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al. 1986; Lin and Hong 2020), the production process of 
many DMUs can be broken down into at least two stages. 
The first stage produces intermediate outputs which are 
used to produce final outputs in the second stage (Fig. 1).1

Infrastructure industries provide many examples of 
multi-stage production processes. These are often subject to 
economic regulation which in turn involves using frontier 
analysis to assess the scope for efficiency savings. Infra-
structure managers will undertake some maintenance and 
reconstruction of the infrastructure (intermediate outputs) 
to improve assets’ quality (final outputs). Thus, the firm 
needs to transform inputs into intermediate outputs in an 
efficient manner but also choose and target the intermedi-
ate outputs to maximize final outputs. For example, the pro-
duction process of highway managers who are responsible 

1  We recognize that “multi-stages” could be interpreted differently in 
the literature. In this paper, multi-stages are related to two key deci-
sions of DMUs on how they produce outputs. The first is how to 
produce intermediate output and the second is how intermediate out-
put is transferred into final output. Thus, it does not imply time-lags 
between production stages, i.e. the production of intermediate goods 
and final goods could be a simultaneous process.

1  Introduction

Frontier analysis is commonly used to evaluate performance 
of decision making units (DMUs). It implicitly assumes that 
the production process of DMUs can be represented as a 
single-stage in which inputs are directly transformed to final 
outputs and there is no need to consider the role of inter-
mediate outputs involved in the production process. This 
approach has the drawback that it provides limited insight 
into the performance of DMUs which produce and use inter-
mediate outputs, and reveals nothing of the extent to which 
the overall inefficiency of the DMU consists of inefficiency 
in the production or in the later use of these (potentially 
endogenous) intermediate outputs. As discussed in several 
received papers in the efficiency literature (e.g. Charnes et 
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for maintaining the usability of roads can be seen as a two-
stage process. In the first stage, Local Highway Authorities 
(LHAs) implement treatments such as overlaying, resurfac-
ing and patching to produce an intermediate output (treated 
road kilometers). These treatments can be procured in dif-
fering ways, yielding different efficiency outcomes even at 
this intermediate stage. In the second stage, the intermediate 
output contributes to improvements in overall road condi-
tion, which serves as the final output.2 Any inappropriate 
choice in treatment types and locations receiving treatment 
is likely to cause inefficiency in the second stage.

Motivated by the need to measure efficiency of DMUs 
at stages (stage efficiency from now on), several authors 
have attempted to modify conventional efficiency models 
of Data Envelopment Analysis (DEA) toward the multi-
stage approach, Network DEA (Chiou et al. 2010). The 
simplest Network DEA is independent DEA that applies 
conventional DEA to each stage in an isolated manner. The 
literature has expanded to more holistic analysis such as 
relational DEA which considers dependence between stages 
and allows estimation of stage efficiency along with overall 
efficiency. Despite the growth of DEA in this matter, there 
is a lack of attention to Network SFA (Peyrache and Silva, 
2022). To the best of the authors’ knowledge, only Huang 
et al. (2017, 2018) sought to develop an economic model 
equivalent to Network DEA, which they called copula-
based Network SFA. However, their copula-based estima-
tion is not straightforward. Thus, it might be not easy to 
implement their estimation method due to its computational 
complexity. In addition, the authors focus on predicting 
stage efficiency and do not compute overall efficiency. This 
underscores the importance of advancing Network SFA to 
bring it in line with the methodological sophistication of 
Network DEA.

This study is motivated by the potential to gain new 
insights into the efficiency of infrastructure industries where 
data on intermediate outputs are observable. Currently, such 
data are rarely incorporated in SFA yet they are critical 
for better estimating overall inefficiency and for pinpoint-
ing its source – whether inefficiency is more pronounced 
in the production of intermediate outputs, or in their trans-
formation into final outputs. To address this, we develop a 

2  The choice of road condition as a (final) output is often observed 
in the road maintenance literature such as Rouse and Chiu (2009), 
Ozbek et al. (2012) and Fallah-Fini et al. (2015), since it reflects 
the ultimate objective of maintenance activities which is to ensure 
the safety of the road network for use. Furthermore, it can be easily 
measurable via standardized metrics such as a roughness index and a 
pavement condition index.

Network SF approach that exploits the intermediate output 
data to provide a more nuanced analysis of the performance 
of DMUs.

Our Network SF model offers several advantages over 
conventional (single-stage) SF model. First, by taking 
account of the multi-stage nature of production, our model 
provides indicators of not only overall efficiency but also 
stage efficiencies. Since overall efficiency is calculated as 
an aggregate of stage efficiencies, our model avoids overes-
timating overall efficiency. Second, the model yields a more 
granular understanding of the production process by esti-
mating returns to scale at each stage that can be aggregated 
to derive the overall return to scale for the entire production 
process. Finally, the model allows incorporating different 
levels of data aggregation to assess the performance of not 
only DMUs but also their divisions.3 This property is useful 
since we often see in reality that data of costs and inputs 
are aggregated at the DMU level due to un-allocable central 
costs and shared inputs, but the data of (intermediate and 
final) outputs are available at a division level. (See Subsec-
tion 4.2. and Appendix 2 for detailed discussion).

We differentiate our paper from Huang et al. (2017, 
2018) in three aspects. First, we will build on the Network 
SF model of Huang et al. (2017, 2018) to enable evaluating 
overall efficiency (along with stage efficiency) and exploit-
ing different data aggregation. Second, we propose a dif-
ferent multi-step estimation procedure (with the authors’ 
written Stata package) which is simple to apply for prac-
titioners. Monte Carlo simulations suggest that our sim-
ple estimation method is as good as that of Huang et al. 
(2017, 2018). Finally, we specify our model under different 
assumptions of endogeneity and DMUs’ behaviors, and out-
line how our estimation method can address the endogene-
ity (if it exists). These were not addressed in Huang et al. 
(2017, 2018). To demonstrate the applicability of the model, 
we apply it to a two-stage road maintenance process of Eng-
lish LHAs. We then compare our model results with those 
of a single-stage model.

The remainder of this paper is structured as follows. Sec-
tion 2 provides a literature review on the development of 
Network DEA and Network SFA. Section 3 discusses the 
contribution of this study. Section 4 consists of two subsec-
tions. Subsection 4.1 specifies our Network SF model fol-
lowed by Subsection 4.2 discussing its benefits. Section 5 
proposes a multi-step estimation method whose soundness 
is demonstrated by Monte Carlo simulations in Section 6. 
Section 7 applies the model to evaluate the performance 

3  In this paper, “divisions” have a broad meaning. They refer to things 
by which the production process can be segmented such as different 
factories, activities, assets or regions. For instance, in our empirical 
example of road maintenance, different road types are considered as 
divisions.

Fig. 1  Simple two-stage production process (where DMUs maximize 
final outputs)
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of English LHAs in road maintenance with some reflec-
tion on what is the appropriate endogeneity and exogeneity 
assumption for regulated firms at the beginning of the sec-
tion. Section 8 concludes.

2  Literature review

DEA and SFA are both widely used to measure efficiency. 
They evaluate efficiency of a DMU as its distance from 
an efficient frontier. The main difference between the two 
approaches is that the former is a nonparametric technique 
while the latter is a parametric one. Despite their relatively 
equal popularity in the general literature in efficiency, only 
applications of DEA have been established in multi-stage 
production processes thanks to its evolution in this mat-
ter over the recent decades. The development of SFA with 
respect to this issue seems to be limited.

Motivated by the need to evaluate efficiency arising at 
each stage, several models of Network DEA have been 
developed to take account of the multi-stage nature of the 
production process. According to Halkos et al (2014), these 
models can be classified into three main categories: inde-
pendent DEA, connected DEA and relational DEA.4

Independent DEA represents each stage as a separate 
efficiency problem. It assumes that there is no connection 
between the stages and uses independent conventional DEA 
to estimate stage efficiency. Due to separate estimation, 
the approach could yield contradictory results and suggest 
conflicting strategies to improve performance (Chiou et al. 
2010). Wang et al. (1997) and Seiford and Zhu (1999) are 
the first papers using independent DEA.

Unlike independent DEA, connected and relational DEA 
take account of dependence between the stages. Thus, they 
avoid conflicting findings of independent DEA and guaran-
tee that DMUs are efficient overall only if they are efficient at 
all stages. The main difference between the two approaches 
is that the latter requires multipliers of intermediate outputs 
to be the same between two stages (so a mathematical link 
between overall efficiency and stage efficiency exists) while 
the former does not. The initial paper in Network DEA, Färe 
and Grosskopf (1996) is in the connected DEA category.

The first paper in relational DEA is Kao and Hwang 
(2008). The authors develop a multiplicative model where 
overall efficiency is a product of stage efficiency under 
constant returns to scale (CRS). Chen et al. (2009) extend 
Kao and Hwang’s model to allow variable returns to scale. 
Under this model, overall efficiency is a weighted sum of 

4  Also see Cook et al. (2010) and Kao (2014) for the literature reviews 
on Network DEA.

its stage elements (an additive model).5 It is noted that both 
models use a decomposition approach, i.e. overall efficiency 
is estimated and then decomposed to obtain stage efficiency. 
Recently, Despotis et al. (2016a, b) suggest a composition 
approach where stage efficiency is calculated first and then 
aggregated to estimate overall efficiency.

Network DEA has been developed to allow for the esti-
mation of efficiency under various network structures (See 
Kao, 2014 for detail). As a result, Network DEA has been 
applied to many industries including transport services (Yu 
and Lin 2008; Tavassoli et al. 2014; Liu 2016; Lin and Hong 
2020), insurance (Kao and Hwang 2008; Chen et al. 2009) 
and banking (Matthews 2013; Fukuyama and Matousek 
2017).

In contrast to DEA, the application of SFA to multi-stage 
production problems is relatively underdeveloped due to the 
challenges of endogeneity and computational difficulty. To 
the best of the authors’ knowledge, only Huang et al. (2017, 
2018) attempted to develop an econometric model which 
is equivalent to Network DEA to estimate stage efficiency. 
The authors focused on shared inputs between the two 
production stages of banks. In the first stage, a proportion 
of labor and capital (inputs) is used to create deposits (an 
intermediate output). The intermediate output, along with 
the rest of the inputs are then employed as inputs in the sec-
ond stage to produce loans, investments, and non-interest 
services (final outputs). The implication of a shared input 
is that the decision making in the two stages is not indepen-
dent. Thus, stochastic frontier models of the stages have to 
be jointly estimated.

