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Abstract

Machine learning models now drive many critical decisions,
making explanations of their reasoning essential. Recent work
analyzes the complexity of exact explanations in transparent
models, but these explanations are often too large for practical
use. This has motivated research into probabilistic alternatives.
We study probabilistic extensions that allow controlled uncer-
tainty while maintaining rigorous foundations. We analyze
three basic model types: decision trees, decision lists, and de-
cision sets. We introduce algorithms for computing both local
and global probabilistic explanations for these models. Our
main result shows that computing minimum-size probabilistic
explanations is fixed-parameter tractable when parameterized
by structural properties—specifically, the number of terms
for decision lists and decision sets and the minimum of the
number of positive and the number of negative leaves.

1 Introduction

Machine learning models make automated decisions that
impact human lives, creating a need for formal methods to
explain these decisions (Ignatiev, Narodytska, and Marques-
Silva 2019; Guidotti et al. 2019). For models with accessible
internal mechanisms, such as decision trees (DTs), decision
sets (DSs), and decision lists (DLs), these explanations can
be computed directly from the model structure instead of
treating them as black boxes (Barceld et al. 2020).

We consider these fundamental types of formal explana-
tions:

Local abductive explanations (Ignatiev, Narodytska, and
Marques-Silva 2019; Marques-Silva 2023), also known as
sufficient reason explanations (Darwiche and Ji 2022), iden-
tify a minimal subset of the set F' of all features that maintain
the model’s prediction. Given an input example x classified
as ¢, such an explanation is a subset of F' where fixing their
values from x forces the classification c regardless of other
feature values.

Global abductive explanations (Ribeiro, Singh, and
Guestrin 2016), also referred to as prime-implicant expla-
nations (Shih, Choi, and Darwiche 2018), provide again a
subset of I such that a valuation of the features in the subset
guarantees a specific classification c. They identify feature
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value combinations that force the model to output c for any
completion of the remaining features.

Global contrastive explanations (Miller 2019; Ignatiev
et al. 2020), known as necessary reason explanations (Dar-
wiche and Ji 2022), are dual to global abductive explanations
and identify a minimal subset of features that prevent a spe-
cific classification c.

These explanations often grow large and can exceed human
cognitive limits for understanding model decisions (Marques-
Silva 2023).

To address these challenge, one can consider probabilistic
versions of the above formal explanation types (Izza et al.
2023), which maintain rigorous foundations while allowing
for controlled uncertainty.

For instance, in a probabilistic local abductive explanation,
instead of requiring all completions of the remaining features
to maintain the original classification, we only require that
a fraction v of these completions do so. This threshold  al-
lows for smaller explanations by tolerating some exceptions,
creating a trade-off between explanation size and classifica-
tion certainty. For the two global explanation types, one can
define probabilistic variants similarly!.

Setting v = 1 in probabilistic explanations recovers the
non-probabilistic versions, hence the non-probabilistic vari-
ants are indeed a special case of the probabilistic ones.

Finding smallest non-probabilistic explanations is com-
putationally hard: All variants we consider are NP-hard or
coNP-hard for DTs, DSs, and DLs (Ordyniak et al. 2024).

Motivated by the intractability in the classical complexity
setting, Ordyniak et al. (2024) identified natural parameteri-
zations that yield fixed-parameter tractability?. For DTs, the
smallest number of leaves with the same classification turns
out to be the critical parameter, while for DSs and DLs, it
is the number of terms that matters. While Ordyniak et al.
(2024) provides a comprehensive picture of the parameter-
ized complexity landscape of computing non-probabilitic
explanations for a wide variety of models such as DTs, DSs,

"Local contrastive explanations identify a minimal feature
change that flips the model’s prediction for a given input x and
has no meaningful probabilistic variant.

The notion of fixed-parameter tractability strictly extends poly-
time tractability by allowing a constant factor that is possibly ex-
ponential in a problem parameter while keeping the running time
polynomial in the input size (Downey and Fellows 2013).



DLs, OBDD, BDD and even ensembles thereof, the corre-
sponding question for the much more general (and arguably
much more practically relevant) probabilistic explanations is
thus far entirely unexplored.

In this work we initiate the parameterized complexity anal-
ysis of probabilistic explanations. As our main result, we
provide a unified algorithmic framework that allows us to
generalise all of the recently shown fixed-parameter tractabil-
ity results for the fundamental models of DTs, DSs, and DLs
from the non-probabilistic to the probabilistic setting (Or-
dyniak et al. 2024). This is rather surprising given that the
probabilistic setting can be seen as the counting version of the
non-probabilistic setting and is therefore conceptually much
harder. Indeed, our results require entirely different and novel
algorithmic techniques since the existing techniques based on
powerful algorithmic meta-theorems as well as tailor-made
dynamic programming algorithms fall well short of providing
solutions for the probabilistic setting. As a side result, we are
able to improve the runtime of the known algorithms for the
non-probabilistic setting significantly.

Our main technical contribution is a unified algorithm
that establishes fixed-parameter tractability for computing
minimum-size explanations across DTs, DSs, and DLs in
both the probabilistic setting and for explanations with out-
liers. In the latter case, instead of requiring exact matches for
classifications, we allow for a bounded number ¢ of misclas-
sifications among the completions.

