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Abstract: The paper describes a method to transform vector smooth transition autoregressions in a form that is

particularly suitable for policy analysis, because it is of low-dimension and retains certainty-equivalence. Opti-

mal rules are calculated with the state dependent coefficients approach, which allows linear methods to solve

nonlinear problems. The methodology is applied to revisit interest rate and quantitative easing (QE) monetary

policy in the United States during 1979–2018. The actual size of QE and duration of the zero lower bound are

found close to those prescribed by the optimal policy, but not the timing and composition of QE. The method-

ology compares favourably against alternative optimization approaches based on linearization or numerical

search.

Keywords: smooth transition models; nonlinear quadratic regulator; zero lower bound; quantitative easing;
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1 Introduction

This paper describes a methodology for the analysis of optimal macroeconomic policy when the interaction

between the economy and the policy sector is described by a widely-used class of nonlinear models: vector

smooth transition autoregressions (VSTARs). VSTAR models have become increasingly popular in macroecono-

metrics given their ability to better describe data compared to linear models. In applied works VSTARs are

often used for forecasting and to account for history dependence in the response of macroeconomic variables to

shocks. While the econometric literature has long established methods for specification, estimation and struc-

tural analysis with VSTAR, no attention has been devoted so far to the analysis of policy. The present paper

attempts to fill this methodological gap.

The proposed methodology is applied to evaluate the actual conduct and effects of conventional (interest

rate) monetary policy and large scale asset purchase programs, frequently referred to as quantitative easing

(QE), undertaken by the Fed since 2008 against the framework obtained from the optimal policy. This seems a

pertinent application of the VSTAR, given the extent of nonlinearity displayed by macroeconomic data of the

United States over the last 40 years and, particularly, by the federal funds rate and the Fed’s balance sheet in

the decade after the onset of the Great Recession. According to this analysis, the size of QE undertaken by the
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Fed and the duration of the zero lower bound (ZLB) are not too dissimilar from those prescribed by the optimal

policy, but there are differences in terms of the timing and composition of QE.

Given a welfare function and a structural model of the economy, monetary policy could be evaluated

considering commitment to a rule derived by maximising welfare subject to the model. Quantitative policy

evaluation based on structural models is however not problem free. Above all it is often difficult to get agree-

ment on how to specify a structural model of the economy. This is true even for well-established structural

models such as the Smets and Wouters (2003) model, as argued by Chari et al. (2009). Challenges compound

when dealing with QE because structural models tend to abstract from large changes in the economy, assuming

parameters and sources of shocks to be constant over time and known by policy makers. These issues are par-

ticularly noteworthy for quantitative analyses dealing with the significant instabilities and jumps in the data of

the last 25 years, as well as the asymmetric nature of the ZLB. An alternative solution is to quantify policy based

on a nonlinear vector autoregression model of the economy. Its main attraction is that, whatever the structural

model, a close approximation is given by a vector autoregression representation. Although the resulting policy

would not be first best compared with using a correct structural model, it would be a simple and transparent

way to proceed. It would also provide a useful benchmark against which to compare any other policy decisions,

and it has the advantage of being easily automated.

Against this backdrop, the paper makes two methodological contributions. To better highlight these, it is

useful to recap how the effects of systematic changes in policy are evaluated when using a linear VAR. In a VAR

all (policy and non-policy) variables are endogenous. To quantify the impact of a systematic change in policy, the

VAR needs to be transformed into a VARX in which the policy variables are exogenous. This is achieved through

a block decomposition separating the vector of policy instruments from the remaining variables in the VAR.

Depending on whether the policy variables are ordered first or last, at least two possible VARX representations

can be derived, see for example Sack (2000) and Stock and Watson (2001). These VARX representations differ

in terms of the timing assumption about the economy response to a policy change, which can be either with a

lag (A1) or contemporaneous (A2). If the objective function of the decision maker is quadratic, optimal policy

can then be calculated as a linear quadratic regulator (LQR) problem using either of these two VARX models.

Crucially, both A1 and A2 satisfy certainty equivalence, solving the LQR problem regardless of the particular

sequence of disturbances. For this reason solutions can be computed using linear dynamic programming based

on Riccati equation iteration, as shown in Ljungqvist and Sargent (2018).

The first methodological contribution refers to the derivation of a VSTARXmodel suitable for optimal policy

analysis froma reduced-formVSTAR. It is shown thatwhen using either A1 or A2 in a VSTAR, differences between

the two VSTARX representations go well beyond the timing of interaction among variables. A1 gives rise to a

nonlinear quadratic regulator (NLQR) problem that is high dimensional and no longer consistent with certainty

equivalence. In contrast, A2 has the advantage of delivering a small dimensional NLQR problem compatiblewith

certainty equivalence.

The second methodological contribution refers to the calculation of optimal decision rules that solve the

NLQR problem. This consists of employing state dependent coefficient (SDC) factorization to transform the non-

linear VSTARX into an affine model with SDC matrices. As a result, the NLQR problem becomes isomorphic to

the LQR. Under A2, the problem is also low dimensional and certainty equivalent, and it can be solved with lin-

ear dynamic programmingmethods. The solution yields an optimal feedback rule with time-varying coefficients

that can be combined with the VSTARX to construct the reduced-from VSTAR under the optimal rule.

Of course, any nonlinear model could be linearized and then analyzed with LQR. However, as well as pro-

viding solutions that are not globally valid, linearization assumes away crucial features of macroeconomic data,

such as asymmetries, threshold effects and large transitional changes. AVSTAR couldwell capture these features,

but the LQR solution would disregard them, potentially resulting in incorrect and/or inefficient decision mak-

ing. Alternatively, policy analysis could be carried out with numerical methods. While these can deliver globally

valid solutions without disregarding nonlinearity, their main drawback is that they are computationally inten-

sive and their effectiveness in finding the optimal solution is often impededwhen nonlinearity is significant. The

proposed SDCmethod has the advantage of accounting for nonlinearity while being computationally simple and
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Figure 1: Macroeconomic data, United States 1979:8-2018:10. NBER

recessions in grey. All variables are in percentage.

Figure 2: Transition probabilities li(ugt) (black) and gi(Rt)

(red), in the mean i = M and covariance matrix i = V of the

estimated VSTAR. NBER recessions in grey.

easy to understand given his similarity to the LQR. It also allows the use of dynamic programming, one of the

most powerful tools for solving decision problems in economics.

The proposed methodology is applied using a VSTAR estimated with maximum likelihood on monthly

data for the United States during 1979:8-2018:10 (Figure 1). In the benchmark specification, the model includes

seven variables: credit spread, inflation, industrial production, unemployment rate, the federal funds rate, and

total assets held by the Fed split between Treasury and privately-held securities.1 The policy analysis therefore

accounts for themacroeconomic effects of changes in both the size and composition of the Fed’s balance sheet as

well as the ZLB. Nonlinearity in the mean and variance of the VSTAR is captured by allowing the coefficients to

change during periods of economic slack and when the federal funds rate is near to the ZLB. It is shown that the

estimated VSTAR can well capture nonlinearities in the data (Figure 2) and provides a plausible description of

the response of the three policy instruments to shocks at different times of the United States’s monetary history

(Figure 3).

The estimated VSTAR is used to evaluate how far from optimal were the actual interest rate policy and QE

undertaken by the Fed in the decade after the onset of the Great Recession. By focusing exclusively on the post-

2008 period, the policy analysis avoids the substantial macroeconomic shifts that occurred between the pre-

and post-Great Recession periods. The optimal VSTAR is obtained from the joint optimization of all monetary

policy instruments under alternative specifications of the Fed’s preferences. The evaluation considers three

different dimensions: the gains fromoptimization; the response ofmonetary policy to shocks; and counterfactual

1 This split is chosen to conform with the portfolio-balancing and the credit channels highlighted by the literature on the trans-

mission mechanisms of QE, see for example Joyce et al. (2012). Following Kuttner (2018), throughout the paper asset purchases are

referred to as QE regardless of whether these entail public or private securities.
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Figure 3: Median and two standard deviation confidence

bands of IRFs of policy instruments to a credit shock during

normal times (black) and the ZLB period (red). All variables

are in percentage.

Table 1: Gains from monetary policy optimization computed from the VSTAR.

Items in the loss function Loss Stabilization

(
pt − p

)2
ug2

t
𝚫TS2

t
𝚫PS2

t
𝚫R2

t
V G û

Policy Baseline: 𝜐p = 𝜐ug = 𝜐ΔTS = 𝜐ΔPS = 𝜐ΔR = 1

Actual 1.24 5.46 0.02 0.05 0.38 7.15

Optimal 1.05 5.33 0.05 0.25 0.39 7.08 0.98 0.26a

No-QE 2.47 5.55 0.02 0.00 0.00 8.05 11.15 0.95b

Weights II: 𝜐p = 0.5, 𝜐ug = 𝜐ΔTS = 𝜐ΔPS = 𝜐ΔR = 1

Actual 1.24 5.46 0.02 0.05 0.38 6.53

Optimal 1.14 5.29 0.06 0.19 0.37 6.47 0.84 0.23a

NoQE 2.47 5.55 0.02 0.00 0.00 6.81 4.11 0.53b

Weights III: 𝜐ug = 0.5, 𝜐p = 𝜐ΔTS = 𝜐ΔPS = 𝜐ΔR = 1

Actual 1.24 5.46 0.02 0.05 0.38 4.42

Optimal 1.03 5.40 0.05 0.22 0.38 4.39 0.67 0.24a

No-QE 2.47 5.55 0.02 0.00 0.00 5.27 16.18 1.31b

Weights IV: 𝜐ug = 𝜐p = 1, 𝜐ΔTS = 𝜐ΔPS = 𝜐ΔR = 0.5

Actual 1.24 5.46 0.02 0.05 0.38 6.92

Optimal 0.97 5.28 0.06 0.38 0.46 6.70 3.16 0.47a

No-QE 2.47 5.55 0.02 0.00 0.00 8.03 13.82 1.05b

Weights V: 𝜐ug = 𝜐p = 𝜐ΔR = 1, 𝜐ΔTS = 𝜐ΔPS = 0.5

Actual 1.24 5.46 0.02 0.05 0.38 6.92

Optimal 0.97 5.28 0.06 0.38 0.46 6.70 3.16 0.47a

No-QE 2.47 5.55 0.02 0.00 0.00 8.03 13.82 1.05b

Weights VI: 𝜐ug = 𝜐p = 𝜐ΔTS = 𝜐ΔPS = 1, 𝜐ΔR = 0.5

Actual 1.24 5.46 0.02 0.05 0.38 7.14

Optimal 1.04 5.32 0.07 0.25 0.39 7.03 1.44 0.32a

No-QE 2.47 5.55 0.02 0.00 0.00 8.03 11.16 0.95b

Average (across weights)

