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Transversal gates on quantum error correction codes have been a promising approach for fault-tolerant
quantum computing, but are limited by the Eastin-Knill no-go theorem. Existing solutions such as gate
teleportation and magic state distillation are resource-intensive. We present a measurement-free code-
switching protocol for universal quantum computation, switching between a stabilizer code for transversal
Clifford gates and a permutation-invariant (PI) code for transversal non-Clifford gates that are logical Z
rotations for any rational multiple of 7. The novel non-Clifford gates enabled by this code-switching
protocol provide for a lower gate count implementation of a universal gate set relative to the Clifford + T’
gate set. To achieve this, we present a protocol for performing controlled-NOT gates between the codes
using near-term quantum control operations that employ a catalytic bosonic mode. We also present a new
class of PI codes with tunable code distance, supporting transversal non-Clifford gates, and demonstrate
their reduced gate count overhead relative to a comparable stabilizer code to stabilizer code-switching

scheme.
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I. INTRODUCTION

Transversal gates [1] on quantum error correction
(QEC) codes are the cornerstone of many promising
approaches to realizing a fault-tolerant quantum computer
[2]. Transversal gates have an elegant structure which
makes them fault-tolerant since they act on groups of
physical qubits in parallel, thus avoiding a catastrophic
spread of single errors within a code block. While using
transversal gates for fault-tolerant quantum computation is
attractive, for any given QEC code, the Eastin-Knill no-go
theorem [1] forbids a universal set of transversal gates.

In light of the Eastin-Knill no-go theorem, the path
toward realizing fault-tolerant logical non-Clifford gates
cannot rely on a single QEC code that implements uni-
versal quantum gates transversally. Instead, we need alter-
native methods. One such approach is gate teleportation
[3,4], which consumes magic states. To ensure fault-
tolerance, the magic states must have sufficiently high
quality, achieved by distilling cleaner magic states from
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a larger quantity of noisy ones [5—11]. However, the magic
state distillation procedure can be costly both in terms of
computation time and the number of qubits used [12—14].

Code-switching [15—18] presents a conceptually sim-
ple alternative to gate teleportation using distilled magic
states for enabling universal fault-tolerant quantum com-
putations. In code-switching, different QEC codes are
employed for logical Clifford and non-Clifford gates,
which allows all these logical gates to be performed
transversally. While code-switching offers a straightfor-
ward approach to achieve universal quantum gates fault-
tolerantly, it can incur significant measurement overhead
[13].

For instance, in code-switching between two stabilizer
codes [19-22], one performs multiple fault-tolerant stabi-
lizer measurements to transform one stabilizer code into
another, and the number of these measurements increases
with the number of errors that the stabilizer codes can cor-
rect. Ref. [23] uses two single transversal measurements
instead of multiple fault-tolerant stabilizer measurements.
Another solution, amenable to surface codes, achieves a
fault-tolerant CCZ gate using local transversal gates and
code deformations over a time that scales with the size of
the qubit array [24].

A recent approach to measurement-free code-switching
uses multi-qubit non-Clifford gates that are not transver-
sal [25]. While elegant, compiling such nontransversal
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non-Clifford gates via near-term high-fidelity quantum
control operations can be a challenge. Hence, there remains
the question regarding the possibility of measurement-free
code-switching using only transversal gates.

In our paper, we show how to perform high-fidelity
quantum computing with a universal gate set using a
measurement-free code-switching protocol. In our proto-
col, we switch between QEC codes that encode a single
logical qubit: a stabilizer code performs transversal logical
Clifford gates and a permutation-invariant (PI) code that
performs transversal logical non-Clifford gates. The types
of such transversal non-Clifford gates include logical Z
rotations for any rational multiple of 7. The novel transver-
sal non-Clifford gates that we introduce allow the imple-
mentation of gates in the binary icosahedral group and also
an approximate 74 gate [26] to allow the implementation
of the most efficient known single-qubit universal gate set
[27].

At the core of our proposed code-switching algorithm
is (1) a measurement-free state-teleportation protocol that
uses only logical controlled-NOT (CNOT) gates, or equiv-
alent gate set, between a stabilizer code and a PI code
and (2) our compilation of CNOT gates that act between
a stabilizer code and a PI code in terms of near-term quan-
tum control. The requirements of our protocol are modest.
First, we need strong, linear coupling between the spins
and the mode. In the case of coupling to a quantized cav-
ity mode such as an optical or microwave cavity mode,
this translates into the requirement for high cooperativity.
Second, we require that the stabilizer code admits transver-
sal implementations of logical Clifford gates. Third, the
stabilizer code should be an even-odd quantum code
meaning its logical zero (one) codeword can be written
as a superposition of even (odd)-weight computational
basis states. That is, we can write the logical zero as
102 = > sc(0.1yx] even @x/X and the logical one as |1, =
2 xe(0.1).Ix| odd Ox[X for some complex coefficients ay, by.
As explained in the following, stabilizer codes with the
second two properties include two-dimensional (2D) color
codes with even stabilizer weights and an odd number of
qubits [2,28] such as the Steane code [29] and also Bacon-
Shor codes [30—32] that are concatenations of odd length
repetition codes. Most of the PI codes we consider here
will also satisfy the even-odd code property, though we
show that it is possible to switch from an even-odd sta-
bilizer code to a non-even-odd PI code using a nonlinear,
dispersive coupling to a mode.

II. CODE SWITCHING VIA SWAPPING

A. Transversal gates on PI codes

PI codes [33-38] allow QEC to be done on quantum
states that are invariant under any permutation of the
underlying particles. PI codes are attractive for various rea-
sons. First their controllability by global fields could allow

for their scalable physical implementations [39] in near-
term devices such as trapped ions or ultracold atoms where
addressability is challenging due to cross-talk. Second, PI
codes can correct deletions, i.e., erasures at unknown loca-
tions [40,41], along with insertion errors [42—44], which
conventional QEC codes cannot correct.

The potential to implement PI codes for applications
such as quantum sensing [41,45] and quantum storage
[46] has been explored. However, it was only recently
recognized that PI codes can also enable the transver-
sal implementation of logical non-Clifford gates [47,48].
For simplicity, we first focus on two PI codes both of
which encode a single logical qubit and have distance
three, one on 7 qubits [47,48] and another on 11 qubits
[47]. Both of these codes lie within the family of PI codes
recently introduced by Aydin et al. [48]. For a definition,
see Appendix A.

PI quantum states on N qubits are superpositions of the
Dicke states [DY = (jvvv)_l/2 D xleeayelod) X1,

X XN =W

weights w =0, ...,N. The DickéJrst;Eejg span the (N + 1)-
dimensional maximum spin (J = N/2) angular momen-
tum space of the qubits. The 7-qubit PI code that we
consider has support on four Dicke states [48, Example
4] and is a multi-spin analog of the Gross code on a
single spin [49, Eq. (14)]. This 7-qubit code has logical
codewords

..,xy, of

|0pi7 :=/3/10|D§ ++/7/10|D]

I1i7 == +/7/101D; —+/3/101D7

and has distance three, but note that since the logical code
words are superpositions of Dicke states with different par-
ity weights, this is not an even-odd code. An 11-qubit PI
code with distance three that was introduced in Ref. [47]
has logical codewords given by

(D

0pi11 = 3(V/5IDg! + V/111Dg") 2)
[pin = S/11|D}' +V/5|D}). 3)

This Kubischta-Teixeira PI code supports a transversal
implementation of the logical T'= Z(w/4) gate, where
Z(6) :=10)(0] + |1)(1]e” denotes a qubit rotation opera-
tor about the Z-axis.

