To see this, note that

0, P,(B.,) = (0,B.,, VP(B.,)) = <at]-Bz, +ad}y B., ,VB(BZ,)> ~0, (3.61)

where we used the infinitesimal coadjoint-invariance of P; in the second equality, see the argument

just after (3.52), and in the last equality we have used (3.53d)). <

3.4 Adding type A defects at marked points on C

We will now extend the construction from and in order to obtain a variational principle

N

for Hitchin’s system on a Riemann surface C' with N € Z>; distinct marked points {pq},_;, in
particular to allow the Higgs field B € T7;, M to have simple poles at these marked points. This

requires introducing extra structure at the marked points p, which will encode the residues of B.
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To each marked point p, we will associate a coadjoint orbit O, in the fibre of g over p,.
This coadjoint orbit O, is determined by an element A, € g*. In a local trivialisation of P over
Ur 2 pa, an element X € O, is represented by

X! = Adl;Aq  for some ol eq. (3.62)

If po € Ur N Uy then we must have that X! = Ad*

gn(pa)XJ, so we require that ¢! = gr7(pa)@?.
This means that !, represents an element ¢, of the fibre of P over py,.

The Kostant—Kirillov symplectic form on O, is given by wqe(X,Y) = (Aq, [X,Y]) for every
X,Y € g representing tangent vectors in T, Oy. The Kostant-Kirillov form w, can equally be

described as follows. Consider the map
G — O, ph— AdY; A (3.63)

The pullback of w, under this map, which by abuse of notation we also denote by wg, is the 2-form
given by wy = d(Aq, (¢L)'del). Note that this is exact, and that both w, and (Aq, (¢])71del)
are invariant under changes of local trivialisation. We will denote the latter by <Aa, (cpa)_ldg0a>
to emphasise this.

Instead of working on the phase space (T*M,w) as in and we will now work with
the extended phase space

N N
(T*./\/l X HOQ, w+2wa>. (3.64)
a=1 a=1

We extend the tautological 1-form a on T*M, given in (3.15)), to a 1-form on the extended phase
space ([3.64)), which we still denote by « and is given explicitly by

N
1 —
AB,A () /C<B75A”>+Z<Aom(90a) Ldga) - (3.65)
a=1

- 211

To evaluate the second term, we choose (for each «) an open set U; containing p,, and evaluate
(Ao, (l)71del), where ¢l € G is the representative of ¢, in our chosen trivialisation.
The action of the group G of bundle automorphisms on T*M x H(]j:l O, is as follows, cf.

319

N N
ng*MxHOaHT*MXHOa

a=1 a=1

(9. (B A" (1)) = g+ (B, A", (0h)) = (Ad; B.7A", (¢ (pa)eh) ) (3.66)
This induces the following infinitesimal left action
0xB=adyB, oxA"=-0"X, 6x(Adl Aa)=adis,)(Ad Ad) (3.67)

of X € ® on (B, A", (o)) € T"M x [T, Q.

Remark 3.8. The phase space can be described more invariantly as follows. Let G, be the
stabiliser of A, € g*. Then Ad:;é A, corresponds to a left coset ¢! Gr, € G/Gy, . This represents
an element of the quotient P, /Gx, in our chosen local trivialisation. An element of P, /Gx,, is
usually called a reduction of the structure group of P at p, to Gp,. So our phase space is the
product of the cotangent bundle of the space of holomorphic structures and the space of reductions
of structure group to G, at the subset of marked points {pa }2_;. <
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We proceed with generalising the construction of In the present setup, the Lagrangian
1-form (2.2)) and action (2.9) take the form

2

1 " ' " i
Z =5 | BeA) Z a P dpa) = Hi(B, A", (a))dt",

for some Hamiltonians H; : T* M x H(]lvzl 0O, — C. Its pullback along an arbitrary immersion
YR - T*M x Hgil Oa x R, B(u) = (B(u), A" (u), (palu)), t(u)) is then

1 )
E*g = /<B anA” =+ Z a,goa dR"SOOJ — HZ (.B,,‘A”7 (g@a))antZ7

2mi
a=1

so that for any parametrised curve I' : (0,1) — R", s+ (uj (s)) the corresponding action is given
by Sr[¥] = fol(E oI')*.Z, which explicitly reads

N

sl = | ( 3mi [, (B0 A ) 4 3 (A al0) D)

a=1

~ Hy(B(u(s)), A"(u(s)), (¢a(u(s)))) g;) fi“; ds.  (3.68)

Note that this action, with the Hamiltonians H; as in , bears some resemblance to the one in
[60, §4.1.3]. However, the latter differs from in two key respects. First, it is given by a sum
of individual actions on R x C for each time flow of the Hitchin system, rather than by a family of
actions on R"™ x C. As recalled in the latter formulation is crucial to encode integrability
through the Euler-Lagrange equation . Second, the action in [60, §4.1.3] is treated as a
gauge theory with “gauge group” G. The invariance of the action under the action of the
group G on the extended phase space is indeed the content of the next proposition, which
is an extension of Proposition to the case with type A defects. However, recall from §3.3] see
also the second part of Remark that unlike [60] we are treating G as a global symmetry group.
The gauging of this global G-symmetry is what led to the 3d mixed BF action with type B defects
in Theorem see also Theorem below for the analogue in the presence of type A defects.

Proposition 3.9. The action (3.68)) is invariant under the action of G on T* M x Hévzl O, x R”
giwen by (3.66) and extended trivially to the R™ factor if and only if each H; fori =1,...,n is
invariant under the group action, i.e.

Hi<Ad; B,9A", (g(pa)cpa)> = Hi(B, A", (¢a)) (3.69)

for any (B, A", (pa)) € T* M x ngl On and g € G. Moreover, the value of the associated moment
map p: T*M x ngl O, — B on an infinitesimal bundle morphism X € & is given by

27i

1 " *
N(B,A”,((pa)) (X) / 8A + Z / Ad AOM X>6Po¢ . (370)

Proof. For the invariance of the action under the group action , by Proposition we only
need to check the invariance of the new kinetic terms for the ¢, but this is immediate.

The extra term in the moment map compared to the expression in comes from
generalising the argument in the last part of the proof of Proposition to the present case and,
again, the new contribution comes from the coadjoint orbit terms in the kinetic part. O

29



Following the discussion in Remark we can use Stokes’s theorem to rewrite the expression
(3.70) for the moment map as

N
1 = 12
" X) = — 94"B EjA*Aa X V.
N(B,A ,(goa))( ) /C<27Tia +a:1 dcpa 5paa >

In particular, we see that the vanishing of y at any (B, A", (¢q)) € T*M x fovzl O, corresponds
to the condition

N
oM B = —2mi Y Ad Aady, (3.71)
a=1
which reads locally as
N
Oz Bzy +adlyy B, = 2mi > AdY Aad(zr = 21(pa)) - (3.72)
pacls

To produce a (non trivial) dynamical theory we must choose Hamiltonian functions H; on the
symplectic manifold T*M x [[, On. We choose these in a similar way as in the case without
marked points, with Hamiltonians given in in terms of invariant polynomials P; on g* and
points q;. This ensures in particular their invariance property as in Proposition[3.9] We will specify
the number of points g; more precisely when we look at specific examples in section

Finally, we proceed with generalising the construction of §3.3] to the case with marked points.
Recall that we introduced the g-valued gauge field A along R™ and (¥*u, . A) was added to the
pullback ¥*.% of the Lagrangian 1-form to eventually produce the gauged action . In

the present case we find the gauged action

o A" a
— _ —_ 34" 4. -1 . ,
ST[E, A, 1] _/O ( 27”,/0<B(u), =0 ,4]>+§ (M9 (0 + A (Pa)) 20 )

a=1

— Hi(B(u)) g;) CZ‘:ds. (3.73)

Rewriting this in terms of the connection A = A” + A over C x R" yields the following analogue
of Theorem [3.4]

Theorem 3.10. The gauged multiform action for Hitchin’s system with marked points
is given by the multiform action for 3d mized BF theory on C x R™ for the collection of fields
(B, A, (gpa)) with a type B line defect along each coordinate t* determined by the Hitchin Hamilto-
nian H; defined as in and a type A line defect at each marked point p., namely

du?