Actual 1.24 5.46 0.02 0.05 0.38 6.51

Optimal 1.03 5.32 0.06 0.28 0.41 6.40 1.71 0.33a

No-QE 2.47 5.55 0.02 0.00 0.00 7.37 11.71 0.97b

G is the stabilization gain; û the unemployment compensation; ‘a’ indicates comparison between actual and optimal policy; ‘b’ between

actual and no-QE policy. Source: Author’s calculations. See main text for more details.
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Figure 4: Median and two standard deviation confidence

bands of IRFs to a credit shock during the ZLB period under

the actual (red) and the optimal (blue) policy. All variables are

in percentage.

simulations. According to these results, the actual QE and ZLB policy were not too far from those otherwise

prescribed by the optimal analysis. In particular, the joint optimization of themonetary policy instruments since

2008 would have resulted in: (i) Reduction of the average unemployment rate by 0. 33 %. This is about one-third

of that measured for the actual QE policy relative to a scenario of no-QE (0.97 % ) (Table 1); (ii) Responses of QE

to credit shocks very similar to those obtained under the actual policy, particularly beyond the very short-run

horizon (three months) (Figures 4 and 5); (iii) Increase in size of the Fed’s balance sheet as a proportion to GDP

(between 17.98 and 19.33 % ) in line with that observed from the data (17.96). There are however differences in

the timing and composition of QE, as according to the optimal policy larger purchases of Treasury securities

should have occurred during the first phase of QE (Figure 6 and Table 3); (iv) Average ZLB duration (between 68

and 73 months) close to that observed from the data (96 months), in contrast with the view that the ZLB should

have terminated much earlier (after 26 months) supported by the standard Taylor rule, see Williamson (2015)

(Table 2).

To gauge some indication on the quality of the quantitative performance of the proposed methodology,

the results are compared with those from three alternative optimization approaches. The first is based on lin-

earization. The other two, model predictive control and direct search, are nonlinear optimizers that rely upon

numerical search using the VSTARX from A1. The proposed methodology is found to deliver faster and larger

optimization gains compared to any of these alternatives (Table 5).

Two possible caveats on the quantitative results should be noted. The first concerns the specification of

the Fed preferences. Economic theory offers little guidance on this since structural models with QE include

heterogeneous households, a feature which prevents the identification of a unique micro-founded objective

function for the central bank. Optimal policy is computed in this paper assuming a standard quadratic loss

function in inflation and unemployment, as in Sims et al. (2023) and consistently with the Fed’s dual mandate of

Figure 5: Median and two standard

deviation confidence bands of IRFs to

a supply-type shock during the ZLB

period under the actual (red) and the

optimal (blue) policy. All variables are in

percentage.
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Figure 6: Counterfactual simulations of interest rate and QE policy in the United States. ‘A’ denotes the actual paths; ‘O2’, ‘O3’ and ‘O4’

the counterfactual paths under the inflation targets of 2, 3 and 4 %, respectively. All variables are in percentage.

Table 2: Duration of the ZLB period under the actual and optimal policy.

Number of months when

R less than:

0.25 0.5 0.75 100

Actual policy

85 97 100 104

Optimal policy

𝜋 = 2 26 55 87 104

𝜋 = 3 51 72 74 84

𝜋 = 4 71 73 73 75

Source: Author’s calculations. See main text for more details.

price stability and full employment. For robustness, alternative specifications are appraised by varying the loss

function parameters. The second caveat is that, in principle, counterfactual analysis with a VSTAR enters the

territory of the Lucas (1976) critique. While its quantitative significance is often debated, see Rudebusch (2005)

and Sims and Zha (2006), to guard against it the loss function is expanded including penalties for changes in the

policy instruments. This ensures that the counterfactual policy simulations are close to the actual data, making

them less susceptible to the critique. It is also shown that the simulated paths under the optimal policy arewithin

the range of macroeconomic forecasts from professional survey data (Table 4). In addition, the analysis mainly

focuses on the post-2008 period, thus avoiding the change in policy regime relative to the pre-2008 period.2

1.1 Related Literature

The paper makes several contributions to the literature. The methodological part is related to the research

on nonlinear time series modelling, which has long established methods for the specification, estimation and

structural analysis of VSTAR, see Granger et al. (1993), Dijk et al. (2002) and Martin et al. (2013). The paper com-

plements this literature, tackling a different task, the analysis of systematic policy. The methodological part also

2 Prominent examples of counterfactualmonetary policy analysis based on reduced-formmodels are Sack (2000), Stock andWatson

(2001), Sims and Zha (2006), Polito and Spencer (2016) for conventional monetary policy; Lenza et al. (2010), Kapetanios et al. (2012),

Gambacorta et al. (2014), Dahlhaus et al. (2018), for QE. Many of these works analyze counterfactual policy deviations, such as the

no-QE policy scenario, much larger than those considered in this paper.
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contributes to themacroeconomic literature on optimal decision analysis. Asmentioned above, the predominant

paradigmhere is still the LQR,which applies to linear economic environments, see Ljungqvist and Sargent (2018).

The approach adopted in the paper illustrates how to bring the same LQR techniques to nonlinear economic

models.

The paper also contributes to three strands of applied econometrics. The first is the analysis of the wider

effects of QE and the ZLB based on VAR or semi-structural models. Examples include Lenza et al. (2010), Kapetan-

ios et al. (2012), Gambacorta et al. (2014), Dahlhaus et al. (2018). These works evaluate what the unconventional

monetary policy undertaken by the Fed since the Great Recession managed to achieve relative to a scenario

of no-intervention. The paper complements this literature evaluating what the actual QE and ZLB policy could

have achieved, using as reference the framework from the optimal policy. The second is the applied literature

on macroeconomic asymmetries and the transmission channels of QE and the ZLB, typified by the works of

Guerrieri and Iacoviello (2017) and Sims and Wu (2020); Sims et al. (2023). The present paper shares with these

works a similar emphasis on the dual source of nonlinearity, from the economy and the policy sectors, but for

the purpose of empirical analysis. The third is the literature using VSTAR-type models to account for nonlin-

earity in macroeconomic time series, whose applications spans from business cycle, Terasvirta and Anderson

(1992), international spillovers, Gefang and Strachan (2009), fiscal policy, Auerbach and Gorodnichenko (2012)

(conventional) monetary policy, Dahlhaus (2017), and credit markets, Atanasova (2003). The paper contributes

to this literature using a VSTAR for the analysis of QE and the ZLB.

There is a growing literature that develops dynamic stochastic general equilibrium (DSGE) models to study

monetary policy when the short term interest rate is constrained by the zero lower bound and the Fed embarks

on QE. This literature considers actual and/or optimal QE intervention targeting either private assets, through

outright purchases or collateralized short-term loans, as for example in Del Negro et al. (2017), or long term

government bonds, as for example in Sims andWu (2021). The present paper contributes to this literature consid-

ering in a reduced form framework the design of QE programmes that simultaneously involve private securities

and government bonds purchases. Being reduced form, the analysis is unable to explain the economic mecha-

nisms that may explain why each type of QE is required and desired. It is also silent about the distortions that

these purchasesmay induce on private sector decisions. Themain advantage of taking a reduced form approach

is that it facilitates the empirical analysis of the effects of conventional and unconventional monetary policy

despite the large data instabilities occurred during both the build-up of QE and its first phase of unwinding

since 2015, allowing to compare and contrast the effects of different types of asset purchases, how these policies

interact with each other and quantify their outcomes in terms of stabilization gains.

This paper is also related to a recent literature that uses DSGEmodels to conduct counterfactual policy anal-

ysis in reduced-form or semi-structural frameworks that aim to be robust to the Lucas critique, see, Barnichon

and Mesters (2023), Beraja (2023) and McKay and Wolf (2023). While the methodology in this paper does not

explicitly aim to insulate policy analysis from the Lucas critique, it is implemented in a way that attempts to

minimize the quantitative relevance of the critique. The methodologies in this recent literature have also lim-

ited applicability. Beraja (2023)’s approach only applies to DSGEmodels that can be linearized, thereby excluding

nonlinearities induced by ZLB or leverage constraints that typically features DSGE models with QE. Barnichon

and Mesters (2023)’s sufficient statistics cannot be used to compute the optimal policy if there is not enough

empirical evidence to estimate the responses to all policy news shocks (The authors also discuss circumstances

in which their optimal policy perturbation approach is not applicable to nonlinear models). The identification

result of McKay and Wolf (2023) also relies on linearity and is not suited to study change in the steady state. In

contrast, the approach proposed in this paper has the advantage of being applicable to a much broader set of

nonlinearities and policy experiments, as demonstrated in the empirical application.

The paper is organized as follows. Section 2 describes the reduced-form VSTAR and the two VSTARX repre-

sentations under A1 and A2. Section 3 illustrates the SDCmethod and derives the VSTAR under control. Sections 4

and 5 present the results from the estimated VSTAR and the analysis of optimal policy, respectively. Section 6

concludes with a summary. Supplementary material and robustness results are in Appendix.