The key to our unified approach is the development of “fea-
turistic functions” Hr(e) that capture the relevant properties
of the different model types in a unified manner. Informally,
the featuristic function provides a compact representation of
the model tailor-made for answering explanation queries and
we show that given a model M of any of the considered types
M € {DT,DL, DS} and a classification ¢, we can efficiently
compute a featuristic function Hr(e) that for every partial
example e returns the number of examples ¢’ such that ¢’
agrees with e and M (e) = c. This allows us to provide a
unified approach for all considered model and explanation
types.

Statements whose full proofs are omitted due to space con-
straints are marked with = and can be found in the full version
of the paper.

2 Preliminaries

Examples and Models Let ' be a set of binary features.
An example e : F — {0,1} over F is a {0, 1}-assignment
of the features in F'. An example is a partial example (as-
signment) over F if it is an example over some subset F'(e)
of F. We denote by E(F) the set of all possible examples
over F. A (binary classification) model M : E(F) — {0,1}
is a specific representation of a Boolean function over F'.
We denote by F'(M) the set of features considered by M,
i.e., F(M) = F. We say that an example e is a negative
example (positive example) w.r.t. the model M if M (e) =0
(M (e) = 1). For convenience, we restrict our setting to the
classification into two classes, we note however that all our
results easily carry over to the classification into any finite
set of classes.

Decision Trees. A decision tree (DT) T is binary classi-
fication model defined by a pair (7', \) where T is a rooted
binary tree and A : V(T') — F U {0,1} is a function that
assigns a feature in F' to every inner node of 7" and either O or
1 to every leaf node of T'. Every inner node of 7" has exactly
2 children, one left child (or 0-child) and one right-child (or
1-child). The classification function 7 : E(F) — {0,1} of
a DT is defined for an example ¢ € E(F) as follows. Start-
ing at the root of 7" one does the following at every inner
node ¢ of T. If e(A(t)) = 0 one continues with the 0-child
of t and if e(\(¢)) = 1 one continues with the 1-child of
t until one eventually ends up at a leaf node [ at which e
is classified as A(l). For every node ¢ of T', we denote by
ol the partial assignment of F* defined by the path from the
root of T'to t in T, i.e., for a feature f, we set atT(f) to0
(1) if and only if the path from the root of T to ¢ contains
an inner node ¢’ with A(¢') = f together with its 0-child
(1-child). We denote by L(7T) the set of leaves of T and we
set Ly(T) = {1l € L(T) | A(I) = b} for every b € {0,1}.
Finally, we let MNL(7") = min{|Lo|, |L1]|}.

Decision Sets. A term t over F is a set of literals with each
literal being of the form (f = z) where f € F and 2 €
{0,1}. We denote by F(t) the set of features corresponding
to literals in ¢. A rule r is a pair (¢, c) where ¢ is a term and
¢ € {0,1}. We say that a rule (¢, c) is a c-rule. We say that a
term ¢ (or rule (¢, ¢)) applies to (or agrees with) an example
e if e(f) = z for every element (f = z) of t. Note that the
empty rule applies to any example. A decision set (DS) S is
a pair (T,b), where T is a set of terms and b € {0, 1} is the
classification of the default rule (or the default classification).
We denote by |.S| the number of terms of \S. The classification
function S : E(F) — {0,1} of aDS S = (T, ) is defined
by setting S(e) = b for every example e € E(F) such that
no term in 7" applies to e and otherwise we set S(e) =1 — b.

Decision Lists. A decision list (DL) L is a non-empty se-
quence of rules (r; = (t1,¢1),...,7¢ = (te,ce)), for some
¢ > 0. We denote by |L| the number of rules of L. The clas-
sification function L : E(F) — {0,1} of a DL L is defined
by setting L(e) = b if the first rule in L that applies to e is
a b-rule. To ensure that every example obtains some classifi-
cation, we assume that the term of the last rule is empty and
therefore applies to all examples.

3 Probabilistic Explanations

Let F be a set of binary features, e € E(F), and A C F.
We denote by e[A] the partial example obtained from e by
restricting the set of features to A. We denote by E(F,e’),
or briefly E(e’) if F is clear from the context, the set of
all examples in E(F) that agree with the partial example
e’. Moreover, for a model M : E(F) — {0,1} and a class
c € {0,1}, we denote by E(F, €', c), or briefly Eps(€’, c)
if F'is clear from the context, the subset of E'(F, e’) restricted
to examples e” with M (e”) = c.

Let M be a model, e an example over F'(M), and let
¢ € {0,1} be a classification. We consider the following
types of explanations for which an example is illustrated in
Figure 1 (see Marques-Silva’s survey 2023).



ry:IF (r=1Ay=1)THENO
ry : ELSEIF (z = 0 A z = 0) THEN 1
r3 :ELSEIF (y=0Az=1) THENO
r4 : ELSE THEN 1

Figure 1: Let L be the DL given in the figure and let e be
the example given by e(z) = 0, e(y) = 0 and e(z) = 1.
Note that L(e) = 0. It is easy to verify that {z} is the only
probabilistic local abductive explanation for v = 3/4 and e
in L of size at most 1. Let 71 = {x +— 1} and 72 = {z — 0}
be partial examples. Note that 7; and 75 are minimal global
abductive and global contrastive explanation with outliers for
0 = 1 and class 0 w.r.t. L, respectively.