N 1 .
1 J
SelB, A, (pa),f] = 5— /C RUROEDY /0 (Rav 00" (D + Aj(pa)) P ) s
X a=1

1 7
_ / H (B(u(s)))i—tsds, (3.74)
0

for an arbitrary curve I' : (0,1) — R"™, s — u(s), where F4 is the curvature introduced in (3.45)).

Finally, we also have the following analogue of Theorem

Theorem 3.11. The gauged univariational principle applied to the 3d mized BF multiform action
St[B, A, (va),t] in (3.74)) yields a set of equations for the fields B, A and pq for o = 1,...,N.
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Working in any chart (Ur, zr) of C and in terms of the components B, (z1, zr,u), A% (21,21, u),
.AJI»(Z[, Zr,u) of the various fields, these equations take the following form:

9z, Al — 0, AL + (AL Al = 27 VPi(B., (a:))8 (21 — 2r(ai)) (3.75a)
N
0z Bz; +adyyy B, = 2mi > AL Aad(zr = 21(pa)) (3.75D)
P:g&l
OBz, +ad B =0, (3.75¢)
J
8, Hi(B) =0, (3.75d)

By (Ad%, Aq) +ady,

j(Pa) Ad;é AO{ = 0, (3756)

where we have used the invertibility of the map (u/) (tz(u)) to define .,Zz] = %z;f .AJI-. The equations
associated to any pair of overlapping charts (Ur, z1) and (Uy,zy) are compatible on Uy NU; # 0.

The following zero-curvature equations also hold
O AL — 9, Al + [ALL AL =0. (3.76)

Proof. The computation for the variation of the action with respect to the fields B!, A!, and ¢!
is exactly as in the proof of Theorem and so is the derivation of . The new terms in
the action only modify the equation obtained by varying A’ and this gives the right-hand side of
. Finally, the variation with respect to g gives

du

1 N J
505 St[B, A, (). 1] = b, /O D (A" (0 + Aj(pa))a) g s
a=1

1
:/0 <A5,*(<pé)_15wé(wé)_l(3ua‘ +Aj(ps)) ¥

_ du?
+ ()™ (s + A (p9)) 30 ) - dls
! N Cqq\ dud
= [ (At s [0+ S o), d6he) 1) s
! * * - du]
so that we obtain . O

4 Hitchin system in Lax form and its variational formulation

In §3| we showed that Hitchin’s completely integrable system on the symplectic quotient 1 ~1(0)/G
is described variationally by the action for 3d mixed BF theory with type B line defects associated
with each of the Hamiltonians H; and corresponding times ¢' for i = 1, ..., n, see Theorem . We
further extended this result to Hitchin’s integrable system with marked points in by adding
type A line defects at each marked point in C' to the action, see Theorem [3.10

The purpose of this section is twofold. First, in §4.1] we will show that the set of variational
equations derived in Theorem encode the hierarchy of equations of the Hitchin system in the
standard Lax form, namely 0,;L = [M;, L] for a meromorphic Lax matrix L and a collection of
meromorphic Lax matrices M; associated with each time ¢* in the hierarchy fori = 1,...,n. To our
knowledge, the earliest connection between the Hitchin system and the Lax formalism appeared in
[45, 49]. Second, in we will show that this hierarchy of Lax equations for the Hitchin system is
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itself variational and obtain the corresponding Lagrangian 1-form/action, which we refer to as the
unifying action, directly from the 3d mixed BF multiform action . The key is to make use of
the isomorphism mentioned in the introduction in order to pass from the description of the
Hitchin system on p~1(0)/G in terms of smooth g-valued (0, 1)-connections A” € M and smooth
Higgs fields B € T, M, as in and to a description of the Hitchin system on 7*Bung(C')
in terms of holomorphic transition functions and holomorphic Higgs fields. We will thus establish
the right-hand side of the following commutative diagram

holomorphic P .
> Unifying action

St [B7 A, (9004)’ t] description

univariational univariational
principle principle

holomorphic

Variational equations ({3.75)) Op L = [M;, L]

description

4.1 Hitchin system in Lax form

The key observation, following [76], is that takes the form of a hierarchy of Lax equations
for Lax matrices B,, and ,Zf defined on the coordinate patch (Uy, z7) that become meromorphic
when solving - i a local trivialisation such that A;—’I = 0. The compatibility of this
hierarchy of Lax equations is ensured by . We now spell this out in detail.

As usual, in order to bring to the standard Lax form, we will identify g* with g using
a nondegenerate invariant bilinear form on g. We still denote the latter by ( , ) (like the pairing
between g* and g) hoping that it will not confuse the reader. This allows us to identify adjoint and
coadjoint actions. Moreover, from now on we only consider matrix Lie groups and Lie algebras.

Next, we pick a point p € C distinct from all the marked points p, with o = 1,..., N and
g; with ¢ = 1,...,n. Pick a neighbourhood Uy of p not containing any of these other points and
equipped with a local coordinate zg : Uy — C. We also let U; .= C'\ {p} so that {Uy, U;} forms an
open cover of C. Let us stress that for g > 1 the open U; C C is not a coordinate chart since in
general it cannot be equipped with a holomorphic coordinate U; — C. However, we can further
refine the cover by choosing a holomorphic atlas {(Ur, z1) } rez for Uy, where Z is any indexing set
not containing 0 and 1 so that we can also use the notation U; for I € {0,1}. In other words, Uy for
I € T are open subsets of U7 such that UIeZ Ur = Uy and equipped with coordinates zy : Uy — C.

For the purpose of describing the smooth principal G-bundle 7 : P — C with a holomorphic
structure specified by A” € M, the open cover {Uy, Uy} of C suffices. Indeed, since U; is a non-
compact Riemann surface and G is semi-simple, we can trivialise the holomorphic principal G-
bundle (P, A”) over U;. Since we can also trivialise (P, A”) over Uy, we obtain local trivialisations
for the holomorphic principal G-bundle (P, A”) relative to the open cover {Uy,U;} of C. More
importantly for us, we also have local trivialisations of the pullback bundle 7P = P x R", see
3.3, which we write as

Yo : 7T_1(U0 x R™) =, Uy xR*"x G, p+— (m(p), fo(p)), (4.1a)
Y17 (U X RY) 5 Up xR x G, pr— (n(p), f1(p)) (4.1D)

relative to the open cover {Up xR™, U; x R™} of C'xR™. Let go1 : (UyNU7) xR™ — G be the smooth
transition function on the overlap (UyNU;) x R™ # ) so that (with (z,¢) = 7(p) € (UpNUy) x R™)

r‘po 01/]1_1 : (UO N Ul) X Rn X G — (UO N Ul) X Rn S G7 (‘T’tug) — (x,t,g(n(x,t)g) .

Since Uy C U; for each I € Z, we will use the restriction of the local trivialisation (4.1b)) on each
71 (U7 xR™) so that the transition functions gr; : (UyNU;) xR™ — G and g17 : (U1NU7) xR™® — G
are trivial for all I,J € Z and go7 : (Up NU7) x R™ — G is given by gor = go1 for all I € Z.
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Consider the equations of motion (3.75¢|) derived in Theorem Since we are now identifying
g* with g and the coadjoint action with the adjoint action, we can rewrite this set of equations as

0B, = [_ "ZZI7 BZI] (4'2)

on the open chart Uy C C for each I € ZU {0}. We note following [76] that these clearly resemble
a hierarchy of Lax equations. We can rewrite them without using coordinates by expressing them
in terms of the g-valued (1,0)-forms B! = B,, (21, 21, t)dz; € Q19U x R, g) for I € ZU {0} as

0yB" = [~ Al,B']. (4.3a)

Since these equations for I € T are compatible on overlaps Ur N Uy # § and in fact BY = B and
A/ZI = JZ;] since the transition functions on these overlaps are trivial, we may consider the equations
([4.33) simply for I € {0,1}. In that case, B! € Q"0(U; x R", g) and .Zl] is a g-valued function on
Ur x R™ for I € {0,1} which on the overlap Uy N U; are related by

B = gaB'gy A? = gor At gort — Origorger - (4.3b)
We could also further rewrite (4.3a) more compactly as
dgnB" = [— A", B'] (4.4)

recalling that A/ = AJI- du/ = .Z{ dt’, see Theorem and correspondingly the second equation
in (4.3b]) would read
A% = g Algy' — drngoigo - (4.5)