8 — V. Polito: Optimal Macroeconomic Policy: A VSTAR Perspective

2 The VSTAR Model

2.1 Reduced Form

Let yt =
[
x′
t

u′
t

]′
be a n × 1 vector, with xt denoting a p × 1 vector of variables describing the economy and ut

am × 1 vector of policy instruments. The dynamic of yt for t ≥ 1 is described by the VSTAR:

yt+1 =
[
1− gM

(
s′
u
yt
)]{ [1−lM(s′xyt)][𝜆1+𝚲1(L)yt]

+lM
(
s′
x
yt
)[
𝜆2 +𝚲2(L)yt

]
}

(1)

+ gM
(
s′
u
yt
){ [1−lM(s′xyt)][𝜆3+𝚲3(L)yt]

+lM
(
s′
x
yt
)[
𝜆4 +𝚲4(L)yt

]
}

+ vt+1,

where y0 is given; 𝜆 j are vectors of constant coefficients of dimensions n × 1; 𝚲 j(L) denote q lags of the vector

yt, i.e. 𝚲 j(L) =
q∑

k=1
𝚲 jkL

k with each 𝚲jk being a n × nmatrix of coefficients and L the lag operator; vt is a vector

of independently and identically distributed reduced-form disturbances with covariance matrix𝛀t given by:

𝛀t =
[
1− gV

(
s′
u
yt
)]{[

1− lV
(
s′
x
yt
)]
𝛀1 + lV

(
s′
x
yt
)
𝛀2

}
(2)

+ gV
(
s′
u
yt
){[

1− lV
(
s′
x
yt
)]
𝛀3 + lV

(
s′
x
yt
)
𝛀4

}
,

where𝛀 j are symmetric matrices of coefficients, j = 1,… , 4. The terms gi
(
s′
u
yt
)
and li

(
s′
x
yt
)
denote continuous

(transition) functions, bounded between zero and one, capturing the effect of nonlinearity on the transmission

mechanism of shocks in the mean, i = M, and covariance matrix, i = V , of the VSTAR in (1) and (2), sx and su
being selection vectors identifying transition variables from xt and ut, respectively. In particular, li

(
s′
x
yt
)
links

variations in the VSTAR coefficients to changes in the state of the economy, while g
(
s′
u
yt
)
links variations in the

VSTAR coefficients to changes in the policy stance.

The VSTARmodel in (1)-(2) provides a natural framework to study monetary policy in non-linear macroeco-

nomic environments. The idea of considering dual nonlinearity, from the economy and the policy sectors, is not

new. It features in recentworks of Guerrieri and Iacoviello (2017) and Sims andWu (2020); Sims et al. (2023) based

on DSGE models where nonlinearity stems from the private sector, due to collateral constraints on borrowing,

and from the policy sector, due to the ZLB. The specified VSTAR shares with these works a similar emphasis on

the dual nonlinearity, with the purpose however of evaluating its significance for empirical analysis.

2.2 VSTARX Form

The VSTAR in (1)-(2) is a reduced form, suitable for econometric estimation and dynamic analysis like forecast-

ing. The coefficients in the equations for the policy instruments describe the so-called actual policy rules. The

coefficient in the equations for the economy vector describe how the economy evolves over time subject to the

actual policy rule.

To quantify the impact of a change in policy, the coefficients in the equations for the instruments need to be

replacedwith those fromanother policy rule, either ad-hoc or optimal in some sense. This requires transforming

the VSTAR into a VSTARX where the policy variables are treated as exogenous. As in a VAR, this transformation

requires only a zero block factorization (sufficient condition) of the reduced-form covariancematrix, to separate

the policy vector from the economy vector. Thus, there are (at least) two possible representations depending on

whether the policy variables are ordered first or last.3

3 Other representations could be obtained by further restricting the covariance matrix of the equations for the variables in the

economy vector. These further restrictions are however not necessary when using a VAR (or a VSTAR) to study the effects of changes

in the policy rules.
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To elucidate the structure of, and the differences between, these two VSTARX forms, consider partitioning

the mean equation (1) to separate the economy from the policy instruments.4 The covariance matrix (2) can be

conformably partitioned as:

𝛀t =
[
𝛀xxt 𝛀xut

𝛀uxt 𝛀uut

]
. (3)

Under A1, the economy reacts with a lag to a change in policy, requiring𝛀xut = 0 in (3).

Under A2, the economy reacts within the same period, thus requiring𝛀uxt = 0.

To start, consider applying A1 and A2 to the VAR obtained after all transition functions in the VSTAR are set

equal to zero. This yields:

A1: yt+1 = 𝜆1 + 𝚲̃1(L)yt + Γ̃1ut + ṽt+1, ṽt ∼ i.i.d.
(
0, 𝛀̃

)

A2: yt+1 = 𝜆̂1 + 𝚲̂1(L)yt + Γ̂1ut+1 + v̂t+1, v̂t ∼ i.i.d.
(
0, 𝛀̂

)
.

The above are two VARX models in which the vector of policy instruments u enters on the right side as an

exogenous variable.5 These two VARX differ in terms of the interaction between the economy and the policy

instruments, being with a lag under A1 and contemporaneous under A2. Using either of them as constraint

for optimization makes no difference in terms dimensionality, since a change in the policy vector has a direct

effect on the endogenous variables only through the time-invariant coefficients Γ̃1 and Γ̂1 under A1 and A2,

respectively. Further, disturbances are homoscedastic in both models. Thus a change in policy has not effect on

the covariance matrices 𝛀̃ and 𝛀̂, implying that certainty-equivalent policy rules can be calculated using both

A1 and A2.

Applying A1 to the VSTAR, yields:

yt+1 =
[
1− gM

(
s′
u
yt
)]{ [1−lM(s′xyt)][𝝓1+𝚽1(L)yt+𝚪1ut]

+lM
(
s′
x
yt
)(
𝝓2 +𝚽2(L)yt + 𝚪2ut

)
}

+ gM
(
s′
u
yt
){ [1−lM(s′xyt)][𝝓3+𝚽3yt+𝚪3(L)ut]

+lM
(
s′
x
yt
)[
𝝓4 +𝚽4(L)yt + 𝚪4ut

]
}

+ et+1, (4)

𝚺t =
[
𝛀xxt 0

0 0

]
, (5)

where 𝝓 j =
[
𝜆′
x j

0′
]′
; 𝚽 j(L) =

[
𝚲xx j(L) 𝚲xu j(L)−𝚲xu1 j

0 0

]
, with (i) 𝚲xx j(L) and 𝚲xu j(L) denoting partitions

of the responses of the economy variables, 𝚲x j(L), to their own lagged values and to the policy instruments,

respectively, and (ii) 𝚲xu1 j(L) the responses of the economy variables to the first lag of the policy instruments;

𝚪 j =
[
𝚲′
xu j1

0′
]′
is the response of the economy variables to the first lag of the policy instruments; j = 1,… , 4;

and et =
[
v′
xt

0′
]′
∼ i.i.d.

(
0,𝚺t

)
.

Conversely, applying A2 to the VSTAR yields:

yt+1 =
[
1− gM

(
s′
u
yt
)]{ [1−lM(s′xyt)][𝝓1t+𝚽1t(L)yt]

+lM
(
s′
x
yt
)[
𝝓2t +𝚽2t(L)yt

]
}

+ gM
(
s′
u
yt
){ [1−lM(s′xyt)][𝝓3t+𝚽3t(L)yt]

+lM
(
s′
x
yt
)[
𝝓4t +𝚽4t(L)yt

]
}

+ 𝚪tut+1 + et+1, (6)

4 Step-by-step derivation of all results presented in this section is provided in Appendix A in Supplementary Material.

5 While by definition yt includes ut , the coefficients corresponding to the equations of the variables in ut are all zero in the two

VARX. Thus ut is effectively exogenous in both models.
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𝚺 =
[
𝝈2
x

0

0 0

]
, 𝚪t =

[
G′
12t

I
]′
, G12t = 𝛀xut𝛀−1

uut
, (7)

where 𝝓 jt =
[(
𝜆x j − G12t𝜆u j

)′
0′
]′
, 𝚽 jt(L) =

[
𝚲x j(L)− G12t𝚲u j(L)

0

]
, j = 1,… , 4, et =

[(
vxt − G12tvut

)′
0′
]′

∼ i.i.d.
(
0,𝚺

)
, and 𝛔2

x
denotes the variance of vxt − G12tvut.

The nonlinear dynamic of yt under both (4) and (6) describes a VSTAR with exogenous variables, i.e. a

VSTARX, since the policy vector ut enters on the right side of both models as an exogenous variable.6 There-

fore, both (4) and (6) can be used to represent the nonlinear economy constraint faced by a regulator in charge

of setting ut. When the objective of the regulator is approximated by a quadratic function, the resulting problem

is referred to as the NLQR problem.

It is useful to point out the differences between (4)-(5) and (6)-(7) due A1 and A2. The VSTARX in (4)-(5) corre-

sponds to the equations for the economy vector xt in the reduced-form VSTAR (1)-(2). In contrast, the VSTARX in

(6)-(7) is obtained by extrapolating from the reduced-form covariancematrix (3) the contemporaneous response

of the economy to policy and then incorporating this into the systematic part of xt.

There are three further differences, specific to the nonlinear nature of the VSTAR. The first refers to the

response coefficient of the economy variables xt to changes in the policy vector ut. In (4) this reflects the non-

linearity in the mean of the VSTAR as it is given by 𝚪 j =
[
𝚲′
xu j1

0′
]′
, j = 1,… , 4. In (6), this is determined by

the nonlinearity in the covariance matrix of the VSTAR as it is given by 𝚪t in (7). The second refers to the coeffi-

cients𝝓,𝚽 and𝚪. In (4) these are fixed, and it is their nonlinear combination that varies across states, reflecting
the state-dependent nature of the VSTAR coefficients. In (6), these coefficients are time varying and written as

𝝓jt, 𝚽jt and 𝚪jt, j = 1,… , 4, since they are re-calculated to incorporate time variation from the reduced-form

covariance matrix. The third difference refers to the structure of the covariance matrix of the disturbances in

the two representations: this is time varying in (5), but constant in (7).

Both (4)-(5) and (6)-(7) can be employed as constraints in aNLQRproblem. The VSTARX in (4)-(5) has however

two main drawbacks. First, the NLQR solution becomes highly dimensional. This is because the coefficients in

(4) depend on the lagged value of the policy vector, the variable set by the regulator. Thus changes in ut affect on

impact the entire system through𝛤 j and gM
(
s′
u
yt
)
. Second, the solutionno longer satisfies certainty equivalence,

since changes in the policy vector also affect the covariance matrix in (5). The VSTARX in (6)-(7) yields a solution

that has lower dimensionality compared to (4)-(5). This is because changes in the policy vector ut+1 affect the

economy through 𝛤 j but not gM
(
s′
u
yt
)
, which is pre-determined when policy choices are made. In addition,

the VSTARX in (6)-(7) satisfies the certainty-equivalence principle, because the disturbances in (6) have constant

covariance given by (7). In other words, the representation in (6)-(7) results in a low-dimension and certainty-

equivalent NLQR.