A probabilistic local abductive explanation (LAXPp) for
e w.r.t. M and threshold v € [0, 1] is a subset A C F(M) of
features such that: |Eys(e[A], M (e))|/|E(e[A])| > .

A probabilistic global abductive explanation (GAXPp)
for cw.rt. M and threshold -y € [0, 1] is a partial example ¢’
such that: |Eys (¢, )| /| E(e)] > 7.

A probabilistic global contrastive explanation (GCXPp)
Sor cw.rt. M and threshold v € [0, 1] is a partial example ¢’
such that: |Eyr(e/,1 — ¢)|/|E(e)| > 7.

We also define a version of each of the above explanation
types, which we refer to by “with outliers”, that allows to
bound the number of outliers or mistakes allowed by the ex-
planation. For instance, the version of LAXP p with outliers
(LAXPp) is given below and the corresponding versions
GAXPp and GCXPp of GAXPp and GCXPp are defined
analogously.

A local abductive explanation with outliers (LAXPo) for
ew.rt. M and § € Z is asubset A C F(M) of features such
that: | E(e[A])] — | Eas (e[ A], M(e)] < 6.

Problems For each of the above explanation types and each
of the considered model types M, one can now define the
corresponding computational problem. For instance:

M-PROBABILISTIC LOCAL ABDUCTIVE EXPLANA-

TION (LAXPp)

INSTANCE: A model M € M, an example e, and a
threshold ~.

QUESTION: Find a smallest probabilistic local abductive
explanation for e w.r.t. M and .

The problems M-X for X € {GAXPp, GCXPp} are de-
fined analogously.

M-LOCAL ABDUCTIVE EXPLANATION WITH OUT-

LIERS (LAXPp)

INSTANCE: A model M € M, an example e, and a
number 6.

QUESTION: Find a smallest local abductive explanation
for e w.r.t. M and 6.

Again, the problems M-X for X € {GAXPo, GCXPo}
are defined analogously.

4 Parameters and Overview of Results

The probabilistic explanation problems introduced in the
previous section are all NP-hard or co-NP-hard for all con-
sidered model types. This follows form the fact that they
are at least as hard as their deterministic counterparts that
are known to be hard (Ordyniak et al. 2024). Given these
hardness results, we need a more refined complexity analysis
to identify tractable cases. This naturally leads us to study
the parameterized complexity of these problems.

Parameterized complexity analysis has become a standard
in many areas, especially in Al, where many of the considered
problems are (co)-NP-hard, and one tries to find efficient
algorithms whose running time is polynomial in the input size
n but depends exponentially on one or several parameters.

The central notion is fixed-parameter tractability (FPT)
which refers to problems that can be solved in time f (k)n®)
for instances of input size n and parameter k. A problem is
XP-tractable if it can be solved in time O(n/(*)). The notion
of Wi] hardness allows to separate FPT from XP problems.
A problem is para-NP-hard if it is NP-hard for the parameter
considered constant. We have the following hierarchy of
complexity classes, where all inclusions are believed to be
strict.

P CFPTC W] C W[2] C---XPNNP C para-NP

We refer to the textbook by Downey and Fellows (2013) for
fundamentals on parameterized complexity and to recent pa-
pers studying the parameterized complexity of problems that
arise in explainable AI (Dabrowski et al. 2024; Ordyniak et al.
2024,7; Eiben et al. 2023; Ordyniak, Paesani, and Szeider
2023; Ordyniak and Szeider 2021; Barcel6 et al. 2020,7?).

We provide a comprehensive analysis of the parameterized
complexity of all considered problems with respect to all
combinations of parameters considered in (Ordyniak et al.
2024), i.e., minimum of the number of positive and the num-
ber of negative leaves for DTs (mnl_size), largest size of a
term for DSs and DLs (term_size), number of terms for DSs
and DLs (terms_elem), and size of the explanation xp_size.

As it turns out (Ordyniak et al. 2024) excluded tractabil-
ity results for all combinations of parameters apart from
mnl_size, terms_elem, and xp_size and we show that surpris-
ingly all tractability results given in the deterministic setting
carry over to the probabilistic setting. In particular, we show
that:

(1) DT-Xy is FPT parameterized by mnl_size for all X € {
LAXP, GAXP, GCXP}and Y € {P,O}.

(2) DS-Xy and DL-Xy are FPT parameterized by
terms_elem for all X € { LAXP, GAXP, GCXP} and
Y e {P,0O}.

(3) DT-Xy is XP parameterized by xp_size for all X € {
LAXP, GAXP, GCXP}and Y € {P,O}.

However, the techniques employed to obtain our main results
(1) and (2) are very different from the techniques employed
for the deterministic setting. In particular, (Ordyniak et al.
2024) used an algorithmic meta theorem that does not cover
the counting required in the probabilistic setting. We pro-
vide a constructive and unified algorithm for all considered



problems that additionally largely improves upon the run-
times obtained in (Ordyniak et al. 2024) for the deterministic
setting.