In order for to describe Lax equations on the Riemann surface C for the hierarchy of the
Hitchin system, however, we need B! and .Zl[ to be solutions of and (recall that
the latter represent the moment map condition = 0). In addition, to ensure that the resulting
Lax matrices are meromorphic in the spectral parameter, we make a change of local trivialisation
on P, moving from to new local trivialisations ¢y and ¥; with respect to which A”! = 0 for
I € {0,1}, or equivalently A7 = 0 in each local chart (Uy, z1) for I € ZU{0}, see §3.1.1|for details.
Let h = (h7) € C°(C,G) be the Cech 0-cochain implementing this change of trivialisation and let

Lhi=mB'ht, =M= by Al — 0phihy! (4.6)

be the local expressions for B! and /TZI with respect to this new local trivialisation. The additional
minus sign in the definition of M/ is introduced so that the equations (4.3a)) take on the standard
Lax form in this local trivialisation, namely

ouL! = [M], L] (4.7a)
on Uy for I € {0,1}. On the overlap (UyNU;) x R™ we have the same relations as in ([4.3b]), namely
L' =~L'y™', M) =My 4 0yt (4.7b)

where the new transition function
v = hogoth{ ' : (UyNUp) x R® = G (4.8)

is now holomorphic on Uy N Uy, see §3.1.1L We note here that the plus sign in the last term of
the second equation in (4.7b)) stems from the minus sign introduced in the second definition in
([4.6). In other words, —M and —M. are related by an ordinary gauge transformation by ~. If
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we introduce also the g-valued 1-forms M! := Mldgt' € Q'(U; x R", g) then the Lax hierarchy
(4.7al) can be rewritten more compactly as in (4.4)), namely

dpn L1 = [M!, L] (4.9a)
and also the relations (4.7b]) become
LY =~Liyt, MO =y My~ 4 dgayy L. (4.9b)

In this adapted local trivialisation, the equations of motion (3.75al) and (3.75b)) become

Oz, M = —2miV P;(L., (q4:))6 (21 — z1(a)) (4.10a)
N
Oz, Loy =210 Y palatpy'0(21 — 21(Pa)) (4.10D)
Pgéi

for each I € ZU {0}, where L' = L., (21, z1,t)dz; is the local expression of the Lax matrix L’ in
the coordinate chart (Uy, z7). Equivalently, using the identity (3.51]), we have

VP(L, (qi))>
Oz, | M — — =070 ) —, 4.11a
I( zr — z1(a:) ( )
N -1
Palapy
Oz, | L., + ——=—1=0. 4.11b
( 3 ZI_ZI(%)) (a1
panI

So MZ-I and L, are meromorphic in the chosen local trivialisation, with a specific pole structure.

First, equation tells us that L' is a g-valued meromorphic (1,0)-form on U; with simple
poles at each p, with residue —p,Aap, " there. Indeed, note that the residue of a meromorphic
(1,0)-form is independent of the local coordinate used. Locally around the point p, for any

a=1,...,N,if p, € Uy for some I € Z then in the coordinate chart (Ur, z7) we can write
Aot
L'=1"= (—M—i—JI)dzI 4.12a
zr —z1(pa) ( )

where the first equality follows from the fact that the transition functions of the principal G-bundle
‘P between the opens Uy and Uy C Uy were, by definition, trivial. In the last expression, Jé denotes
the holomorphic part of L, in the neighbourhood of p,. Also, since p, € Uy by assumption, it
follows that L9 = L,,dzp is holomorphic on Uy. Therefore, using the relation we have

yL'y7t =110 (4.12b)

on UyN Uy, which expresses the fact that the g-valued (1,0)-form yL'y~1 € QLO((Ul NUy) x R™, g)
extends holomorphically to Uy x R™. We will refer to L as the Lax matriz of the Hitchin system.

Next, equation tells us that M} is a g-valued meromorphic function on U; with a simple
pole at the point q;, with the local expression

VP(L:,(a:))

ML= M=
’ ! zr — zr(q;)

+ K} (4.13)
in the chart (Ur, zr) which is such that q; € U;. Here Ki[ denotes the holomorphic part of MiI in
the neighbourhood of q;. Moreover, since we have q; ¢ Uy by assumption, Mi0 is a holomorphic
g-valued function on Uy which is related to M} on the overlap (UpNU;) x R™ by the second relation
in . That is, ’yMilw_l + 0uyy !t = MZ-0 extends holomorphically from Uy N U; to Uy.

To summarise the above discussion, the Hitchin system can indeed be presented as the hierarchy
of Lax equations , as a direct consequence expressing our variational equations in a
local trivialisation with A”! = 0, in terms of:
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1. the Lax matrix L which is a meromorphic section of 7, /\1’0 C @ grzp fixed in terms of the
following degrees of freedom:

(a) Maps ¢4 : R — G/G)p,, into the coadjoint orbits Oy = G /Gy, for each a =1,..., N,

(b) The transition function 7 : (UpNU;) x R™ — G holomorphic in UyNU; and encoding the
holomorphic structure on the principal G-bundle P. In particular L satisfies (4.12b)).

2. The g-valued meromorphic functions MZ-0 and MZ-1 for each ¢ = 1,...,n with pole structure
dictated by (4.13]) and satisfying the second equation in (4.9b)).

4.2 Unifying Lagrangian 1-form

The description of the Hitchin system as a hierarchy of Lax equations was obtained in
from the set of equations of Theorem by moving to a local trivialisation in which A”! = 0 and
solving the moment map condition . The main point is that these equations are variational,
deriving from the multiform 3d BF action , so it is natural to ask whether we can also derive
directly as Euler-Lagrange equations of an appropriate action.

In Theorem below we construct the unifying action and associated Lagrangian 1-form by
writing the 3d mixed BF action (3.74) in a local trivialisation with A”/ = 0 and explicitly solving
the moment map condition . In Theorem we then prove that this unifying action does
indeed reproduce the Lax equations variationally.

Theorem 4.1. The 3d mized BF action (3.74) written in a local trivialisation where A"0 = A" =0
and with the moment map condition (3.75b|) explicitly solved, leads to the unifying action

Ster Ly, ( / S, (4.14a)

for any parametrised curve T : (0,1) — R®, where %1 € QY (R") is the Hitchin Lagrangian 1-form
defined using a small counter-clockwise oriented loop c, in Ug MUy around the point p € C' by

N
2m/ (L0, dmnyy ) + ) (Ao o drnpa) — Hidgnt',  H; = P;(L (). (4.14D)
a=1

In particular, under a change of ‘residual’ local trivialisation h = (ho, h1) € C°(C, G) with hr
holomorphic on Uy for I € {0,1} so that the condition A" = A" = 0 is preserved, the action
(4.148) is invariant in the sense that

Sur[hLh™Y hovhi ', (higa)] = Sur L%, (9a)] (4.15)
where hLh™" stands for the Lax matriz given by hOLOha1 on Uy and hlLlhfl on Us.

Proof. We choose local trivialisations over Uy x R™ and U; x R™ in which the components AZO, AL

of the partial connection A vanish. Then the local expression for the curvature ( - ) becomes
I Iz i1 I I I gl i j

Unlike earlier trivialisations used in for which we had (3.42), these trivialisations will have a
transition function v = g1 : Up N Uy x R™ — G that depends on u € R™ (because our choice of
trivialisation depends on A”, and A” depends on u). On the overlaps of coordinate charts we have

A Al vy L, dy = 0. (4.17)
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Recall from that to emphasise that B solves the moment map condition (3.75b|) we denote
it by L and refer to it as a Lax matrix. Now the moment map condition (4.11bf) can be written

concisely as
N

oL’ =0,  OL'=-2mi pahapy'dp, . (4.18)
a=1
In order to evaluate the action (3.74) in these trivialisations, we choose a circle ¢, as described
in the statement of the theorem, and let Ry C Uy, Ry C U; be the closure of the interior and
exterior of this circle. Then Ry N Ry = ¢p and Ro U Ry = C. The first term in the action ( is

1 _ .
— (B, Fa) = / L', 0AN A du. 4.19
21 CXF IE%:I} 21 R[XF< J> ( )
We evaluate these terms separately. For I = 1 we find
1 1 ~ _
L' oAl _H(LL AL Ll AL
i (04 = 5 /Rl( DL, AL} + (0L, AD)
1
= _% Z<§Da a(Pa A poz)>
N
27.‘.2/ < L 7 1> - Z <(Poon<90;1a-A}(pa)>7
a=1

where in the second equality we used the second relation in (4.18) and in the last step we used the
first relation in (4.9b|) and the fact that OR; is equal to ¢, with reversed orientation. For I = 0,

1 _ 1 1
L0,0A5) = —— | (L%, Af) = - L%, AY
2mi R0< 045) 271 JR, A0 = 2mi 8Ro< )
1 1
= [ (L0 4 Ayt / L0871,
omi Cp< AT 5 cp< w7

where the first equality uses the first relation in (4.18) and in the third step we used (4.17) and
the fact that ORy coincides with ¢, and has the same orientation. It now follows from the above
computation of both integrals on the right-hand side of (4.19) that

1 1

B,F
2 er< A= 5

N
/ F<LO7dR"77_1> - Z/F<§0a a@a 7./41 pa >dU] (420)
ep X a=1

Substituting this into and setting B = L in the remaining terms gives the desired result.

