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Abstract

This paper presents a novel algorithm for the dynamic analysis of fractional-order viscoelas-
tic spinning disks in the time domain. The novelty mainly lies in the use of the shifted
Legendre polynomial algorithm for the direct time-domain numerical analysis of displace-
ment in two directions for a three-dimensional viscoelastic rotating disk, tackling a more
complex and strongly coupled problem than those addressed in previous studies. By using
the fractional-order Kelvin—Voigt model to describe the viscoelastic properties of the disk, a
system of governing equations with three independent variables is established. For the two
ternary unknown functions in the equations, a fractional-order differential operator matrix
based on Shifted Legendre polynomials is derived, transforming the original equations
into two sets of algebraic equations that are easier to solve. This paper presents an in-depth
analysis of the convergence of the Legendre polynomial algorithm, complemented by an
investigation of its error characteristics using numerical examples, thereby verifying the
method’s accuracy and feasibility. This study can be applied to the dynamic analysis of
viscoelastic rotating structures under body force density. The findings provide theoretical
support for the optimization and safety assessment of load-bearing rotating components in
engineering. And the algorithm demonstrates high accuracy and applicability in handling
fractional-order equations in science and engineering.

Keywords: fractional constitutive model; 3D vibration; three-dimensional legendre
polynomials; operator matrices; dynamic analysis; viscoelastic spinning disk

1. Introduction

In the past few decades, fractional calculus has gained increasing importance in re-
search fields. Compared to integer-order calculus, it has made significant advancements in
studying complex physical phenomena with memory effects, hereditary characteristics, and
time-dependent behavior [1]. Especially when conducting dynamic analysis of the mechani-
cal behavior of viscoelastic materials, fractional-order models exhibit significant advantages
over integer-order models [2]. One key reason is that fractional calculus, with an order
between 0 and 1, can accurately characterize the properties of viscoelastic materials, which
lie between purely viscous and purely elastic behavior. Moreover, several experimental
studies [3-5] have demonstrated that fractional-order calculus provides a more realistic
representation compared to models relying on multiple integer-order derivatives. As a
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result, fractional calculus has demonstrated excellent performance and wide applicability
in various fields. In the field of mechanics, Shi et al. [6] developed a viscoelastic stress wave
propagation model based on fractional-order calculus constitutive relations to characterize
the dynamic mechanical properties of low-impedance materials. The model derives the
analytical solution of the viscoelastic wave equation while considering the effects of lateral
inertia and viscosity on stress wave propagation. The results demonstrate that the applica-
tion of fractional-order calculus holds significant potential for dynamic mechanical testing
of materials, non-destructive evaluation, and seismic exploration. Tang et al. [7] incorpo-
rated fractional-order calculus into a multilayer saturated soil consolidation model. By
applying the Laplace transform, they obtained semi-analytical solutions for strain, temper-
ature increment, pore water pressure, and settlement. Additionally, they investigated the
influence of the fractional-order parameter on thermo-mechanical consolidation behavior.
Their findings suggest that the proposed fractional-order model offers significant potential
for analyzing the consolidation behavior of viscoelastic materials under complex thermal
and mechanical conditions. Mohammad et al. [8] investigated fluid flow around a shrinking
permeable cylinder by incorporating fractional-order calculus into the Buongiorno model.
Their study examined the dynamic behavior of velocity, temperature, and concentration
in nanofluid flow. The results indicate that fractional-order calculus plays a crucial role in
complex fluid flow phenomena and has significant practical implications for controlling
fluid motion, heat transfer, and mass diffusion. Zheng et al. [9] incorporated several
fractional derivative viscoelastic models into a finite element framework via an ABAQUS
UMAT 6.14 finite element software subroutine and investigated their convergence behavior
and structural responses under static, dynamic and moving loads.

Viscoelastic materials exhibit both viscous and elastic properties, which have increas-
ingly become important in recent years. For example, Geetanjali and Sharma [10] developed
a fractional-order generalized thermoelastic diffusion model to study the transient response
of a transversely isotropic hollow cylinder, incorporating the effects of nonlocal elasticity.
Assuming axial symmetry, the model was reduced to a one-dimensional form and solved
using the Laplace transform. The study further examined the influence of the nonlocal pa-
rameter and the fractional-order derivative on various thermophysical quantities. Permoon,
Haddadpour, and Shakouri [11] investigated the nonlinear vibration of viscoelastic thin
cylindrical shells, modeling the material behavior using a fractional-order Kelvin—Voigt
constitutive relation. Based on fractional-order Kelvin—Voigt constitutive relation, a system
of fractional-order nonlinear differential equations was established by applying the non-
linear Love thin shell theory in conjunction with the Galerkin method. Subsequently, the
researchers employed the method of multiple scales to solve the system, thereby obtaining
the relationships between amplitude and frequency, as well as phase and frequency. In
addition, compared to integer-order models, fractional-order models offer greater flexibility
and can better fit experimental data. Moreover, due to their inherent nonlocality, fractional
models are well-suited for simulating systems that involve long-term memory effects or
complex interactions [12]. Cortés et al. [13] developed a finite element formulation for the
transient response of free-layer damping plates in which the viscoelastic damping layer
is modeled by a fractional derivative constitutive law, demonstrating that fractional mod-
els can accurately capture structural damping behavior while improving computational
efficiency. Sun et al. [14] proposed an algorithm based on shifted Legendre polynomials
for the dynamic analysis of viscoelastic thickening elastic plates. This study effectively
characterizes the internal stress—strain relationship of the plates and analyzes displacement,
stress, and bending moments in the time domain. The results highlight the significant
potential of fractional-order viscoelastic models in predicting the behavior of complex
materials. Zhang et al. [15] formulated the governing equations for nonlinear viscoelastic
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rods based on fractional-order calculus and solved them in the time domain using a shifted
Legendre polynomial algorithm. Furthermore, the study conducted a dynamic analysis of
nonlinear viscoelastic rods under various load conditions. The findings provide theoretical
support for dynamic response analysis in structural engineering, precision mechanics, and
materials science. Hao et al. [16] employed a shifted Legendre polynomial algorithm to
solve the governing equations of variable fractional-order cantilever beams in the time
domain. Additionally, they analyzed the deflection and stress evolution of cantilever beams
made from different materials under various loads. The findings can be extended to other
structural forms for higher-precision and more efficient dynamic analysis, with significant
potential applications in non-destructive testing and structural health monitoring.

The rotating disk, as a fundamental mechanical structural component, has widespread
applications in various fields, including mechanical engineering, aerospace, optics and
storage technology, biomedical engineering, and energy. Classic practical examples include
turbine disks, hard disks, and rotor assemblies of aircraft. By introducing the concept of
viscoelastic materials, the time-dependent behavior and energy dissipation characteristics
can be utilized to more accurately study the deformation and stress distribution of rotating
disks, thereby optimizing structural design and reducing material fatigue damage. For
example, Salehi and Aghae [17] investigated the deformation of viscoelastic disks subjected
to magnetic fields, heat flux, and non-uniform asymmetric mechanical loads using the
finite difference method and dynamic relaxation method. Shariyat and Mohammadjani [18]
derived the governing equations for viscoelastic rotating disks under non-uniform loading
based on the Kelvin—Voigt fractional viscoelastic model. They discretized the spatial partial
derivatives and time derivatives using the finite difference method. Moreover, it is the first
time that this study proposes to employ the shifted Legendre polynomial algorithm for the
direct time-domain numerical analysis of the viscoelastic spinning disk. Compared to other
methods for solving nonlinear fractional-order partial differential equations, the shifted
Legendre polynomial algorithm offers higher stability and simpler computations [19,20].