Huang et al. (2017.2018) suggested using a two-step esti-
mation procedure to estimate their Network SF model. The 
first step applies a system of seemingly unrelated regres-
sions (SUR) which takes account of correlation of com-
posite errors between the regressions to simultaneously 
determine the proportional and slope parameters. The sec-
ond step employs a copula-based maximum likelihood esti-
mation (MLE) to estimate the intercepts of the regressions 
and the distributional parameters of the composite errors. 
Although the SUR estimation is relatively straightforward 
and easy to imitate by practitioners through use of existing 
estimation routines, the copula-based maximum likelihood 
estimation is not commonly available in statistical software. 
Thus, from the application perspective, it might be bene-
ficial to develop a simplified estimation method. Further-
more, as Huang et al. (2017, 2018) aimed to estimate the 
share of inputs used in each stage and stage efficiency, they 

5  In the output-oriented DEA of Chen et al. (2009), the weight is a 
share of outputs produced in each stage. In the input-oriented model, 
the weight is a share of inputs used in each stage.
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improve their performance. Furthermore, we explicitly 
show how overall inefficiency can be calculated by aggre-
gating stage inefficiencies.

Secondly, for the estimation method, we will propose a 
relatively simple multi-step procedure which can be applied 
by practitioners. In the first step, we will yield estimates of 
slope parameters using SUR or three-stage least squares 
(3SLS), dependent on model specification. We will simplify 
the second estimation step of Huang et al. (2017, 2018) by 
using the method of moments (MM) (instead of the copula-
based maximum likelihood estimation) to calculate distribu-
tional parameters and correct intercepts. The last step is to 
gauge efficiency. Our estimation method is simpler but not 
inferior to that of Huang et al (2017, 2018).

Thirdly, to make the model applicable in various cases, 
we will specify our Network SF model under different 
assumptions about DMUs’ optimal behaviors and exogene-
ity. We will then discuss if the endogeneity appears in the 
Network model (and single-stage model) and how our esti-
mation method can deal with it. This is not considered by 
Huang et al. (2017, 2018).

4  A Network stochastic frontier model

In this section, we introduce our Network SF approach 
under different assumptions about exogeneity and DMU 
behavior outlined in sub-section 4.1. We then discuss the 
advantages of our model over the conventional single-stage 
SFA in sub-section 4.2.

4.1  Model specification

Departing from the single-stage SF model, our Network SF 
model is a system of equations, each of which represents the 
production process of a particular stage of a production pro-
cess.9 Thus, stage-specific inefficiency, represented in the 
model as the non-negative error component of the equation 
relating to a particular stage of production, can be estimated. 
Overall inefficiency is then gauged by aggregating stage-
specific inefficiencies. Thus, our model is comparable to the 
composition approach of Network DEA in this respect.

In the case of constant returns to scale at all stages of 
production, the overall inefficiency term is simply a sum of 
stage-specific inefficiency terms. However, this is not the 
case more generally, as we show below. For instance, in the 
case of exogenous final output (case 1), overall inefficiency 
is the first-stage inefficiency term plus the second-stage 
inefficiency term scaled by the intermediate output elasticity 

9  If the model is extended to exploit different data aggregation, one 
stage can be represented by multi equations (see subsection 3.2 and 
Appendix 2 for details).

neglected to measure overall efficiency nor discussed endo-
geneity in Network SFA (and in single-stage SFA).6

Before Huang et al. (2017, 2018), several papers 
attempted to use independent SFA to distinguish efficiency 
between stages. For example, Lan and Lin (2006) and 
Sjögren and Söderberg (2011) employed independent SFA 
to assess stage efficiency of railways and airline carriers. 
Similar to independent DEA, independent SFA fails to take 
account of the inter-stage dependence. This failure may lead 
to biased estimates of efficiency (Lai and Huang, 2013).7 
Furthermore, it reduces precision associated with the param-
eter estimates (Amsler et al. 2014). Like Huang et al. (2017, 
2018), the papers neither measured overall efficiency using 
Network SFA nor discussed endogeneity.8

3  Contribution

Given the limited literature exploring this important prob-
lem in SFA, both in terms of model formulation and estima-
tion method, we aim to build Network SF model that can 
be specified under different assumptions of exogeneity and 
DMUs’ behaviors, and propose an estimator that seamlessly 
handles endogeneity while maintaining empirical tractabil-
ity. The estimation method is deliberately simplified and an 
author written Stata package is provided with the aim of 
promoting further applications.

We distinguish our paper from Huang et al. (2017, 2018) 
in three main respects.

Firstly, we focus on providing measures of overall effi-
ciency and different aggregations of data at different stages, 
rather than incorporating shared inputs across stages (which 
is not relevant in our framework). Our Network SF model 
allows aggregated data to be used in one stage but more 
disaggregated data in the other stage (See Subsection 3.2 
and Appendix 2 for details). Therefore, the model better uti-
lizes the available data, especially in the case of the road 
maintenance dataset to analyze performance at a DMU level 
and a division level (where possible). Hence this is expected 
to provide clear strategies on how inefficient DMUs can 

6  The authors did estimate efficiency of a single stage of production 
process where banks either use all labour and capital to produce 
deposit or use labour, capital and deposit to produce final outputs 
- loans, investments, and non-interest services. But they did not esti-
mate overall efficiency using their Network SFA.

7  Using a Monte Carlo simulation, Lai and Huang (2013) show that 
the estimates of variance of inefficiency and noise (i.e. σ̂2

u and σ̂2
v) are 

much more biased if the dependence in the composite errors between 
equations of the system is not considered. As these biased variance 
estimates are used to predict efficiency, it distorts the results.

8  Similar to Huang et al, (2017, 2018), Sjögren and Söderberg (2011) 
measured overall efficiency using single-stage SFA (not Network 
SFA).
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given a target final output, DMUs try to minimize interme-
diate output (in the second stage). They then minimize input 
in the first stage (given the intermediate output determined 
in the second stage). The model implies that DMUs know 
the amount of intermediate output needed to produce the 
target final output in the second stage.

Our Network SF model is a system of two equations 
specified as14

Stage 1:

ln (xi) = α1 + β1ln (zi) + u1i + v1i� (1)

Stage 2:

ln (zi) = α2 + β2ln (yi) + u2i + v2i� (2)

Where i denotes the specific DMU, x is the input, y is the 
final output, z is the intermediate output, u1 and u2 are inef-
ficiency, v1 and v2 are error terms in the first and second 
stages respectively, the composite errors ε1 = u1 + v1 and 
ε2 = u2 + v2 are assumed to be correlated due to the depen-
dency between the stages.

The equivalent conventional single-stage SF model (the 
reduced form of this system) is an input-oriented SF model 
created by substituting ln (zi) in Eq. (1) with the right hand 
side of Eq. (2). The input-oriented single-stage SF model is

ln (xi) = (α1 + α2β1)
+β1β2ln (yi) + (u1i + β1u2i) + (v1i + β1v2i) � (3)

Thus, (input-oriented) overall efficiency is

Exp(−ui) = Exp (− (u1i + β1u2i))� (4)

Case 2: The input is exogenous (the intermediate and 
final output are endogenous). We also assume that output-
oriented efficiency is pursued in both stages; i.e. given fixed 
inputs, DMUs try to maximize intermediate output in the 
first stage, then maximize final output in the second stage.15

The Network SF model is a system of two equations 
specified as

methods. However, for more complex models such as a system of non-
homogeneous production functions, different estimation method is 
likely to be required if a different orientation of efficiency is assumed. 
See Kumbhakar and Tsionas (2006) for detail discussion.
14  Note that (the log of) the intermediate outputs are in a linear form 
in both stage equations, so that overall efficiency is a function of stage 
efficiency and the scale – beta; no other variables impact overall effi-
ciency. This holds for all the three cases.
15  An example of output orientation is when DMUs attempt to maxi-
mize their profit given their fixed inputs in the first stage and then 
maximize their market value in the second stage.

from the first stage, represented in Eq. (4). Therefore, unless 
constant returns to scale exist in the first stage, overall effi-
ciency is not the product of stage-specific efficiencies. Since 
our model allows unequal contribution of stage efficiency 
to overall efficiency (through a scale factor), our model is 
more in line with Network DEA of Chen et al (2009) rather 
than that of Kao and Hwang (2008).

In the interest of simplicity, but without loss of general-
ity, we start with an assumption of a two-stage production 
process with only one input, one intermediate output and 
one final output.10 We also assume that there are no shared 
inputs between the two stages, i.e. all inputs are used in the 
first stage and no inputs (rather than intermediate output) are 
involved in the second stage.11 This is reasonable where we 
conceptualize intermediate outputs as treatments to infra-
structure yielding higher or lower quality of infrastructure 
(final output). Although there are no shared inputs between 
the stages, the two stages are still dependent due to the pres-
ence of intermediate output at both stages (i.e. intermediate 
output is an output of the first stage but an input to the sec-
ond stage). It is especially true for our empirical example 
of road maintenance where the two stages are a simultane-
ous process, thus the choice of treatment types and locations 
receiving treatments for example impact efficiency of both 
stages. This implies the dependency between the composite 
errors of the stages in our models.

We now specify our Network SF model under two con-
ventional assumptions about DMUs’ objective functions, 
but re-stated them for the multi-stage production process 
with the presence of intermediate outputs.12 In addition to 
these established assumptions, we introduce a third case: the 
intermediate output is exogenous while the input and final 
output are endogenous. This assumption has not been con-
sidered under the single-stage production framework. Our 
model specification and the challenges in estimating overall 
efficiency in this case are discussed in Appendix 1.

Case 1: Final output is exogenous (input and intermedi-
ate output are endogenous). We make an additional assump-
tion about the orientation of efficiency that DMUs pursue 
input-oriented efficiency at both stages.13 This means that 

10  The model can be extended to a J-stage production process. See 
Appendix 3 for details.
11  This assumption makes our model depart from that of Huang et al. 
(2017, 2018). It can be relaxed to allow additional independent inputs 
appearing in the second stage for cases 2 and 3.
12  We decide not to combine the first two (conventional) assumptions 
to make the paper easier to follow as the model specification and the 
formula to calculate overall efficiency can be expressed explicitly for 
each case.
13  For the equation systems specified in Eqs. (1) – (2) and Eqs. (5) – 
(6) input-oriented efficiency can be derived from output-oriented effi-
ciency and vice versa. Thus the assumptions about the orientation of 
efficiency can be changed without significant impact on the estimation 
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Providing that no single variance term dominates the sum, 
the numerator grows roughly linearly with J, while the 
denominator scales as J 3

2 . As a result, the skewness decays 
at a rate proportional to J− 1

2  (it is easiest to see this if we 
assume the error terms are identically distributed across 
equations), attenuating toward zero as the number of equa-
tions increases. Since identification of the inefficiency 
term in many SF specifications hinges on the skewness of 
the model residuals, this attenuation will tend to lead to 
underestimation of overall inefficiency, and increase the 
frequency of ‘wrong skewness’ problems. Estimating the 
structural equations, on the other hand, preserves the stron-
ger skewness signal from each individual composed error, 
aiding identification. The overestimated overall efficiency 
of the single-stage SFA is found in our empirical example 
in Section 7.16

Furthermore, the single-stage approach only yields over-
all efficiency as a result of ignoring the multi-stage nature 
of the production. Although it is a good proxy for DMUs’ 
performance, overall efficiency provides little information 
on how the performance can be improved since it does not 
reveal where inefficiency resides - whether inefficiency 
arises because of failure to procure (or deliver) intermedi-
ate outputs using the least possible inputs or costs versus 
whether sub-optimal mixes of intermediate outputs have 
been delivered to produce final outputs. The Network SF 
model addresses this issue by incorporating intermediate 
output into the model to provide insight into how DMUs 
perform in each stage - stage efficiency. This can be used to 
focus improvement efforts by the DMUs.