We denote a logical Z(6) gate as Zr(6) to denote a code
logical operator on a set of physical qubits defined by a
subsystem I" that has the following action on the codespace
spanned by logical codewords |Or) and |11):

Zr(0)(colOr) +c1l1r)) = ¢olOr) +c1e”|1r).  (4)

Here, we mostly use 4 to denote a subsystem that uses a
stabilizer code and B to denote a subsystem that uses a PI
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code, but, in general, we only require the codes in subsys-
tems 4 and B to be even-odd codes. The 7-qubit PI code
admits a logical non-Clifford gate Zg (47 /5) = Z(27/5)®7
that is transversal.

Now let us denote the transversal operators on sub-
system I' as Xp := X®T ¥p := Y®IUl and Z := Z®I',
where X,Y,Z denote qubit Pauli matrices and |I'| is
the number of qubits in I'. Since ZBA_’BIOW) = |1,i7) and
ZpXp|1pi7) = —104i7), the logical —iY operator on the 7-
qubit PI code is Xpi7 1= ZpXp = —iV3.

The Pollatsek-Ruskai code is another 7-qubit PI code of
distance three which is distinct from the 7-qubit code in
(1), because it is an even-odd code [34]. The Pollatsek-
Ruskai 7-qubit PI code admits transversal gates in the
group 2I, the binary icosahedral group with order |2I| =
120 [50]. For this code, the transversal X and transversal
Z operators are also the logical X and Z operators, and
the transversal F' gate is also the logical F* gate, where
F =HZ(—m/2) and H denotes the Hadamard operator.
This code can also implement the logical ®* code with
transversal ® gates, where ® and ®* are non-Clifford gates
given by

RV R N
d>—2(_1 g*), @ —2(_1 m*), 5)

where ¢ = ¢ +ip~ !, 0" = ¢* +i(p") o = (1 +9)/2,
and ¢* = (1 — v/5)/2. Together, the logical X, logical Z,
logical F, and logical ®* gates generate the algebra of a
binary icosahedral group 2I. Combined with the 74y gate

given by
1 2+¢ l—i)
To0 ' = ——— . , 6
60 5¢+7<1+1 —2—0¢ ©)

this allows us to obtain the most efficient known universal
single-qubit gate set [50], providing a factor of ~ 5.9 com-
plexity saving as compared with the usual Clifford + T gate
set [51].

Turning our attention to the 11-qubit PI code, we see that
X3 and Z implement the logical X and logical Z operators,
respectively. Application of the transversal T gate gives us
anon-Clifford logical gate Zz(37 /4) = T®!!. Thus, we can
obtain a logical T gate by applying Z®'!(71)®!! Hence, we
can obtain a logical T gate by applying Z(3m/4)®!!.

There are also PI codes that can implement logical
Z rotations using transversal gates with different angles.
These codes have logical codewords

06g) = (v/2b — g|DF"")) + \/2b + g| Doy %)) /V/4b,
|Lng) = (v/2b — gID3, %) + v/2b + g|D2*%)) /v/4b,
(7)

where g is a positive integer and 26 > g + 1. We call such
a code a (b,g) PI code. In Appendix B, we show that is

a special case of the Aydin et al. code [48] that corrects 1
error if g > 3 and 2b — g > 3. For this code, the transver-
sal gate Z(;r/b)®" applies a logical Z-rotation with angle
g /b as shown in Appendix C.

When g =3, the (b,g) PI code is equal to the
Kubischta-Teixeira PI code on 2b + 3 qubits and with dis-
tance 3 [47]. Hence, we can think of the (b, g) Pl code as a
generalization of the (26 4 3)-qubit Kubischta-Teixeira PI
code. Note that the (4,3) PI code is the 11-qubit PI code.
When b = 2"~! for » > 3, the Kubischta-Teixeira PI code
allows one to implement a logical gate in the rth level of
the Clifford hierarchy using transversal gates.

For longer-distance codes that support logical Z(wg/b)
rotations with transversal gates, we introduce (b, g, m) PI
codes, which generalize (b,g) PI codes. These codes use
N = 2bm + g qubits. In general, for any positive integer
m, we define

Vb.g,mk
s DY), (®)

“ m
|Ob, ,m) = E ( > "
¢ =\ \k)2ny/@m—

and correspondingly |1 ¢m) = X®V|0p4 ), where for k =
0,...,m, we define

Vogmi =b7"* [ V2ib—g ] V2b+g )

i=k+1 j=m—k+1

Note that the (b, g, 1) Pl code is a (b, g) PI code. We prove
in the Appendix B that when g,2b —g > 2¢+ 1 and m >
t,a (b, g,m) PI code has distance at least 27 4 1, and hence
corrects ¢ errors. These (b, g, m) PI codes are equivalent to
the code of Aydin et al. only when m = 1. For m > 2, the
(b, g, m) PI codes form a new family of PI codes.

For m = 2, we find generalized (b, g) code of the form

V@b —g)(4b—g) DY)

10pg.2) = w3 0
J@b+g)(db—g)
D
* 2b/6 D)
JQb+g)db+g)
DYy, 10
+ w3 |Dyy) (10)
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For m = 3, we find generalized (b, g) code of the form

2b — 4p — 6b —
J2b=g) @b —g)( g)|D{¥>

0 =
10s.6:3) $Hv135
V(@b —g)(6b+2)(6b—g)
D
+ b3 [D3p)
J@b+g)(6b+2)(6b—g)
D
+ 8535 D)
2b + 9)(4b + 2) (65 +
+\/( 2)( 2)( g)IDéV;)- (an

8bv/15b

For m = 4, we find

_ /@b —g)(4b—g)(6b —g)(8b — g)

0 = DY
10h.6.4) N DY)
V(@b —g)(6b — 2)(8b + g)(8b — g) oY
T 8562+/105 1D25)
N V(6b +g)(6b — 2)(8b + g)(8b — g) DY)
8by/70 4
V(@b +g)(6b+2)(8b+ g)(8b — g) I
* 85+/105 D)
N V(b +g)(4b + g)(6b + g)(8b + 2) DY)
16b:/105 8b>
(12)

and |1554) = X®V|0p44).

B. Even-odd quantum codes

Many PI codes are even-odd quantum codes. Indeed for
g odd, the family of (b, g) PI codes introduced previously
and the family of (g, n,u) PI codes described in Ref. [35]
are even-odd quantum codes. We now show that many sta-
bilizer codes share this property as well. Bacon-Shor codes
[30-32] that are concatenations of odd length codes are
even-odd quantum codes. The logical zero and one of a
repetition code are |0)®" and |1)®”, respectively, which
have even and odd weight computational basis states for
odd n. Moreover, in the Hadamard basis, the logical zero
and one also are superpositions of only even and odd
weight computational basis states for odd z. Since the con-
catenation of an even-odd quantum code with an even-odd
quantum code results in an even-odd quantum code, the
Bacon-Shor codes that are the concatenation of odd length
repetition codes in the standard basis and the Hadamard
basis must also be even-odd quantum codes.

The 2D color codes with even stabilizer weights and an
odd number of qubits are also even-odd quantum codes.
Such codes have stabilizers generated by Pauli operators
with only X -type stabilizers and Z-type stabilizers, and

admit transversal Clifford gates as their logical gates. Note
that we can write the logical zero of such a code to be pro-
portional to the state ) ,_¢ P|0)®", where S denotes the
stabilizer of the code. The X -type generators have even
weights, which implies that the logical zero operator must
be a superposition over even weight computational basis
states. Since the transversal X gate is the logical X gate
which takes the logical zero state to the logical one state
and there is an odd number of qubits, the logical one state
must be a superposition over odd weight computational
basis states. Hence, such 2D color codes are even-odd
quantum codes.

C. High-level code-switching protocol

One measurement-free approach to swap two qubits is to
apply three CNOT gates. The following circuit shows how
to swap a pair of qubits with two CNOT gates if one of the
states is known [4, Eq. (1)]:

1Y)
0)p —&

|0)4 (13)
V)

Fan)
A\

Y

For our code-switching protocol, we treat system A as the
stabilizer code on |4]| qubits and system B as a PI code on
|B| qubits. Based on (13), we can write the logical vari-
ant of the swap circuit using two CNOT gates and a known
PI ancilla prepared in the |0p). Using this idea, starting
from a stabilizer code where we can perform logical Clif-
ford gates transversally, we switch to a PI code to perform
a logical non-Clifford gate transversally before switching
back to the stabilizer code. We can achieve this using the
following protocol:

1Y)
|05) —

)
A\
yan)
A\

ZA(CO/)WJA) (14)
|05)

Y
o
A\

Z(w)®B!