The innovation of this paper lies in the fact that most existing studies focus on one-
dimensional and two-dimensional models [15,16,21], while this paper addresses the three-
dimensional model problem in the time domain. Additionally, this study considers a more
complex model, involving two unknown functions and a system of governing equations
composed of two equations. As the number of governing equations to be solved increases,
the associated boundary and initial conditions also grow accordingly. This not only adds to
the physical and mathematical complexity of the model but also imposes higher demands
on the numerical solution methods. In this study, after discretizing the system of governing
equations along with their boundary and initial conditions, the resulting algebraic sys-
tem exhibits a significantly higher dimensionality and a more complex matrix structure
compared to the single-equation case. Consequently, the solution process must address
not only the computational burden arising from the increased dimensionality but also pay
particular attention to issues of numerical stability and computational efficiency. While
most research [22-24] focuses on cases involving a single unknown function and a single
governing equation.

This paper is organized as follows: Section 2 introduces fundamental definitions and
key properties of fractional-order calculus. Section 3 derives the governing equations
for the viscoelastic spinning disk. Section 4 details the numerical algorithm used in this
study. Section 5 examines the convergence of the proposed algorithm. Section 6 validates
its effectiveness through numerical examples. Section 7 investigates the displacement
responses of the viscoelastic spinning disk under varying body force density, rotational
speeds, and time evolution. Finally, Section 8 summarizes the findings and presents
the conclusions.
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2. Preliminary
2.1. Definition and Properties of the Fractional Derivative

For fractional calculus, various operators such as Riemann-Liouville, Caputo, and
Griinwald-Letnikov operators are defined in sources [25-27]. Because the Caputo deriva-
tive has advantages over other definitions of fractional-order derivatives in handling initial
conditions [28], it is adopted in this paper. When formulating fractional differential equa-
tions using the Caputo derivative, the initial conditions can be specified in the same form
as those in integer-order differential equations, without the need for additional transfor-
mations or reinterpretations required by other definitions. The definition of the Caputo
derivative of order « (Where 0 < & < 1) used in this paper is as follows:

d"f(t) a=m e Nt

DEf() =1 ) . g M
F(ml—a) le (tirT)a(—Tm)Jrl dr, 0<m—-1<a<m.

where T’ denotes the Gamma function, and I'(z) = [~ e~/##~1dt.
Based on Equation (1), the following equations can be obtained

2
Tmtl) ym—« e Ngandm > wor m ¢ Noand m > a. ()

D?tm:{o m € Nypand m < a,
I(m+1—a)

The properties of the Caputo fractional employed in this paper include the following:

1.  Linearity: The Caputo derivative is a linear operator, meaning that for any two
functions x(t) and y(t), and constants a and b, we have the following:

D*[ax(t) + by(t)] = aD*x(t) + bD*y(t). (3)

2. Commutativity: If the function x(t) is sufficiently smooth and « > 0 while m is an
integer, then the Caputo fractional derivative can be interchanged with the integer-
order derivative.

D*(D™x(t)) = D™ (D*x(t)). (4)

2.2. Constitutive Equation of the Linear Viscoelasticity

In mechanical engineering, materials frequently exhibit both elastic and viscous behav-
iors, which need the development of corresponding models for accurate characterization.
Although some classical models, such as the Kelvin—Voigt and Maxwell models, effec-
tively capture distinct viscoelastic characteristics, empirical observations indicate that the
relaxation kernels composed of a limited number of exponential terms are insufficient for
accurately fitting experimental data. In contrast, fractional-order constitutive equations
incorporate non-integer derivatives providing a more comprehensive framework for mod-
eling the stress—strain relationship and effectively addressing phenomena such as creep
and relaxation.

Linear viscoelastic material may be modeled by using combinations of different elastic
and viscous elements. Fractional constitutive viscoelastic models, such as the four-parameter
Zener model [29], the Poynting—-Thompson model [30], the fractional Maxwell model [31],
and the fractional Kelvin—Voigt model [32], have been used to describe viscoelasticity.

Compared to other models, the fractional-order Kelvin—Voigt model achieves the same
or even better fitting accuracy with fewer parameters, reducing modeling complexity. Ad-
ditionally, unlike classical models, the fractional-order Kelvin—Voigt model more effectively
captures the time-scale-dependent behavior of viscoelastic materials [33]. In this paper, the
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fractional Kelvin—Voigt model is retained to describe the constitutive relationship between
stress (0) and strain (€) which can be expressed, in a one-dimensional case, as follows:

o(t) = E(1+ (t7)°D%)e(t), ©)

where E is the elastic modulus, 7} is the retardation time associated with the fractional
Kelvin—Voigt element, and ¢ is the order of the Caputo fractional derivative.

3. Establishment of the Fractional-Order Governing Equation of the
Viscoelastic Spinning Disk

In this study, we consider a viscoelastic disk spinning at a constant angular velocity
w, subjected to a uniform body force density F, in the x-direction. Additionally, the disk
has a clamped outer boundary and a clamped central axis. In practical rotating disk
structures, the central region is typically fixed through a spindle or bearing, forming a
rigid connection with the drive system, while the outer edge is often constrained by a
housing or a connecting ring to maintain the disk’s balance and stability. Therefore, both
the inner and outer edges of the annular plate are assumed to be clamped, which is a
common and representative boundary condition in the analysis of annular or disk-type
structures [34]. As is shown in Figure 1, the radius and thicknesss of the disk are denoted by
R and H, respectively. The symmetry of the body force density and boundary conditions,
the variations in the radial and transverse displacement components (1 and w, respectively),
as well as the radial, tangential, and transverse normal and shear stresses (03, 0y, 07, and 7,5,
respectively), can be analyzed within a representative radial cross-section, as illustrated in
Figure 1. In addition, the material properties of the annular disk include Young’s modulus
(E), mass density (p), Poisson’s ratio (v), fractional derivative order (J), and retardation
time (t£). According to three-dimensional elasticity theory [18], the momentum equations
in cylindrical coordinates are expressed as follows:

Ur - 0'9
r

Orp + Trzz + +F = i, (6)

T
Trzr + % + 05, +F = oW, (7)

where F, and F, represent the densities of body force in the radial and transverse direc-
tions, respectively.

X

w=0u=0(=0)

R(m)
w=0u=0(y =R)

(m)

y

Figure 1. Schematic of a Rotating Viscoelastic Disk.

Based on the generalized Hooke’s stress—strain law and the Babouskos and Kat-
sikadelis generalization [18], the radial, tangential, transverse normal and shear stresses
can be obtained as follows
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0y E v 1—-v v 0 ( £\ 5> €p
- S 1 D , 8
o; (1-2v)(1+v) v v 1-v 0 +(T‘7) €2 ®)
Trz 0 0 0 % Yrz
where €,,€p,€; and 1,, represent radial, tangential, transverse normal, and transverse shear
strains, respectively. TF and ¢ denote retardation time and order of fractional differentiation,
respectively. The governing equations are first derived in cylindrical coordinates (r,z) due
to the rotational symmetry. For the subsequent spectral discretization, we adopt the
notation (x,y), where r is replaced by y and z is replaced by x.
Additionally, the geometric equations between strain and displacement are as follows:
r—ayl G—y/ z = ax/')/rz—ax ay
Substituting Equation (9) into Equation (8), and then applying the result to
Equations (6) and (7), the following equations can be obtained:
Pu 1-20vd%u 1w 1-vou 1-v 5(0°u
1- —_— — — 1- D
-v3z+ 7 sz taamt 5 o 7t ) (E)y) .
1-2v s0%u 1 s Pw 1—v 5[ ou LB pi
+2<>D62+<>D(8y8x+y()D ) () Tt
1-2vd%w . )82w+182u+1—2v87w+i87u+1 21/
2 92 dx2 2 9yox 2y dy 2yox 2 o2 an