To prove the last ‘in particular’ statement, consider a change of ‘residual’ local trivialisation
h = (ho,h1) € C°(C,G), with h; holomorphic on Ur so that the condition A%, = 0 is preserved.
We have v +— 4 = hoyhy ', L® = hoL°hg! and L' = hyL'h; ! so that L0 = 4L'5~1. Then the
integral in the first term on the right-hand side of transforms to

/(iﬂ,anw—1>:/ <L0,anw—1>+/ (Lo,holanho>—/ (L', hi'dgehy).  (4.21)
cp Cp Cp

Cp
Note that the second term on the right-hand side vanishes by Cauchy’s theorem since hg and Lg
are both holomorphic on Uy and ¢, is a small contour around p € Uy. To evaluate the last term
on the right-hand side of , recall that the section L! has poles at the marked points p, given
by . Since hj : Uy — G is holomorphic on U; = C'\ {p} we then deduce using the residue
theorem that

Mz

L' hitdgeha) — Vol t hi(pa) tdrehi(pa
2m/< rrh1) Aoyt hi(pa) tdrnhi(pa))

a:l
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where the first sign comes from noting that ¢, can be contracted down to a sum of small clockwise
circles around each point p,. Substituting this into the right-hand side of (4.21]) we deduce the
transformation property

N
L BT I O 0 Sy 4 .
5 /c,, (L% dpnyy~ ') = 5 /c,, (LY, dgnyy™ ") azl<Aa,% (h1(pa) anhl(pa))%>- (4.22)

Consider now the second term in the Lagrangian 1-form (4.14b)). Since ¢, transforms under the
change of local trivialisation as ¢q — @ = h1(pa)@a, see the discussion at the start of this
term in the Lagrangian transforms as

N N N
> (Aa @l drn@a) = Y (Ao, oq drnpa) + <Aa, so;l(hl(parldwhl(pa))soa} . (423)
a=1 a=1

a=1

We see now from (4.22)) and (4.23) that the Lagrangian 1-form (4.14b) is invariant under residual
changes of local trivialisations h = (hg, h1) € C°(C,G) with h; holomorphic on Uy. O

Remark 4.2. The term fcp <L0, anfy’y_1> in the kinetic part of the unifying Lagrangian
arises from a subtle mechanism. In the proof of Theorem .1} we work on the pullback bundle
74P but in a local trivialisation in which A”? = 0 for each I € Z. This implies, in particular, that
the transition function g7y : (UrNU;) x R™ — G is holomorphic in U; N U; and dependent on the
coordinates u/ of R™. Thus, specialising the A component of the identity to this setting, we
find that
OA! = qrJ 0A7 gI_Jl .

In particular, it follows that (B!,0.A!) = (B’,0.A7) on overlaps U N U # ) so that we obtain
a g-valued 3-form (B,0.A) € Q3(C x R") which, in particular, is a global (1,1)-form along C so
that it can be integrated over C (strictly speaking this is a fibre integration along the fibres of the
projection mgn : C' x R™ — R™). Now, by contrast, in this local trivialisation where the transition
functions of w5 P explicitly depend on R", we find using the transformation property that

(0B, A"y = (0B7, A7) — (0B’ g;} drngry) . (4.24)

In other words, the local expressions (9B', A’} do not define a global g-valued 3-form on C' x R™.
Likewise, the local expressions (B, A!) transform in a similar way to and therefore do not
define a global g-valued 2-form on C' x R™ either. This means that in the present context, “naive”
integration by parts in an expression like fC<B ,OA) is not possible, cf. Remark This is the
source of the term fcp <L0, an’yfy_1>. N

We now derive the univariational equations for the unifying 1d action in . To do so, it is
helpful to recall the constraints on the various degrees of freedom. We recall that L° and L' are
holomorphic g-valued (1,0)-forms on Uy and U \ {pa}, 7 is a holomorphic G-valued function on
Up NU1, and ¢, are elements of G. All of these depend on ¢ € R™, and are constrained by

LY =710, fges L;I N (4.25)

We continue to assume that the Higgs bundle determined by v and L satisfies the stability condition
(3.21). This means that there are no non-zero holomorphic functions X’ : Uy — g for I € {0,1}
with the property that [L!, X/] =0 on U; and X' = y~1X% on Uy N Uy.
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Theorem 4.3. The equations of motion of the unifying 1d action Sur [L, v, (Pa), t] in (4.14) with
respect to the variables L, v and @, take the form

OuLP = M, LY, OuLt =M}, LY. (4.26)

Here Mio, Mi1 are holomorphic g-valued functions on Uy and Uy \ {q;} that are uniquely determined
by the constraints

Y10y =y MYy — M} Res M} =VP(L (a;))- (4.27)
Moreover, they satisfy the zero-curvature equations
O M) — 0y M) — [MP , MJ] =0,  0uMj —0uyM; —[M}, M}]=0. (4.28)

The equation of motion with respect to the set of times t* fori =1,...,n describe the conservation
equations O H; =0 for all 1,5 =1,...,n.

Proof. The last statement for the variation with respect to t* for i = 1,...,n is straightforward,
so we focus on deriving the equations of motions associated to variations of L, v and ¢,.

It follows from the condition that a variation of L,~ is described by a meromorphic
g-valued (1,0)-form 6L on Uy, a holomorphic g-valued (1,0)-form 6L° on Uy, and a holomorphic
g-valued function v~y satisfying

SLY = 4716 L0 + [L, 4 16] (4.29)

on the intersection Uy N U;. The action should be stationary with respect to all such variations
of L and to arbitrary variations of ¢,. In particular, it should be stationary when vy~ 16y = 0, so
that

SLY =416 L%, (4.30)

and when ¢, = 0, in which case the second constraint in (4.25)) gives Resp, 6L = 0. Thus, in
that case L' is holomorphic on U;. The corresponding variation of Sy is

) _/1 1}{ (6L1 -1y . ) — <5L1 () VP-(Ll ( ))>ﬁ Lmds (4.31)
e o \2mi J., T Gu 2r\Gi), Vil (G ur | a5 45 .
This must vanish for all curves I" : (0,1) — R™ so that for i = 1,...,n we have
1 _
0=o— (OL', v~ '0u7) — (SLL (a:), VPi(LL, (a:))) - (4.32)

p

Consider, to begin with, a variation such that 6L} (q;) = 0 for some fixed i. We find that

0= 1§ 0ty = - 75<6L°,atm-l>, (4.33)

T 2mi o 2mi e,

where the second equality just follows from the invariance of the bilinear form (-,-) : g® g — C and
the constraint . Let us interpret the equation using sheaf cohomology. For each t € R"”
we denote by E; — C' the holomorphic vector bundle with transition function Ad,;) between the
two local trivialisations over Uy and Uy. The pair 6L = (6L°,§L') of g-valud (1,0)-forms on Uy and
U; related by the constraint describes a holomorphic section of /\1’0 C ® E; that vanishes at
q; and hence it determines an element of the Cech cohomology group H? (C, AYC ® Et(—qi)), in
which (—q;) indicates that the section vanishes at q;. On the other hand, the pair (9,1, 7 19,7)
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of g-valued functions on Uy N Uy describe a holomorphic section of E; over Uy N U; defined relative
to the local trivialisations over Uy and U;. It thus determines an element of the Cech cohomology
group H! (C’, Et(qi)). The two integral expressions in then correspond to the Serre duality
pairing between H?(C, A"°C'® Ey(—q;)) and H'(C, Ey(q;)) described using the local trivialisation
of Ey over Uy and Uy, respectively. This pairing is nondegenerate, so if holds for all variation
SL then (0,iyy~!, v 10,) is zero in cohomology. This means that