Using the 11-qubit PI code, we can obtain the logical T
gate on the stabilizer code with = 37 /4 and o' = 7 /4.
Using the 7-qubit PI code, we can obtain a logical non-
Clifford on the stabilizer code with w = 27 /5 and o’ =
4 /5.

Since both of these codes have distance equal to 3, they
both allow the correction of any single-qubit error on the
logical information.

We can code-switch to PI codes which admit transver-
sal implementation of other exotic non-Clifford gates. Now
let g and b be coprime so that there exists an integer £ such
that mod(kg, b) = 1. Then the (b,g) PI code on 26 + g)
qubits can implement the logical Z(wu/b) gate transver-
sally on the stabilizer code with w = ukm /b for any integer
u, while allowing the correction of a single error if g > 3
and 2b — g > 3.
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III. GEOMETRIC PHASE GATES

Our proposed mechanism to process quantum informa-
tion in PI codes uses geometric phase gates (GPGs) arising
from coupling quantum spins to a coherently controllable
bosonic mode [52,53]. This flavor of GPG is a standard
tool for entangling gates in trapped ion quantum proces-
sors [54], where the bosonic mode is a quantized motional
mode. Other suitable architectures, as outlined in Ref. [55],
include trapped atoms in optical cavities [56], supercon-
ducting qubits coupled via a driven microwave resonator
[57], or polar molecules coupled to microwave stripline
cavities [58].

To understand the action of the gate, consider the spin
operator wr = “;—'1 — jﬁ that counts the Hamming weight

of spin states, where JZ = %Z]'Ql Zrj is the collective
angular momentum operator. Here, Zr-; applies a phase
flip on the jth qubit of system I' and applies the identity
operator on all other qubits of I'. We describe three types
of GPGs here. The first two use an interaction between
the spins in I and the mode that is linear in the creation
and annihilation operators of the mode, whereas the third
uses a dispersive interaction that is quadratic in bosonic

operators:

AT
U= { oil/G—irg?/A)
e~ i2x sin(@wr+p)

Linear GPG-4 [52,55]
Linear GPG-B [55] (15)
Nonlinear GPG [59]

In the linear GPG-4 gate [Fig. 1(a)], also known as the
Molmer-Serensen gate, the angle ¢ € [0, 2) is fully tun-
able through the control pulses used in the implementation.
Recently it has been shown using optimal control methods
that this gate together with global rotations of the spins
provides for efficient exactly universal state and unitary
synthesis in the Dicke state space [60—62]. In the linear
GPG-B gate introduced in Ref. [55] the relevant param-
eters are intensity /, and the detunings §, A which are
tunable within a range whereas the coupling strength g
between the spins and cavity is usually treated as constant.
This gate enables a broader class of entangling gates such
as the multi-controlled phase gate Cy_;(Z). For the nonlin-
ear GPG [Fig. 1(b)], the angles x,6, 8 € [0,27) are fully
controllable through a combination of dispersive interac-
tion evolutions punctuated by displacement operations on
the mode. Complemented by global spin rotations, this
gate is also exactly universal for state and unitary synthesis
in the Dicke space [39].

IV. P1 ANCILLA STATE PREPARATION

Logical state preparation of a target PI state |¥;) can
be achieved using the linear GPG-A4 gate, which we simply
denote as I-GPG [61,62]. Starting in the product state |Dg’ ),

(a)

—_
(=2
-~

Q000 Q0909 )

,W\MM 000 0000 % EJ }
Driving field s x H Re(a(t)) |
n(t)eié't : —_—

Leaky cavity
FIG. 1. (a) Two registers of qubits are coupled to a common

cavity mode with strength g. The cavity mode decays at a rate
k, whereas the spins decay from their excited states at a rate y.
The cavity acts as a mediator of interactions between the qubits,
allowing the two registers to influence one another through their
coupling to the same cavity mode. (b) [llustration of a closed tra-
jectory in phase space of a coherent state «(7) of the cavity mode
associated to an eigenspace of the spin operator wr for a linear
GPG. After the gate, the mode and the spins are disentangled and
the phase accumulated on the eigenspace depends on the area of
the trajectory.

one applies a sequence of gates

P
W) = [[IR®).&.,) U@,)]IDY) (16)

p=1

that prepares an output approximating |V¥,), where P
denotes the number of pulses. The GPGs U(¢), ) are inter-
leaved with global rotations around an arbitrary axis as

R(sz Spa yp) = Rz(ep)Ry (Sp)Rz(yp)

0 Gz e YV o, 2
:etepj ezépJ ezpr ) (17)

The parameters 6,, &,, ,, and ¢, are chosen numerically
to minimize the infidelity 1 — |(W|W,)|2. Here, for simplic-
ity, instead of using the definition of the I-GPG above with
U($) = e"T, we exploit the decomposition

A . 2 )
el¢pw%‘ — ew)p(%_'r‘ljr"ﬁ/f )’ (18)

522 .
and instead define U(¢,) = e®»/r | since the constant and

the JZ term in the exponent can be absorbed into the global
rotation R during the optimization. This allows us to treat
the contribution by evolution generated by .715 as part of a
uniform rotation without affecting the overall dynamics of
the system.

We now discuss the state preparation using 1-GPGs in
the presence of errors. We assume that the rotations are
noise-free, as they can typically be performed fast relative
to the spin mode coupling g. We apply the error model
presented in Ref. [55] in the presence of losses from cavity
mode decay at rate « and the spontaneous emission of the
spin excited state at rate y. In the Dicke subspace, the ideal
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pth 1-GPG U(¢,) is modified to the erroneous mapping as

N

E@pepp-1) = Y (DN 10y DY Vfran($)IDY V(DL
n,m=0
(19)

where

-~
—(m—n)? @ / Lé)—(m+n)@ I
N/ 2¢ca+2—N)

(20)

ﬁl,m (¢p) =e

e*i(nz —m?)p

and C = g2/« is the cooperativity of the cavity support-
ing the mode. Here, we apply the absolute value on the
parameter ¢, as it can take negative values during numer-
ical optimization. Note the map & is not trace preserving
as it treats decay from the excited state as leakage. This
provides a lower bound on the process fidelity [55].

The full preparation is a concatenation of erroneous
GPGs &(¢,, pp—1) interleaved with error-free rotations
R(6,,&,,y), which is written as

&-GPG = EF-GPG o £771-GPG o - -- 0 £!-GPG, (21)

where  EP-GPG = R(0,,&,, ,)E @p, pp-1)R 0, &, ).
We apply Eq. (20) to the initial state py = |D})(Dj| and
use infidelity 1 — (W] pp|W;) as the cost function, where
pp is the output state after P number of pulses are applied,
and |W;) is the target state. In our optimization, we fix
the total number of pulses P and utilize MATLAB’s built-in
toolbox, which employs the sequential quadratic program-
ming (SQP) method, to minimize the cost function and
obtain lists of parameters 6,, &,, y,,, and ¢,. Note that the
optimization method applied is nondeterministic.

V. IMPLEMENTING ENTANGLING LOGICAL
GATES

The different GPGs discussed previously enable use of
different logical operations for code-switching. The nonlin-
ear GPG can implement logical CNOT gates between a non-
even-odd PI code, such as the PI-7 code, and an even-odd
stabilizer code (see Appendix G). However, the dispersive
interactions between the spins and the cavity mode nec-
essary to instantiate the nonlinear GPG are not accessible
directly in many physical systems [39], and the dispersive
interaction strengths tend to be smaller than linear interac-
tion strengths implying slower gates. We therefore focus
most of our analysis on using linear GPGs.