+(1—v)(

o (3

) ()5 () B () er -2

_ E _ 2
where C = T—2)a)” F = pyw

4. Shifted Legendre Polynomial Algorithm

In the numerical solution of fractional-order systems, various high-accuracy meth-
ods have been widely employed. The finite element method offers excellent geometric
flexibility and local refinement capability, making it effective for handling problems in-
volving complex boundaries and heterogeneous materials. However, its convergence rate
is typically algebraic, resulting in lower accuracy and efficiency than spectral methods
when dealing with smooth and analytic problems [35]. On the other hand, the Chebyshev
spectral method takes advantage of the strong clustering of Gauss—Lobatto nodes near
the endpoints, enabling it to effectively capture sharp variations and boundary layers
close to the domain edges. Moreover, it allows efficient computation through the use of
discrete cosine transforms [36]. However, its orthogonal weight function is singular at the
endpoints, which necessitates additional weighting or regularization when dealing with
Caputo fractional derivatives, thereby increasing the complexity of implementation [37]. In
contrast, Legendre polynomials are orthogonal under a unit weight function, and the result-
ing operational matrices can naturally couple with the Caputo fractional derivative while
maintaining extremely high computational accuracy [38]. In this study, shifted Legendre
polynomials will be used to approximate the unknown function. Compared to Bernstein
polynomials, Legendre polynomials have a simpler weight function. Moreover, when
approximating nonlinear singular terms, Legendre polynomials can avoid the redundancy
of power function computations while providing faster convergence and more stable nu-
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merical calculations [39]. First, using Legendre polynomials as basis functions, the target
function f(x) can be effectively approximated through their orthogonality properties. Then,
using the operator matrix to represent the constitutive equation, the original equation is
transformed into two sets of algebraic equation systems. The algebraic equation system is
then solved to obtain an approximate solution for the parameters. By selecting polynomials
of appropriate order, the approximation error can be significantly reduced.

4.1. Shifted Legendre Polynomials

The shifted Legendre polynomial of degree n defined on the interval [0, 1] is expressed

as follows: n ( )
. Fn+i+1 '
ln,l(x) 1=ZO( 1) r(n_i_|_1)(1"(i+1))2x '

(12)

Additionally, shifted Legendre polynomials satisfy the property of orthogonality.
1 0 i#j,
[ i)l ) = { . 7 (13)
0 2+ L=

wherei,j=0,1,---,n.
A matrix ¢, (x) of shifted Legendre polynomials can be expressed as follows:

Pn(x) = (Lo (x), L1 (x), -+ Lou(2)] | = ATy(x), (14)
where Ty, (x) = [1,x,x%,--- ,x"]T,
0 i<j,
A= [a;liio aij = { i TlH+1) . (15)
i, j=07 %1 (_1)+Jr§+1) i>],

However, in practical applications, it is often necessary to extend the interval of the
Legendre polynomials to [0, H]. The following equations represents the shifted Legen-
dre polynomials:

Lnl,i(x) _ i(_l)n1+ir r(i’ll +i+ 1) (i)l _ nzl(_l)nlJrir r(”l +i+ 1) <1> Xi, (16)

= (ny—i+1)(T(i+1))2\H = (m—i+1)(T(i+1))2\H

where x € [0,H], i =0,1,---,n;. Then, ¢,, (x) can be transformed as follows:

Py (X) = [Lyy,i(x),0 < i <my]" = MG(x), (17)
where
()= I M= g bl = { '
G(x)=[Lx,---,x"}]' M= mij i,j=0" mij = i+1 T(i+j+1) 1 i . .
K ()" i (B) - 12
The following equations can also be obtained:
Py () = [Lny j(1),0 < j < mo] T = QG(y) (18)

where
- . 0 i<j,
y€OR,Gy) =Ly, -y, Q= laylij— = (1)t L4+ —(
T(i—j+1)(T(i+1))2

@y (t) = [Luy(1),0 <k < m3] " = NG(t), (19)

=
N—
-
v
~

where
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t e [0,K],G(t)

=1t ], N = [nij]:’jzo, [n,vj] = { O itj_ T(i+j+1) 1\ Zij
' VY srnaeme (&)Y 12

4.2. Approximation of the Functions and Their Derivatives

Any one-dimensional continuous function defined on the interval [0, K] can be approx-
imated by a finite number of shifted Legendre polynomials.

T(t) = Y ckLuyi(t) = C pus (1), (20)
k=0

where ¢ = (T(t), Ly, (1)),
ClT = [CO/ C1, ,Cn3], 21)

and @u,(t) = [Ly,k(t),0 < k < n3]" and ¢, represents coefficient of shifted Legendre
polynomials, 3 denotes the number of terms of shifted Legendre polynomials.

In addition, according to vibration analysis methods [40], a function representing
displacement as a function of time can be treated as a separable function. Therefore, the
function u(x, y, t) can be separated as follows:

u(x,y,t) = Ux,y) - T(t), (22)

where U(x,y) € L?(]0, H] x [0, R]), T(t) € L?(0,K)
The function U(x, y) can be expressed in the following way:
mon T
U(x,y) = Y ) Wil i(X) Ly j(y) = @y (X)Wign, (y), (23)
i=0j=0

where w;j = <U(x,y), Lnl,i(x)an,j(y)> and

Wo0 Wo1 vt Won
w10 W11 o Wik,

W1 = [w()I w1, /wl’lz] = . . . . 7 (24:)
wnl,O wl’ll,l e w?’ll,flz

where w; = [wo,j, wyj, /wnl,j] (j=0,1,---,np), ny and np denote the number of terms
in the shifted Legendre polynomials, w; ; is coefficient and Wy is the (n; +1) x (n2 +1)
coefficient matrix to be calculated.

By substituting Equations (20) and (23) into Equation (22), the following results can
be obtained:

u(x,y,t) = U(x,y)T(H) = ¢y, (X)W1, () C{ uny (8). (25)

If there exists a matrix D"(m € NV) such that qo,(fln)(x) = D¢y, (x) holds, then
this matrix is called the m-th order differentiation operation matrix for the shifted Legen-
dre polynomials.

The approximation of the derivatives in Equation (17) for the case m = 1 is derived
as follows:

1 0
, , . x! 1
@, (x) = (MG(x)) = MG'(x) = M : =M : = MV1G(x), (26)

(xi’ll)/ nlxnl_l
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y 0, i#j+1
ior Vij = L
i,j=0""1 i, i=j+1

Therefore Equation (26) can be transformed as follows:

where V] = [1/1-]-}

(/’:11 (x) = Dxgn, (x) = MV1M71¢"1 (x), (27)

where D, = MV, M1 is a first-order differential operator matrix of the shifted Legen-
dre polynomials.
When m = 2, it can be obtained

9 (x) = (gl (x))' = MVIM g, (x) = (MViM ) g, (x) = Dy (x), (29)

where D2 = (MV;M~1)? is the second-order differential operational matrix of the shifted
Legendre polynomials.

Therefore, the m-th order differentiation operation matrix for the shifted Legendre
polynomials can be derived.