5 Algorithmic Results

Here we show our algorithmic results. That is, we show
that DT- Xy is fixed-parameter tractable parameterized by
mnl_size and that DS- Xy and DL- Xy are fixed-parameter
tractable parameterized by terms_elem for every X &
{LAXP, GAXP, GCXP} and Y € {P, O}. Indeed, we pro-
vide a general framework that provides a unified algorithm
for all the considered models and explanation types in the
probabilistic and outlier setting. To achieve this, we develop
the concept of a featuristic function Hy(e) that captures the
relevant properties of the different model types in a unified
manner. Informally, the featuristic function provides a com-
pact representation of the model tailor-made for answering
explanation queries and we show that given a model M of
any of the considered types M € {DT, DL, DS} and a clas-
sification ¢, we can efficiently compute a featuristic function
Hr(e) that for every partial example e returns the number of
examples e’ that agree with e such that M (e’) = c.

By analyzing the properties of the featuristic function
(in Lemmas 5.7 and 5.8), we reduce the number of partial
examples required to compute the maximum value of Hr
over all partial examples of a given size. To achieve this, we
use the fact that Hy is defined on a small set 1" of terms
and features that occur in the same manner in all those terms
can be treated almost uniformly for the analysis of H7. This
allows us to analyse only a bounded number of feature types,
i.e., two features have the same type if they occur in the same
manner in all terms of 7". We then show that we only need to
consider partial examples that behave almost uniformly with
respect to almost all feature types. Finally, in Theorems 5.11
and 5.12 we carefully define the maximization problems for
Hr that allow us to solve all of the considered explanation
types both in the probabilistic and in the outlier setting.

We start by introducing some required notation as well as
featuristic functions. Let ¢ be a term over a set I of features
and let e be a partial example over F'. We denote by A(t, e)
the number of all examples over F’ that agree with e and .
Then, A(t,e) is given by setting A(t,e) = 0if ¢ and e are
contradictory and otherwise A(t, e) = 2/FI=IF()VF 1) We
start with some simple observations.

Observation 5.1. Ler f € F, d € {0,1}, t be a term, e be a
partial example over F'\ {f}, and let e* be the partial exam-
ple obtained from e after assigning f to d. Then: A(t,e™) =
A(t.e)/2, At U {(f,d)},e™) = A(t U {(f,d)},e), and
A(t U {(fa 1- d)}> €+) =0.

For the remainder of this section let 7" be a set of terms
over a set F of features. We denote by P(T') the set of all non-
contradictory terms obtained from the union of any subset of
T,ie,P(T)={UT'|T" CTAIUT|=|FUT}
Note that () € P(T) and |P(T)| < 2!71.

We say that two features f; and f, in F' are equivalent
w.rt. T, denoted by f; ~7 fo, if for every term t € T, it
holds that ¢ contains a literal (f1, b) if and only if ¢ contains

the literal (f2, b) for every b € {0, 1}. Then, ~ is an equiv-
alence relation on the set F' and we denote by F...,. the set of
equivalence classes of ~p. For a partial exampe e and two
distinct features f and f’, we denote by Sy, s/ (e) the partial
example obtained from e after switching the assignments of
fand f’, i.e., the example assigns f to e(f’) and f’ to e(f).
Informally, the following lemma shows that features of the
same type behave in the same manner for our purposes.

Lemma 5.2 (x). Let T be a set of terms over F, let f and f'

be two features with f ~7 f', and let e be a partial example.
Then, A(UT',e) = A(UT", Sy,f(e)) for every T C T.

We say that Hr : Ep(F) — Z, where Ep(F) is the set
of all partial examples over F', is a featuristic function if it is
defined as a weighted sum:

Hp(e) = > he AT e),

T'CT

where hps € Z and hp can be represented by at most O(| F)
bits for every 7" C T and serves as the coefficient associated
with A(JT", e).

The following lemma now shows that we can compactly
represent a model M of any of the considered types together
with a classification ¢ in terms of a featuristic function Hr(e)
that for every partial example e returns the number of exam-
ples ¢’ that agree with e such that M (e’) = c.

Lemma 5.3 (). Let M € {DT,DS,DL}, letc € {0, 1}, and
let M be a M over a set F of features. Then, there is a set of
terms T over F and a set { hy» € Z | T' C T } of coefficients
such that the function Hr(e) = Y r.cqr hr A(UT', €) re-
turns the number of examples over F that agree with e and
are classified by M as c. Moreover, |T| < MNL(M) and
|P(T)| < MNL(M) if M = DT and otherwise |T| < s,
where s is the number of terms or rules in the DS or DL,
respectively. Finally, Hr, i.e., the set T together with the set
{hp | T" C T A hr # 0} of non-zero coefficients, can
be computed in time O(MNL(M)) if M = DT and in time
O(2%) otherwise.

Proof Sketch. We start by showing the lemma for the case
that M = DT. Therefore, let D = (D, \) be a DT over
F and without loss of generality assume that MNL(D) =
|Lo(D)|. We start by setting T = {a, |l € Lo(D) } and
then we distinguish two cases dependending on c.