Second, our model provides more information about the 
production process.

By explicitly modelling the production process of each 
stage, our Network SF model provides insights into how 
inputs are transformed into intermediate outputs in the first 
stage and how final outputs is produced from these interme-
diate outputs in the second stage (i.e. economies of/returns 
to scale in each stage). This is impossible to analyze using 
the single stage model.

Finally, Network SFA allows for the incorporation of 
data at different levels of aggregation, and thus enhancing 
its applicability to diverse empirical settings.

Since the model is a system of equations we can exploit 
disaggregated data on one part of the production process 
should this be available. This subsection is to provide exam-
ples of how the Network SF model specified in Subsection 

16  A similar finding was found when we estimated the overall effi-
ciency of rail-track renewals using the single-stage and Network SFA. 
Kao and Hwang (2008) provided an example of overestimating over-
all efficiency when the multi-stage process is ignored under the DEA 
framework.

Stage 1:

ln (zi) = α1 + β1ln (xi) − u1i + v1i� (5)

Stage 2:

ln (yi) = α2 + β2ln (zi) − u2i + v2i� (6)

The equivalent output-oriented single-stage SF model is

ln (yi) = (α1β2 + α2) + β1β2ln (xi)
−(β2u1i + u2i) + (β2v1i + v2i) � (7)

Thus, (output-oriented) overall efficiency is

Exp(−ui) = Exp (− (β2u1i + u2i))� (8)

Table 1 summaries the endogeneity present in each case and 
model specified in this subsection.

4.2  Benefits of Network SFA

By taking account of the presence of the intermediate out-
put in the production process and explicitly modelling each 
stage of production, our Network SF model offers several 
benefits (relative to the single-stage SFA).

First, our Network SF model improves performance 
indicators by avoiding over-estimated overall efficiency and 
providing additional information, i.e. stage efficiency.

To understand why estimating the model in closed form 
– the single-stage approach – may result in overestimation 
of DMU efficiency, consider the fact that the overall error 
term in the reduced form is obtained as a linear combination 
of the error terms of each of the individual equations. This 
summation will tend to dilute the skewness of the composed 
error. For example in Case 2, assuming independence of 
error terms, if we have J intermediate outputs, we have

Skew [εi] =
∑J

j=1β3
j Skew [εij ] (Var [εij ])3/2

(∑J
j=1β2

j Skew [εij ] Var [εij ]
)3/2 , βJ = 1.

Table 1  The endogeneity of the models in each case
Behavioral assumption Two-

stage 
SFA

Single-stage 
input oriented 
SFA

Single-stage 
output  
oriented SFA

Case 1: Final output is 
exogenous

Yes No Yes

Case 2: Input is exogenous Yes Yes No
“Yes” means the endogeneity present in the model. “No” means there 
is no endogeneity in the model
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The first step is to estimate slope coefficients. If the sys-
tem of equations suffers from no endogeneity17, the SUR 
estimator is consistent regardless of the correlation between 
the composite errors across the equations. Thus, it can be 
used to gauge the slope coefficients. In the presence of the 
dependency between the errors, SUR estimation increases 
the precision of the estimator by simultaneously estimat-
ing parameters of the system while taking account of the 
correlation.

In the presence of endogeneity, e.g. Equations (1)-(2) 
(case 1) and (5)-(6) (case 2), SUR estimates are no lon-
ger consistent. We will need to use an IV estimator. Before 
explaining the estimation method, it is worth mentioning 
that our systems meet the order condition of identification. 
The condition requires that the number of endogenous vari-
ables (on the right hand side) in an equation is not greater 
than a total of the number of exogenous variables in the 
other equations. The endogenous variables (appearing on 
the right hand side of the system) are intermediate outputs 
in both cases. For case 1, the exogenous variables are final 
outputs. Since the number of final outputs in Eq. (2) is at 
least as great as the number of intermediate outputs in Eq. 
(1), the condition holds. For case 2, the exogenous variables 
are inputs. Since the number of inputs in Eq. (5) is not less 
than that of intermediate outputs in Eq. (6). The system of 
(5)-(6) satisfies the condition.

The IV estimator - 3SLS - is used to estimate the slope 
coefficients.18 3SLS (Zellner and Theil, 1962) is a natural 
choice here, since we have good reason to believe that the 
errors are correlated across equations for a given firm. Given 
this, 2SLS is inefficient, and control function approaches 
(Heckman and Robb 1985, Wooldridge 2015) would be 
inappropriate, since they require strict exogeneity of the 
residuals from the first-stage residuals. Full information 
maximum likelihood (FIML) (Amemiya 1977) is another 
alternative that could offer further efficiency gains if the 
model is correctly specified, but at the cost of considerably 
additional complexity in our setting, where error distribu-
tion departs from multivariate normality.

3SLS can be understood as a combination of two-stage 
least squares and generalized least squares. This enables 
3SLS to address the endogeneity in the system while 
accounting for the correlation of the error terms across 
equations. Note that the intercepts generated in the first step 
need to be corrected since it is based on the assumption that 
errors have zero means.

The second step is to correct the intercepts and estimate 
distributional parameters. For simplicity’s sake, we will use 
the method of moments (instead of copula-based MLE) in 

17  such as the system of case 3 in Appendix 1.
18  See Hausman, 1983 and Greene, 2012 for estimation method of 
simultaneous equations.

4.1 can be extended to exploit different levels of data 
aggregation.

In reality, we often observe that DMUs consist of divi-
sions and the production process takes place at a division 
level. In this circumstance, it is beneficial to analyze divi-
sion-level efficiency. However, since it may often be dif-
ficult or impossible to attribute shared inputs to specific 
divisions, input data are less likely to be available at a divi-
sion level than are (intermediate and final) output data. In 
case 1 (or case 3 in Appendix 1), we can modify the second-
stage equation into J  equations (where J  is the number of 
divisions of each DMU) and then estimate second-stage 
efficiency of each division (see Appendix 2 for model speci-
fication and efficiency calculation, and Section 7 for an 
empirical example).

On the other hand, we might face another scenario where 
data on input and intermediate outputs are disaggregated 
and data on final outputs are aggregated. For example, in 
infrastructure maintenance, we often have data on labor and 
materials (inputs) and activity volumes (intermediate out-
put) by maintenance types (such as renewals, repair, and 
replacement); but no breakdown of asset quality (final out-
put) by maintenance types as it is a result of all maintenance 
activities carried out with respect to the asset. Given this, in 
case 2, we can transform the first-stage equation of the sys-
tem of Eqs. (5) – (6) into J  equations, each equation models 
the first stage production process of each division. Doing so 
yields insight into the performance of divisions at the first 
stage (See Appendix 2 for detail).

5  Multi-step estimation procedure

Although Network SFA offers several advantages, it faces 
computational challenges since it is a system of stochastic 
frontier equations, for which full-information maximum 
likelihood approaches to estimation may become very com-
plex. This may be one of reasons for its lack of development 
in the literature to date. We propose a multi-step estimation 
method which is straightforward to implement and performs 
comparably to that of Huang et al (2017, 2018). Our estima-
tor can be considered an extension of the corrected ordi-
nary least squares (COLS) estimator which was developed 
by Olson et al. (1980) for conventional single-stage SFA. A 
comparison of the performance between COLS and MLE 
for single-stage SFA can be found in Olson et al. (1980), 
Coelli (1995), Andor and Hesse (2014), and Andor and Par-
meter (2017).

Our estimation includes three steps.

1 3
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The estimation steps for the systems of Eqs. (1) – (2) and 
(5) – (6) are showed in Appendix 4.19

6  Monte Carlo simulations

This section is to examine the performance of our estima-
tion method in the second step, i.e. the method of moments 
in comparison with that of the copula-based MLE used in 
Huang et al. (2017, 2018). It is noted that as the first and 
third steps of our estimation method are similar to those of 
Huang et al. (2017, 2018), we will not discuss them in this 
section.

We will use case 1 with a simple system of two equations 
as an illustration. The data generating process is as follows:

The first stage equation : ln (x) = α1 + β1ln (z) + ε1� (14)

The second stage equation : ln (z) = α2 + β2ln (y) + ε2� (15)

Where εk = uk + vk, k = 1, 2, uk ∼ N+(0, σ2
uk) and 

vk ∼ N(0, σ2
vk).

The probability density function (PDF) of the composite 
errors is

fk (εk) = 2
σk

ϕ

(
εk

σk

)
Φ

(
εkλk

σk

)
� (16)

Where ϕ(.) is the standard normal PDF, Φ(.) is the stan-
dard normal cumulative distribution function (CDF), 
σk =

√
σ2

uk + σ2
vk and λk = σuk

σvk
.

The CDF of the composite errors is

Fk (εk) =
ˆ εk

−∞

2
σk

ϕ

(
x

σk

)
Φ

(
xλk

σk

)
dx� (17)

Following Lai and Huang (2013) and Huang et al. (2017, 
2018), we assume that the dependence between the com-
posite errors can be captured by Gaussian copula function 
C. The joint CDF of the composite errors can be written as

F (ε1, ε2) = C (F1 (ε1) , F2 (ε2) ; p)
= Φ2

(
Φ−1 (F1 (ε1)) , Φ−1 (F2 (ε2)) ; p

) � (18)

Where Φ2 (.; p) is the CDF of a standard bivatiate normal 
distribution with the correlation coefficient of p and Φ−1(.) 
is the inverse CDF of a standard normal distribution.

Equation (18) shows that Φ−1 (F1 (ε1)) and Φ−1 (F2 (ε2)) 
follow a standard bivatiate normal distribution. Thus, we 

19  We have written a Stata package “networkSFA” to enable estima-
tion of our Network SFA with the multi-step estimation method. See 
Appendix 7 for detail.

this step. Following Huang et al. (2017, 2018) we assume 
that the dependence between the composite errors can be 
captured by a copula. Therefore, it is possible to identify 
the marginal distribution of a composite error in an equa-
tion without specifying its dependence with composite 
errors in other equations, and thus the moments of com-
posite errors can be easily derived. In addition, we assume 
that (i) inefficiency follows a half-normal distribution, 
uki ∼ N+(0, σ2

uk), k = 1, . . . , K where k denotes a spe-
cific equation of the system of K equations and (ii) noise 
follows a normal distribution, vki ∼ N(0, σ2

vk). Under 
these assumptions, σ2

uk and σ2
vk can be determined using 

the following equations (Olson et al. 1980)

1
n − 1

∑
(ε̂∗

ki)
3 = m̂3k = (−1)h

√
2
π

(
4
π

− 1
)

σ̂3
uk� (9)

1
n − 1

∑
(ε̂∗

ki)
2 = m̂2k =

(
1 − 2

π

)
σ̂2

uk + σ̂2
vk� (10)

Where n is the number of observations; ε̂∗
ki is the esti-

mated residuals obtained from the first step; m̂2 and m̂3 
are the second and third moments of the residuals ε̂∗

ki; 

h =
{

0 if εki = vki + uki
1 if εki = vki − uki

.