P (x) = (MViM) " gy, (x) = DY g, () (29)
o (1) = (Q12Q7") 9w () = D} gy ) (30)
o (1) = (NVAN1) " s () = DY (1) (31)

where V, = [Vij]?]z':(y and where V3 = [1/,']-]?]3-:0
Accordingly, each term of the constitutive equation can be approximated using the
operator matrix as follows:

au(gfxy,t) - a(qvl(JC)Wlfp;;(y)ClT o) _ o1 (MViM) Wagu, (1)CT 1 (1) (32)
a2ug§,2y,t) N az(pr(X)Wugzzz(y)Cf Pns (1) _ ol (x)((le M—l)T)zwlgpnz(y)clT Py (1); (33)
a4ugz,4y,t) N 84(¢L(x)W1<gZi(y)Cf ons(t) - (x)((le M—l)T>4W1¢n2(y)clT s (1); (34)

au(i;,yy,t) N a((PL(x)chpg;(y)ClT ons (1) _ o] (X)W1 (QV2Q V) gy (¥)CT gy (1) (35)
82u§;;,2y,t) N 92((/’2(Jf)Wm;]n;Z(y)ClT ) _ o7 ow, (Qv2Q ") 91 (1)C] g1 (1) (36)
84u(ga;,4y,t) N a4(¢r1(x)W1§g;1(y)Cf Pt _ o7 ow, (@20 ") 91 (1)C] g1 (1) (37)

azua(yxéz,t) . az(wL(X)Wlanynaziy)Cf Pns(t) _ ol (x) (M7, Mfl)Twl (QV2Q ) P ()T 91 (1 (38)

*u(x, vy, t 84((prT1(x)W @y (Y)CY @y (1)) CAT\2 N2
ay(zaffz alyzaxz — —q)Il(x)((MVlM Y ) Wi (QVQ 1) 9u()CT gus (1) (39)
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du(x,y,t) _ 3(@n, ()Wi1gn, (y)CJ @y (1) _
G ) Ao WP I 0] _ o1 2y, ()T (NVN) g (01 (0
2u(x,y,t) 0 (Pu, (X)Wi9n, (¥)C| @y (1)) 1\2
by ) o ZonBIMlIG 0) _ o oWagus ()T (NVAN ) g 0 )
According to the definition of the Caputo fractional derivative, it can be obtained
as follows:
Du(x,,1) = D (g, (YW1, (1) CT @3 (1)) = @, (x) W19y (1) (NVAN ) g (1), (“2)

here V. — [0 173 , 0, otherwise
where Vg = [vij]i,j:()’vl] F(z(Jr)l)t a« i:j,i 75 1
Therefore, the fractional derivative can be expressed in the following forms:
du(x,y,t) _ (@, (X)W19n, (y)C] Dy pns (1) T
py 240D (P, s L g7 0 (MM ) Wagua ()T (NVAN g0 49
L 0%u(x,y,t) 32(9021—1(x)Wlanz(y)ClTDf‘(Pns(t)) T 13T 2 (44)
Dyl ~ 2 = g2 (2) (MM ™)) Wign, ()C/ (NVANTY) gy (1)
u(x,y,t) _ (Pu, (X)Wign, (y)Ci Df @y (¢) -
D! (ayy ) . 3o . ) g7 i (@130 ) g )T (NN gt 49)

2 92 ; W 1y C.l D n3t -
D?E) uéﬁ;zy/ t) ~ (gD 1(X) 1goay(2y) 1 Yr @ ( )) _ @;1—1 (X)W1 (QVZQ 1)2q)nz(y) (NV3 )q,”a( ) (46)

2 82 ;I’ W 1y CT n3t - B
D?a ua(yxéz,t) ~ ((P 1(3() 18?;85/) 19 ()) _ (P;l(x)(MVlM 1)TW1 <QV2Q 1)@112(}/) (NV3 )§9n3( ); (47)

Similarly, based on Equation (25), w(x, y, t) can be transformed as

w(x,y,t) = V(x,y)Z(t) ~ ¢y, (x)Wagn, (¥)C) @y (1), (48)

where ¢ = (Z(t), Ly, k(1))
C; = [epcr el @)

and ¢, represents coefficient of shifted Legendre polynomials. In addition, w} =

(V(x,¥), Ly, i(x)Ly, ;(y)) and ij

wéro wé/l .. wé’nz
Wy = [wp,wy, - wy, | = wlo w“ wlz’”z , (50)
W0 Wna Why iy
where w; = [w{),]-, w’l,]-,~ - nu](] = 0,1,---,n2), w;] is coefficient and W, is the

(n1+1) % (np+1) coeffic1ent matrix to be calculated.

4.3. Transformation of the Governing Equation

By substituting Equations (25) and (32)—(50) into Equations (10) and (11), the following
matrix equations can be obtained:
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(1= ) (W (RVR )y (1)C s (1) + -5 i (x )((lem-l)T)Zwlq)nz v)C] o (1)
+ 30000 (MM ) Wa(RVR )0y (16T s (1) + =, (W (RV2R ) s () s (1)
- %m W19, (VCT 9y () + (1) () 9 (W1 (RER™) 9 (1) T (NVAN) g (8
n 1 —221/ (Tg)ﬁ(PL (x) ((MVlM_1>T>2W1(Pn2(y) (NV3 )(pn3( ) 1)
+3() o () (MviM ) "W (@20 s ()T (NVAN ) (1)
1 (1) ol (oW (@10 g (1T (NVEN ) g (1
- (1;21/) (75)5¢;(x)w1¢n2(y) T (NVANT) gua (1)
+ % = Lol ()Wign(y)C] (NVzN’l)z(Pna(t);
o W2 (V20 ) (1) () + (1~ ), () ((leml)T)zwzq)nz )¢ o (1)
+ 30000 (MAMT) W (V20 ) (1) s (0)+ T, (W (V20 ) e () s (1)
+ 0 00 () (MVAM) Wagna () g (1) + 57 (xF) 1, (W (QV2Q 1) " )T (NVAN ) g (1
r-0)() ) (x)(<MV1M1)T)2W2§"nz(y)C2 (NVEN") g () -

6
n (ch) T

() (MM ) Wi (QVaQ ) g ()T (NVAN) s (1)
1;;”( £) g, (W2 (V20 ) s (1) (NVAN) gy ()
+ y( ) P, (x )(MVlM”)TWﬂpnz(y)ClT (NVAN") g (1) + -

1

2
2

= Lor, (IWagu, (1)CF (NVANT!) gy (1),

+

In addition, the boundary conditions of a clamped edge can be rewritten as follows:

u(x,0,8) = g (x) W19y (0)C] gy () =0 (0 < x < H);
u(x, R ) ~ ) (X)W1, (R)C] 9y (1) =0 (0 < x < H); )
w(x,0,t) = @ (X)Wagi, (0)C; @y (1) =0 (0 < x < H);
w(x, R, 1) & @y, (X)Wagn, (R)C) @y (1) =0 (0 < x < H).
Similarly, the initial conditions can also be transformed as follows:
Ju(x,y,0 _
WEYO) 7 () Wan ()T (NVAN )1, (0); 3
ow(x,y,0) (54)

= @y (W2 (V) C3 (NVANT) 91 (0).

Subsequently, the intervals [0, H], [0, R], [0, K] are divided into n equal parts, yielding the

discrete points x;, Yj, and t;, where x; = i%, yi= ]%, te = kn—KS(i =0,---,n;,j=0,--- ,ny;

k=0,--.,n3). By substituting these discrete points into Equations (51)—(54), a nonlinear
8

system of equations f,(X) =0,(m=1,---, Z m;) can be obtained as follows:
i=1
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Fn (%) = (1= 0)p], () W1 (Q2Q ) g (1)) (80
= zvqﬂl( )<(MVlM‘l)T)ZWﬂpnz(yj)C1T¢n3(tk)
+5 %1( )(leM ) W2<QV2Q71)‘/’H2(]/j)CZTq’ﬂs(tk)

+ 1y o (x )Wl(QVzQ*1)<Pn2 (yj)C1T§0n3(tk)

+

1-

g “ g () Wagn, (v7) €1 gua (1)
]

2

( ) Py (i Wl(QVZQ 1) n (y])cl (NV3 )%g(tk)

%
1 21/( ) ‘Pn1 ( MV M- 1)T)2W](Pn2 y] cl NV3 )(an(tk)
#5() el
1 1/(5
P?/J ol (x )W1<Pn2<y])C1T(NV3N )%a(fk)

_B T
C crm
=0 (m1701 (H1+1) (1’12+1) (n3+1))

fra(X) = 252 0 (x >wz(szQfl)z%(yj)cJ s (1)

)(MVlM ) 2<QV2Q >(Pn2(y])c2 (NV3 ><Pn3(tk)
)

T
) o (2 Wl(QVZQ ! fpnz(y])Q (st )¢n3(fk)
"))