The empirical evidence on optimal monetary policy analysis based VAR, finds that the two timing protocols

of A1 and A2 in general do not result in large quantitative differences, see Polito and Wickens (2012). Given the

methodological advantages highlighted above, the NLQR problem is thus specified and solved in the next section

using the VSTARX based on A2 in (6)-(7). A further reason for preferring A2 is that a reduced-form policy experi-

ment could miss the timing of the policy impact on the economy, as forward-looking agents in the private sector

can be expected to incorporate information about the implementation of policy at the time of announcement,

see Dahlhaus et al. (2018). As also argued by Stock and Watson (2001), A2 minimizes this shortcoming by at least

allowing the economy to react within the same period of a change in policy.7

6 The coefficients in the equations corresponding to the policy instruments are all zero in (4) and (6).

7 For comparison, the VSTARX derived using A1 is employed in two different types of nonlinear optimization exercises in the

numerical analysis. These results are presented in Section 5.4.
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3 Optimal Policy

3.1 Specification

The problem of setting optimal policy is specified as a closed-loop regulator determining the sequence of policy

instruments {ut}∞t=1 that minimizes the quadratic loss function

V0 = E0

∞∑
t=0

𝛽 t
[(
yt − y

)′
Q
(
yt − y

)]
, (8)

where E0 denotesmathematical expectation conditional on information at t = 0; 𝛽 ∈ (0, 1) is a discount factor; y

is a vector of targets; Q is a symmetric positive semidefinite matrix of coefficients. Given y0, the regulator sets

{ut}∞t=1 subject to the constraints in (6)-(7).8
The above NLQR problem has not closed-form solution. One option is to linearize (6) so that the NLQR

problem effectively becomes a LQR and a closed-form solution can be calculated with linear dynamic program-

ming, for example using Riccati equation iteration as in Ljungqvist and Sargent (2018). The alternative is to solve

the problem numerically using the nonlinear model of the economy as it is or a higher-order approximation.

Linearizationwould somehowbe inconsistentwith the aim of this paper, i.e. studying the significance ofmacroe-

conomic nonlinearity for optimal policy analysis. The main drawback of numerical methods is that they can be

computationally intensive and there is not guarantee about their optimization performance in highly nonlin-

ear models. This is because direct search methods can easily default on local minima while gradient methods

can quickly loose efficiency once differentiation becomes either intractable or very high dimensional due to

nonlinearity. Luukkonen et al. (1988) show how to employ Taylor-series expansion of the transition function of

the VSTAR to derive a polynomial approximation that can be used to test for nonlinearity in the data. With this

approach, however, the economy constraint of the NLQR would remain still highly nonlinear, even when using

a first-order approximation of the transition function.

The SDCmethod extendsRiccati equation iterationused in LQR to thenonlinear case. This is doneby approx-

imating the NLQR problem into a sequence of one-period LQR problems that can be solved independently. The

SDC method has the advantage of being numerically simpler than many other nonlinear optimization tech-

niques, as well as being closely related to the well-understood Riccati equation method used for LQR. The SDC

method is widely applied in engineering and data science.9 The next subsections describe how to adapt it for

optimal macroeconomic policy analysis with a VSTAR.

3.2 The SDC Method

Applying the SDC method to solve the NLQR problem of minimizing (8) subject to (6)-(7) requires two steps. The

first consists of employing SDC factorization to transform the nonlinear model (6) into an affine structure with

SDCmatrices. As a result, the NLQR problem can be written in a form that is isomorphic to the LQR problem and

it can be solved with linear dynamic programming techniques. The second step consists of solving the NLQR

problem iterating on the resulting SDC solutions. This yields a feedback rule for the policy instruments with

time-varying response coefficients that can be combined with the original constraint to derive the VSTAR under

control.

8 This is equivalent to calculate the solution under commitment. The analysis can be easily extended to compute solutions under

discretion, where the regulator minimizes the loss function only in the current period,
(
yt − y

)′
Q
(
yt − y

)
.

9 The method was pioneered by the early works of Pearson (1962) andWernli and Cook (1975). Kaiser et al. (2017) illustrate a recent

application in data science. Guerrieri and Iacoviello (2017) use SDC factorization to solve a nonlinear DSGEmodel as a VARwith SDCs.

An interesting avenue of research, outside the scope of this paper, could be to investigate whether a mapping then exists into either

a VSTAR or other nonlinear VAR representations.
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3.2.1 Factorization

SDC factorization is typically used, outside economics, for solving (i) continuous time, (ii) deterministic NLQR

problems, (iii) using the method of variation. The approach is adapted here for solving (i) discrete time, (ii)

stochastic NLQRproblems, (iii) using dynamic programming. To illustrate the logic of SDC factorization, consider

the differential equation for an autonomous system, with fully observable state, nonlinear in the state and affine

in the control:
.
x(t) = f(x)+ g(x)u(t), x(0) = x0, where x ∈ ℝn is the state vector, u ∈ ℝm is the control vector,

f:ℝn → ℝn and g:ℝm → ℝn are continuous functions, f(0) = 0, g(x) ≠ 0 ∀x, and t ∈ [0,∞]. The two nonlinear

functions can be factorized as f(x) = A(x)x and g(x) = B(x) whereA(x) and B(x) arematrices of coefficients that

depend on the state vector. Thus the nonlinear differential equation can be written into an affine formwith SDC

matrices:
.
x = A(x)x+ B(x)u.10

Proceeding in a similar fashion, the nonlinear system in equation (6) can be factorized in terms of SDC

matrices and rewritten as

yt+1 = c
(
yt
)
+ A

(
yt
)
yt + B

(
yt
)
ut+1 + et+1 (9)

for t ≥ 0, using:

c
(
yt
)
=

[
1− gM

(
s′
u
yt
)]{[

1− lM
(
s′
x
yt
)]
𝜙1t + lM

(
s′
x
yt
)
𝜙2t

}

+ gM
(
s′
u
yt
){[

1− lM
(
s′
x
yt
)]
𝜙3t + lM

(
s′
x
yt
)
𝜙4t

}
,

A
(
yt
)
=

[
1− gM

(
s′
u
yt
)]{[

1− lM
(
s′
x
yt
)]
𝚽1t(L)+ lM

(
s′
x
yt
)
𝚽2t(L)

}

+ g
(
s′
u
yt
){[

1− lM
(
s′
x
yt
)]
𝚽3t(L)+ lM

(
s′
x
yt
)
𝚽4t(L)

}
,

B
(
yt
)
= 𝚪t,

with the upper part of 𝚪t, i.e. G12t, being given by (7).11 Three results about the above SDC factorisation

are worth highlighting. First, by construction the SDC factorization gives a representation of the model of

the economy mathematically equivalent to VSTARX model in (6). Second, the SDC vectors c
(
yt
)
and matri-

ces A
(
yt
)
are constructed adding through weighted coefficients across the four states, with weights given by[

1− gM
(
s′
u
yt
)][

1− lM
(
s′
x
yt
)]
,
[
1− gM

(
s′
u
yt
)]
lM
(
s′
x
yt
)
, gM

(
s′
u
yt
)[
1− lM

(
s′
x
yt
)]

and gM
(
s′
u
yt
)
lM
(
s′
x
yt
)
for state

j = 1, 2, 3 and 4, respectively. However, the SDC matrix B
(
yt
)
encapsulates the highly nonlinear structure of (7).

Third, all SDC matrices in (9) depend on the previous period state vector. For this reason, these are unaffected

in the current period by a change in policy.12

3.2.2 Solution

Following the SDC factorization, the closed-loop regulator problem consists of finding the sequence
{
ut+1

}∞
t=0

that minimizes (8) subject to (9) given y0. For convenience, this is re-written below:

min
{ut+1}∞

t=0

V0 = E0

∞∑
t=0

𝛽 t
[(
yt − y

)′
Q
(
yt − y

)]

s.t. : yt+1 = c
(
yt
)
+ A

(
yt
)
yt + B

(
yt
)
ut+1 + et+1,

et+1 ∼ i.i.d.
(
0,𝚺

)
and y0 given.

10 Wernli and Cook (1975) extend SDC factorization to the general model
.
x = f (x, u, t). This yields f (x, u, t) = A(x, u, t)x + B(x, u, t)u,

where the matrices A(x, u, t) and B(x, u, t) depend on x, u and t.

11 SDC factorization is very general, and applicable tomany other nonlinear systems, including artificial neural networks, threshold

and bilinear models.

12 An issue often highlighted is that SDC factorizations are not unique, since there are many nonlinear models that can be encapsu-

lated into the SDCmatrices in (9), see, e.g., Beeler et al. (2000). This occurswhen SDC factorization is used to approximate an unknown

nonlinear model. However, this issue does not apply here, as the starting point of the factorization is the known system in (6).
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This formulation of the NLQR problem is isomorphic to the LQR except for the objects c
(
yt
)
, A

(
yt
)
and

B
(
yt
)
, whose elements are functions of the state vector yt. The SDC method treats the matrices c

(
yt
)
, A

(
yt
)
and

B
(
yt
)
as fixed in any given period t ≥ 0 and solves the NLQR problem in that period as a LQR. As a result, the

closed-loop solution can be derived as:

ut+1 = kt+Ktyt, (10)

which is a linear feedback rule with time-varying coefficients, kt and Kt.
13 This can be combined with the

equations for the economy in SDC form in (9) as:

[
I −B

(
yt
)

0 I

][
xt+1

ut+1

]
=

[
c
(
yt
)

kt

]
+
[
A
(
yt
)

Kt

]
yt +

[
et+1

0

]
(11)

to recover a reduced-form model with time-varying coefficients:

yt+1 = 𝜆∗
t
+𝚲∗

t (L)yt + e∗
t+1, (12)

where

𝜆∗
t
=

[
c
(
yt
)
+ B

(
yt
)
kt

kt

]
, 𝚲∗

t (L) =
[
A
(
yt
)
+ B

(
yt
)
Kt

Kt

]
, e∗

t
=

[
et

0

]

and et ∼
(
0,𝚺

)
, with 𝚺 being defined in (7). Equation (12) is the VSTAR under the optimal feedback rule in SDC

form. This differs from the reduced-form VSTAR in (1)-(2) in three respects. First, the coefficients of the equations

for the economy in theVSTAR in (1) are replacedwith a linear combination of the corresponding coefficients from

the VSTARX model in (6)-(7) and the policy rule coefficients (see the upper parts of 𝜆∗
t
and 𝚲∗

t (L)). Second, the

coefficients of the equations for the policy vector in the VSTAR in (1) are replaced with those in (10). Third, the

covariance matrix of the VSTAR in (12) is constant, while it is time-varying and state-dependent in the original

VSTAR. It is worth noting that the system (12) can be used to study the effects of any policy rule, including one

with ad-hoc coefficients. To this end it is sufficient to replace kt and Kt in (11) with any given values and then

derive the corresponding reduced-form system as in (12).