The mean of inefficiency of equation k is

Ê (uki) =
√

2/πσ̂uk� (11)

Thus, the corrected intercepts and residuals of the system 
are

α̂k = α̂∗
k − (−1)h

√
2/πσ̂uk� (12)

ε̂ki = ε̂∗
ki + (−1)h

√
2/πσ̂uk� (13)

Where α̂∗
k is the estimated intercepts of equation k obtained 

from the first step.

The last step is to calculate (in)efficiency. Ide-
ally we should use all information to estimate stage 
inefficiency, i.e ûki = E (uki, |, ε̂1i, . . . , ε̂Ki) or 
ûki = M (uki, |, ε̂1i, . . . , ε̂Ki). But deriving this condi-
tional mean or mode is complex and the aim of the paper 
is to provide a relatively simple estimation method. Thus, 
following Lai and Huang (2013) and Huang et al. (2017, 
2018) we calculate stage inefficiency ûki conditional on ε̂ki 
only, using the formula proposed by Jondrow et al. (1982). 
Finally, overall inefficiency is aggregated from stage 
inefficiency.

1 3

    6   Page 8 of 21



Journal of Productivity Analysis            (2026) 65:6 

the dependence p. We consider cases n = 250, n = 500, 
n = 1000 and p = −0.5, p = 0, p = 0.5.

The estimates of the intercepts and the distributional 
parameters by the two estimation methods are summarized 
in Table 2. The Monte Carlo simulation shows that the esti-
mates produced by the two methods aare very similar. Our 
estimator shows superior performance in small sample sizes 
while the copula-based MLE performs better with large 
sample sizes. Thus, our proposed method, the method of 
moment is not inferior to the copula-based MLE but offers a 
significantly simpler implementation.

7  Empirical example of highway 
maintenance costs in England

In this section, we will apply the model developed in Section 
4 to assess performance of English Local Highway Authori-
ties (LHAs) who are responsible for maintaining non-trunk 
A roads and all B, C, and U roads in their areas.22 Since the 
LHAs are highly regulated, we will start by discussing the 
optimal behaviors of regulated firms before the application.

7.1  Optimal behaviors of regulated firms

Given our focus is to evaluate the performance of net-
work industries, we now reflect on the behaviors of these 
firms whose performance is of great interest to regulatory 
authorities.

We consider that input-orientation is most appropriate 
and we illustrate this with two examples.

Example 1: For utility firms such as electricity distribu-
tion network operators and sewage and water companies, 
these firms have responsibility for supplying essential goods 
like electricity, water, and gas to the public. Unlike conven-
tional firms, their operation relies on the transmission infra-
structures which are usually built by the government due to 
their huge initial costs. Because of their important role in 
people’s daily lives, and their strong market power, utility 
firms are highly regulated by regulation authorities. They 
are restricted on what they can and cannot do. For exam-
ple, British water and electricity companies are not allowed 
to deny joining of customers in their supply region. They 
also cannot provide products and services outside their pre-
scribed region. Therefore, their final outputs tend to be fixed 
and beyond their direct control. For this reason, utility firms 
are likely to have fixed final outputs. Under the assumption 

be considerably different from the true values (e.g. the means of the 
estimates of σu1 and σu2 are around 0.5 for wrong skewness replica-
tions in our simulations).
22  The definition of A, B, C and U roads is provided by the UK gov-
ernment (the Department of Transport, 2012).

can generate ε1, ε2 and the other variables, using the fol-
lowing steps:

Step 1: Draw ζ1 and ζ2 from a standard bivatiate normal 
distribution with a correlation coefficient p.

Step 2: Compute ε1 and ε2 as ε1 = F −1
1 (Φ (ζ1)) and 

ε2 = F −1
2 (Φ (ζ2)).

Step 3: Draw ln (y) from a standard normal distribu-
tion, i.e. ln (y) ∼ N (0, 1) and compute ln (z) and ln (x) as 
ln (z) = ln (y) + ε2 and ln (x) = ln (z) + ε1.

The slope parameters β1 and β2 are estimated using 
3SLS. Then the intercepts (α1, α2) and the distributional 
parameters (σu1, σu2, σv1, σv2) are estimated using two 
different methods. One is the methods of moment we pro-
posed in Section 5. The other is the copula-based MLE used 
in Huang et al. (2017, 2018).

For the copula-based MLE, we will need to derive the 
joint PDF of the composite errors. Since the joint PDF is 
the derivative of the joint CDF expressed in Eq. (18) with 
respect to ε1, ε2, the joint PDF takes the form

f (ε1, ε2) = 1
|P |1/2 exp

(
−1

2
ζ

′
(P −1 − I)ζ

)
f1 (ε1) f2 (ε2)� (19)

Where P  is the correlation matrix 

P =
(

1 p
p 1

)
, I  is a 2×2 identity matrix I =

(
1 0
0 1

)
 

and ζ
′ =

(
Φ−1 (F1 (ε1)) , Φ−1 (F2 (ε2))

)
.

Thus, the log-likelihood function for a sample of N  
observations is20

lnL = − N
2 ln |P | − 1

2
∑N

1 ζ
′ (

P −1 − I
)

ζ +
∑N

1 lnf1 (ε1)
+

∑N
1 lnf2 (ε2) � (20)

We set α1 = α2 = 0, β1 = β2 = 1, 
σu1 = σu2 = σv1 = σv2 = 1. The corresponding distribu-
tional parameters of the composite errors are σ1 = σ2 =

√
2 

and λ1 = λ2 = 1. We set the number of replications of 
1,000.21 We then vary the sample size n and degrees of 

20  The parameters of Eq. (20) are estimated using the R package max-
Lik. We use true parameter values as starting values to avoid overstate 
performance of our MM estimator in comparison with MLE due to 
suboptimal starting values. On average, the optimization of the log-
likelihood function takes approximately 20 s.
21  We start with 1,500 replications and exclude those with wrong 
skewness. The issue of wrong skewness reduces as the sample size 
increases (i.e. approximately 35, 20, and 10% of the replications have 
wrong skewness for the sample size of 250, 500, and 1000, respec-
tively). We only keep the first 1000 correct-skewness replications. 
This is because our method-of-moments estimator is not applicable 
to wrong skewness (See Olson et al. (1980) for the discussion of the 
problems of the method-of-moments estimator). Although the copula-
based MLE can be used to estimate the distributional parameters, our 
simulation results suggest that the copula-based MLE seems to be 
sensitive to wrong skewness. In such cases, the MLE estimates can 
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England and Sweden. All of these studies used single-stage 
models to measure (overall) efficiency. To the best of the 
authors’ knowledge, only Rouse and Chiu (2009) incorpo-
rated a two-stage production process in their performance 
evaluation of road maintenance in New Zealand, using 
DEA.

We thus contribute to the limited literature on road main-
tenance by using Network SFA to measure overall and stage 
efficiencies of LHAs. Along with the advantage of explic-
itly considering the two stages, the model meets the need 
of exploiting different aggregations of LHAs’ data where 
disaggregated data on outputs but aggregated data on costs 
are available.

To perform the analysis, we use an unbalanced panel 
dataset of 142 LHAs from the financial year 2009/10 to 
2017/18. This provides us with 755 LHA-year observations 
in total. Our cost data is aggregated at the LHA level but the 
(intermediate and final) output data can be disaggregated by 
road types. In additional to data availability, it appears that 
LHAs have different standards, expectations and behaviors 
on how they maintain A roads versus other roads, implying 
different frontiers for different road types. Thus, we sepa-
rate LHAs’ road networks into two road types: major roads 
including non-trunk A roads and minor roads including all 
B, C, and U roads. We will evaluate the performance of 
LHAs by road types where possible.

We define total costs as a sum of annual revenue expen-
ditures and capital expenditures associated with road main-
tenance activities (excluding new road construction costs). 
For input prices, we do not use LHA-level data. As an alter-
native, we can use median hourly wages of the civil engi-
neering sector by regions and a national index of material 
prices for road construction as proxies for labor and mate-
rial prices. However, the latter is invariant across LHAs and 
will be (partially) captured by our time trend variable. Thus, 
we decide to deflate the costs by median hourly wages and 
consider our first-stage equation an input requirement func-
tion where the input is an aggregate input expressed in the 
monetary value (i.e. cost) of all factors used in the produc-
tion process. Regarding outputs, we use road kilometers 
receiving treatments as a measure of the intermediate out-
puts. Meanwhile, the final output is defined as changes in 
road condition from previous year, where road condition is 
a proportion of road without a need of maintenance.24

For control variables, following the literature (Stead and 
Wheat 2020 and Yarmukhamedov et al. 2020) we include 
traffic density (in both stages) as it causes wear-and-tear 
damage, requiring greater treatment (in the second stage) 

24  We could use road condition as a final output and control previous-
year road condition. However, due to their high correlation (the cor-
relation coefficient is 0.9), we decided to use their difference to avoid 
multi-collinearity.

of rational behavior, they will try to minimize intermediate 
outputs and inputs, given their fixed final outputs. There-
fore, the behavior assumption of input-orientation (and thus 
the corresponding model specification) is suitable for utility 
firms.

Example 2: Similarly, organizations whose duties are 
to maintain quality of public assets such as roads and rail-
way systems or community assets seem to have fixed final 
output. They have to ensure that the assets meet safety and 
quality standards for use. Thus, they seem to have target 
asset quality (i.e. final output) that they aim to maintain.23 
Given the target, they optimize their intermediate outputs 
and inputs. This matches the behaviors described in case 1. 
The SFA with input-orientation should be used to evaluate 
the performance of these organizations.

7.2  Model and data of road maintenance

As discussed in the introduction, the maintenance process of 
LHAs can be split into two stages. In the first stage, LHAs 
incur costs to implement road treatments such as overlay-
ing, surfacing and dressing which then help to improve road 
condition in the second stage (Fig. 2). A similar framework 
is used by Rouse and Chiu (2009) to describe the produc-
tion process of road maintenance. The authors refer it as an 
input–activity–output process. It is worth mentioning that 
these two stages occur simultaneously rather than sequen-
tially. This simultaneity enhances interdependence between 
the stages. For example, the choice of treatment type not 
only impacts procurement and resource allocation in the 
first stage but also influences the effectiveness of the treat-
ments in achieving the desired road condition in the second 
stage.

Despite a few works investigating efficiency of road 
maintenance, their focus was not devoted to this multi-stage 
feature. For example, Fallah-Fini et al. (2012), Ozbek et 
al. (2012) and Kalb (2014) used DEA to analyze the per-
formance of road maintenance operations in US and Ger-
many. Wheat (2017), Wheat et al. (2019), Stead and Wheat 
(2020) and Yarmukhamedov et al. (2020) on the other hand 
employed SFA to predict efficiency in road maintenance in 

23  We note our discussion under Case 3 in Appendix 1 where we state 
for some specific assets a quality metric is not easy to monitor and so 
that case might be more appropriate for those specific assets. How-
ever, at a more aggregate company level, input-orientation is more 
appropriate.