If ¢ = 0, then forevery 77 C T, we set hpy = 1if |T'| = 1
and hy = 0 otherwise. Then, Hr(e) = >, A(t, e) and
we claim that Hyp(e) satisfies the claim of the lemma. We
first show that Hr(e) is equal to the number of examples
€’ that agree with e and satisfy D(e’) = ¢ = 0. First note
that for every | € Lo(D), A(aly, e) is equal to the number
of examples that agree with e and end up in the leaf  of D.
Moreover, since D is a DT every example ends up in exactly
one leaf of D and therefore 37, (p A(aky, e) = Hy(e) is
equal to the number of examples that agree with e and end
up in some leaf in Lo (D). Since Lo(D) are the only leaves
with label 0 in D, this completes the proof of the claim.

If ¢ = 1, then for every T/ C T, we set hyr = 1 if
T' =0, hy = —1if |T'| = 1 and hq = 0 otherwise. Then,
Hr(e) = A(0,e) — >, cr Alt, e) and we claim that Hr(e)



satisfies the claim of the lemma, the proof of which can be
found in the appendix.

Next, we show the lemma for the case that M = DS.
Therefore, let S = (.9, b) be a DS over F and without loss of
generality assume that b = 0. We set T = .S, moreover we
again distinguish two cases depending on c.

First consider the case that ¢ = 1 # b. Then, for ev-
ery T" C T, weset hyr = 0if T" = 0, hyr = 1if [T
is odd, and hpr = —1 if |T'| is even. Then, Hp(e) =
Z(b;ﬁT/gT(*l)lT,HlA(U T’ e). Let S(t,e) denote the set
of all examples that agree with ¢ and e; note that |S(t,e)| =
At,e). Then, Hr(€) = g pcp(=D)THSUT )]
and therefore we obtain from the inclusion-exclusion princi-
ple that Hr(e) = [U,cp S(t, e)|. Therefore, Hr(e) is equal
to the number of all examples that agree with e and also agree
with some term in T' = .S, which show that Hr(e) calculates
the correct thing. The case that ¢ = 0 = b is analogously and
can be found in the appendix.

Finally, the proof for DLs is largely based on the function
HP5(e) that we constructed above for a DS (5,0) in the
case that ¢ = 1. That is, H23(e) is equal to the number of
examples over F' that agree with e and also agree with at least
one term in S. The crucial observation is then that Hr(e)

fora DL (ry = (t1,¢1),...,7¢ = (tg,¢¢)) can be given as
Hry(e) = Xicpne—c(HES (€)—HPZ _ (€)), where T<; =
{t1,...,t;}. O

Let e be a partial example over F'. For the remainder of
this section let F be any refinement of F..,.. Moreover, let
Y& o (F x {0,1}) — [|F|]o be the function that for each
F’' € Fand d € {0,1}) returns the number of features in
F’ that are assigned to d by e, where [n] = {1,2,...,n}
and [n]op = [n] U {0} for a natural number n. Note that 5.
provides a compact representation of a partial example that
is sufficient for our purposes since it preserves the value of
Hp, which is shown by the following lemma.

Lemma 5.4 (x). Let T be a set of terms over a set of features
F, let Hy : Ep(F) — Z be a featuristic function, and let
F be any refinement of F..,.. Then, for every two partial

examples e and e’ over F' with % = w;i, it holds that
HT(E) = HT(GI).

We say that a function ¢ : F x {0,1} — [|F|]o is realiz-
able (via an example e) if there is a partial example e over
F' such that ¢ = 9%. The following observation provides
conditions that allow us to assume realizability.

Observation 5.5. Let T be a set of terms over a set F' of
features, let F be any refinement of F..., let e be a partial
example over F, and let ) : (F x {0,1}) — [|F|]o such that
1) < %. Then, 1) is realizable via an example e’ C e.

Let e be an example over F. We denote by U(F, e) the
set of all functions ¢ € (F x {0,1}) — [|F|]o such that
Y(F',d) € {0,h(F’,d)} forevery F' € Fandd € {0,1},
where he(F',d) = |{f : f € F' Ae(f) = d}|. Informally,
the functions in ¥(F, e) represent partial examples that as-
sign all features of the same type in the same manner. Note
that | ¥ (F, e)| < 471 and for each ¢ € W(F,e), 1 < ¢%.

Let ¢ and ¢’ be two functions from (F x {0, 1}) to [|F|]o.
We say that ¢ < 1y if Y(F',d) < o'(F’,d) for every
F' € Fandd € {0,1}. We say that ¢p <! o’ if op < ¢/
and additionally there is at most one pair (F’,d') with
F' € Fandd € {0,1} such that (F’,d) # ¢'(F’,d). Let
PAIRS (W) be the set of all pairs (¢, %") such that ¢, ¢’ € ¥
and v <! ¢ for a set ¥ of functions (F x {0,1}) to [| F|]o.
As we will see later PAIRS allows us to model partial exam-
ples that behave non-uniformly with respect to feature types
for at most one such type. Note that |PAIRS(U(F,e))| <
2|F| - 41,

Informally, the following lemma shows that if we want
to find an optimal local explanation for a given example e
of a certain size (given by |e’|), then it sufficies to only con-
sider examples e, that are incomplete for at most one feature
type assignment (F”,d) € F x {0,1}, ie., v (F',d) ¢
{0,¥%(F’,d)}. It is important to note that the lemma only
applies for the case that the thought-for partial example does
not contradict any term in 7°, but it provides a crucial step
towards showing the general case in Lemma 5.7.