A. Using linear GPGs with the PI-11 code

Instead of the switching circuit shown in Sec. II C, we
discuss a variation of it, with the idea that logical CZ gates

are easier to be implemented than CNOT gates. In what fol-
lows, we show how to implement the following circuit for
code-switching between the Steane code (system A) and
the 11-qubit PI code (system B):

) ——{F]

[+pi11) —o

[ Ry

— | +pi1)

(22)

1. Implementing the Cag)Zp(a) gate

To realize the CZ, which acts symmetrically on the con-
trol and target, it suffices to construct a gate that up to
global phase on the logical subspace, applies a minus sign
on the logical basis state |1)4|1)p and acts trivially on the
other logical basis states. When both 4 and B are even-
odd quantum codes, as is the case here, then we have the
following decomposition in terms of three I-GPGs:

CZ = &3 Vune 13 Vie 5, (23)
Here an 1-GPG involving the operator wyup = Wy + Wg
can be obtained by coupling all the spins constituting codes
A and B to the same bosonic mode. The process infidelity
for performing each of the three 1-GPGs in this sequence is
[55]

7|l

2J/2(1 +2-ThC

| —F=

24)

2. Implementing the logical H gate

Next, we discuss a way to implement a logical
Hadamard gate H for the PI-11 code. In the code space, the
eigenvalues of H are =1 with corresponding eigenstates:

1
i) = ———e [(1 4+ V2)[0pi11) + | 1pi11)],
V22 ++2)
| (25)
) = [(1 = v/2)10pi11) + [1pi1)].

V22 —+2)

We can use the method of PI state preparation to construct
a unitary on the entire Dicke space which acts correctly in
the logical subspace. Using the spectral decomposition, H
must have the form

H = ) (he] — DO+ Y P18l (26)

here {|B,)} are any set of orthonormal vectors which are
contained completely in the orthocomplement to the code
space, and {f;} are any eigenvalues of on those states.
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We can construct this gate with linear GPGs using the
method of state preparations adapted for subspaces [63].
Specifically, we can write

H = We™ N ON ppt 27)

where W is any unitary extension of the state prepara-
tion: W|DY) = [A_). The diagonal phase gate eTIDVDN g
the Cy_1(Z) gate, where N = 11 for the PI-11 code. This
gate can be synthesized from linear GPG-B gates using the
methods in Ref. [55].

We characterize the performance of the implemented
Hadamard gate described by Eq. (25) in the presence
of losses using the fidelity-based measure Fpo(Eq, H)
proposed in Ref. [64] to compare the performance of
actual realized process & against the ideal unitary process

H(p) = Hige pﬁjde, where H . is the ideal Hadamard gate
in logical subspace. The actual process for the implemen-
tation of logical Hadamard gate is given by

Eq = &-GPG o &y, 0 EF-GPG, (28)

where Epn(p) = FprnCn—1 (Z),oC;\,_l(Z) is the erroneous
map of the middle phase gate in Eq. (25). Here, F,;, denotes
the fidelity of the multi-qubit phase gate. This multi-qubit
phase gate is implemented in the weak-drive regime, where
an adiabatic evolution of the joint cavity-qubit system is
exploited to realize the operation. The dominant noise
arises from cavity decay « and spontaneous emission from
the excited state y, which are incorporated through the
cooperativity C. Numerical simulations reported in Ref.
[55, Sec. IV B, Fig. 3(b,c)] show that these error channels
lead to an infidelity scaling of approximately 1 — Fp, ~

1.8 x N/+/C, which we quote here for completeness. Here
&-GPG (ER-GPG) is the (reverse of) preparation map-
ping associated with W (W') in the presence of losses,
as detailed in Eq. (20). Here, for simplicity, we optimize
parameters solely for the preparation process and apply
the same parameters to the reverse mapping without addi-
tional optimization. The fidelity measure Fp, (&7, H) is
computed based on process matrices, which necessitates
the superoperator formalism for each mapping in Eq. (26).
The detailed calculations are provided in Appendix F.

In Fig. 2, we plot the infidelity for the implementa-
tion error of the Hadamard gate (orange) and the prepa-
ration error (blue) for the PI-11 code as a function of
the cooperativity C. The simulation is performed in the
presence of loss errors as described in Eq. (18). Fol-
lowing the approximation in Ref. [55, Eq. (25)], the
infidelity of the H implementation can be estimated as
1 — Foro(E, H) ~ 21.78 x N/+/C, where we consider 18
nontrivial GPG operations for the preparation step and
its inverse, with 6 = /2. Similarly, the infidelity for
state preparation is estimated by 1 — (+piii|p|+pit1) ~

10"
1072 1
2
@
o
=
£
1073 :
D
10
10° 107 108 10° 1010

Cooperativity

FIG. 2. Process infidelity 1 — Fyro(E7, H) for implementing
the logical Hadamard gate (orange, triangles) on the PI-11 code,
and state infidelity 1 — (4-pi11|o|4pi11) for preparing the logical
[+pi11) state (blue, circles), using I-GPGs as a function of coop-
erativity C. In both cases P = 10 gate sequences are used for the
state preparation steps.

9.99 x N /+/C, where nine nontrivial GPG gates are con-
sidered, again with 0 = 7/2. Our simulation results indi-
cate a somewhat better performance with the infidelity
scaling as 1 — Fpo(Ex, H) ~ 8.29 x N/C*485 and 1 —
(Fpittlpl+pit1) ~ 2.80 x N/C*%33 indicating lower infi-
delity compared with the approximation.

VI. APPROXIMATION OF THE SUPERGOLDEN
GATE

The most efficient single-qubit gate set is given by rep-
resentations of the binary icosahedral group 2/ (which can
be implemented with the Pollatsek-Ruskai code) and the
supergolden gate 74 given in (6). This efficiency is mea-
sured in terms of gate counts. Here we give an approximate
decomposition of 74y which can be achieved by code-
switching between (b,g) PI code, the Pollatsek-Ruskai
code that implements 2I and PI codes that implement the
transversal T gate.

Let S =Z(x/2), and T = Z(;r/4). Let H denote the
Hadamard gate, and Z denote Z(;r). Noting that the super-
golden gate squares to the identity, we can write it in an
Euler decomposition as

. itz by _;37
Te0 = ie the 12Ye zSZ’

where 6 =2cos™! 2+ ¢)/(J/5¢ + 7). We can further
simplify

Teo = Te_’% YZTT
= e 2TSHZ(9)HS ZT".
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Now 6/ can be approximated by a rational. Defining

TSHZ(y)HSZT*
TFYZ(y)FZT®

Teo(y) =

we find || To(y) — Teoll < 1076 for y = w167/704, where
Il - || denotes the operator norm minimized over global
phases. This could be achieved using a (704 167) PI code
for the small angle Z rotation, a smaller (b, g) PI code for
transversal T gates, and a PI code such as the Pollatsek-
Ruskai code admitting transversal gates in the group 2I
(noting F? = F' up to a global phase).

VII. ON THE FAULT-TOLERANCE OF OUR
SCHEME

A. Spin system errors

An operator Q is fault-tolerant on the spin-system for
QEC codes on system 4 and B that correct ¢ errors if for
any multi-qubit Pauli operator P of weight 7, there exists
an operator 4 with weight at most ¢ such that QP = AQ.
Operationally, this means that when a weight ¢ error P
propagates across a quantum circuit Q, the error P evolves
in the Heisenberg picture to an error 4 that does not
have too many errors. This definition of fault-tolerance on
the spin-system is consistent with the definition of fault-
tolerance proposed in Ref. [65]. For us, the 7-qubit and
11-qubit PI codes correct a single error, and hence ¢ = 1.