Fig. 2  Production process of English LHAs
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where i and t represent LHAs and time periods 
i = 1, . . . 142, t = 0, . . . , 8 with t = 0 corresponding to 
the financial year 2009/10, M and m denotes major roads 
and minor roads respectively, cost is total maintenance 
costs, RT  is road treatment kilometers, RC is road condi-
tion measured as Road length without need of maintenance

T otal road length , 

△RCit = RCit − RCi(t−1), RL is road length, TD is traf-
fic density, and land is land area.26

Summary statistics of the variables are shown in Table 3. 
As seen in Table  3, there is a considerable difference 
between major roads and minor roads where major roads 
tend to have better road condition despite their high traffic 
density.

The system of Eqs. (21)–(23) is estimated, using the 
multi-step procedure in Section 5. Since the system has the 
endogeneity, 3SLS will be employed to estimate slope coef-
ficients of the system. For stage efficiency prediction, we 
will use the conditional mode ûki = M (uki, |, ε̂ki) as it can 
be understood as a maximum likelihood estimator of inef-
ficiency, given the composite errors. Furthermore, using the 
conditional mean results in no observations lying on effi-
cient frontiers, i.e. no LHA is fully efficient at any stage. As 
overall inefficiency is a sum of (scaled) stage inefficiency 
this then leads to high overall inefficiency, i.e. overall inef-
ficiency is further from zero, compared to stage inefficiency, 

26  If we use the change in the logarithm of kilometers of 
roads in good condition as a proxy for the final output, i.e. 
△RCit = ln (Road length without need of maintenanceit) −
ln(Road length without need of maintenancei(t−1)), the 
results are very similar.

and increases costs related to access and possessions of the 
network (in the first stage). We also include a time trend to 
capture technical change.25 Finally, we control for the size of 
LHAs (represented by their land area) in the first stage and the 
network length in the second stage. We expect that the size 
can either positively or negatively impact maintenance costs. 
A small size might imply that the network is in an urban area 
with extensive underground assets, requiring greater efforts 
and costs of maintenance. However, a network spreading 
over a small area could incur less costs of material transport. 
To check if there is a nonlinear relationship between the size 
and costs we include land area (in a log form) and its square. 
For the second-stage equations, because intermediate outputs 
(the dependent variables) are measured as kilometers of road 
treatment (in a log form) and the final outputs (the explana-
tory variables) are the change in the proportion of roads in 
good condition, there is a need to control for network length. 
Given the same road condition change in the proportion, big-
ger networks require bigger treatment amounts. (See Appen-
dix 5 for definitions and sources of the variables).

Because LHAs have to ensure that their road network is 
fit-for-purpose it is reasonable to assume that they have target 
road conditions. Given this target, LHAs determine mainte-
nance works they need to do and costs incurred. Thus, the final 
outputs are fixed and input-orientation is the most appropriate. 
Following the literature on English road maintenance (Wheat 
2017, Wheat et al. 2019, Stead and Wheat 2020), we assume 
that final output (i.e. road condition) is exogenous. Therefore, 
case 1 with different data aggregation is used. The equation 
system (1) – (2) is rewritten for our specific case of road main-
tenance as
Stage 1:

ln (costit) = α1 + βM
1 ln

(
RT M

it

)
+ βm

1 ln (RT m
it )

+γ1ln(TD
M
it ) + γ2ln(TD

m
it ) + γ3ln (landit)

+γ4(ln (landit))2 + γ5t + γ5t2 + u1it + v1it

� (21)

25  The squared term of the time trend is excluded in the second-
stage equations because it is insignificant at a 10% significance level 
(p-value > 0.2).

Table 3  Descriptive statistics of the variables
Variable Unit Mean Std. dev. Min Max
cost £ thousand 1,339.46 1,232.09 109.10 12,876.80
RT M Km 18.34 25.75 0.20 160.20

RT m Km 98.98 161.07 0.73 1,318.00

RLM Km 251.18 266.03 12.85 1,052.40

RLm Km 2,145.53 2,359.19 44.20 11,866.40

RCM Ratio 0.95 0.03 0.68 1.00

RCm Ratio 0.86 0.08 0.33 0.99

T DM Thousand vehicles/km 5,036.83 1,719.05 1,663.26 10,922.62

T Dm Thousand vehicles/km 701.30 263.02 125.69 1,482.74
land Hectare 109,839.30 164,823.80 290.39 803,771.60
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traffic density leads to increased maintenance requirements 
on major roads as expected but no impact is found on minor 
roads. This suggests that traffic density on minor roads, which 
is seven times lower than that on major roads on average, has 
not reached the point where it is a major component of dam-
age to the road pavement vis-à-vis time related factors such 
as weathering. We also find that road treatment increases with 
road length and the time trend was estimated as statistically 
insignificant in the second stage. This implies that there is 
little evidence that efficient treatment frontiers shift over the 
examined period.

which is not desirable. We also estimate a single-equation 
SF model for comparison.

7.3  Estimated frontiers for road maintenance

Parameter estimates from the Network SF and single-stage 
SF models are shown in Table 4.

We first discuss the frontier results. All coefficients which 
are statistically significant have the expected signs. They all 
meet the theoretical expectation that the output variables 
have positive and significant elasticities in the cost and input 
requirement functions.

For the first production stage, we observe economies of 
scale in road treatment volume. The elasticity of cost with 
respect to treatment length is 0.72 (0.43 + 0.29).27 This sug-
gests that by increasing maintenance work length LHAs 
are likely to reduce their unit costs. A positive impact is 
also found for traffic density since higher usage increases 
road pavement damage, as well as hindering ease of access 
to the infrastructure, both factors increasing maintenance 
costs.

We find a non-linear effect of land area (Table  5 and 
Fig. 3), implying that there is a cost-minimizing land area. 
This may be because small land areas correspond to urban 
areas where the prevalence of utilities and other under-
ground assets implies work on the network is expensive. 
Large land areas on the other hand imply extra costs for 
material transport for example. Our model implies that the 
optimal land area is around 123,000 hectares.28 Regard-
ing time effects, costs increase in the first three years of 
the examined period and then decrease for the remaining 
years.29 This would indicate that the efficient cost of road 
maintenance has fluctuated over time, and it is not the case 
that there has been a positive frontier shift at least in the 
first half of the sample.

Moving onto the second production stage, again we find a 
positive relationship between final outputs and intermediate 
outputs. Our estimation results suggest that improving road 
conditions by one percent requires a proportionally greater 
increase in road treatments for major roads (estimated at 1.66) 
compared to minor roads (estimated at 1.04). This finding is 
reasonable, as major roads typically start in better conditions, 
meaning that some treatments may be applied to already well-
maintained sections to prevent future deterioration. Increased 

27  The 95% confidence interval of the elasticity is (0.57, 0.88). The 
upper bound is less than 1 indicating that constant returns to scale can 
be rejected at the 5% significance level.
28  The 95% confidence interval of the optimal land area is (36,000; 
427,000).
29  The value of t at which costs are maximum is −0.07/(2*0.02) = 2.09. 
Note that t starts from zero. Thus, costs increase in the first three years 
before decreasing.

Table 4  Stochastic frontier estimated parameters
Network SFA Coeff. SE Single-stage SFA Coeff. SE
Stage 1: ln(cost)
ln(RT M ) 0.43*** 0.11 △RCM

it
1.003 0.91

ln(RT m) 0.29*** 0.10 △RCm
it

−0.002 0.50

ln(T DM ) 0.29*** 0.11 ln(T DM ) 0.40*** 0.10

ln(T Dm) 0.33*** 0.09 ln(T Dm) 0.34*** 0.08

ln(land) −1.43*** 0.17 ln(RLM ) 0.72*** 0.10

ln (land)2 0.06*** 0.01 ln(RLm) 0.26** 0.11

t 0.07** 0.04 ln(land) −1.42*** 0.17

t2 −0.02*** 0.00 ln (land)2 0.06*** 0.01

intercept 8.59*** 1.04
t

0.02 0.03
Stage 2 – Major road: ln(RT)M

t2 −0.01*** 0.00

△RCM
it

1.66** 0.77 intercept 3.69*** 0.92

ln(T DM ) 0.24*** 0.08

ln(RLM ) 1.24*** 0.03

t 0.01 0.01
intercept −6.29*** 0.75
Stage 2 – Minor road: ln(RT)m

△RCm
it 1.04** 0.53

ln(T Dm) −0.05 0.06

ln(RLm) 1.22*** 0.03

t 0.00 0.01
intercept −4.80*** 0.54
*, **, *** denotes significance at the 10%, 5% and 1% level, 
respectively. Reported intercepts for the Network SF model are 
α̂∗ = α̂ + Ê (u). Estimated intercepts from the copula-based MLE 
are presented in Appendix 6. We do not report the slope coefficient 
estimates from the multi-step copula-based MLE as they are identi-
cal to those in Table 4. This is because the first step which estimates 
slope coefficients is the same across the two approaches. Addition-
ally, we do not report the dependence parameter, as our estimation 
method does not allow for its estimation

Table 5  Elasticities of cost with respect to land area from the Network 
SF model
Variable Mean Std. dev. Min Max
Elasticities _land −0.17 0.21 −0.74 0.23
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7.4  Predicted efficiency

After the frontier and distributional parameters are esti-
mated, we calculate stage inefficiency using the conditional 
mode. Overall efficiency is then calculated from the stage 
efficiencies as

exp (−ûit) = exp
(

−
(

û1it + β̂M
1 ûM

it + β̂m
1 ûm

it

))
.

The predicted efficiencies and their correlations are pre-
sented in Tables  6, 7. Comparing efficiency across the 
stages, the Network SF results suggest that LHAs are less 
efficient in the first stage. Thus, they might benefit from 
paying more attention to cost optimization, given required 
road treatment. Furthermore, we find a negative correlation 
between stage efficiencies. The correlation coefficients are 
−0.46 (for major road) and −0.31 (for minor road) which 
are significant at the 1% level. It means that LHAs who are 
efficient in the first stage are less likely to be efficient in 
the second stage. This might be because treatments that are 
optimal for road conditions appear to be expensive. Besides 
treatment types, the choice of treatment locations could be 
another explanation. If LHAs decide to maintain areas that 
are in relatively good condition, it is unlikely that they will 
incur high costs nor considerably improve road condition.

For the correlation of efficiencies with respect to the two cat-
egories of roads, we find positive dependence with a coefficient 
of 0.36 (significant at a 1% significance level). This implies that 
LHAs that are inefficient in maintaining major roads tend to be 
inefficient in maintaining minor roads. Thus, if there is scope 
for LHAs to improve their performance on major roads, there 
is likely room for their improvement on minor roads, although 
the value of 0.36 indicates this correlation is relatively weak.