Lemma 5.6. Let T be a set of terms over a set F' of features,
let F be any refinement of F..,., let e be an example over
F, let Hy be a featuristic function, and let €’ C e such that
e’ does not contradict any term in T. Then, there is a pair
(v, ") € PAIRS(Y(F,e)) and a partial example " C e
of size |€’| that is not contradictory with any term in T such

that: ¢ < 1/)‘}“ <" and Hr(e') < Hr(e").

Proof. We say that a pair (F',d) € F x {0,1} is bad
for ¢ if v (F',d) ¢ {0,h¢(F’,d)}. First note that if
there is at most one bad pair (F”,d) for 1, then the pair
(,9") € PAIRS(¥(F,e)), where 9 (1') is obtained from
wjrl after changing the value for (F’,d) to 0 (h¢(F”’,d)), to-
gether with the example ¢’/ = ¢’ satisfy the claim of the
lemma. Therefore, our strategy will be to iteratively change
€’ such as to decrease the number of bad pairs to one.

Intuitively, we construct two partial examples, e; and es,
from ¢’ by modifying the value for two bad pairs. We then
show that at least one of these examples, e; or es, is not
worse than €, i.e., Hr(e') < Hr(ey) or Hr(e') < Hr(eq),
allowing us to replace e’ with the better alternative. Moreover,
if Hy(e') < Hr(ey), then it holds that Hr(e1) < Hr(e?),
where e7 is obtained from e; in the same manner as e; is
obtained from e’. Therefore, we can repeat this operation until
we remove one of these bad pairs. This process is repeated
iteratively until only one bad pair remains.

Let (F1,dy) and (F»,ds) be two distinct bad pairs for
wjfl. Then there are f1, f{ € Fy and fa, f} € F5, such that
€(f1) = di, €'(f2) = da 1, f5 ¢ F(€), e(f1) = d and
e(f4) = da. Let ey be the partial example obtained from e’
by replacing the assignment fo = ds with the assignment
fi = dy. Note that e; C e, because ¢/ C e and e(f]) = dj.
Let 7; be the subset of P(T) containing all terms that include
features from Fj. Because f; ~r fi, ¢/(f1) = d1, and €’
does not contradict any term from 7' (and therefore from
P(T)), we obtain that also e; does not contradict any term
from P(T’). Similarly, we define e, as the partial example
obtained from e’ by replacing the assignment f; = d; with



the assignment f} = do and T3 to be the subset of P(T)
containing all terms that include features from F5. Then, also
e does not contradict any term from P (7).

From Observation 5.1 and Lemma 5.2, we obtain that for
every t € Ty \ T, it holds that: A(t,e) = A(t,e1)/2 =
2A(t, e2). Intuitively, adding the assignment of features from
F1 or Fy affects only terms not containing those features,
and Observation 5.1 explains how A(¢, e) behaves when ex-
changing equivalent features with respect to 7T". Similarly, for
every t € T/ with T/ = (7, N T3) U (P(T) \ (T: U T3)), it
holds that A(t,e) = A(t,e1) = A(t,e2). For T C PT,
let HT(¢") = Spucraygoer o AT, ¢”). Then,
Hp(e") = HE' (") + HI\(e") + H*\" (") for any
partial example e over F. Since H. (¢/) = H}. (e1) =
HT (e2), H{ ' (¢/) = 3H7 ™ (1) = 2HT ™ (e), and
H;E\Tl(e’) = 2H77}\ﬂ(€1) = %H?\Tl (e2), we obtain

that if H\?(¢/) > H\T(¢/), then Hy(ey) > Hy(e')
and otherwise Hr(e3) > Hr(e'). Moreover, if Hr(e;) >
Hr(e'), then e; is a partial example with |e;| = |e’| that does
not contradict any term in P(T") such that Hr(e;) > Hr(e).
Therefore, if we replace ¢’ with e and continue the same pro-
cess (for the bad pairs (F,dy) and (F3, d2)) until one of the
bad pairs (F, dy) or (F», dy) disappears, we obtain a partial
example e,, where the number of bad pairs for )% is strictly
smaller than the number of bad pairs for ¢ef/. We can then
continue this process for a new pair of bad pairs for )% until
we are left with an example €/, that has only one bad pair for

¢ . Finally, because e1, e5 C e, also €, C e. O

Our next aim is to generalize Lemma 5.6 to find optimal
partial examples that can contradict terms in 7. Intuitively,
the price for this additional generality is that we have to
consider examples e,, where ¢ (F’, d) is allowed to be 1
for at most |T'| feature type assignments (F’, d) € F x{0,1}.