Each constituent gate in our GPGs and conditional
GPGs is spin fault-tolerant, which demonstrates the spin
fault-tolerance of our protocol. These constituent gates are
the rotation operators R(6.JZ) and R(6.J?) and the mode
displacement operator. Mode displacement operators are
trivially spin fault-tolerant because they commute with all
spin errors.

To demonstrate the spin fault-tolerance of the rotation
operators, it suffices to focus our attention on R(Gjli). The

rotation operator R(@jli) is trivially spin fault-tolerant with
respect to Z errors because it commutes with Z errors
on the spin system. From Ref. [66], the rotation oper-
ator also obeys the commutation relations R(lei)Xr,k =
7k X R(0JZ) and R(OJZ)Yry = eP7rk Y R(0JZ) for
X and Y errors, respectively. These commutation relations
imply that both an X and Y error on the kth qubit evolves
under the rotation operator into an error that remains local-
ized on the kth qubit. Hence, the rotation operator R(@]li)
is indeed spin fault-tolerant.

B. Mode errors

Loss or gain errors can occur on our bosonic mode,
which we model using the lowering operator a and the rais-
ing operator a' respectively. We also consider phase errors
on the bosonic mode, which are generated by the number
operator a'a. We say that an operator Q is fault-tolerant on

the bosonic system, or Bose fault-tolerant, if for any oper-
ator B that is either a ladder operator or a number operator,
there exists an operator 4 with weight at most ¢ on the spin
systems such that OB = A4Q.

The rotation operator R(6wr) obeys the commuta-
tion relations R(Owr)a = e “*raR(0wr) and R(Owr)at =
e 4T R(OWr). This shows that ladder operator errors on
the bosonic mode can propagate to the spin system as uni-
taries. Hence the rotation operator is not Bose fault-tolerant
with respect to ladder operators, unless 9 is very close to
an integer multiple of 277. On the other hand, the rotation
operator is trivially Bose fault-tolerant with respect to the
number operator.

While the mode displacement operator does not com-
mute with the ladder operators, it does not introduce addi-
tional errors to the spin system because ladder operator
errors still propagate to ladder operator errors. Hence, the
displacement operator is Bose fault-tolerant with respect
to ladder operators. The displacement operator is further-
more Bose fault-tolerant with respect to number operators
because it propagates the number operator to a linear
combination of the number operator and ladder operators.
Hence, the displacement operator is Bose fault-tolerant.

To mitigate the effect of the rotation gate not being Bose
fault-tolerant in general, we should aim to perform both the
displacement gate and the rotation gate as quickly and as
accurately as possible, minimizing the number of gain or
loss errors. On the other hand, our protocol is fault-tolerant
with respect to bosonic phase errors.

The dominant error of our scheme arises from finite
cooperativity of the cavity. Recent experimental work
[67] demonstrates precision control with a high-finesse
Fabry-Pérot cavity which provides for a single-particle
cooperativity of C = 6.75 x 10° utilizing circular Ryd-
berg transitions coupled to a microwave transition. Higher
cooperativities of 108-10° are achievable [68] using
millimeter-wave cavities, though simultaneously achiev-
ing optical access is challenging. An alternative to using
photonic modes is to use phononic modes, such as a
motional mode of an ion trap array. Variational quan-
tum circuits using the same gates as our scheme here
have already been demonstrated [69] for the preparation
of squeezed quantum states for quantum metrology. For
this architecture, the mode is very long-lived and the coop-
erativity is not the relevant parameter; rather, the error
associated with coupling to the motional mode is domi-
nated by laser fluctuation noise. The analysis in Ref. [61]
shows that in the presence of laser noise that induces a fluc-
tuation in the phase ¢ of the linear GPG-4 by an amount
3¢ = 0.01%, the full state preparation infidelity of a ran-
dom state in the Dicke subspace of an N = 10 qubit system
is below 107°. If we consider larger codes, such as the
(6,5,2) PI code, referred to as the PI-29 code and capable
of correcting two errors, the same reference reports that the
corresponding error can remain below 10~ for N = 30.
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VIII. PERFORMANCE

To highlight the advantages of our measurement-free
code-switching scheme relative to others based on mea-
suring stabilizers, we can compare the control complexity
required. For simplicity, we consider switching between
two even-odd codes, one code 4 having N, qubits and
admitting transversal Clifford gates and code B with Np
qubits admitting a transversal non-Clifford gate.

The gate cost, counted by number of transversal gates or
cavity pulses, to switch into a PI code B using our method
is as follows. State preparation requires at most 2N global
pulses [61]. The logical Hadamards can be done as one
transversal gate on the stabilizer code, and on the PI code
via (25) 2Ny gates for the state preparation unitary W, 2Np
gates for W', and Np — 1 gates for the Cy,_;(Z) gate [55].
Finally the logical CZ gate is done with 3 cavity pulses and
there are two of them. This gives a total count of 7Ng + 6
gates for switching into the PI code. The total round-trip
switching cost, with the transversal implementation of the
non-Clifford gate is then at most 14Ny + 13. Two note-
worthy points are that the gate count is independent of N4
and the native nonlocality of the cavity-mediated entan-
gling gates means no qubit swapping or shuttling is needed
at any point. In addition, only minimal addressability is
required; namely it is only needed to distinguish qubits in
one code versus the other.

The cost to switch from one stabilizer code 4 with some
transversal Clifford gates to another stabilizer code B with
a transversal non-Clifford gate can be fairly compared with
our scheme by considering a non-fault-tolerant set of stabi-
lizer measurements: first on the stabilizers for B to prepare
a logical state, and second for parity checks on 4 U B. Fol-
lowing the construction of Ref. [70], we choose for code
A a doubly even CSS code that includes the Hadamard
among its set of transversal logical gates and for code B
a triorthogonal code that supports a transversal logical T
gate. The double-even CSS codes in Ref. [70] are even-odd
codes, because the classical codes used in the CSS con-
struction have even weights, and any doubly even CSS code
admits a strongly transversal logical X and has odd length.

We analyze the gate complexity of code-switching from
code 4 to code B, where code B is either a triorthogonal
code of distance d or our (4,3, (d — 1)/2) PI code. Note
that such PI codes support a transversal logical T gate and
are furthermore even-odd codes because the parameter g
in the (b, g, m) PI code is odd. We supply a lower bound
and an upper bound for the gate count of using a triorthog-
onal code and a PI code for code B, respectively. For the
lower bound, the gate count is at least w(Nz — 1) consid-
ering non-fault-tolerant stabilizer measurements, where w
is the minimum weight of the triorthogonal code’s checks.
Table I lists the shortest triorthogonal codes for a given dis-
tance d = 3,5,7,9, 11. For these triorthogonal codes, we
prove that w > 8. For d = 3,5, 7, the triothogonal codes

here are triply even, and hence w > 8. For the higher
distance codes here, the average weight of the triorthog-
onal code of distance d is at least the minimum of the
weights of the triorthogonal codes here of distance d — 2,
the length of the triorthogonal code of distance d — 2, and
twice the distance of the self-dual classical code used in
the doubling construction of Ref. [70]. By induction, this
minimum is at least eight for all odd d > 9. Therefore, the
gate count of using triorthogonal codes according to the
doubling construction of Ref. [70] in Table I is at least
8(Np — 1) considering non-fault-tolerant stabilizer mea-
surements. The simple lower bounds we supply apply not
only to both measurement-based and measurement-free
code-switching, but also to magic-state distillation tech-
niques. The gate count would be even higher if we consider
(1) spatial locality constraints on the implementation for
instance in two dimensions, which would impose an addi-
tional O(v/N ) overhead, and (2) the fact that the weights
of the stabilizer checks grow as O(V/Np). The gate count
for our scheme, on the other hand, is upper bounded by
7N + 6. A key benefit of PI codes therefore is most pro-
nounced when their lengths are considerably shorter than
their corresponding triorthogonal codes. This is evidenced
by the inequality 7Np g + 6 < 8(Nyip — 1), for all length
Nyip triorthogonal and length Npyp PI codes of distances
d=3,5,7,9,11 involved.