Xi)Wi@n, y])C (st )% t)

_|_

+(1=v)gy, (%) ((leM-l)T)zwzfpm ()¢ o (t0) (55)
+1 (PVZ (xz)<MV1M71>TW1 (QVZQ*)(M (3/j>C1T(Pn3(tk)
1 nyv @, (x)W2 (QV2Q ™) g (v) €3 i (1)

+ Ziy]q); (x) (MVlel) Wi, (y]) Cirq’n; (t)

+

+1 —221/ (Tff)&fl)zl (xi) W2 (QVzQ ) Pns <y]>C2 (NV3 )(Pn3(tk)

+ =) (xF) o () (M ) )Wz(Pnz(y])Cz (NVAN ) o (1)
()’

+%(p;,rl(xi)<MV1M_1)TW1(QV2Q )(pn2<y]>C1 (NV3 >(pn3(tk)

+ 1 Z_y],zv (T(E)’S(Prz (x;) W, (QVZQ_l)(Pnz (]/j)Cz (NV3N_ >(Pn3(tk)

+ %y],( o) oh, () (VM) Wagn, (3,) ST (NN ) g (1) + F-
o () Wagns (3) T (NVsNTY () =0 (ma =1+, (1 +1) % (2 + 1) (m3 + 1))
fins(X) = @ (x) W19y (0)C @y () =0 (mz =1, , (1 +1) * (n3 + 1))
(%) = @, () W9y (R)CT @y (1) =0 (g =1, (g +1) * (n3 +1))
Fs(X) = @, (x)Way (0)C) @y (1) =0 (ms =1, (ng + 1)  (n3 +1))
fns(X) = @, (x))Wau, (R)C) @y () =0 (mg=1,-++,(n1 +1) * (n3+1))
Fr (X) = @, (x)Wa @y () G (NVANT ) g (0) =0 (7 =1, -+, (1 + 1) % (2 + 1))
Fus(X) = @ (x)Waguy (7)€ (NVAN 1) iy (0) =0 (ms =1,---, (1 +1) % (n2 4 1)
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/

4 Wo Wo

B w w)

where X=|_|,A=|"1|,B=|"1
) ..

—~ /

C2 wn2 wnz

Then, by applying the least-squares method to Equation (55), an approximate value
of the coefficient matrix is obtained, from which the numerical solution of the unknown
function can be derived.

4.4. Summary of the Numerical Implementation

For clarity and reproducibility, the main steps of the proposed shifted Legendre
polynomial algorithm are summarized as follows:

1. Model parameter setting: specify the geometric dimensions, material properties,
fractional order, body force, and truncation orders of the expansions.

2. Legendre polynomial expansion: approximate the displacement components in each
direction by products of shifted Legendre polynomials, converting the unknown
functions in the PDEs into algebraic coefficients.

3. Construction of integer-order operational matrices: derive the first- and second-
order differentiation matrices in each spatial direction to represent the integer-
order derivatives.

4. Construction of fractional-order operational matrix: based on the Caputo definition,
construct the fractional-order differentiation matrix in the time direction.

5. Formation of the residual equations: substitute the polynomial expansions and op-
erational matrices into the governing equations, boundary conditions, and initial
conditions to obtain the residual system with respect to the unknown coefficients.

6. Node selection and discretization: select collocation nodes (e.g., equally spaced or
Gauss-type points) in the x-, y-, and t-directions and evaluate the residual equations
at these nodes, yielding an overdetermined algebraic system.

7. Least-squares solution: apply the least-squares technique to minimize the global resid-
ual and solve for the shifted Legendre coefficients of all displacement components.

8. Reconstruction of the displacement fields: reconstruct the approximate displacement
distributions by substituting the obtained coefficients into the polynomial expansions,
thereby yielding the dynamic response of the viscoelastic spinning disk.

5. Convergence Analysis and Error Estimate

The convergence of the Legendre algorithm is analyzed in this section. According
to the classical vibration analysis method, the displacement as a function of time can be
considered separable. The solution w(x, y, t) can be expressed as a product of V(x,y) and
Z(t). Therefore, the convergence proofs for V(x,y) and Z(t) are presented below.

Theorem 1. Assume that Z(t) is a smooth function defined in the Sobolev space H?([0,K]), and
Z,(t) is the best approximation of Z(t). Then, as n — oo, Z,,(t) converges to Z(t). Therefore, we
have the following conclusions:

K

120 = 2001 < Gz 2y s ™

(56)
where A is a non-negative constant.

Proof. Since Z,(t) is the truncated expansion of Z(t) in terms of the shifted Legendre
n
polynomials on [0, K], i.e, Z,(t) = Y a;P(t), where {P(t)} denotes the shifted Legendre
k=0
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polynomials defined on [0, K], and 4y are the corresponding expansion coefficients. Because
as n — oo, Z,(t) converges to Z(t), the following equation can be obtained:

2

[e¢] K 00 2
1 -z = || T ah®)| = [[| L ab(t) dt (57)
k=n+1 2 0 k=n-+1

Due to the orthogonality of the Legendre polynomials, Equation (57) can be transformed
and further estimated as follows:

[HMORFAGIEESDY Jag|* < Y lal (58)
Pt 2k +1 2n+3, 0

Because Z(t) € H?[0, K] and based on the weighted Parseval identity [36], the following

result holds:
K 4t(K —t) K 2 (k+2)!
" 2 A 2
/0 |27 ( K2 > 2 2(2k+1 k—2)! |“"|)
K

- L(Ereail) + 2, L (wreeanil)
212<k_§+1<k41r§ (k+2)( k+1)k(k—1)|ak|2> (59)
zik_él(k—kl k= 1)laf?)

2§(n+2 n+1)n Z |ag|?.

44(K — ¢t K
When ¢ € [0, K], the function % attains its maximum at t = 5 where it reaches

the value 1. Therefore

3 2 ! " = 2 1 " 2
k:;rl|ak\2 Km/ |Z (t)|2dtfgm]|z B3 (60)

And because Z(t) € H?[0,K], || 2" (t)|3 is bounded, and we denote this bound by A’.
The following equation can be obtained:

[e)

1
2oV .2
kglw N CESCES N 4 (61)

Let A=A'Z.
Substituting Equation (61) into Equation (58), and then inserting the result into
Equation (57), we obtain the following;:

K 1 K
Za(1)|3 < 2n+3(n+2)(n+1)nz4= (2n+3)(n+2)(n+1)n

I|1Z(t) — (62)
0

Theorem 2. Let V,,(x,y) be the approximate solution obtained by the shifted Legendre polyno-
mial method applied to the function V(x,y) in the Sobolev space H?([0, H] x [0, R]), and let
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[0,H] x [0,R] = A. And, as n — oo, Vy(x,y) converges to V(x,y). Then, the following
result holds:

2HR
(2n+3)(n+2)(n+1)n

1V (x,y) = Va(x,y)|3 < (As+ A1+ Ay), (63)

where Ay, Ay and Az are non-negative constants.