Let e be an example over F'. We denote by W (F, e) the
set of all functions ¢ € (F x {0,1}) — [|F]o such that
there is P C F x {0, 1} with |P| < |T satisfying:

e (F',d) = min(1, h*(F’,d)), for every (F’,d) € P and
o Y(F',d) € {0,h¢(F’',d)}, for every (F',d) € (F x
{0, 1)\ P.
Note that |V (F,e)] < (2|F)IT14 7T and
IPAIRS(T, (F,e))| < 2(2|F|)TIH14171) because for
every ¢ € W, (F,e), there exists at most 4|F| of
€ Wy (F,e)\ {1} such thatyp <! .

The following lemma now already bounds the number of
partial examples one has to consider when looking for a local
explanation. The main difference to Lemma 5.6 is that we
have to deal with terms that are contradicted by the partial
example ¢’. We therefore first analyse the behaviour of ¢’
with respect to terms contradicted by it and then reduce the
remaining case to Lemma 5.6.

Lemma 5.7 (x). Let T be a set of terms over a set F' of
features, let F be any refinement of F..,., let e be an example

over F, let Hy be a featuristic function, and let ¢/ C e. Then
there is a pair (¥,¢') € PAIRS(V(F,e)) and a partial

example e C e of size |€'| such that: ¢ < @[15_1/ < ' and
Hr(e') < Hp(e").

Our next aim is to obtain an equivalent of Lemma 5.7
for global explanations. In particular, the next lemma allows
us to bound the number of partial examples that we need to
consider for finding an optimal global explanation. In essence,
we have to allow at most |T'| feature types that are assigned
both positively and negatively. However, for those feature
types we can assume that there is only one negatively or only
one positively assigned feature.

We denote by W, (F) the set of all functions ¢ €
(F x {0,1}) — [|F|]o such that there is an F' C F
with |F’| < |T| such that for each F' € F', |F'| > 1
and ((F',0), ¢ (F", 1)) € {(0,1),(1,0), (1,1), (L, [F"] -
1),(JF'| = 1,1)}; and for each F/ € F \ F
(W(F,0), 6(F", 1)) € {(0,0),(0, |F"]), (|F"],0)}. Note
that |W(F)| < (5|F))TI37 and |PAIRS(¥, (F))| <
(5| F)IT 113171, because for every ¢’ € W (F), there exists
at most 5| F| of ¢ € W, (F) \ {¢'} such that ¢p <! 2.

Lemma 5.8 (x). Let T be a set of terms over a set F' of fea-
tures, let F be any refinement of F ..., let H be a featuristic
function, and let €' be a partial example over F. Then, there is

apair (Y,v") € PAIRS(V . (F)) and a partial example e
of size |€'| such that: ) < w;ﬁl <" and Hr(e') < Hp(e").

Previously, we have shown that to find an optimal
explanation, it suffices to consider boundely many ex-
amples e’ bounded by pairs (¢,%’) of functions from
PAIRS(¥ . (F,e)) (in the case of local explanations) or func-
tions form PAIRS(¥ . (F)) (in the case of global explana-
tions). The following lemma now shows that given such a
pair (¢, "), we can find an optimal explanation bounded by
it. We show that this can be achieved rather efficiently having
the same time complexity required to compute Hp for one
example. Importantly, stating the optimization task using the
numbers 1 and t5 allow us solve both the probabilitic and
the outlier version of the explanation problems. In particular,
the probabilitic case is solved by setting £ = 0 and to = v
and the outlier case is solved by setting t; = —d and t3 = 1.

Lemma 5.9. Let T be a set of terms over a set I of fea-
tures, let F be a refinement of F..,., let Hr be a featuristic
function, let t; and to be two rationals, and let v and '
be two realizable functions from F x {0,1} to [|F|]o such
that v <1 4. Then, in time O(|P(T)| - | F|), we can find a
smallest possible partial example e such that 1 < 5 <1/
and Hr(e) > t; + t221F1=1el o output correctly that no
such example exists.

Proof. Let (F',d) € F x {0,1} be the unique pair such
that ¢ (F’,d) < ¢'(F’,d) andlet A = o' (F',d) — ¢ (F’, d).
Let eq be a partial example such that LZJ? = 1), which exists
since v is realizable. If Hr(eg) > t1 + to2lFl=leol  then
we return eg. Otherwise, for every ¢ € [A], let e; be any
example obtained from e;_; by assigning a feature from F’,
which is not yet assigned by e;_1, with value d. Note that
¢ < Y% <4 and[e;] = |eg| +i.

From Observation 5.1, Lemma 5.2 and the fact that

2 (F',d) > 0, we obtain the following for every i € [A—1]



andt € P(T):if F' N F(t) # 0, then A(t,e;) = A(t, €i41),
and otherwise A(t,e;) = 2A(t, e;41). Let

a= Z hT/A(U T en)

T'CTAF'NF(JT')#D

-y
T'CTAF'NF(JT)=0
then, for every i € [A], we have that Hr(e;) = a+b247".
Note that we can compute a,b and ¢ in O(2/T! - | F|), because
every term hp A(|JT",e) can be represented by at most
O(|F)) bits.
Then, Hr(e;) > t1 + to21FI=leil if and only if a +
b2¢7% >t + ty2lF1=-leol=i and solving this inequality for

t22\F\*\50I_b26
(aftl)

)] is the smallest ¢ that satisfies the orig-

hp AT en)

i, we obtain ¢ > [log,( )], which implies that

to 2l Fl=leol _poe
ﬂogz(w

inal inequality and we can compute this number in O(|F).
If i € [A], we return e; and otherwise we return that no such
example exists; this is correct due to Lemma 5.4. O

The next lemma now puts everything together and provides
our algorithms to compute partial examples optimizing Hr
for local explanations (the first case with given example e)
and for global explanations.