From our results, we can calculate elasticity of cost with 
respect to the final outputs.30 Our model predicts it is 1.02 
(=0.43*1.66 + 0.29*1.04) which is not statistically signifi-
cantly different from 1.31 This implies constant returns to 
scale overall.

Comparing these results to those from single-stage SFA, 
we see both commonalities and key differences. For the 
control variables (traffic density, road length, land areas 
and time trends), their effects on maintenance costs are very 
similar between the two approaches. However, the biggest 
difference between the two approaches is that the impact 
of final outputs on cost is insignificant in the single-stage 
SFA. Whilst overall, the estimate of returns to scale is simi-
lar, now being 1.00 ( = 1.00 + 0.00), the difference between 
the impact of minor and major road conditions is implau-
sible (effectively zero versus one). Put another way, the 
single-stage SFA suggests that maintenance costs are hardly 
impacted by changes in the final output of minor roads (the 
coefficient of −0.002) but increase proportionately with an 
increase in the final output of major roads (the coefficient 
of 1.003). Whilst it may be true that condition changes on 
minor roads might impact cost less than changes on major 
roads, the magnitude of the difference raises concerns about 
its plausibility. We attribute this difference to Network SFA 
exploiting the disaggregated intermediate and final output 
data enabling two Stage 2 equations to be estimated and the 
impact of major road treatments to be considered separately 
to those on minor roads. We thus flag the importance of our 
approach in exploiting disaggregate data available at some 
but not all stages as a major benefit of our approach.

30  The estimated parameters associated with the final outputs can be 
interpreted as elasticities because the final outputs are expressed in a 
ratio form.
31  Where 1.66 and 1.04 are the estimated coefficients of △RCM

it  and 
△RCm

it  in the second and third equations (as shown in Table 4).

Table 6  Descriptive statistics of estimated efficiency
Methods Efficiency Mean Std. 

dev.
Min Max

Method of 
moments

First-stage efficiency 0.68 0.24 0.11 1.00
Second-stage efficiency 
(Major)

0.83 0.16 0.29 1.00

Second-stage efficiency 
(Minor)

0.89 0.11 0.35 1.00

Overall efficiency 0.59 0.19 0.11 1.00
Copula-based 
MLE

First-stage efficiency 0.69 0.23 0.12 1.00
Second-stage efficiency 
(Major)

0.91 0.10 0.51 1.00

Second-stage efficiency 
(Minor)

0.96 0.04 0.69 1.00

Overall efficiency 0.65 0.21 0.12 1.00
Single-stage Overall efficiency 0.66 0.23 0.12 1.00
The table presents summary statistics of estimated effi-
ciency i.e. exp[−M (uki, |, ε̂ki)] for stage efficiency and 
exp

(
−

(
û1it + β̂M

1 ûM
it + β̂m

1 ûm
it

))
 for overall efficiency

Fig. 3  Scatter diagram of cost elasticities with respect to land area
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estimation method produces very similar results to those 
obtained from the copula-based MLE. This result is con-
sistent with the findings from the Monte Carlo simulations 
presented in Section 6.

8  Conclusion

This study develops a Network SF model which analyzes 
the production of intermediate outputs and their transforma-
tion into final outputs as a system of structural equations.

This approach allows for the prediction of stage-specific 
efficiency scores and the derivation of the overall technical 
efficiency in multi-stage production processes, and exploits 
data on intermediate outputs, offering greater insight into 
the production process. The key benefit of our Network SF 
model is to provide greater understanding as to which stage 
of the production process there exists the greatest opportu-
nity for a DMU to make efficiency improvements. As such 
our approach can be thought of as helping with the vexing 
question of why a DMU might be found to be overall ineffi-
cient (beyond simply measuring this), at least in the sense of 
identifying which part of the production process is mainly 
responsible for inefficiency.

A further advantage is that our model enables different 
data aggregations to be used in different equations. For 
example, if data on intermediate outputs and final outputs 
are available at division level, the second stage equation 
can be expanded to J  equations. Each equation models the 
second-stage production process of each division. It thus 
yields performance indicators of not only DMUs but also 
divisions. In short, the Network SF model exploits the avail-
ability of intermediate output data to provide more details 
about the production process and performance of DMUs.

We propose a straightforward multi-step estimation 
approach. In the first step, the slope parameters are esti-
mated using SUR (if the system has no endogeneity) or 
3SLS (otherwise). The second step estimates intercepts 
and distributional parameters using a method of moments 
approach. The final step predicts stage-specific and overall 
efficiencies. We include an empirical application and Monte 

Overall efficiency scores obtained from our Network 
model are comparable to those from the single-stage model, 
with a high correlation coefficient of 0.9 between them. 
However, our Network SF model predicts that there are two 
year-LHA32observations efficient at both stages while this 
figure from the single-stage model is considerably greater 
– 91 observations.33 Thus, overall efficiencies from the sin-
gle-stage SFA seem to be overestimated as a result of the 
failure of incorporating the multi-stage production process 
(and thus intermediate outputs) into the model.

To reinforce that our simplified estimation in step two 
(method of moments) does not distort predictions, we have 
applied copula-based MLE of Huang et al. (2017, 2018) 
and re-estimate the intercepts, distributional parameters and 
efficiency of the Network SF model. The results are very 
similar.34 The smallest correlation coefficient between effi-
ciency predicted by the two methods is 0.98 (Table 7) (See 
Appendix 6 for the result of the estimated intercepts and 
distributional parameters).

Using the example of road maintenance, we illustrate 
the benefits of Network SFA. It provides more informative 
indicators of performance. By employing the Network SF 
model, we know how LHAs perform not only in the whole 
production process but also in each stage and on each road 
type. Furthermore, as it explicitly models the production 
process of each stage, the Network SF model provides 
insight into how inputs, intermediate outputs and final out-
puts are transformed (i.e. economies/returns of scale in each 
stage). In our empirical example, our simplified multi-step 

32  The term “two year LHA observations” means two observations in 
the panel dataset. These could be the same LHA over two time periods 
or two different LHAs.
33  The corresponding figure from the copula-based MLE method is 4 
year-LHA observations.
34  Although the average second-stage efficiency estimates from the 
method of moments is lower than those from the copula-based MLE in 
our empirical example (as shown in Table 6), it is not always observed 
in replications of the Monte Carlo simulations (discussed in Section 
6). This, combining with the high correlation in estimated efficiency 
between the two estimation methods (presented in Table 7), alleviates 
the concern that the method of moments systematically underestimates 
efficiency of the second stage.

Table 7  Correlation matrix between efficiency
Methods Efficiency 1. 2. 3. 4. 5. 6. 7. 8.
Method of moments 1.First-stage 1.00

2.Second-stage (Major) −0.46 1.00
3.Second-stage (Minor) −0.31 0.36 1.00
4.Overall efficiency 0.94 −0.17 −0.10 1.00

Copula- based MLE 5.First-stage 1.00 −0.46 −0.30 0.94 1.00
6.Second-stage (Major) −0.44 0.99 0.37 −0.14 −0.44 1.00
7.Second-stage (Minor) −0.29 0.36 0.99 −0.08 −0.29 0.37 1.00
8.Overall efficiency 0.98 −0.32 −0.22 0.98 0.98 −0.29 −0.20 1.00

Single-stage 9.Overall efficiency 0.78 0.05 0.10 0.90 0.78 0.06 0.10 0.85
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in the first and second stage respectively. This implies 
DMUs have target intermediate output. They then try to 
minimize input in the first stage and maximize final output 
in the second stage. Thus, the two-stage SFA model can be 
specified as

Stage 1:

ln (Ii) = α1 + β1ln (IOi) +
∑M

1
γmZ1mi + u1i + v1i� (24)

Stage 2:

ln (FOi) = α2 + β2ln (IOi) +
∑N

1
ωnZ2ni − u2i + v2i� (25)

We can derive input-oriented overall inefficiency by 
replacing ln (IOi) in Eq. (24) with a transformation of Eq. 
(25). However, this overall (in)efficiency contradicts our 
orientation assumption since it implies that DMUs have 
fixed final output. Similarly, we can derive output-oriented 
overall inefficiency but it will have the same issue. There-
fore, a new measure of overall efficiency is needed for 
fixed-intermediate-output orientation.35 However, we will 
not develop that measure in this paper and leave it for future 
studies. A simple solution for case 3 to avoid the need for 
new overall efficiency is to use the orientation assumption 
of either case 1 or case 2.

From a policy perspective, fixed-intermediate-output ori-
entation might appear odd, as society fundamentally derives 
value from the final output, so it would be sensible for pol-
icy makers and regulators to target final outputs rather than 
intermediate outputs (i.e. input-orientation such as in Case 
1). However for certain complex and heterogenous assets 
e.g. structures, regulators historically have not been able to 
measure (at sufficient granular level) final outputs and so are 
forced to monitor and set targets for intermediate outputs. An 
example is the monitoring of National Highways in Great 
Britain where the regulator monitors the volume of certain 
structure related activities rather than the overall condition of 
the asset (ORR, 2023, Appendix C).  The endogeneity of the 
model in case 3 is shown in the table below (Table 8).

35  More generally, a new measure is needed for a system of stochastic 
frontier equations with mixed orientations where some equations are 
input-oriented while others are output-oriented.

Carlo simulations, and this simpler approach produces simi-
lar results to the copula-based method proposed by Huang 
et al. (2017, 2018). A Stata package is provided for ease of 
implementation.

Our empirical application is to English local highways 
maintenance data. We find evidence of increasing returns to 
scale in the first stage but constant returns to scale in the over-
all production process. Our results suggest that overall techni-
cal inefficiency in road maintenance is accounted for mainly 
in the production of intermediate outputs – in our application, 
volumes of road treatments – rather than in the translation of 
road treatments into improved road conditions. Thus, LHAs 
should pay more attention to cost optimization in the first 
stage. Furthermore, our findings suggest a positive correla-
tion between efficiencies with respect to the maintenance of 
major and minor roads, but a negative correlation between 
first-stage and second-stage efficiencies. In comparison with 
the single-stage model, the Network SF model produces very 
similar estimated overall efficiency (with the correlation coef-
ficient of 0.90). However, the Network SF model provides a 
more plausible relationship between cost, intermediate output 
and final output than the single-stage model and we attribute 
that to our model being able to better exploit disaggregated 
intermediate and final output data. Finally, to demonstrate the 
validity of our proposed estimation method, we re-estimate 
efficiency using the copula-based MLE in the second step. 
The results from the two methods are very comparable (with 
the correlation coefficient of 0.98).

Our modeling framework can be extended to accommo-
date more complex network structures (without a change in 
the estimation method) such as a J  multi-stage production 
process (Appendix 3), additional independent inputs enter-
ing the second stage for case 2 (and case 3), outputs leav-
ing the production process before the final stage for case 1 
(and case 3), multi final outputs for case 1, multi inputs for 
case 2 (and multi intermediate outputs for case 3). How-
ever, there remains much room for further extensions, e.g. 
to accommodate shared inputs, dynamic specifications with 
time lags between the production of intermediate and final 
output. Development of one-step estimation methods is 
another fruitful avenue for further research. Finally, whilst 
our application is to panel data, we use a pooled cross-sec-
tional approach to estimation. Extending Network SFA to 
better exploit panel data would be beneficial.