4 Estimated VSTAR

4.1 Data

The VSTAR is estimated using aggregatemonthly data for the United States from 1979:8 to 2018:10.14 In the bench-

mark specification, the endogenous vector comprises seven variables: an indicator of credit risk, the spread

between the Baa corporate rate and the 10-year treasury rate (s); the inflation rate (p), measured as the annual

change in the personal consumption expenditures deflator; the annual growth rate of industrial production (ip);

the difference between the actual and the natural rate of unemployment, the unemployment gap (ug); Treasury

securities held by the Fed as a proportion to GDP (TS); private securities held by the Fed as a proportion to GDP

(PS); and the federal fund rate (R).15 The selectedmeasure of credit risk is used as a proxy for financial conditions

in the macroeconomy.16 Inflation and the unemployment gap are used as indicators of the Fed targets of price

13 Appendix B in Supplementary Material shows how to adapt the method of Riccati equation iteration described in Ljungqvist

and Sargent (2018) to solve the above NLQR problem and the algorithm required for the computation of the solution.

Appendix C in Supplementary Material describes how stability is ensured upon the optimal solution.

14 The use of monthly data is quite common in VSTAR analysis, as it ensures that the number of available observations is large

enough for the estimation of the model parameters.

15 Data sources and transformations are described in Appendix D in Supplementary Material.

16 Galvão and Owyang (2018) use a factor VSTAR to derive an index of financial conditions that is highly correlated with macroeco-

nomic variables of the United States. The indicator s has an estimated correlation of 98 % with their index. An alternative proxy for

credit risk is the VIX, but using this would significantly curtail the sample size as it is only available from the 1990s onward.
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stability and maximum employment, respectively, as in Williamson (2015). Industrial production is used as a

proxy for aggregate output, following Sack (2000). The sum of TS and PS equals total assets held in the Fed’s bal-

ance sheet. Thus the VSTAR includes conventional and QE monetary policy tools, and can account for variation

in both the size of the Fed’s balance sheet and the composition of its assets portfolio.

As in Gambacorta et al. (2014), the total size of the Fed’s balance sheet is used to proxy QE. The distinction

between TS and PS captures the effects of QE on aggregate demand through the portfolio-balance and the credit

channels, respectively, highlighted by the economic theory. Kuttner (2018) supports this distinction on the ground

that it characterizes the conduct of QE in the United States since 2008, which involved large purchases of PS in

the immediate aftermath of the Great Recession, and of TS afterwards.17

Figure 1 plots the data, with NBER recession periods highlighted in grey for reference. with NBER recessions

highlighted in grey. Several clear irregularities are visible over the sample period, such as the large spikes in

the credit risk, inflation, industrial production and unemployment gap; the asymmetric dynamics of the unem-

ployment gap above and below zero; the large transitional changes in the two QE variables around the Great

Recession; and the flat path of the federal fund rate while at the ZLB. It is the presence of these irregularities

that motivates the use of a VSTAR.18

4.2 Specification

Variables are ordered as y′
t
= [st pt ipt ugt TSt PSt Rt]. The transition functions are specified as fol-

lows. li
(
s′
x
yt
)
is set to capture nonlinearity due to the amount of slack in the economy, measured by the unem-

ployment gap. Thus s′
x
= [0 0 0 1 0 0 0] and li

(
s′
x
yt
)
= li

(
ugt

)
. This is similar to Ramey and Zubairy

(2018), except that in their work the natural unemployment rate is constant, while it is time varying here follow-

ing the definition of the unemployment gap ofWilliamson (2015).19 gi
(
s′
u
yt
)
is set to capture changes in the VSTAR

parameters depending on whether or not the economy is near to the ZLB. Thus s′
u
= [0 0 0 0 0 0 1]

and gi
(
s′
u
yt
)
= gi

(
Rt
)
.

Transition across states due to nonlinearity in the economy is modelled using a logistic function

li
(
ugt

)
: (−∞,+∞)→ [0, 1] specified as: li

(
ugt

)
=

{
1+ exp

[
−𝛾li

(
ugt − ci

)]}−1
, where 𝛾 li > 0 denotes the speed

of adjustment across states for the parameters of yt, i = M, and 𝛀t, i = V ; ci is a threshold parameter. Since

the federal funds rate cannot be negative, transition across states due to nonlinearity in the policy vec-

tor is instead modelled with the incomplete gamma function gi
(
Rt
)
: (0,+∞)→ [0, 1] described as: gi

(
Rt
)
=

1

Γ(𝛾gi)
∫
Rt
0
e−tt𝛾gi−1dt, where Γ

(
𝛾gi

)
is the gamma function with shape parameter 𝛾gi for yt, i = M, and𝛀t, i = V ;

and the implied scale parameter has been set equal to one. Logistic functions arewidely employed in the applied

macroeconomic literature to capture nonlinearity stemming from the economy, see, e.g., Auerbach and Gorod-

nichenko (2012), Galvão and Owyang (2018), Ramey and Zubairy (2018). The incomplete gamma function is used

to capture nonlinearity driven by a variable that is nonnegative, being for example volatility, as in Lanne and

Saikkonen (2005), or the nominal rate of interest, as in Hurn et al. (2022). To discipline the economic interpreta-

tion, the threshold parameters are set equal to zero, i.e. ci = 0, i = M,V . This means that nonlinearity stemming

from the economy vector depends entirely on whether the actual rate of unemployment is above or below the

natural rate, i.e. the amount of slack in the economy.

To ensure positive definiteness on the variance covariancematrix in (2) and on its determinant, eachmatrix

of coefficients𝛀 j is decomposed as

𝛀 j = D′
j
D j, (13)

where D j is a lower triangular matrix, j = 1,… , 4.

17 Dahlhaus et al. (2018) use instead the sum of TS and PS with maturity longer than five years. This alternative proxy for QE

displays very similar dynamics to TS + PS, since the share of assets with maturity of five or more years in the Fed’s balance sheet

ranges between 60 and 80 % between 2010 and 2015.

18 Luukkonen et al. (1988)’s LM test rejects linearity in each of these time series at 95 % confidence.

19 The unemployment gap is not the only possible measure of the state of the economy. Auerbach and Gorodnichenko (2012), for

example, employ the moving average of GDP growth. However, GDP growth is not explicitly targeted by the Fed.
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4.3 Estimation

Given a sample of t = 1, . . . , T observations and the i.i.d. assumption on the disturbances vt, the log-likelihood

function of the VSTAR in (1)-(2) conditional on the first q observations is formed as:

ln LT (𝚷) = −[2(T − q)]−1
T∑

t=q+1

(
n ln 2𝜋 + ln||𝛀t

||+ v′
t
𝛀−1

t
vt

)
, (14)

where𝚷 is a vector collecting all VSTAR parameters in equations (1), (2) and (13). It is convenient to partition the

vector of parameters as𝚷 = [𝚷1,𝚷2], where𝚷1 = {𝜆1,𝚲1(L), 𝜆2,𝚲2(L), 𝜆3,𝚲3(L), 𝜆4,𝚲4(L)} includes the linear
coefficients in the conditional mean (1), while 𝚷2 = {D1,D2,D3,D4, 𝛾 lM , 𝛾 lV , 𝛾gM , 𝛾gV} includes the coefficients

pertinent to the covariance matrix and to the transition functions.

To establish the optimal lag length and estimate the model parameters, an algorithm similar to that used

by Auerbach and Gorodnichenko (2012) is adapted to the VSTAR in equations (1), (2) and (13).20 The algorithm

exploits the possibility of writing the model in a linear form conditional on a subset of the parameters, thereby

estimating the remaining parameters analytically. Thus, estimation involves repeating until convergence two

sequential steps. The first consists of determining a draw of 𝚷2. Conditional on 𝚷2, the VSTAR is linear in

the remaining parameters over the four states. In the second step the remaining parameters in 𝚷1 can be

determined analytically via generalized least squares and the log-likelihood can be evaluated from (14). The

estimation is undertaken including up to 12 lags and the model fit evaluated using information criteria such

as, Akaike (AIC), Hannan (HIC) and Schwarz (SIC), in both standard and normalised form. The model with

one lag is the preferred specification according to almost any of the information criteria considered.21 In

Appendix E in Supplementary Material it is also shown that the proposed VSTAR specification yields a better fit

of the data compared to several other VSTAR specifications often used in the applied macroeconomic literature.