YO0y =y MYy — M (4.34)

where M? and M} are sections of Fy(q;) over Uy and Uy, respectively, and the right-hand side of
is the coboundary map in sheaf cohomology, expressed in the local trivialisation over Uj.
More precisely, M? is a g-valued holomorphic function on Uy and M} is a g-valued holomorphic
on Uy \ {q;} with a simple pole at q;. There is some freedom in the choice of M/ solving : if
Nio and Ni1 are sections of E; over Uy and Uy \ {q;}, respectively, such that N,L»1 has a simple pole
at q; and fy_lNiO’y = Nil, then adding NZ-I to MZI produces a new solution of . Thus Mio, Mi1
are unique up to the addition of elements of H° (C, Et(qi)).

Now we insert (4.34) into (4.32)), in which the variation §L! is no longer constrained to vanish
at g;. We find that

0= L (OL', v "My — M) — (SLL (a:), VP (LL, (a:)))

2mi o,
1 1

- 5L0M0—?§5L1M.1—5L1 D). VP(LE (g,))). 4.
5 Cp< s M) 5 cp( , M)y = (6L, (a:), VP (L, (a:))) (4.35)

The contour integral of (§L°, MZ-O> on the right-hand side vanishes because its integrand is holo-
morphic on Uy. Deforming the contour integral of (§L!, Mil) from the anticlockwise contour ¢, to
a clockwise small circle around q; yields

1
5 (0L Ml = (3L, (ar). Res M ).

2mi e,
We may then rewrite (4.35)) as

0= <5L;I(qi), Res M - VP(LL, (qi))> . (4.36)
We would like to conclude from this that

Res M} = VP;(L! (q;)) - (4.37)
di

21

However, this does not follow immediately. The variation §L' is constrained by , and this
constraint may mean that 6Lil(qi) takes values in a proper subspace of the fibre E;|q, of E; at q;.
If so, does not constrain all of the components of Resg, M}. So to find a solution M, M}
of we use more sophisticated methods.

Consider the exact sequence of sheaves on C' given by
0 — Ey — Ei(q;) — Et|q, — 0. (4.38)

Here, by abuse of notation, E; denotes the sheaf of holomorphic sections of the vector bundle E},
and Fy(q;) denotes the sheaf of sections that are holomorphic on C'\ {g;} with a simple pole at g;.
Moreover, Ei|q, is the fibre of E; at q;, which we regard as a skyscraper sheaf on C' supported at
the point q;. This exact sequence of sheaves induces a long exact sequence in Cech cohomology:

Resg,
0 —— HY(C,E) —— HY(C,Eq)) —= Ey|q, —— HY(C,E,) — .... (4.39)
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The map ¢ is the inclusion of the space of holomorphic sections in the space of sections with a
simple pole. The map Resq, is given by evaluating the residue of a section at the point ;. The
so-called connecting homomorphism h acts as follows: given X; € E}|q,, we use the exactness of
at Ey|q, to choose a holomorphic section h(X;) of E; over U; \ {q;} with a simple pole at
g; with residue X; there. The restriction of this holomorphic section to Uy N U; determines a
cohomology class in H'(C, E;) which is independent of the choice of holomorphic section.

With this notation and letting X; := Resq, M — VP ( P (ql)), we can rewrite as follows:

0:<5L;I(qi),xz->:—i_ (6L, h(X; f@LO,fyh nhy, (4.40)

27
where the last step is as in . These two integral expressions describe the Serre duality pairing
between 6L € H(C,A'*®E}) and (vh(X;)y ™, h(X;)) € HY(C, E) in the local trivialisation of E;
over U7 and Uy, respectively. Since holds for all 6L € H°(C, A’ ® E}), and since the pairing
is nondegenerate, we conclude that h(X;) = 0 € HY(C, E;). Since the sequence is exact,
there exists an N; € H° (C’, Et(qi)) such that X; = Resq, N;. We then have that M; .= M; — N;
solves both and , as required.

There is still some freedom in the choice of M; solving , . The solution of
is unique up to the addition of g-valued functions NP, N} on Uy, U; satisfying N} = v~ 1NPy.
Since the pole of M} is fixed by , these functions N/ are holomorphic, so they determine a
holomorphic section of F;. Therefore M; is unique up to addition of elements of H'(C, E;).

The analysis so far was based on variations such that §yv = 0 and dp, = 0, which produced
necessary conditions for the stationarity of the action. We now consider general variations of L,

o and . We assume that M; has been chosen solving the necessary conditions (4.34) and (4.37]).

From (4.25), L' is now meromorphic and the variations satisfy

(L, 69y~ = 6Ly~ — 6L, (4.41)
Res 5Li,1 = —[00ast alaws]. (4.42)
Pa

The variation of Sy r is

tra 1 -1 1 1 ,.—1 -1
5SH,F—/O <2m.f£p<5L Y 8u]7>+2mji (L v 10,5 (0 ))

N
_ _ ot \ du?
+ Z <A0H Qpalauj (5900490041)9004> - <5Li[ (qi)v VPZ (L;I (ql))>au]> dus ds (443)
a=1

We will rewrite this by substituting (4.34)) in the first term and by using the following contour
integral, which is evaluated using (4.37) and (4.42):

N
271m <5L1 M) = —(6LL,(q:), VP(LL,(0:)) + > ([00a0s" ealawy '], Ml (pa)) . (4.44)
a=1
We obtain

! L1 0y 0t 1 1,-1 -1
5SH’F_/0 <2m%<fy(5L , M; >8uj +— ’ (y L'y 1,0, (67 )

21

i\ dud
ot >d“ ds. (4.45)

N
+Z a,(pa 0, 5g0acpa goa> —az_:l<[5<,0a90a17@aAaS%l],Mil(Pa»auj ds
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We now rewrite this using and (| -

L7 8t1
— LO LO -1 M f LO 1
O5ur /O <27T7; j{,, <5 UL, auﬂ 27T2 < Bus (077~ )>
Ao, 0 (501 — 5™ (oap, pahae=] Mooy 2 ) 205 (4.4
+ Z <9001 «@ 9004 ) u]( ()OQSOO( )> Z <[ 90049004 y Pa 04(1004 ]7 1 (pCV) 8’U,J d S. ( : 6)

The contour integral of (§L°, MZO> vanishes because it is holomorphic on Uy. After integration by
parts, the variation becomes

! ot 1
0SH :/0 <7£ <[M?,L0],577_1>6u] <6 L0,577_1>
Cp

211 27
—Z(auj(wa/\w;l),5s0aso;1>+Z<[Mi1(pa),<pa/\asoa 5%%} > P (4.47)

Let us restrict attention to variations for which d¢, = 0. Then §Sy r vanishes for all curves I
if and only if

0= 7{ (0 L0 — (M, L%, 69y 1) 7{ (0 L' — L',y tey) (4.48)

for all variations 6yy~! satisfying (4.41)), where the second equality follows from noting that
v (0L — (M, L))y = 0L — [M]}, L] (4.49)

as a consequence of ([4.34)). In particular, it follows that 9, L — [MZI Lt | can be interpreted as a
section of Fy. It could have poles at the point q; and any of the points p,, because ]\/[Z-1 and L'
have a simple poles there. However, from (4.37)) the residue at q; is given by

— [Res M}, LY, (a0)] = = [VA (LY, (00) . L2, (@) (4.50)

and this vanishes because P; is an invariant polynomial. So 9y L' — [Mil, L'] only has poles at the
points p, and it determines a holomorphic section in H° (C’, APC ® EX (Y, pa)).