IX. CONCLUSION

We have presented a method for code-switching
between a stabilizer code and a permutation invariant code,
and along the way have introduced a family of PI codes
with a tunable set of transversal, non-Clifford gates. It
is noteworthy that our measurement-free code-switching
scheme is also applicable to transitions between two sta-
bilizer codes, provided they satisfy the even-odd quantum
code structure. In comparison with the measurement-based
approach, our scheme eliminates the overhead associated
with measurements and reduces the gate operation com-
plexity by utilizing collective gate implementations. Given
the recent development on how QEC on arbitrary PI codes
can be implemented using GPGs [41], we expect it to be
possible to extend our work to a fully fault-tolerant set-
ting, using ideas from fault-tolerance theory [65,71—73]. In
addition, a numerical study of the efficiency of our proto-
col for fault-tolerant quantum computation is an interesting
line of future line of enquiry that is currently beyond the
scope of our paper.
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TABLE L

Comparison of gate costs for switching from code 4 to code B, where code B is either a triply even stabilizer code or a

PI code. The stabilizer codes of type 4 and B are doubly even and triorthogonal codes given in [70, Tabled 1 and 2], respectively. We
calculate a gate lower bound and upper bound for switching from code 4 to stabilizer code B and a PI-(4, 3, m) code B, respectively.
Here, code A supports transversal logical Clifford gates and code B supports transversal logical T gates. All codes involved here encode

a single logical qubit.

Distance d Stab. Code 4 (Clifford) Stab. Code B PI Code B Gate Count (4 — B)
3 ([7,1,3]] [[15,1,3]] PI-(4,3,1)=((11,2,3)) > 112, <83
5 [[17,1,5]] [[49,1,5]] PI-(4,3,2) = ((19,2,5)) > 384, <139
7 [123,1,7]] [[95,1,71] PI-(4,3,3) = ((27,2,7)) > 752,<195
9 [[45,1,9]] [[185,1,9]] PI-(4,3,4) = ((35,2,9)) > 1472, < 251
11 [[47,1,11]] [[279,1,11]] PI-(4,3,5) = ((43,2,11)) > 2224, < 307

of Excellence for Engineered Quantum Systems (Grant
No. CE 170100009).
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APPENDIX A: AAB+ CODE

The AAB+ type code is specified by three integer
parameters g, m, and §, with logical codewords given by

0mo) = D vbuDl) + Y ybIDL_ ), (AD)
I/ even [ odd
Hems) = D vbulDp_gd + > vbilDy),  (A2)

[ even / odd

where b; = (";)/(”,ﬁ_ll), y = ("/Ejg))é%, and n =
2gm + 8 4+ 1. The code corrects ¢ errors when g > 2¢ + 1,
m > t,and § > 2¢.

In Appendix B, we show that the (b,g) PI code is the
(g,1,2b — g — 1) AAB+ code. From the property of the
AAB+ code, the (b, g) PI code has distance 3 if g > 3 and
2b—g>2.

Next we turn our attention to the transversal non-
Clifford gate. We consider the gate 7, = Z(;t/b). Then we
see that

TE"0sg) = 0p),
T2 1pg) = €™ |15,).

(A3)
(A4)

From this, we see that the transversal gate 7" gate applies
a logical Z-rotation with angle 7 g/b.

APPENDIX B: PROOF THAT THE (b,g) P1 CODE
IS AN AAB+ CODE

To have the (b, g) PI code, the parameter m in the AAB+
type code must be equal to 1, because each logical code-
word is a superposition of two Dicke states. By setting

m = 1, we have

(B1)

bo=1/ (”ég) — g/\/n(n—2)/2,

—1
by =1/ (”/g2 )zg/ﬂn—g)(n—zg)/z, (B2)

S+ 1
y= 22 Gt /e

- B3
22 g (B3)

Then we have

s§+1
ybo = /n(d +1)/V2n(n —g) = | 2(%_8,) (B4)

ybi = /n(6 + 1)/y/2(n — g)(n — 2g)

_ n@d+1)
V2 —g9(n—2g)

(B3)

Now consider having n = 2b + g for some positive integer
bsothat s=2b—g—1,n—g=2b,n—2g=2b—g.
Then

b — \/21; -g \/1 g
YOI N2 T ay
n(2b —g) 2b+g . g

b = = =./5+=. (B7
Y= =g N e V2T B
This shows that the (b, g) PI codes are just (g,1,2b — g —
1)-AAB+ codes. The condition for (b, g) PI codes to cor-
rect a single error is that g > 3 and 2b — g > 3. When

g=3,m=1,8 =2"— 4, the AAB+ code can implement
the logical gate for 7" 23 transversally for » > 3 [48].

(B6)
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APPENDIX C: TRANSVERSAL NON-CLIFFORD
LOGICAL OPERATIONS

Our code supports transversal X as the logical X . If n is
odd (which is when g is odd), then the transversal Z is the
logical Z. If n is even (when g is even), the transversal Z
gate stabilizes the code.

Whenever b and g are coprime, we can implement
the logical wk/b rotation transversally for any k =
0,...,b— 1. For the (b,g) PI code to correct 1 error, it
suffices to have 2b — g > 3 and g > 3. When b and g are
coprime, we can implement a logical 7% gate transver-
sally for any £ = 0,...,b — 1 by setting g as the smallest
coprime number to a fixed b.

APPENDIX D: CONSTRUCTION OF CODES
FROM LINEAR PROGRAMMING

Let us consider the problem of constructing quantum
codes encoding a single logical qubit that correct against
a set of Kraus operators {K;} given the promise that the
orthogonality of the Knill-Laflamme QEC conditions are
satisfied.

Now suppose that the codespace resides in a subspace
of the space spanned by the orthonormal vectors {|c;)},
and we write the logical codewords as linear combinations
of these orthonormal vectors. Specifically, we demand that
the logical codewords are linear combinations of distinct
basis states given by

0) = " Jaile) (D1)
J even

1) =" Jajle), (D2)
Jj odd

where the coefficients x; are real and nonnegative.

Such a method has been described in [38], and we
explain in the next appendix how to apply this idea explic-
itly to construct extended (b, g) code that correct errors of
increasing distance, and hence ensure the scalability of the
codes.

APPENDIX E: (b,g, m) PI CODES

Here, we prove that (b,g,m) PI codes have distance
d > 2t+ 1 whenever g,2b — g > 2¢t+ 1 and when m > .
Clearly, when g, |2b — g| > d, the code has a bit-flip dis-
tance of d. Hence, for the code to have a distance of d,
it suffices to ascertain that the nondeformation conditions
of the Knill-Laflamme conditions holds for the diagonal
errors, that is,

<0b,g,m|Pj |0b,g,m) = <1b,g,m|Pj | lb,g,m)a (El)

for all k=0,...,d — 1, where P; = Z% @ I®~. Now
we consider a code with logical codewords

m
|05.gm) = D axI DY),
=0 (E2)

m
Ilb,g,m> = Zblejzvbk—o—g)’
k=0

for real coefficients ay, by, with the idea of solving for a;
and b; using linear algebra techniques, akin to the idea
in Refs. [38,74]. Then we can write the nondeformation
conditions as

Z ai<D]2\;cb|Pk|Dl2\§cb) = Z bi<Dg+2kb|Pk|Dg+2kb)s

0<k<m 0<k<m

(E3)

which is a system of linear equations in the variables a7 and
b?. The Dicke inner products (DY |P¢|DY) can be written as
Krawtchouk polynomials [45, Lemma 6], namely

N
(D) |Px|DY) = Kﬁ(k)/(w), (E4)
where
z N — A
K@) = ZC)(,{_;)HY (ES)
=0

is a binary Krawtchouk polynomial. In the language of
generating functions,

KY () = 10 —x) (1 +x)V 7, (E6)

where [x¥]1'(x) denotes the coefficient of x* of a polynomial
f(x). From the above generating function, we can also see
that