Figure 2 plots the transition probabilities estimated from the VSTAR for themean (top panel) and the covari-

ance matrix (bottom panel) parameters. The black lines show the probability of the economy being, li
(
ugt

)
≃ 1,

or not being, li
(
ugt

)
≃ 0, in a slack state. The red lines the probability of policy being away from, gi

(
Rt
)
≃ 1, or

near to, gi
(
Rt
)
≃ 0, the ZLB. The top panel shows four sharp shifts in the mean coefficients linked to the econ-

omy vector occurring around recessions.22 After 2001, nonlinearity from the policy sector becomes significant

too, in particular during 2009–2015, as the federal funds rate reaches the ZLB. The bottom panel shows shifts

in the coefficients of the covariance matrix around recessions, whereas changes driven by Rt reflect predom-

inantly the downward trend in the federal funds rate observable in Figure 1. The results in Figure 2 highlight

the flexibility of the estimated VSTAR, given that it can simultaneously capture gradual changes in the mean

coefficients linked with changes in the amount of slack in the economy and the more sudden variation in the

volatility coefficients.23

4.4 Impulse Response Functions

IRF analysis with VSTAR is typically based on the algorithm of Koop et al. (1996), with shocks identified through

Cholesky factorization of the covariance matrix 𝛀t. In a small-scale VAR the Cholesky decomposition yields

structural shocks that can be easily reconciled with an economic interpretation. This is not necessarily the case

20 Further details on the estimation methodology and lag selection results are in Appendix E in Supplementary Material.

21 VSTAR models with one lag are not uncommon in applied macroeconomics, because the nonlinear nature of the model on its

own can capture a significant part of the data dynamics, see for example Dahlhaus (2017) and Galvão and Owyang (2018).

22 These four regimes are also documented by Liu et al. (2019) using a change-point VAR model estimated on macroeconomic data

of the United States since the 1960s.

23 The estimated transition probabilities are somewhat between those presented by Auerbach and Gorodnichenko (2012), that

assume gradual changes, and those in Ramey and Zubairy (2018), that assume sudden changes. Overall, the gradual changes in

the probabilities from the estimated VSTAR is in part driven by the use of monthly data, while these two studies use quarterly and

annual data, respectively.
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in larger (and nonlinear) models like the estimated VSTAR. For this reason, IRF analysis is carried out in this

paper by adapting the algorithmof Koop et al. (1996) to include sign restrictions.24 To formulate a benchmark, the

restrictions are set to identify a credit-type shock that on impact yieldsmacroeconomic dynamics similar to those

observed in the United States after 2008, leaving entirely unrestricted the policy variables. This shock is such

that both the spread and the unemployment gap increase while inflation and industrial production decrease

at the one month horizon.25 To evaluate the different responses of the policy instruments during periods when

either conventional monetary policy or QE is active, the IRFs are computed using as starting values for yt the

averages over two sub-samples of equal size. The first is from 1994:6 to 2001:5. This is referred to as the normal

times, covering a period when the federal funds rate is well above the ZLB. The second includes observations

for the ZLB period, from 2009:1 to 2015:12.

Figure 3 displays the responses of the three policy instruments plus the total size of the Fed’s balance sheet

(TS + PS) to the identified credit shock over 24 months. In each panel, the black lines denote the responses

during normal times, the red lines the responses in the ZLB period and the shaded areas denote two standard

deviations confidence bands. The response of the policy instruments mimics that of expansionary monetary

policy intervention at different periods of the United States’ economic history. In normal times the shock leads

to a reduction of the federal funds rate, while QE shows little dynamics. During the ZLB themonetary expansion

occurs through QE. It is remarkable how the path of the IRFs for the two QE variables reproduces changes in the

Fed assets’ portfolio similar to those observed after QE1-QE2, as visible from the initial expansion of PS holding,

subsequently supported by a large increase of TS. These dynamics of the Fed’s balance sheet, consisting of a

large initial purchase of PS followed by TS, are also visible from the evolution of TS and PS around the Great

Recession in Figure 1.26

The IRF analysis indicates that the estimated VSTAR returns a plausible description of the mone-

tary policy instrument responses to macroeconomic shocks at different times of the United States’s mon-

etary history, thereby providing a reliable tool for the analysis of optimal policy in the next section. In

Appendix F in Supplementary Material it is shown that these results are robust to different specifications of

the VSTAR, obtained by replacing industrial production with either GDP or public debt, and different types of

economic disturbances, such as demand and supply shocks.

5 Optimal VSTAR

Quantitative analysis of optimalmacroeconomic policy is now carried applying themethodology for optimal pol-

icy in Sections 2 and 3 to the estimated VSTAR in Section 4. In particular, the evaluation focuses on: the gains from

the optimization of policy, the economy and policy response to shocks under the optimal policy, and counterfac-

tual simulations to compare actual data dynamics against the optimal ones. Once optimal rules are computed,

macroeconomic dynamics are simulated using the VSTAR under the optimal policy in (12). This is used to derive

a reference framework against which to compare the dynamics observed from the data, that reflect the actual

monetary policy undertaken.

The reference framework for the optimal policy is not unique. It depends on the optimization protocol

followed by the Fed (whether commitment or discretion); the constraints faced by Fed; the preferences of the Fed

in terms of objective function and targets; and the number of available instruments. The analysis here considers

solutions under commitment for joint optimization (optimal coordination) of both the federal funds rate and

24 Appendix F in Supplementary Material describes in details the algorithm for computing the IRFs.

25 These sign restrictions are also motivated by the observation that the sample correlation coefficients of the spread with p, ip,

and ug are −0.278, −0.607 and 0.468, respectively.
26 QE1 lasted 17 months. The Fed initially purchased private securities, consisting of $500 billion in agency mortgage-backed secu-

rities (MBS) and $100 billion in agency debt from Fannie Mae, Freddie Mac and Federal Home Loan Banks. Later the Fed purchased

an additional $750 billion of MBS, $100 billion in agency debt, and $300 billion in Treasuries. QE2 lasted for 8 months. During this

phase, the Fed purchased a total of $767 billion of Treasuries. See Kuttner (2018), for further details.
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the QE instruments. Thus the economy vector is specified as x′
t
= [st pt ipt ugt] and the policy vector as

ut = [TSt PSt Rt]. As described in Section 2.2, the coefficients from the estimated VSTAR are used to recover

the VSTARX under the timing assumption A2. Thus, the constraint faced by the Fed is equivalent to that in (6)-(7).

The preferences of the Fed are specified in terms of minimization of a discounted intertemporal quadratic

function that includes two main components. The first penalizes deviations of the inflation rate and the unem-

ployment gap form their respective targets. This is consistent with the Fed dual mandate of price stability and

maximum employment. The second penalizes changes in the monetary policy instruments. This allows to con-

trol for different degrees of gradualism in the use of each policy instrument, mimicking for example the gradual

movements of the federal funds rate observed in several periods over 1979–2018, the sluggish evolution of theQE

variables before the Great Recession, and gradual normalization programs often undertaken by central banks

in advanced economies. It also ensures that the paths of the economy and policy instruments under the optimal

rules do not deviate too much from those observed in the data, thus containing the quantitative importance of

Lucas critique on the results.27

Given the above, the Fed’s objective function is specified as:

V0 = E0
(
1− 𝛽

) ∞∑
t=0

𝛽 t

[
𝜐 p

(
pt − p

)2 + 𝜐ug
(
ugt − ug

)2
+𝜐ΔTSΔTS2t + 𝜐ΔPSΔPS2t + 𝜐ΔRΔR2t

]
, (15)

where p and ug denote inflation and unemployment gap targets, respectively; 𝜐z, z = p, ug, ΔTS, ΔPS and ΔR,
denote weights on the stabilization of inflation, unemployment gap and the three policy instruments; Δ is the

lag operator.28

The parameters of the objective function are calibrated as follows. The discount factor 𝛽 is set to 0.996,

corresponding to an annual rate of interest of 4.83 %, equal to the sample average for Rt. The results are not

significantly affected by other reasonable values of the discount factor. The unemployment target is set asug = 0,

since the unemployment gap is measured as the deviation of the actual rate of unemployment from the natural

rate, and the Fed’s mandate includes full employment. The calibration of the remaining parameters (p, 𝜐p, 𝜐ug ,

𝜐ΔTS, 𝜐ΔPS, and 𝜐ΔR) is less clear cut as it is reasonable to expect that the Fed preferences in terms of inflation

target and weights on policy instruments may have changed during 1979–2018. To establish a benchmark the

inflation target is set equal to the sample average over the simulation horizon and all policy weights are given

equal value, 𝜐p=𝜐u=𝜐ΔTS=𝜐ΔPS=𝜐ΔR = 1. When necessary, the robustness of the quantitative results that follow

is evaluated against other reasonable choices of these parameters.

5.1 Gain from Optimization

What would have been the gain in terms of macroeconomic stabilization if QE had been optimally coordinated

with interest rate policy? The answer to this question is first quantified considering macroeconomic dynamics

in the 10 years from November 2007, one year before the Fed announcement of QE1, to November 2017, the date

from which the Fed’s balance sheet is allowed to shrink gradually.29 Accordingly, the policy analysis is based

on data that exclude the pre-2008 policy regime change, thereby limiting the quantitative impact of the Lucas

critique on the results. Following Sack (2000), the gain frommonetary policy optimization is evaluated compar-

ing two scenarios. The first, referred to as the actual policy, is based on the observed dynamics of the economy

and policy instruments over the considered sub-period. The second, the optimal policy, is constructed assuming

that the Fed chooses the optimal combination of conventional and QE policy in each month and this optimal

27 Appendix G in Supplementary Material shows that control for the volatility of QE in the welfare loss function can be micro-

founded from a New Keynesian model.

28 The welfare loss function in equation (15) is obtained from the general welfare loss in equation (8) through appropriate calibra-

tion of the matrix Q.

29 The starting date is chosen to account for possible aggregate responses in the economy before the announcement of the first QE

program, due to the private sector’s anticipation of future policy intervention. The results do not change significantly if the starting

date for the optimization is moved closer to that of the Fed’s announcement, November 2008.
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policy is implemented given the true state of the economy in that month. The economy response to the optimal

policy in any given month is computed including the actual shocks occurring in that month, using the VSTAR

in (12). In addition, the inflation target in the loss function (15) is set as p = 1.55, corresponding to the average

inflation rate from November 2007 onward. As a further reference, a no-policy scenario is also simulated.30 This

is based on the implied economy and policy dynamics obtained if no-change in QE had been implemented since

November 2007.