Proof. Since V;,(x,y) is the truncated expansion of V(x y) in terms of the shifted Legen-

dre polynomials on A, i.e., V,(x,y) Z Z a;;P; ), where P;(x) and P;(y) are the
i=0j=0

shifted Legendre polynomials defined on [0, H| and [0, R], respectively. And a;; are the

corresponding expansion coefficients. Because as n — oo, V;,(x,y) converges to V(x,y), the

following equation can be obtained:

|V(x,y) = Vau(x,y ||2—/ / (ZZ“Z] ZZ“Z] >2dxdy

i=0j=0 i=0j=0 (64)

" o 2
= / / ( Zaszi(x)Pj(]/)+Z Y ”ijpi(x)Pj(y)> dxdy.

i=n+1j=0 i=0j=n+1

Due to the orthogonality of the Legendre polynomials, Equation (64) can be transformed
into the following form:

/OH/OR< i i%‘l’i( +Z Z a;jP; >2dxdy

i—n+1j— i=0j=n+1
- Z 22 +12j +1| 1]‘2+Z Z 2_'_12111' ij|2 (65)
i= n+1] ! / i=0j=n+1 ! ]
(o]
< Z 2| z]|2 2 Z |aij|2'
21’[—|—31 n+1j=0 2n+31 =0j=n+1

Because V(x,y) € H?([0, H] x [0, R]) and based on the weighted Parseval identity [36], the
following results can be obtained:

H R4V (x,y)\* (4x(H - x) dy(R—y)\2, , (i+2)! (j+2)!
/0 /0 ( 9x*9y> ) ( H? R? )dxdy 12212 21+12]+1( NGl €0

Based on Equation (66), the following results can be obtained:

HiZZ T T o R > g o B (il = 1+ DG~ Dlayl

i=2j=n+1
24 2
ZHR(n—I—Z J(n—+1)n Z Z |ajj] (67)
i=2 j=n+1
4 & & 2 2 (i+2)!1G+2)!, ,_ 24

=5 - - - - laii|= > —=—=n+2)(n+1)n |aji|?. 68
HngjgzwrlZ]Jrl(172)!(]72)! il = HR Z;HJZ i (68)
substituting Equations (68) and (67) into Equation (66), and let A; denote the upper bound

4x(H —
of Ha ;/2; y) ’ multiplied by ZR. When x € [0, H], and y € [0, R], the function %

and % attains its maximum at x = % andy = R , where they reach the value 1.
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nox HR 4x(H — x) 4y(R — )\
2
L2 < 2
ig ._Z il < 24 (n+2)(n+1)n n+1 / / szay ’( H? R? dxdy
=2 j=n+1
(69)
- HR 1 H*V(x,y) | 1 A
=24 n+2)(n+)n|| ax2y? ||, m+2)(n+n’ "
Similarly, the following equation can be obtained:
1 'V (x,y) 1
2 - ,
2 2 il < 24 (n+2)(n+1)n|| ox2oy? H2 ~ (n+2)(n +1)nA1' (70)

i=n+1j=2

Because V(x,y) € (H?[0, H] x [0, R]) and based on Equation (60), the following results
can be obtained:

i P < 2 1 V) ||
Lo T HMnA2)(m+1)n oxz ||
(71)
S apei 1 e
j=n+1 = Rm+2)(n+1)n dy? 5

Based on Equation (61), there exists constants A; and A3 such that

2
2 1 an(x,y) < 1
2Apg
i %1]2 51" < (” +2)(n+1)n x|, P+ 2)(n+n
(72)
1 V() |
2< d <2Af—
zZo] nz+1|a”| (n+2)(n+1>n W |, = R+

Substituting Equations (69)-(72) into Equation (65), the following results can
be obtained:

i=n+1j=0 i=0j=n+1

H R 0 0 n 2
Ve -vatenlB= [ [ ( Y Lap@Rm+Y L aijP,(x)Pj(y)) dxdy

HR 1 HR . : -
< 2nt3 (Al (n+2)(n+1)n + 24, (n+2)(n+1)n) T3 (Al CEICE +2A3m>
2HR
= Gt ) et At A
O

Based on the above proof, it can be concluded that using the shifted Legendre polyno-
mial to approximate the unknown trivariate function is an effective and feasible algorithm.

6. Numerical Verification of the Legendre Polynomials Algorithm

To verify the feasibility and stability of the proposed algorithm, this section constructs
a manufactured solution. Based on the manufactured solution and some non-physical coef-
ficients, we formulate a system of equations structurally similar to Equations (10) and (11).
This system is then solved using the Legendre polynomial algorithm. The obtained ap-
proximate solution is compared with the manufactured solution to validate the accuracy
and effectiveness of the proposed algorithm. In particular, both the absolute error and the
relative error are employed as quantitative indicators, so that the accuracy can be evaluated
not only in terms of the magnitude of deviation, but also in terms of robustness across
different scales. Any consistent set of units can be applied to the quantities considered here,
though the specific units will not be specified in this work. In this study, we mainly focus
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on fixed (homogeneous Dirichlet) boundary conditions for validation, since they allow the
construction of exact solutions.

6.1. First Case

The boundary conditions of this example are as follows: u(0,y,t) = u(1l,y,t) =
w(ly, ) = u(x,0,8) = u(x,1,t) = w(x, 1,#) = 0, 2Tt — Wl _ JCal) _ MEH

Yy
ou(x,1,t) _ ow(x1t) _ 0
ay - ay -
The initial conditions are as follows:

ou(x,y,0)  ow(x,y,0)

_ - 74
= = 0. (74)

u(x,y,0) =w(x,y,0) =

Based on the boundary conditions and initial conditions, the exact solution of this
example is manufactured as follows:

{ u(x,y,t) = 2*(1—2)’y* (1 - y)*F;

w(x,y,t) = (x—y)*(1 —x)(1—y)£. (75)

In addition, the parameters of this numerical example are shown in Table 1. After
substituting the parameters and Equation (75) into Equations (10) and (11), F, and F; can
be obtained as follows:

4t7/5

X =— (£ X — - —§x— 2
E(x,y,t) <t+r(1§)>[( Dy —1) -5~y

— %xz(x —1)%(6y* — 6y + 1)
- gyz(y —1)%(6x* —6x +1) (76)

Ay - DA - Dx 1) 4 g P - DAy~ 172

E(x,yt) = | £ 417/5 7( 43 4.2 4
() = [+ 100x*y® — 150x*y~ + 50x*y
T

—160x%y> 4 2403y — 80x°y — 324°
+ 60x%y> — 90x?y? + 105x%y — 112 (77)
— 24xy? — 36xy + 28x + 3y° + 312 — 6y)

- P -1y 1).
Then, by substituting Equations (76) and (77) and parameters, shown in Table 1, into
Equations (10) and (11), the specific form of a fractional-order differential equations can be
yielded as follows:
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7%u 1% 1 d%*w 7 du 7
W00y "5 20y0x ' loyay  10y2"
~1o™(5) 0 (5) + w0 (5v) &
+ mi)yzD“\(g;‘) - ﬁp‘”(u) — %?:TZ +FE(xyt) = 0;

50y> 100x2 20yox 5ydy 2y odx

1 oy Pw\ | 7 oy @w\ 1 oy &u
500~ \ay?) 1000~ \9x2) 200" 79
500" ]<8y2> 1000 (a2 ) T 2007 \ayax (79)
L poyf ow L oaf ou 13 0*w _

When ny = np = n3 = 4and t = 1, the system of equations is solved using the

Legendre polynomial algorithm. Figures 2 and 3 present the computational outcomes of
u(x,y,t) and w(x,y,t). u(x,y,t), w(x,y,t) are the exact solutions and u, (x,y,t), wy(x,y, t)
are the numerical solutions. As illustrated in Figures 2 and 3, the approximate solutions are
very close to the exact solutions. To quantitatively evaluate the accuracy, both the absolute
errors e1(x,y,t),e2(x,y,t) and the relative errors ey ,(x,y,t), e2,,(x,y, t) are defined as

er(x,y,t) = |uCe,y,t) —un(x,y,t)], ea(x,y,t) = |w(x,y,t) —wa(x,y, )],

_ |M(x,% t) B u”(x’y’ t)|
err (%, t) = lu(x,y,t)]

[w(xy,H) —wa(xy, ] E0)

w(x,y, 1)

’ ez,r(x/ y/ t) =

When computing the relative errors, grid points at which the exact solution u(x, y,t) or
w(x,y,t) is smaller than a prescribed tolerance ¢ = 10~!2 are excluded to avoid division by
zero and artificial amplification of the error.

Table 1. Parameters of First Case.

E p v
10 3 0.2 0.6 3.17 1 1

(@) u(x,y,t) (b) w(x,y,t)

Figure 2. Exact solutions (First Case).