To interpret using Serre duality, we note using the constraint that the components
of the holomorphic section Y := (6yy~1,77167) of E; over Uy N U; defined relative to the local
trivialisations over Uy and Uj, respectively, satisfy

L0677 ] =Ll = 6L%  [L',y710y] = 0L — 47 16L%y

Since 6L°, §L' are holomorphic on Uy, U; (because we are assuming that dp, = 0), these equations
say that [L,Y] lies in the image of the Cech coboundary map, so determines a trivial element of
H! (C, AYC ® Et). In other words, Y is in the kernel of the map

[L,]: H' (C,E((—3,pa)) — HY(C,AC @ E). (4.51)

(The notation (=), pa) in the domain of this map denotes the sheaf of sections vanishing at the
points p,, and appears because L has poles at these points). Thus we may interpret the integrals
in as the Serre duality pairing between 0L — [M;, L] € H(C,A"°C @ Ef (>, pa)) and
Y = (6yy1,7716y) € HY(C,E(— >, Pa))- The pairing is required to vanish for all Y in the
kernel of the map . This happens if and only if 9,; L — [M;, L] lies in the image of the adjoint

of (4.51)). The adjoint of (4.51)) is the map

—[L,]: H*(C, Ey) — H°(C,A"°C ® E (Y, pa)) (4.52)
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because, by Serre duality, the dual space of H(C,V) is H(C,A'%C ® V*), and
(o) = § fu[20) (453)
Cp Cp

for every u € H'(C, Ey(— Y., pa)) and v € H° (C, Ey). Since 0L — [M;, L] is in the image of the
map ([4.52), there exist holomorphic functions N/ : Uy — g for I = 0,1 satisfying

Ll — M}, LY = NI LY,  A7'NDy = N} (4.54)

Recall from earlier that the solution of and was unique up to addition of elements
of HY(C, E;). Therefore we are free to define ]\;IZ-I := M} + N/, and this choice of M; satisfies the
Lax equations and the constraints (4.27). The choice of M; is now unique up to addition
of elements of ker[L,:] ¢ H°(C, E;). But the stability condition ([3.21)) means that there are no
holomorphic sections of C' that commute with L. So M; is unique, as claimed.

We have shown that Sy r is critical with respect to variations of L,y with ¢, fixed if and only
if L solves the Lax equation . It remains to check that solutions of these equations are also
critical points of Sy, with respect to variations of ¢,. The variation of Sy r is given in .
The term involving é+ vanishes because L satisfies the Lax equations . The term involving
0 also vanishes because taking residues of gives

Oy (Palaps’) = [M}(pa), Palapy']- (4.55)

So the variation vanishes and Sy r is critical with respect to variations of L,~, ¢ .
Finally, to show the zero-curvature equation (4.28) we note that the Lax equations (4.26]) imply

[0 M] — 0y M — M, M, L] =0 (4.56)
for I € {0,1}. On the other hand, it also follows from the first equation in (4.27) that

Y0 M) — 0, MY — M, MJ])y = 8, M — 0, M} — [M;', M]] (4.57)
on Uy NUjy. The zero-curvature equation (4.28]) now follows by the stability condition. U
5 Examples

The unifying Lagrangian 1-form has the typical structure of a Lagrangian 1-form in phase
space coordinates as first used in [I2] for finite-dimensional integrable systems on coadjoint orbits,
and further developed in [I3] in relation to the univariational principle. It is the difference of a
kinetic part and a potential part involving all the invariant Hamiltonians H;. The essential novelty
compared to all Lagrangian 1-forms considered so far is that the kinetic part involves not only
the group coordinates ¢, of the coadjoint orbits at the marked points p, for « = 1,..., N, but
also the transition function 7 : (Uy N U7) x R™ — G of the holomorphic principal G-bundle. This
introduces a new type of kinetic term in the action which is crucial for generating the complete
set of kinetic contributions. We will see explicit examples of this in the genus 1 case considered in
§5.2] where we derive a Lagrangian 1-form for the elliptic Gaudin model and also the elliptic spin
Calogero-Moser model as a special case. In the genus 0 case considered in this new kinetic
term is absent and we recover the familiar Lagrangian 1-form first introduced in [12] [15].

Since this section deals with explicit examples and we only work with a matrix Lie algebra g,
we fix the nondegenerate invariant bilinear pairing (-,-) : g ® g — C to be the usual one given in
terms of the trace by (A, B) = Tr(AB). Also, throughout this section, we identify g* with g and
the coadjoint action with the adjoint action. Further, we fix a Cartan subalgebra b C g with basis
{H u}fj{fl and the corresponding root generators {E,} of g.
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5.1 Rational Gaudin hierarchy

We begin with the simplest case of genus 0 so that C' = CP! is the Riemann sphere. We will show
that when the unifying Lagrangian 1-form is specialised to the case v = 1 we obtain the
rational Gaudin hierarchy. Gaudin models are a broad class of integrable systems associated with
Lie algebras equipped with a nondegenerate invariant bilinear form. They were first introduced
for the Lie algebra slp(C) by Gaudin in [36] as quantum integrable spin chains with long-range
interactions, and later extended to arbitrary semisimple Lie algebras in [37]. In the rational case,
the classical Gaudin model provides the simplest example of a Hitchin system with marked points
and has been extensively studied from this perspective; see, for instance, [59, [29].

We choose N € Zx>; distinct marked points {pa}évzl. We also need sufficiently many points
{qi}™_, which are distinct from the {p,}2_;, where n will be half the dimension of the phase space,
to obtain a sufficient number of Hamiltonians. Let Uy be a neighbourhood of a point p € C distinct
from {pa}2_; and {q;}";, such that Uy does not contain any of these other points. Further, let
Uy == C\ {p} which we equip with a holomorphic coordinate z: U; — C, where, in contrast to the
general case of §4] we have dropped the index on z for notational simplicity.

Lax matrix: Following the general setup in we obtain a Lax matrix for the rational Gaudin
model as the solution of the moment map condition x = 0 (4.11b)) in a local trivialisation where

A" = 0. Using (@.124), we can write

L
'=Lde=|—"—+J)dz. 5.1

24z <Z _ 2(pa) + a z ( )
locally near the point p,. Here L, = —@aAqp,! denotes the residue at p, and J! the holomorphic
part of L, in the neighbourhood of p,. Since v = 1 we have L° = L' on UyNU; so that L' extends
holomorphically to the point p € C = CP! at infinity in the coordinate z. We can therefore write
the Lax matrix L' as a global g-valued meromorphic (1,0)-form

N

L
L'=1L.dz= — 2 4 5.2
c Z 2 — 2(pa) z (5.2)

a=1

together with the constraint Y., Lo = 0 coming from the fact that L! is regular at z(p) = occ.

Lagrangian 1-form: Let us look at the unifying Lagrangian 1-form (4.14b)) in the present case.
Since v = 1, the kinetic term in the Lagrangian 1-form (4.14b) involving the transition function
drops out, and we are left with

N
XRG = Z Tr (Aa@;ldﬂgngpa) — HZ d]RntZ <53)

a=1
where

H; = Pi(L:(a:)) (5.4)

with G-invariant polynomials P; acting on L, given by . The Lagrangian 1-form describes
the rational Gaudin hierarchy. A Lagrangian 1-form for the rational Gaudin hierarchy was first
obtained in [I2] Section 7] using an algebraic approach. The Lagrangian 1-form describing the
dynamics for a single Hamiltonian of the Gaudin model was also obtained previously in [76]. By
the same derivation as in those references, one shows that the Euler-Lagrange equations associated
to give the following collection of equations

_ [ VEB(L:(a)

Oila= | o575 o el (5.5)
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for all . One can check that one recovers a hierarchy of Lax equations from the above collection

of equations using (4.13]).

5.2 Elliptic Gaudin and elliptic spin Calogero-Moser hierarchies

Let us now consider the genus 1 case so that the Riemann surface C' is a torus C/(Z + 77Z) with
Im(7) > 0. Following the general setup from §4| we fix a point p € C and take Up to be a small
neighbourhood of p, and we let Uy := C'\ {p}. We fix a coordinate z on C' with the identifications
z~z+1and z ~ z+4 7 such that z(p) = 0. Our starting point is the Lagrangian 1-form
but now specialised to a holomorphic transition function v on the annulus Uy N U; given by

v = exp <§> with Q= ¢"H, (5.6)

where ¢* € C, for each p € {1,...,rkg}, is constant in z. We will show that the resulting
Lagrangian 1-form describes the elliptic Gaudin hierarchy, and in the case with N = 1 marked
point the elliptic spin Calogero-Moser hierarchy.