Following Dennis and Söderström (2006), two measures of the optimization gain are computed. The first is

the (percentage) change in the loss due to implementation of a new policy, V ′, relative to the loss measured from

another policy, V , i.e. G = 100 × [1− V ′∕V]. The second is the unemployment-equivalent compensation. To clar-
ify this, consider the unemployment gap term in (15). This can bewritten as 𝜐ugug

2
t
= 𝜐ug

(
ut − ut

)2
, where ut and

ut denote the actual and thenatural rate of unemployment, respectively. Theunemployment-equivalent compen-

sation is defined as the permanent deviation û ≠ 0 of the actual unemployment rate from the natural rate that

results in a change of the loss by
(
1− 𝛽

)∑∞
t=0𝛽

t𝜐ugû
2 such that V equals V ′. It follows that û =

√(
V − V ′)∕𝜐ug .

Thus G is a direct measure of the macroeconomic stabilization differential between two policies, whereas û

quantifies the implied permanent change in the rate of unemployment.

Table 1 presents the results. Columns two to six report the volatility of the five items in the loss function

(15); column seven the implied losses; whereas the last two columns report the calculated measures of the

optimization gain. For robustness, six different specifications of the weights in (15) are considered. The first

(Baseline) is the benchmark which gives equal weight to each item in (15). The remaining five evaluate the

effects of lowerweight to the stabilization of either inflation (II), unemployment (III), all policy instruments (IV),

the two QE instruments (V), or the federal funds rate (VI). For each set of policy weights the loss is computed

as the undiscounted weighted average of the five terms in (15).31 The stabilization gains and unemployment-

equivalent compensations are measured first to compare monetary policy optimization relative to the actual

policy undertaken by the Fed, and then the actual policy relative to the no-QE scenario.

Two main results emerge from Table 1. First, policy optimization would have increased the stabilization

gain during 2007–2017. On average across different weight specifications, optimal policy would have reduced

macroeconomic volatility by about 2 % relative to the actual policy. In terms of unemployment-equivalent com-

pensation, policy optimization would have resulted on average in a further reduction of the unemployment rate

of about 0.33 % compared to the actual policy. Second, the gains from switching from the actual to the optimal

policy are not as large as those achieved by the actual implementation of QE relative to the no-QE policy sce-

nario. On average across the different weight specifications, macroeconomic volatility and the unemployment

rate would have been about 12 and 1 % higher, respectively, had QE not been implemented during 2007–2017.

Looking across the different specifications of the weights, it can be observed that the gains from either

the actual or the optimal policy increase when the Fed targets unemployment stabilization more aggressively

than inflation stabilization (compare case II with either I or III). This is because unemployment is relative more

volatile than inflation during 2007–2017, in turn implying that assigning a higher weight to this variable brings

larger gains. Reducing the weight attached to any policy instrument in the objective function produces higher

stabilization gains (compare case I with cases IV, V and VI). This is because the further reduction in the volatility

of inflation and unemployment more than compensates the increase in the volatility of the instruments.

5.2 Impulse Response Functions

How the economy and the policy instruments respond to shocks at the ZLB once changes to QE and the federal

funds rate are optimally coordinated? To answer this question, the IRFs are calculated from the VSTAR under

30 Counterfactual analyses based on a no-policy scenario are frequent in the recent literature on the macroeconomic effects of QE,

see, e.g., Lenza et al. (2010), Kapetanios et al. (2012), Dahlhaus et al. (2018).

31 For 𝛽 close to 1, the discounted quadratic loss is approximately equal to the weighted average of the squared deviations from

target of the variables included in it.
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the optimal policy in (12) assuming that the economy and the policy instruments (yt) start from the ZLB period.32

The preferences of the Fed are set as under the baseline calibration and the inflation target is set equal to the

ZLB sample average of 1.29 %.

Figure 4 shows the responses from the VSTAR under the optimal policy rules (blue) to a credit shock dur-

ing the ZLB period. For comparison, the corresponding responses from the estimated VSTAR, which reflect the

dynamics under the actual Fed monetary policy are also reported (red).33 According to these results, when the

federal funds rate is constrained by the ZLB, the Fed responds under the optimal policy to a credit shock by

increasing the size of the balance sheet more sharply than under the actual policy, at least in the short run

(first 3 months). At the same time there is significant portfolio rebalancing towards Treasury securities, since TS

holdings increase while PS holdings decrease in the short run horizon. The response of the Fed’s asset portfolio

under the optimal policy show less persistence than those from the actual policy. This is because the optimal

policy dampens very rapidly the impact of the shock on inflation and unemployment.

To illustrate how the optimal policy changes in response to different macroeconomic conditions, Figure 5

shows the responses under the actual (red) and optimal (blue) policy to a supply-type shock during the ZLB.34

The federal funds rate remains constrained by the ZLB under both policies. The responses of QE are however

different, being expansionary under the actual policy and contractionary under the optimal. The optimal QE

policy response to the supply-type shock shows little rebalancing of the Fedportfolio contrary towhat is observed

from the responses to the credit shock displayed above.

In summary, QE under the optimal policy results in increase of the size of the balance sheet and significant

short-run portfolio rebalancing toward TS in response to a credit-type shock. The responses to the supply-type

shock are expansionary under the actual policy and contractionary under the optimal, with little evidence of

portfolio rebalancing.

5.3 Counterfactual Monetary Policy

What would have been the dynamics of the economy and policy instruments had the federal funds rate and QE

been coordinated optimally since 2008? To answer this question, the VSTAR under the optimal policy is used

for three counterfactual experiments. The simulations are carried out starting from November 2007, using the

specification of the Fed preferences with equal weights.

Each counterfactual simulation employs a different value for the inflation target, 2, 3 and 4 %. These do not

reflect any specific view on the actual preferences of the Fed, but are selected for gauging indication on the sen-

sitivity of the results to the choice of the inflation target.35 It is important to clarify the role of the inflation target

in these simulations. All other things equal, the optimal policy would require expansionary (contractionary)

QE whenever actual inflation is below (above) target. As the unemployment gap is positive during most of the

post-2007 period, the response of monetary policy to unemployment stabilization is stronger the lower is actual

inflation relative to the target.

Figure 6 illustrates the results from these counterfactuals. Black lines (A) show the actual policy instruments

dynamics as observed from data; whereas blue (O2), red (O3) and green (O4) lines denote the dynamics of the

same instruments simulated from the optimal VSTAR under the three alternative inflation targets of 2, 3 and

4 %, respectively. The simulations are carried out assuming that in each period the Fed implements the optimal

policy given the observed state of the economy.

32 As described in Appendix F in Supplementary Material, the IRFs under the optimal policy are computed using simulation from

the VSTAR in (12). The history for the ZLB period is again the average of yt during 2009:1–2015:12.

33 The responses for the policy instruments under the actual policy are the same as those in Figure 3.

34 As described in Appendix F2 in Supplementary Material, the supply-type shock is constructed such that both the unemployment

gap and inflation increase at the one month horizon.

35 The 2 % inflation target was officially announced by the Fed as a long-run objective in January 2012. Ball (2014) argues in favour

of a 4 % inflation target. The 3 % target is used as an intermediate case.
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Three main results can be observed from Figure 6. First, the dynamics of the economy are fairly similar

across the three counterfactual simulations. Compared to the data, the main differences are that credit risk

would have been lower and inflation higher during 2008–2013 under the optimal policy regardless of the choice

of the inflation target. The dynamics of industrial production and the unemployment gap are remarkably similar

to those observed from the data, under any of the three counterfactual simulations. Second, the path of the

federal funds rate appears close to that observed from the data under any of the counterfactual simulations,

particularly when using the 4 % inflation target. Third, the dynamics of the Fed’s balance sheet are qualitatively

similar to the observed ones under any of the three counterfactual scenarios. The most noticeable exception is

the period 2009–2015 period, when the size of the simulated Fed’s balance sheet is larger than the actual one.

This is due to the more rapid increase in TS purchases under any of the counterfactual relative to the observed

purchases.

Table 2 gives a breakdown of the duration of the ZLB period under the actual and optimal policy, based

on the counterfactual analysis. In the data, the federal funds rate never reaches zero and the identification

of the periods in which the ZLB is binding is somewhat arbitrary, depending on the chosen threshold below

which the policy rate is deemed to be at the ZLB. To guard against this, the number of ZLB periods in Table 2 is

counted considering four different thresholds, corresponding tomonths inwhich the federal funds rate is below

to either 25, 50, 75 or 100 basis points. According to the results in the table, the actual duration of the ZLB ranges

between 85 and 104 months, depending on the selected interest rate threshold. The duration of the ZLB from

the counterfactual experiments is closer to the observed duration as the inflation target and the cut-off rate for

the ZLB increase. It is worth highlighting that the estimated duration of the ZLB period is considerably longer

than that otherwise predicted by conventional evaluations of monetary policy. For example, Williamson (2015)

estimates that the ZLB should have terminated around the beginning of 2011 (26 months) had monetary policy

during the Great Recession being conducted according to a standard Taylor rule.

The counterfactual simulations can be used to evaluate different segments of the QE intervention under-

taken by the Fed since November 2007. The Fed embarked in three large-scale asset purchase programs, com-

monly known as QE1, QE2, QE3 and the Maturity Extension Program (MEP).36 Table 3 reports how TS holding,

PS holding and the total size of the Fed’s balance sheet change during each of these programs under the actual

policy and the three counterfactual simulations. Under the actual QE policy, the total increase in the balance

sheet was about 17.96 % of GDP. The size of the change of the Fed’s balance sheet as a percentage of GDP under

the optimal policy is close to the actual one, ranging between 17.98 and 19.33 % depending on the inflation target.

Comparing across programs, QE1 should have been almost a third larger, regardless of the inflation target. Con-

sequently, this would have resulted in QE2 and QE3 programs of smaller size under the optimal policy compared

to the actual. It would have also resulted in a reduction of the size of the balance sheet (relative to GDP) during

the MEP under the optimal policy about four times larger than the actual reduction observed in the data.

As noted above, the counterfactual simulations under the optimal policy entail only small changes from the

actual data. To provide some indication of the extent of these small changes, Table 4 reports in the top row the

mean of the absolute deviation from the actual data of the macroeconomic forecasts from the Survey of Profes-

sional Forecasters of the Federal Reserve Bank of Philadelphia during 2007:11-2018:10, whereas the remaining

rows report the corresponding deviations for the simulated data used for the results in Figure 6 and Table 1.37

The table does not include TS and PS since the Survey covers all macroeconomic data used in the empirical anal-

ysis except for the balance sheet. The results in Table 4 provide some reassurance with regard to the closeness of

the simulated data to the actual data. The counterfactual simulations involve smaller deviations from the actual

data compared to the professional forecasts, for inflation, industrial production and unemployment, whereas

the deviations for the spread the federal funds rate are marginally larger.