Figure 4 illustrates the error distributions between the numerical and exact solutions.
As shown in Figure 4, within the spatial domain [0, 1] x [0, 1], the absolute error ¢; (x, y, t)
of u(x,y,t) is less than 2 x 10713, while the absolute error e, (x,y,t) of w(x,y,t) is less
than 6 x 10712, Moreover, the corresponding relative errors are bounded by 3 x 10~ and
6 x 10710, respectively. These results indicate that the proposed Legendre polynomial
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algorithm achieves extremely high accuracy. The consistency between absolute and relative
errors further demonstrates not only the precision of the approximation but also the
numerical robustness of the method in this test case.

x1073
4
/‘0: Q 0.1
EN =
2 e
& =~ 0.05
B 3
0
1
0
y 0 X
@) un(x,y,1t) (b) wn(x,y,t)
Figure 3. Numerical solutions (First Case).
X 10713 x 10712

(a) The absolute error of u(x,y) (b) The absolute error of w(x, y)
%1079 x10710
3 6
=4
N
5
=2
&
0
1
0.5
y X
(c) The relative error of u(x,y) (d) The relative error of w(x,y)

Figure 4. The absolute and relative error distributions (First Case).

6.2. Second Case

The boundary and of this example are shown as follows:

u(x,0,t) =w(x,0,t) =u(x,1,t) =w(x1,t) =0. (81)
The initial conditions are set as follows:

ou(x,y,0) _ dw(xy,0 _, (82)
ot ot
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Similarly, based on the boundary and initial conditions, an exact example can be manufac-
tured as follows:

{u(x,y,t):—(x-(x—0.5)~(x—1)-(1—y)+x-(x—0.5)-(1—x)-y)-t2;

w(x,y,t) = 2 (6- (x — 052 —15), (83)

After substituting parameters shown in Table 2, as well as Equation (83) into
Equations (10) and (11), F, and F; can be obtained as follows:

E(x,y,t) = 10%[ (x = 1)+ x(x —0.5) + x(x — 1) (x — 0.5)] 4+ 2.4t> + t2[(x — 1)(x — 0.5) +x(x — 1) + x(x — 0.5)]
—0.05[2x(x — 1) (x — 05)(y — 1) + 2xy(x — 1)(x — 0.5)] + A (x — 1)(x — 0.5) — W (84)

¢l 1 (x—1)(x —0.5) _—0.4t11(12x — 6)
2490 +10° 1.05 R - R

E(xyt) = —07x2 2 [x(x — 1) (x = 0.5)(y — 1) + xy(x — 1) (x — 0.5)] + 0.7£2[2(x — 1) (y — 1) +2(x — 0.5)(y — 1) + 2y(x — 0.5)]

+O.7§[xy(x D +xy(x—05)+x(x—1)(y—1)+x(x—05)(y—1)+y(x—1)(x —05) + (x = 1)(x — 0.5)(y — 1)]

(85)

—0.05[2x(x — 1) (x — 0.5) (y — 1) + 2xy(x — 1) (x — 0.5)] + Zﬁ[z( 1)y =1) +2(x — 05)(y — 1) + 2y (x — 0.5)]

11
- 1.7(;5}(2 [x(x—1)(x = 05)(y — 1) + xy(x —1)(x — 0.5)] + ﬁ[xy(x —1)4+xy(x —05) + (x —1)(x — 0.5)(y — 1)].

Then, substituting parameters shown in Table 2, as well as Equations (84) and (85) in to
Equations (10) and (11), the governing equations are obtained as follows:
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Table 2. Parameters of Second Case.

(86)

(87)

E P v 5 tt H R
2 1 0.3 0.9 5.975 1 1

When n; = np = n3 = 4and t = 1, the system of equations is solved using the
Legendre polynomial algorithm. Figures 5 and 6 present the computed results of u(x, y, t)
and w(x, y,t), including both the exact and numerical solutions. Here, u(x,y, t), w(x,y, t)
denote the exact solutions, while u,(x,y,t), w,(x,y,t) are the numerical solutions. To
further evaluate the accuracy, both the absolute errors eq (x,y, t),e2(x,y, t) and the relative
errors eq (X, Yy, t),e2,(x,y,t) are considered, with their distributions illustrated in Figure 7.
These errors are defined as

a(xyt) = u(xy )~y eloyt) =[xyt oy,

u(x,y,t) — un(x,y,1)]| w(x,y, ) —wa(x,y,b)|
|u(x,y, )] ' w(x,y, 1)

(88)

ers(x,y,t) = err(x,y,t) =
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When computing the relative errors, grid points at which the exact solution u(x,y,t) or
w(x,y,t) is smaller than a prescribed tolerance ¢ = 10~!2 are excluded to avoid division by
zero and artificial amplification of the error.

1

!
MMIIIIIII

u(z,y,t)

El
—-1.5
! 1
y 00 X
(@) u(x,y,t) (b) w(x,y,t)
Figure 5. Exact Solutions (Second Case).
0
< = 05 ,[[Illfl/
s : s
‘:5 3 /I’%lll’lll l
—-1.5
! 1
y 00 X
(a) Un (x/ yr t) (b) Wn (xr ]/r t)

Figure 6. Numerical Solutions (Second Case).

As shown in Figure 7, the absolute and relative errors are both confined to extremely
small ranges. Specifically, for u(x,y, t) the absolute error e1(x,y,t) is less than 6 x 10714
and the relative error e;,(x,y,t) is less than 2 x 10712, while for w(x,y,t) the absolute
error ey (x,y,t) is less than 5 x 10713 and the relative error ey ,(x, y, t) is less than 3 x 1013,
These results demonstrate not only the high accuracy of the proposed algorithm but also
its numerical stability and reliability in this test case.

By solving the numerical equations under fixed (homogeneous Dirichlet) boundary
conditions and validating them against exact solutions, the proposed method has been
shown to achieve very high accuracy and stable convergence. These results confirm
both the feasibility and reliability of the approach under fixed constraints. As a next
step, practical case studies will be incorporated to further illustrate the effectiveness and
engineering relevance of the method. Moreover, the extension of the present framework
to other boundary conditions, such as free and simply supported cases, is conceptually
straightforward and will be pursued in future work.



Fractal Fract. 2025, 9, 740

22 of 27

x10714 x10713
6 >
4 ‘,‘.::::‘:‘\“‘::\
e RN
=4 T ZSSINON
5 S0 | AN \
R e Wi

[alien)
o

0.5
y X y X

(a) The absolute error of u(x, y)

x10~12 x10713

3

= =29
= =
) )

e <28
— o
[\ L8]

2.7

g 1

1 1
0.5 0.5
0 0
y X

(d) The relative error of w(x,y)

(c) The relative error of u(x,y)

Figure 7. The absolute and relative error distributions (Second Case).

7. Dynamic Analysis of Fractional-Order Viscoelastic Spinning Disks

In the previous section, the accuracy and convergence of the proposed algorithm
were verified through benchmark tests. And in this section, to verify the effectiveness and
applicability of the proposed method in practical applications, numerical simulations were
conducted on a specific disk model. The geometric parameters and material properties
of the disk model were kept constant, as shown in Table 3. The density of a body force F,
and rotational speed w were treated as the primary control variables. By varying these two
parameters, their effects on the dynamic response of the disk were analyzed. In this model,
the boundary conditions are set as follows:

u(x,0,t) = w(x,0,t) = u(x,04,t) = w(x,04,t) = 0; (89)

The initial conditions are

du(x,y,0) _dw(xy0) _ . (90)
ot ot

In the numerical experiments, most of the results are presented at ¢ = 1 for clarity. In
addition, a representative earlier time f = 0.1 is also considered. The choice of t = 0.1 does
not have a particular physical meaning, but it avoids the trivial zero solution at the initial
instant and provides a meaningful snapshot for numerical verification. Furthermore, to
complement the spatial distributions, the displacement evolution at a representative spatial
point with respect to time is also investigated, which further demonstrates the temporal
accuracy and stability of the proposed algorithm.
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Table 3. Geometric and material parameters of spinning disk.