Lemma 5.10 (x). Let T be a set of terms over a set F of
features, let Hr be a featuristic function, let t1 and to be two
rationals, and let e be an example.

In 06|71 . 3ITF° E |P(T)| - |F|) time, we can find
the smallest partial example €' C e that satisfies

Hrp(e') >ty +t2 ol FI=le]

or output that such an example does not exist.
. 2 |T| .
Moreover, in O(15171. 31T 2370 |P(T)| - | F|) time, we
can find the smallest partial example €' (without the restric-
tion of being a subset of e) that satisfies the above equation
or output that such an example does not exist.

Proof Sketch. First we compute F = F.,., in O(|T| - |F|)
time. Then, for every (¢, ¢') € PAIRS(V_(F,¢e)), we apply
Lemma 5.9 to potentially obtain a partial example ¢’ that we
will keep. If no such partial example is found, we return that
no example exists. Otherwise, let €’ be a partial example with
the smallest size among all those kept. It could be that ¢’ Z e,
but we know that 15 < 1% because of the construction of
U, (F,e). Therefore, we use Observation 5.5 to return the
solution.

Note that | F| < 371, and we have at most 2(2|F|)/TI+1 .
22171 pairs to check from PAIRS(W | (F, e)). Checking one
pair requires O(|P(T)| - | F|) time. Thus, the complexity of
this algorithm is O((2|F|)/T1+1 . 2271 | P(T)| - |F| + |T| -
IF|) = 0671 - 3171 . 43" . |P(T)| - | F|). The correctness
proof together with the proof for global explanations can be
found in the appendix. O

Finally, we obtain our algorithmic results for all considered
models and explanation types in the following two theorem
that make use of Lemmas 5.3 and 5.10.

Theorem 5.11. Let X € {LAXP, GAXP, GCXP} and
Y € {P,0}. Then, DT-Xy is fixed-parameter tractable
parameterized by mnl_size.

Proof. Let A be the given DT defined over a set of features
F and let k = MNL(.A). Moreover, if Y = P, then let -y be
the given threshold and set ;1 = 0 and 5 = ~. Otherwise,
let 0 be the given bound on the number of outliers, and set
t1 = —6 and to = 1.

If X =LAXP, let e be the given example and let ¢/ =
Al(e), otherwise let ¢ be the given classification and set ¢’ = ¢
if X =GAXP, and ¢ =1 — cif X =GCXP. Let T be the
set of terms and let Hy be the featuristic function obtained
from Lemma 5.3 for A and ¢ = ¢’ in time O(k).

Note that |T'|,|P(T)| < k. If X =LAXP, then we return
the partial example ¢’ that is obtained from Lemma 5.10 for ¢,
and 5 as defined above and e; note that ¢’ always exists since
e/ = e satisfies the conditions of Lemma 5.10. Moreover,
this step takes time O(6/71 - 3171 . FER |P(T)| - |F|) =
O(6F - 38" . 43" . k - |F|), which also equals the overall
complexity for this case.

Otherwise, i.e., if X € {GAXP, GCXP}, then we return
the partial example ¢’ that is obtained from Lemma 5.10
(without restriction over ¢e) for ¢, and ¢5 as defined above;
note that ¢’ exists as long as there is an example that is
classified ¢’ by A. Moreover, this step takes time O(15!71 -
31717281 p(T)| - |F|) = O(15% -3+ . 28" . k| F|), which
also equals to overall complexity for this case. O

The proof of the following theorem now follows along
very similar lines as the proof of Theorem 5.11.

Theorem 5.12 (x). Let M € {DS,DL}, let X € {LAXP,
GAXP, GCXP}, and Y € {P,0}. Then, M-Xy is fixed-
parameter tractable parameterized by terms_elem.

Finally, we show that all considered problems are solvable
in polynomial-time for DTs if the size of the explanation is
constant.

Theorem 5.13 (x). Let X € {LAXP, GAXP, GCXP}
andY € {P,O}. Then, DT-Xy is in XP parameterized by
Xp_size.

6 Conclusion

We have pioneered the study of the parameterized complex-
ity of computing probabilistic explanations and obtained a
comprehensive picture for the fundamental models of DTs,
DSs, and DLs. Our unified algorithmic framework, based
on featuristic functions, provides efficient methods for com-
puting both local and global probabilistic explanations when
parameterized by natural structural properties.

While our results provide a complete picture for DTs, DSs,
and DLs, we believe that the study of the probabilistic set-
ting is still in its infancy and there remain many promising
directions for future work. In particular, can the algorithmic
results obtained in Ordyniak et al. (2024) for (Ordered) Bi-
nary Decision Diagrams (OBDD) as well as ensembles of
DTs, DSs, DLs, and OBDDs be lifted to the probabilistic
setting? Is it possible to furher improve the runtime of our
algorithms to, e.g., single-exponential time?
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