K@) =" Mo - D+ DV, (E7)
and hence we have the symmetry relation
Ky ;@ ="M -7 +x)V
=YD - DY+ DY
= (=DM — D+ DV
= (=K} (2). (E8)

040341-11



OUYANG, JING, and BRENNEN

PRX QUANTUM 6, 040341 (2025)

We can again rewrite this as a system of homogeneous
linear equations, Ax = 0, where

A= Z > 1) (KI(DS, 1Py D)

j=0 0<k<m

+Z Z ) (2k + 1|(DY o2k 1 |Dg+2kb>
j=0 0<k<m

) (2k|K kb(/)/(2kb)
-

N
Z ) (2k + 11K, %(z)/( +2kb>, (E9)

and where x = (xg,...,Xom+1). Now define the length
2(m + 1) vector of ones as e. Define the length 2(m + 1)
vector f = (fo, ..., fams+1) to be such that f; = (—1Y for all
j =0,...,m. The equation (E9) shows that we can find the
coeflicients a; by solving the linear program

maximize 0
X

subject to Ax =0
ffx =2
(=Dfxy >0, k=0,...,2m+1
(E10)

Exploiting the structure of the matrix 4, we can derive
the form of the vector x that satisfies the constraints in
the above linear program. Namely, when (— D¥x; > 0, we
can set the coefficients of the logical codewords of the
generalized (b, g) code as

= /xor keven, (E11)
bk = N —X2k+1 k odd. (E12)

We choose m as the smallest integer for which (E10) has a
solution.
Next, let us simplify the linear program (E10). Consider
avectory = (o, V1, - - - » V2(m+1)—1) such that
Ve = —Vomt1-k (E13)
forall k= 0,...,2m + 1. Then we can write y as a vector
that depends on (m + 1) variables, in the sense that

y = 0o, (E14)

_J’m:)/la _ym—la .. ayma _yo)

For any vector a of the form

(E15)

a= (a(];am,algam—l, e 9amaa0)9

it follows that

a'y = yoao — Yt
+yiar — ym-1am — 1
+ o HYmam — Yoao
—0. (E16)

From (E8) and (g +2bk) (1), every odd row of 4 has the
form of (E15). Hence, every odd row is orthogonal to y,
and it suffices to find a y that is orthogonal to every even
row in 4.

For any vector b of the form

= (bO:- _bmabl,_bm—la"'abm: _bo)’ (E17)
it follows that
bTy = yObO +ymbm
+ylb1 +ym—]bm -1

and the constraint that b’y = 0 is then equivalent to
showing that

> by = 0. (E19)
k=0
Hence, we consider a submatrix of 4 given by
k. E20
> 2K bkm/(zbk)mu (E20)
0<j<d—1 k=0
Jj odd
Then, any (3, ...,Vw) in the nullspace of B gives a vec-

tory = Vo, —Vm> V1> —VYm—1s - - - »Ym> —Vo) that is also in the
nullspace of 4. To construct a valid generalized (b, g) PI
code, it suffices to require that (yy, . . ., ) is a nonnegative
vector, that is, (b, . . ., V) > 0.

When d =2t+ 1 and m = ¢, the matrix B has r+ 1
columns and ¢ rows. Then, B is guaranteed to have a
nontrivial nullspace. Numerically, in all of the exam-
ples we explored, we find that B is a full-rank matrix,
and its nullspace of B always admits nonnegative vec-
tors. Namely, B = (e, B), where B is a square invertible
matrix, and hence a valid (yg,...,yn,) 1S proportional
to B‘l(yo,...,ym). Hence, by setting m = ¢, it is often
possible to have generalized (b, g) code.

We like to prove that this generalized (b,g) PI code
has distance at least 2¢ + 1, thereby correcting ¢ errors,
whenever (1) g, (b — g) > 2¢t+ 1 and (2) m > t. Note that
condition (1) imposes the bit-flip distance, and hence it
remains to show the nondeformation condition for the
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phase errors. From the above 4-matrix type of argument,
we just need to ascertain that the vector
(E21)

_ 2 2
Vb,g,m - (yb,g,m,()’ teeo Vb,g,m,m)

resides in the null space of the matrix B, that is, By, g n =
0. For this, we need to show that the following is true for
allx=1,...,¢

KN Qx—1)(m
2 Sy (1m0

k=0 2bk.

(E22)

The system of linear equations can equivalently be written
as

m

m
Z ( k)Kﬁ_l(Zbk)yig,m’k =0,

k=0

(E23)

which is
m

> (’,’:)Kg_labk)(zv/zb — &/D)Yn—to(N/2b) sy = 0,
k=0
(E24)

It then remains to prove the following combinatorial
lemma.

Lemma E1. Let b, g, m and x be positive integers where
x <m.Let N = 2bm + g. Then

s=3" ('Z )Kg_l(zbk)(zv/zb — g/B) iy (N /2b) gy = 0.
k=0

(E25)

Proof. The Krawtchouk polynomial K | (2bk) can be

written as a coefficient of a generating function, in the
sense that

KY_ 2bk) = [ — )® (1 + V2% (E26)
Now let « = N/2b — g/b and B = N/2b. Note that o +
B=2N/2b—g/b= (N —g)/b=2m. In addition, we
can write

<}Z>a(m—k):3(k) = m' (l’l’l(i k> <i>

Then we can write

S =m! kz (moi k) (i) (11 — 2Pk 4 N2k
=0

=m[AA+0" Y (m‘i k) <ﬂ>((1—t)/(1+z))2bk.

k=0 k

(E27)

(E28)

Now
m (04 /3 i m N p
Z<m—k> (k)y = [s"](1 +9)%(1 +s9)?.  (E29)
k=0

Identifying y = (1 — 1) /(1 + ¢), to prevent higher powers
of (1 —1#)/(1 + ¢ from appearing in the generating func-
tion when we make the substitution y = (1 —#)/(1 + ¢),
we have that whenever x < m,

S=m [ ™A+ VA 4+ 5% +s((1 —1)/(1 +1)F

= m![~'$s"E@,s), (E30)
where
E(t,s) = (1 + 9% + 0% +s(1 — 1)*")P (E31)

is a formal power series in the variables ¢ and s, which
allows us to write

Et,s) =) eyt's". (E32)

u,v>0

Now

E(—t,1/s) = (1 + 1/9)%((1 — H* 4+ s7'(1 4+ n*)#
=5 P+ D1 =% + (1 +0*)F

=s*PE@,s)
= s 2"E(t,s). (E33)
Using (E33), it follows that
D (=0T = ets T (E34)
u' ,v'>0 w,v>0
We are interested in the scenario where v — 2m = —m and
—v' = —m, which is equivalent to v/ = v = m. Then we

equate the coefficients of the left- and right-hand side of
the above equation, focusing on the coefficient of s~ # for
odd u. Then we get

(E35)

Cum = —Cum

for odd u, which means that e, ,, = 0 for odd u. Recalling
our constraint x < m, which means that we also need to
have u < 2m — 1, this proves the result. [ |

Since Lemma E1 is true, this shows that our (b, g, m) PI
code has the stipulated distance property.
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APPENDIX F: FIDELITY MEASURE FOR
HADAMARD GATE PROCESS

In this appendix we discuss how to evaluate the fidelity
measure using process matrices. The process matrix gives
a convenient way of describing the evolution of quantum
states, especially when dealing with mixed states or open
quantum systems where the state is described by a density
matrix. In the case of a unitary operation p’ = UpU', if
we vectorize the density matrix p using the row-stacking
operation, the action of the superoperator can be expressed
in a matrix form as

1p")) =Ulp)), (F1)
where U = U ® U*. Here U* is the complex conjugate of
U and ® denotes the Kronecker product.