Parameter Notation Value
Young’s modulus E (GPa) 110
Density p (kg/m®) 7800
Poisson’s ratio v 0.05
Fractional derivative order ) 0.66
Retardation time 7E(s) 0.0107
Thickness H (m) 0.2
Radius R (m) 0.4

7.1. Effect of Different Rotational Speeds on Radial Displacement

The Legendre polynomial algorithm was used to solve the equations. When
n =mny =n3 =4,t =1sand P = 212.75 MPa, some results for the radial displace-
ment can be obtained, as shown in Figure 8. When a constant transverse body force density
is applied to the disk and the disk begins to rotate, the disk undergoes deformation and
experiences both transverse and radial displacements. Figure 8 demonstrates that when
y = 0m and y = 0.4 m, the radial displacement u are zero, which satisfies the boundary
conditions. When w = 5.4 RPM, the radial deformation is shown in Figure 8a. It also shows
that the maximum radial displacement is 0.611 m, occurring at x = 0 m, y = 0.08 m. The
radial displacement is symmetric about x = 0.1 m, y = 0.2 m. Additionally, under different
rotational speeds, the variation of radial displacement of the disk is also investigated.
Figure 8 also illustrates the variation in radial displacement distribution with respect to
the different rotational speed w. Under the same body force density and time conditions,
the differences in radial displacement of the disk exhibit different trends. Quantitatively,
the peak displacement increases monotonically with w: from 0.375 m at w = 0.3 RPM,
to 0.551 m at w = 3.1 RPM, and 0.611 m at w = 5.4 RPM, corresponding to an overall
amplification of about 63%. As the rotational speed w increases, the area with large dis-
placement becomes wider, and the peak displacement region grows more obvious, showing
a clear strengthening of the deformation trend. As shown in Figure 8, with an increase in
rotational speed, the maximum radial displacement also increases correspondingly, and
the distribution range of the radial displacement expands. Specifically, when w values
0.3 RPM, 3.1 RPM, and 5.4 RPM, the maximum radial displacements are 0.375 m, 0.551 m
and 0.61 m, respectively. From an engineering perspective, these results imply that higher
rotational speeds significantly amplify in-plane deformation, which must be considered in
stiffness design and tolerance evaluation of spinning disks.

(2, y, t) (m)
w,(2,y,t) (m)

2 (m) y(m) z (m) y (m) 00 z (m)

(a) w = 54 RPM (b) w = 3.1 RPM (¢) w = 0.3 RPM
Figure 8. Radial Displacement Distribution (F, = 212.75 MPa).

7.2. Effect of Varying Body Force Density on Transverse Displacement

Under different body force density, the transverse displacement variations of the disk
are investigated. When ny = np = n3 = 4,t = 1 s and w = 5.4 RPM, the transverse
displacement distributions are shown in Figure 9. It demonstrates that when y = 0 m and
y = 0.4 m, the transverse displacements w are zero, which satisfies the boundary conditions.
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When F, = 212.75 MPa, the transverse displacement distributions are shown in Figure 9a.
It shows that the maximum transverse displacement is 2.13 m, occurring at x = 0.16 m,
y = 0.2 m. The transverse displacement is axisymmetric with respect to y = 0.2 m. Figure 9
illustrates the variation in transverse displacement distribution with respect to the density
of a body force F,. Under the same rotational speed and time conditions, as the body force
density increases, the transverse displacement exhibits different trends. Figure 9 shows that
as the body force density increases, the maximum transverse displacement also increases
correspondingly, and the distribution range of the displacement expands. Quantitatively,
the peak values are 1.04 m, 1.86 m, and 2.13 m for F, = 72.5 MPa, 147.5 MPa, and 212.75
MPa, respectively, corresponding to an overall amplification of about 2.13/1.04 ~ 2.05
(i.e., ~105% increase). As F, grows, the area with large |w| visibly expands and the trough
near the center becomes more pronounced, showing a clearer deformation pattern while
remaining consistent with the boundary constraints. When F, values 72.5 MPa, 147.5 MPa,
and 212.75 MPa, the maximum transverse displacements are 1.04 m, 1.86 m and 2.13 m,
respectively. Specifically, larger body force density cause more significant transverse
deformation, which is particularly pronounced in the central region of the disk. From
an engineering viewpoint, higher body force density significantly magnifies the out-of-
plane deflection under the same rotation, which should be considered in stiffness sizing
and allowable-deflection criteria for spinning disks. The distribution characteristics and
variation in the maximum values of transverse displacement under different body force
density conditions reflect the impact of the body force density on the disk deformation.

n(,y,t) (m)
wy(z,y, 1) (m)
wy(z,y,t) (m)

3 2

y (m)

(a) . = 212.75 MPa (b) F, = 147.5 MPa (c) . = 72.5MPa

Figure 9. Transverse Displacement Distribution (w = 5.4 RPM).

7.3. Temporal Response at a Representative Point

To assess the numerical stability and accuracy of the proposed algorithm in the time
direction, we examine the temporal evolution of u, and w,, at the representative spatial
point (x,y) = (0.05, 0.1). The computational settings are a rotational speed w = 5.4 RPM
and a body force density parameter F, = 25 MPA; the remaining geometric and material
parameters are identical to those in Table 3. In Figure 10, the displacement response at the
point (x,y) = (0.05, 0.1) is plotted over the time interval ¢ € [0,0.8].

As shown in Figure 10, both 1, (0.05,0.1, ) and w, (0.05, 0.1, t) vary monotonically with
time. The curves are overall concave downward. In the initial stage, the increase (in absolute
value) is relatively rapid. Subsequently, the growth rate gradually decreases. This behavior
exhibits the typical “creep-like” slow evolution of fractional viscoelastic systems. The two
curves are smooth and continuous without numerical oscillations or noise, indicating good
numerical stability of the time marching and the treatment of history terms under this
operating condition. Meanwhile, the magnitude of w;, is significantly larger than that of u,,
implying that, under the present loading and boundary conditions, the disk’s deformation
is primarily governed by bending, with in-plane deformation contributing only marginally.
In summary, the time histories at this representative point further corroborate the accuracy
and stability of the algorithm in the time direction. Consistent with the previously reported
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spatial-distribution errors (absolute and relative), the displacement variation over time
provides additional evidence for the method’s applicability in engineering contexts.
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Figure 10. Displacement response at (x,y) = (0.05,0.1) over time.

8. Conclusions

This paper investigates the viscoelastic spinning disk based on the fractional-order
Kelvin—Voigt model and employs the shifted Legendre polynomial algorithm to solve the
nonlinear system of differential equations. Verification results show that the algorithm
provides high accuracy and low complexity in solving such systems. And this algorithm
has demonstrated great potential for application in solving higher-dimensional and more
complex problems. The following conclusions are drawn from the analysis:

1. The shifted Legendre polynomial algorithm accurately captures the radial and trans-
verse displacements of the viscoelastic spinning disk in the time domain, with both
absolute and relative errors reaching very small magnitudes. This highlights the
method’s numerical stability and robustness.

2. A comparison and analysis of the radial and transverse displacements of the vis-
coelastic spinning disk under different rotational speeds and body force density
are presented. The results confirm that increasing rotational speed and body force
density significantly enlarges the displacement field, which has direct engineering
implications for stiffness design and safety margins.

3.  Based on convergence analysis and numerical examples, it is demonstrated that the
proposed method achieves high precision in solving the fractional-order partial differ-
ential equations of the viscoelastic spinning disk control equations under different
boundary conditions. The methodology is general and can be extended to other
fractional viscoelastic structures such as plates and sandwich composites.
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