The elliptic Gaudin model we construct was obtained from a Hamiltonian reduction procedure
in [29, 59]. To avoid possible confusion, it is worth noting in passing that for g = sl,, there is
another integrable system that also goes by the name elliptic Gaudin model which was originally
derived as a limit of the XYZ spin chain in [66] [67]. It is not clear if and how these two models
are related, especially since the elliptic Gaudin model we consider is known to have a dynamical
r-matrix [29] while the one of [66], [67] can be built from Belavin’s elliptic solution [6] of the classical
Yang-Baxter equation by following the procedure of [44]. A spin generalisation of the Calogero-
Moser model was first defined in [38], and its case with elliptic potential was realised as a Hitchin
system in [53] 39, 29, [59]. The main goal of this section is to use the unifying Lagrangian 1-form
to obtain variational descriptions of these two hierarchiesﬁ

We choose N € Z>; distinct marked points {p,}2_; in C'\ Up. As in the general case, we need
sufficiently many additional points q; € C'\ Uy distinct from {p,}\_; to obtain a sufficient number
of Hamiltonians. We will later specialise to the case of a single marked point p1, i.e. taking N = 1.

Lax matrix: From (4.12a)), we have

L
L'=Lde=—2—+J)d 5.7
* (Z-Z(pa)+ o) (51)
locally around the point p, in our choice of local trivialisation. Here L, = —goaAagogl denotes the

residue at p, and J! the holomorphic part of L. in the neighbourhood of p,. We can express L,
and L' = L.dz in the basis (H,, E,) as

Ly = (La)'Hy + (La)°E, and L, = L*H, + L°E,. (5.8)
Since L' = L.dz is a meromorphic 1-form on the punctured torus Uy, it satisfies
LYz4+1) =LY (z+7)=LY(2). (5.9)

Also, recall from that L is holomorphic on Uy and we have the relation L' = yL'y~! on
Up N U;y. Therefore, we can write

z

LY = (L“HM + L°exp (Q(Q)>Eg) dz. (5.10)

3Recently, the Lagrangian 1-form structure of certain Calogero-Moser-type systems was studied in [46]. Starting
from a general ansatz for the kinetic term of the Lagrangian 1-form, the authors used the resulting generalised
Euler-Lagrange equations to derive the integrable cases of these systems.
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We can express L* and L? in (5.8) and (5.10) in terms of the Weierstrass (-function and the
Weierstrass o-function which are respectively defined by the relations

) = o, g (e - 1) =0 G.11)
and
dlog(o(2)) . o(2)
— = ((2), lim = 1 (5.12)

where p is the Weierstrass p-function. While the Weierstrass gp-function is doubly periodic, the
o-function and the (-function satisfy

(2 4 2w) = ((2) + 2m;, (5.13)
o(z + 2w;) = —o(z)e2mEH2a) (5.14)

where 2w; and 2wy are the periods of a generic torus and 7, = ((w;), for [ = 1,2. Here we have
2w1 =1 and 2wy = 7.

It follows from that the elliptic function L* is meromorphic with simple poles at {p, }2_;
with residues (L4 )", so it can be expressed as

LF =7k + Z ) C(z — z(pa)) (5.15a)

where 7# is constant in z, and we have

> (La)* =0 (5.15b)

since the sum of residues over an irreducible set of poles of an elliptic function Vanishes Next for
the function L?, tells us that it has poles at {p, }2_; with residues (L,)? and (5.10]) implies

2(Q)
that the function Lge = is holomorphic near z = 0. It then follows that

N
‘= 00(0(Q) + 2= 2(Pa)) - y(0)c(2)
' ;(La) o(0(Q))o(z — 2(pa)) : (5.16)

Then, we get L' = (L*H,, + L2E,)dz with L* and L¢ given by (5.15) and (5.16]) as the Lax matrix
of the elliptic Gaudin model.
In the special case when N =1 and p; = 0, the components (5.15)) simply reduce to L* = 7,

while the components ([5.16|) read

N
e 0 0((Q) +2) o0y
=2 ) S @ata) | (5:17)

When g = sl,,(C), coincides with the Lax matrix of the elliptic spin Calogero-Moser model, see,
e.g. [3l Chapter 7).

Lagrangian 1-form: We now specialise the unifying Lagrangian 1-form (4.14b)) to the present
case. Recalling that g is taken to be a matrix Lie algebra we take the nondegenerate bilinear form
on g is given by the trace, this takes the form

i = 5 / T (1 Ay ) & 5 Tr (A o ) — Hydot (5.18)

a=1
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where the transition function + is given by (5.6 and

Let us evaluate the integral in the first term on the right-hand side of (5.18). We have

1 1 dprn
— [ Tr(L.dzA ,yflan,},) = / Tr <dez A= Q) = pudrnq” (5.20)
Cp <

27 J, 2mi
P

where the coordinates ¢* were introduced in (5.6)) and we defined

pu="Tr(L.(2(p))H,), pe{l,....tkg}. (5.21)

Plugging back (5.20)) into (5.18)), we get a Lagrangian 1-form for the elliptic Gaudin hierarchy

N
Lioc = pudrng” + Y Tr (Aay ' drrga) — Hidgnt', (5.22)

a=1
with H; defined by (5.19)) depending on the elliptic Gaudin Lax matrix given by (5.15)) and (5.16)).
Note that in contrast with the Lagrangian 1-form (/5.3]) obtained in the genus 0 case, the Lagrangian
1-form above has an additional kinetic term corresponding to the cotangent bundle degrees of

freedom p,,, ¢* arising from the non-triviality of the principal G-bundle in genus 1.
Writing a Lagrangian 1-form for the elliptic spin Calogero-Moser hierarchy only requires us to
set N =1 in the Lagrangian 1-form for the elliptic Gaudin hierarchy. We then get

Lesom = pudrag” + Tt (A1py 'drepr) — H; dgnt’ (5.23)

for this special case.

Alternative description: Lax matrices for the elliptic Gaudin and elliptic spin Calogero-Moser
models have appeared before in the literature and we now explain how they are related to the ones
we used above to formulate our Lagrangian 1-form, hence justifying that we have indeed built a
variational description for the elliptic Gaudin hierarchy [29, [59]. The two descriptions are related
by a change of local trivialisation, as we now show.

Recall that under a change of local trivialisation implemented through smooth functions fy on
Up and fi on Uy, the (0, 1)-connection A”! and the (1,0)-form B’ transform as

A A = AT Of T (5.24a)
' o= fL (5.24b)

locally in Uy for each I € {0, 1}, while the new transition function ¥ reads
5 = fovft (5.25)

and @ = f1(2(pa)) pa so that

Lo = fi(2(pa)) La f1(2(pa)) " - (5.26)

In our choice of local trivialisation with respect to which A"/ = 0 for I € {0,1}, we obtain
a Lax matrix L for the elliptic Gaudin model described by and . The alternative
description of the elliptic Gaudin model, which can be found in [59], for instance, corresponds to
a local trivialisation with respect to which

A" =y =yFH,,, (5.27)
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where v* is constant in (z, z) for each I € {0,1}, and with trivial transition function. To implement
the change of local trivialisation from the one with respect to which A”! = 0 to the one defined by

, we need functions fo, f1 to satisfy
—fifit=A"=v, I1€{0,1}. (5.28)
The new transition function is given by
3= fovfit. (5.29)

Then choosing fo, f1 such that fo = f1exp (—%) we obtain v = 1. Finally, since f; is a smooth
function on the punctured torus Uy, it must satisfy:

filz+1) = fi(z+71) = fi(z). (5.30)
From and , we get
h=e (¢ + 2T - wpi=E)) (5.31)
together with the relation
2 27
V=-0——(((5) ~7¢(}) = Q. (5.32)

where in the final step we used Legendre’s relation between the periods and quasiperiods of ((z).
Expressing L' = fiL' ;! = L,dz in terms of the basis (H,, E,) of g as