Appendix

Appendix 1: Model specification under case 3
Case 3: The intermediate output is exogenous (the input 

and final output are endogenous). In addition, we assume 
that input-oriented and output-oriented efficiency is pursued 

Table 8  The endogeneity in case 3
Behavioral assumption Two-

stage SFA
Single-stage 
input oriented 
SFA

Single-stage 
output oriented 
SFA

Case 3: Intermediate 
output is exogenous

No Yes Yes

“Yes” means the endogeneity present in the model. “No” means there 
is no endogeneity in the model
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ln
(

zj
i

)
= αj

2 + βj
2ln(yj

i ) + uj
2i + vj

2i, j = 1, . . . J � (27)

where uj
2i are inefficiency the jth division of the ith DMU at 

the second stage.
The overall inefficiency of the ith DMU is

ui = u1i +
∑J

j=1
βj

1uj
2i� (28)

It is noted that like the system of Eqs. (1) – (2), the sys-
tem of (J + 1) Eqs. (26) – (27) has endogenous variables 
ln(zj

i ) on the right hand side of Eq. (26). Thus, 3SLS is used 
to estimate slope parameters.

Case 3: Intermediate outputs are exogenous (input and 
final outputs are endogenous)

Similar to case 1, we can extend the second equation, Eq. 
(25) to J  equations for J  divisions to exploit disaggregated 
data of intermediate and final outputs. Thus, the system con-
sists of (J + 1) equations, specified as

Stage 1:

ln (xi) = α1 +
∑J

j=1
βj

1ln(zj
i ) + u1i + v1i� (29)

Stage 2:

ln
(

yj
i

)
= αj

2 + βj
2ln

(
zj

i

)
− uj

2i + vj
2i� (30)

(Input − oriented)overall inefficiency isuI
i = u1i +

∑J

j=1

βj
1

βj
2

uj
2i.� (31)

The system of (J + 1) Eqs. (29) – (30) does not have the 
endogeneity37.

37  To get overall inefficiency expressed in Eq. (31), the system (29)-
(30) has to have the number of intermediate outputs equal to the num-
ber of the second-stage equations and each second-stage equation 
obtains each intermediate output as an explanatory variable.

Appendix 2: Exploitation of different data 
aggregations

	● Scenario 1: data of input is only available at a firm level, 
but the data of (intermediate and final) outputs is avail-
able at a division level; and firms’ behavior is case 1 or 
case 3.

Suppose there are N  DMUs, each of them consists of 
J  divisions. The production process of the DMUs can be 
broken down into two stages. In the first stage, DMUs use 
inputs to generate J  intermediate outputs. Each intermedi-
ate output is then used by each division to produce a final 
output in the second stage (Fig. 4). Since the shared inputs 
is not allocable to divisions, the data of input is only avail-
able at a DMU level. The data of intermediate output and 
final outputs is however available at a division level. Thus, 
performance of the first production stage is evaluated at a 
DMU level. But the second stage should be evaluated at a 
division level if it is possible.

Case 1: Final outputs are exogenous (input and interme-
diate outputs are endogenous)

The Network SF model is a system of (J + 1) equations. 
The first equation models the first stage of production (at a 
DMU level). It can be specified as

ln (xi) = α1 +
∑J

j=1
βj

1ln(zj
i ) + u1i + v1i� (26)

Where i = 1, . . . , N, and j = 1, . . . , J  denote DMUs and 
divisions respectively, u1i is inefficiency of the ith DMU at 
the first stage.

The J  remaining equations model the transformation of 
J  intermediate outputs to J  final output in the second pro-
duction stage. They can be specified as36

36  To make the system (26)-(27) be identified and the single-stage 
equation (and overall inefficiency) be derived by substituting ln(zj

i ) 
in Eq. (26) with the right hand side of Eq. (27), the system requires 
that the number of intermediate outputs is equal to the number of the 
second stage equations; each intermediate output is a dependent vari-
able of each second stage equation.

Fig. 4  The two-stage production of a multi-
division DMU with aggregated input
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Case 1: The final output is exogenous and input-oriented 
inefficiency



Stage1 : ln (xi) = α1 + β1ln
(
z1

i

)
+ u1i + v1i

. . .

Stagej : ln
(

zj−1
i

)
= αj + βj ln

(
zj

i

)
+ uji + vji(1 < j < J)

. . .
StageJ : ln

(
zJ−1

i

)
= αJ + βJ ln (yi) + uJi + vJi

Case 2: The input is exogenous and output-oriented 
inefficiency



Stage1 : ln
(
z1

i

)
= α1 + β1ln (xi) − u1i + v1i

. . .

Stagej : ln
(

zj
i

)
= αj + βj ln

(
zj−1

i

)
− uji + vji(1 < j < J)

. . .
StageJ : ln (yi) = αJ + βJ ln

(
zJ−1

i

)
− uJi + vJi

Case 3: The intermediate output zJ  is exogenous 
(1 ≤ j ≤ J), input-oriented inefficiency in the first J  stage 
and input-oriented inefficiency in the rest



Stage1 : ln (xi) = α1 + β1ln
(
z1

i

)
+ u1i + v1i

. . .

Stagej : ln
(

zj−1
i

)
= αj + βj ln

(
zj

i

)
+ uji + vji

Stage(j + 1) : ln
(

zj+1
i

)
= αj + βj ln

(
zj

i

)
− u(j+1)i + v(j+1)i

. . .
StageJ : ln (y) = αJ + βJ ln

(
zJ−1

i

)
− uJi + vJi

	● Scenario 2: data of input and intermediate output are at 
a division level, but the data of final outputs is only at a 
firm level; and firms’ behavior is case 2.

Given that the data of inputs and intermediate outputs 
are available at a division level (Fig. 5), the first equation 
of the system (5) – (6) can transformed into J  equations, 
specified as38

ln
(

zj
i

)
= αj

1 +
∑J

j=1
βj

1ln
(

xj
i

)
− uj

1i + vj
1i� (32)

The second production stage is modelled by the follow-
ing equation

ln (yi) = α2 +
∑J

j=1
βj

2ln
(

zj
i

)
− u2i + v2i� (33)

The overall efficiency is ui =
∑J

j=1
βj

2uj
1i + u2i� (34)

Similar to the system of Eqs. (5) – (6), this system has an 
endogenous issue.

Appendix 3: Model extension for J-stage production 
process

Suppose there are J stage production process, described 
as Fig. 6. In the first stage, input (x) is used to produce the 
first intermediate output (z1). The first intermediate output 
is used to produce the second intermediate output in the sec-
ond stage and so on until the last intermediate output zJ−1 
is used to produce final output (y) in the last stage. The net-
work SF model is a system of J equations.

38  Similar to the system (26)-(27), the system (32)-(33) requires that 
the number of intermediate outputs is equal to the number of the first-
stage equations and each intermediate output is the dependent variable 
of each first-stage equation.

Fig. 6  The J-stage production process 

Fig. 5  The two-stage production of a multi-
division DMU with aggregated final output
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Appendix 4  The estimation steps for the systems specified in Subsection 4.1
Steps System (1) – (2) System (5) – (6) System (9) – (10)
Step 1 3SLS 3SLS SURE
Step 2 Third moments of residuals ε̂∗

m̂31 =
√

2
π

(
4
π − 1

)
σ̂3

u1 m̂32 =
√

2
π

(
4
π − 1

)
σ̂3

u2

Third moments of residuals 
ε̂∗ m̂31 = −

√
2
π

(
4
π − 1

)
σ̂3

u1

m̂32 = −
√

2
π

(
4
π − 1

)
σ̂3

u2

Third moments of residuals ε̂∗

m̂31 =
√

2
π

(
4
π − 1

)
σ̂3

u1

m̂32 = −
√

2
π

(
4
π − 1

)
σ̂3

u2

Second moments of residuals ε̂∗

m̂21 =
(
1 − 2

π

)
σ̂2

u1 + σ̂2
v1 and m̂22 =

(
1 − 2

π

)
σ̂2

u2 + σ̂2
v2

Corrected intercepts:
α̂1 = α̂∗

1 −
√

2/πσ̂u1

α̂2 = α̂∗
2 −

√
2/πσ̂u2

Corrected intercepts:
α̂1 = α̂∗

1 +
√

2/πσ̂u1

α̂2 = α̂∗
2 +

√
2/πσ̂u2

Corrected intercepts:
α̂1 = α̂∗

1 −
√

2/πσ̂u1

α̂2 = α̂∗
2 +

√
2/πσ̂u2

Corrected residuals:
ε̂1i = ε̂∗

1i +
√

2/πσ̂u1

ε̂2i = ε̂∗
2i +

√
2/πσ̂u2

Corrected residuals:
ε̂1i = ε̂∗

1i −
√

2/πσ̂u1

ε̂2i = ε̂∗
2i −

√
2/πσ̂u2

Corrected residuals:
ε̂1i = ε̂∗

1i +
√

2/πσ̂u1

ε̂2i = ε̂∗
2i −

√
2/πσ̂u2

Step 3 Stage inefficiency:
ûki = M (uki, |, ε̂ki) or ûki = E (uki, |, ε̂ki)
Overall efficiency:
ûi = û1i + β̂1û2i

Overall efficiency:
ûi = β̂2û1i + û2i

(Input-oriented) overall 
inefficiency:
ûI

i = û1i + β̂1
β̂2

û2i

Appendix 6  Estimated sigma u, sigma v and intercepts of the Network SF model by different methods
Parameters Stage Method of moments Copula-based MLE
Sigma u Stage 1 0.76 0.74

Stage 2 - Major 0.50 0.35
Stage 2 - Minor 0.38 0.21

Sigma v Stage 1 0.49 0.50
Stage 2 - Major 0.60 0.64
Stage 2 - Minor 0.57 0.60

Intercept Stage 1 7.99 8.01
Stage 2 - Major −6.69 −6.57
Stage 2 - Minor −5.10 −4.97

Appendix 5  Variable definition
Categories Variables Definition Units Sources
Costs Maintenance cost A sum of costs for (i) maintenance policy and planning, (ii) 

structural maintenance, and (iii) environmental, safety, and routine 
maintenance. It is noted that costs include revenue and capital 
expenditure but exclude new construction of roads.

£ thousand Department for 
Levelling Up, 
Housing and 
Communities 
(DLUHC).

Wage Median hourly wages by regions in the civil engineering industry. £ per hour Office for National 
Statistics (ONS)

Intermediate 
outputs

Treatment on major roads Lane-km of major roads received treatments Km Department for 
Transport (DfT)

Treatment on minor roads Lane-km of minor road received treatments Km DfT
Final outputs* Major road condition Proportion of major roads without maintenance needs. Km DfT

Minor road condition Kilometers of minor roads without maintenance needs. Km DfT
Control 
variables

Land area land area of each authority Hectare ONS
Length of major roads Lane-km of major roads Km DfT
Length of minor roads Lane-km of minor road Km DfT
Traffic density in major 
roads

A ratio of thousand vehicle kilometers travelled on major roads to 
major roads’ length.