36 The MEP consisted of purchases of long-term Treasuries, accompanied by the sale of the same quantity of short term securities,

leaving the overall size of the balance sheet unchanged.

37 The Professional Forecasts database reports for each indicator the 25th and 75th percentile of the professional forecasts in the

current and next three quarters. The data reported in the first row of numbers in Table 4 refer to the mean of the two percentiles

computed from the next quarter forecasts. These are interpolated to compute the implied next month forecasts.
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Table 3: Change in the Fed’s asset portfolio in percentage of GDP under actual and optimal policy over different QE phases.

QE1 QE2 MEP QE3 Total QE1 QE2 MEP QE3 Total

Actual policy Optimal policy, 𝝅=
TS 2.02 5.10 −0.48 3.69 4.04 3.52 −0.66 1.37

PS 5.35 −1.75 −0.08 4.12 7.37 −1.83 −1.51 5.68

Total 7.37 3.35 −0.56 7.81 17.96 11.42 1.68 −2.16 7.04 17.98

Optimal policy, 𝝅= Optimal policy, 𝝅=
TS 3.97 3.54 −0.71 0.96 3.89 3.56 −0.76 0.55

PS 8.06 −1.82 −1.63 6.30 8.74 −1.81 −1.76 6.92

Total 12.02 1.72 −2.34 7.26 18.66 12.63 1.76 −2.52 7.47 19.33

Source: Author’s calculations. See main text for more details.

Table 4:Mean of the absolute deviation from actual data of professional forecasts and simulated data from optimal policy, November

2007 – October 2018.

s p ip ug R

Professional forecasts

0.178 0.680 2.752 0.123 0.117

Optimal policy

𝜋 = 2 0.590 0.180 1.785 0.048 0.323

𝜋 = 3 0.562 0.356 2.108 0.083 0.313

𝜋 = 4 0.592 0.604 2.447 0.139 0.377

1.55

(Baseline) 0.630 0.163 1.785 0.046 0.359

(Weights II) 0.673 0.164 1.813 0.048 0.380

(Weights III) 0.442 0.162 1.292 0.038 0.288

(Weights VI) 0.844 0.191 2.401 0.058 0.449

(Weights V) 0.777 0.164 2.276 0.052 0.364

(Weights VI) 0.686 0.200 1.893 0.052 0.446

Source: Author’s calculations. See main text for more details.

In summary, according to this analysis the scale of total QE intervention observed in the data appears to

be close to that prescribed by the optimal QE policy under conventional calibration of the Fed preferences. The

main differences between actual and optimal QE are in terms of timing and composition, since the optimal QE

would have entailed earlier increases in the Fed’s holding of TS compared to the actual policy. This would have

resulted in lower spread and higher inflation in the aftermath of the Great Recession. Overall the counterfac-

tual simulations indicate that the observed duration of the ZLB is in line with that otherwise prescribed by the

optimal policy under most calibrations.

5.4 Alternative Optimization

The results presented above are the outcomes of two important requirements of the proposed optimization

methodology: transformation of the VSTAR into a VSTARX using A2 and optimization with the SDC method. To

evaluate the performance of the proposed optimization methodology, the results are compared with those from

three possible alter- native approaches.38 The first, labelled as LIN, is based on the linearized-equivalent of the

VSTAR, i.e. the VAR model estimated over the same sample period, whose performance against the VSTAR is

38 Appendix H in Supplementary Material gives a detailed description of each of these three approaches.
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highlighted in Appendix E in SupplementaryMaterial. As it is a reduced-formmodel, for the purpose of this exer-

cise the VAR is transformed into a VARX using A2. The optimization problem then boils down to a LQR which

is solved with standard Riccati equation iteration. The second and third approach both employ the VSTARX

obtained from the estimated VSTAR under A1. For this reason optimization can only be undertaken with nonlin-

ear methods. In the second, labelled as MPC, this is pursued using a method that mimics the logic of the model

predictive control algorithm, whose application in a number of nonlinear decision problems in economics has

been recently illustrated by Grüne et al. (2015). This consists of positing a time-varying coefficients feedback rule

ut = k
(MPC )
t

+ K(MPC )
t

yt−1 in conjunctionwith the system of equation (4) and then using the quasi-Newtonmethod

to find the coefficients k(MPC )
t

and K(MPC )
t

such that the one period ahead forecast of yt minimizes the loss (15).

In the third approach, labelled as DNS, optimization is pursued using direct numerical search over the policy

rule coefficients. This consists of using the time-varying coefficients feedback rule ut = k
(DNS )
t

+ K(DNS )
t

xt−1 to

derive estimates of ût, and then forming yt =
[
x′
t

û′
t

]′
. Again the quasi-Newton method is employed to find

the coefficients k(DNS )
t

and K(DNS )
t

that minimize the loss (15). The results from LIN highlight the effects of ironing

out (through linearization) all the nonlinear features in the data prior to optimization. The results from MPC

and DNS highlight instead the effects of doing optimization under the alternative transformation protocol, A1,

therefore not being able to use dynamic programming but having to rely upon numerical search. For the sake

of comparison, the stabilization gains are re-computed under each method and the quality of the performance

is evaluated considering three dimensions: feasibility (ability to find an optimal solution), efficiency (ability to

find the solution with the lowest loss) and computational speed (time required to find a solution).

Table 5 gives a summary of the outcomes of these numerical experiments, considering optimization for

the post-2007 period and the full sample. For each approach and sample, the optimization is carried using the

protocol and each of the six weight specifications described in Section 5.1. The first eighth columns of Table 5

report the average across all specifications of each argument in the loss function (15), the value of the loss V , the

stabilization gain G and the unemployment-equivalent compensation û, respectively. The final column reports

an estimate of the speed of optimization (in seconds) obtained under the specification of the loss function with

equal weights from 10 optimization trials under each approach. To facilitate comparison, the results from the

actual and optimal policy under the SDC method are also reported.

According to the results in Table 5, each optimization approach can deliver a feasible solution, i.e. a solu-

tion that leads to a loss lower than under the actual policy. Regarding efficiency, the results from these numerical

Table 5: Average gains under alternative optimization methods.

(
pt − p

)2
ug2

t
𝚫TS2

t
𝚫PS2

t
𝚫R2

t
V G û Speed (sec.)

Sample: :–:

Actual policy 1.24 5.46 0.02 0.05 0.38 6.51

Optimal policy

SDC 1.03 5.32 0.06 0.28 0.41 6.40 1.71 0.33 0.494

LIN 1.02 5.10 0.05 0.05 0.32 5.93 8.94 0.80 0.503

MPC 1.14 5.44 0.08 0.05 0.38 6.45 0.93 0.25 6.580

DNS 1.14 5.44 0.08 0.05 0.38 6.45 1.01 0.27 4.399

Sample: :–:

Actual policy 4.75 2.66 0.32 0.02 0.11 7.16

Optimal policy

SDC 3.40 2.38 0.36 0.14 0.20 5.82 18.42 1.22 1.539

LIN 3.91 2.48 0.31 0.02 0.19 6.24 12.58 1.01 1.768

MPC 4.62 2.64 0.30 0.02 0.11 7.01 2.06 0.41 21.592

DNS 4.62 2.64 0.46 0.02 0.11 7.14 0.365 0.12 15.351

Source: Author’s calculations. See main text for more details.
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experiments suggest that SDC and LIN provide superior performance compared to the two numerical methods,

as indicated from the lower losses (and therefore stabilization gains and unemployment compensations) that

these two approaches deliver regardless of the sample choice. The comparison between SDC and LIN needs

careful interpretation. This is because the analysis of optimal policy with LIN is based on the linear VAR model,

which gives a very poor fit of the data dynamics compared to the VSTAR which is used by SDC, as shown in

Appendix in Supplementary Material, Table E.2. Further, the performance of LIN relative to SDC deteriorates as

the simulation horizon is extended to cover the whole sample, thereby exacerbating the importance of nonliter-

ary in the data. This points towards the importance of accounting for nonlinearity in the quantitative analysis of

monetary policy, highlighting the difference it makes using a VAR rather than a nonlinear model like the VSTAR.

Finally, optimization with SDC and LIN is way much faster than with the two numerical methods. This is not

surprising since iteration until convergence of the Riccati equation in SDC and LIN is known to be faster than

numerical search.

6 Conclusions

Macroeconomic data display many nonlinear features (asymmetries, thresholds and large swings) that often

make linear models inadequate for reliable quantitative analysis. VSTAR is a popular tool employed in econo-

metrics and appliedmacroeconomics for inference, structural analysis and forecastingwhen data are nonlinear.

This paper uses VSTAR for a different task, the analysis of optimal policy.

At least two possible VSTARX can be employed to calculate optimal policy from a reduced-form VSTAR.

One of these makes the analysis particularly tractable, since it preserves certainty equivalence and ensures

low dimensionality of the decision making problem. The optimization employs SDC factorization to transform

the VSTARX into a VAR with SDC matrices. This makes the NLQR problem isomorphic the LQR. Consequently,

a nonlinear optimization problem can be solved with the same dynamic programming techniques used for

LQR.

The methodology is applied to revisit the coordination between interest rate monetary policy and QE in

the United States since 2008 and evaluate its effects on wider economy. To this end, the empirical analysis first

establishes an estimated VSTAR that can be regarded as a reliable starting point for the subsequent policy anal-

ysis. According to the results found in the empirical analysis, the quantity of assets purchased the Fed and the

duration of the ZLB in the decade after the onset of the Great Recession are not too dissimilar from those oth-

erwise prescribed by the optimal policy. While the ZLB duration prescribed under the optimal policy is in line

with the actual duration, there are however differences in terms of the timing and composition of QE. It is shown

that the proposedmethodology compares favourably, in terms of feasibility, efficiency and computational speed,

with three alternative optimization approaches based on linear and nonlinear methods.
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