L,=LMH, + L°E, = LM'H, + L fiE, /!, (5.33)
we find
LM =L =74+ (La)*((z — 2(pa)) = 7" + > _(La)"((2 — 2(pa)) (5.34)
a=1 a=1
and
N o(0(Q) + z — z(pa)) (20(1)22== :)
7 — Lg)° — #\Pa)) o(Q)(2¢(5)E=2-2((5) =2
Z( ) o(o(Q )

(
(

o Q) + 2z — Z(pa ) eg(g) <2C(%) (Z*Z<Po¢))i*(2*5(Pa>>7’ 72«%) (Z*dpa))*(f*ﬂpa))) ‘
(

-7 =T 5.35
2 ) (@)=~ 2(pa) 539
Note that, using again Legendre’s relation,
2T — ZT z—Zz 271
¢(3) - <(2)T_7: C<2)Z+T_7,_(Z z) ( )

so that we can write

N
0 =3 () 0(2(Q) +2 = 2(Pa)) Lo(Q)( 2L (+-2)) .~ o(D) (2L ((pa) ~2(pa))) y~2 (3)2( Q) (+—2(pa))
a(0(Q))o(z — z(pa))

a=1

(5.37)

This last expression allows us to compare the Lax matrix L' = (D‘HM + z-‘—’Eg)dz with L* and
L2 given by and (5.37)), with the elliptic Gaudin Lax matrix obtained in [59, (4.5)] (when
specialising to the case g = gl,,,(C) so that writing as Q@ = > ", wxEx in the standard basis
{Eij}iy—y for gl,,,(C), we have o(Q) = z; — z; for the gl,,(C) root ¢ = €; —¢;). They coincide up to
the factor e~2e(¢(3)(==2(Pa)) which possibly arises from the use of a different convention for the
o-function and the (-function in [59] relative to the standard (5.13)-(5.14).
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6 Conclusion and outlook

In this paper, we derived a variational formulation of Hitchin’s completely integrable system asso-
ciated with a compact Riemann surface of arbitrary genus by extending the theory of Lagrangian
multiforms to the setting of gauge theories. As an application, in the genus one case we obtained
an explicit phase-space Lagrangian multiform for the elliptic Gaudin hierarchy (and also the el-
liptic spin Calogero-Moser hierarchy as a special case) for the first time. The present work thus
extends the results of [12] 15], where explicit Lagrangian multiforms were constructed for both
non-cyclotomic and cyclotomic rational Gaudin models using the algebraic framework of Lie di-
algebras. In that respect, a natural question is how to generalise the well-understood connection
between classical r-matrices and Lagrangian multiforms in the non-dynamical case [19] 12} [I5] to
the present setting. Since the Hitchin system associated with an elliptic curve is known to have a
dynamical r-matrix [29], the work [I0] appears particularly promising in bridging this gap.

One of the virtues of our construction is that it makes manifest the explicit connection between
classical 3d mixed holomorphic-topological BF theory and Hitchin’s completely integrable system.
The relevance of this 3d holomorphic-topological gauge theory for the study of the Hitchin system
has been noted previously in the literature [35] [78], see also [34], in fact, already at the quantum
level. In those works, however, its appearance is less direct: 3d mixed BF theory can be obtained
as a certain level-zero limit of 3d Chern-Simons theory which upon quantisation undergoes the
familiar shift to the critical level. The latter is in turn deeply related to the representation theory
of affine Kac—-Moody algebras at the critical level, via conformal blocks of the WZW model living
on the boundary, which underlies the geometric Langlands correspondence and the quantisation
of the Hitchin system through the work of Beilinson-Drinfel’d [5].

As emphasised in the introduction, the fruitful merging of the framework of Lagrangian 1-
forms with that of 3d mixed holomorphic-topological BF theory was achieved through the study
of Hitchin’s completely integrable system in the Lagrangian framework. A natural generalisation
of the present work will be to similarly bring together the framework of Lagrangian 2-forms with
that of the celebrated 4d semi-holomorphic Chern-Simons theory [26] with the aim of obtaining a
gauge-theoretic origin for hierarchies of 2d integrable field theories. In connection with these ideas,
it is important to note also the work [50] on the construction of a 2d field-theoretic generalisation
of Hitchin’s integrable system based on affine Higgs bundles, which was shown to be closely related
to the 4d Chern-Simons setup. Examples of affine Hitchin systems constructed in this way include
2d field theoretic analogues of the elliptic Gaudin and Calogero-Moser models, both of which we
have cast in the Lagrangian multiform framework in the present work (see also, for instance, [I] and
references therein concerning the so-called field analogue of elliptic (spin) Calogero-Moser model).
Naturally, a related goal is then to use a higher-dimensional generalisation of our present work to
obtain a variational analogue of the affine Higgs bundle setup.

Finally, a central motivation behind the Lagrangian multiform programme is to provide a path
integral quantisation framework for integrable hierarchies. By constructing Lagrangian multiforms
for Hitchin systems and demonstrating their connection to 3d classical mixed BF theory in the
present work, we have opened the way for studying the quantisation of Hitchin systems via path
integral methods. This approach also offers the potential to uncover new insights into their relations
with gauge theories at the quantum level.

A Stability for G = SL,,(C)

In this appendix we show that stable bundles with G = SL,,(C) satisfy our differential stability
condition (3.21)). A stable SL,,(C) principal Higgs bundle P is equivalent to a stable vector Higgs
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bundle £ =P X gz, (c)y C" for which the holomorphic line bundle det(£) is trivial. We recall that
a vector Higgs bundle consists of a holomorphic vector bundle £ — C and a holomorphic section
B of AM°C ® End(FE). Such a bundle is called stable if, for all holomorphic sub-bundles F C E
satisfying B(F) C AY°C ® F, we have

deg(F) _ deg(E)
rank(F) ~ rank(E)

(A1)

Let h be any Hermitian metric on the holomorphic vector bundle E. Then h, together with F,
determines a Chern connection A. This is the unique unitary connection such that the holomorphic
structure 9 of E coincides with the (0, 1)-part 94 of the covariant derivative d4. We let Bt denote
the Hermitian-adjoint of B; this is a smooth section of A%'C ® End(FE). Then we can form two
operators

D' =04+ B, (A.2)
D" =04+ BT, (A.3)

Simpson showed [65] that every stable bundle admits a unique Hermitian metric such that
D'D" +D'D' = w®idg, (A.4)

in which w is a chosen area form for the Riemann surface and A € C is a constant.

We will prove that a stable vector Higgs bundle satisfies the property , following a stan-
dard argument. To do so, suppose for contradiction that X is a non-zero traceless section of
End(FE) satisfying X = 0 and [B, X] = 0. Let h be the Hermitian metric on E satisfying (A.4)).
We note that

z/ tr(D"X'AD'X - D'XTAD"X) = / tr(xdA X T A dAX + (@, X]T A [@, X]), (A.5)
C C

in which * is the Hodge star, d* = 94 + 94 and ® = B — Bf. On the other hand, (A.4) and
integration by parts show that

/ tr(D"XTAD'X + D'XTAD"X) = — / Mr(XT[idg, X])w =0. (A.6)
C C

Our assumptions on X mean that D”X = 0. So, (A.6) implies that the left-hand side of
vanishes. Since the right-hand side of is the integral of a non-negative function, its integrand
must vanish, meaning that d4X = 0 and [, X] = 0. In other words, X is parallel and commutes
with .

Since X is parallel, its eigenvalues are constant. Let F} be the bundle of eigenspaces for one
of its eigenvalues. Since X is traceless, F1 # E. Let F, be the orthogonal complement of Fj
obtained using the Hermitian metric h. Since d4X = 0 and A is unitary, A restricts to unitary
connections on F; and Fy. Similarly, since [®, X] = 0 and ® is anti-Hermitian, F; and F; are
®-invariant, i.e. ®(F;) € A°C® F;. Since A determines the holomorphic structure, Fy and F; are
both holomorphic sub-bundles of E. Since B is the (1,0)-part of ®, B(F;) ¢ A’ ® F; for i = 1, 2.
Since E = F} ® F>,

deg(E) = rank(F})deg(Fs) + rank(Fy)deg(F1) . (A.7)

In terms of the slope p, this means that

rank(F1) + rank(Fy)

p(E) + p(F) = rank ([ )rank(F5)

W(E) > 2u(E). (A8)

This means that either pu(Fy) > u(E) or u(Fy) > u(E). Either way, we have a contradiction to
the stability of E.
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