1000 vehicles DfT

Traffic density in minor 
roads

A ratio of thousand vehicle kilometers travelled on minor roads to 
minor roads’ length.

1000 vehicles DfT

*In the model we use change of road condition as final output rather than road condition
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the first command is not needed):
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github install trangtvh/networkSFA

After the installation, enter the following commands for 
instruction on how to use the package:
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help networkSFA_postestimation

Acknowledgements  The authors thank the editor, the associate editor 
and two anonymous referees for their helpful comments and recom-
mendations. The author acknowledge funding from the CQC Effi-
ciency Network (see ​h​t​t​p​​:​/​/​​w​w​w​.​​n​h​​t​n​e​​t​w​o​r​​k​.​o​​r​g​/​​c​q​c​​-​e​f​​f​i​c​i​​e​n​​c​y​-​n​e​t​w​
o​r​k​/​h​o​m​e​/).

Author contributions  VHT Tran was responsible for data collection, 
estimating results, and writing the first draft.PE Wheat and AD Stead 
refined the draft and finalised the final manuscripts.All authors contrib-
uted to building the model and the estimation method proposed in the 
manuscripts and reviewing the manuscripts.

Data availability  The dataset used in the empirical example of this 
paper is not publicly available but is available from the corresponding 
author on reasonable request.

Declarations

Conflict of interest  The authors declare no competing interests.

Open Access   This article is licensed under a Creative Commons 
Attribution 4.0 International License, which permits use, sharing, 
adaptation, distribution and reproduction in any medium or format, 
as long as you give appropriate credit to the original author(s) and the 
source, provide a link to the Creative Commons licence, and indicate 
if changes were made. The images or other third party material in this 
article are included in the article’s Creative Commons licence, unless 
indicated otherwise in a credit line to the material. If material is not 
included in the article’s Creative Commons licence and your intended 
use is not permitted by statutory regulation or exceeds the permitted 
use, you will need to obtain permission directly from the copyright 
holder. To view a copy of this licence, visit ​h​t​t​p​​:​/​/​​c​r​e​a​​t​i​​v​e​c​​o​m​m​o​​n​s​.​​o​
r​g​​/​l​i​c​e​n​s​e​s​/​b​y​/​4​.​0​/.

1 3

    6   Page 20 of 21

https://github.com/trangtvh/networkSFA
https://haghish.github.io/github/
https://haghish.github.io/github/
http://www.nhtnetwork.org/cqc-efficiency-network/home/
http://www.nhtnetwork.org/cqc-efficiency-network/home/
http://creativecommons.org/licenses/by/4.0/
http://creativecommons.org/licenses/by/4.0/


Journal of Productivity Analysis            (2026) 65:6 

Seiford LM, Zhu J (1999) Profitability and marketability of the top 55 
U.S. commercial banks. Manage Sci 45:1270–1288

Sjögren S, Söderberg M (2011) Productivity of airline carriers and its 
relation to deregulation, privatisation and membership in strate-
gic alliances. Transp Res E Logist Transp Rev 47(2):228–237

Stead AD, Wheat P (2020) The case for the use of multiple imputa-
tion missing data methods in stochastic frontier analysis with 
illustration using English local highway data. Eur J Oper Res 
280(1):59–77

Tavassoli M, Faramarzi GR, Saen RF (2014) Efficiency and effective-
ness in airline performance using a SBM-NDEA model in the 
presence of shared input. J Air Transp Manage 34:146–153

The Department of Transport (2012) Guidance on road classification 
and the primary route network. Available at: ​h​t​t​p​s​:​​​/​​/​w​w​​w​.​g​​o​​v​​.​​u​k​​
/​g​o​v​​e​r​​n​m​e​​​n​t​/​​p​u​b​l​​i​c​​a​t​i​​​o​n​s​​/​g​u​i​​d​a​​​n​c​​​e​-​o​n​​-​​r​o​​a​d​​-​c​l​​a​s​s​i​​f​i​c​​​a​t​​i​o​​n​​-​a​​n​​d​-​t​​h​
e​-​​p​​r​​i​m​a​r​​​y​-​r​​o​u​​t​e​-​​​n​e​t​​w​o​r​k​​/​​g​​u​i​​​d​a​n​c​​​e​-​o​​n​-​​r​o​a​​d​-​c​l​​a​s​s​​​i​f​​i​​c​a​t​i​​o​n​-​a​n​d​-​​t​h​
e​-​p​r​​i​m​a​r​y​-​r​o​u​t​e​-​n​e​t​w​o​r​k. Accessed 26 June 2025

Tsay WJ, Huang CJ, Fu TT, Ho IL (2013) A simple closed-form approx-
imation for the cumulative distribution function of the composite 
error of stochastic frontier models. J Prod Anal 39(3):259–269

Wang CH, Gopal RD, Zionts S (1997) Use of data envelopment analy-
sis in assessing information technology impact on firm perfor-
mance. Ann Oper Res 73:191–213

Wheat P (2017) Scale, quality and efficiency in road maintenance: Evi-
dence for English local authorities. Transp Policy 59:46–53

Wheat P, Stead AD, Greene WH (2019) Robust stochastic frontier 
analysis: A student’s t -half normal model with application to 
highways maintenance costs in England. J Prod Anal 51(1):21–38

Wooldridge JM (2015) Control Function Methods in Applied Econo-
metrics. J Hum Resour 50(2):420–445

Yarmukhamedov S, Smith ASJ, Thiebaud J (2020) Competitive ten-
dering, ownership and cost efficiency in road maintenance ser-
vices in Sweden: A panel data analysis. Transp Res A Policy Pract 
136:194–204

Yu MM, Lin ETJ (2008) Efficiency and effectiveness in railway per-
formance using a multi-activity network DEA model. Omega 
36(6):1005–1017

Zellner A, Theil H (1962) Three-stage least squares: simultaneous esti-
mation of simultaneous equations. Econometrica 30(1):54–78

Publisher’s Note  Springer Nature remains neutral with regard to juris-
dictional claims in published maps and institutional affiliations.

Kalb A (2014) What determines local governments’ Cost-efficiency? 
The case of road maintenance. Reg Stud 48(9):1483–1498

Kao C (2014) Network data envelopment analysis: A review. Eur J 
Oper Res 239:1–16

Kao C, Hwang SN (2008) Efficiency decomposition in two-stage data 
envelopment analysis: An application to non-life insurance com-
panies in Taiwan. Eur J Oper Res 185(1):418–429

Kumbhakar SC, Tsionas EG (2006) Estimation of stochastic frontier 
production functions with input-oriented technical efficiency. J 
Econom 133(1):71–96

Lai H, Huang CJ (2013) Maximum likelihood estimation of seemingly 
unrelated stochastic frontier regressions. J Prod Anal 40(1):1–14

Lan LW, Lin ETJ (2006) Performance measurement for railway trans-
port: Stochastic distance functions with inefficiency and ineffec-
tiveness effects. J Transp Econ Policy 40(3):383–408

Lin YH, Hong CF (2020) Efficiency and effectiveness of airline com-
panies in Taiwan and Mainland China. Asia Pac Manag Rev 
25(1):13–22

Liu D (2016) Measuring aeronautical service efficiency and com-
mercial service efficiency of East Asia airport companies: An 
application of Network Data Envelopment Analysis. J Air Transp 
Manage 52:11–22

Matthews K (2013) Risk management and managerial efficiency in Chi-
nese banks: A network DEA framework. Omega 41(2):207–215

Office of Rail and Road (ORR) (2023) Annual assessment of National 
Highways’ performance - April 2022 to March 2023. Avaliable at ​
h​t​t​p​​s​:​/​​/​w​w​w​​.​o​​r​r​.​​g​o​v​.​​u​k​/​​m​o​n​​i​t​o​​r​i​n​​g​-​a​n​​d​-​​r​e​g​​u​l​a​t​​i​o​n​​/​r​o​​a​d​s​​-​m​o​​n​i​t​o​​r​
i​​n​g​/​​a​n​n​u​​a​l​-​​a​s​s​​e​s​s​m​e​n​t​-​n​a​t​i​o​n​a​l​-​h​i​g​h​w​a​y​s

Olson JA, Schmidt P, Waldman DA (1980) A Monte Carlo study of 
estimators of stochastic frontier production functions. J Econom 
13:67–82

Ozbek ME, Garza JM, Triantis K (2012) Efficiency measurement of 
the maintenance of paved lanes using data envelopment analysis. 
Constr Manag Econ 30(11):995–1009

Peyrache A, Silva MC (2022). Efficiency and productivity analysis 
from a system perspective: Historical overview. In: Chotikapa-
nich D, Rambaldi AN, Rohde N (eds), Advances in economic 
measurement: A volume in honour of DS Prasada Rao, Springer, 
p 173–230

Rouse P, Chiu T (2009) Towards optimal life cycle management 
in a road maintenance setting using DEA. Eur J Oper Res 
196(2):672–681

1 3

Page 21 of 21      6 

https://www.gov.uk/government/publications/guidance-on-road-classification-and-the-primary-route-network/guidance-on-road-classification-and-the-primary-route-network
https://www.gov.uk/government/publications/guidance-on-road-classification-and-the-primary-route-network/guidance-on-road-classification-and-the-primary-route-network
https://www.gov.uk/government/publications/guidance-on-road-classification-and-the-primary-route-network/guidance-on-road-classification-and-the-primary-route-network
https://www.gov.uk/government/publications/guidance-on-road-classification-and-the-primary-route-network/guidance-on-road-classification-and-the-primary-route-network
https://www.orr.gov.uk/monitoring-and-regulation/roads-monitoring/annual-assessment-national-highways
https://www.orr.gov.uk/monitoring-and-regulation/roads-monitoring/annual-assessment-national-highways
https://www.orr.gov.uk/monitoring-and-regulation/roads-monitoring/annual-assessment-national-highways

	﻿Incorporating intermediate outputs into SFA using an equation system approach with application to transport
	﻿Abstract
	﻿1﻿ ﻿Introduction
	﻿﻿2﻿ ﻿Literature review
	﻿﻿3﻿ ﻿Contribution
	﻿﻿4﻿ ﻿A Network stochastic frontier model
	﻿﻿4.1﻿ ﻿Model specification
	﻿﻿4.2﻿ ﻿Benefits of Network SFA

	﻿﻿5﻿ ﻿Multi-step estimation procedure
	﻿﻿6﻿ ﻿Monte Carlo simulations
	﻿﻿7﻿ ﻿Empirical example of highway maintenance costs in England
	﻿7.1﻿ ﻿Optimal behaviors of regulated firms
	﻿7.2﻿ ﻿Model and data of road maintenance
	﻿7.3﻿ ﻿Estimated frontiers for road maintenance
	﻿7.4﻿ ﻿Predicted efficiency

	﻿﻿8﻿ ﻿Conclusion
	﻿Appendix
	﻿Appendix 7: Stata package for network SFA
	﻿References