In our case, for the preparation mapping described in Eq.
(20), the global rotations R are unitary and their associated
superoperators are represented in the Kronecker product
form. Though the erroneous GPG mapping in Eq. (18) is
nonunitary, it does not induce coherence between different
state components, and can thus be constructed as a diago-
nal matrix in the superoperator formalism. Consequently,
the superoperator associated with the preparation mapping
&-GPG is given by

1
E-GPG = [ [[R(Op: &) ® R* (6,65, 7,)1G, (),
=P
’ (F2)

where G,(¢,) is a (N + 1)? x (N + 1)? diagonal matrix
that has elements

(DY(DN1G, (p)IDVVIDYY = fom () (F3)

on each diagonal position accordingly.

J

Analogously, the superoperator associated with the
reverse mapping of the preparation E}-GPG is given by

P
ER-GPG = [ [ Gp () [RT (65,8, 7) ® (RT(6.4,,7,))"].
p=I

(F4)

The middle phase gate in Eq. (25) is unitary but has an

overall fidelity factor F,,. We express its superoperator as

Eoh = FonCn—1(Z2) @ Cy_,(2). (F5)

Thus, the actual mapping for the implementation of the

logical Hadamard gate in the superoperator formalism is
given by

E = E-GPGE,E}-GPG. (F6)

Since our primary concern is whether the implemented

Hadamard gate acts correctly in the logical subspace,

we project £ from the Dicke subspace onto the logical
{|OL), |1L)} subspace, resulting in

Eoooo  Eooor  Eoo,jo  Eoo,

£ = Eoio0 Eoror  Eorio Eornn F7
1000 Eioo1 Eroio Eion
Eiio0 Eior Einio Einn

where Eyy o, = (x |(y{ |Elxp)|yL). Following the method

in Ref. [64], the process fidelity between £ and H can be
simply calculated as

Foro € H) = % Z Tr[Hige U;‘rﬁidegﬁ(Uj)]:

J

(F8)

where {U] } are orthonormal bases of unitary operators. Here, in the logical subspace, we select Uy = L, U =X, U, =Y,
and Us = Z (where I, X, Y, and Z are the identity and Pauli matrices). Substitution into Eq. (F8) gives

— 1
Foro (& H) = g(Tr[gﬁ(Iz)] + Tr[ZEG(X)] + Tr[=YE(N)] + Tr[X E(D)])

0

00 1)E

1
0
of (1
1

1
1
0

1
= 3(E00,00 + Eoo.11 + Er1,00 + Er1,11 + Eoo01 + Eoo,10 — E11.01 — Ev1,10
— Eo1,01 + Eo1,10 + E1001 — E10.10 + Eo1,00 — Eo1,11 + Er000 — E10,11)
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APPENDIX G: NONLINEAR GPGS FOR
SWITCHING BETWEEN AN EVEN-ODD CODE
AND A NON-EVEN-ODD CODE

In this appendix we describe how to directly implement
code-switching using logical CNOT gates which works
even when the PI code is not an even-odd code, as is the
case for the PI-7 code. This requires use of nonlinear GPGs
and to explain the mechanism we first review how this
highly nonlinear spin gate is implemented from elementary
interactions.

1. Implementing the nonlinear GPG

The dispersive interaction between spins and the
bosonic mode we consider takes the form H = ga'a ® wr.
Evolving the dispersive interaction H for a time ¢ gener-
ates the operator R(Owr) := eivireata where 0 = gt. This
applies a rotation in phase space by an amount proportional
to the eigenvalues associated to eigenspaces of the Hermi-
tian operator w acting on subsystem I". Note it is possible
to generate R(—6Wwr) by reversing the coupling strength
g — —g which can be done in some physical setups by,
e.g., changing the sign of detuning of the cavity mode
from the spin transition frequency. In this appendix we
consider mode-spin interactions H where the spin opera-
tor is wr = .}li This could arise from a native coupling
[39], or, as described in Sec. IV, is locally equivalent to
the interaction involving the Hamming weight operator.

Under conjugation by rotations, displacements can be
made conditional on the spin states:

D(ae®"Ty = R(OWr)D(c)R(—6Vr). (G1)
We can similarly make mode rotations conditional on the
spin states using the operator
Ar(a,0) := D(@)R(OWr)D(—a)R(—6Wr). (G2)
A composition of displacement and conditional displace-
ment operators around a closed trajectory in phase space,
provides for an identity operator on the mode and a
nonlinear GPG on the spins:

Un-GPG(0, ¢, x) = D(—=B)R(OWr)D(—a)R(—0Wr)
x D(B)R(OWr)D(a)R(—0wr)

— e—iZX sin(@wr+¢)

Here ¢ = arg(a) — arg(B). If the mode begins as the
vacuum state, then the first rotation operator is not needed.

2. Implementing the CgXp gate

First, consider the gate CgXa which has the PI code as
control and a stabilizer code as target. The stabilizer code
is assumed to be an even-odd code, while The PI code has

its logical zero codeword |0z) and logical one codeword
|1p) consisting of superpositions of states with Hamming
weight 0 mod ¢ and s mod ¢, respectively. In the case of
the PI-7 code, ¢ = 5 and s = 2.

Here, we construct a controlled GPG that traverses a
path in phase space with zero area if the control has weight
0 mod ¢, while producing the area required to generate a
transversal X gate on the target if the control has s mod q.

If we pick y = sm/q, then the action of the controlled
displacement operator Ap(o,sm/q) on the codespace of
the PI code is

Ap(a,sm/q)(col0p) + c1|13)) & [¥mode)
= ¢0]08) ® |V¥mode) + C1115)

® D(a(1 — eZiSﬂ/q)NWmode)- (G3)

We can use these controlled displacements between the PI
code and the mode to produce a GPG on the stabilizer code
conditional on the logical state of PI code:

Ap(Un-GPG(, 9, X))
i= Ap(—B,s7/qQ)ROTZ) Ap(—a,s/q)
x R(—0J3) Ap(B,s7/q)R(OJ)

x Ap(ar,s7/q)R(—0JF), (G4)
where x = |aB||1 — &7/412 = 4|ap| sin®*(s7/q) and ¢ =
arg(a) — arg(B). The action of this conditional nl-GPG on
the codespace of the PI code and stabilizer code is

Ap(Un-GPG(0, ¢, x))(col08) +c1|18)) ® [¥4)

= ¢0|08) ® [} + c1]15) ® e 2XSCTiH) |y 1y
(G5)

We pick o = 8 so that ¢ = 0. With the choice 6 = 7,
when the control is in |1g), the mode experiences a tra-
jectory in phase space that is a rotated square with area ,
and when the control is in |0g) the trajectory has zero area.
If we further pick x = /4, i.e., a = /7 /(4|sin(s7/q)l),
then e~ 21 sn0/3) — z']—[]:1 Z; = iZ4, where Z, is the logi-
cal Z operator on the stabilizer code.
The final gate is then

CeXa = Syf4A 1 (Uy-GPG(r, 0, %))HA, (G6)

where Hy = H®" is the transversal logical Hadamard

and S, = ZS®l is the logical S = Z(r/2) gate on the
stabilizer code.

3. Implementing the CoXg gate

Second, consider the gate CaoXg which has the stabi-
lizer code as the control and the PI code as target. We can
use the same procedure as in Appendix G 2, with the roles
of 4 and B reversed, except we choose gt =y =x. In
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this case the action angle in phase space will be ¥ = 4|«/|?
and the GPG will have the parameters ¢ = 7, § = 7, and
o = B = /m /4. This will achieve the operation —iY if
the control is in |1,4), and acts trivially if the control is in
|04). In summary,

CaXs = Ay (Unl-GPG (n,n, Z))

4
T T yX A T YX b3
= Ay (—%,T[) €' 2’BR (nJé) e 27BN, (—%,n)

ST TX A ST X T ST X A
X e’TJBR(—nJé)e_’TJBAA <§,n> e’TIBR(nJé)

x e A (?,n) ¢BR(—mJR)e . (GT)
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